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Introduction
@000

Call-by-need

(a.k.a. short reminder from Delia’s talk)

Commercial speach:

It combines the best of call-by-name and call-by-value !

What they don’t tell you:

Reasoning about it is much harder...

Thumb rules:
@ computations triggered on demand

@ memoization of the results
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Classical logic and control operators

Classical logic:
Intuitionistic logic + AV -A

(or =—A — A, ((A— B) > A) - A elc.

Classical Curry-Howard:

A-calculus + call/cc

(Griffin’90: call/cc : VAB.((A— B) > A) - A)

Continuation-passing style translation:
@ operational semantics for call/cc

@ Godel’s negative translation
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Classical call-by-need

let a = call/cc (Ak.(l,Ax.throw k x))

f = fst a
q = snd a
in f q (1,1)

How should a call-by-need strategy compute?
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Classical call-by-need

let a = call/cc (Ak.(l,Ax.throw k x))
f = fst a

snd a

in f q (I,1)

0
Il

How should a call-by-need strategy compute?

@ Okasaki, Lee, Tarditi’94:
Only the chain of bindings forcing an effect are not shared.

let a = (1,Ax.throw k x) let a = (I,1)

f =1 f = fst a

q = Ax.throw k x - q = Ax.throw k x
in q (I,1) in f q (1,1)

— loops forever...
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Classical call-by-need

let a = call/cc (Ak.(l,Ax.throw k x))
f = fst a
q = snd a

in f q (I,1)

How should a call-by-need strategy compute?

@ Ariola et al’12:
None of the bindings inside a side-effect are shared.

let a = (1,Ax.throw k x) let a = (1,1)

f =1 f = fst a

q = Ax.throw k x - q = snd a

in throw k (I,1) in f q (1,1)
- (1,1
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This talk

Ariola et al.’12:
@ defined a sequent calculus call-by-need

@ used Danvy’s semantics artifacts to derive a CPS
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This talk

Ariola et al.’12:
@ defined a sequent calculus call-by-need

@ used Danvy’s semantics artifacts to derive a CPS

Main question:

Do simply-typed terms normalize?

% Proof by means of a realizability interpretation
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This talk

Ariola et al.’12:
@ defined a sequent calculus call-by-need

@ used Danvy’s semantics artifacts to derive a CPS

Main question:

Do simply-typed terms normalize?

% Proof by means of a realizability interpretation

Underlying motivation:

% Normalization of Herbelin dPA® ?

(classical arithmetic with DC, using control and lazily evaluated coinductive objects)

M., HERBELIN Normalization of Typed Call-by-Need A-calculus with Control



Introduction
[e]e]e] }

This talk

Ariola et al.’12:
@ defined a sequent calculus call-by-need

@ used Danvy’s semantics artifacts to derive a CPS

Main question:

Do simply-typed terms normalize?

% Proof by means of a realizability interpretation

Underlying motivation:

% Normalization of Herbelin dPA® ?

(classical arithmetic with DC, using control and lazily evaluated coinductive objects)

M., HERBELIN Normalization of Typed Call-by-Need A-calculus with Control



Semantic artifacts

Danvy’s semantic artifacts
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Semantic artifacts
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CPS translation

Continuation-passing style translation: [-] : source — Asomething

@ preserving reduction
tSr = [1S5[]
@ preserving typing
F'rt:A = [T] v [] : [A]

@ the type [L] is not inhabited

If Asomething s sound and normalizing:
Q If [t] normalizes, then t normalizes
Q If tistyped, then t normalizes

© The source language is sound, i.e. there is no term F¢: L
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Semantic artifacts
[ leJe]e]

CPS translation

Continuation-passing style translation: [-] : source — Asomething
@ preserving reduction
@ preserving typing
o the type [L] is not inhabited

If Asomething s sound and normalizing:
Q If [t] normalizes, then t normalizes
Q If tistyped, then t normalizes

© The source language is sound, i.e. there is no term F¢: L

Danvy’s methodology )
i . Defunctionalized Interpreters
@ an operational semantics for Call-by-Need Evaluation
. Danvy et al. (2010)
© asmall-step calculus or abstract machine
© a continuation-passing style translation

@ arealizability model
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Semantic artifacts
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The Apji-calculus

The duality of computation

SyntaX' Curien/Herbelin (2000)

(Terms) to=x|Ax.t | pa.c
(Contexts) ex=a|t-e]fix.c
(Commands) ¢ ==<(t]e)

Typing rules:
Tri:A|A Tle:ArA

(the):(T+A)

(x:A) €T ILx:Art:B|A c:(TrAa:A)
Trx:A|A 't Ax.t:A—>BJ|A Trkpac:AlA
(x:A) €A Tri:AlA IF'le:BrA c:(T,x:ArA)
T|la:ArA I'lt-e:A—> BFA T|jixc:ArA
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The Apji-calculus

The duality of computation

SyntaX' Curien/Herbelin (2000)

(Terms) to=x|Ax.t | pa.c
(Contexts) ex=a|t-e]fix.c
(Commands) ¢ ==<(t]e)

Typing rules:
I'r A|A T| ArA

TrA)
A €T I, A+ BJ|A T'rA, A
T'r A|A I'r A—->B|A T+ AlA
A €A T'r A|A 'l BrA r, ArA
T'| ArA T | A—> BrA T ArA
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Semantic artifacts
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Call-by-value Apji-calculus

Syntax:
(Terms) t ==V |pua.c (Contexts) e ==E | jix.c
(Values) V i=x| Ax.t (Co-values) E:x=a|t-e

(Commands) ¢ == (t]e)

Reduction rules:

(pa.c|e) - cle/a]
(V|| jix.c) - c[V/x]
Ax.t|u-e) - (ul fix At e))
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Semantic artifacts

(Terms) t ==V |pa.c (Contexts) e ==E | jix.c
(Values) V u=x| Ax.t (Co-values) E:x=a|t-e
(Commands) c¢ == (t]e)

Small steps
(pacley — ~ cele/a]
Ve ~ Ve

Vlpxc)e ~ ce[V/x]
Viu-e)e ~  (Viu-e)y

+v Axtlu-e)yy ~ (ulpxtle),

— €
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Semantic artifacts

(Terms) t ==V |pa.c (Contexts) e ==E | jix.c
(Values) V u=x| Ax.t (Co-values) E:u=a |t

(Commands) c¢ == (t]e)

Small steps CPS
o (pacley o cle/d] [pe.cle = de.(Aa.[c]c) e
Vley — ~ (Ve [V]: £ Zee [VIv
i (V| jpx.chy ~ ce[V/x] [jix.cle £ AV.(Ax.[c] ) V
Vilu-e)e ~  (Viu-e)y [u-e]e = AV.V [u]; [e]e
+ v Uxtfu-eyy ~ (ulpxt]e)), [Ax.t]v £ Aue.u (Ax.[t]; e)
c Nl‘-> ¢’ = [[C]]c _+)ﬁ [[C/]]c
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Semantic artifacts

(Terms) t ==V |pa.c (Contexts) e ==E | jix.c
(Values) V u=x| Ax.t (Co-values) E:x=a|t-e
(Commands) c¢ == (t]e)
CPS Types translation
[pec.c]; = Ae.(Aa.[c]c) e [A]l; = [A]le — L
T° [V]: £ 2ee [VIv
1. [ix.c]e & AV.(Ax.[c]c) V [A]l. £ [Ally — L
[u-e]e = AV.V [u]; [e].
+ v [Ax.t]y £ Aue.u (Ax.[t]; e) [A — B]ly £ [A]l: — [A]le —» L

F'rt:A|A = [TTv,[ATe - [t1: : [AD:
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Krivine realizability
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Krivine realizability
@000

Realizability a la Krivine

o falsity value ||Al|: contexts, opponent to A
@ truth value [A| : terms, player of A

@ pole 1L: commands, referee
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Krivine realizability
@000

Realizability a la Krivine

o falsity value ||Al|: contexts, opponent to A
@ truth value [A| : terms, player of A

@ pole 1L: commands, referee

(tle
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Realizability a la Krivine

o falsity value ||Al|: contexts, opponent to A
@ truth value [A| : terms, player of A

@ pole 1L: commands, referee

(t|ey>cy>--->cp
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Realizability a la Krivine

o falsity value ||Al|: contexts, opponent to A
@ truth value [A| : terms, player of A

@ pole 1L: commands, referee

(t|e)y>cy>-+->¢cp € 1?
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Realizability a la Krivine

o falsity value ||Al|: contexts, opponent to A
@ truth value [A| : terms, player of A

@ pole 1: commands, referee

(t|e)y>cy>-+->¢cp € 1?

~» 1l € A% II closed by anti-reduction
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Krivine realizability
@000

Realizability a la Krivine

o falsity value ||Al|: contexts, opponent to A
@ truth value [A| : terms, player of A

@ pole 1L: commands, referee

(t|e)y>cy>-+->¢cp € 1?
~» 1l € A% II closed by anti-reduction

Truth value defined by orthogonality :
Al = JIAI" = {t € A: Ve € ||All(t ] e) € 1L}
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Krivine realizability
[e] le]e]

Semantic artifacts++

(Terms) t u=pac|x|V (Contexts) e ==fix.c|E
(Values) Vo= Ax.t (Co-values) E:=a |u-e
Small steps Realizability
L, Spacle), cile/a] Al £ [|Allg™
Ve — ~ Ve
Vlpx.cle ~ ce[V/x] lAlle £ Al

Viu-e)e ~~ (Viu-ey

v Qxtlu-ey ~ (ulfx(tle),  |A— Bly £ {Ax.t:
YV € |Aly,t[V/x] € |Bl:}
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Krivine realizability
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Adequacy

Substitution o:

cu=¢l|lo,x=V|o,a:=e

o(x) € |Aly VY(x:A)eTl

olFTUA £
o(a) € ||Alle Y(ax:A)eA

Adequacy

For any pole 1, if o IF T U A, then:
QTrt:A|A = t[o] €Al Q@c:TrA) = clo]el

Q@QTlle:ArA = e[o] €Al

Proof. By mutual induction over the typing derivation. m]

M., HERBELIN Normalization of Typed Call-by-Need A-calculus with Control



Krivine realizability
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Results

Normalizing commands

Ay £ {c: ¢ normalizes} defines a valid pole.

Proof. If ¢ — ¢ and ¢’ normalizes, so does c. O

Normalization

For any command ¢, if ¢ : T F A, then ¢ normalizes.

Proof. By adequacy, any typed command c belongs to the pole 1. O

Soundness

There is no term ¢ such that +¢: 1L |.

Proof. Otherwise, t € ||, = II* for any pole, absurd (1. = 0). O
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Normalization of classical call-by-need
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Classical call-by-need

Normalization of A[j, 4]
®000000

The A[;rx)-calculus:
@ a sequent calculus with explicit “stores”

@ semantics artifacts:

@ small-step reduction rules
© (untyped) CPS

Questions:
% Does it normalize?
% Can we define a realizability interpretation?
% Can the CPS be typed?

Classical Call-by-Need
Sequent Calculi: ...
Ariola et al. (2012)
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Normalization of A[j,7 4]
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The I[lm*]-calculus

Syntax:
(Terms) t ==V |pa.c ex=E|fix.c (Contexts)
(Weak values) V :u=v|x Eu=a | F| ji[x].{(x| F)r (Catchable contexts)
(Strong values) v == Ax.t |k Fu=t-E|k (Forcing contexts)
(Commands) ¢ == (t]e)
(Closures) [ u==ct
(Store) T u=¢€|1[x:=1]
Reduction rules:
(Lazy storage) (t| fix.c)r — ct[x = t]
(pa.c| Eyr — (o)r[a := E]
(Lookup) (xIF)rlx:=t]" - (tlalx]x P
(Forced eval.) V| alx]Ax | Fyz")r — (V| Fyr[x :=V]z’
{(Ax.t|u - E)r - (u | px(t| EYr
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Normalization of A[j, 7 4]
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Typing rules

One-sided sequents for the Ayji-calculus plus:

@ Sequents indexed by the syntactic categories:

rFtV:A . r,x:Al—[t:B =)
Tryv:al Try xt:A>B
@ Stores are typed with typing hypotheses I':
I'TV+tee Trpr:T7 0 )
- (&
| Thye:6
FTryr:T7 T,V kit A T+, 7:T" I,T'rg E: AL
n (T[) 7 im (TE)
Tty t[x:=t]:T/,x: A Tty r[a:=E]:T,aa: A

M., HERBELIN
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Normalization of A[j,7 4]
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Semantic artifacts

Small steps:

+ e (t] fix.cypt - ceT[x := 1]
(| E)et - (t|E)t
Tt (poc.c| E),t - (ce[E/a])T
(VIEyr  —  (VIE}t

TE (VI flx] (x| F)r")gT - VIF)yr[x:= V]
(VI F)gr - (V|Fyr

TV (el Fyyrlx = t]r’ - | afx] x| F)r’)r
(Ax.t| Fyyt - (Ax.t | Fypt

+F Ax.tlu-Eypr > (ulfix(t|E)).r
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Normalization of A[j,7 4]
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Semantic artifacts

CPS:
[[(t | €>T]] = [[e]]e [[T]]T [[t]]t
1 e Ligx.cle = Attt [[c]lc T[x := t]
[ETe = Art.tt [E]lg
1, [pecle = ArE([c]e 7)[E/a]
vi: = MEET[V],
4+ 5 [ax]x | F)yc g = AtV.Vr[x = V]’ [FllF
[Flg = AtV.Vr [F]F
1y [xNo = AtF.r(x) T (AtV.V r[x := V]’ [F]F)
[Ax.t], = AtF.F 1 (AutE.[[t]l; [x := u] E)
+ F [u-E]r := Arv.o [t r [ENE
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Normalization of A[j,7 4]
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Semantic artifacts

Small-step: Realizability:
(L CAXIIXT)
T e (tlpx.cher — lAlle = { e? € |Al*)}
(| E)et -
+t (pa.clEyr — ... Al :==1{ 72 € |lAllz™)
(VIEyr — ...
+ E (VIax]xl Fyrhgr — ... lAllg == 1{ E? €|Alv"}
(VI F)gt -
+V (x| Fyyrlx:=t]r" — ... |Aly ={ V? € |lAllF*}
(V| Fyr - ...
-+ F @lu-Eypr — ... lAllp =={ F? €|Al,™}
4o Ax.t|u-Eyyt — ... |[A— Bl, ={ Ax.t? : u? €Al
= t[u/x]? € |B|;}
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Normalization of A[j,7 4]
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Semantic artifacts

Small-step: Realizability:
(L CAXIIX7T)
T e (tl px.c)et — lAlle = {(elr) € |Al, ™}
(| E)et -
+ t (pa.cl Byt — ... |Al; == {(tl7) € lAllg™}
(VIEyr — ...
+ E (VIalx]x | Fycygr — ... IAllE = {(El7) € |Aly*}
(VI F)gt -
+V (x| Fyyrlx:=t]r" — |Aly = {(VIr) € [IAllF)
(V| Fyr - ...
+ F @lu-E)pr — ... AllF := {(FI7) € |Al,™}
4o Ax.t|u-Eyyt — ... |A = B|, = {(/Ix.tIL): (ult’) € |Al;
= (t|rt’[x :=u]) € |B|;}
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Normalization of A[j, 7 4]
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Realizability interpretation

A few novelties:

@ Term-in-store (t|7):

FV(t) € dom(r), r closed

@ Pole : set of closures 1L which is:
o closed by anti-reduction:

c’t"ell and cr = c't’ implies cr el

o closed by store extension:

ctell and 77’ implies ¢’ €l
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Normalization of A[j, 7 4]
0O000e00

Realizability interpretation

A few novelties:

@ Term-in-store (t|7):

FV(t) € dom(r), r closed

@ Pole : set of closures 1L which is:
o closed by anti-reduction:

c’t"ell and cr = c't’ implies cr el

o closed by store extension:
ctell and 77’ implies ¢’ €l
@ Orthogonality :
(t|r)dL(elz’) & 7,7’ compatible A (t| eytr’ € L.

@ Realizers: definitions derived from the small-step rules!
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Normalization of A[j, 7 4]
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Adequacy

Forall 1L, if r IFT and T +, ¢, then ¢t € L.

Proof: By induction on typing derivations.

Normalization

If k7 ¢t then ¢t normalizes.

Proof: The set 1L = {ct € Cp : ct normalizes } is a pole.
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Normalization of A[j, 4]
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To sum up

Initial questions:
v Does typed terms normalize? Yes!
v/ Can we define a realizability interpretation? Yes!

M., HERBELIN Normalization of Typed Call-by-Need A-calculus with Control



Normalization of A[j, 4]
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To sum up

Initial questions:
v Does typed terms normalize? Yes!
v/ Can we define a realizability interpretation? Yes!

Bonus:
@ Scales to 2nd order types for free
@ Seems to be a generic method for calculi with memory
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Normalization of A[j, 4]
O00000e

To sum up

Initial questions:
v Does typed terms normalize? Yes!
v/ Can we define a realizability interpretation? Yes!

Bonus:
@ Scales to 2nd order types for free
@ Seems to be a generic method for calculi with memory

Next episodes:
v Can the CPS be typed? Yes, using Kripke forcing
v Leads to a normalization proof for dLPA® (coming soon at LICS)
? Algebraic consequences on the induced realizability model?
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Thanks for your attention.
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CbN CPS
°

[T ke e: AY] £ ¢ [ele : [T]r »e t(A)
[Cret:A] = + [t]s : [T]r>s i(A)
Crecd 2 ¢ [de:[reet
[Tk 1] 2 b [ [Teee L
[Croo:T] 2 + [o]e: [T]ree [T]r
[elr = & [T.x; : Alr = [I]r.1(A) [T.a; : A = [T, (A"
Yo, A VY <:Y.Y - L

A
Yo, A L2 VY <:Y.Y 5 (Yr A) > L
Yo,A> B2 VY <:Y.Y - (Y, A) > (Y»gB) > L
A
£ X
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