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Abstract

We consider a discrete model of population dynamics with interac-
tion between individuals, where the birth and death rates are nonlinear
functions of the population size. We obtain the large population limit
of a renormalization of our model as the solution of the SDE

¢ t pze
Zf = a:+/ f(st)d$+2/ / W (ds, du),
0 0 JO

where W (ds, du) is a time space white noise on [0, c0)?.

We give a Ray—Knight representation of this diffusion in terms of the
local times of a reflected Brownian motion H with a drift that depends
upon the local time accumulated by H at its current level, through
the function f//2.
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Introduction

Consider a population evolving in continuous-time with m ancestors at time
t = 0, in which each individual, independently of the others, gives birth to
children at a constant rate p (in our model each birth event means the birth
of a single individual), and dies after an exponential time with parameter
A. For each individual we superimpose additional birth and death rates due
to interactions with others at a certain rate which depends upon the size of
the total population. For instance, we might decide that each individual dies
because of competition at a rate equal to v times the number of presently
alive individuals in the population, which amounts to add a global death rate
equal to y(X™)2, if X" denotes the total number of alive individuals at time
t.

If we consider this population with m = [Nz| ancestors at time ¢ = 0,
weigh each individual with the factor 1/N, and choose uy = 2N+6, A\y = 2N
and yy = /N, then it is shown in Le, Pardoux and Wakolbinger [7] (in
the above particular case of a quadratic competition term) that the “total
population mass process” converges weakly to the solution of the Feller SDE
with logistic drift

dZf = (077 —~(Z7)?] dt + 2/ Z7dWy, Z§ = . (0.1)

The diffusion Z* is called Feller diffusion with logistic growth and models the
evolution of the size of a large population with competition. In this model #
represents the supercritical branching parameter while v is the rate at which
each individual is killed by any member of her generation. This model has
been studied in Lambert [5], who shows in particular that its extinction time
is finite almost surely.

We generalize the logistic model by replacing the quadratic function 6z —
v2% by a more general nonlinear function f of the population size. We then
obtain in the continuous setting a diffusion which is the solution of the SDE

e /Otf(Zj)ds+2/0t /OZ;D W (ds, du), 0.2)

where the function f satisfies the following hypothesis.
Hypothesis A: f € C(R;;R), f(0) = 0 and there exists § > 0 such that

fl@+y) = flx) <Py, x,y=0.

Note that the Hypothesis A implies that for all x > 0,

fx) < .



It follows from Theorem 2.1 in [3] that equation (0.2) has a unique strong
solution. Indeed, if we let fi(x) = Sz and fo(z) = Sz — f(z), we have the
decomposition f = f;— fs with f; Lipschitz continuous and f5 continuous and
nondecreasing. Hence the assumptions of the quoted Theorem are satisfied,
as a consequence of Hypothesis A. We note that since f(0) = 0 (see Remark
1.1 below for discussion of this assumption), the unique solution starting from
the initial condition x = 0 is Z) = 0. Consequently, from the comparison
Theorem 2.2 in [3], we deduce that ZF > 0 for all z > 0, ¢t > 0.
An equivalent way to write (0.2) is the following.

t t
ZY :x+/ f(Zf)ds+2/ \VZEAWE, (0.3)
0 0

where W7 is a standard Brownian motion. However, if we use the formu-
lation (0.3), the joint evolution of the various population sizes {ZF,t > 0}
corresponding to different initial population sizes x has a complicated de-
scription, whereas the formulation (0.2) due to Dawson and Li [3] with one
unique space-time white noise W, describes exactly the joint evolution of
{ZF,t > 0,2 > 0} which we have in mind. We call this diffusion the gener-
alized Feller diffusion. In order to motivate this continuous model, we first
define a discrete model. For defining jointly the discrete model for all initial
population sizes, we need as in [9] to impose a nonsymmetric competition rule
between the individuals, which we will describe in Section 1 below. We do a
suitable renormalization of the parameters of the discrete model in order to
obtain in Section 2 a large population limit of our model which is a general-
ized Feller diffusion. In Section 3 we establish a Ray-Knight representation
for such a generalized Feller diffusion. We now state this representation,
which is the main result of this paper. For that sake, let us first introduce
some notions. We shall say that the process {ZF, t > 0} is (sub)critical
if this process goes extinct in finite time a.s. This notation is meant as a
generalization of the two distinct cases of critical and subcritical branching
processes. A necessary and sufficient condition on f will be given at the end
of Section 1 for Z* to be (sub)critical for all z > 0. Let us now assume
that f is of class C!, and introduce the “contour process” of the forest of
genealogical trees of the population described by the process Z7, which is
the solution of the SDE

1 [° 1
H =B+ 5/0 F(L(H))dr + 5 1.(0),

where for any s,¢ > 0, Lg(t) is the local time accumulated by the process
H at level t up to time s. Note that the last term in the above SDE means
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that the solution is reflected above 0. The intuition behind the drift term
will be given below. Note for the moment that when f’ > 0, the interaction
with the other individuals in the population favors longer trees, while when
f' < 0, the interaction is of the type of a competition, which tends to reduce
the size of the trees. We moreover define the inverse of the local time of H
at level O :

Sy = inf{s >0, Ls(0) >z}, x>0.

Theorem 0.1 Suppose that f is of class C* and satisfies Hypothesis A, and
is such that the population process is (sub)critical. Then the two random
fields {Lg,(t), t > 0,2 > 0} and {ZF, t > 0,2 > 0} have the same law.

1 Discrete model with a general interaction

In this Section we set up a discrete mass continuous—time approximation
of the generalized Feller diffusion. We consider a discrete model of popu-
lation dynamics with interaction, in which each individual, independently
of the others, gives birth naturally at rate A\ and dies naturally at rate pu.
Moreover, we suppose that each individual gives birth and dies because of
interaction with others at rates which depend upon the current population
size. Moreover, we exclude multiple births at any given time and we define
the interaction rule through a function f which satisfies Hypothesis A.

In order to define our model jointly for all initial sizes, we need to intro-
duce a nonsymmetric description of the effect of the interaction as in [7], but
here we allow the interaction to be favorable to the individuals.

1.1 The model

We consider a continuous—time Z —valued population process { X", t > 0},
which starts at time zero from m ancestors who are arranged from left to
right, and evolves in continuous—time. The left/right order is passed on to
their offsprings: the daughters are placed on the right of their mothers and if
at a time ¢ the individual 7 is located at the left of individual j, then all the
daughters of ¢ after time ¢t will be placed on the left of all the daughters of j.
Those rules apply inside each genealogical tree, and distinct branches of the
trees never cross. Since we have excluded multiple births at any given time,
this means that the forest of genealogical trees of the population is a plane
forest of trees, where the ancestor of the population X} is placed on the far
left, the ancestor of X? — X! immediately on his right, etc... This defines
in a non—ambiguous way an order from left to right within the population
alive at each time t. See Figure 1. We decree that each individual feels
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Figure 1: Plane forest with five ancestors
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the interaction with the others placed on her left but not with those on her
right. Precisely, at any time ¢, the individual ¢ has an interaction death
rate equal to (f(L;(t)+1) — f(L£i(t))) or an interaction birth rate equal
to (f(Li(t) +1) — f(L;(t))", where £;(t) denotes the number of individuals
alive at time ¢ who are located on the left of ¢ in the above planar picture.
This means that the individual ¢ is under attack by the others located at her
left if f(L;(t)+1)— f(L;(t)) < 0 while the interaction improves her fertility if
F(Li(t)+1)— f(Li(t)) > 0. Of course, conditionally upon £;(-), the ocurence
of a “competition death event” or an “interaction birth event” for individual
i is independent of the other birth/death events and of what happens to the
other individuals. In order to simplify our formulas, we suppose moreover
that the first individual in the left/right order has a birth rate equal to
A+ fT(1) and a death rate equal to p+ f~(1).

The resulting total interaction death and birth rates endured by the pop-
ulation X;" at time ¢ is then

SR = fE=1)T = (f(k) = f(k=1)7] =D _(f(k)— f(k—1)) = F(X").
k=1 k=1

As a result, {X/", t > 0} is a discrete-mass Z,—valued Markov process,
which evolves as follows. XJ* = m. If X;" = 0, then X" = 0 for all s > ¢.
While at state £ > 1, the process

m k+1, atrate Me+ S0 (F(0) — f(£—1))F;
X;" jumps to {/{: — 1, at rate uk + Zl,::l(f(ﬁ) — fe—=1))".

1.2 Coupling over ancestral population size

The above description specifies the joint evolution of all {X", ¢ > 0},,>1,
or in other words of the two-parameter process {X;", ¢ > 0,m > 1}. In
the case of a linear function f, for each fixed ¢ > 0, {X;*, m > 1} is an
independent increments process. In the case of a nonlinear function f, we
believe that for t fixed {X/*, m > 1} is not a Markov chain. That is to
say, the conditional law of X"t given X7 differs from its conditional law
given (X}, X2, ..., X7). The intuitive reason for that is that the additional
information carried by (X}, X2,..., X !) gives us a clue as to the fertility
or the level of competition that the progeny of the n + 1st ancestor had to
beneficit or to suffer from, between time 0 and time t.

However, {X™, m > 1} is a Markov chain with values in the space
D([0,00); Z) of cadlag functions from [0, 00) into Z,, which starts from 0 at
m = 0. Consequently, in order to describe the law of the whole process, that
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is of the two—parameter process { X", t > 0,m > 1}, it suffices to describe
the conditional law of X", given {X" '}, We now describe that conditional
law for arbitrary 1 < m < n. Let V""" := X" — X}, t > 0. Conditionally
upon {X* ¢ < m}, and given that X" = x(t), t > 0, {V;"", t >0} isa Z,—
valued time inhomogeneous Markov process starting from V™" = n —m,
whose time-dependent infinitesimal generator {Q(t), k. € Z.} is such
that its off-diagonal terms are given by

Qoe(t) =0, V¢>1, andforanyk >1,

Qe (t) = pk + Y (f(2(t) +0) = fla(t) + €= 1))",
(=1

Qupr() = Mo+ Y (f(a(t) +0) = fla(t) + £ —=1))7,
Qre(t) =0, V& {k—1kk+1}.

The reader can easily be convinced that this description of the conditional
law of { X]*— X", t > 0}, given X" is prescribed by what we have said above,
and that {X™, m > 1} is indeed a Markov chain.

Remark 1.1 Note that if the function f is increasing on [0, af, a > 0 and
decreasing on |a, 00), the interaction improves the rate of fertility in a popu-
lation whose size is smaller than a but for large size the interaction amounts
to competition within the population. This is reasonable because when the
population 1s large, the limitation of resources implies competition within the
population. A positive interaction (for moderate population sizes) may be
explained by the fact that an increase in the population size allows a more
efficient organization of the society, with specalization among its members,
thus resulting in better food production, health care, etc... We are mainly
interested in the model with interaction defined with functions f such that
lim, . f(z) = —o0. Note also that we could have generalized our model to
the case f(0) > 0. f(0) > 0 would mean an immigration flux. The reader
can easily check that results in Section 2 would still be valid in this case.
However in Proposition 1.3 and in Section 3.3 below, assumption f(0) = 0
is crucial, since we need the population to become extinct in finite time a.s.

1.3 The associated contour process in the discrete model

The just described reproduction dynamics give rise to a forest F™ of m trees
of descent, drawn into the plane as sketched in Figure 2. Note also that,
with the above described construction, the (F™,m > 1) are coupled: the
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forest F™*! has the same law as the forest 7™ to which we add a new tree
generated by an ancestor placed at the (m + 1)st position. If the function f
tends to —oo and m is large enough, the trees further to the right of the forest
F™ have a tendency to stay smaller because of the competition : they are
“under attack” from the trees to their left. From F™ we read off a continuous
and piecewise linear R -valued path H™ = (H!™) (called the contour process
of F™) which is described as follows.

Starting from 0 at the initial time s = 0, the process H™ rises at speed p
until it hits the top of the first ancestor branch (this is the leaf marked with
D in Figure 2). There it turns and goes downwards, now at speed —p, until
arriving at the next branch point (which is B in Figure 2). From there it
goes upwards into the (yet unexplored) next branch, and proceeds in a similar
fashion until being back at height 0, which means that the exploration of the
leftmost tree is completed. Then explore the next tree, and so on. See Figure
2.

We define the local time L7*(t) accumulated by the process H™ at level ¢
up to time s by:

s

L;n(t) = 11—I>I01€ ; 1t§H;”<t+€dr'

The process H™ is piecewise linear, continuous with derivative +p : at any
time s > 0, the rate of appearance of minima (giving rise to new branches)
is equal to

pu+ [T+ 1) - p( Erram))] (1)

and the rate of appearance of maxima (describing deaths of branches) is
equal to

A+ [F(E L) +1) - F(ELHED))] (1:2)

Let S™ be the time needed in order to explore the forest ™. We have
S™ = inf{s > 0; gL;”(O) > m}.

Under the assumption that S™ < oo a.s. for all m > 1, we have the following
discrete Ray—Knight representation (see Figure 3).

(Xmt>0,m>1) = (g m(t),t > 0,m > 1).

Remark 1.2 We note that the process {H", s > 0} is not a Markov process.
Its evolution after time s does not depend only upon the present value H",
but also upon its past before s, through the local times accumulated up to time
s.
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Figure 2: A forest with two trees and its contour process.
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Figure 3: Discrete Ray—Knight representation.
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1.4 Renormalized discrete model

Now we proceed to a renormalization of this model. For x € Ry and N € N,
we choose m = |Nz|, p = 2N, A\ = 2N, we multiply f by N and divide
by N the argument of the function f. We affect to each individual in the
population a mass equal to 1/N. Then the total mass process Z™* which
starts from U}fv_xJ at time ¢t = 0, is a Markov process whose evolution can be
described as follows.

B at rate 2Nk + N S°F (F(4) — F(50) T

E-tat rate 2N+ N Y, (1) — f(50)
Clearly there exist two mutually independent standard Poisson processes P;
and P, such that

ZN jumps from £ to

NzN-=

e =B Ln | [ vz e n Y ) - 15 |

N,z
NzN .
1—1

Snn ([ (s e X u st

Consequently there exists a local martingale M~ * such that
N t

L—Nﬂ + / FZNYdr + MM (1.3)
0

Since M™* is a purely discontinuous local martingale, its quadratic variation
[M™:2] is given by the sum of the squares of its jumps, i.e.

N"Z_
Z,07 =

e i—1

r] 1 ! T i
= (A |2z ey > ()= 15" |

N2

! 27N,z N i i —1 —
+P, /0 AN?ZN+ N Y (F(5) = FC0™ | dr | |- (1)
=1

We deduce from (1.4) that the predictable quadratic variation (M™*) of
MN* is given by

t 1
<MN,Z‘>t — /0\ {4Z£V7x + NHfHN,O,Z;.V’I} d?“, (15)

where for any z = %, 2/ = %, k € Z, such that k <k,

k

N
o i—1

1 llweer = D 1 (55) = F)

i=k+1
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Now we precise the law of the pair (Z™*, Z¥), for any 0 < z < y. Consider
the pair of process (ZN"""’ VN’W), which starts from <U¥J, LNyJ;[LNxJ) at

time ¢ = 0, and whose dynamic is described by: (Z Ny N, y) jumps

(%,%) at rate 2]\/24-21c (S (%)_ (kT)

from (4, L) to (%%%MnmmzNy+z;A(%) (%ﬁ)
NN (7% %)atrate2N3+Z ((%) F(E 1))+
(ﬁ,;l) at rate2Nj+Z ((%) ( )),

The process V%Y can be expressed as follows.

NV =y
N,zy _ LNyJ B L _Pl /t ZN,J; E . ZN,x E
e - Nl Vo) A

(xS f(ZN’$+£)—f<ZN“+E) L
S N S S

(1.6)

where P!, P?, P? and P* are mutually independent standard Poisson pro-
cesses which are all independent of {ZN*'| 2/ < 2}. Consequently

Ny] — [N 'f
ypn - Wyl = [N NL oy /0 [F(ZY + V) — F(Z)] dr + M,

(1.7)

where M7M®¥ is a local martingale whose predictable quadratic variation
(MN-=¥) is given by

t 1
(MM = / {4VTN’:C’y + NHfHN,ZiV’I,VN@’y-&-ZﬁV’I} dr. (1.8)
0

Since ZN* and V%Y never jump at the same time,
(MY MYN"Y] = 0, hence (MM MN"Y) =0, (1.9)

which implies that the martingales M™® and M™*¥ are orthogonal.
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Consequently, ZN® 4 V N2y solves the SDE
N t -
zve v vies B [ e s visen 1 e
0

where MN*¥ is a local martingale with (M™*¥) given by
(MN2v), = (M), 4 (MY = (M), vt > 0,
We then deduce that for any z,y € R, such x <y,
gNa  yNey @ (4) 7Ny

It follows from (1.6) that conditionally upon {ZN*' 2/ <z}, MY is a
local martingale.

1.5 Continuous model with a general interaction

Given a space-time white noise W (ds, du), consider an R, —valued two—parameter
stochastic process {ZF, t > 0, x > 0} which is such that for each fixed
x>0, {ZF,t > 0} is a continuous process, solution of the SDE (0.2). Now
fix 0 <z <y, and let {V;"Y, ¢t > 0} denote the solution of the SDE

. Z34V5Y
Vi =y -t / [F(25+ V) = F(ZD))ds +2 / / Wids, du)
0
(1.10)

The process V*¥ is again nonnegative almost surely, from Theorem 2.2 in
[3]. We note that

ZE4VEY t Pz
/ / W (ds, du) + / / W (ds, du) :/ / W(ds,du) a.s
0 Jo

This implies that Z¥ = Z% + V*¥ a.s. It follows that, for each t > 0, the
process {ZF,x > 0} is almost surely non decreasing and for 0 < z < y, the
conditional law of Z¥, given {Z¥ 2/ < x,t > 0} and Z7 = z(t), t > 0, is
the law of the sum of z plus the solution of (1.10) with Z7 replaced by z(t).
When Z* is replaced by a deterministic trajectory z, the solution of (1.10)
is independent of {Z*', 2’ < x} . Hence the process {Z%, = > 0} is a Markov
process with values in C'([0,00), R, ), the space of continuous functions from
[0,00) into R, starting from 0 at x = 0. When f is a linear function, the
increments of the mapping x — Z7 are independent, for each ¢ > 0.
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For z > 0, define 7§ the extinction time of the process Z* by:
Ty =inf{t > 0; Zf = 0}.

For any > 0, we call the process Z* (sub)critical (this strange notation
means either critical or subcritical) if it becomes extinct almost surely in

finite time i.e if 77 is finite almost surely. Assumption A implies that @ is
bounded from above. Let us introduce the notation

Af) = /looexp <—%/1u@dr> du. (1.11)

Proposition 1.3 Suppose that f satisfies Hypothesis A. For any x > 0, Z*
is (sub)critical if and only if A(f) = oo. In particular we have:

i) A sufficient condition for P(T§ < oo) =1 is: there exists zo > 1 such
that f(z) <2, Vz > z,

i) A sufficient condition for P (T§ = oco) > 0 is: there exists zg > 1 and
d >0 such that f(z) > 246,V z > z.

PROOF: The function

S(z) = /1 exp (—%/lu @dr) du

is a scale function of the diffusion Z*. Let us denote by T;7 the random time
at which Z% hits y for the first time. We have for any 0 <a <z <b
P(Ty <Ty) = and P(T7 < 00) = blim P(Ty <Ty).
—00
If the function S(z) tends to infinity as z goes to infinity, then P(77 < o0) =
1. Otherwise 0 < P(T? < 0o) < 1. From this we deduce that Z* goes extinct

almost surely in finite time if and only if lim, ., S(z) = oo, i.e. if and only
if A(f) = oo. The rest of the Proposition is immediate.

2 Convergence as N — o0

The aim of this Section is to prove the convergence in law as N — oo of the
two—parameter process {ZtN * t >0,z > 0} defined in Section 1.4 towards



2 CONVERGENCE AS N — oo 15

the process {ZF, t > 0,z > 0} defined in Section 1.5. We need to make
precise the topology for which this convergence will hold. We note that the
process Z\* (resp. ZF) is a Markov process indexed by x, with values in
the space of cadlag (resp. continuous) functions of ¢t D([0,00); R} ) (resp.
C([0,00); R )). So it will be natural to consider a topology of functions of
x, with values in functions of ¢.

For each fixed x, the process t — ZtN * is cadlag, constant between its
jumps, with jumps of size £ N1 while the limit process ¢t — Z¥ is continuous.
On the other hand, both Z;"* and Z¥ are discontinuous as functions of .
The mapping r — Z* has countably many jumps on any compact interval,
but the mapping x — {Z7, t > €}, where ¢ > 0 is arbitrary, has finitely many
jumps on any compact interval, and it is constant between its jumps. This
fact is well-known in the case where f is linear. The general case follows via
a coupling argument, see [10]. Recall that D(]0,00); R, ) equipped with the
distance d° defined by (16.4) in [2] is separable and complete, see Theorem
16.3 in [2]. We have the following statement

Theorem 2.1 Suppose that the Hypothesis A is satisfied. Then as N — oo,
{(Z)" t>0,2>0 = {ZF t>0,2 >0}

in D([0,00); D(]0,00);RY)), equipped with the Skohorod topology of the space
of cadlag functions of x, with values in the Polish space D([0,00); R, equipped
with the metric d°,.

Proof of the Theorem

To prove the Theorem, we first show that for fixed x > 0 the sequence
{ZN= N >0} is tight in D([0,00); Ry).

2.1 Tightness of ZV*

To this end, we first establish a few Lemmas.

Lemma 2.2 For all T > 0, x > 0, there exist a constant Cy > 0 such that
forall N > 1,

sup E (ZtNx> < (.

0<t<T

Moreover, for allt >0, N > 1,

E (— /Otf(Zf,V"””)dr) < .
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PROOF: Let (7,,,n > 0) be a sequence of stopping times such that 7, tends
to infinity as n goes to infinity and for any n, (Mt]X;fL,t > O) is a martingale

and Z,\* < n. Taking the expectation on both sides of equation (1.3) at
time t A 7,,, we obtain

N tATh
E(2)) = LI (/ f(ZfV’m)dr> . (2.1)
It follows from the Hypothesis A on f that
() < e s [

From Gronwall and Fatou Lemmas, we deduce that there exists a constant
Cy > 0 which depends only upon z and 7" such that

sup sup E (ZtN$> < Cy.

N>10<t<T

From (2.1), we deduce that

E < / f(ZMdr) <L

Since — f(ZN®) > —BZN® the second statement follows using Fatou’s Lemma
and the first statement. [

We now have the following Lemma.

Lemma 2.3 For all'T >0, x > 0, there exists a constant C; > 0 such that

sup E ((MNI>T) < (.

N>1

PrOOF: For any N > 1 and k, k' € Z, such that k < k', we set z = % and

2 = % By definition,

o — 3 {(f(%) - &1))+ n (f(%) - f(i]—vl)>_}

i=k+1

.S {2(f<§>—f<ijv1>)+— (f(%)—f(i;))}.

i=k+1

Consequently we obtain from Hypothesis A on f that
I fllvze < 28(2 = 2) + f(2) = f(&). (2.2)
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We deduce from (2.2), (1.5) and Lemma 2.2 that

B () < [ {s 3B - 3B (1) far

20 x
< — —.
< (4+ N)COT+ N

Hence the Lemma. ]

It follows from this that M is in fact a square integrable martingale.
We also have

Lemma 2.4 For all' T >0, x > 0, there exist two constants Coy, C3 > 0 such
that :

N\ 2
sup sup E [(Zt x) } < Oy,

N>10<t<T

t
sup sup E (—/ Ziv’””f(ZrN””)dr> < Cs.

N>10<t<T 0

Proor: We deduce from (1.3) and It6’s formula that

5 N 2 t .
(z) = (LNxJ> +2 / 2V f(ZN ) dr + (M), + MY (2.3)

where M=) is a local martingale. Let (¢,,,n > 1) be a sequence of stopping
times such that lim,,_,,, 0, = +00 a.s. and for each n > 1, (Mﬁf;@),t > O>

is a martingale. Taking the expectation on the both sides of (2.3) at time
t Ao, and using Hypothesis A, Lemma 2.3, the Gronwall and Fatou Lemmas
we obtain that for all 7" > 0, there exists a constant C > 0 such that :

N2
sup sup E (Zt x) dr < O,.

N>10<t<T

We also have that

(- [ s < (Bl e
0

From Hypothesis A, we have —ZN2 f(ZN*) > —p(ZN*)2. The result now
follows from Fatou’s Lemma. n
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We want to check tightness of the sequence {Z Nz N > O} using Aldous’s
criterion. Let {7y, N > 1} be a sequence of stopping times in [0,7]. We
deduce from Lemma 2.4

Proposition 2.5 For any T > 0 and n, € > 0, there exists 6 > 0 such that

(’TN+9)/\T
/ f(ZﬂV’x)dr >n| <e
™™N

PROOF: Let ¢ be a non negative constant. Provided 0 < 6 < §, we have

(TN +O)AT
/ F(ZN)dr

TN

sup sup IP’(

N>10<60<6

(Tn+O)NT N
<swp fO05+ [ L [A(ZY)ar

0<r<c ™

But

(TN+O)NT N T
T —1
/ 1{Z£V»I>c}|f<Zr “)ldr < ¢

TN

2V (fH(ZN) + (20 dr

<ot [ ez - 2z a
T

<ot [z - 28 (2 dr,

No\éh

From this and Lemma 2.4, we deduce that V N > 1, again with 6 <9,

(Tn+0)AT (TN+0)AT
sup P ’/ f(ZﬁV’m)dr >n| <y 'E / f(Z,{V"’”)dr
0<6<6 ™ ~
5y A
= WO, A
0<r<c n cn

with A = 28C,T + C5. The result follows by choosing ¢ = 2A/en, and then
§=en/2 SUPg<r<c | f(2)]. u
From Proposition 2.5, the Lebesgue integral term in the right hand side of
(1.3) satisfies Aldous’s condition [A], see [1]. The same Proposition, Lemma
2.2, (1.5) and (2.2) imply that < M™* > satisfies the same condition, hence
so does MM according to Rebolledo’s Theorem, see [4]. Since all jumps are
of size %, tightness follows. We have proved
Proposition 2.6 For any fixed x > 0, the sequence of processes {ZN’m, N > 1}
is tight in D ([0,00); R,).

We deduce from Proposition 2.6 the following Corollary.
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Corollary 2.7 Forany0 < x < y the sequence of processes {VN’W, N > 1}
is tight in D ([0,00); Ry)

PRroOF: For any z fixed the process Z™V'* has jumps equal to i% which tends
to zero as N — oo. It follows from that and equation (1.3) that any weak
limit of a converging subsequence of Z¥* is continuous and is the unique weak
solution of equation (0.2). We deduce that for any xz,y > 0, the sequence
{ZN’y —ZNz N > 1} is tight since {ZN""”,N > 1} and{ZN’y,N > 1} are
tight and both have a continuous limit as N — oco. [ |

2.2 Proof of Theorem 2.1

From Theorem 13.5 in [2], Theorem 2.1 follows from the two next Proposi-
tions

Proposition 2.8 Foranyn € N, 0 <z <z < -+ <z,
(ZN7x17 ZN’x27 T 7ZN’xn) = (Zx17 Zx27 e 7an)
as N — oo, for the topology of locally uniform convergence in t.

PrOOF: We prove the statement in the case n = 2 only. The general state-
ment can be proved in a very similar way. For 0 < z; < x5, we consider
the process (ZN-=1, VN#1:22) "using the notations from Section 1. The argu-
ment preceding the statement of Proposition 2.6 implies that the sequences
of martingales MN*1 and M™N*172 are tight. Hence

(ZNmr yNevez NNy pNave2) s tight. Thanks to (1.3), (1.5), (1.7), (1.8)
and (1.9), any converging subsequence of

{ZNm yNeve: N ppNenez N> 11 has a weak limit

(Z# VEnre Ve MEP2) which satisfies

t
Zit =x1 + / f(ZY)ds + M
0

t
Ve g [ (2R V) - F(ER ) ds M
0
where the continuous martingales M*' and M**? satisfy
t t
(M), = / Zods, (MF2), = 4 / Ve ds, (MT, MY, = 0,
0 0

This implies that the pair (Z%1, V*1%2) is a weak solution of the system of
SDEs (0.2) and (1.10), driven by the same space-time white noise. The result
follows from the uniqueness of the system, see again Theorem 2.1 in [3] and
recall from the Introduction that Assumption A implies that the hypotheses
of that Theorem are satisfied. |
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Proposition 2.9 There exists a constant C', which depends only upon 6 and
T, such that for any 0 < x <y < z, which are such thaty—x <1, z—y < 1,

E [ sup |2V =z x sup |27 — ZtN’y]Z} < Clz — a2
0<t<T 0<t<T
We first prove the
Lemma 2.10 For any 0 < x <y, we have

N N
sup (2 - 2) = sup B+ < (B - Bl eom
0<t<T 0<t<T N N

PROOF: Let (0,,n > 0) be a sequence of stopping times such that lim,, ,,, 0, =
+o0 and for each n > 1, (Mt]Xf Yot > O) is a martingale. Taking the expec-
tation on both sides of (1.7) at time t A o,, we obtain that

E(Vat) < (L]X,yj [Nz) ) + / (Vv dr (2.4)

Using Gronwall’s and Fatou’s Lemmas, we obtain that

Ny| |[Nz]
E N,z,y < |_ o BT'
Sup (v, )_( N N )¢

PROOF OF PROPOSITION 2.9 Using equation (1.7), a stopping time argu-
ment as above, Lemma 2.10 and Fatou’s Lemma, where we take advantage

of the inequality f(ZN®) — f(ZN* + VNay) > —BVN2Y we deduce that
t N N
B ([ 1 - e evrenar) < BB o)
0

We now deduce from (1.8), Lemma 2.10, inequalities (2.5) and (2.2) that for
each t > 0, there exists a constant C'(¢) > 0 such that

() < oo (B2 - ). 26)

This implies that M™®¥ is in fact a square integrable martingale. For any
0<z<y<z wehave 2,7 — ZNY = VN¥* and ZzMY — ZN" = Y for
any ¢ > 0. On the other hand we deduce from (1.7) and Hypothesis A that

N Nz|\? T
sup (‘/tN,x,y)2 < 3 (L yJ . L ZL'J) + BBZT/ sup (‘/’SN,w,y)Zdr
0

0<t<T N N 0<s<r

2
+ 3 sup (M;V:Ey)

0<t<T
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and
N Ny|\? t
sup (V;N,y,z>2 S 3 (L ZJ . |_ yJ) + SBQT\/ sup (‘/;N,y,Z)QdT
0<t<T N N 0 0<s<r

2
+ 3 sup (MtN’y’Z> .

0<t<T

Now let G*Y := o (ZtN’”T, ZNY > 0> be the filtration generated by Z%¢ and

ZN_ Tt is clear that for any ¢, V,"""¥ is measurable with respect to G=¥. We
then have

0<t<T 0<t<T 0<t<T 0<t<T
Conditionally upon ZN® and ZV¥ = u(.), VN¥2 solves the following SDE

vwe = BRI [P ) = plato] e+ 20

where M™¥7* is a martingale conditionally upon G®¥, hence the arguments
used in Lemma 2.10 lead to

[Nz] [Ny

sup E <VN’y’Z g”“J) < <— — —> T
ogth ! | N N

and those used to prove (2.5) yield

[N2]  [Ny]

t
Ny\ N, N,y,z z, _ L Jd
E(/ F(ZNY) = F(Z59 + VI9)dr|g y)s .

From this we deduce (see the proof of (2.6)) that

B ((r¥eeyige) < oo (U - B2

From Doob’s inequality we have

E ( sup |M;V’y’3|2|ngy> < 4R (<MNﬁy’z>T|ngvy)

0<t<T <o <U]\;ZJ _ LN_#) :
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Since 0 < z —y < 1, we deduce that

E (02@ IV;N’y’ZI"’IQZ’y) < 3(1+ C(T)) (UX[ 2l _ U]VV yJ)

T
a1 [ s i)
0

0<s<r

From this and Gronwall’s Lemma we deduce that there exists a constant
K, > 0 such that

N,y,z\2| oz, LNZJ . I_N_Z/J
E(()ittlgTW; *1G y) SKl( ~ N (2.7)

Similary we have

| oo (5 -1).

Since 0 <y—x<z—zand 0 <z—y < z—x, we deduce that

N Nz|\?
E |: sup |V;N,z,y‘2 X sup |‘/tN,y,z’2:| §K12 (L ZJ o L xJ) 7

0<t<T 0<t<T N N

hence the result.

PROOF OF THEOREM 2.1 We now show that for any 1" > 0,
(Z)" 0<t<T, 2>0}= {2 0<t<T, >0}

in D([0,00); D([0,T],R+)). From Theorems 13.1 and 16.8 in [2], since from
Proposition 2.8, foralln > 1,0 < z; < --- < x,,,

(2%, V) = (20, 2

in D([0,T];R™), it suffices to show that for all > 0, €, n > 0, there exists
Ny > 1 and 0 > 0 such that for all N > N,

P(wss(ZY) > €) <, (2.8)
where for a function (z,t) — z(z, 1)

was(2) = sup inf {[|2(z,-) = 2(z, )|, 2(22, ) = 2(, )1}

0<z; <zx<zs<Z,22—21<d

with the notation ||z(z,-)|| = supg<;<p [2(z,t)|. But from the proof of Theo-
rem 13.5 in [2], (2.8) for ZV follows from Proposition 2.9.
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3 Ray—Knight representation of a general Feller
diffusion

In this section we establish a Ray—Knight representation of Feller’s branching
diffusion solution of (0.2), in terms of the local time of a reflected Brownian
motion H with a drift that depends upon the local time accumulated by H
at its current level, through the function f’ where f is a function which is
from now on assumed to satisfy the following Hypothesis.

Hypothesis B: f € C'(Ry;R,), f(0) = 0 and there exist a constant 3 > 0
such that

f'(z) < B, forallz>0.

Note that Hypothesis B follows from Hypothesis A if we assume that f is
continuously differentiable.

Our proof relies upon the result in [9], which itself is inspired by previous
work of Norris, Rogers and Williams [8]. Our process H solves the SDE

H.= B+ 5 [ FL(H)dr + 3L00)
2 Jo 2
One way to understand the form of the drift is to see (Hj) as the limit of the
contour process H"V of the forest of random trees associated to Z™¥*. The
drift of the process HY appears in (1.1) + (1.2).

Since we want to identify the law of {ZF, t > 0,2 > 0}, we will need
to identify the law of {V;"¥, ¢ > 0} for all x,y > 0. This will force us to
consider a more general SDE for the process H. Fix z € C(R;R,), the set of
continuous functions from R, into R, and consider the stochastic differential
equation

Ho= Bt g [ GO+ L(H)dr + 5L.0), (3.1)

where B is a standard Brownian motion, and for s, > 0 L(t) is the local
time accumulated by the solution H at level t up to time s. For x > 0 define

Sy =1inf{r > 0: Ls(0) >z} and S =sup S,.

>0

Going back one moment to the case z = 0, recall from Theorem 0.1 that
we want to identify the law of {Z7F, ¢ > 0,2 > 0} with that of {Lg,(t), t >
0,z > 0}. For that sake, we need that S, < oo a.s. for all z > 0. This
is not obvious from the form of the SDE for H, since in particular we do
not impose any condition on the sign of f’. Once we have the Ray-Knight
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representation, it will be a consequence of the (sub)criticality of Z*. Hence
we shall first prove the Ray—Knight representation for H reflected in the
interval [0, K|, K > 0 arbitrary.

This motivates the study of the SDE

HE =Bt [ PGS+ LEHS )= SLE KO + 5150, (32

Note that the reason for evaluating the local time at K~ instead of K is
the fact that we assume as usual that the local time is right—continuous as
a function of the level, so that in particular LX#(K) = 0. This explains the
disymetry between the notations at 0 and at K. We define

S ={s>0, LE(0) > 2} and S* =sup SZ.
>0

We also introduce the process Z%* which is a solution, for fixed x > 0, of the
SDE

zt = ot [ G0)+ 20 = el ar 2 [ VAV 63

3.1 Equation (3.2) and a first Ray—Knight representa-
tion
We recall that f satisfies Hypothesis B, as in all of this Section. We have

Proposition 3.1 For any K > 0, z € C(R;Ry), equation (3.2) has a

unique weak solution on the random interval [0, S), which is such for each
x > 0, that the law of{Lé(;f(t), 0 <t < K} coincides with that of {Z**, 0 <
t < K}, where Z%* is the solution of (3.3).

PrROOF: 1. WEAK EXISTENCE AND UNIQUENESS OF (3.2) Consider the

Brownian motion H¥ reflected in the interval [0, K] defined on (9, F,P).
1 1
H = B, + §L§(O) - §L§(K7)-
Let

ME =5 [P + L an,

1

(). = [ PGS + L

GX = exp (MSK - %(MK)S) .
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Let N = supg<;< 2(t). For each n > N, we define the stopping time
Tn:inf{s>0; sup LE(t) >n—N},
0<t<K

so that on [0,7}], 2(t) + LE(t) < n, for all 0 < t < K. We can define a

probability measure P* on U, Fr, , such that on each Fr, , P* << P and
d]fDK’Z |]:Tn K

dP | Fr. - My

Consider the process
~ 1 s
B =B 5 [ £ + L )
0

From Girsanov’s Theorem, for each n > N, {BK 0<s<T,}isa P>

s )
Brownian motion. We have thus constructed a solution of (3.2) on U,[0,T,,],

which by the same argument is clearly unique. Assume for a moment

Lemma 3.2 For any z > 0, P(T, < SX) — 0, and PX*(T, < SK) = 0, as
n — oo.

Let now A € Fgx be arbitrary. Since AN {SK <T,} € Fr, N F 1 nSK

PAe(An{st <7y = [ GE , sxdP
AN{SE<T,} ‘

- / Gy dP.
AN{SE<T.}

Taking the limit in this identity as n — oo, we deduce with the help of
Lemma 3.2

PE#(A) = / GEdP.
A x

Consequently PX# << P on Fgx, and

dI@’K’Z\ngE{ _ ok

d]P)l}_SK SK-
We have that B¥ is a P Brownian motion on [0, SX] for all 2 > 0, hence
on [0, 5%), and
~ 17 1 1
HE = B§<+§/ f’(z(Hf)JrLf(Hf))dr—§Lf(K’)+§Lf(O), 0<s< Sk
0

2. STEP 1 OF THE PROOF OF THE RAY-KNIGHT REPRESENTATION For
each n > N, let f, € C*(R,;R) be such that
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(i) fu(u) = f(u), for all 0 < u < n.

(ii) f! is uniformly bounded.

Let H%™ and Z**" denote respectively the solutions of
1 /7 1 1
HI = Bt o [ SuHE) 4 L (HE)dr = SLER(0) + 5150 (0),
0
(3.4)
and

z%n—x+ﬁwn@wy+a%%—juamﬂm+24f¢ﬂ%ww;(3@

We can apply Proposition 4 from [9] (strictly speaking, this result is proved
in case f, is a quadratic function, and we detail in Section 4.1 below the
minor modifications which have to be done in our case), which says that for
each fixed z, K, x and n, the laws of {L;}nn (t), 0<t< K}and {Z*", 0<
t < K} coincide. But this means that the laws of {Lé‘%{(t), 0<t< K} and
{Z*, 0 <t < K} coincide on the event {SK < T,,}.

3. PROOF OF LEMMA 3.2 It is plain that {T,, < SX} = {supc,cx Lix(t) >
n — N}. From the second Ray—Knight Theorem (see e.g. Theorem X1.2.3 in
[11]) under the probability P, the process {Lg% (t), 0 <t < K} solves the

Feller SDE Y, =« + 2 [} \/¥;dW,, 0 < t < K. But it is clear that

P(sup Y}>n—N>—>O, as n — oo,

0<t<K

hence the first result. Now from the last statement of the previous step of
the proof,

pi ( sup L (t) >n—N) :]P’( sup Z,* >n—N>
0<t<K " 0<t<K

— 0, asn — oo,
hence the second result.

4. STEP 2 OF THE PROOF OF THE RAY-KNIGHT REPRESENTATION Let A
denote a Borel subset of C([0, K];R,). Combining the last two steps of the
proof, we deduce

PE*(LEc € A) = lim PX*(LE. € AN {SK <T,})

n—oo

= lim PX*(Z"* ¢ An{SK <T,})

n—o0

_ BRE(75 € A).
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3.2 Ray—Knight Theorem in the (sub)critical case
We first prove the following Proposition (recall the definition (1.11) of A(f))

Proposition 3.3 Suppose that f satisfies Hypothesis B and A(f) = oo, and
that z € C(R.;Ry) has compact support. Then equation (3.1) admits a
unique weak solution on [0,S), and S, < 0o a.s. for all z > 0.

ProOOF: For x > 0 and K > 0, let

QK@:{ sup HX < K, VK’>K}.

s€[0,5K"]

For any x > 0 and z € C(R, ;R ) with compact support, since we are in the
(sub)critical case, there exists T, , < oo a.s. such that Z* =0,V ¢ > T, ..
We note here that the compact support property of z clearly implies that
A(f) = oo is a sufficient condition for Z** to be (sub)critical. We deduce
from this and Proposition 3.1 that for any x > 0,

PE= ((QF)) = P(T,. > K) — 0,

as K — co. We now define Hy, S, and S as follows. For w & (,-, U 257,
we let Hy(w) =0, Sp(w) = S(w) = +oo. For w € (,.oUg Q" and each
x > 0, we choose an arbitrary K (w,z) > 0 such that w € QX2 and define
unambiguously H,(w) = HE“(w), for any 0 < s < S,(w) = SE“7(w).
This being done for all z > 0, we define S(w) = lim, ;o S;(w), and Hy is
defined for all 0 < s < S. We now define P* : |J,., Fs, — [0,1] as follows.
For any x > 0, A € Fg,,

P*(A) = lim P5*(AN Q%)

K—o0
We note that P*((Ug-0Q%%)¢) = 0 and if A € Q% then P*(A) = PX*(A).
This defines a unique additive functional on J, ., Fs,, which is a probability

measure on each Fg, . Indeed, finite additivity is plain, and whenever A4, | 0,
A, € Fg, for all n,

P*(A,) < PX*(A4, N QI + P(T,. > K),

and the second term of the right-hand side can be made arbitrarily small
by a proper choice of K, while for fixed K > 0, the first term tends to 0
as n — oo, hence as well as P*(A,). Note also that S, < oo P* a.s., as a
consequence of (sub)criticality.
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Now under I@Z, the process
. 1 /3 1
Bj = Hs — 5/ f/(Z(T) + L,,«(Hr))dT — §Ls(0)
0

is a standard Brownian motion on the random interval [0,S). This proves
that (3.1) has a weak solution, whose uniqueness follows from the uniqueness
result in Proposition 3.1. [ |

From now on, z is always assumed to have compact support. We will next
show that one can extend P as a probability measure on Fgx = o (Ux}" 55).
Let us first establish

Proposition 3.4 On the set {S < oo}, Hy — 0 P a.s., as s 1 S.

PROOF: Let Sy = 0, and for each n > 1, S, is defined as above. We claim
that 0 < Hy < X, for 0 < s < 5, where for any n > 0, 5, < s < Sy,

I |
X, = 55 8.0+ Bl = By + 5[13(0) — 13, (0)]
Since Hg, = 0 and [’ < f, this fact follows from Proposition 4.1 below
used on each interval [S,, S,+1). It remains to show that on the event {S =
lim, S, < oo}, Xy —0,as s 715,
Let Y; := 0s/2 + BZ. It is plain that for S, < s < S,.1,

0<Xy=Y,—-Ys, — Snigrfgs(y" —Ys,)

<2 sup [|Y,—Ys,|

Sn<r<Sp+1
Consequently
sSup ‘Xs’ SQ sSup ’}/;_K”‘7
Sp<s<S Sn<r<s<S
and the right hand side of the last inequality tends to 0 a.s. as n — oo on
the event {S < oo}, from the continuity of Y. ]

Without loss of generality, we may and do assume from now on that the
measure [P* has been constructed on the space @ = C([0,+00)), equipped
with its Borel field, and the usual filtration. We can now prove

Proposition 3.5 There exists a probability measure P* on Fg = o (Ux>0 fsz);
which coincides with the probability which we have constructed in Proposition
3.8 on each Fg,.

PROOF: In the case S = 400 P* as. ie P*(S, < s) — 0 as x — 0,
the result is a direct consequence of Theorem 1.3.5 from Stroock-Varadhan
[12], with 7,, = S,. The general case can be treated following the proof
of Theorem 1.1.9 from [12], thanks to Proposition 3.4, which implies that
condition (1.1.9) from [12] is satisfied in this case. A complete proof is given
in Section 4.2 below. [
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In particular, in the case P*(S < +oc) = 1, the SDE (3.2) has a unique
weak solution on the closed interval [0, S].
The reader may be interested by the following result from [6].

Proposition 3.6 Assume that g(x) = f(x)/z satisfies assumption A on
[1,400), and that f(x) # 0 on [K,400) for some K > 0. Then

14 [ Faydr =00, § =00 P? a.s.;
2. iff;oﬁda:<oo, S < oo P* as.

For z = 0, we write P for P°. Let us reformulate our main result, Theorem
0.1, which we will now prove.

Theorem 3.7 Suppose that f satisfies Hypothesis B and A(f) = oo. Then
the law of the random field {Lg,(t),t > 0,2 > 0} under the probability P is
the same as the law of {ZF,t > 0,z > 0}.

We first establish the following Proposition.

Proposition 3.8 Assume that the two assumptions of Theorem 3.7 hold.
Then for any x and z € C(Ry;Ry) with compact support fized, the law of
{Ls,(t),t > 0} under P* coincides with the law of {Z*,t > 0}.

Proor: It follows from Proposition 3.1 that for any K > 0, z € C(R;Ry)
with compact support, under PX:=, <L§<K (1),0 <t < K) has the same law
as (Z*,0 <t < K). A consequence of tzhis is that for any 0 < K < K’,

(Lm0 <t <K} Q{Lim0<t <K}, (3.6)

It now follows that for any K, under P*, (Lg, (t),0 <t < K) has the same
law as (L?K (1),0<t< K) under P¥*%_ We then obtain that for any K > 0
(Ls,(t),0 <t < K) 2 (27, 0<t < K).

Our result follows by letting K' — oo. |
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In particular, for « fixed, the law of {Lg, (¢),t > 0} under P is the same
as the law of {ZF,t > 0}. From this follows the following remarkable identity

Corollary 3.9 If f satisfies Hypothesis B and A(f) = oo, then S, is the
total mass of the process {Z}, t > 0}, in the sense that

Sy and / Z{dt have the same law.
0

PrOOF: Let g(h) = 1, for any h > 0. By the occupation times formula, we
have

Clearly the upper limit in the last integral can be replaced by the extinction
time of the process Z%. [ |

PROOF OF THEOREM 3.7 Recall that (Z%,x > 0) is a Markov process with
values in the space of continuous paths from R, into R, with compact sup-
port. From Proposition 3.8 with z = 0, its marginal laws coincide with
those of Lg, (.). We now check that (Lg,(.),z > 0) is a Markov process. This
follows readily from the fact that for any 0 < = < y, conditionnaly upon
(Ls,,(.),2’ <) and given Lg,(.) = z(.), on [0, S,] the process H” := Hg, |,
solves the SDE
1

Hy = B [ () + LG dr + 5L300),

where B is a Brownian motion independent of (Lsm, (1), <z,0<t< Sx)
and L* denotes the local time of H*, which is also the additional local time ac-
cumulated by H after time S,. To complete the proof of the Theorem it now
suffices to prove that for any x,y > 0 the conditional law of (Ls, L)t > O)
given (Lg,(t),t > 0) is the same as the conditional law of (Z;™¥ ¢ >) given
(Z¢,t > 0). Conditioned upon Lg,(.) = 2(.), Ls,,,(.) — Ls,(.) is the collec-
tion of local times accumulated by H® up to time S, and it has the same law
as L (.) while conditionally upon Z® = z(.), Z**¥ — Z* has the same law as
Z¥%*. The identity of those two laws has been established in Proposition 3.8.

[
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4 Appendix

4.1 Adaptation of the proof of Proposition 4 from [9]

Let us first explain the few results preceding that Proposition 4, which are
necessary for its proof. It is claimed in [9] that for any §,v > 0, K > 0, the
following reflected SDE has a unique weak solution

HE = Bo+ 5= [ [s(HE) + L] dr + 515(0) - SLEG).
0
The result is proved via Girsanov’s Theorem. We note that the same result
for our equation (3.4) is simpler to establish, since the drift there is bounded.
Next [9] proceeds with proving Lemma 4, which translated in our context says
that the expectation of SK™ is finite. The proof exploits the fact that the
drift in the above SDE is bounded from above by the constant 6/2. The
same proof works in our case, since the drift in (3.4) is bounded. Finally
Proposition 4 from [9] says, again translated into our notations, that the
law of {L?K"n (t), 0 <t < K} is that of the solution of (3.5), killed at time
K. The p;"OOf translates word to word to our situation. The only minor
difference is the computation which uses the generalized occupation times
formula (from Exercise 1.15 in Chapter VI of [11]), namely formulas (23)
and (24) in [9], which in our case should be replaced by the unique identity

K
Sy

|ty BaHE) + L s

_ / t / o) + L @)L )

t
0

This computation makes the connection with the SDE (3.5).

4.2 Proof of Proposition 3.5

In this proof, we shall write P instead of P=. Our probability space Q will be
defined as follows

Q={we C([0,+00);R;), w(0) = 0 and whenever S < oo,w(t) =0 for t > S}.

Plainly S(w) is defined as the limit as n — oo of S,,, where S, is the first time
when the local time of w at level 0 exceeds the value n. Thanks to Proposition
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3.4, P(Q) = 1. Note that whenever we have a sequence {w,, n > 1} C Q
which satisfies the property that for all n > 1, w,y1(t) = w,(t), t € [0,5,],
then there exists w € Q which is such that for all n > 1, w(t) = wy(t),

€ [0,5,]. This existence is clear on the event {S = +oo}, while on the
event {S < oo}, it follows from the definition of 2, by adding to the above
requirements w(t) = 0 for t > S.

This means that condition (1.1.9) from [12] is satisfied. The proof which
we shall now detail is a transcription to our set—up of the proof of Theorem
1.1.9 from the same reference.

In order to simplify slightly the notations, we shall write G,, = . All
we have to show is that whenever {A,, n > 1} is a decreasmg sequence
of events which is such that A, € G, for all n > 1, if N,A, = 0, then
P(A,) — 0. For proving that fact, we will assume that P(A,) > ¢ for all
n > 1, some € > 0, and deduce that N, A, # (). In view of the above remark,
it suffices to construct a sequence {w,, n > 1} C Q such that w, € A,, and
Wni1(EASp) =wn(tAS,) forallt >0, n > 1.

Let us introduce a notation. For all m,n > 1 let 7" (w,dw’) denote a
regular version of the conditional probability P|g, (|Gn). In other words, if
n<m,

"MW, dw') = du(ns,) (dw'),

while if n > m,

™ (w, dw') = the law of {H,,0 < s < S,} s.t. H, w(s) on [0, S,),
solves (3.2) on [S,,, Sy].
Let us define for each n > 1
1 1n 19
= . ) >4
F; {w,ﬂ (w, A,) > 2}

Clearly F! , C F!, F} = Ay, and for n > 1,

<P = [ w AgB) + [ 7w A)B(d)
(Fp)° Fy
< S +B(E)),
Consequently P(F}) > £ for all n > 1, hence also P(N,F}) > £, and there
exists wy such that 71"(wy, A,) > £, for all n > 1.

Suppose we have found wy, ws, .. wm such that wg(t A Sk_1) = wr_1(t A
Sy_1) for 2 < k < m and 7" (wy, A, ) > for 1 <k <m,n>1. Let now

£
29

2k7

€
Fyt = {WQ N (w, Ay) > 2m+1} € Gmt1-
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Then F"' ¢ F™+! and for n > m

£ £
om < 71" Wi, Ap) < ST
and consequently 7™ (w,,, FH) > — = and also 7 (u,,, A, ) >
swer- Hence there exists w41 such that wpi1(- A Sm) = wi(- A Sp), and
T (W1, Ap) > smrr for all n > 1. Our sequence wy, satisfies in par-

ticular the property 7™ (gm, Am) > 0, hence w,, € A,, for all m > 1. The
announced sequence has been constructed. [ |

+ 7_{_m,m+1 (wm; anJrl) ’

4.3 A comparison theorem for reflected SDEs

We do not claim that the following result is new, but we could not find a
reference for it. Let by : R, — R be measurable, with the properties that

ba(x) <b, forallxz >0.

Suppose now that {X}; ¢t > 0} and {X?; ¢ > 0} are progressively mesurable
solutions of the SDEs

X' =z, +bt+ B+ K}, t>0,
t

Xf:a;2+/ ba(X2)ds + By + K7, t >0,
0

t t
X} >0, X2 >0, / X;dsz/ X2dK?=0, t >0,
0 0

where K! and K? are increasing and x; > x,. We then have
Proposition 4.1 Under the above assumptions,
P(X}! > X}, vt >0) = 1.

PRrROOF: We note that
X} - X =y — 11 + /t[bg(Xf) —blds + K} — K}
0
Since the mapping ¢(z) = (z7)? is of class C', we deduce that.
|7 =X = Q/t Lixzzxy (X7 — X0)(02(X7) — b)ds
0

t
2 [ Apngay (X7 = XK - i)
0
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The first term on the right hand side is clearly non positive. The same is
true for the second one, as follows from the above conditions on the pairs
(X!, K') and (X?, K?). Consequently

(X2 - X" <o,

for all ¢ > 0, hence the result. [ ]
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