Abstract We consider the genome of a sample of n individuals taken at the end of
a selective sweep, which is the fixation of an advantageous allele in the population.
When the selective advantage is high, the genealogy at a locus under selective sweep
can be approximated by a comb with n teeth. However, because of recombinations
during the selective sweep, the hitchhiking effect decreases as the distance from the
selected site increases, so that far from this locus, the tree can be approximated by a
Kingman coalescent tree, as in the neutral case. We first give the distribution of the
tree at a given locus. Then we focus on the evolution of this tree along the genome.
Since this tree-valued process is not Markovian, we study the evolution of the Ancestral
Recombination Graph along the genome in case of selective sweep.
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1 Introduction

We study the impact of selection on partially linked neutral genes when an advan-
tageous allele appears in the population and spreads until fixation, which is called a
selective sweep. The reduction of diversity imposed by the proximity of a site under
selection decreases as the distance from the selected site increases because of recombi-
nations that occur between the site under selection and the neutral genes. Described
by Maynard-Smith and Haigh in 1974 [9], this phenomenon is called genetic hitchhiking
and is the topic of many studies [2,11,13,12,14].

We consider a sample of n individuals taken at the end of the selective sweep and
we look at the genealogy of the genes located at various distances from the site under
selection. When the selective advantage is high, the advantageous allele fixates very
quickly in the population and the genealogy at the site under selection can be approx-
imated by a comb with infinitesimal teeth. This is called the star-like approximation.
Conversely, far from this site, the effect of selection becomes negligible and we recover
the Kingman coalescent tree as in the neutral case. We are interested in the evolution
of the tree along the genome, from the comb to the Kingman coalescent tree. However,
as in the neutral case [15], this tree-valued process is not Markovian and we have to
take into account all the events that occur between the locus under selection and the
locus to study, i.e. consider the Ancestral Recombination Graph (ARG) [3,6,4,1].

We define the scaled selective advantage as follows: while the population size is N,
a = Ns, where s denotes the selective advantage of the favored allele. For our model to
make sense, we need to let s tend to zero and N tend to infinity with limy_, ;o Ns = a.
Here, we are precisely in this limiting situation of an infinite population size. These
definitions are consistent with those in [2] and [11].

In this article, we consider the asymptotic model as the scaled selective advantage
« tends to infinity, so that the selective sweep occurs instantaneously. We establish how
the ARG evolves as the portion of genome whose genealogy is summed up in the ARG
increases. We first give a way of coding an ARG, useful to make precise the evolution of
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the ARG under neutrality. This neutral evolution was described by Wiuf and Hein [15]
but only the algorithm was proposed, without the transition probabilities. Although we
are interested in the evolution of the ARG in the case of selection, the neutral case will
also be necessary because we have to take into account the recombinations that impact
the ARG during the neutral period that predates the beginning of the selective sweep.
We then add selection and calculate the probabilities of the different modifications of
the ARG following the recombinations that happen during the selective sweep. We
finally obtain the global evolution of the ARG in the presence of a selective sweep.

Let us explain our model. Our assumption of an instantaneous sweep, which is
essential for our derivations, in particular for making the process R from section 3.2
a Markov process, corresponds in terms of the approximation of the coalescences to
the star-like approximation. This approximation has already been described by many
authors, together with other more refined ones [10,14]. Also more crude than the Yule
approximation proposed by Schweinsberg and Durrett [14], Etheridge et al. [2], and
Leocard [7], its numerical performance is not much worse for certain values of the
parameters. The numerical results obtained with the Yule approximation are also not
very good for a sample of size n > 5. We collect a few simulations at the end of section
5, to show how well (or poorly) our model approximates the sweep.

For this instantaneous sweep to be consistent with the appearance of recombina-
tions during the sweep, we need to choose a recombination rate v during the instanta-
neous sweep, which is different from the rate A\ during the neutral period, since it does
not play the same role. A stands for the mean number of recombinations during a time
interval of length one, appearing on a portion of the genome of length one, while ~
stands for the mean number of recombinations appearing on a portion of the genome
of length one, during the sweep. This is explained in details in section 5 at the end of
the paper.

The paper is organised as follows. Section 2 explains the assumptions, defines the
notations and describes several results previously established and necessary for the next
sections. In Section 3, we determine how the number of hichhiking alleles evolves along
the genome when the distance from the site under selection increases (Proposition 4)
and we describe the coalescent tree at a given locus (Proposition 6). Section 4 presents
the evolution of the ARG under neutrality (Corollary 14) and in case of a selective sweep
(Corollary 17). We also obtain the non-Markovian process of the coalescent trees along
the genome in the presence of a selective sweep (Proposition 19). Finally we discuss the
relevance of our approximation, and the meaning of the two recombination parameters,
in the final section 5.

2 Notations, assumptions and useful results

2.1 Notations and hypotheses

The population is assumed to be haploid and of infinite size. We consider the genome
(or its subregion) as a single chromosome that we identify with the real line R.

We make the hypothesis that one of these genes is under selective sweep: whereas all
the individuals initially carry the wild-type allele b, an advantageous mutation replaces
b by B in a single individual and the advantageous allele B spreads in the population
until fixation after a finite time. We denote by J the original carrier of the mutation



34%

0

Fig. 1 Event (Br'b,x), for z > 0. Genes at loci [z, +00) originate from an individual carrying
b, whereas those at loci [0, z) originate from an individual carrying B.

and by « the scaled selective advantage of B over b. We assume that the location of
this gene is known and we use it to initialize the positions of all the genes, denoting by
0 the locus of this gene. We also make the assumptions that no other mutation occurs
at this locus and that « is large.

During the selective sweep, along each lineage, recombinations arise on a portion
of length dx at rate pdx, independently of the coalescence events. If the number of re-
combinations that occur during the selective sweep is negligible, (almost) no variation
is expected in the data. If the number of recombination events is excessive, we expect
the same evolution as under neutrality. Since the duration of the selective sweep is of
the order of O 10%) (see [5] or [2], Lemma 3.1.), we choose p of the order of @,
which is the only way to have a non trivial number of recombinations. More precisely,
let v € R4+ be such that p = 7%. The parameter v will be fixed, while a will tend
to infinity.

Since the portions of the genome on the left-hand side and on the right-hand side
of the site under selection evolve independently and in the same way, we only focus on
the right side, which we identify to Ry.

Several kinds of recombinations may occur, according to the position of the recom-
bination and the type of allele at locus 0. For z > 0, we define events (B I’ b, z) and
(BT B,z) if the individual carries B, (bT B,z) and (b b, x) if it carries b, as follows:

Description of the event (by I" ba, z), where b and ba can be either B or b: For an
individual carrying b; at locus 0, a recombination happens at locus  and the ancestor
for the genes at loci [z, +00) (resp. [0, x)) carries by (resp. by) at locus 0. An example
is given in Figure 1.

We consider a sample of n individuals (n > 1) taken at the end of the sweep. From
now on, we reverse time. The end of the selective sweep occurs at time t = 0 and the
past coalescence and recombination events occur at positive times.

2.2 Results already established

The following results have been established (Proposition 4.1, Corollary 4.2 and The-
orem 5.1 in [7]) for an arbitrary number of neutral genes, by extension of the results
of [2] and [11]. These results are easily adapted to the continuous version of the genome.
Recall that we follow time backward. In other words, an event A happens before an
event C' whenever its occurrence is closer to the end of the sweep that of C.



Proposition 1 On any compact subregion [0, M] of the genome
O0< M < +x)

1. The probability of a recombination of type b1 B is O (m)

2. With probability 1 — O (W), all the recombinations of type B I B happen

before those of types BT b and b1 b and they impact the individuals of the sample
independently according to a Poisson process with intensity % Zéijl %

3. (Remark 2.6 in [2]) The probability that a recombination of type B I' b happens

1
loga ) -

4. We now look at the recombinations of types B 7 b or b " b that impact a given
individual before the first coalescence event in the sample.
Let U be the number of ancestors of the sample after the recombinations of type B I’
B. Let F' be a random variable definied by its conditional cumulative distribution
function, given that U = u, as:

after the first coalescence event in the sample is O (

L (f =) (f 1)
PE<IU == =)+ 1)

With probability 1 — O (m) , given that F = f, the position of the first recom-

bination (going from locus 0 to +00), necessarily of type B T b, is exponential with
parameter % Zl;ijf % and the positions of the recombinations of type b T b at the

la] 1

right of this recombination follow a Poisson process with intensity % D17

3 Evolution of the number of hitchhiking alleles along the genome
3.1 Asymptotic model when @ — +o0.

Proposition 2 When a — +o0:

1. There is no recombination of type b B and all the recombinations of type BT B
happen before those of type BT b and b7 b.

2. There is mo recombination of type B ' b after the first coalescence event in the
sample.

8. The parameters used to model the recombinations of types BT” B, b b and BT b
tend to v in quadratic mean.

Proof From Proposition 1, the probability of a recombination of type b " B on any
compact [0, M] with M € N* is zero when « tends to infinity. Since R4 is the countable
union of the sets [0, M| with M € N*, this probability is also null on Ry. The same
argument is valid for the probability that a recombination of type B " B happens after
those of type BT band b7 b and for the probability that a recombination of type B I’ b
occurs after the first coalescence event in the sample.

Moreover, the parameter of the Poisson processes that model the recombinations of
type B " B on any compact [0, M] is lima—oo ﬁ L;zjl % = v so it is also true on
R.

Before the first coalescence event in the sample, the position of the first recombi-
nation of type B I" b at the right of locus 0 on a given individual is exponential with
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The terms of the series are non-negative, so we can interchange the order of sum-
mation:
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With the same arguments, we obtain aEIJrrlooVar (k)ga l;iJF %) =~2 42 =0. The

limit of 10ga i;iJF % in quadratic mean is deterministic and equal to ~.

Finally, given that at least one recombination of type B I" b occurred between loci
0 and = > 0, the positions of the recombinations of type b I" b after locus x follow a
Poisson process with intensity limy— oo % ézjl % = v on any compact [0, M], hence

onRy. O

Since the recombinations of types B " b and b " b happen with the same rate and
are effective on complementary subsets (i.e. individuals B for B " b, individuals b for
b b), we can merge them into one type I' b with the same rate ~.

Note that during the selective sweep, the sampled individuals are independently
impacted by recombinations because no recombination occurs after the first coalescence
event in the sample.

The duration of the selective sweep tends to 0 as the selective advantage a goes to
infinity, so we approximate the genealogy at the site under selection by a comb with n
teeth of infinitesimal length.

Recall that J denotes the individual where the advantageous mutation appeared
at the beginning of the sweep.



Proposition 3 Consider the allele at locus x > 0 of an individual taken at the end of
the selective sweep. The probability that this allele is inherited from the individual J is
exp(—7z).

Proof We look at the genealogy going back in time. As explained in Corollary 10
of [7], this individual is first impacted by recombinations of type B ' B. Then, each
ancestor carries a connected portion of the genetic material of the initial individual. To
determine if the allele at locus x is inherited from J, we have to focus on the ancestor
that carries the portion containing x. The only recombinations that may now impact
this ancestor are of type I b. So the probability that this ancestor inherited its allele
at locus z from J is the probability that no recombination of type I" b occured between
loci 0 and = on this particular genome, that is exp(—vyz). O

3.2 Distribution of the number of hitchhiking alleles after a selective sweep.

Consider an individual at the end of the selective sweep and suppose that a recombi-
nation impacts this individual at position z > 0.

First, assume that this individual carries in position x — € (€ chosen small enough
so that there is no recombination between the loci  — € and z) an allele inherited from
J. We wish to calculate the probability that, because of this recombination, the allele
at locus z is not inherited from J.

There are two ways to obtain this change of ancestor:
- either the recombination is of type (B " b, z). Then the ancestor at locus x is neces-
sarily other than J (recall that recombinations of type b " B cannot happen);
- or the recombination is of type (B ' B,x) and the allele at locus = does not come
from J, which occurs with probability 1 — exp(—~x), as seen in Proposition 3.

Finally, since the probabilities of the two types of recombinations are the same,
the probability that, after that event, the allele at locus z is not inherited from J is

$(1+ (1 — exp(—7yz))) = (1 — 5 exp(—vz)).

Assume now that the individual carries in position x — € an allele that does not
come from J. Similarly, we wish to calculate the probability that, because of this re-
combination, the allele at locus z is inherited from J.

With the same arguments, the only possible type of recombination is (B I' B, x)
and the probability that the allele at z comes from J is then exp(—vz). So the proba-
bility that, after that event, the allele at position x comes from J is %exp(—’yaz).

For any distance x > 0 from the site under selection, we denote by
R(z) € {0, ...,n} the number of alleles in the n-sample that are inherited from J. We
study the evolution of R(x) as = increases.

The set of the locations of the recombinations impacting the sample is the super-
position of 2n independent Poisson processes with intensity « (recombinations of type
BT Bandr b for each of the n individuals), so it is a Poisson process with intensity
2n7y. Since R(z ™) is the number of individuals that inherited a small subregion [z —¢, x)
from J, we obtain the following description of the process R:



Proposition 4 The process © € Ry — R(z) € {0, ...,n} has the following properties:

1. R(0) =n.

2. R is a birth and death process.

3. P(R(z + dx) = k — 1|R(z) = k) = (2 — exp(—yx))kydz + o(dz),
P(R(z +dz) = k+ 1|R(z) = k) = exp(—vyz)(n — k)vdz + o(dx).

In other words, (R(x),z > 0) is a non-homogeneous {0,1, ..., n}-valued jump Markov
process whose jump rates are given as follows:

(2 — exp(—yx))ky if L=k -1,
Qre(x) = § exp(—yz)(n —k)y if £=k+1,
0 if 0¢ {k—1,kk+1}.

Proof of 2. When a recombination occurs, the value of R is modified according to its
former value just before the recombination, the type of this recombination and the lin-
eage with which the recombination is made. Since the size of the population is supposed
to be infinite, we can assume that all these lineages with which the recombinations hap-
pen are different and that their genetic material between the locus 0 and the locus of
recombination is not ancestral to the sample. Thus the distributions of R(x)|R(z™)
and of R(z)|R(y),0 <y < x are the same and the process is Markovian. O

Proposition 5 Almost surely, there exists x(w) > 0 such that R(xz) =0,
Vo > z(w).

Proof We can describe the evolution of (R(z),z > 0) with the following construction:
Let Pl,..., P, Ql,..., Q" be 2n mutually independent Poisson processes, the pt having
the intensity (2 — e~ 7%)y and the Q7 the intensity e~ 7%7.

Let = > 0. If R(x) = k, we consider Tf < Tgi < ... the jump positions of the process P°
for 1 <i <k and S{ < S% < ... the jump positions of the process Qj for1<j<n-—k
and we look at

y=min{T} S5 1<p1<q1<i<k1<j<n—k|T}>z5) >z}

If this jump is due to a process P° (resp. Qj), then R(y) = R(xz) — 1 (resp. R(y) =
R(z)+1).

The mean number of jumps of each process Qj on Ry is~y f0+°° e~ 7tdt = 1, so there is a
finite number of positive jumps for the process R. This means that sup;<;<p ¢>1 Sé =

T < oo a.s. Since the process P! has infinitely many jumps on the right of Z, the
process R(z) hits zero for some z(w) > Z and stays there for all z > z(w). O

3.3 Coalescent tree at a given locus.

Proposition 6 The coalescent tree at locus x is a tree with n leaves constructed ac-
cording to the Kingman (n — R(z) + 1)-coalescent, one branch ending with a comb of
R(x) teeth. This comb gathers the alleles inherited from the individual J.

Proof Whereas R(z) alleles come from J, the other alleles are inherited from different
ancestors, as explained in the proof of Proposition 4. This fact yields the number of
leaves and the existence of the comb at the extremity of one of the branches. Then,
these branches coalesce under neutrality to get a Kingman coalescent tree. 0O
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Fig. 2 Example of coalescent tree. Here, n = 6 and R = 4.

3.4 Evolution of the tree along the genome when a selective sweep occurs.

When a recombination occurs, the recombination point is chosen uniformly on the
tree standing for the genealogy at the left of the locus of recombination. Then, the
conditional coalescence rate of the recombinant lineage is the number of living lineages
in this tree at that time. Thus we obtain the tree at the site of recombination.

As noted in [15] (Figure 6), the process of the coalescent trees along the genome
is not Markovian. The fact that the conditional law of the genealogical tree at locus
y > x, given the genealogical trees at loci 3y’ < x differs from the conditional law given
the tree at locus x is due to coalescences between lineages with non-overlapping an-
cestral material. This phenomenon can be seen on Figure 5 (¢) below, as explained in
the caption of Figure 5. To get a Markov process, we have to work with the Ancestral
Recombination Graph (ARG).

We denote by ARG the graph that sums up the genealogy of a sample implied by
coalescence and recombination events. It describes a sequence of recombination and
coalescence events. It begins at time 0 and goes back in time until a common ancestor
appears. This ancestor, called the ultimate ancestor, is common to all the individu-
als that are present in the genealogy and not just to the genetic material of the sample.

Time goes backwards and to keep the beginning of the sweep at time ¢ = 0, this
graph is composed of edges of type [t;, ;[ with 0 < t; < t; < co. Moreover, because of
recombinations, each edge only stands for the history of a region of the genome. The
genomic region associated with an edge [t;,¢;[ when t; is the time of a recombination, is
indicated beside this edge. By convention, the ARG will always have a root of length 1.

We denote by M the set of all the ancestral recombination graphs.

The ARG is modified along the genome because of recombinations that occur during
the selective sweep and because of those that impact the ARG during the period
predating the beginning of the sweep.
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Fig. 3 Example of an ARG. If the position of the recombination is v,
we associate to this ARG the set § = {([0,t2),[0,+00)),([0,t3),[0,+00)),

(Its, ta),10,400) ) (It2, ta), 10, )). ({22, ta)s Iy +00) ) (Itas ta + 1), [0, +0) |

4 Evolution of the ARG along the genome
4.1 How to code an ARG?

We first consider the neutral case, when the recombination rate along each lineage is
A>0.

Let D ={[s,t) CR,0<s<t<+o0}, A=D x D and M =U;2; A",

Consider an ARG, called G. The following coding allows one to indicate the ge-
nomic regions associated with the edges: To each edge A = [t;,t;) of G, we associate
C = [0,400) whenever t; is a coalescence time or t; = 0; C = [z,+00) (resp. [0,z))
whenever t; is the time of a recombination that occurs at position z and the edge
describes the genealogy of the sub-region [z, 4+00) (resp. [0,x)) of the genome.

Remark 7 Labels only indicate which branch must be followed to establish the geneal-
ogy at a given position. They are not the smallest set of positions for which the branch
belongs to the corresponding coalescent tree.

We denote by G € M the finite set of pairs (A4,C) € A, where the A’s describe all
the edges of the G and the C’s are given by the coding described above (the order of
the pairs is not important). An example is given in Figure 3.

Let m : M — M be the mapping that associates to G € M the element G € M
described above.

Proposition 8 The mapping m is injective.

Proof We first remark that the probability that several recombination and/or coales-
cence events occur simultaneously is zero. Indeed, the recombinations happen according
to a Poisson process independently of the coalescence events, and the coalescence times
are separated by exponential times.

Let G € M. We define G = {A € D;3C € D, (A,C) € G} and
Go={CeD;3A€D,(AC) € G}.
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We can reconstruct the ARG G from G by connecting the edges of type [t;,t;) and
[tj,tx). The labels (elements of Go) of [t;,t;) and [t;,t;) indicate which edge we have
to follow to obtain the genealogy at a given locus. More precisely:

Step 0. Consider first all the elements of G; of the form [0,¢), and draw the corre-
sponding vertical segments in increasing order, at a given distance one from the other.
The upper ends, the t’s, of those segments are the “free ends”.

Step 1. Whenever two free ends are at the same level (i. e. the corresponding t’s are
equal), join them by a horizontal segment (this corresponds to a coalescence event);
the two corresponding ends are no longer free; create a new free end on the middle of
the coalescence segment.

Step 2. Look for all the still available elements [t,s) of G; which are such that ¢
coincides with one of the free ends. Place on the graph those which correspond to a
coalescence free end, and the pairs which correspond to some other free end. Those
pairs correspond to a recombination; check the corresponding labels to decide which
one should be placed on the left, which one on the right.

Step 2 suppresses some free ends, while creating new ones. If there remain available
elements of G1, repeat the above operations by going back to Step 1. O

Remark 9 Since the probability that two events occur simultaneously is zero, the re-
construction is unambiguous and all the internal nodes of the graph that we get are
binary.

From now on, we identify each ARG G with G = m(G).

4.2 Evolution of an ARG under neutrality

We shall describe now the same evolution process as in Wiuf and Hein [15], but with
different notations.

We start with an ARG that describes the genealogy of the genomic region [0, x)
and we write G(z~ ) for the associated set in M. We assume that a recombination
happens at position z and we write G(z) for the set in M associated with the ARG
that describes the genealogy on [0, z].

Proposition 10 There ezist (T,C) = ([ti,tj),C) € g(z™),

(T',¢") = ([tk,t4)70/) €G(xz™) and 1,7 € R} withT €T, €T and T <7, such
that:
[T#T,6() =G )\{(ﬂc);(TCC’)}u{([thr),c);([ntj),[o,w));
([T,T , [, +00 ) ([T’ ). [0, +oo)); ([tk,T’),c')}
T =1,6() = 6a) \{(T.O}U{(1t7).0): (In 7). 0.2));

(1

([T,T , [z, +oo) 't )5 10, +oo))}
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Suppose that G(z7) is given. As already mentioned in Remark 9, all the elements of
G1(x7) are different, so when we choose an edge of G(z™ ), we get its label immediately.
We can thus define the M-valued mapping fg(mf) such that, for any T,7”, 7,7 such
that 7 € T,7/ € T and 7 < 7/, f@—H (T, T',7,7') is the graph G(z) described above.

Proof Let 7 be the time of the recombination. Let (T, C) = ([ti, t;), C) be the element

of G(z™) that describes the edge on which the recombination happens. We have t; <
T < t;. This edge disappears from the graph and is replaced by three edges [t;, T), [T, ;)
and [r,7") (7" will be defined in the next paragraph). [r,¢;) (resp. [r,7’)) stands for
the genealogy for the loci [0, z) (resp. [z,400)); we label it with [0,z) (resp. [z, +00)).
Finally, the label associated with [¢;,7) is C. We obtain the intermediate graph:

g =9 )T {117, ); (174, 10,2) )i (17 7), [, +00)) }.

The branch [7,7’) coalesces with an edge of G'. 7/ denotes the coalescence time and
(r",c"y = ([t]mtg), C”) the element of G’ which describes the edge with which the

branch [r,7") coalesces. We have 7 < 7/ and ¢}, < 7/ < t,.

If T" # [1,t;), define (T",C") = (T",C"). Then T’ € G1(z~) and T' # T.
(T',C") disappears from G’ and is replaced by ([T’, te), [0, +oo)) and ([tk, ), C’). We
then obtain the set G(z) described in the proposition.

™

If T" = [r,t;), define (T",C") = (T,C). t;, < 7 < 7' < t;. Moreover, (T",C") =
([T, ti), [0, x)) disappears from G’ and is replaced by ([T, 7,10, x)), and ([T’, t;),[0, +oo))
We then obtain the set G(z) described in the proposition.
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Remark 11 The label of the branch above a coalescent event is always [0, +00). Indeed,
the only branches whose label is different from [0, +00) are those that follow a recom-
bination event. Recall that the labels do not indicate the smallest set of positions for
which the branch belongs to the corresponding coalescent tree.

Remark 12 A recombination may not imply a modification of genealogy according to
the branch it impacts. For example, it is possible that a recombination at position x
happens on a branch that only stands for the genealogy of the portion [0,y) of the
genome of an individual, with y < z. In our model, we authorize this recombination
even though its impact on genealogy is null.

Let > 0. We denote by G(x) the ARG that describes the genealogy on [0, x]. Let
H(z) be its height, that is the waiting time until a common ancestor appears. Recall
that this ancestor is common to the genetic material of all the individuals implied in
the genealogy.

For any 0 < ¢ < H(z), let A¢(z) be the number of lineages in G(z) at time t. We
set A¢(z) =1 for t > H(x).

Note that z € Ry — G(z) is cadlag, so we can define G(z™) = lim< G(2). In
z—x,2<T
the same way, we define H(z~ ) = lim H(z) and A¢(z7) = lim A¢(2).
z—x,z2<T z—x,z2<x

Proposition 13 Suppose that G(z™) is given and consider a recombination at locus
x. Let T be the time of this recombination; let T € G1(x~) denote the edge involved in
the recombination; let 7! be the coalescence time of the new branch and let T e Gy (z7)
denote the branch chosen to coalesce. We have the following distribution: For any T €
Gi1(z7), T € Gi(a™),t € T,t' € T' such thatt <t

P(r <t <t,T=T,T =T

— fH(T’)Alw(m—)dw /Ot /:l exp (- /TU As(m*)ds) dvdr-.

0




14

Proof We denote by ]P’,(rr,) the conditional distribution of 7’ given that 7 = r.
P(r <t 7 <t', T=T,T =T

t
_ / P(r' <t T' = T'|r = r)P(T = T|r = r)Pr(dr)
0

Lt Ar(a”)
= P(T' = T'J7' = v)P") (dv) x —— x r d
L[ =T = op ) < o T g

1 t ot 1 - v ~
= T i b o A e [ A

o [ ([ )
= - exp | — As(z™ )ds | dudr.
ST Ay Jo e .

For the first equality, we use the independence of recombination and coalescence events.
For the second one, we remark that:
i) The lineage T that recombines at time r is uniformly chosen among the lineages that

are present at this moment (their cardinality is Ar(z7));
Ar(z7)

ii) the density of 7 is
chosen on the ARG.
To get the third equality, we use

i) the fact that the lineage T’ that coalesces is chosen uniformly among the lineages
present at this moment;

because the recombination point is uniformly

ii) the fact that the distribution of the coalescence time of the lineage is exponential
with intensity As(z™). O

Corollary 14 Under neutrality, the ARG evolves along the DNA sequence in the fol-
lowing way:

1 ) The positions of the recombinations are the jump times of a Poisson process with
intensity A X L(z), where L(x) is the total length of the ARG at position x (L(0) = 1).
1 ) For each jump location z of the process (G(y),y > 0), the conditional law of G(x)
given that G(z~ ) = G is the image by the mapping fg (introduced just after Proposition
10) of

exp (— ftt/ As(x_)ds)

- Lierlyer Licpdt'dt.
foH(x ) Aw (z7)dw

Plrprpny(dtdt’, T, T") =

4.3 Evolution of the ARG due to a recombination during the selective sweep.

Under neutrality, all the recombinations occur at positive times 7 > 0, which does
not modify the number of leaves of the ARG. This will not be true anymore when we
add a selective sweep whose duration tends to 0. Whenever a recombination happens
during the selective sweep, a new branch (or a new tooth of the comb) is created (re-
call that all the individuals chosen to recombine with are not present on the graph yet).

One of the branches now carries a comb P: each tooth of P gathers the alleles of
one sampled individual, which share the same history during the selective sweep and
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I

[0,2) |[z,+o0)

Fig. 4 Example of ARG in case of selective sweep. The edges without indication carry the
label [0, +00).

which are inherited from the individual J. These alleles correspond to a subregion [z, y)
of the genome, where 0 < z < y < 400. We label each tooth with such an interval to
make precise the loci for which the genealogy is obtained starting at this tooth. We
denote by |P| the number of teeth of P.

The ARG is now equivalent to the data of the comb P and a set G € M where one of

the pairs of the form ([07 t), C) carries the comb, that we consider as a leaf of the graph.

For x > 0, denote by P(x) the comb used to describe the genealogy of the segment
[0, z]. The evolution of P along the genome is cadlag, so we can define P(z™ ). Note
that contrary to Section 3.3 where we considered the coalescent tree at a single locus,
the sum of the number of leaves of G other than the comb plus the number of teeth of
the comb is not necessarily equal to n anymore. More precisely, |P(z)|+|G(z)|—1=n
+ the number of recombinations during the selective sweep, between loci 0 and x. This
is related to the fact that in our model, the sweep is instantaneous.

Notations In the next proposition, we will use the following notations:

Z € P(z™) will be a tooth of P(x™), identified with its label;

T = [0,a) will be an edge of G1(z™) attached to a leaf;

7T’ and t’ will be an edge of G (™) and a positive number such that ¢’ € 7.

Proposition 15 Suppose that a recombination happens at position x > 0 during the
selective sweep. Let € > 0 be such that the impacted individual inherited the portion
[x — €,x) from an single ancestor at the beginning of the sweep. The recombination
event is of one of the types C;(x), 1 <i < 4.

— Ci(x): If R(z) = R(z™) and the portion [x — €,x) does not descend from J, then
P(z) = P(z™) and there exist (T,C) = ([O,ti),C) € G(z7) a branch of the graph
attached to a leaf other than the comb,

(T',¢" = ([tk,tg),C/) €G(z™) and 7' € T such that

G(x) = Gz )\ {(T.C),(T",C")}
u{(T.cn.2); (10.,7), 5, +00)), (I, ), [0, +9) ) (tx, 7). ") }

Moreover, ' is the first jump of a Poisson process with intensity As(xz™). The
conditional law of T,T',7" given that a recombination of type C1(x) happens at
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| 0, o [0,z) |[z,+o0)
0.2) |[z+00) [0.y) [y,*\; )
e |
0, ,+0)
(a) Case C1(x). (b) Case Ca(x).
Ahli
0, ,+oo s o)
oy e | P oy e | 02 e
N N
[x, +o0) [0.X)
" 0X) \[x,+o0)
(c) Case C3(x). (d) Case Cy(x).

Fig. 5 Examples for each type of event. z < y < . We can observe on (c) that the process of
the coalescent trees along the genome is not Markovian. Indeed, the probability that A is the
most recent common ancestor to the recombinant lineage and to the individuals that form the
comb is zero if we only consider the tree at the left of . On the contrary, when we consider
the ARG (that is when we add all the “past”), this probability is positive.

position x is specified by:

P(T=7,T =T ,7 <{|Ci(z))
1 o B t B
Ap+(z7) — 1 /0 At(m_)At(x Joxp <_/0 As(@ )ds) dt

_ Am(;)_l/ot/ exp (— /Ot As(m_)ds> dt

(We note that the number of branches starting at 0 from a leaf other than the comb
is Ag+(z7) —1.)

Ca(z): If R(z) = R(z™) and the portion [z — €,z) descends from J, then the re-
combination is of type BT B, G(x) = G(z~) and there exists a tooth I € P(xz™)
such that P(z) = (P(z")\ ) U N [O,x)) u(n [x,oo)) Moreover, I is chosen

uniformly chosen among the teeth of the comb.

Cs(z): If R(z) = R(z™ ) —1, then the involved recombination is either of type BT b
or of type BT B; there exists I € P(x™) such that P(z) = (P(m_) \I)u(InJo, x))

and there ezist (T',C") = ([tk,tg),C') €G(z7) and 7' € T such that

G(2) = G )\ (1", C) U { ([0.7), [z, 4+00) ): (s 0). [0, +09) ) (Ith, 7). ") |-
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Moreover, the conditional law of I, T', 7" given that a recombination of type C3(x)
happens at position x is specified by:

P(I=Z7,7 =T, 7' <t|C3(z)) = |7>(i-—)|/0t exp (f/OtAs(x*)ds) dt

— Cu(x): If R(z) = R(z™) + 1, then the involved recombination is of type BT B and
there exists a branch (T,C) = ([0, a), C) € G(z™) not attached to the comb such
that G(z) = G(z™ )\ (T, C)U(T,CN[0,z)) and P(z) = P(x~ )U[z, c0). Moreover, T
is chosen uniformly among the branches attached to one of the leaves of the graph
other than the comb.

Proof The condition R(xz) = R(z™ ) implies that both of the portion [z — €, z) carried
by the impacted individual and the portion [z, +00) carried by the other recombinant
come from J (Ca(z)) or do not come from J (C1(z)).

Whenever a recombination is of type I b at locus x, the portion [z, c0) inherited
from the recombinant always comes from an individual carrying b at the beginning of
the sweep. Otherwise, a recombination b " B would be necessary, but this event cannot
happen (Proposition 2). This is why in Ca(z) the recombination is necessarily of type
BT B.

With the same arguments, if R(z) = R(z™ ) +1 (C4(z)) (resp. R(z™) —1 (C3(z))),
then the individual of the sample impacted by the recombination inherited the por-
tion [z — €, z) from an individual carrying b (resp. B) at the beginning of the sweep,
whereas the portion [z, +00) given by the recombinant comes (resp. does not come)
from individual J. O

For 1 < i < 4, denote by v;(z) the conditional probability that the recombination is
of type C;(z), given that a recombination happens during the selective sweep at locus

o (z) = (1 N R(z‘)) (1 N exp(z—’vz))

x.

Lemma 16

(@) = )L exp(—na)
Vg(iv) — R(::L_) 1— eXp(;’Y”ﬂ)
vi(z) = (1 — R(Z_)) %exp(—’ym)

Proof Let A be the event “The allele in position  — € (e chosen small enough so
that there is no recombination between the loci  — € and z) carried by the impacted

individual is inherited from the individual J”. P(4) = £,
All the following probabilities are easily deduced from Section 3.2.

vi(z) = P{R(z) = R(z")} N A%) = P(R(z) = R(z" )| A°)P(A),
=P({R(z) = R(z")} N A) = P(R(z) = R(z")|A)P(A),

x~ ) — 1|arecombination happens at locus z),

&
[N
5
EEE
I
=
= 3 =
oy
=
g
&

I
ay)

= =3
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where A€ is the complementary set of A. 0O
Corollary 17 The process x — (P(x),G(z)) evolves in the following way:
1. P(0) =R% and G(0) = ([O7 1), [0, +oo)) (by convention,).

2. The recombination positions follow a Poisson process with parameter
2ny + AL(z), where L(z) is the total length of G(x).

3. At the position x of a jump:
— With probability #IL(;,)
selective sweep. Then P(z) = P(z™) and the law of G(x) is the image by the

mapping fg-y of

, the recombination predates the beginning of the

exp (f ftt, As(x_)ds)
fOH(GC_) Ay (27 )dw

P(T,T/,T,T’) (dt, dt/, T, T/) = 1t€T1t’ET' 1t<t/dt/dt.

— With probability 227;;’_%\7%, we obtain P(z) = P(z™) and G(x) of the form
G ) \{(T,0),(T . u{(T.0n[0.2)); (10.7), [2,+09)).
([T/,tg), [0,+oo)); ([tk,r/), C’)} with T' = [ty ts) and
exp (— fgl As(z™)ds
A0+ (1‘7) -1

P(T/7T,T/)(dtl,7—, Tl) - 1t/e’]'/dtl.

— With probability %VLQ((;:_)), we obtain G(z) = G(z™) and a comb P(z) of
the form (P(z7)\Z)U(Z N[0,z)) U (Z N [x,00)) where the tooth T is chosen
uniformly on the comb P(z™).

— With probability #ﬁ(ﬂ?), we obtain P(z) of the form (P(z~)\Z)U(Z N

[0, m)) and G(x) of the form G(z~)\ (T/,C") U {([0, ™, [z, +oo));
(17,10, 10,4+00) ) (1tks 7, €") } with T' = [ty te) and

/ ! 1 v — /!
P(I,T/,Tl)(I7 dt 7T ) = |P($7)| exp <_‘/0 Aé(x )dS) 1t/€T’dt .

— With probability %%, we obtain P(z) = P(z™) U [z,00) and G(z) of
the form G(z7 )\ (7,C)U (7,C N[0,x)) where T is chosen uniformly among
the Ag+ (27 ) — 1 branches attached to one of the leaves of the graph other than

the comb.

Remark 18 In this paper, the sample is drawn at the end of the selective sweep. We
could easily extend these results to a sample drawn later, after a neutral period has
followed the sweep. Indeed, we only have to extend the neutral recombination process
to the whole graph. The influence of selection would decrease, even close to the site
under selection, because of recombinations and new mutations happening after the end
of the sweep.
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4.4 Evolution of the coalescent tree along the genome in the presence of a selective
sweep

As mentioned in Section 3.4, the evolution of the coalescent tree along the genome
is not Markovian. Nevertheless, the positions of the recombinations along the genome
constitute a Poisson process and given the tree at the left of a recombination point,
we can obtain the conditional law of the tree at the right of this point. The neutral
case was described in the first paragraph of Section 3.4. We now study the conditional
distribution when a selective sweep occurs.

Denote by L(z) the total length of the coalescent tree at position & > 0 and by
Ay¢(x) the number of living lineages in the tree at time ¢ > 0.

If the recombination occurs during the neutral period, the recombination point is
chosen uniformly on the tree. The impacted branch is replaced by a new one that will
coalesce with another branch of the tree. The coalescence rate at time t is A (z) and
the branch chosen to coalesce is drawn uniformly among the existing ones.

If the recombination occurs during the selective sweep, we can deduce the evolution
of the tree for each of the four cases from Proposition 15.

C1(z): A branch ending by a leaf other than the comb is suppressed. A new branch
starts from O and coalesces at rate A¢(x) with a branch chosen uniformly among the
existing ones at the coalescence time.

Ca(z): The coalescent tree is unchanged.

Cs(z): One tooth of the comb is suppressed and a new branch starts from 0 and
coalesces at rate A¢(x) with a branch chosen uniformly among the existing ones at the
coalescence time.

Cy4(z): A branch ending by a leaf other that the comb is suppressed and the tooth
is added to the comb.

For z <0, let v(z) = vi(z) + v3(z) +va(z) =1 — @% exp(—vyzx).
We obtain the following evolution:

Proposition 19 The positions where the tree is modified follow a Poisson process with
intensity 2nyv(z) + )\i(m) At the position x of a modification:

— With probability anyi‘i‘)(j)\%(mﬂ,
selective sweep. The recombination point is chosen uniformly on the tree. The im-
pacted branch is replaced by a new one that will coalesce with another branch of the
tree. The coalescence rate at time ¢ is At(m) and the branch that coalesces is chosen
uniformly among the existing ones at the coalescence time.

the recombination predates the beginning of the

— With probability %, a branch ending by a leaf other than the comb is

chosen uniformly and is suppressed. Then a new branch starts from 0 and coalesces
at rate A¢(x) with a branch chosen uniformly among the existing ones at the coa-

lescence time.
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— With probability #%, one tooth of the comb is chosen uniformly and

is suppressed. Then a new branch starts from 0 and coalesces at rate A(x) with a
branch chosen uniformly among the existing ones at the coalescence time.

_ . . 2ny X vy ()
With probability T () T AL (=)
chosen uniformly and is suppressed. Moreover, one tooth is added to the comb.

, a branch ending by a leaf other than the comb is

Remark 20 Compared to the ARG-valued process along the genome, some jumps have
been suppressed to obtain the process of coalescent trees. Indeed, recombinations of
type C2 do not modify the tree and those impacting a branch of the ARG that does
not belong to the coalescent tree are not taken into account. Thus the coupling of these
two jump processes is easy to deduce.

5 Discussion

In this final section, we want to discuss the relevance of our results, and how they should
be understood by Biologists. More precisely, our results are based of an assumption of
infinite population (which of course should be understood in practise as a situation of
a large popultion), and an instantaneous sweep, which is of course unrealistic. What
can we say to the Biologists about that 7 Also, our results are expressed in term of
two recombination parameters, A and . Why two distinct parameters ? Which values
should be given to them in a specific situation ? We first discuss the second question.

5.1 The two parameters A and

These two parameters are quite different, and should a priori be given two distinct
values. We have introduced + in section 2.1, from another parameter p. But we do
not need to use this third parameter in order to understand how to interpret our two
parameters.

During the neutral period, going back in time, recombinations happen at rate .
What does it mean ? Consider first a single individual. Recombinations can possibly hit
that individual, according to the following law. A recombination will hit one particular
locus of his genome (which has been identified with the real line), at a particular time.
The assumption that this happens at rate A means exactly that recombinations hit the
finite portion [z,y] of the genome during a period of time [s, ¢] according to a Poisson
process of rate A, i. e. the number of recombinations in disjoint subsets of [s, t] X [z, y]
are mutually independent, and the number recombinations which hit [z, 2] during the
time interval [r, 7] follows a Poisson distribution with parameter Az’ — z| x |’ — r|.
There are two possible descriptions of these recombinations hitting [z, y] during the
time—interval [s,¢] in terms of one-dimensional Poisson process. One is to say that if
we follow the genome from x to y, we meet points of recombinations according to a
Poisson process of rate A(t — s), and each of those reombinations happens at a time
which is chosen uniformly in [s, ¢], independently of the others. The other one is to say
that when following the time evolution from s to ¢, we encounter recombination times
according to a Poisson process of rate A(y — x), and each of those recombinations is
placed at a locus chosen uniformly on [z, y], independently of the others. Note that the



21

recombinations hit all lineages (or individuals) alive during a given time interval in an
“i. i. d.” manner (i. e. recombination hit various individuals independently and at the
same rate), and that the addition of mutually independent Poisson processes yields a
Poisson process with a rate which sums up the rates of each of those Poisson processes.

This is consistent with the formulation of Corollary 14 i), which says that the
position of the jumps locations follow a Poisson process with rate AL(x), if L(z) denotes
the length of the ARG at location z.

Let us now explain what is the meaning of the parameter -, concerning the rate of
recombinations during the sweep. In reality, recombinations happen during the sweep,
essentially similarly as during the neutral period. However, since we have wrongly
assumed that the sweep is instantaneous, we need to model the recombinations during
the sweep differently from the neutral period. Above we had a Poison process in two
dimensions. Here there is no time interval, so we model the recombinations according
to a one—-dimensional Poisson process along the genome, with the intensity ~. This ~ in
itself has no biological meaning. In our model, it is the rate at which each of two types
of recombinations happen along the genome of each individual in the sample during
the sweep, which is a time interval of length 0. If one thinks that the rcombination rate
is the same during the sweep and during the neutral period, it would then be natural
to set 2y = AA, if A denotes the actual duration of the sweep (the factor 2 comes from
the fact that we sum up two types of recombinations). However that would mean that
~ is small with A, which in fact contradicts the basic assumptions of this paper.

5.2 How does our model fit with reality ?

Our “instantaneous sweep” does not exclude recombinations during the sweep, as we
explained it in the previous subsection. However, our approximation excludes coales-
cences during the sweep. In particular, the individuals carrying the advantageous allele
(those who have not escaped the sweep as an effect of recombinations) all coalesce, i. e.
we have a starlike tree, a “comb” at the time of the sweep. Consequently the approxi-
mation implied by our model, at least as far as the individuals which originate from the
initial bearer of the advantageous allele are concerned, is exactly the approximation
of the coalescent tree during the sweep by a starlike coalescence. This approximation
is well known. It is rather crude, but has the advantage of making the computations
easy. In order to give an idea of how well (or poorly) it approximates reality, we report
below results of several simulations.

Consider the joint law of the length of the hitch-hiked set of neutral genes located
on one side of the locus where the advantageous allele has appeared, in n individuals of
a sample taken at the end of the sweep. How well that joint law is approximated, that
is what we have chosen as criterion for the quality of our approximation. We compute
an approximation of the “true” joint law via a Monte Carlo method, with 4 x 10* simu-
lations. We simulated recombinations and coalescence during the sweep. The two types
of coalescence are simulated in non—constant populations, the proportion of individu-
als carrying the advantageous allele evolving according to the Wright-Fisher diffusion
conditioned upon fixation of the advantageous allele, i. e. upon eventual completion of
the sweep. The diffusion was simulated with a time step of 107°.
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(hi,...,hn) Simulations EPW approx. Our approx.
(2,2,2) 0.3963 0.4414 0.3198
(2,2,3) 0.2688 0.3108 0.2187
(3,3,3) 0.1558 0.1609 0.1023
(3,3,4) 0.1052 0.0954 0.0699
(2,4,4) 0.1011 0.0941 0.0699
(2,2,2,2,2) 0.2626 0.2735 0.1496
(2,2,2,2,3) 0.1793 0.1662 0.1023
(2,2,2,2,4) 0.1227 0.0795 0.0699
(2,2,2,3,3) 0.1349 0.0956 0.0699
(2,2,2,3,4) 0.0922 0.0222 0.0478
(1,1,1,1,1,1,1,2) 0.7180 0.6095 0.6838
(1,1,1,1,1,2,2,2) 0.4391 0.2639 0.3198
(1,1,1,1,2,2,3,3) 0.1959 0 0.1023
(1,1,1,1,2,3,3,3) 0.1603 0 0.0699
(1,1,1,1,3,3,3,3) 0.1257 0 0.0478
Table 1 « = 2000, v = 0.38
(h1,...,hn) Simulations EPW approx. Our approx.
(2,2,2) 0.4372 0.4868 0.3198
(2,2,3) 0.3018 0.3585 0.2187
(3,3,3) 0.1728 0.2030 0.1023
(3,3,4) 0.1057 0.1290 0.0699
(2,4,4) 0.0965 0.1269 0.0699
(2,2,2,2,2) 0.3107 0.3174 0.1496
(2,2,2,2,3) 0.2050 0.2018 0.1023
(2,2,2,2,4) 0.1380 0.1031 0.0699
(2,2,2,3,3) 0.1578 0.1230 0.0699
(2,2,2,3,4) 0.1023 0.0350 0.0478
Table 2 o« = 1000, v = 0.36

The same law in our approximation has the well-known explicit formula
n
P(lehlw"’H’ﬂZhn):exp —’}/Z(hp—l) .
p=1

Finally, we can compute the same law in the approximate model of Etheridge, Pfaf-
felhuber, Wakolbinger [2], using the results of the first author [7]. This approximation
(called here “EPW approximation”) is of order [log(a)] 2
of order [log(e)]™!. Note that the formulas for probabilities in [7] can take negative
values, whenever the value of that probability is smaller than [log(«)] ~2_In those cases,
we put 0 as approximate value of that probability.

, while our approximation is

We note that our approximation produces in most cases results which are worse
than that of the EPW approximation, as expected. However, our results are not always
much worse, and when the EPW approximation is very poor (this happens when n > 5
and the true probability is small), the star—like approximation (“our approximation”)
is at least slightly better.
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