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Nonstandard analysis

Reaching the inaccessible
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Nonstandard analysis
°

Once upon the 17th century...

Sir @ quantitas data conftans, erit da. zqualiso, &d ax crit zqus
adx: i fir y zqu. v (few ordinataquavis curve YY , zqualis coivis or-
dinatz refpondenti curva VV) eritdy zqu. dv. Jam Additio & Sub-
traffio: i fitz -yt vwix zqu. v, eritdz-ytwixfeudr, zqu.
dz--dy T dvv i dx. Mulriplicatio, dxvaqu.xdvtodx, fen pofito
y2qu.x», ficcdy xqu. xd v T»dx, Inarbitrio cnim cft vel formulam,
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Robinson (1961):
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Nonstandard analysis
L]

Internal set theory

Internal / external formula

Transfer: A(x) internal

VX, A(x) = Vx.A(X)

Idealization: R(x, y) internal relation

V'(n e N).Tx.V'y.(y < n = R(x,y)) = Ix.V'y.R(x, y)

Standardization: any C(x)

VIBItAVSz(z€ A z€ BA C(2))
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Nonstandard models

1. Ground model
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Nonstandard models
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s
s

E

1. Ground model

2. Product of models

(un)nE]N

L e

3. Quotient (w.rt U)

[un]

S S

N

6/ 27



Nonstandard analysis
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Nonstandard models
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Krivine realizability

Unveiling the computational contents of proofs
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Krivine realizability
®0000000

The A-calculus

Syntax:
tbu == X |  Ax.t | tu
(variables) x — f(x) f2
Reduction
(Ax.t)u —p t{u/x]
+ contextual closure: Clt] —p C[¥] (ift—pt)
Examples:

AxAy.yx)2t —g (Ay.y2)t —p t2
B B

© = (Ax.xx) (Ax.x x) — 5 (Ax.x x) (Ax.xx) —p ...

Turing completeness

The A-calculus and Turing machines are equivalent.
8/ 27
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O®@000000

Goal:
Eliminate unwanted behaviour
Simple types: AB = X | A>B
N R — N
Sequent:

Hypothesis Conclusion

Typing rules:

(X:A)EF(AX) LLx:Avrt:B  Trit:A—B Tru:A
Trkx:A Trix.t:A— B T+tu:B £
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Simple types: AB = X | A>B
N R — N
Sequent:

Hypothesis Conclusion

Typing rules:

(X:A)el‘(Ax) LLx:Avrt:B  Trit:A—B Tru:A
Trkx:A Trix.t:A— B T+tu:B £

Normalization

IfT + t: A, then t normalizes.
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Krivine realizability
[e]e] le]e]ele]e)

A somewhat obvious observation

Deduction rules Typing rules
AeT (x:A)eT
Tra ™ Trx:Aa &
I,A+B o) I''x:A+rt:B o)
TFrA=B Trixt:A>B
TrA=B THA Crt:A—>B TrutA
TrB £ Triu:B £
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Krivine realizability
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Proofs-as-programs

Formulas Types

A-terms

Proofs
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Krivine realizability

[e]e]e] lelelele)

Proofs-as-programs

The Curry-Howard correspondence

Mathematics

Computer Science

Proofs
Propositions
Deduction rules

'rA=>B T+A
I'-B

(=r)

A implies B
Aand B
Vx € A.B(x)

Benefits:

Program your proofs!

Programs
Types
Typing rules

I'tt:A—>B T'ru: A
T'rtu:B

(—£)

function A — B
pair of A and B
dependent product IIx : A.B

‘ Prove your programs!
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Krivine realizability
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This is highly syntactic.
(provability)

Typing
FE: A
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Typing vs. realizability

This is highly syntactic.
(provability)

What about semantics ?
(validity)

Realizability
ti-FA
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Typing vs. realizability

This is highly syntactic. What about semantics ?
(provability) (validity)

Typing Realizability
Ft: A tiFA
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Krivine realizability
[e]e]o]e]e] lele)

Realizability models

Krivine realizability: Tarski
A {t:tlF A} A |Al € B
(intuition: programs that share a common (intuition: level of truthness)

computational behavior given by A)

Great news

Krivine realizability semantics gives surprisingly new models!

(in particular, provides us with a direct construction of M E ZF, + ~CH + =AC)
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Krivine realizability, a 3-steps recipe

@ an operational semantics
@ alogical language

@ formulas interpretation
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Krivine realizability, a 3-steps recipe

@ an operational semantics (aka. the abstract Krivine machine)

Pusn : tuxmr — txu-rw
GRAB : Axtxu-m1 — Hx:=upxm
SAVE : ccxt-m — txk,-w
RESTORE : kyxt-p — tkxrx
Q a Iogical Ianguage (a.k.a, a type system)
1*'-order terms e = x|f(er,...,ex)

X(er,...,ex) | A= B|Vx.A|VX.A

Formulas A B ::

@ formulas interpretation
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Krivine realizability, a 3-steps recipe

© an operational semantics (ak.a. the abstract Krivine machine)

Pusn : tuxmt — tku-rm
GRAB : MAxtxu-m1 — Hx:=ulxm
SAVE : ccxt-m — txk,-mw
RESTORE : kyxt-p — tkxrx

Q a Iogical Ianguage (a.k.a, a type system)
© formulas interpretation
o falsity value ||A||: stacks, opponent to A
o truthvalue |A]: |A|=||Al" ={teA:Vr e |A|l,txm € 1}

e pole 1L: processes, referee

Adequacy

Typed terms are realizers.
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Krivine realizability
0000000e

Realizability models

Given the previous ingredients:
@ acalculus
@ its type system
© an adequate interpretation of formula

one defines a model M, by:

Realizability model

My EA iff 3FtelAl

i.e. Alis realized
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Product of realizability models
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Realizability with states
@00

Extending Curry-Howard

PR AN
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N e
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New axiom
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Realizability with states
@00

Extending Curry-Howard

New axiom ~ Programing primitive
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Realizability with states
o] lo}
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Realizability with states
ooe

Let’s try!

Calculus: Ac~calculus + states

S: poset of states (in practice, N)

Pusn : tuxmTxs — thxu-m*s
GRrAB : Axtxu-Txs — t{x:=ufxmks
SAVE : cckxt-mxks — tkk; -mxs
RESTORE : kpxt-pxs — thkmxs

Ger getxu-Tks — UkS-TKksS

SET setx5S-u-mxs — ukxmxmax(s,s)

19/ 27



Realizability with states
@00

Semantics

We want a product

Falsity values: P (II)S
Truth values: P(A)S
Poles: glueing of (1L)ses?

MMMMMMMM
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Realizability with states

@00

Semantics

We want a product

Falsity values: P(I)S = P(I1 x.S)

Truth values: PA)S = P(AXS)

Poles: glueing of 1L = (L g)ses
Orthogonality: (f,s)1.(r,s") :=(s=s" = t*xm*kse 1)

MMMMMMMM

Individuals : (x;);es = x: S > N
Predicates: (X;)ses = X : NK = P(IIxS)

XO(x1,...,x¢) = {(mm,5) : T € X°(x1(5), . . ., xk(5))}
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Realizability with states
@00

Semantics

MMMMMMMM N
Individuals : (x;)ses = x: S —> N

Predicates: (X;);es = X : NK — P(IIxS)

s

XO(x1,...,xx) = {(m,s) : 1 € X(x1(5), ..., xk(5))}

Lemma

A internal:
Q (7,5 € |All & 7 € ||A%|| Q (t,5) € ||All & t € |A%

% transfer holds:
VX, A(x) = Vx.A(X) (A internal)

20/ 27



Realizability with states
(o] o}

Soundness

Adequacy lemma

Typing rules are adequate except second-order elimination.

Explanation:

I'rt:VX.A
Tkt A{X(xq,...,x,) := B}

X : NK — P(II) while B: (NS)k — P(11)
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Realizability with states
(o] o}

Soundness

Adequacy lemma

Typing rules are adequate except second-order elimination.

Explanation:

I'rt:VX.A
Tkt A{X(xq,...,x,) := B}

X : NK — P(II) while B: (NS)k — P(11)

Valid if:
@ Binternal (glueing)
@ B proposition (k = 0)

21/ 27



Realizability with states
ooe

Natural numbers

We can define the predicate Nat(x), and show that:

Closure

Ainternal, s € S :
Q@ (Ax.(x0), s) IF Nat(0)
@ (sucg, s) IF Vx.(Nat(x) = Nat(s(x)))
Q (rec,s) I A0) = YNaty (A(y) = A(s(y)) = YNatx. A(x)

MMMMMMM -

\
(get, s) IF Nat(d)

where § : s> s
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Quotient
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Looking for a quotient

(work in progress)
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Quotient
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Quotienting

f~g:=3s5.Ys > s0.f(s) = g(s) -
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Quotient
[ eJe]e]

Quotienting

f~g:=3s5.Ys > s0.f(s) = g(s) -

Definitions

A" = {m : 3sz,Vs > sz, (7, 5) € [|All}
|A| {t . Hst’ Vs 2> St» (ta S) € |A|}
tl*r = dsp,Vs > sp,tx T xs € I

Properties

Q IVxA'C N |A{x:=f}[ Q@ telAl = te(AN*
feNS

|
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Quotient
[e] Te]e]

Results

Adequacy

If Ais internal and - t : A, then t IF A

Closure

A internal:
@ Ax.(x0) IF Nat(0)
Q succ IF Vx.(Nat(x) = Nat(s(x)))
Q rec Ik A(0) = YNy (A(y) = A(s(y)) = YNVx. A(x)

Transfer

Q [VXAX)[ = [V¥'XA(X)| Q IV'xAX)|I" = VXA

FAVZ.(A(z) & C(2) (for any C)

25/ 27



Quotient

Idealization
An.(succ n set) IF V{E}y.é >y d:stos
Proof:
/ '/
Y

~
iy S

ey S
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Quotient
[e]e]e] )

Future work

o ldealization: for any internal relation?

Vi(n e N).F¥x.V"y.(y < n= R(x, y)) = Ix.V*'y.R(x, y)
@ Quotient: unsatisfactory as such...
o Next steps:

o consider the intuitionistic case

e compare with existing related works
(functional interp. / bounded realizability / ...)
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