
Elección, tipos dependientes y lógica clásica dPAω

Una prueba constructiva del axioma de
elección dependiente en lógica clásica

Hugo Herbelin1, Étienne Miquey1,2

1Team πr2 (INRIA), PPS, Université Paris-Diderot
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Elección, tipos dependientes y lógica clásica dPAω

Correspondencia pruebas/programas

Correspondencia de Curry-Howard

Teoŕıa de la demostración Prog. funcional
Proposición Tipo

Regla de deducción Regla de tipaje

A ⇒ B A → B

Γ ` A ⇒ B Γ ` A
Γ ` B

Γ ` t : A → B Γ ` u : A
Γ ` (t)u : B

Matemáticas constructivas : lógica intuicionista

Axioma de elección válido !

Martin-Löf : sistema más expresivo, ofrece una prueba sencilla

Étienne Miquey Una prueba constructiva del axioma de elección dependiente en lógica clásica 3/ 16



Elección, tipos dependientes y lógica clásica dPAω

Correspondencia pruebas/programas

Correspondencia de Curry-Howard
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Étienne Miquey Una prueba constructiva del axioma de elección dependiente en lógica clásica 3/ 16



Elección, tipos dependientes y lógica clásica dPAω

Teoŕıa de tipos de Martin-Löf (1973)

Intuiciones :

Separación entre los lenguajes de términos (testigos) y de
pruebas
Ya que el testigo se puede extraer, porqué no exigirlo con la
prueba ?
# suma fuerte/dependiente : (t, p) : ∃xA(x)
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Elección, tipos dependientes y lógica clásica dPAω

Teoŕıa de tipos de Martin-Löf (1973)

Ingredientes

Γ, a : A ` p : B

Γ ` λa.p : A → B
→I

Γ, x : T ` p : A

Γ ` λx .p : ∀xTA
∀I

Γ ` p : A[t/x ] Γ ` t : T

Γ ` (t, p) : ∃xTA
∃I

Γ ` p : ∃xTA(x)

Γ ` prf p : A(wit p)
∃E
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Ingredientes

Γ, a : A ` p : B

Γ ` λa.p : A → B
→I

Γ, x : T ` p : A

Γ ` λx .p : ∀xTA
∀I

Γ ` p : A[t/x ] Γ ` t : T
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∃I

Γ ` p : ∃xTA(x)

Γ ` prf p : A(wit p)
∃E

Axioma de elección

ACA : ∀xA∃yBP(x , y) → ∃f A→B∀xAP(x , f (x))

ACA := λH.(λx . wit(Hx),λx . prf(Hx))
: ∀xA∃yBP(x , y) → ∃f A→B∀xAP(x , f (x))
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Elección, tipos dependientes y lógica clásica dPAω

Lógica clásica y elección

Griffin, 1990

call/cc : ((A ⇒ B) ⇒ A) ⇒ A

# Cálculos con operadores de control : λµ, λc , λ̄µµ̃...

Bad news

Independencia del axioma de elección (Cohen)

Imposibilidad de lograr una realización recursiva :

∀x∃y (y = 0 ⇔ φ(x)) ⇒ ∃f ∀x (f (x) = 0 ⇔ φ(x))

Elección numerable/dependiente

Enfoque por realizabilidad :

Berardi-Bezem-Coquand 1998

Krivine 2003
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Elección, tipos dependientes y lógica clásica dPAω

Une ligera incompatibilidad

Pizarrón : prueba de 0=1.
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Elección, tipos dependientes y lógica clásica dPAω

Une ligera incompatibilidad

ACA := λH.(λx . wit(Hx), λx . prf(Hx))

En lógica clásica :

H0 := callccα(1, φ(throwα(2, p)) : ∃xP(x)

el testigo puede depender del contexto, y la prueba
también !

reduciendo un término en distintos contextos, uno podŕıa
llegar a una contradicción :

(wit(ACA H) 0, prf(ACA H) 0)︸ ︷︷ ︸
∃yP(0,y)

 (witH0, prfH0)  (1,

P(0,2)︷︸︸︷
p )︸ ︷︷ ︸

����∃yP(x ,y)

# idea : necesitamos compartir...
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llegar a una contradicción :

(wit(ACA H) 0, prf(ACA H) 0)︸ ︷︷ ︸
∃yP(0,y)

 (witH0, prfH0)  (1,

P(0,2)︷︸︸︷
p )︸ ︷︷ ︸

����∃yP(x ,y)

# idea : necesitamos compartir...
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Elección, tipos dependientes y lógica clásica dPAω

Haćıa una solución ?

Restricción a la elección numerable :

ACN : ∀xN∃yBP(x , y) → ∃f N→B∀xNP(x , f (x))

Prueba :
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Haćıa una solución ?

Restricción a la elección numerable :

ACN : ∀xN∃yBP(x , y) → ∃f N→B∀xNP(x , f (x))

Prueba :

AC := λH.(λn. wit(Hn), λn. prf(Hn))
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Elección, tipos dependientes y lógica clásica dPAω

Haćıa una solución ?

Restricción a la elección numerable :

ACN : ∀xN∃yBP(x , y) → ∃f N→B∀xNP(x , f (x))

Prueba :

AC := λH.(λn.if n = 0 then witH 0 else

λn.if n = 1 then witH 1 else ... ,

λn.if n = 0 then prfH 0 else

λn.if n = 1 then prfH 1 else ... )
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Haćıa una solución ?

Restricción a la elección numerable :

ACN : ∀xN∃yBP(x , y) → ∃f N→B∀xNP(x , f (x))

Prueba :

AC := λH. letH0 = H 0 in

letH1 = H 1 in

...

(λn.if n = 0 then witH0 else

λn.if n = 1 then witH1 else ... ,

λn.if n = 0 then prfH0 else

λn.if n = 1 then prfH1 else ... )
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Elección, tipos dependientes y lógica clásica dPAω

Haćıa una solución ?

Restricción a la elección numerable :

ACN : ∀xN∃yBP(x , y) → ∃f N→B∀xNP(x , f (x))

Prueba :

AC := λH. letH∞ = (H 0,H 1, . . . ,H n, . . .) in

(λn.nth n H∞, λn.nth n H∞)
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Elección, tipos dependientes y lógica clásica dPAω

Haćıa una solución ?

Restricción a la elección numerable :

ACN : ∀xN∃yBP(x , y) → ∃f N→B∀xNP(x , f (x))

Prueba :

AC := λH. letH∞ = cofix0
fn(H n, f (S(n))) in

(λn.nth n H∞, λn.nth n H∞)

Étienne Miquey Una prueba constructiva del axioma de elección dependiente en lógica clásica 7/ 16



Elección, tipos dependientes y lógica clásica dPAω

Haćıa una solución ?

Restricción a la elección numerable :

ACN : ∀xN∃yBP(x , y) → ∃f N→B∀xNP(x , f (x))

Prueba :

AC := λH. letH∞ = cofix0
fn(H n, f (S(n))) in

(λn.nth n H∞, λn.nth n H∞)

Se puede adaptar sencillamente a la elección dependiente
La prueba es intuicionista !
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Elección, tipos dependientes y lógica clásica dPAω

Elemento pertubador
a.k.a. Dónde empiezan la aventura
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Elección, tipos dependientes y lógica clásica dPAω

La receta : dPAω

Un sistema formal :

clásico : p, q ::= ... | catchα p | throwα p
con tipos dependientes :

fórmulas : A,B ::= ... | [a : A] → B | t = u,
términos : t, u ::= ... | wit p,
pruebas : p, q ::= ... | prf p

una compartimentación
call-by-value y sharing : p, q ::= ... | let a = q in p
con constructores inductivos y coinductivos :
p, q ::= ... | ind t of [p | (x , a).q] | cofixtbn p
pereza para el cofix
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términos : t, u ::= ... | wit p,
pruebas : p, q ::= ... | prf p

una compartimentación
call-by-value y sharing : p, q ::= ... | let a = q in p
con constructores inductivos y coinductivos :
p, q ::= ... | ind t of [p | (x , a).q] | cofixtbn p
pereza para el cofix

Étienne Miquey Una prueba constructiva del axioma de elección dependiente en lógica clásica 9/ 16

Ref : Hugo Herbelin (LICS’12)

A Constructive Proof of Dependent
Choice, Compatible with Classical Logic



Elección, tipos dependientes y lógica clásica dPAω

La receta : dPAω

Un sistema formal :

clásico : p, q ::= ... | catchα p | throwα p
con tipos dependientes :
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una compartimentación :

Definición : Negative-elimination-free
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términos : t, u ::= ... | wit p,
pruebas : p, q ::= ... | prf p

una compartimentación :

Definición : Negative-elimination-free

N,M ::= ... | λa.p | (N,N) | ιi (N) | prfN | let a = M inN | ...
Γ ` p : ∃xTA(x) p Nef

Γ ` prf p : A(wit p)

Γ ` p : ∃xTA(x) Γ, x : T , a : A ` q : B

Γ ` dest p as ((x , a)) in q : B

call-by-value y sharing : p, q ::= ... | let a = q in p
con constructores inductivos y coinductivos :
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Elección, tipos dependientes y lógica clásica dPAω

Lenguaje

Términos

t, u ::= x | 0 | S(t) | rec t of [t | (x , y).t] | λx .t | t u | wit p

Pruebas

p, q ::= a | () | ιi (p) | (p1, p2) | (t, p) | λa.p | λx .p
| case p of [a1.p1 | a2.p2]
| split p as (a1, a2) in q
| dest p as (x , a) in q
| let a = q in p
| p q | p t | exfalso p
| cofixtbx p | ind t of [p0 | (x , a).pS ]
| refl | subst p q | prf p
| catchα p | throwα p
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Elección, tipos dependientes y lógica clásica dPAω

Reglas de reducción

Términos :

wit(t, p) B t
(λx .t)u B t[u/x ]
rec 0 of [t0 | (x , y).tS ] B t0

recS(t) of [t0 | (x , y).tS ] B tS [t/x ][rec t of [t0 | (x , y).tS ]/y ]
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Elección, tipos dependientes y lógica clásica dPAω

Reglas de reducción

Call-by-value :
let a = ιi (p) in q B let b = p in q[ιi (b)/a]
let a = (p1, p2) in q B let a1 = p1 in let a2 = p2 in q[(a1, a2)/a]
let a = (t, p) in q B let b = p in q[(t, b)/a]
let a = λx .p in q B q[λx .p/a]
let a = λb.p in q B q[λb.p/a]
let a = () in q B q[()/a]
let a = b in q B q[b/a]

case ιi (p) of [a1.p1 | a2.p2] B let ai = p in pi
split(p1, p2) as (a1, a2) in q B let a1 = p1 in let a2 = p2 in q
dest(t, p) as (x , a) in q B let a = p in q[t/x ]
prf(t, p) B p
(λa.p)q B let a = q in p
(λx .p)t B p[t/x ]
subst refl p B p
ind 0 of [p0 | (x , a).pS ] B p0

ind S(t) of [p0 | (x , a).pS ] B pS [t/x ][ind t of [p0 | (x , a).pS ]/a]
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Elección, tipos dependientes y lógica clásica dPAω

Reglas de reducción

Lógica clásica :

F [exfalso p] B exfalso p
F [throwα p] B throwα p
F [catchα p] B catchα F [p[F/α]]

exfalso exfalso p B exfalso p
exfalso throwβ p B throwβ p
exfalso catchα p B exfalso p[exfalso[]/α]

throwβ exfalso p B exfalso p
throwβ throwα p B throwα p
throwβ catchα p B throwβ p[β/α]
catchα throwα p B catchα p
catchβ catchα p B catchβ p[β/α]
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Elección, tipos dependientes y lógica clásica dPAω

Reglas de reducción

Cofix :

pereza :
Fc [] ::= case[] of [a1.p1 | a2.p2] | split[] as (a1, a2) in q

| dest[] as (x , a) in q

Fc [cofixtaxp] B let c = cofixtaxp inFc [c]

desplegamiento :

let a = cofixtx ,b p inD[Fc [a]]

B let a = p[λy .cofixybxp/b][t/x ] inD[Fc [a]]

control :
C [] ::= exfalso[] | throwβ[] | catchα[]

let a = cofixtbxp inC [q] B C [let a = cofixtbxp in q]
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Elección, tipos dependientes y lógica clásica dPAω

Reglas de reducción

Fórmulas :

0 = 0 B >
0 = S(u) B ⊥
S(t) = 0 B ⊥
S(t) = S(u) B t = u
νtfxA B A[t/x ][νyfxA/f (x) = 0]
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Elección, tipos dependientes y lógica clásica dPAω

Tipaje

Vimos que

wit(catchα p) = problemas...

Vamos a definir una compartimentación :

Γ ` p : ∃xTA(x) p

Γ ` prf p : A(wit p)

Γ ` p : [a : A] ⇒ B Γ ` q : A a /∈ FV (B) si q no es

Γ ` p q : B[q/a]

Negative-elimination-free

N,M ::= ... | λa.p | (N,N) | ιi (N) | prfN | let a = M inN | ...

# catchα, throwα, cofix
x
bn p, p q, p t sólo dentro de λa.p o λx .p
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Elección, tipos dependientes y lógica clásica dPAω

Tipaje

Vimos que

wit(catchα p) = problemas...

Vamos a definir una compartimentación :

Γ ` p : ∃xTA(x) p valor ?

Γ ` prf p : A(wit p)

Γ ` p : [a : A] ⇒ B Γ ` q : A a /∈ FV (B) si q no es valor ?

Γ ` p q : B[q/a]

Primera aproximación :

Valores

V ::= a | () | λx .p | λa.p | (t, p) | (V ,V ) | ιi (V )

Negative-elimination-free

N,M ::= ... | λa.p | (N,N) | ιi (N) | prfN | let a = M inN | ...

# catchα, throwα, cofix
x
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Tipaje
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(a : A) ∈ Γ
Γ � a : A

axiom

Γ � p : A A ≡ B

Γ � p : B
conv

Γ � () : �
�I

Γ � p : ⊥
Γ � exfalso p : C

⊥E

Γ � p1 : A1 Γ � p2 : A2

Γ � (p1, p2) : A1 ∧ A2
∧I

Γ � p : Ai

Γ � ιi(p) : A1 ∨ A2
∨i

I

Γ � p : A1 ∧ A2 Γ, a1 : A1, a2 : A2 � q : B[(a1, a2)/a] a � FV(B) if p not N-elimination-free a1, a2 � FV(B)

Γ � split p as (a1, a2) in q : B[p/a]
∧E

Γ � p : A1 ∨ A2 Γ, a1 : A1 � p1 : B[ι1(a1)/a] Γ, a2 : A2 � p2 : B[ι2(a2)/a] a � FV(B) if p not N-elimination-free a1, a2 � FV(B)

Γ � case p of [a1.p1 | a2.p2] : B[p/a]
∨E

Γ, a : A � p : B

Γ � λa.p : [a : A]→ B
→I

Γ � p : [a : A]→ B Γ � q : A a � FV(B) if q not N-elimination-free

Γ � p q : B[q/a]
→E

Γ � p : A x fresh in Γ

Γ � λx.p : ∀x A
∀I

Γ � p : ∀x A

Γ � p t : A[t/x]
∀E

Γ � p : A[t/x]

Γ � (t, p) : ∃x A
∃I

Γ � p : ∃x p is N-elimination-free

Γ � prf p : A[wit p/x]
∃prfE

Γ � p : ∃x A Γ, a : A � q : B[(x, a)/b] x fresh in Γ b � FV(B) if p not N-elimination-free a � FV(B)

Γ � dest p as (x, a) in q : B[p/b]
∃E

Γ, α : A⊥⊥ � p : A

Γ � catchα p : A
catch

Γ � p : A (α : A⊥⊥) ∈ Γ
Γ � throwα p : C

throw

Fig. 1. dPL: a classical predicate logic with strong existential

to express this dependency, underlining the fact that a
can occur in some term in B. An advantage of allowing
this dependency is the ability to express statements such
as [a : ∃x P(x)] → P(wit a))7. The syntax of formulae
is otherwise standard:

A, B ::= P(�t) | � | ⊥ | [a : A]→ B | A ∨ B | A ∧ B
| ∀x A | ∃x A

where P ranges over predicate symbols and �t is a se-
quence of terms whose length is the arity of P. Negation
¬A is defined as A → ⊥. In ∀x A and ∃x A, x is bound
and freely subject to renaming (so-called α-conversion).
The formulae ∀x A and [a : A]→ B are called negative.
All other kinds of formulae are called positive.

7We do not get extra logical strength from this design choice: we
will eventually show that dPL is conservative over predicate logic.

When known not dependent, we might shorten the
writing of [a : A]→ B into the more conventional A →
B.

Reduction on terms extends canonically to formulae
via the atoms: we write A �B if for some term occurring
in A, reducing this term yields B. We write A��B for
the reflexive-transitive closure of � and A ≡ B for its
reflexive-symmetric-transitive closure.

Contexts of formulae, written Γ, are defined by:

Γ ::= ∅ | Γ, a : A | Γ, α : A⊥⊥

where a : A stands for an assumption of A and α : A⊥⊥ for
an assumption of the refutation of A (with the objective
of obtaining a proof by contradiction). It is assumed that
assumptions have distinct variable names and we write
Dom(Γ) for the set of names a and α thus declared in Γ.
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Tipaje
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The rules axiom, conv, �I , ⊥E , ∧I , ∧E , ∨i
I , ∨E , →I , →E , catch, throw of Figure 1 and the following rules:

Γ, x : T � p : A

Γ � λx.p : ∀xT A
∀I

Γ � p : ∀xT A Γ � t : T

Γ � pt : A[t/x]
∀E

Γ � p : A[t/x] Γ � t : T

Γ � (t, p) : ∃xT A
∃I

Γ � p : ∃xT A Γ, x : T, a : A � q : B

Γ � dest p as (x, a) in q : B
∃E

Γ � p : ∃xT A p is N-elimination-free

Γ � prf p : A[wit p/x]
∃prfE

Γ � t : N

Γ � refl : t = t
refl

Γ � p : t = u Γ � q : A[t/x] x � Dom(Γ)

Γ � subst p q : A[u/x]
subst

Γ � t : N Γ � p : A[0/x] Γ, x : T, a : A � q : A[S (x)/x]

Γ � ind t of [p | (x, a).q] : A[t/x]
ind

Γ � p : A Γ, a : A � q : B a � FV(B) if p not N-elimination-free

Γ � let a = p in q : B[p/a]
cut

Γ � t : T Γ, f : T → N, x : T, b : ∀y f (y) = 0 � p : A f positive in A

Γ � cofixt
bx p : νtf xA

νI

(x : T ) ∈ Γ
Γ � x : T

Γ, x : U � t : T

Γ � λx.t : U → T

Γ � t : U → T Γ � u : U

Γ � t u : T Γ � 0 : N

Γ � t : N

Γ � S (t) : N

Γ � t : N Γ � t0 : U Γ, x : N, y : U � tS : U

Γ � rec t of [t0 | (x, y).tS ] : U

Γ � p : ∃xT A p is N-elimination-free

Γ � wit p : T
∃witE

Fig. 4. dPAω: Classical arithmetic in finite types with strong existential

the derived computational content is not the one we
want because of the use of non positive connectives in
the second-order encoding, what justifies taking νI and
its associated reduction rule as primitive. Indeed, with
a primitive notion of coinductive formula, it becomes
syntactically direct to see ν as a constructor of positive
formulae. In particular, and this is important later on
to prove the axioms of countable choice and dependent
choice, strong existential elimination is allowed to de-
scend through coinductive formulae.

The condition of being N-elimination-free is now
defined by the following rules:
• a, (), λx.p and λa.p are N-elimination-free

• if p, q, p1 and p2 are N-elimination-free then
prf p, ιi(p), (p1, p2), (t, p), ind t of [p1 | (x, a).p2],
let a = p in q, refl, subst p q,
case a of [a1.p1 | a2.p2], dest q as (x, a) in p and
split q as (a1, a2) in p are N-elimination-free.

The resulting theory is then essentially Troelstra’s
arithmetic in all finite types HAω (with equality on
N) extended with classical logic and strong existential
elimination. We write dHAω for the version of dPAω

with rules catch and throw removed. Since dPAω has
classical reasoning, quantification over functional sym-
bols and, as will be shown in Section III, dependent
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Étienne Miquey Una prueba constructiva del axioma de elección dependiente en lógica clásica 12/ 16

The rules axiom, conv, �I , ⊥E , ∧I , ∧E , ∨i
I , ∨E , →I , →E , catch, throw of Figure 1 and the following rules:

Γ, x : T � p : A

Γ � λx.p : ∀xT A
∀I
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Γ � p : A[t/x] Γ � t : T
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Γ � t : N Γ � p : A[0/x] Γ, x : T, a : A � q : A[S (x)/x]

Γ � ind t of [p | (x, a).q] : A[t/x]
ind

Γ � p : A Γ, a : A � q : B a � FV(B) if p not N-elimination-free

Γ � let a = p in q : B[p/a]
cut

Γ � t : T Γ, f : T → N, x : T, b : ∀y f (y) = 0 � p : A f positive in A

Γ � cofixt
bx p : νtf xA

νI
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Γ � rec t of [t0 | (x, y).tS ] : U

Γ � p : ∃xT A p is N-elimination-free

Γ � wit p : T
∃witE

Fig. 4. dPAω: Classical arithmetic in finite types with strong existential

the derived computational content is not the one we
want because of the use of non positive connectives in
the second-order encoding, what justifies taking νI and
its associated reduction rule as primitive. Indeed, with
a primitive notion of coinductive formula, it becomes
syntactically direct to see ν as a constructor of positive
formulae. In particular, and this is important later on
to prove the axioms of countable choice and dependent
choice, strong existential elimination is allowed to de-
scend through coinductive formulae.

The condition of being N-elimination-free is now
defined by the following rules:
• a, (), λx.p and λa.p are N-elimination-free

• if p, q, p1 and p2 are N-elimination-free then
prf p, ιi(p), (p1, p2), (t, p), ind t of [p1 | (x, a).p2],
let a = p in q, refl, subst p q,
case a of [a1.p1 | a2.p2], dest q as (x, a) in p and
split q as (a1, a2) in p are N-elimination-free.

The resulting theory is then essentially Troelstra’s
arithmetic in all finite types HAω (with equality on
N) extended with classical logic and strong existential
elimination. We write dHAω for the version of dPAω

with rules catch and throw removed. Since dPAω has
classical reasoning, quantification over functional sym-
bols and, as will be shown in Section III, dependent

9



Elección, tipos dependientes y lógica clásica dPAω

Elección numerable

Elección numerable

ACN := ??
: ∀n∃yP(n, y) → ∃f ∀nP(n, f (n))
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Elección, tipos dependientes y lógica clásica dPAω

Elección numerable

Elección numerable

ACN := λH.let a = cofix0
bn (Hn, b(S(n))

in (λn. wit(nth(n, a)), λn. prf(nth(n, a))

: ∀n∃yP(n, y) → ∃f ∀nP(n, f (n))
dónde
nth(n, a) := π1(ind n of [a | (x , c).π2(c)])

Proof :

# pizarrón
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Elección, tipos dependientes y lógica clásica dPAω

Elección dependiente

Elección dependiente

DC := ??
: ∀x∃yP(x , y)

→ ∀x0∃f (f (0) = x0 ∧ ∀nP(f (n), f (S(n))))
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Elección, tipos dependientes y lógica clásica dPAω

Elección dependiente

Elección dependiente

DC := λHλx0.let b = sH x0 in

(λn. wit(nth(n, x0, b)),
refl, λn.π1(prf(prf(nth(n, x0, b)))))

: ∀x∃yP(x , y)
→ ∀x0∃f (f (0) = x0 ∧ ∀nP(f (n), f (S(n))))

dónde
s a x := cofixxbn dest b n as (y , c) in (y , (c , b y))

nth(n, x0, b) := ind n of
[b | (m, c).(wit(prf(c), π2(prf(prf(c)))))]
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Elección, tipos dependientes y lógica clásica dPAω

Propiedades ?

Nos gustaŕıa tener las propiedades siguiente :

Subject reduction

Si Γ ` p : A y p B q, entonces Γ ` q : A.

Normalización

Si Γ ` p : A entonces p se normaliza.

Correción

0dPAω ⊥
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Elección, tipos dependientes y lógica clásica dPAω

La respuesta en el próximo caṕıtulo !
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