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Abstract

We study a one dimensional two-type contact process and give nec-
essary and sufficient conditions on the initial configuration for both
types to survive forever. These results are proved under the assump-
tion that the rates of propagation (and death) of the two types are
equal.
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1 Introduction

The aim of this paper is to study the probability that the progeny of a single
mutant in an infinite population of residents will survive. We consider this
problem in the framework of the one dimensional two—type contact process.

We will prove that if the mutant has no selective advantage nor disad-
vantage, compared with the individuals of the resident population, then,
provided we are in the supercritical case (which means that a single individ-
ual’s progeny may survive for ever), a single mutant with an empty half-line
in front of him, and all sites behind him occupied by resident individuals,
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has a progeny which survives forever with positive probability, while any fi-
nite number of mutants, with infinitely many residents on both sides, have
a progeny which goes extinct a. s. Note that we define the progeny at time
t of a given ancestor at time 0 as the set of individuals alive at time ¢, who
are the descendants of that ancestor at time 0.

Let us now explain what we mean by the contact process. Note that
this process is often presented in the language of infection. We shall rather
consider it here as a model of the spread of a population. Consider first the
usual one—type contact process with birth parameter A > 0. This process
{&, t > 0} is a {0, 1}2—valued Markov process, hence & is a random mapping
which to each = € Z associates & (z) € {0,1}. The statement &(x) = 1 means
that the site x is occupied at time ¢, while & (z) = 0 means that site x is
empty at time t. The process evolves as follows. Let x be such that &y(z) = 1.
We wait a random exponential time with parameter 1 4+ 2\. At that time,
with probability 1/(1 + 2X), the individual at site x dies; with probability
A/(1+ 2X), the individual, while continuing its own life at site x, gives birth
to another individual; the newborn occupies site z + 1 if it is empty, and
dies instataneously otherwise; and with probability A/(14 2)), it gives birth
to a newborn who occupies site x — 1 if it is empty, and dies instataneously
otherwise. Then the same operation repeats itself until site x becomes empty,
independently of what happened so far. The same happens at any occupied
site, and the exponential clocks at various sites are mutually independent.
We will use the same notation & to denote the random element of {0, 1}%
defined above, and the random subset of Z consisting of all sites x € Z where
&(x) = 1.

The two-type contact process {n;, t > 0} is a {0, 1, 2}?~valued Markov
process which starts from an initial condition (A, B), where A and B are two
nonintersecting subsets of Z, A denoting the set of sites which are occupied
by type 1 individuals and B the set of sites which are occupied by type 2
individuals at time ¢ = 0. In other words,

0, ifzgAUB;
, ifx e A,
2, ifzxeB.

—_

mo(x) =

The two—type contact process with equal birth rates A evolves exactly like the
one—type process, with each individual possibly giving birth to individuals of
the same type. We shall consider in section 4 the case where the birth rate



of the mutants (i. e. type 2 individuals) differs from that of the residents (i.
e. type 1 individuals).

The (one-type) contact process has been extensively studied and plays
a central role in the theory of interacting particle systems (see (Liggett95),
(Liggett99) and references therein) but there are very few papers on the
two-type contact process (see (Cox,Schinazi) and (Neuhauser)).

Let us now present a useful construction of the contact process, called the
graphical representation, which is valid in both the one-type and the two—
type cases (at least in the case of equal birth rates). The important feature of
this construction is that processes corresponding to different initial conditions
are coupled through it. Indeed, {&, t > 0} (resp. {m, t > 0}) is a fixed
function of both the initial condition, and the set of Poisson point processes,
which code all the randomness, which we now introduce.

Consider a collection {P*, P PP~ t > 0; x € Z} of mutually inde-
pendent Poisson point processes, such that the P*’s have intensity 1 while
both the P**’s and the P*~’s have intensity A, all defined on a probability
space (§2, F,P). On the set Z x [0, 00) we place a § on the point (z,t) when-
ever t belongs to the Poisson process P*. On that set we also place an arrow
from (z,t) to (z + 1,t) whenever ¢ belongs to the Poisson process P** and
an arrow from (z,t) to (z — 1,¢) whenever t belongs to the Poisson process
Py,

The process {,: t > 0} is defined as follows. An open path in Z x
[0, 4+00) is a connected oriented path which moves along the time lines in the
increasing t direction without passing through a § symbol, and along birth
arrows, in the direction of the arrow. Now

{y; &My) =1} = {y € Z; I € A with an open path from (z,0) to (y,t)}.

To construct the two—type contact process, we call line of descendance
an open path starting from an occupied site at time 0, and such that any
arrow belonging to this path points to an unoccupied site. Note that unlike
open paths, lines of descendance depend on the initial configuration of the
process. For A, B two disjoint subsets of Z, we define {77;4 B> 0} as the
{0,1,2}%2-valued process whose value at time ¢ is given by

{y; /" (y) =1} = {y € Z; Jz € A and a line of descendance from (z,0) to (y,t)}
{y; n/*®(y) = 2} = {y € Z; Jz € B and a line of descendance from (z,0) to (y,t)}

Let {2, t > 0} denote the one-type contact process starting from the
configuration whose set of occupied sites is A. We will write & for ffx}. We
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shall use the notation
p=B(E&) #0, vt > 0) = lim B! £ 0). (1.1)

It follows from well-known results on the contact process, see e. g. Liggett
(Liggett95), that there exists A\, < oo such that p > 0 whenever A > ..
Given a finite subset B C Z, write Bt = {x € Z, = > y,Vy € B} and
B ={zr€Z x<y,Vy € B}.
The aim of this paper is to prove

Theorem 1.1. Suppose that A > . and 0 < |B| < co. Then
P ({x, nB(z) = 2} £ 0,V > 0) >0

if and only if at least one of the two sets AN BT and AN B~ is finite.
From the results needed to prove Theorem 1.1 we can also deduce:

Theorem 1.2. Suppose that A > A., 0 < |A| < 0o and 0 < |B| < co. Then
P ({9:, P (w) = 1} £ 0 and {x, 5" (x) = 2} # 0,V > 0) > 0.

We conjecture that Theorem 1.2 holds for the two-type contact process
on Z% for all d > 1. In (Neuhauser) it is proved that for d < 2 and all
initial configurations lim; ., P(m:(z) = 1,n:(y) = 2) = 0 for all z,y, while
for d > 3 the process admits invariant measures p such that for all x # y,
w({n : n(z) = 1,n(y) = 2}) > 0. Although this last result may be seen as
evidence favoring our conjecture (when d > 3) it does not imply it nor is it
implied by it.

The paper is organized as follows. In section 2, we recall and prove
several results on the one—type contact process which are needed in further
sections. In section 3, we study the case of a single or a finite number of
mutants confronted with an infinite number of residents, in the case of equal
birth rates. Theorems 1.1 and 1.2 are proved in subsections 3.3 and 3.4
respectively. Finally, in section 4, we conclude with some remarks on the
case of unequal birth rates (i. e. when one of the two species has a selective
advantage). We formulate one result and two conjectures.

In all of this paper, we assume that A > A..



2 Some results on the one—type contact pro-
cess

Let Z~ be the set of integers smaller than or equal to 0 and let Z* be the
set of integers greater than or equal to 0.

Let 7 = sup {.CE L (x) = 1} and let ¢; = inf {x (8 () = 1}.
It is known that since A\ > A., there exits v = v(A) > 0 such that

0
lim 2t = — lim ~ =vas. and in L'(Q, F, B).

t—oo t t—o00

For a proof of these results the reader is referred to Theorems VI.2.19 and
VI.2.24 in (Liggett95).
Let Ry = sup,<; 7.

Lemma 2.1. P(r, > a) > §P(R, > a), Vi, a.
PRrROOF: Let 7, =inf{s: ry > a}. Then
P(ry > a|Ry > a) = P(ry > a|r, < 1).
By the strong Markov property this is bounded below by
inf P(€0 1 [0,50) # 0),

which by symmetry is at least

1
inf SPEY £ 0) = 5.

Lemma 2.2. lim; . % =v a.s. and in L.

PROOF: The a. s. convergence follows from the a.s convergence of “t and
the fact that v > 0. For the L' convergence note first that since % >t and
% converges to v in L', it suffices to show that

+
limE {% — v] = 0.

t—o00



To doso fix e > 0 and let ¢ = %. Then write

lim P(&—vzzsn)SlichP(ﬁ—vZen)
t—o00 t t—o00 — t

n=1

c.[r +
< lim -E [—t - Ui|
t—oo € t

=0,

where we have used Lemma, 2.1 for the first inequality, and the L' convergence
of r/t for the equality. Hence

limsup E &—v +<limsu aiIP’ &—v>€n <eg
p ; > p ; = > €.

t—o0 t—o0 n—0

Since ¢ is arbitrary the lemma is proved. ([l

Although the following lemma is well known, we did not find it in previous
publications and we include it here for the sake of completness.

Lemma 2.3. Suppose A > \. , let
v, =sup{z € Z:x €& and there is an infinite open path starting from (x,t)}

and let 70 = inf{s : ¥ = 0} Then

!/
P (lign% =\’ = oo) =1.
PrOOF: Let 0 < € < v . Then write:
epn
P (\52 A (N = 20, (W(A) — ]| < L2 |70 = Oo)

<P (€20 () = 20)n, (v(A) = )n]
FP (L, > (0(\) — 26)n|r° = 00))
<P (€2 0 [(0(N) = 26}, (v(A) = )]
+P (4, > (v(N) = 26)n|r° = 00)) + P (r, < ((\) — €)n|7° = 00))

where the last inequality is due to the fact that £(x) = £Z(x) for any x €
[y 7).



We now show that the sum on n of each of the three terms of the right
hand side above converges: For the first of these terms, the convegence is a
consequece of the fact that for any n the distribution of £Z is stochastically
above the upper invariant measure of the contact process and of Theorem
1 of (Durrett,Schonmann) .For the third term the convergence follows from
Corollary 3.22 in Chapter VI of (Liggett95). For the second term it follows
by that same corollary applied to #,, and our choice of e. We have thus proved
that

epn

;]P) (1621 [(v(3) = 26)m, (v(X) = ]| < L2, |7 = 00) < 0.

This, the Markov property and Theorem 3.29 in Chapter VI of (Liggett95)
imply that
ZP(T; < (v(\) = 26)n|T" = o) < o0.

Since € is arbitrary and r], < r, we get: P(lim, % =v(A)|7" = 00) = 1 and

the lemma follows from the fact that supy<,<;<; 7,4+ — 77, is bounded above

by a Poisson r.v. of parameter \. OJ
It now follows:

Corollary 2.4. Suppose A > \. and let A be an infinite subset of Z,. Then
for any v' < v, there exists an infinite open path starting from A x {0}, which
lies on the right of the line {(v't,t), t > 0}.

PROOF: There exists a strictly increasing sequence {zy, k& > 1} C A such
that there is an infinite open path starting from each x;. Now for each n > 0
and some R € N define

i, =sup{z € Z: x € &' and there is an infinite open path starting from (z,t)}
and A, = {r;, >v't = R+n,Vt > 0}

It follows from the last Lemma that for R large enough, P(A4,) = P(Ap) > 0.
From now on such an R is fixed. From the ergodic theorem,

n—1
1
— E 1Aj —>]P)(AO) > 0,
n

J=0
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hence a. s. infinitely many A, occur. So almost surely, one A, with n > R
occurs. Now choose k large enough such that x; > n. Clearly there exists
an infinite open path starting from (xy,0) which lies on the right of the line
{(v't,t), t > 0}. 0

Corollary 2.5. The critical values of \ for the contact processes on N and
7 are equal.

Let p* denote the upper invariant measure for the contact process on
N. This is defined as follows. Denote by {x;, t¢ > 0} the one-type contact
process on N. This process takes its values in {0,1}. In accordance with
the above conventions, for A C N, we write y! for the contact process on N
starting with the initial condition x{'(x) = 1 iff x € A. Then p* is the weak
limit, as t — 0o, of the law of Y.

For n € {0,1} let Y(n) = inf{z > 0: n(z) = 1}.

Lemma 2.6. a) There exist constants K,c > 0 such that p™(Y > n) <
Ke™ for all n > 0.
b) a :=E,+(Y) < oo.

For the proof of this result, we will need the following
Lemma 2.7. Denoting again r; = sup{xz, £ (x) = 1}, we have

+ — P(i < _
(Y >n) P(%ggn_ n).

ProOF: We first exploit the well-known self-duality of the contact process.
Since there is a one to one correspondance between the open paths from some
(y,0), y € N, to some (z,t), z € (0,n] and the open paths from some (z,0),
x € (0,n] to some (y,t), y € N obtained by reversing the directions of the
arrows,

P(3z € (0,n] : xi(x) =1)=P3x € (0,n]: x¥ #0).
Letting ¢ — oo in the above identity yields

pt (Y <n)=P3x € (0,n], x7 #0, Vt > 0).



The last right hand side is the probability that there is an infinite open path
starting from some (z,0), x € (0,n], which visits only points located at the
right of the vertical line {1} x R;. This has the same probability as the event
that there is in (—n, 00) x R, an infinite open path starting in (—n, 0] x {0},
i. e. it equals P(inf;~q7r; > —n). The result follows.

PROOF OF LEMMA 2.6

Part b) follows from part a) and in view of Lemma 2.7, to prove part
a) it suffices to show that for the contact process on Z there exist constants
K, c > 0 such that

P(infr, < —n) < Ke ™™ Vn > 1.
>0

It follows from Corollary VI.3.22 in (Liggett95) that for some Ki,c¢ > 0 we
have: v
P (rt < §t> <K V>l (2.1)

From now on let [¢] be the integer part of ¢. From (2.1) we get:

P v v
(nZ[%}I,lfneNrn - Qt) - U {Tn = Qn}

n>[t], neN

Sy

n>[t]
S-Kke d)

for some Ky > 0. Next define 7, = inf{n < s <n +1, r, < 5t} (with the
convention that 7, = n + 1 on the set {inf,«s<ni17s > 5t}). Now note that

{ inf r, < %t} N{rps1 —rs, <0} C {Tn+1 < gt}

n<s<n+1

and that

Plrps—ry, <0
s ™ = n<s<n+1

inf 7, < gt) >P(X =0),

where a X is Poisson r.v. of parameter \. Hence,

IP’( inf r, <

n<s<n+l1

t) < [P(X = 0)]"'P (rn+1 < gt) = P (rnﬂ < §t>

N <
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Therefore, using (2.1) we get

v v
i < —t) < i <=
Pnr<g) < TP ( < 51)

for some constant K3. We have shown in particular that
P (1r>1£ re < 0) < Ke ™, (2.2)

Fix B > 0 such that 2\3 < 1 + v(3. Now, write

P (infrt < —n) SIP’( inf r < —n) —i—IP’(inf r < O> )
t>0 0<t<pn t>pn

It follows from (2.2) that the second term of the right hand side decays
exponentially in n. Hence, the lemma will be proved if we show that the first
term also decays exponentially in n. To do so, let ¢ = inf{t : r, < —n} and
let Y,, be a Poisson random variable of parameter 2A\3n. It now follows from
the Strong Markov property applied at the stopping time o that:

P(rys, < vfn) > Plo < An)P(Y, < (14 vf)n).

Since, given our choice of 3, lim,, o P(Y,, < (1 +vf)n) =1 and by (2.1),
P(rys, < vPn) decays exponentially in n, the same happens to
P(o < fn) = P(info<i<gn e < —n). O

Let T~! be the operator on the set of probability measures on {0, 1}N
defined by

T~ v) (1) = Y1, (@) = ) = v (nlz1 +1) = 71, o (@0 + 1) = 7)),

for any n > 1, v1,..., v, € {0,1}.

The natural partial order on {0, 1}N induces a partial order on the set of
probability measures on {0, 1}" which we denote by <. Recalling that p* is
the upper invariant measure for the contact process on N, we have
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Lemma 2.8. T '(u*) > u™.

PRrROOF: Consider the contact process {x;, t > 0} this time on N U {0},
starting again from yo = 1. Let now {x,, t > 0} denote the same process,
with the same initial condition and the same realization of the graphical
representation, except that we delete all arrows between states 0 and 1. The
restriction to N of the asymptotic (as t — oo) law of Y, coincides with p*,
while the same law associated with y; coincides with T!(u™*).The result
follows from the fact that for all t > 0, z > 1, P(x:(x) > X, (z)) = 1. O

Our next proposition is taken from (vdBerg,Haggstrom,Kahn) (See The-
orem 2 in that reference). Although there the result is stated and proved for
the contact process on 7Z, their proof also holds for the contact process on N.

Proposition 2.9. Let {&(z), v € N, t > 0} denote the onetype contact
process starting at time t = 0 from a deterministic configuration. Then, for
each t > 0, conditioned on the event {&;(x) = 1}, the collections of random
variables {1 —&(y), 0 <y <z} and {&(y), y > x} are positively associated.

Lemma 2.10. Let f be a continuous increasing real valued function on
{0, 1}Y which depends only upon coordinates which are greater than or equal
tox + 1 (for some x € N). Then

/ Fdut (1) = 0, n(e —1) = 0,5(zx) = 1) > / fdu.

PRrROOF: Consider the contact process {x;, t > 0} on N| starting from yo = 1.
We deduce from Proposition 2.9:

E(f(xe) | xe(1) =0,...,x¢(z = 1) =0, x¢(x) = 1) > E(f(xs) | xe(x) = 1).

It then follows from Lemma 2.11 below that

E(fOc) [ xe(1) =0, xi(e = 1) = 0, 3a(2) = 1) 2 E(f ()

It remains to let t — oco. [

Lemma 2.11. Let {x;, t > 0} denote the contact process on N, starting
from any deterministic initial condition. For any t > 0, the law of x; has
positive correlations.

11



PROOF: For the contact process on [1,---  n], the result follows from Theo-
rem 2.14 on page 80 of Liggett (Liggett95). Our result then follows by letting
n — oQ. 0]

Note that Lemma 2.11 applies as well to the contact process {&, ¢ > 0}
on Z.

Let S = {&F £ (), Vt > 0; & # 0, ¥Vt > 0}. Recall that both processes
{&F, t > 0} and {&/, t > 0} are constructed with the same set of Poisson
processes { P*, P P7”, x € 7} as explained above. Note that on the event
S™Y the process starting from {x} survives but this does not mean that if

we start from {z,y} the progeny of (say) x lives forever. We now show that
(recall the definition of p in (1.1))

Lemma 2.12. For all x,y € Z
P(S™Y) > p*.

PRrROOF: Denoting by p the upper invariant measure of the contact process
{&, t > 0} on Z, i. e. pu is the limit as ¢ — oo of the law of £Z, we have
by the same duality argument already used in the proof of Lemma 2.7 the
identities

P(& # 0,9t > 0) = p(n(z) =1
P(& #0,Vt > 0) = p(n(y) = 1),
P(S™) = u(n(z) =1

Letting t — oo in the result of Lemma 2.11 applied to the contact process
on Z implies that p has positive correlations. Hence

p(n(z) =1,n(y) =1) > pn(z) = 1) x p(n(y) = 1).

The result follows from this inequality and the three above identities. ([l

We now fix some A > A\, and let v = v(\). We pick

2

v o p

O<e< =N —.
cS9h Yy
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From now on ¢y will be a large enough multiple of % so that the following
holds :

P (B(tg,e)) > 1 —¢, (2.3)
where
rto gto
B(tg,e) =qv—e< = <v+eguv—ec<——"<v+e,.
to to
Let us define new processes. For any z € Z, we write

ri =sup{z: & () =1} — 2,
G =inf{x: &(x) =1} — 2,

where as usual the sup (resp. the inf) over an empty set is —oo (resp. +00).
Now we define the event

7,0 EO
C(to,e):{v—eﬁ%ﬁv%—e,v—eg—%ﬁv%—e}
0 0

vto gvto
Tto to

ﬂ v—e< <v4e, v—e<——"<v+4e;p,
to to

and prove:
Lemma 2.13. Let € be as above. Then, for any large enough to, we have:
P (C(ty, ) > p* — 2¢.

PROOF: First note that on the event {& # (), Vt > 0} we have: r¥ = r, and
(9 = {; and a similar result holds for % and ¢*%. Hence the result follows
from translation invariance, Lemma 2.12 and (2.3). O

From now on, ty will be a large enough multiple of % such that both the
inequality (2.3) and the conclusion of Lemma 2.13 hold.

3 The two—type contact process with equal
birth rates

Let 7; denote the contact process with two types. For A, B C Z with ANB =
0, {1724 ’B, t > 0} now denotes the contact process where at time zero A is

13



the set of sites occupied by individuals of type 1, and B is the set of sites
occupied by individuals of type 2. The dynamics is the same as before, using
the same construction with the same collection of Poisson processes, except
that now an individual of type a € {1,2} located at site z gives birth at time
t to an individual of the same type at site z + 1 (resp. at site z — 1), if ¢
is a point of the Poisson process P** (resp. P*~) and the site z + 1 (resp.
z — 1) is not occupied at time ¢.

3.1 A single mutant in front of an infinite number of
residents may survive

In this subsection, we consider the process {77;4 B> 0} only in the case
where A < B, meaning that all points in A are located on the left of each
point of B. In other words, the initial configurations belong to the set:

L:={n: nx)=1ny) =2 = z <y}

Given the nearest neighbor character of our process, whenever it starts
in £, it remains in £ with probability 1.
For a configuration n € £, we define

br(n) =sup{z:n(z) = 1}and
bl(n) = inf {z : n(z) = 2}.

We now have the following consequence of Lemma 2.13 (here PP denotes
the law of {n*", t > 0}):

Corollary 3.1. For ty large enough, we have

t 2
Pp(—o0:0l{vto} <{br(nt0) < %} N C’(to,a)) > % — €.

PROOF:
By Lemma 2.13 and symmetry arguments we have:

t 2
plOHvto} ({br(mo) < %} N C(to,e)) > % —€

On C(to,e) there is an open path from (0,0) to some point in [—(v +
e)to, —(v—e)to] x {to}. Any open path starting from (vtg, 0) remains strictly
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to the right of the previous path, since otherwise there would be an open
path from (vtg,0) to [—(v + &)to, —(v — &)to] X {to}, which cannot occur on
the event C(to,e). Consequently for the initial configuration {0}{vt} the
first of these paths is always occupied by a type 1 particle. Therefore, adding
to the initial configuration extra 1-type particles to the left of the origin does
not alter the process to the right of that open path. Hence

pl-o0.0) (vt} ({br(mo) < %0} n (J(to,e))
— Pi0Hvto} ({br(nto) < %O} N C(t0>5))

2
p

> — —c.
=5 €

To show that a similar result holds for the two type contact process on
(—o0, %vto], we start with another lemma concerning the two type contact
process on Z:

Lemma 3.2. Asty — oo,
{0}{oto} vto
P 0 b?"(?]t()) < 7 N C(to, 5) —
p{0}Hvto) <{3 x€ (Uto tho} T () = 2} N {br(mo) < %0} N C(to76)>

converges to 0.

Proor: It suffices to show that

Pl ({yoe (S 20t £2f 0 {irtu) < P h 0.

converges to 0 as to goes to infinity. But on the event {br(n,) < %} there
are no 1’s at time ¢y on the interval [% +1, ?”ﬂ%], hence we only need to prove
that for the one type contact process

t t
Pt ({wre (0.2 @) =0} o)
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converges to 0 as ty goes to infinity. But on the event C(tg,€) the set of
occupied points in the interval (%, 3?%] is the same whether the initial
condition of the process is Z or {vtp} . Since starting from Z we have more
occupied points than under the upper invariant measure the result follows
from the fact that under the upper invariant measure the probability of

having an empty interval of length n tends to 0 as n tends to infinity. U

From now on we shall use {,(;, t > 0} to denote the two—type contact
process on (—oo, al. Now we can prove:

Corollary 3.3. Provided ty is large enough, we have

— 00 v vt vty 3Ut0 p2
Pp(—o0.0){vto} ({br(suztogo) < 7} N {EI;E D <e < M%Qo(az) = 2}) > 5—25.

ProoOF: In this proof we will consider the two type contact process on
both Z and (—oo0, %vto]. These two processes are constructed on the same
probability space with the same Poisson processes. For the second of these
pocesses {P7; x > 3uto}, {P"7; o > 3ut]} and {P""; x > 2uto} play
no role. These processes 7, and :w%(t are assumed to start both from the

configuration ((—oc,0], {%2}).

On the set 5
’Uto Uto
{EIJ: S (7, T} ; nto(x> = 2} )

there is an open path from (vto, 0) to (%2, 220] x {¢5}. We now show that the
probability that this path ever reaches the vertical line {z = 242} between
time 0 and time ¢, converges to 0 as ty goes to infinity. Indeed, if that
happened, there would be either an open path from (vto, 0) to {3vte} %[0, 3t
or an open path from {3vto} x [2to, o] to [Svto, Suto] X {to}. The existence
of the first of these paths has a probability which converges to 0 as ty goes
to infinity by Lemma 2.2. By reversing the arrows and using symmetry and
again Lemma 2.2, we see that the same happens to the second path.

Hence, if we define

to 3vt
G= {3 an open path from (vtg,0) to (%, %} X {to}}
’Uto 3Ut0

N {/H an open path from (vtg,0) to (—

vt
5 T} x {to} which touches the line x = %} ,
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we deduce from Lemma 3.2 that

Uto

pl0}{vto} (C(to,e) N {bT(mo) < 7}) —pl0Hvio} (G NC(to,e) N {br(nto) <

converges to 0 as tg goes to infinity . The result follows from Corollary 3.1
and the following claim: starting both 7; and sv, ¢ from ({0}{vto}) we have:

G N Clto,) 0 {br(m,) < 2

vt vt vt
C {br(sgogm) < 70} N {3 7“ <z< TO v Gy (2) = 2}.
To justify this claim note first that on the event G there exists a rightmost
open path from (vig,0) to (%2, 2%0]  which remains to the left of the line

20 4
3”%. Now on the event (G, the processes 7; and svt, (; must coincide up

2
to time ¢y on any point to the left of or on that open path. OJ

xr =

We now introduce the following partial order on {0, 1,2}% :
n1 >~ 12 Whenever both

{z:m(x) =2} C{z:m(x) =2} and {z:m(x) =1} C {z:m(x) =1}.
(3.1)
Intuitively > means “more 1’s” and “fewer 2’s”.
This partial order extends to probability measures on the set of con-
figurations: p; > pe means that there exists a probability measure v on
({0,1,2}%)? with marginals y; and g such that v({(n,¢) : n = ¢}) = 1. The
same notation will be used below for measures on {0, 1,2}, for some A C Z.

We now state the

Definition 3.4. Let 1y, 1o be two random configurations, py and po their
respective probability distributions. We shall say that n, = n2 a. s. whenever
(3.1) holds a. s., and that m; > 1y in distribution whenever py = .

Remark 3.5. The reader might think that a more natural definition of the
inequality in distribution would be to say that py = po whenever ui(f) >
pa(f) for all f:{0,1,2}% — R which are increasing in the sense that n; =
ng implies f(n1) > f(nz). Theorem I1.2.4 in (Liggett95) says that for the
standard partial order on {0,1}% the two definitions are equivalent. It is
clear that this theorem can be extended to our partial order, but we shall not
need this result here.

17
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Note that 1, = 1o implies br(n;) > br(ne) and that if ~ = ¢, the cou-
pling between the contact processes starting form different initial conditions
deduced from the graphical representation produces the property

P(n] = nt ¥Vt >0) = 1. (3.2)

In the sequel for any probability measure z on {0,1,2}% and any i € N, T%(u)
will denote the measure p translated by i¢. That is the measure such that
foralln € N, all 1 < 29 < --- < x,, and all possible values of aq,...,a, we
have:

T (w){n = n(21) = ax,. o n(en) = an}) =
pd{n ney —i) = ay,... n(zn — i) = an}) (%)
Moreover, if p is a measure on A where A is any non-empty subset of
{0,1,2}, then T%(u) will be the measure on AP*+4°°) satisfying (*).

As before u* denotes the upper invariant mesure for the contact process
on N and pg will be the measure obtained from p* by means of the map:
F o {0,1}Y — {0,2}" given by F(n)(z) = 2n(x). With a slight abuse of
notation the measures ™ and pgy will also be seen as measures on {0, 1,2}
and a similar abuse of notation will be applied to the translates of these
measures.

We start the process {n;, t > 0} from the initial distribution 7z determined
by

e (i) The projection of 7z on {0, 1,2}(=>*%] is the point mass on the

configuration
1, ifx<0,
n(z) =140, if0<ax<uvtg,
2, if x = vy,

e (ii) the projection of  on {0, 1, 2}Mo+1.20) jg Tt (11,

In the sequel n° will denote a random initial configuration distributed ac-
cording to 7z. In other words, we assume that 7y = 7°.

We now proceed as follows. We partition the probability space into a
countable number of events: H, Jy, Ji,... and let the process run on a time
interval of length ¢5. Then we show that the distribution of 7, conditioned
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on any event of the partition is < than a convex combination of translations
of fi. Hence the unconditioned distribution of 7, is also < such a convex
combination. Then we replace 7, by a random configuration n* whose dis-
tribution is this convex combination and let the process run on another time
interval of length ¢, and so on.

For each n € {242} U{2vtg, 2vto+1,. ..} we define two new processes: ,,(;
on {0,1,2}(=>" and &, on {0,2}"*1:°) These evolve like the process 7; and
are constructed with the same Poisson processes P~ P* and P*. For the
first of these processes the Poisson processes {P* : 2 > n}, {P"" : x > n}
and {P”~ : x > n} play no role. A similar statement holds for the second
process. The initial distribution of these processes are the projections of 7 on
{0,1,2}(=>7 and {0, 1,2}["*1°) respectively. Since we only consider cases
where n > 240 the second of these projections concentrates on {0, 2} 1),

Our partition of the probability space is given by :

t t vt
H=br(smGy) < =2 320 <0< 2% 40 Gula) =2,
2 2 2 2 p)

I =4{Qy, = vtg+m} N H® for m=0,1,...,

where Qy, = max{Ry,, vt} (recall that R, = sup,.,rs).
Since the initial distribution considered here is < than the initial distri-
bution of Corollary 3.3, we have

2
P(H) > % — 2> 0. (3.3)
Note that on H

1. Theset {x : ny,(x) = 1} is contained in (—oo, %] (indeed since {x, suio G, (7) =
2

2} 7é (Z)a {xa nto(x) = 1} = {xv M%Cto(x) = 1})

2. The set {x : () = 2} contains {z : 3w &, () = 2}
2

We also claim that conditioned on H, the distribution of sv, &, is > T Ty
2
(this follows from Lemma 2.8 and the fact that the process sv, & is indepen-
2

dent of H).
Therefore, the distribution of 7, conditioned on H is =X v where v is
determined by:
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1. The projection of v on {0, 1, 2}(_007&}%] is the point mass on the con-
figuration
1, ifz <Y
n(z) = o ot ? vt
0, if 5 <ax <250

and

3vt
2" (1g).

It follows from Lemma 2.10 (applied to g instead of u™) that if Y is a
N-valued random variable such that

P(Y =n)=p({n:n(x) =0, z=1,....,n—1,n(n) = 2}),

2. the projection of v on {0, 1, 2}[ 50 4100) g T

then
V*<§:E” WTF

Hence the distribution of n, given H is <> >° P(Y = n)T %Mﬁ.
A similar argument shows that the conditional distribution of 7, given
Im 18 2

Z ]P) Tvto—l—n—i—m— 7

where Y is distributed as above.
It follows from the above arguments that n,, < p' in distribution, where

ZP =n) T 4 +nM+ZP ZP Tvto+m+n— (3.4)

m=0

We can now state:

Proposition 3.6. If ty is large enough, there exists a positive integer valued
random variable Z(to) such that

a) b= 307 P(Z(ty) = )T 2.
b) Z(ty) has an exponentially decaying tail.
¢) wi=E(AL) <v

20



PROOF:

Part a) follows from (3.4) and part b) follows from part a) of Lemma 2.6
and the fact that R;, is bounded by a Poisson random variable of parameter
Atg. To prove part ¢) write

H } + P(H)E(Y)
4 i P(H®, Qy, = vto + m)(vty +m)
= IP(H)%O +E(Y) +E(Qy) — E(Q; H)
< ()20 + E(Y) + E(Qu) — B(H)ety
= B(Qu,) +E(Y) ~ B(H)"2.

Hence it follows from Lemma 2.2 that

lim sup E(Z(to) <w (1 - @) :

tp—o0 0 2

and the result follows from (3.3). O

We can now prove:

Proposition 3.7. Let i be the initial distribution of the process. Then

br(n:)
t

lim sup

t—o00

<v a.s.

PRrooOF: Choose ty large enough, such that the conclusion of Proposition 3.6
holds true. It follows from that same Proposition, the Markov property and
(3.2) that for all k£ € N the distribution of ny, is < > P(U; +---+ Uy, =
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n)T™a where the U;’s are i.i.d. random variables distributed as Z(ty). It
then follows that

kto ktO

for any real z. Using part ¢) of Proposition 3.6 and standard large deviation
E(Z(to))
to

ZIP’ (br(nkm) > z> < 00.
- kto

Hence, by the Borel-Cantelli lemma we get:

estimates we get that for for any z > we have:

. br
im sup ————~
; p Kty S

where w is as in Proposition 3.6. Hence the result holds along the sequence
kty. Finally the gaps are easy to control since for any initial configuration,
the process br(n;) makes jumps to the right which are bounded above by a
Poisson process of parameter A. 0

It follows readily from this result that

Corollary 3.8.
v = P (the type 2 population survives for ever) > 0.

PRrROOF: First suppose that the initial distribution of the process is  and call
7o the initial random configuration. It then follows from the above Corollary
and Corollary 2.4 that for some x > 0 there is an infinite open path starting at
(x,0) such that for any (y, ) in this path we have 7:(y) = 2. This conclusion
remains true if we suppress all the initial ”2’s” to the right of x. The corollary
then follows from the Markov property and (3.2). O

3.2 A finite number of mutants do not survive in be-
tween a double infinity of residents

The aim of this subsection is to prove
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Theorem 3.9. Consider the two type contact process {n;"", t > 0}, where
|B| < 00, and the set A contains an infinite number of points located both to
the left and to the right of B,

Then a. s. there exists t < oo such that

{z; nMP(x)=2} =0, Vs>t

Let us first prove the following weaker statement. We shall then verify
that the Theorem follows from it.

Proposition 3.10. Foranyn,m € Nlet A, ,, ={r € Z: 2 < —m orz > n}
and B = {0}, then a. s. there exists t < oo such that

{z; nt»mBz) =2 =0, Vs>t

PROOF: By the Markov property and (3.2) it suffices to prove the result for
n =m = 1. Indeed starting from that configuration, for any n, m > 1, with
positive probability we find ourselves at time one with the same unique type
2 individual located at x = 0, sites —m +1,...,—1 empty, sites 1,...,n — 1
empty, and some of the other sites occupied by type 1 individuals.

Let a; denote the number of descendants at time ¢ of the unique initial
type 2 individual (hence a; denotes also the number of type 2 individuals
at time ¢). On the event that the lineage of the unique type 2 individual
survives for ever we have ay — 00 as t — oo a. s. Hence if that event has
positive probability, E(a;) — oo as t — oo. Consequently for any § > 0,

Ts =inf{t >0, E(q) > 1+ 0} < 0.

Denote by 7} (z) the supremum of the set of sites occupied by the descendants
of the individual (z,0). Clearly, whatever the initial configuration is E[r}(x)—
x] < E[ry], where as above

Ty = sup {x: 8 (2) = 1}.

From the result recalled at the beginning of section 2, there exists 7" such
that .
E[ﬂ <v+1, Wvt>T.

Recall that in our initial configuration all sites are occupied (who occupies
each site is irrelevant to contradict the fact that 75 < 0o, which we now do).
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For n odd, let Z;(n) be the number of sites which at time ¢ are in a line
of descendance starting at time 0 in the interval [—(n —1)/2,...,(n —1)/2].
Now by stationarity whenever ¢ > Tj,

E(Zy(n)) > n(1 +90).
On the other hand, if ¢ > T", by symmetry,
E(Zy(n)) < n+2t(v+1).
Choosing n > 2t(v + 1) /4, the last two inequalities yield a contradiction. [
In order to deduce Theorem 3.9 from Proposition 3.10, we shall need the

following Lemma where, as above, the 7,’s for various initial conditions are
defined with the same unique graphical representation.

Lemma 3.11. Let (x,,),>0 be a strictly increasing sequence of strictly positive
integers and let (Ym)m>o0 be a strictly decreasing sequence of strictly negative
integers. Then,

PEn:Vt>0,3z: ngx"}’{x”fl’x”ﬁ’”'}(a:) =1)=1,

and
PEm:Vt>03x: n;{yM}’{ymH’ymH"”}(QJ) =1)=1

PROOF: Define for n, m > 0 the events

Cp={Vt>03ax: bt lon=2d 0y = 13,
Dy = {V t > 0,3 g : gl blomlom 2 d gy - 13,

From Corollary 3.8, symmetry and translation invariance,
P(C,) =P(D,) =7 VYn,m>0.

On the set {(x,t) : © € Z,t > 0} the Poisson processes used in the construc-
tion are n-fold mixing with respect to translations on Z for any n € N. Since
Tni1 = Tp + 1, this implies that for all £ > 1

lim P (N5_Cx,) = (1 —7)"

N—oo J
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Consequently
P (Nuz0Cy) < (1= )"

for all £k > 1. This shows that

The result for the D,,’s is proved similarly. O
ProoF Oor THEOREM 3.9 By the Markov property, it suffices to consider
the case where A = {y, : n € N}U{z, : n € N}, B = {0} and the sequences

(x,) and (y,) are as in the previous lemma.
For all n,m > 1, we define

B = {5150, 30 gl () 11 ()

{Vt >0, Jo ;g tvmtlum gy 1} :

From the last Lemma we know that P(U,, mE,.m) = 1. Hence, it suffices to
show that for all n,m € N, we have:

P(Vt>0dx: ntA’{O}(m) =2,FE,,,)=0.

But on the event F,, ., the evolution of ”2”’s is not altered by adding ”1”’s
to the left of y,, or to the right of x,. Therefore the result follows from
Proposition 3.10. ]

3.3 Proof of Theorem 1.1

The only if part follows from Theorem 3.9. Let us prove the if part. We
consider the case where |[A N B*| < oo. The other case is treated similarly.
Recall the definition of the set of configurations

L=A{n; s. t. n(z) =2, and n(y) =1 imply y < z}.

We let
T = 1nf{t > O, TS ;C}

25



Clearly |A N B*| < oo implies that
PAP(T < o0) > 0.

Hence from the strong Markov property it remains to show that whenever
ANBT =1,

P45 (the type 2 population survives for ever) > 0.

This last statement follows from translation invariance, (3.2) and Corollary
3.8.

3.4 Proof of Theorem 1.2

By the Markov property and symmetry it suffices to show that the theorem
holds for some A and B. To prove this, let (2,)n>0 and (Ym)m>o be as in
the statement of Lemma 3.11 and let C,, and D,, be as in the proof of that
lemma. It follows from that same lemma that there exist n and m such that
P(C, N D,,) > 0. This implies that

[[D{ym}{l’n}(v t>04 T,y nt(x) = 17777&(?/) = 2) > 0.

Hence, the theorem holds when A = {z,} and B = {y,,}.

3.5 Corollary for the one—type contact process

The following is an immediate consequence of the above results.

Corollary 3.12. Let {¢/, t > 0} denote the one—type contact process start-
ing from the configuration & and let A = {x, & (x) = 1}. It follows from
our results that

1. if A contains both a sequence which converges to +00 and a sequence
which converges to —oo, then no individual has a progeny which sur-
vives for ever;

2. if |A] = 400 but sup A < 0o, then exactly one individual has a progeny
which survives for ever.
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PRrOOF: The first statement is a consequence of Theorem 3.9. For the second
statement first note that it follows from (3.2) and Corollary 3.8 that for
any initial condition having a rightmost individual, the probability that this
individual has a progeny which survives forever is bounded below by ~ > 0.
We then define an increasing sequence of stopping times: 7; is the smallest
time at which the progeny of the rightmost initial individual dies out, 75 is
the smallest time at which the progeny of the rightmost individual at time
71 dies out and so on. It then follows from a repeated application of the
Strong Markov Property that P(7,, < oo) < ™. Hence, with probability 1
for some k, 7, = oo which implies that at least one individual has a progeny
wchich survives forever. Suppose now that two individuals, say = < y, have
a progeny which survives for ever with positive probability. Adding infinitely
many individuals at time ¢t = 0 on the right of y cannot possibly modify
the fate of the progeny of x. This would mean that the progeny of x would
survive for ever with positive probability, in the presence of infinitely many
individuals at time ¢ = 0 on both of its sides. This contradicts Theorem 3.9.

4 Remarks about the case of unequal birth
rates

Assume that the type 1 individuals have the birth rate p, and type 2 indi-
viduals have the birth rate \.

It is not hard to deduce from our argument that for u > A, there exists
€ > 0 such that the conclusion of 1.1 remains true if y—e < A < u. However,
we conjecture that this is not the case for all values of A in the interval (A., ).
Consider now the right contact process, where each individual gives birth to
offsprings on its right at rate A, and does not give birth to any offspring
on its left. Let now .. denote the critical value of the parameter A, such
that whenever A > \.., the one—type right contact process starting from {0}
has a positive probability of survival. Going back to our two-types contact
process, whenever A > \.., whatever the value of 1 may be, the progeny of
a single type 2 individual with a finite number of type 1 individuals on its
right at time 0, has a positive probability of survival.

In the other direction, we conjecture that if the rates favor type 2 indi-
viduals (i.e. A > p > A.) then a unique type 2 individual has a positive
probability of having descendants at all times even when all remaining sites
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are occupied at time 0 by type 1 individuals.
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