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1. INTRODUCTION
In this paper we are interested in the problem of providing a stochastic representation of the solutions of
the following system of quasilinear parabolic PDEs
V(t,2) €[0,T] xR, Viek

aui

&) E(t’ x) + Liui(t,x) 4+ fi(t, z,u(t, ), Vi ui(t, 2)oi (t, 2, ui(t,x))) =0
wi(T,x) = hy(x)

where the coefficients b, f, o and h are given from above, the second order differential operator L is defined
by

d
- 1 0 u;(t, )
V(t,x,y) € [OaT] X Rd X Ra Lzul(t,x) = o a/i(ﬁatCCa’u/i(tv:L'))"m77
2 j,mZZI J 8z]8xm
d
7 \j auz(tvx)
+ Z (bi)j (ta xz, U(t, SC), Vi ui(tv :C) Ji(tv Zz, ui(ta ZL'))) T%

and for i € K, V (t,z,y) € [0,T] x R? x R, the matrix a;(¢,z,y) = (0; 0})(t, 2,7) is supposed to be uniformly
elliptic. Moreover we give sufficient conditions which ensures existence and uniqueness of a solution the sys-
tem of forward-backward stochastic differential equations (E%¢) (see (2.1)) whatever the time duration T'
may be.

It is well known that Backward Stochastic Differential Equations (BSDEs in short) are closely connected to
Partial Differential Equations (PDEs in short). This link between PDEs and BSDEs has been used in both
ways. In the first case, regularity results for solutions of PDEs have been used in the study of solutions of
BSDEs. On th eother hand, there appeared recently some probabilistic methods for systems of PDEs. An
essential tool in this new method is the Malliavin Calculus. For example Pardoux and Peng [7] prove that
BSDEs provide a probabilistic formula for solutions of certain classes of quasilinear parabolic PDEs.
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BSDEs with Poisson Process were first discussed by Tang and Li [12]. Studying such equations, Barles,
Buckdahn and Pardoux [1] generalized the result of Pardoux Peng [7] and obtained a probabilistic interpre-
tation of a solution of a parabolic integral-partial differential equation.

Soon after appeared fully coupled forward-backward stochastic differential equations (FBSDEs in short).
They were originally motivated by stochastic optimal control theory. In his PhD thesis Antonelli obtained
the first result on the solvability of a FBSDE over a small time duration. Using the strong link between the
FBSDEs and a quasilinear parabolic PDEs, Ma, Protter and Yong in their so called "four step scheme" prove
successfully an existence and uniqueness result of a FBSDE. But they require non—degeneracy assumption on
the diffusion of the forward equation, non—randomness and rather stringent smoothness of the coefficients.
Recently in the same spirit, Delarue [2] proved a similar result under rather weaker assumptions than those
required in the "four step scheme", and provided in a probabilistic manner a solution of a non—degenerate
system of quasilinear parabolic PDEs. The key device of his method based on an iterative scheme is an
efficient control of the length of the interval on which the result on small time duration holds, which ensures
existence and uniqueness of solutions on arbitrary time intervals. For this to be true, the non—degeneracy of
the forward diffusion coefficient is crucial.

All those systems of PDEs studied so far have the same linear second order differential operator on each line.
Pardoux, Pardeilles and Rao [9] removed this restriction in the case of BSDEs and provided a stochastic
representation of a viscosity solution of a system of semilinear parabolic PDEs with a different second order
differential operator from one line to another. This is done by coupling the forward diffusion with a trans-
mutation process driven by a finite sequence of Poisson Processes. We aim in this work to get a similar result
in the case of non—degenerate parabolic quasilinear systems through the study of a corresponding system of
FBSDEs following the method developed by Delarue [2].

The paper is organized as follows. In section 2 we prove the existence and uniqueness of a solution of a
system of FBSDE with respect to a Brownian motion and a finite sequence of Poisson Processes for a small
time duration. We also present some properties of the solutions before extending this result to the case
of random coefficients. Studying the case of smooth coefficients, we establish by a stochastic method our
main result (existence and uniqueness under the non—degeneracy assumption) of the solution of the system
of PDEs. Finally in Section 3 we extend the local solution of the FBSDE (E%¢) obtained in the previous
section to a global one.

2. FBSDE wiTH P0OISSON PROCESS IN SMALL TIME DURATION

VY Q € N*, | .| stands for the euclidian norm in R?.
Let k > 2 be an integer and K = {1,2, ...k}, L=K — {k}.

We consider a filtered complete probability space (2, F, (Ft)o<i<T, P) such that the filtration (F3)o<i<T
is generated by two mutually independent processes:

- a d-dimensional Brownian motion (By)o<¢<7-

- a Poisson random measure N on Ry x L where L is the set of marks equipped with the field £ of all
subsets of L such that M([0,¢] x A) = N((0,t) x A) —t X cardA is a F;— martingale for all A C L and some
fixed A > 0.

Moreover we consider a filtration (G;)o<i<r satisfying the usual conditions such that (B)o<i<r still a
(Gt)-Brownian motion and the filtration (GY)o<¢<7 defined by V ¢ € [0,7] G? = Gy V F.

For0<t<s<T,iecKand!l € L, we define

Ns = N((0,5] x L), Ns(l) = N((0,s] x {1}), M(l) = N5(I) = As
We define the Markov process N%* by
k—1
NI =i+ Y IN((t,s] x {I}) mod[k] andlet N> = N
I=1
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Let P denote the o——algebra of G;—predictable subsets of Q x [0, 7.

For each i € K, we are given b; € C([0,T] x R? x RF x R, R%), f; € C([0,T] x R x R*¥ x R R),
o; €C([0,7] x R* x R,R? x R?%) and h; € C(R%, R).

We define the following continuous functions on their domains

b:[0,T]xRIxRF xRIx K — RA
F:0,T]xRIXRFxRIxK — R
o:[0,T]x RIx R x K — R4 xR
h:Rex K — R

by putting V (¢,z,y,u,2,i) € [0,T] x R x R x RF x R x K, §(z,u,z2,i) = 6(x,u,z2) for § = b, f and
o(resp h)(t,x,y,i) = oi(t, 2z, y)(resp hs(x)).
Let i € K; we define the functions b;, f; and f; € C([0,T] x R% x R x R¥~1 x R?) such that

Y (t,z) € [0,T] x RY, VuecRF,

ﬁ(t,x,ul,ug,...,uk,z) = fi(t,x,ui,hi,z):fi(t,x,ui,hi,z)—l—)\Zhi(l)
leL
Z_)i(t,l',ul,’lLQ,...,Uk,Z) = bi(tv'rvuivh’iaz)
P Uitj — Us 1<j<k—i
where hj o {uiﬂ_k—ui k?-’i-i-lﬁjfk—l

For i € K and ¢ € R? a Gp-measurable random vector satisfying E(|¢|?) < oo, we intend to find a
G, —progressively measurable quartet of processes (O%%")gccp = (X061 Y081 081 7080)  p  with
values in R? x R x R*~! x R? solution of the problem

Vsel0,T]
XPE =g [ bn 608 Ny + [l XDE, Y24 N a,
0 0

0.6 . ; T . T : T ,
) (0 yost g, (x4 & [ pr006t Nar— [ z0¢ap,— [ 30 BN an)

S S leL

T
E [ (XPOP 4 [YPOR Z05 4 H e < oc
0

where Vs € [0,T], H®%' = (H%$(1), HY$4(2),..., H>SH(k —1)).

The superscript ¢ indicates the dependence of the solution on the initial date (0,&,4) and will often be
omitted for notational simplicity.

This section is devoted to the study of (E%¢) in small time duration. In all of what follows, we assume that
T<1.

2.1. The case of non smooth coefficients.

2.1.1. Existence and uniqueness of solutions. Let us first prove existence and uniqueness of solutions. The
idea is based on a fixed point argument on a suitable space in the spirit of the method developped by Delarue
[2], Théoréme 1.1.

We say that the functions b, f, h and o satisfy assumption (H1), if there exist two constants K and A such
that
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(H1.1) : Vt € [0,T),¥(z,y,u,2) € RTx R x RF"1 x R%, Vi € K and V(2/,¢/,u/,2') € R? x R x RF~1 x R,

bi(t, x,y,u, 2) = bi(t,x, ', v, 2')| < K(ly—y'[+ |z = 2| + Ju—u))
Ifi(t,x,y,u,2) — fi(t, 2"y, u',2)| < K(lz—a |+ |z — 2|+ Ju—1u'])
|0’i(t,l‘,y)—0’i(t,l‘/,yl)|2 < K2(|$_‘T/|2+|y_y/|2)
|hi(z) — hi(2")] < K|z —2a|

(H1.2) Vt € [0,T),¥(z,y,u,2) € RYx R x RF71 x R4 Vi € K et V(2,y') € R x R,
<zfx’,bi(t,x,y,u,z)fbi(t,:c’,y,u,z)> < K|SC*SC/|2
(yfy')(fi(t,z,y,u,z)ffi(t,z,y/,u,z)) < K|y7yl|2

(H1.3) Vt € [0,T),Y(z,y,u,2) € R x R x RF"1 x R4, Vi € K,
|b¢(t,x,y,u,z)| + |fi(taxayauaz)| + |0'i(t,.’L',y)| + |h1($)| < A

Theorem 2.1. Assume that (H1) holds and let i € K. Then for every Go—measurable random vector £

satisfying Bl¢|? < 0o, a solution of (E%%) satisfies
i) (Xs)o<s<r is continuous and (Ys)o<s<r has a cadag version.

i) E( sup | X ? + Sup |Yt| ) < o0.
0<t<
(i1)

Moreover there exists a constant C%li > 0 depending on K and )\ such that for every T < CK/\, he

problem (E%¢) admits a unique solution.

Proof : As explained, our aim is to construct a contraction in a suitable space. To this end for 7' > 0 and
Q@ € N, we consider the following sets
e HZ(RO) the space of {G?} progressively measurable processes

T
T:[0,T] x Q — RC ,||\I/||2:E/ | W2 dt < oo
0

S2,(RY) the space of continuous {G?} adapted processes
U:[0,7] x Q — R [|¥[|3 =E( sup |¥[*) < oo
0<t<T

S2(R°) the space of {G°} adapted cadlag processes
U:[0,7] x Q2 — R, |3 = E(OE?ET [W4[%) < o0

[L2(P @ L£)]*~! the space of mappings H : Q x [0,T] x L — R which are P ® £-measurable such
that

I I po oy fEZ/ (Hy (1)) dt < o0
leL

e Vp>1, B[O 1) the space S2(R%) x SA(R) x [L*(P ® L)k~ x H2(R?) endowed with the norm

eamee ) m) Gere) T)
' <E{</OT|ZS|2ds>1/T>p

H(X57 Y57 H57 ZS)

2
Bigr)
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Notice that B[Op 7]

We define a map ¢ on B[QO,T] into itself as follows

endowed with this norm is a Banach space.

Boay — Bioy
(X,Y,H,Z) — (X'O,&,i,}707571',[;'07571"207571')

where the quartet (©%¢)g<cr £ (X261 V08T .88 7088 1 is defined by

vt € [0,T]
(2.2) 0,8, ! 0,60 i ! RN i

X086 — e [ b(s, X061V, Hy, Zo, NDYds + | o(s, X061 Y, Ni)dB,

0 0
and
Vit € 10,7
2.3) 0,£,i 50,¢,i r 20,60 Ari T e r 70,6
(2 TR (X5 4 [ 7,006 Vs - [ 209 ap, - [0 BRSO ML)
t t t leL

Note that the process X% is a solution of a SDE with initial time 0 and initial values (¢, 4) (i initial value
of the process N+%), whereas the triplet (Y4 HO:¢¢ Z0:64) golves a BSDE with Poisson process.

In the sequel of the proof, we denote

SD(X7KH3Z):(XS)Y%HS)ZS):és; (UVG W) (U)VSaGSaWS):(_)/s
Using It6’s formula, we get
| X, — U2 b(r, X, Yo, Zy He, N2 = b(r, Uy, Vi, Wy, Gy NY) > dr

( (7’ XT;}/TaN) (Tv U’l“a‘/TaNTz))dBT >

\\\

|O’ 7 X, Yr, NI — o(r,U,, V., N} dr

Applying the Burkholder-Davis-Gundy inequality and assumption (H1.1), we find 6 > 0 such that

T
E sup |% -0, < ME/Lﬁ—awx—&Hﬂ}wﬂﬂ%—WﬁHm—&ow
0

0<t<T

1
2

T
; wK4/|mwwwruﬁ+mwﬂﬂ
0
T — —
+ KQE/ (X, = U )* + Y, =V, P)dr
0
so using standard estimates, we prove the existence of a constant yx depending on K such that

E sup |X;—U:? < WKTl/Q{E sup |X;—Ui? + E sup IV; — Vi ? +E/ | Z, — W, |*dr
0<t<T 0<t<T

+EZ/ ((H, — G,)(1)*d

leL
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which implies

T
(2.4) (1 —WKTl/Q)E sup |X;— Ui < vi TY? {E sup |Y; —Vt|2+E/ | Z, — W,.|*dr
0<t<T 0<t<T 0

+EZ/HG))]

leL
Moreover 1t6’s formula yields from (2.3), for all ¢ € [0, T

25) G-V + / 7. — W|2ds+)\/ SO (L - GW)2ds + Y (A(Y, - Th))?

leL t<s<T

T
oy (X7) = o (O +2 [ (T = Vo) (5,00, N2) = 5, €05, N2
T ' T
-2 [ - Was -2 [ (e - V(L - GO
Applying (H1.1) and (H1.2), we deduce

E/ \Z, — W,|?ds + )\E/ > ((Hy - G)(1)%ds < K*E sup | X, — Uy
0

el 0<t<T
T o ~ T ~
+ 2K|:E/ |Yts_‘/s||Xs_Us|d8+E/ |Y;_V;|2d8
0 0
T o ~ T o ~
+ E/ ¥, - V||ZS—WS|ds—|—E/ |YS—V;||HS—GS|ds}
0 0
Hence using standard estimates, we find a constant (k) depending on K and A such that

(2.6) E/OT|Z W,|?ds + AE/ > ((Hs—G(0)*ds <

leL
V(KN {(1+T)E sup | Xy — | +TE sup |Y; — | }
0<t<T <t<T
Futhermore using (2.5) we obtain
(2.7) E sup |V, —Vi[* < E(lhy (Xr) = hyi (Ur)]?)
0<t<T
T — — - . — .
+ 2B sup ([ (5= V(5608 - (5,07 N))is)
0<t<T \ J¢
T — — —
+ 2E sup | (Y _V;)(Zs_Ws)st|
0<t<T
+ 2E sup |/ Z (Hs — Gs)(1)dM,(1)]
0<t<T

From the Burkholder-Davis-Gundy inequality, there exists a constant C' > 0 which can change from line to
line such that

T

T
8 s | [ (7 -0z - wgan| < cB( [ - uP iz - W)
0<t<T t 0

1 _ T
ZE sup |YS—VS|2+402E/ |Zs — W,|*ds
0

0<s<T

=

A

IN
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Similarly, using again the Burkholder-Davis-Gundy inequality for discontinuous processes and standard
estimates where R

My(l) = (Yo = Vo= )(Hs = G5)(1) dM, (1),
there exists another constant which we note C' again changing from line to line such that

(2.8) 2E OEI;ETI/ ZEZL — Vi )(Hs = G)(1)dM(1)| < CE (ZAMt > ]
= CE/ Z(Ys_Z)2((gs_és)(l))2st(l)‘|
0 ler
1 Y, (2 2 7 ~
< —EOESETWS—VS| +C )\EZ/ ((Hy — G,)(1))* ds

leL
Hence combining these two previous inequalities with (2.6), we deduce from (2.7)

E sup |V —Vi|* + E/ |Zs — W|2ds+)\E/ > ((Hy = Go) (1) ds <

0<s<T leL
T — — — — — — - — — -
SKE [ [V, = V(X = O]+, = Vil + |2, = W] + 1, - G.|)ds
0

o 1 o
+ K°E suwp |X;— U+ 5 E sup [V, -V
0<s<T 2 0<s<T

+ Cyx,n {(1 +T)E sup |X,—U?> +TE sup |Y, — VS|2}
0<s<T 0<s<T
which implies using standard estimates and modifying vk »)

29) B sw V.-V < 2y |(04T)E s [X- O 4TE sup |V~ ViP]
0<s<T 0<s<T 0<s<T

+ C’Y(K,/\) |:(1 + T)E sup |Xs - Us|2 + TE sup |Ys - Vs|2:|
0<s<T 0<s<T

1 L
+ -E sup |[V.-Vi]?
0<s<T
hence putting 6k x) = 2(2 v(x,») + C (k) we get

(2.10) (1=6x T )E JSup |Y Vi|? < 6(K,\(1+T)EOSuET|X — U,

and the following inequalities

(2.11) E/ |Zs — W,|*ds + EZ/ — GH)?ds <vxy [(l—i—T)E sup | X, — Ud)?
0

el 0<s<T

+TE swp V- Vi

0<s<T

T
(2.12) (1 -y TYHE sup |X,-U,* < WKTl/Q[E sup |Y;—Vs|2+E/ |Zs — W] ds
0<s<T 0<s<T 0
+ EZ/ ((Hy — Gy)(1)%d ]
leL

This proves that there exists a constant C’( K 0 depending on K and A such that for T' < C’((;))\ the

map ¢ is a contraction from B2 f0,7] into itself.
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Consequently by the fixed point theorem, there exists a unique {G} }o<¢<7 -progressively measurable quartet
of processes with values in (R%, R, R*~!, R%) solution to (E°%).

Note that this solution is obviously G;—progressively measurable. l

Remark: This theorem shows that for every T < C((E)A) and for every x € RY the problem (E°%) with =

as initial value of the SDE admits a unique solution ©9"" & (X** v H}™" 72" ocicr which is a

tYo<t<T— progressively measurable quartet of processes. In particular the Fo-progressively measurable

Filoci ivel ble quartet of In particular the 7 ivel bl
random variable Yy = YOO’I’Z is deterministic.

Now we establish some properties of the solution, which will be useful in the sequel.

2.1.2. A priori estimates.

Theorem 2.2. Suppose that (b, f,h,o) and (l;, f,ib,&) are two quartets of functions satisfying (H1) with
the same constants K and A. Fori € K, let ©9%¢ = (X267 Y 0:&1 HO&E 7088y

(resp (:)(S)’é*i = (ng’fﬁi,}7501’511',Hgvévi,ngvi)(ogsg)) be the associated solution to (b, f,h,o) (resp (b, f,h,5))
with initial condition (0,€,1) (resp (0,&,1)).

Then there exists two constants C((;?’)A) and ﬁ((g?/\) depending on K and A such that for T < C((;i))\) and for
every A € Gy, the following estimate holds

T
(2.13) E(1s sup | Xy — X)) +E(14 sup |Ys_ffs|2)+EZ/ 1a((Hs — H,)(1))? ds
0<s<T 0<s<T eL /0
T . ~ ~
B [ Lajz, - 2P ds < 00, Bl - €2+ (LG - )0
0
T .
+ E/ La|(oc —&)(s, Xs, Yy, N) |2 ds
0
T B B . . 2
([ -t - Aot v as) |
0

Proof : Let A € Gy. Using It6’s formula we have

T
E(la sup |X,— X)) < E(1A|s—£|2>+E/ Laloni(s, Xs,Ys) — Gni(s, X, Ys) [ ds
0<s<T 0

t & . .
+ 2E sup (/ 14 < X5 — Xs,b(s5,0%5% N¥) —b(s,0%5% N) > ds)
0

0<t<T

t
+ 2E sup (/ 1A <XS_X85(UN;(S’XSaYS)_&N;(SaXsaYS)) st >)
0

0<t<T

Thanks to Burkholder-Davis-Gundy inequalities, assumption (H1) and standard estimates, there exists a
constant v depending on K such that

T
(214) B(la sup |X. - Xs|2>mK[E<1A|5—5|2>+E |14l = X 4 17 - s
0<s<T 0

T
+ E/ 1A|X5_Xs| (|Z5_Zé|+|Hé_Hé|)dS
0

T T 2
+ E/ 1A|(a—a)(s,Xs,Y;,N;')FderE(/ 1A|(6—b)(s,(agv&vi,N;')ms) }
0 0
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Futhermore applying It6’s formula to (2.3), we have V¢t € [0,T7],

(2.15)  |Y; — yt|2+/ |Z—Z|2ds+)\2/ (Ho— H)(D)?ds + Y (A(Y, — V7))

leL t<s<T
— (K, Nb) — (X, N + 2 / (V — V) (F(s, 0064, Ni) — f(s, 0067, N¥))ds
T
~ o[ (Y2 - 2y dBy) 2 HL(1) — H,(1)dM, (1)
/ [ Z

Hence we deduce V t € [0,T],

(2.16) / 1a4lZs — Z%ds  + )\EZ/ La(( Hy)())*ds < E(1alh(X7,Ny) — h(X7, Ni)|?)
t leL

+ 9B / La(V, — Vo) (F(s, 006, NT) — f(s, 0067, N7)) ds
t

Moreover from Burkhoélder-Davis-Gundy inequalities, there exists v > 0, changing from line to line such that

T _ ~ T ~ _ 1/2
(2.17)  2E sup | 1a(Ys = Y)((Zs — ZS)dBS)|§27E</ 1A|YSYS|2|ZSZS|2ds>
0<t<T Jt 0
1 ¥ 2 T > 2
< -E(l4 sup |Y;—-Yi]")+~E 1a4|Zs — Zs|* ds
4 0<s<T 0
and similarly to (2.9),
T ~ _ 1 ~
@19 2B sw | [ Y1 -V - H)ODLO)| < ;B0 s |V - Vi)
o<t<t Je i 4 0<s<T

+ MEZ/ 14 ((Hs — Hy)(1))* ds

leL

Hence combining (2.16), (2.17) and (2.18), we find from (2.15) a constant 3k ) depending on A and K such
that

(2.19) E(l4 sup |V, -Y.?) + / 14|Zs —Z|2ds—|—EZ/ La(( H)(1))* ds
0

0<s<T leL

Bae [E(um (Xr) — hy (X))

IN

. E( sup /T1A< >(f<s,éSfﬂN;'>—f<s,@2’f’i,N;'>>ds)]
t

0<t<T

Using assumptions (H1.1), (H1.2) and standard estimates, there exists B > 0 only depending on K satisfying

T & . . . .
2E< sup / a(Ys — Ys)(f(s,ég’g’l,Né)—f(8a9§’5’zaN§))dS) <
t

0<t<T

T T
+ BK[E/ 1A|X57XS|2ds+E/ 14Y, — Yi|(|Zs — Z,| + |H, — H,|) ds
0 0

T T 2
v B 1A|f/s—n|2ds+E(/ 1,4|<f—f><s,@2fvi,fv;'>|ds)}
0 0
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So, plugging this inequality into (2.19) and adding with (2.14), we obtain modifying 3k x)

E(l4 sup |X, — X)) +E(14 sup [V, —Y.?) —|—EZ/ 1a(( H,)(1))* ds

0<s<T 0<s<T el

T
+ E/ 14| Zs — Z,|? ds
0

IN

Bircr, [E<1A|é — €P) + B(Lalhys (Xr) — by (X))
T B T B 5 5
+ E/ 1A(|X57XS|2)ds+E/ 14| Zs — Zs|(|1Xs — X4| ds + |Ys — Yi|) ds
0 0
T B T B B B
+ E/ 1A(|YS—YS|2)ds+E/ LBy — Hy|(1 s — X,| + Vs — Yi|) ds
0 0
T B
+ B [ 146 - )5, XY NP ds
0
i E</ 1A<|bb|+|ff|><s,e%fﬂ,fv;>ds)}
0

Hence using once again standard estimates, we prove the existence of two constants ﬁ( KN and O

(K;X)
depending on K and X such that for T' < C((;?)A)v

(2.20) E( sup 14|Xs — X?)+E( sup 14|V —Yi|?) +EZ/ 14 ((Hs — H,)(1))? ds
0<s<T 0<s<T el
T ~
(2.21) + E/ 14|Zs — Zs|* ds
0

IN

g, [E<1A|é 6P) 4 B(Lal (g — By ) (X))
2

T ~ ~ . .
N E< / 1A<|bb|+|ff|><s,@2@,zv;>ds)
0

T
+ E/ 1A|(&a)(s,X5,YS,Nsi)|2ds} [ |
0

Corollary 2.1. Assume that (H1) holds and T < C{;?),. Then ¥ (t,i) € [0,T] x K and for every x € RY,
the unique solution ©L%" = (Xbei yhet ghet ztedy, 1 of the problem (E™®) extended on whole [0, T)
by puttingV s € [0,t], Xi®i=x ;YI®i= Ytt“ s HL® = Zhei =

satisfies

i) FCH s such that ¥ (t,z) € [0,T] x R,

T

(222) E sup |Xtm’b|2+E Sup |th’b|2+EZ/ Ht:bz T E/ |Z;,I,i|2d8
0<s<T leL 0

< OGP
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i) YV ((t,z), (t',2") € ([0,T] x R%)?, 3 C((;(?/)\,)\) such that
T
(2.23) E sup [X'% — XU LE sup |Y;@7LY;/W|2+E/ |Zbwt — Ztehi 2 g
0<s<T 0<s<T 0

(2.24) + EZ/ (HE=(1) — HE (1) ds

leL
21 7.2
< By le =P + CiAh =1

Proof : i) Let z € R? and assume T < C') | The process (BL™ ") g<s<7 is a solution of the problem

(K,\)°
Vsel0,T)
Xert =t [ U 005 N dr [ () o X, Yo, V) By
0 0
Yo = hye(Xp™) + / Ly (r) f(r, 0571 NE) dr — / Z.dB, / > H, (1) dM,.(
S S S ZGL

T
B [ (X4 VP 4 |2, 4 H, ) dr < oo

0

Applying theorem 2.2 to the quartet of functions (1,7 fxt.i, Lt r1gntis Lm0 neis i) and (0,0,0,0), we
’ s ’ s ’ s T
have

E sup |X§’I7i|2+E sup |Y;t’””’i|2 + E/ |Zt3”|2d8—|—EZ/ thz

0<s<T 0<s<T el

T
= ((;),\)b |2+E(|hN1( |)+E/O |UN;(S,0,0)|2ds
T 2
n E(/ <|bN;-|+|fN;-|><s,o,o,o,o>>}
0

Applying assumption (H1.3), there exists a constant C(i'l) N depending on K, A and A such that

, T, L% , T, T, @1
E sup | X072+ E sup_ [Yhoi2 4 E/ |zt |2ds+EZ/ (HE™ ()2 ds < Clphy 5y (1+ [2f?)
0<s<T 0<s< el
ii) Let (t,x) € [0,T] x R% and (#,2') € [0,T] x R4, ¢ < t.
Noting that the two quartets of functions (1[t,T] bNSt,i, 1[t,T] fN;,i, 1[t,T] O'Nst,i y hN;,i) and
(Lier b e is Ly 1y f v L 10 i By i), satisfy (H1), using of theorem 2.2 we obtain
s s s T

T
(2.25) E sup [X0% - X' 24 E sup |Yst’”””'—YSt/’””/”'|2+E/ | Zbwi — ZVai 2 g
0<s<T 0<s<T 0
2
(2.26) + EZ/ <H““ H§“I’ﬂ'(l)> ds
leL

IN

1
B3l 4 Bllhgs gy (X))

T
+ E/ |(1[t’,T]0’Nt/!": — 1[t-,T]0-N;f’i)(7ﬂ’ X:’m’l,W’I’Z”QdT
0 r

T
+ E(/ (|1[t’,T]bN;s’,i — 1[t7T]bN7t‘,i + |1[t’,T] fNﬁ/’i — 1[,5 T me
0

)(r, @fﬂ»i)dr) 2]
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and from assumption (H1.3) there exists a constant Ca » depending only on A and X such that

E|hN;i - hN;’l)(XT)P E(|h1\[;,Z - hN;’z)(XT)|21{N;JZ¢N;Z}>

IN

Bl — by ) (X7) P Luqer ep203)
20 P(u(]t', #]) # 0) < Canlt’ — 1

IN

E(|hye: — hN;,i)(XTﬂQ)

where v is the law of the first jump between ¢ and ¢'.
So, using the same argument in the two last integrals and assumption (H1.3), we easily find from (2.25) a
constant C'“?) _ such that

(K,AN)
T
t,x,i t' a2 t,x,i t' ' i2 t,x,i t' a2
E sup X7~ XU +E03ugT|Ys YO [zl s
<s< s 0

+ EZ/ (HEH(1) — HE="(1))2 ds

leL

IN

71 7.2
Blihy lz— 2> + ch},A) t—¢| m

We deduce the following result which is an obvious consequence of the previous corollary.

Corollary 2.2. Assume that (H1) holds. Then there exists some constants C’((Il(lg NE C(;(QK NS 6(2 N and
C((K)N such that VT < C’((IQ())\ the map

0:0,T]xR*xK — R
(t,x,i) — Y;t’z’i
which defines also a mapping

6:00, 7] xR? — RF
(t,z) — (0(t,z,1), 0(t,x,2), ...,0(t,x, k))

satisfies
i) Y(t,z)€[0,T] x RE V(' 2') €[0,T] x R, Viek,

(227) otz )P < CEIL A+1al)
(2.28) 0t 2,0) — 0t ' ) < By le—a' + CER L 1]

i) Vieck, VY (tz)e0,T]xR? and for every G; measurable random vector & with finite second moment,
there exists a P-null set Ggf such thatV s € [t,T],

wgﬁGi}f H(S,X;f’fl( )N”

(2.:29) ) YEE (W)
(2.30) Vie L HM@Y)
(2.31) )
(2.32) )

G(SaXz,I,i; sz +1)— H(S’X?I,i, sz)
- f_Nt’i(S’X§7I7i79(sﬂX§x7i)aZ;l’z,i)
= Dyeals, XETL0(s, XD, 2L

th,i (S Xt,z,z Yt,x,z Ht,x,z Zt,x [

s

bNt,w( thz thz Htmz Ztacz
s
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Proof : Putting

(1.1) (i.1) 1 _ (i1)
Clkan = P Clkan & Bk max Bk
(12) (.2 . A2 (i2)
Clkan = oo, Ckan + Clny = P et Cirn

=1,...,

then we get easily (2.27) and (2.28) as immediate consequences of the previous corollary.

Let us recall the proof of (2.29) which is an adaptation of one given in [2]. We nevertheless include a complete
proof for the convenience of the reader.

Let (t,z) € [0,T] x R, i € K and ¢ a G; measurable random vector with finite second moment. Applying
theorem 2.2 (using the same coefficients and different initial values), we have

@i i i1
Vse[t,T],V e >0 E(lge_g<e YOO —YI?) < 5((K,)/\)E(1{\571\<g} 1€ — z|?)

Hence
. % 1
Ve >0 E(le s 100t 2,0) = V) < B B e ai<ey € —al?)

Futhermore we have
E(1{jc_aj<ey |0(t,€,9) = Y5 2) < 2| B(Lyje_pi<ay 004,6,0) — 0(t,2,0)|* + E(1(e_uj<cy [0(t, 2, 1) — V52

Using the Lipschitz property (2.28), we obtain

E (1(je—a)<ey0(t,6,7) — 0t 2, D)) < B0 B e—al<ey € — o)

Hence
. . i 1
V 1 = 1, ,k E(l{\.ffsz} |9(t,£,2) — Y;t’g’ |2) S 4 B((K),A)E(l{\f*fﬂKE} |€ — $|2)
Choosing ¢ = %, T = %, p € Z%, we have
. i 4 a
VmeN Z E(lge_2|<cy 02, &,4) — Y < Wﬂ((K)*A) E(lge_r | <1y)

peZd peZd

therefore
, iz 2972 .

E(|0(t,&,i) =Y, >'7) < —5 Bl Vi=1,.,k; YVmeN
We deduce
(2.33) ps O, &)=Y Vi=1,..,k

Elsewhere V s € [t,T], (0L scycr = (XL& YESE HLSE 708 o7 is solution of the problem
VseltT]
. ) u g NG u 5 Nt
XE&Z = Xg?gﬂ +/ b(Tv 6375717]\77“, ¢ )dT+/ O’(r, X, Y N )dBr
S S

. T ) b T T
Y&t =h S,Ng,i(X;f*H/ F(r, L8 NN )drf/ ZTdBT—/ > H,(1)dM,(1)

N,
T U leL

T
B [ (X4 VP o+ |2, 4 H, ) dr < oo

hence using (2.33) and uniqueness of solutions of our system, we obtain

. . t,€,1 t,i .
Vsel[t,T], 6(s, X081 NEH) = vt =yl g

Using [9], lemma 2.2 we get (2.30), (2.31) and (2.32). H
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In the next section we extend our results to the case of random coefficients in order to get some regu-
larity properties of the map 6 given in the previous corollary.
However the proofs being the same as in the previous section, we only give the statments of the results.

2.1.3. Extension to the random coefficients case. We assume V i € K the functions b;, f;, o; et h; are respec-
tively P @ B(RY) ® B(R) ® B(R*1) @ B(R%)/B(R%),P ® B(R?) ® B(R) ® BR* 1)@ B(RY))/B(R),P ®
BR%) ® B(R)/B(R>?) and G ® RY/B(R?) measurable.

Theorem 2.3 (Solution in small time duration). Let i € K and assume that the coefficients satisfy assump-
tion (H1). Then for every Go— measurable random vector & with finite second moment a solution of (E°%)
satisfies

i) (Xs)o<s<r is continuous and (Ys)o<s<r has a cadlag version.

i) E( sup |X¢*+ sup |Vil*) < c0.

0<t<T 0<t<T
Moreover there exists a constant C‘((E)/\) depending on K and A such that for T < C‘((E)/\), the problem
(E¢) admits a unique solution.

Theorem 2.4 (A priori Estimates). Let: € K, (b, f,h,0) and (l;, f,h, o) two quartets of functions satisfying
assumption (H1) with the same constants K and A.

Let (@2’5’i)(0§S§T) (resp (égjf?i)(ogsg) the associated solution to (b, f,h,o) (resp (l;, f,h,5)) with initial
condition (0,€,1) (resp (0,€,1)) .

There exists two constants C’((;?)\) < C‘((;,)/\) and B((E?)\) depending on K and X\ such that for every T < C’((;?)\)
and for every A € Gy, the following holds

T
E(l4 sup |Xs—X.?) + E(1a sup |st}75|2)+EZ/ Lal(H, — Hy)(D|? ds
0<s<T 0<s<T leL Y0

T . B
+ E/o 14 |ZsZs|2dssﬂ§;§?A>[E(1A|§§|2)
4 E<1A|<h7h><XT>|2>+E/ Lal(0 = &) (s, Xo, Yo, NT)[2ds
0

T - _ 2
+ E(/ 1A(|bb|+|ffl)(s,®2*’5*i,N§)dsH
0

Corollary 2.3. VT < C’((;?)A), VY (t,i) € [0,T] x K under the assumption (H1), for every x € R* we define
the process (OL%%),< <1 as the unique solution of the problem
VseltT]

Xgmt=w+ / b(r, O™, Np*) dr + / o(r, X, Y,, N) dB,
t t

T T T
Yo = by (Xp™) + / f(r, @4 NEYY dr — / ZL% B, — / > HE(1)AM,(1)
s 8 5 leL

T
E/ (X2 4 [V 2 + JHL P 4 |Z,2) dr < +oo
t

extended on [0,T] by putting
Vseld, Ximi—a vl — B,

X T, ttx,i t T,
Vo =Y [ 26 B, + [ Ty HO (1AM, )
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then

i) 3 C((;'(ll)x s Such that ¥ (t,z) € 0,T] x R,

E sup |X””|2+E sup |Yt“|2+EZ/ (HL%(1))? ds+E/ |Zb52 ds < c (T + 2P
0<s<T el

ii) ¥ ((t,2), (t',a") € ((0,T] x RY? , ICGZ) ) such that

2

E sup |X£,I,i o X§/7I/7i|2+E sup |}/St,m7, Yt x l|2+EZ/ Html H;’,I/,i(l)) dS

0<s<T 0<s<T el

T
+ E/O 2t — 0 R ds < B, e — o2 + GG -1

Theorem 2.5. Vi€ K, Vp > 1 there exists two constants B((;),K,/MA) and B((;),K,/\) such that VT < CN'((;?,)/\),
and for every Go—measurable random vector & such that E|¢|*? < oo,

i) the process (©%%")g<s<r solution of (E*%) satisfies

P
(2.34) E sup |X051|2p+E sup |Y0§’|2p + E(/ ZH(J&’Z)) ds)

0<s<T leL
P

T
+ E(/O |Z§*5”|2ds> < %mm (1+E[¢)?P)

1) For every quartet (I;, f,5, iL) (resp (b, f,o,h)) satisfying (H1) with the constants K, A, for every A € Gy
and for every random vector & (resp &) with finite 2p'" moment we have
P

T
(2.35) E( 1a sup |X,— X.|?)+E(la sup Y, — Y4 |?P) +E<1A/ |ZS—ZS|2ds>
0<s<T 0<s<

p
+ E<1A / S >2ds> < B0 E [1A(|é—«s|2p+|<BN;—hN;><XT>|2P

leL

T ) p T _ . ) 2p
; (/ |&a|2<s,xs,n,1v;>ds) +(/ |bb|+|ff|<s,es,1v;>ds> )]
0 0

where (X, Yy, Hy, Zs) (resp (Xs, Yy, Hy, Zs)) is the solution of (EO’E) (resp (E*€)) associated to (b, f,&,h)
(resp (b, f,0,h)) and with initial values (0,&,1) (resp (0,&,1)).

Proof : Let us recall that we assume and 7' < 1. Using the same technique developed in [2], we suppose
in a first step that the processes (0%7)g<,<p and (0%67)g< <1 satisfy p— integrability conditions defined
below

p T p
(Ly,) E sup [XPSP +E sup [YO9)? +E (/ Z (H>S(1) s) +E (/ |Zg’£’i|2ds> < o0
0

0<s<T 0<s<T el
) ) P T - P
(L,) E sup |[X%%%® +E sup YOO +E / ZHOEZ ds| +E / 12961 2ds | < oo
0<s<T 0<s<T el 0

Let us prove the existence of a constant C’(% K, such that for every T' < C'(p, &, inequality (2.35) holds.

For convenience in the proof, we omit the superscript %$* and %4
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Let A € Gy. Thanks to Ito’s formula with the function ¢,(z) = 2%? ,p > 1, we have V ¢ € [0, 7],

E(l4 sup |X: — X %) < E(1A|§~—€|2p)
0<s<T

t
+ 2pE sup (/ 1a |Xs—XS|2P—1(B(s,éS,N;)—b(s,(as,N;))ds)
0

0<t<T

t
+ 2pE sup ( / 1 |Xs—Xs|2p‘1(&(s,Xs,st,N;'>—a(s,Xs,n,N;d)st)
0

0<t<T

T
+ p(2p—1) E/ 14 |Xs — X726 (s, X, Ys, NI) — 0(s, X, Vs, NI)|?ds
0

Using Burkholder-Davis-Gundy inequalities and assumption (H1.1)-(H1.2), we obtain (with v > 0)

T
E(la sup |[X, — X,*) < E(1A|£§|2p)+2pKE{ / 141X = X[?P7 (b — b)(s, 04, Ni)|ds
0<s<T 0

T
+ / 14| Xs — X771 Xs — Xo| + |Ys = Y| + |Hy — Hy| + | Zs — ZS|)ds}
0

W=

+

T
2mE(/ 1a|Xs — Xo|*72|6(s, X5, Vs, NI) — a(s,XS,YS,N;')Fds)
0
T ~ ~ ~ . .
+ p(2p—1) E/ 1a|Xs — X526 (s, X5, Y, NI) — o (s, X5, Y5, N)|?ds
0
Hence there exists a constant c(, k) depending on p and K such that

E(l4 sup |X,
0<s<T

T
X7 < co [E<1A|«s—5|2p>+E [l X 6 - b, 00N s

T
+ E/ La| Xy = X, [P7H(|X, = Xo| + Vs = Y| + [H, = Hy| + |2, — Zy|)ds
0

=

+

T
E(/ 141X, — X, [**72|(6 — 0)(s, X, Ys, N;')Fds)
0

+

T
E(/ 14| Xs — X,?P72((6 — 0)(s, X, Vs, N;')|2ds]
0
which implies using Young inequalities and modifying c(, k)

1a(|Xs — X% + Y, — Y, |?)ds

S—
3

230) B( Lo s |% - X) < e [BULIE- ) + B

T P T _ P
+ TPE </ 14]Z; — Z5|2ds> +1I7E <Z/ La(H(1) - Hs(l))2d5>
0 0

leL

T 2p T p
+ E(/ 1A|(Bb)(s,es,1v;)|ds> +E</O 1A|(&a)(s,XS,YS,N§)|2ds>]
0
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Furthermore using the same function, from It6’s formula for discontinuous processes we have

T
(237) VoY = |[Vr—Yr[P 2 / (Voo — Yoo ) (f(5, 00, NT) — f(s, 04, Ni))ds
t
T ~ ~
~ e 1) / (Vo — Yo )2 |2, — Z,Pds
t
T ~ ~
. / (V- — Y, )21 (Z, - Z.)dB.

. / SO(Va = Yoo )2 (HL (1) — (1)) dM, (1)

t JerL

- Y [lffs Y|P - Ve — Y | - 2p(Y, — Y )PTIA(Y, - YY)
t<s<T

Putting Vy = [V, = Y,? = [Vo- = Yo > = (Ve = Yao) + (H, — H,))(H, — H,), we deduce

V=Yl = Yoo =Yoo [P = 2p(Ye- =Y )P 'A(Y; - V))

= (W —vepen) = (e -y p) 2p0h - v L0 - 1.0)
)

p 5 p B p—1
—(WS—YSF) —p(m—YsP) v,

+ p (Yo =Y 07 V(H, - H,)?

- (0 vepew,

Hence substituting the last sum in (2.37) by the quantity

5 P 5 P 5 p—1
> |(m - Ys|2+vs) (mm?) p(1% -vp) v
t<s<T

T
e Y 2o ”(A(YS—YS))2+>\p/ (Voo =Y. )2=V|f, — H,|2ds
t

t<s<T
we obtain V ¢t € [0,7] and A € Gy,

T
LAY, - Yt|2p+p<2pf1)/ o (Ve- =Y )P 2 |Zo = ZPds+p Y 1a(Yer =Yoo PO V(AY, - V)2
t

t<s<T
T ~ ~
+ Ap / 1a (Y- — Y, )PV, — H,|?ds
t
= [Yr—Yp|*?

T T
b [ (T Yo P (f(. 60 N < £, 00 ND)ds 2 [ 1a (T =Y, PP (2, 2.) B,
t t

T i ~
— 2 [ St =Y P L) H0)dM.()

leL

~ p - p N p—1
IR [(IY —Ys|2+v;) - (|Ys —YSP) —p(m —YSP) v]
t<s<T
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Using the convexity property of ¢, we prove that the last sum of the right hand side is positive. Therefore
there exists ¢, > 0 such that V¢t € [0, 77,

T
(2.38)  E(1alY; — Yi*)+ E/ 1a4|Ys = YV |2PV(|Z, — Z,|? + N H, — H,|?) ds
t
T ~ ~ ~ . . ~
< o [E/ La (Vs = Yo)P7H(f(5,05, N7) = f(5,05, Ng))ds + E1a Y7 — Yr|*
t
Moreover since <p; > 0 by the same argument, the last sum in (2.37) is positive.

Using the Burkhélder-Davis-Gundy inequality, we find a constant ¢, only depending on p which can change
line to line such that

T
~ ~ 1 ~
E sup I/ D 1a(Yee =Y )P N H() —  Ho(1)dM(1)] < 7E(a swp Vs — Y, [*P)
0<t<T Jt 27 0<s<T
T
+ AGE / S 1a(Ve- = Y-)PPTU(HL() - Ha(1)) ds
toler
T _ _ 1 _
E sup | [ 1a(Ye- =Y ) N(Z, = Z,)dBs| < <E(la sup [V, —Y;|*)
0<t<T J¢ 4 0<s<T

T
+ 5pE/ 14 (Ye- —Y,2 )27V Z, — Z,|2ds
t
Hence using these two inequalities and modifying ¢, if necessary we deduce from (2.37)

(2.39) E(l4 sup |V, —Y.|?) < 5,,{]5(1,4 Y7 — Y7 |?P)
0<s<T

T
4 E/ La [Vo = Yo 20-D(|Z, — Z,]2 + A |, — H|?)ds
0

T
* / 1a |}7S—Y5|2p71(f(s,és,]\7;)—f(s,@S,N;))dS
0

Combining (2.38), (2.39) and using assumptions (H1.1)-(H1.2), we find a constant ¢, ) depending on p and
K satisfying

T
E(1a sup |Y,—Y,?) + E/ 14|V = Y 2P~V (| Z, — Z,|> + X\ |Hs — H,|?) ds
0<s<T 0

IN

T
it |[BOLAITr = Vo) + B [ 14— X 7, = ¥, s
0

T
+ E/ LalYs = Y571 (|Zs — Zs| + |Hs — Hs) ds
0

+ E (/OT Lal(f - f)(s,Gs,Nz)ldsfp}
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so, using standard estimates, we find c(, i ) depending on p, A and K such that

1 T - - .
(2.40) E (14 sup |Y, —Y,|?") + E/ 1a|Ys = YV 2PV(|Z, — Z,|? + M| Hs — H|?) ds
0<s<T

IN

T
Cp,KN) {E(lAIYT = Yr[?) + E/O La (X = X7 + Vs = Yo[?P) ds

T ) 2p
+ E(/ 1A|ff|(579s,N§)d5> }
0

Futhermore V s € [0, T7,

/(Z — 2,)dB, +/ SO(H0) — HD)AMo(1) = (V- Yr) — (¥, — Vi)

leL . ) ) | |
+ / (F(r,®,, i) — f(r,0,, Ni))dr

The Burkhélder-Davis-Gundy inequality gives us a constant a; » depending on p and A such that

p

T
E (/ (|ZSZS|2+|HSHS|2)dr> < %APE sup |V, — Y, |?
0 0<s<T

2p

T ~ ~ . .
+ E(/ |f(T,@r,Nﬁ)—f(T,@r,Ni)W) }
0

Thanks to assumptions (H1.1)-(H1.2), there exists a constant o, k1) depending on p, A and K such that

p

T T
(2.41) E(lA/ (|1Zs — Zs|* + |H, —Hs|2)dr) < apry [E/ 1a(| X — X 4+ |V, — Yi|?)ds
0 0

+ E(/O 1A|(ff)(s,®s,N§)ld8>

T p
+ TPE </ 1A(|ZSZS|2+|HSHS|2)dr> }
0

Hence using (2.36), (2.40) and (2.41), we prove the existence of two constants é(p,K,A) and ﬁ((;)K ») depending
on p, K and A such that for T' < CN'(pﬁKﬁA), we have

p
(242)  E(lx sup [X, — XJ?)+E(14 sup |V, —Y,|?) +E(/ > La(H (1) - Hy(1) ds)
0<s<T 0<s<T el
T _ p
(2.43) + E(/ 1A|ZS—ZS|2ds)
0

IN

BEP)K A) |:1A ('6 §|2P
~ ~ T B
T+ (g — hvg) (R + (/ (1o - a|2<s,Xs,Ys,N;>ds)
0

P

T B 2p
i (/ <|b—b|+|f—f|><s,xs,n,Hs,zs,N;'>ds) )}
0
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For every process (Os)o<s<r and (Oy)o<s<r satisfying (L,) and (L), thanks to theorem 2.3, the iterated
scheme

X+t = g+/ b(r,Xf*l,K",Hf,Zf,Nj)dr—i—/ o(r, X1 Y NdB,
0 0
T _ T T
Yo = b+ [ geert N [ zetas, - [T H a0
S S S IEL

satisfies ||©7 — ©,||gz — 0 as n — oo.

Hence choosing a quartet (X?,Y?, H?, Z?) satisfying (L,) conditions and using Pardoux-Buckdahn [8] we
prove that the process (O7)o<s<r verifies (L,).

Let us prove the existence of a constant 7, x,x) such that for T' < 7, k1) the sequence (OF).c(0,7),neN
satisfies

ey — ®T||B[2({T] — 0 whenever m,n — oo

We assume T < C‘(p,K,,\) and let n € N be fixed. Applying (2.42) to the previous iterated scheme, we obtain

T p
E( sup [X[*2 — XITU?) 4+ E( sup |52"+2—Ys"+1|2”)+E(/ Z(H?”(l)—H?“(l))QdS)
0

0<s<T 0<s<T 2
T p
i E(/ 'Z?”—ZSHIMS) <
0
. T ' ' .
’ <(;)“>E[(/ o, X5 YL ) a<s,X§+l,1@”,N;>|2ds)
o 0

T 2p
(s 2 N o XYL 2 N )
0

and with Schwartz inequality, we deduce

T P
E( sup [X[*"? — X)) +E( sup Iié"”—Ys"“IQ”)JrE(/ Z(H?”(l)—H;’“(l))st)
0<s<T 0<s<T 0 jeL
T p
+ E(/ |Zg+2—zg+1|2ds)
0
2 2 (%) n+1 n)2
< K*®[T?+T p)ﬂ(p’K’/\)E[oigETWS oyl
T p T p
+ </ |Zg+1zg|2ds) + (/ Z(HQH(Z)HQ(Z))?ds) }
0 0

leL
Therefore with a backward induction, there exists a constant 7(, g x) such that the following series

% 35 T P\ 35
(E sup |X:“X2|2’°> ) <E sup le”“n"Pp) +<E</ IZS“ZWS))
0

0<s<T 0<s<T

+ (E(/OTZ(H;‘H(Z)_Hg(l))2d8>p)ﬁ

leL
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converges if T' < v(, i x), which is enough to conclude.
Hence applying (2.35) to the quartet (X, Ys, Hs, Zs) and (0,0,0,0), we obtain

P T p
E sup [X*9U® 4+ E sup YOO 4+ E</ > (HYSD) s> +E(/ |Zg*5*i|2ds>
T 0

0<s<T 0<s< el

p

< %@NE%W+M@W+<Ahwﬁ&NmWQ

T 2p
4(/|mm@mmmnﬂﬂmwn@wa>}
0

and with the help of assumption (H1.3), we find a constant B((;)K AA) such that for every T' < 7, k1),

p T p
E sup |X0§’|2P+E sup |Y051|2p+E(Z(Hg’5’i(l))2ds) + E(/ |Zg’5’i|2ds)
0

0<s<T el

< B B+ €

Using the same method as in [2] theorem 4.5, we extend this result to T' < C'((;f/)\) |

Taking a deterministic initial value, we get the following

~K A

Corollary 2. 4 Vi€ K, p=>1, there exists a constant ¢, depending on K, A\, and p such that for

every T < ol K A), we have
i) For every (t,z) € [0,T] x RY

p
(2.44) E sup [X0 4+ E sup [ybed 4 E</ > (=) )

0<s<T 0<s< el

p
+ E </0 |Z§'z"i|2d5> ﬁ(p,K)\ A) (1+ |$|2p)

ii) For every ((t,x),(t,z')) € ([0,T] x R%)?

(245)  E sup |X0®0 — XU LB sup [YEO -y
0<s<T 0<s<T
p
(/ Z thz thz)(l))d>
leL

T p
" E(A wﬁ”ﬁ““9“> < B lr— PPN ey m

In the sequel to this section, for all ¢+ € K, we consider the following system for the use of Malliavin Calculus.

Vs el0,T)
X, =&+ / b(r, @250 Ni)dr—i—/ o(r,X,,Y,,N))YdB,
0 0

(E) Yo = hys (X559 + /f eof”N%)dr—/TZdB /ZH )dM, (1)

s S leL

T
B [ (X + P+ |HP + |20 dt < oc
0



22 A.B. SOW AND E. PARDOUX

where (£5)o<s<7 is continous and G%— adapted process.
Then we have the following

Theorem 2.6. Assume that (H1) holds. Then Vi € K, there exists a constant C’(*I; N depending on K and

A such that VT < C(*I; NE and for every GO— adapted process (£5)o<s<r such that B sup |&]? < oo, (E¥)
0<s<T

admits a unique solution (Os)o<s<r = (X5, Ys, Hs, Zs)o<s<T in B satisfying
i) (Xs)o<s<r is continuous and (Ys)o<s<r has a cadlag version.

i) E( sup |Xs” + sup Ys[?) <
0<s<T 0<s<
Moreover for every p > 1 there exists two constants CE';’Z-K’/\) < C(*I?,A) and 62;?1()\) depending on p, A and K

such that for every T < C( K and for every GO adapted process (£5)o<s<r such that E sup |&]%F < oo
0<s<T

the unique solution of (E*) satisfies

T p
(2.46) E sup |X; |2p—|—E sup |Y|2p—|—E (/ Z ) + E (/ |Zs|2ds>
0

0<s<T el
< ﬁ(p K,\) (1 + EOEUET |€s|2p)

i) For every quartet (b f,5, h) satisfying (H1) with the same constants K, \ and for every G° adapted

process (Es)o<s<t such that E sup |&]* < oo we have
0<s<T

p
(247)  E sup |Xs — X |*+E sup IYsYsl2p+E</ > )2d5>

0<s<T 0<s<T el
T ~ ~
vE (/0 |1Zs = Zs|2ds> < B n P [ sup [€s — &I + (R, — g ) (X) [P

~ . 2p
+ </ |O'70'| (S X57Y57N1 > < |bb|+|ff|(sa®S;N;)dS) :|
0

where (X,,Ys, Hy, Z,) is the solution of (E*) associated to (l;, f,s, h) with initial values (O,ES, i).

Proof : The proof is the same as in theorem 2.5 with some alterations to the forward equation.
We suppose that the processes (©;) and (O;) are solutions of (E*) and satisfy the (L) conditions.
The process defined by Vs € [0,T], XX = X; — & solves the SDE

X = [0 XY L2 N+ [ o XY, N,
0 0

where the function b* defined by

V(t,z,y,u,2) € 0,T] x RTXx Rx RFIx RY, Vie K bi(t,x,y,u,2) =bi(t, o + &gy, u, 2)
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satisfies assumption (H1). Then using the same technique as in the proof of (2.36), we find a constant
a(p,i) depending on p and K such that

T
E (sup |[X]—XI[") < agr [E/ La(IX: = XIPP + Y, = Y[ )ds
0

0<s<T

+ TPE </T 14|Z — ZS|2ds> +TPE <Z /T 1a(H (1) - Hs(l))2d8>
0 ler”0

2p D

|

Bosw [X- X% < apx B sw |6 -6+ TB( s [X- X4 sup [T Vi)

T T
+ E</ 1A|(6*_b*)(S,X;,E{;,HS,ZS,N;ﬂds) +E</ 1A|(5—0)(8,X3,K,N§)|2d8>
0 0

Using standard computations and modifying o, k), we deduce

0<s<T 0<s<T 0<s<T 0<s<T
T p T p
+ TPE </ > ((H, - HS)(Z))2d5> + TPE </ |Zy — Zs|2ds>
0 leL 0

4 E</OT|Z,b|(s,®S,N;)ds>2p+E</0T|(&o)(s,@s,N§)|2d5>p]

Similarly to the proof of theorem 2.5, we find for any i € K a constant C’(*;K ") such that for T' < C(p_K NE
inequality (2.47) holds.
Therefore for an i € I fixed, applying this inequality with p = 1 to the following iterated procedure
Vs e[0,T],
Xrtt =g, +/ b(r, Xf*l,}g”,Hf,Zf,N:)dr+/ o(r, X1, Y N})dB,
0 0

T T T
Yot = hys (XEY) + / f(r,Or Y N¥)dr — / Z'1dB, — / > HM(1)AM,(1)
S S S leL
we prove existence and uniqueness of solution to (E*) in a small time duration. Similarly to theorem 2.5,
we show the two last inequalities.

2.2. The case of smooth coefficients. In what follows we reinforce our assumptions on the deterministic
coefficients of the problem (E%®) in order to establish some differentiability properties of the map 6 defined

in corollary 2.2.

2.2.1. Regularity of ©. We introduce D : L?(Q2) — L%(Q x [0, 7], R%) the Malliavin derivative operator with
respect to the Brownian motion and the following space

T
D'2 = (¢ € () | E(]) + B / DL€ dr < o0}

For a differentiable function in R9 g, g, stand for its partial derivative with respect to .
We say that the coefficients b, f, o and h satisfy assumption (H2) if

(H2.1) (H1.3) holds.
(H2.2) All the functions are twice continously differentiable with respect to z,y,u and z.
(H2.2) All the functions and their derivatives up to order two are K Lipschitz with respect to z,y,u and z.

We claim the following
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Theorem 2.7. Assume that (H2) holds. Then for all i € K there exists a constant C’(K)\ such that
VT < C(*}; V(&) €[0,T] x R? the process (OL%"),<s<1 solution of (E%®) satisfies

’L) Vse [t,T], Xizz c (Dl,Z)d7 Yst,x,i c D1’2, H;”I’i c (D1,2)k717 Z;,m,i c (D1’2)d

i) YV r e [0, TI\(t,s], D, Xt*t =D, YH® = D, H® = D, Z5% =0

ii) ¥ j € {1,...,d}, the process (DIOL*), o< £ (DIXL®1 DIYE®t DIHY®E DI ZE®Y), o7 is the unique
solution of the problem

DXy =0 (r, X,,Y;, Nb) + /Bt“(u DiX,,DiY,,, DiH,, DiZ,, N")du
+ / »h©i(u, DIX,, DIY,, NYdB,

T T
DZYS:Ht'“(DjXT,N“)f/ Ft=””*i(u,DZXU,D{YU,DZHU,D{Zu,NZ"i)du—/ D!Z,dB,

/ZDJH YdM, (1)

S leL

T
B [ (DIX,P + DIV + (DI + D)2, )du < oc

where the functions Bb®i Stei Fasi gnd 142 gre defined by
VY (r,Z,v,w,q) € [0,7] x R x R x RF1 x R4

BYS(r v, w,q, NE) = 0, O NE)E 4B (r, 057, NEYo 4 b, (r, 04, NIy + W, (r, 0651, Ni)g
FU(r, 3,0, 0,0, NE) = f1(r, O50, NE)E + £ (r, 067, NP+ fo(r, 00, Nithw + f1(r, 0077, Nii)g
BP0, NPT = ol XETL Y NEE 4 ol (r, X0 Y, N
thz( Nt 1) — h (X%Z,Z’N;l)i_

and o9 is the j*" column of the matriz o.

i)V j=1,..,d, the process {DIY}%? s [t,T|} is a version of {(ZL®%)I ¢t <s<T}.

Proof : Let i € I be fixed. Thanks to theorem 2.5, there exists a constant C’;’(BA such that for T' < C’;’(BA
the sequence (we omit the superscript 7% for a sake of simplicity) defined by

VseltT]
Xt = z+/ b(r, Xf+1,}q",Hf,Zf,Nﬁvi)dr+/ o(r, XY, NP B,
t

T 7
YS"H:hN%(X;“H/ f(r,@?“,Nf’i)dr—/ Z dB, 7/ > HMAM,(1)
S S S leL

satisfies

2
sup [E sup |X”|4—|—E sup |X”|4+E(/ |Z”|2ds) —|—E(/ Z (H( ) ] 00

neN t<s<T t el
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and

T 2
(248) E sup |X;"—X;’|4 + E sup |Y;"—Y;"|4+E(/ |Z;"—Zg|2ds)
¢

t<s<T t<s<T

T 2
+ E(/ Z(H;”(l) — H™(1)? dS) — 0 whenever n, m — oo.
t Jer

For n € N, we consider the following property (Py)
Vselt,T], XP e (DY), Y e DY?, HP e L*([t,T],(DV?)F1), ZI e L*([t, 7], (D"?)9)
There exists a version of (D,07) = (D, X", D, Y, D,H, D, Z")o<r<7, t<s<T Such that

(Pn) : - {

T 2
E sup (|DTX§|2+|DTYS”|2)+E</ Z|DTH§(Z)|2ds)
0<r<T t

t<s<T €L

T 2
+ E(/ |DTZQ|2ds> } < 00
t

Using Pardoux-Pradeilles-Rao [9], proposition 3.1, we prove (P,) => (Pp+1). Therefore choosing a quartet
(X9 Y9 HO Z9) satisfying (Pp) then V n € N, (P,) holds. Moreover,

Vrel0,T](ts], D,X=0;D,Y'=0;D.H)=0;D,.Z} =0.

and ¥V r € [t,T], (D,0L*" 1), -7 is solution of the system, V j = 1,...,d

Dixntt = J(j)(r,Xﬂ“,YT”,N,f’i)Jr/ B (u, DIXH, DIY,, DIH}, DI Z}} N2 du
+ / Yy, DIXTT DIV NEYdB,
" T T
DIyt = H"”'(DgX;*l,N;’i)—/ F”’%u,Di@Z“,Ni*i)du—/ DIz"aB,
T S S
- /ZDZH{}“(Z)dMu(Z)
S leL

where for n € N, B¢ F™i 3" and H™" are defined by V (r,%,v,w,q) € [0,T] x R, xR x RF~1 x R4

B™(r, &, v,w,q, NP b (r, XL Y HY Z0 NEOE + B, (r, XL Y HEY Z) NP o

+ O XY HE ZE NP Yw + b (r, XY HE Z) N g

Fn,i(r, IE; v,w,q, N:l) = f;(?‘, @:}Jrl’ N:l):i. + f;(ra @:‘%‘rl, N,t"i)?} + f;(?‘, @?+1, Ni,z)w + f;(r, @:}Jrl, N:Z)q
En,i(nf,v,Nﬁi) — U/z(r, Xerl,YT",NTt"i):E + J;(T7 X;lJrl,YTn,N,f’i)v
HUENE) = WG NG

Noting that the functions B™ F™ ™% and H™" are K— Lipschitz with respect to (r,%,v,w, q), thanks
i3

to theorem 2.6, there exists two constants which we note again C'( )

and BéK,A) such that for
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T<Ciy YreltTl,

T 2
E sup [DIX"M* 4+ E sup |DZY;"+1|4+E(/ Z(DZH:Jrl(l))st)

r<s<T r<s<T T el

T 2
+ E</ IDiZ§*1|2d5> < Bik [E sup o (r, X+ Y, NE |4
T r<s<T

T 2
+ E(/ |E"”'(u,0,DZYJ,N£’i)—E"’i(u,O,O,Ni’i)|2du>

r=u?

T 4
+ E(/ |B™"(u,0, DIV, DIH™, DI Z" NL*) — B"’i(u,0,0,0,0,Ni’iMdu) }
Using the Lipschitz property of the coefficients and (H1.3), we deduce ¥ r € [¢, T

2 T 2
E sup [DIX"* + E sup |DJY"+14+E</ > (DIHIF(1) ds> +E</ |Dggzg+1|2ds>

r<s<T r<s<T el

IN

Bix .z [A4 + K*T?’E sup |DIY|*
r<s<T

2 T 2
+ K'T?(E sup |DIYM*+E (DIH™(1))%ds ) +E DI z™2%ds
p T S T S

rs<T T leL

Hence applying an induction and modifying CE’K ») We show that for T' < CE; )

2
sup E sup |[DIX"*+ sup E sup |DIY|? +  sup E</ Z (DIH™(1 >
0<r<T r<s<T 0<r<T r<s<T 0<r<T T Il

2
+ sup E(/ |DIZ"| ds)
0<r<T r

the following series

converges. Which implies for T < "2

(KA
2
sup | sup E sup |[DIX"*+ sup E sup |[DIY* +  sup E</ ZDJH” )
neN [ 0<r<T r<s<T 0<r<T r<s<T 0<r<T r

leL

2
+  sup E(/ |D£Z;‘|2ds) } < 00
o<r<T r
Similarly since the derivatives of functions are K-Lipschitz and (2.48) holds, we deduce using again theorem

2.6, for all T < C% %3

(KN (modifying C(K a if necessary)

sup E sup |[DIX!—-DIX™* + sup E sup DIV - Diy™*

0<r<T r<s<T 0<r<T r<s<T
2
sup E(/ > (DIH( DiH;”(l))%s)
OsrsT T oler

2

T
+  sup E</ |D£Z;‘D£Z;"|2ds) — 0 whenever m,n — oo
0<r<T r

Hence we deduce 1), ii) and iii).
Futhermore iv) is proved using Proposition 3.1 of Pardoux-Pradeilles-Rao [9]. B

Elsewhere since the functions B®¢ Ft®i ¥4 and H® are K —Lipschitz with respect to Z,v,w,q, the
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following result which can be proved analogously to theorem 2.3.

Theorem 2.8. Assume that (H2) holds and let i € K. Then ¥ T < C{2\), ¥ (t,2) € [0,T] x R,
vV je{l,..,d}, the system

Vselt,T]
an;f’I’i:equ/ BE® (u, 8qu,8qu,8jHu,8qu,Nt=i)du+/ N (4, 37 X, 07Y,, NEDYAB,
t t
T
QYL = Wb (9T X, NG /F““uaJX MYy, 0" H,, & Z,, NEYdu /aﬂz dB,
/ > O Hy(1)dM,(1)

leL

T
E/ (09 X2 + Y2 + 09 Ho2 + |0 Zo2)dut < o0
t

admits a unique solution (0OL™),cscr £ (0XH® OYE OHL® 0758, < <1 where e; is the j' vector
of the canonical basis of R®.
From uniqueness of solutions of this system we deduce the following

Corollary 2.5. Assume that (H2) holds. Leti € K and T < C{i2\ . Then ¥ (t,2) € [0,T] x R4,
Vi<r<s<T, we have

DTXz,z,i _ (aXz,z,i)(aXt,z,z 1o(r thz Yt:“ N“)
DTYSt,z,i _ (aYSt,z,i)(aXtmz) 10( thz th N“)
DTH?“ _ (aHz,z,i)(athz) Lol Xt,z,z th Nt,z)
DTZ;‘:,z,i _ (azt,z,z)(aX:,z,i) 1o(r thz th Ntz)

If his a function of 2 € R?, for p € R — {0}, let

- 1 -

AJf(w) = = (b + peg) — hi@)), 1< <d

A

Proposition 2.1. Assume (H2) holds and i € K be fized. For T < C(;?)A),( z) € [0,T] x R% we consider

the processes (©L* )(t<é<T) and (00L"") 1<s<1) extended on [0,T] as in corollary 2.3.
ThenVp>1,Vj=1,..d,

i) There exists a constant 7((;3(7” depending on p, K and A\ such that ¥V (t,z) € [0,T] x R?

(2.49) E sup (|AJXOTPP 4 07 X0TPP) + B sup (JAJYSPP 4 97V ST PP)
0<s<T 0<s<T
p
+ E <Z/ (|AJHD™ 2 4 |07 HE™ )(l)ds)
leL

p
T, j x,1 il
+ E(/O (1A7Zg 2+I8JZ;5~|2>ds> <Yk
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ii) There exists a constant 7((;?;(7)\) depending on p, K and X such that ¥V (t,x,p) € [0,T] x R% x R*

(2.50) E sup [AJXD™T — XD+ E sup |[AJYH— 9Ty
0<s<T 0<s<T
p
+ <Z/ A]Htxz 8thzz)( )) )
leL

p

T
j x,t j x,t @2
+ E</O |AT zbait — izt |2d5> < A ol

iti) There exists two constants 7((;?;()\) depending on p, K, \ and 7((;%;(7)\’1\) depending on p, K, X and A

such that ¥ ((t,z), (t',2')) € ([0,T] x R%)?

(251) E sup |[07XL% — XU 4L E sup |97YDS— §iyE P
0<s<T 0<s<T
p
+ (Z/ (&7 HE™ — 8jH§”I”i)(l))2ds>
leL

+

P
j i j ot a0 i3 i4
B </0 72" =072 |2d5> < 7((p,;<,A) o — ' + 7((p,;<,A) jt =t

Proof : Let it € L and T' < C((;?)/\)

We consider the following functions defined for all (r, &, v,w, q) € [0,7] x R? x R x R¥~1 x R% by

1
B4®P(r, &, 0,w,q, NJ*) - = <b (Cra™)T + by (Crar v + 0, (G Jw + bé(Cﬁ,’i”’)tz) do

I

1
<o (Eo)E + o'y(éﬁ:zi*)v) do

Fooo(r 0w, g N9 = [ (SR 1 FL(CER)0 + FUCE 0 + ﬁ:%q) da
Et,m,p(rai'vvaﬁ,i> =

HYT(E Np') - =

J
J
J
J

(h’(X%"“ +apAd XL, N;i)f) do
X,

where Ci:ﬁvﬁ — ( —l—aijXtIZ Y, +aijytzz H, —l—apAJHt“ Z, +apAJZtCEl Ntz)
@E:gﬂ — (T,Xr+OZPA%X£’Z’Z.,YTJrOszi;YTt’m’i,Nf’i)

Note that for all (t,x,p,i) € [0,T] x R x R* x K, V¥ j = 1,...,d, the quartet of processes
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(ALOL™) o< yery & (AL XEmE ATYEmE NI HE® NI Z15) (o ) is solution of the system

M= /0 Lo, (r) B2 (r, A Xy, AJYr, A Hy, A Z, N )
+ / 1g,m (r)Sh@P (r, A{)XT, A{)YT, Nﬁ’i)dBT
0

T T
AJP'Y;»W':HtvmvP(A%XT,N%’Z)qL/ l[t,T](r)Ft’z’p(r,AzXT,Af;YT,Af;HT,Af;ZT,Nﬁ’i)drf/ A Z,dB,

- /T > ALH,(1)dM,(1)

S leL

T
1 2 j 2 1 2 j 2
E/O (A3 X, 2+ [ ALY, 2 + |ALH, P + |Ad Z,[B)dr < oo

and the two quartets of functions (1p, 7y(r)B>™?, 1iy 1)(r)F"% P, 1y (r)S5%P, H5P) and

(Btei et yitet  teid) gatisfy assumption (H2), then applying (2.34) to the associated solutions, we
easily deduce (2.49).

Futhermore using once again theorem 2.5, we obtain Vp > 1,

E sup |A;X§zZ — 8jX£’z’i|2p+E sup |A£Yst’m’i78ijt’m’i|2p
0<s<T 0<s<T
T p
+ E<Z / ((A{,H?””*iajH§=””=i)(l)2ds>
1er ”0
T p )
o </0 |AT Zo™" — 3JZ§’”|2dS> = BE;),K,» [EKH‘“Z”J — H"N (07 X, NP
T ) ) ) ) p
+ E(/ |Et*””*’3—Et*””*z|2(s,ans,c’)JYs,Ns“)ds>
t
T ) ) ) _ ) _ ) 2p
+ E</ (|Bt=””"th"“|+|Ft’“’Ft"”“|)(s,8JXS,8JYS,8JHS,8JZS,N§”)ds> }
t

Since Vi € KC, h/(-,4) is K-Lipschitz, there exists a constant ¢, depending on p such that

2p

1
(R — M2 Xp, NE)?P = aﬂ'XT( / (W (Xr + apA} Xy, N&') h’(XT,N;Z>>da>
0

cp K| (|1A) X7 |07 X )

IN
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Using the same argument in the two last integrals, we prove the existence of a constant 7((;) KN depending

on p, A and K satisfying

E sup |A%X§"“ — 8jX§’I’i|2p+E sup |A%Y;’I’i78jY;’z’i|2p
0<s<T 0<s<T
T p
+ E<Z / ((AiH?”8jH§’””’i)(l)2ds>
1er /0

T P . . .
+ E( / |A;Z§W—aﬂzz@ﬂ|2ds> <A |p|2p[E<|A;XT||aJXT|>2p

2p

T

n E( / (ALXP + AT 2) (0 X, + |am|2>ds)
T . . B B

n E(/ (ALXL] + ALY + |ALHL| + AT Z)

2p
x (|07 X,| +|07Y,| + |07 Hy| + |8st|)ds> }

Whence thanks to standard estimates and inequality (2.34), we deduce (2.50).
Using once again theorem 2.5, we have V ((¢,z), (t,2')) € ([0,T] x R)? Vji=1,...,d

E sup [07X!" — 9IXITHP LB sup |07V - gyl
0<s<T 0<s<T
T p
+ E<Z / ((aﬂ’Hg»w»iaJ’H;’@/ai)(Z)?ds>
1eL Vo

T P
i tx,i i ot 2’ 82 (7)
+ E (/o |07 ZL™r — 91 ZL ™ ds) < By ren [|t —t'|P
©OB(XE - X509 X
T P
n E( [ xte = e v )0 x e+ |ansfvf|2>ds>
t/
T / !’ !’ / / !’ !’ !’
B[ - X e v - B |2 - 2
t/
B B B B 2p
(X 4 IV 1|09 HE®| 1 |aﬂzsz|>ds) ]

(i3)
(p, K, A)

~(i4)

Thanks to standard estimates and corollary 2.3, we find two constants ~y and Vip. K AA) satisfying

(2.51). m

Corollary 2.6. Assume that (H2) holds and let i € K be fized. Then for every T < C'((;?_)A), the map 0
is twice differentiable with respect to x and for 7 = 1,...,d, the functions 0, (E?Tej)j and (ﬁ%%)m,j are

continuous on [0,T] x R

Proof : Let i e K, T' < C'((;?)A) and (t,z) € [0,T] x R%. Inequality (2.28) implies 6 is Lipschitz continuous

with respect to z and we easily deduce from (2.50)

V] =1,.., d R hmo Agy;t@ﬂ' — a‘jY;t’I’i
p—>
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hence 6(t,-, 1) is differentiable with respect to x and its partial derivatives are defined by

Vji=1,..d, a—xj(t,z,z):[?JYtt' ’

Moreover using (2.51), we deduce %(t, i) = 07Y,""" is continuous and 7;(:2 ,, Lipschitz.
J ) )

With assumptions (H2), applying the same method as [3], corollary 5.4 to the derivatives of the functions,
we can prove that for T' < é((;?)x) andVj=1,...4d, % is continuously differentiable with respect to =. Bl
) J

Corollary 2.7. Leti € K and T < C*g;fg). Then ¥ (t,z) € [0,T] x RY, Vt<s<T,

Zp™t =V Oy (s, X0") Gy (s, X0™7)

with &y (s, X0™) = o (5, X050, 015(s, XD5).

Proof : It is an obvious consequence or Corollary 2.5 and Theorem 2.7 B
We are now in position to prove our main result.

2.2.2. Solution of a parabolic system of PDFEs. In this section we are interested to the system of PDEs (&)
and we need to specify the Lipschitz constant of o and h.

We say that the coefficients b, o, f and h satisfy assumption (H3) if (H2) holds with k as Lipschitz constant
of o and h and moreover the following non degeneracy condition is satisfy

(H3.1) 36 >0 such that Vi € K, Vv e R, V (t,2,9) € [0,T] x R xR, <wv,a;(t,z,y)v> >6 |v]>
Let us recall that

(2.52) 0(t,x)=(0(t,x,1),0(t,x,2),...,0(t,z, k) ), (t,z) € [0,T] x R?

We claim the following

Proposition 2.2. Assume (H3) is in force. Then there exists a constant CN'((?() x) such that forallT < CN'((?() N
the map 6 € CL2([0,T] x RE, RF) and is solution to (£).

Moreover there exists some constants C (depending on A and T) and T (depending on A, k,6,d and T') such
that

(2.53) sup 0(t,z)] < C
(t,2)€[0,T]xR4
(2.54) sup |V.0(t,x)] < T.

(t,z)€[0,T)x R4
Proof : Let us define ¢ 2)

(KA = Miliex C'((;?)A) and we assume that T < C'((K s+ For some ¢ € [0,T] we have
Vselt,T]and i € K,

O(s,x,i) — O(t, i) = O(s,2,4) — O(s, X0 NEDY 4+ 0(s, X0 NEDY — 0(t, 2, 1)
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Applying 1td’s formula to the function (s, -, -), and putting (s, x,i) = 6;(s,x) we obtain V s € [t,T],
Onei(, X0 = 0i(s,2) + / 00 (5, X0) blr, OL, N2
t
+ / Vil yei(s, Xp) o(r, X, Y, Nt dB,
t

1/ . Z_
+ 5/ Tr(aizﬁNﬁ,i(s,XT))(oo )(r, X, Yy, NP dr

t
+ / Z |:(9Nt'i +1 7 91\/“)(5,)@@’1‘)} dNx(1)
toer " "
Futhermore we have V s € [t, T,
Oyei (8, X070 = Gilt,a) = Yooi -yl
= - / f(r,©8% N dr + / Zb1dB, + / > HE(1) dM,(1)
t t toer
Hence we deduce V s € [t, T
571 )
0i(s,x) — bi(t,x) = —/t [5 Tr(92, Oyt (s, Xr)) (o a™)(r, X, Y, N9

+ Vil (5, X,.) b(r, 0L NE)

+  f(r,0h NEY) 4 /\Z <(9Nt,i+l —Opei)(s, X;i%ﬂ)]dr

leL

+ / (Z,,t"z’i — VIQNV (S,X'r) U(Ta XT’K‘)N':J))dBT
t

b 0 - O 0o 20 | avt )
t s ks

€L
So, counsidering a subdivision t =ty < t1 < ... < t, =T of [t,T], we deduce

n—1

0T, x) — 0i(t,x) = Y 0i(tji1,2) — 0ilt), )
j=0

tj+l 1 ; . . .

/ [5 Tr(@2, 0,1y (t1o0, X)) (0 0%) (r, X1, Y1000, NET)
t. T

Vel (ten, X2 b(r, O, N2)

N7+l

+ f(?“, @ij’m’i, N;Ej’i) + )\Z(g tiio — Gth,i)(th, Xﬁj’l’i)] dr
leL ks T

n

—1 [t . . .
+ Z /t (vaN:j,i(r, X)) — vmeN:j’i(tj-i-l;Xr) )0’(7‘, Xﬁjym,z’y;tj,x,z’NTtg,z)dBT
=0 j

j=
n—1 tit1 . .

+ Z/t Z |:(9Ntf’i+l N eNfJ’i)(T’ Xt — (eNtJ’iJrl B eNtJ’i)(tj-‘rlaXﬁj’I’Z) dM,.(1)
= J leL T T r r

Since for i € K, (X2*")o<i<r0<s<Toera is continuous and (Y"%)gcicro<s<raere is a cadlag process,
hence choosing a subdivision {tf,t7,...,t" }nen of [¢t,T] such that ’nll—)II;o sup (tjy; —t7) =0, we obtain
0<j<n—1
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from corollary 2.2 and corollary 2.7

T
O(t,x,i) = hi(z) —|—/t (Liei(r, x) + filr,x,0(r, ), Vob;(r, )0 (r, z, 0;(r, x)))dr

This is enough to conclude that € is solution of (£). Consequently considering each line of the system of
PDEs (£) we note that Vi € K, (-, -,4) solves the parabolic quasilinear equations

V (t,z) € [0,T] x R,
&) S 2(t,x) + LV att,z) + Ozt @), Ve alt, 2)os(t, 2, @(t,x))) = 0
(T, x) = hi(z)
where Bgl) and fi(l) are define by V (¢,7,y,2) € [0,T] x R¢ x R x R?
TV 2y, 2) = Filt, 2, 01(t, ), 02(t, ), oory Oi1 (£, 2), 4, O (£, ), .o O (E, ), 2)
0 (t, 2.y, 2) = bilt, 2,01 (8, 2), 02(t, 2), s 031 (£,2), y, Oi1 (1, 2), .o, O (1, ), 2)

and LZ(-I) is defined from L* substituting b; by Bgl). Using theorem 7.1, chapter VII of Ladyzenskaja et al. [4]
théoréme 7.1, under assumptions (H3) the quasilinear parabolic PDEs (£) have a unique bounded solution
@ € C%(]0,T] x R% R) with bounded derivatives. Therefore Vi € K,

2 26,
Vii,me{l,..,d}> ng and angm are bounded on RY.
Let us prove (2.53) and (2.54). For i € K, we define for (t,z) € [0,7] x R?
Bi(t,x) = B(t,z,i) = bi(t,z,0(t,x), V.0i(t,z)o:(t, x,0;(t, z)))
Yit,x) = X(t,x,i) =0t x,0:(t,x))

Let i € K and ¢ be a G;—measurable random vector with finite second moment. We consider X%¢? the
diffusion process defined by V s € [t, T,

Xﬁ’f’i:§+/ B(r,XT,Nﬁ»i)dH/ X(r, X, NP dB,
t t

and the following processes V s € [t, T,

YIS = 00i(s, X05T) 5 Z050 = VaOyui(s, X057 oy (s, X081, Y0
VieL, H}%() = Oty = eNﬁf)(SaXﬁ’g’i)
Since Oy € C12([0,T] x R%, R), 1to’s formula yields for all s € [t,T7,
_ . T 9 . T . _
Orei (5, X089 = O (T, X757) — / o0 (n Xp80) dr — / Vo Oyei (r, Xp) B(r, X,, NE)dr

T
- / vz eNf’i(Ta XT)E(T’ XT’N£7i) dBT

- l/T Tr(97, 0y (r, X)) (B X%) (r, X, NP dr

[ S [0y -t xe awao

leL
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Which implies V s € [t, T

T _ _
Oei (8, X09) = 0,0 (T, X75) = / {%GW(T,X&'E@) + LN O (1, Xf_’f”)} dr
T _ T _
- / 27t B, _/ b [(GN“H_ON“)(Tva"E’z)] dN(1)
® 5 leL " "
Hence using (£) we deduce , Vs € [t,T]
yhét = hN;,i(XTv“H/ (fNﬁ,i(r,Xr,H(r,Xr),ZT) + A Hﬁvfﬂ(Z))dr f/ ZH41 4B,
° leL s
T .
- [ mewane
5 leL

Therefore the Gs-progressively measurable quartet of processes (ngﬁvi, Y;t’g’i, Hﬁ’f’i, Zﬁ’f’i)(tgng) with values
in R x R x RF"1 x R solves the FBSDE with transmutation associated to f,b, o, h.

For some a € R, applying 1t6’s formula for discontinuous processes to the semimartingale (e%*|Y;|?)i<s<7,
we obtain V s € [t,T]

T T
eas|yv8|2+/ ear|ZT|2 dr + )\/ €aT|HT|2d7“+ Z ear(Ay;)Q §€GT|YT|2
s s s<r<T

T T
— a/ e‘"|YT|2d7’+2/ earYTf(r,Gr,Nf’i)dr

T T
- 2/ Y, Z,dB, —2/ > ™Y, Ho(1)dM, (1)

S leL

Using assumption (H1.3), we deduce V s € [t, T

T T T
e‘”|YS|2+/ e\ Zu2dr + )\/ e‘"|HT|2dr§eaT|YT|2+/ TIA + (A — )|V 2] dr

T T
- 2/ e Y, Z,dB, 72/ > e Y, Ho(1)dM, (1)

S leL

Choosing a = A and taking the conditional expectation given G;, for such i € K we find a constant C;, only
depending on A and 7', such that

v (t,l‘) € [OvT] X Rd |91(t,1'>| < Cz

Using the same argument as in Delarue [3], lemma 2.1, we prove the existence of a constant I'; only depending
on C;, k, 6, A and d such that

Y (t,x) €0, T] xR |V, 0;(t,z)] < T

We have established the proposition with C' = max Ci;and I' =

1=1,...,

max I'; A
i=1,....k
In what follows we build a regular solution of the system of PDEs (£) whatever the time duration T' may
be.

Let v = C’((IQ()V)\) , m= E(%) + 1 and the partition (¢;)o<;j<m of [0,T] defined by

tOZO, VjZl, thT—(m—j)’y
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Corollary 2.8. Assume that (H3) holds. Then VT > 0 the system of PDEs (£) admits a unique solution
U and there exists two constants C' (depending on A and T') and T' (depending on A, k,d,d and T') such that

(2.55) sup la(t,z)] < C
(t,z)€[0,T)x R4

(2.56) sup |Vea(t,z)] < T
(t,z)€[0,T]xR4

Proof : Using proposition 2.2, we build @ : [T — v, T] x R? — RF solution of the system

V(t,r) € [T —~,T] xR, Viek

&) 65‘; (t,2) + Liui(t,x) + filt,z,u(t,x), Vo ui(t, z)oi(t, z,ui(t,z))) =0
u;i (T, x) = hi(x)

and there exists two constants C (depending on A and T ) and r (depending on A, I;:, 0,d and T ) such that

sup la(t,z)] < C  and sup |V a(t,z)| <T
(t,2)€[0,T)xR4 (t,z)€l0,T]x R

Moreover the first and second derivatives of @ with respect to z are Lipschitz and the function a(T —~,-) is
I" Lipschitz.
Considering the system

V(t,x) € [T —2v,T -] xR%, Viek

&) ég;i (t, ) + Liui(t,x) + fi(t,z,u(t,z), Vo ui(t,x)o;(t, z,u;(t,x))) =0
wi(Tyx) = @(T —v,x)
we can build another solution satisfying the same properties as u with two constants which we note again C
and I
Therefore we can extend @ on [T — 2v,T], so by induction we construct a bounded solution of (£) whose
gradient is uniformly bounded on [0, 7] x R<.

For the proof of uniqueness we consider v another solution of (£) satisfying (2.55) and (2.56) .
We associate to v a family of solutions (X2"%"); ) c0,r)xre of the SDE

S S
X;J,t,:n,i = ZL'+/ 1_7(7"7 XT;U(T7 X’l“)’ (VIUU)(Tv X’l“;}/’l“aNf‘yi)?N':.’i)dr+/ U(T7 XT’U(T7 XT’Nf‘yi)’N':.’i) dBT
t t
Considering the processes
Vselt,T], Yoboi= va,,i(s,X;J’t’I’i) /AL v va,,i(s,X;J’t’I’i) o i (8, X Obmt y vty
VieL, H™Y ) = (Upti 4 — th,i)(s,X;”t’I’i)
we deduce thanks to It6’s formula,

T
Vse[ET], YU = hye(Xp0T) + / Fr, Xpbot Ypbet gubet, zoted Nbidy
s

T T
— /Z:vtw'dBr—/ > HP 1) dM,(1)

S S ZEL
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Therefore the quartet (X20%¢ Y,v:6@i ffutei 7u.te.) golves the FBSDE with transmutation process (E©%)
with initial values t, z,i. Hence thanks to Theorem 2.1 we have

V(t,z) e [T —~,T]) a(t,x) =v(t,x)

Then using again an induction we prove @ = v sur [0,7] x R%. B

Comment: The previous corollary gives us a regular solution of our non degenerate system of quasilinear
parabolic PDEs whose gradient is uniformly bounded by a quantity which is independent of the Lipschitz
constant of the drifts of the FBSDE (E®¢).

Thanks to this result, we have a control on the Lipschitz constant of 6;, i € K. Indeed 6; plays the role of
h; in the latter application of theorem 2.1 on a appriopriate subdivision of [0, 7] in order to extended the
solution in small time duration to a global one. This is what we do in the next section.

3. GLOBAL SOLUTION OF THE SYSTEM OF FBSDE

In order to extend the local solution of the FBSDE, we remove regularity required in the previous section
and assume that the coeflicients satisfy the following assumptions (H4):

(H4.1) b and f satisfy (H1).

(H4.2) o and h satisfy (H1.3) and there exists a constant k > 0 such that
Viek, Ytel[0,T], V ((z,y),(2,y)) € (R? x R)?
joi(t,2,y) —oi(t, 2",y )P < B (lx =2/ + |y — o)
|hi(@) = hi(a)] < klz — 2|
(H4.3) The function o satisfies (H3.1).

We have the following

Proposition 3.1. Assume that (H4) hold and T < C'((? - Then there exists a sequence of bounded C'*°

functions (5(”), f) g h(”))neN with bounded derivatives of every order such that

Moreover if (Xbrot yimei gtnei ztneiy, . stands for the solution of (E%®) associated to
(b, ) o) R the map 0,, defined by

0,:[0,T]xR{xK — R
(t0,0) — v
also defines a function 0, : [0,T] x R* — R solution of the system of PDEs
V(t,r) €[0,T] xR Viek
aui

(3.1) =7 (@) + Liui(t, @) + F7 (o, ult,0), Vo wilt, 2)o " (1,2, uit, 7)) = 0

ui(T,2) = b (a)
satisfying V. n € N,

(3.2) sup |0n(t, )]
(t,z)€[0, TIxR4

(3.3) sup [V On(t, )|
(t,z)€[0,T)x R4

A
(@}

A
[
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Moreover
(3.4) 0, — 0 as n — 400

where 0 is the map defined in Corollary 2.2.

Proof : There exists a regularization sequence of bounded C'*° functions (5("),f("),o("),h("))n€N with
bounded derivatives such that for every n € N, the quartet (b, f(") (") h(") satisfies (H4) with the
constants K + 4A, k, 2A and g (we refer to [3], proposition 2.2).

Moreover since (b, (") o™ h(")) satisfy also (H3), by virtue of Proposition 2.2, there exist two constants
still noted C and I and not depending on n, such that for all n € N, the map 6,, is a solution of (3.1) which
satisfies (3.2) and (3.3).

Futhermore applying Theorem 2.2 to the two quartets of functions (b, f), (™) h(™) and (b, f, 0, h), we
deduce from the Lebesgue dominated convergence theorem that 6, — 6 asn — +oo. |

Let K = max (k,A,T), ~ = CN'((?() Nt For any arbitrary T > 0, let m = E(%) + 1 and consider the

subdivision (¢;)o<j<m of [0,T] defined by
to=0, Vj=1, t;=T—(m—j)y

Proposition 3.2. Assume that (H4) holds. Then ¥ T > 0, there exists a map 0 : [0,T] x R x K — R
satisfying

i) Y (t,z,i) € [0,T] xR x K, |0(t,z,i)] < C
i) V(1) €0, T) x K, ¥ (z,2') € RN |0(t,2,0) — 0(t,a',i)| < T |o— 2|
iii) Ve e R4, Vie K, 0(T,x,i) = hi(x)

w)V je0,..,m—1 Vtelttiy], Vielk, forevery Gi—measurable random vector & with finite
second moment, the problem

Vse [ta thrl]v

X, :§+/ b(r, ®£j),Nﬁ’i)dr+/ o(r,X,,Y,, N*)dB,
t t

. ti+1 ) ) ti+1 ti+1
Y =0(tj41, Xeyp0, N +/ f(r,09) Nt dr —/ Z,.dB, —/ > H.(1)dM,(1)
S S S lEL

has a unique solution oY) = (Xs(j), Ys(j), Hs(j), Z§j))t§53tw n B[Qt,tHl] such that ¥ s € [t,tj41],
(3.5) YW = 6(s, X9, NE)
VieL, H9() = 0(s, X9, N’ +1) — 0(s, X, N"")
29 = Va0(s, XP, N o(s, XY, N

Proof : We build 0 by a backward induction.
V't € [tm-1,T], thanks to Theorem 2.1, Vi € K, the problem
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VseltT],
XS:§+/ b(r, egm*1>,N,€vi)dr+/ o(r,X,,Y,, N*)dB,

(3.8) t - ¢ - T
YS:hN;,i(XT)nL/S f(r, ®§m*1),Nﬁ=Z)dr7/s ZTdBT—/ > H,(1)dM,(1)

S leL
has a unique solution (@gm_m)tmflgng = (Xs(m_1)7Ys(m_1)7Hs(m_l)vzs(m_l))tm—lgSST in B[th,l 7y and
applying Corollary 2.2, the map 6 defined by
0:[tm-1,T]xRIxK — R
(t,x,i) — Ytt’z’i

satisfies the following equalities for all ¢ € [t,,—1,T],

0T, x,i) = hy(x)
Vselt T, YimD = 6(s, X" D N
VieL, H{™ V(@) = 0(s, X", NI 1) — 6(s, Xm0, NI

Futhermore using the previous Proposition, the map
O [tm-1,T] xREXK — R
(t, z, ’L) . }/tt.,n,x,i
defines a function 6,, € C*2([t,,—1,T] x R?, RF¥), a solution of (3.1) which satisfies
sup 0. (t, )| < C,
(t,z)E[tm—1,T]xR4

sup Vi On(t,z)] < T.
(tvm)e[tnL—hT] xRa

Let n — 400, we deduce easily i) and ii). Therefore the proposition holds on [t,,—1,T].
Vit € [tmog,tm-1],V ¢ € K, using once again theorem 2.1, for every G;—measurable random vector £ with
finite second moment, the problem

Vse [t, tm—l];
S S

X, :§+/ b(r, @5’”*2>,Nﬁ=i)dr+/ o(r, X, Y., N*")dB,
t

) tm—1 ) tm—1 tm—1
Yy = O(tm_1, XD N ) +/ fr,00m=2) NbHdp — / Z,dB, — / > H,(1)dM, (1)
S S S ZGL

admits a unique solution (0"~ ?) 2 (x{"=2 y[m=2 gm=2) zm=2)y . | inB2

(o2t 1] Hence

using the same method, there exists a map which we note again 6
0 : [tm_g,tm_l] X Rd xK — R
(t, , Z) _ Y;t,m,i

satisfying for all ¢t € [t,,—2, tm—1],

0(t,z,9) — 0(t,z',i)| < Tlz—2']|
0(t,z,i)] < C
Vselt,T], Y™ D = g(s,XxmD NbY)
VieL, H™V(1) = 0(s,X™ Y N 4+1)— 0(s, XV N

So, we can define 6 on [t,,_2,T] x R x K — R.
Therefore using an induction we build ¢ : [0,7] x R? x K. |
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Corollary 3.1. Under the assumptions (H4) and the statments of proposition 3.2, for every (t,1) €
and £ a Gi— measurable random vector with finite second moment, every solution (@’;’51)
problem (EY%) satisfies

0, T]xK
(t<s<T) Of the

t,i t,%

, £,X¢, N} , £, Xq, N} ti41 , B3, Xz, N
E sup XIS VP = E swp YRS -y JF:E/ 288~ 7, ' P ds
{jSS§£j+1 ~'<S<£]‘+1 tj
ti41 t X; NP
R Vg
= / > (HES(D) YT (1))2ds =0
t leL

where n is the unique integer such that t € [ty,toi1] and (£;)n<j<m is the sequence defined by

fj:t st j=mn; fj:tj st j>n
Proof : If n=m
on [tmfl, T]

Ifn <m-—2, and (X,,Ys, Hs, Z5)t<s<7 is the unique solution of the problem, then (X, Ys, Hs, Z)
is solution of the system

— 1, using Proposition 3.2 the result is an easy consequence of the uniqueness of solution

tm—1<s<T

Vsée [fm_l,T]

Xb&i=X, | +/ b(r, @05t Nim=1i1) dp Jr/ o(r, X, Y., Nim=1"1) 4B,

tm—1 tm—1

T
YhE hNtmlll(XT)Jr/ f(r,@i’g’z,Nﬁm'*l”l)dr—/ ZL5B, — /Zﬂ‘fgz )dM,.(1)

S S leL
T
£,6,i(2 £,6,(2 1,662 1,662
B[ (X VISP 4 [ 205 dr < oo
tnL—l
. tyi
where i1 = N, ..
From uniqueness of solution and Proposition 3.2, we deduce
i tm—1,Xt,, 4,01 tm—1,X¢,, 1,01
E sup |X§,£,z _Xs m—1 |2 - E sup |Y; _sz m—1 |2
tm—1<s<T tm—1<s<T
tm—1,Xt, 1,01
= E § / — H" R (1))2 ds
leL

and V s € [ty—1,T], Y.

Yy

m—1

= 91'1 (tmflv Xtm

E/ |2, — Zom v Nmert2 g0

tm—1

= HNtm 141 (8, Xs), in particular

71) :9N (tm717Xtm71)

t,1
m—1
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hence the process (X, Ys, Hs, Zs)i<s<t solves the system

m—1

Vs € [t,tmfl]

X;S,&,i =¢ +/ b(r, @?i,i,Ni,i) dr _|_/ o(r, XT,YT,N;}Z') dB,
¢ t

tm—

tm—1 1
szt,g’i = GNt g (tm 1’Xt7n 1) + / f( a®i7€71’ N:,l) dr — / Zﬁ,f’ldBr

/mIZHW M, (1) S

leL

tnL—l X X )
B[ (XIS 4 VP 4 HE 205 dr < o
t

analogously, we prove

i tm—2,Xt,, 5,02 tm—2,X1 2
E sup |Xb&i - x "I E2 — | sup D S
tm—2<8<tm_1 tm—2<8<tm_1
tm—1 .
tm—2,Xt,, 5,02
= E E / Hsm me? (l))Q ds
leL TYI 2
bm—1 tim—2,X¢ 129
m—2, —2»
= E/ |ZS—ZS me2 |d8 =0
tWL—Z
and in particular
— _ . t,11
Yinoo = 0iy(tm—2, X4, _,) = O0peir (tm—2,Xt,,_,) where ip = Ny .

tin—2

Applying an induction we get the desired result. B

Theorem 3.1 (Global solution). Under the assumptions (H4), VT >0, Vi€ K, for every Go-measurable
random vector & with finite second moment the system (E%¢) has a unique solution.

Proof : Assume that (H4) holds and 7' > 0. Let i € IC be fixed and £ a Go-measurable random vector with
finite second moment.
With the previous subdivision of [0, T], we define jor all j € {0,...,m — 1},

. . tio1mg
no =14 and V1<j<m, n;=N/ R

Thanks to proposition 3.2, the system

VS S [O,tl],
XS:§+/ b(r, 0 N“)dr+/ o(r, X,,Y,, N*)dB,
tl tl
Y, = 0(ty, X0 N2 + / f(r, 09 N9 dr f/ Z,dB, / > H,(1)dM,(1)
S S leL

admits a unique solution (©%¢7) = (XS”, YS(O), H§°>, Z§°>)0§891 in B[QO ] satisfying

v = 0, X1 N

t1

VieL, HO() = 0(t, X\, N +1) — 0, X{, N
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Using the same result on [t1, t2], we know that the system
V CES [tl, tg],
X, =X 4 / b(r, O, NIV )dr + / o(r, Xy, Yy, NIV™)dB,

tl tl
ta to to
Y, = 0(ta, XV, N+ [ £, 69),N}f1’"1)dr7/ Z,dB, 7/ S H(1)dM,(1)

s S leL

t17X,5((1J)7"1

admits a unique solution (O = (Xgl), Ys(l), Hgl), Z§1>)t1§892 in B[2t1 2] and applying the previous

result, we have V s € [ty, t2],

YO = 06, XV, N
VieL HM(1) = 60(s, XD, N2™ 1) — o(s, XV, N2™).
Hence we can deduce
X = X
YD = 0t X n) = 06, X0 ny) = VO,
vieL, HPW) = 0, X+l — 0, X m) = B ()
So, applying again this argument on [to, t3], the system
V s € [ta, t3],
X, =x+ / b(r, 0P, N2\ dr + / o(r, X, Yy, Ni272)dB,
to t1

ts ts t3
Y5:9(t3,Xt(32),Nf:’"2)+/ f(r, 652),N,f2’"2)dr7/ ZTdBTf/ S H(1)dM, (1)
s s S el
™,
admits a unique solution (G)?Xt2 Y = (XS(Q),Y5(2),H5(2),ZS(2))t2§593 dans B[2t2 +,) and applying again the

previous result we get V s € [to,t3], 6(s, X5(2), Nizn2) = Y{? and we deduce

X =
Y;(ZQ) = G(tg, Xt(j),ng) = e(tg,Xt(zl), ng) = Y;(Zl)
VieL, HOW) = 0(ts, XD na+1) — 8(t2, X} na) = H (1)
Using an induction we are able to build a quartet (@ﬁj)) = (Xs(j), Ys(j), Hs(j), Zgj))jzo,___,m_l, s€ltj t; 1] Solu-
tion in Bﬁ, tii] of the system
Joti+1
Vse [ﬁj,ﬁj.ﬂ], i .
| x,=xP7Y +/ b(r, 09, Ntim3)dr +/ o(r,X,,Y,, Nt"")dB,
) ; v tmg tit1 t.j ti+1 i1
Yo = 0(tj1, X0 NS +/ F(r,09) Nt dp — / Z,dB, — / > H,(1)dM, (1)
S S S leL
which satisfies
XD XGD Ly g, X ) =¥ HE = B,

Therefore the quartet of Gs-measurable process (Os)o<s<t = (X5, Ys, Hs, Zs)o<s<T defined by putting
Vjie{0,..m—1}, Vseltjtin], Xe=X9, Yo=YV, H,=HY 6 7,=20
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is solution of (E%¢).
For the proof of uniqueness, let us consider the process (©;)o<s<7 as another solution of (EO’§ ). Using
corollary 3.1, we have

_ B t1 ~ t1 ~
E sup X, - X,°=E sup |YS—YS|2=/ Z(Hs(l>—Hs<l)>2ds=/ |Zs = Zs|*ds =0
0<s<ty 0<s<ty 0 er 0

Hence we deduce

Xy =Xy, -

Using a backward induction similarly to the construction of the solution (6;)p<s<T, We prove that

Vtelo,T), X;=X;; Yi=Y:; Hi=Hy; Zi=2, N

Corollary 3.2. Assume that (H3) holds and for 1 <i <k, let (Y}®" t < s <T) be the unique solution of
(EH*) given by Theorem 3.1. Then the map 0 defined by

(3.9) 0(t,z) = (VoL v o2 L vhek), (tz) € [0,T] x RY
coincides with the unique solution of the system of PDFEs (£) given by Corollary 2.8.

Proof: Let us consider the previous subdivision of [0,7] and 6 defined by (3.9). Let n be the unique integer
such that ¢ € [t,,tn41]. Thanks to the assumptions (H3) and Proposition 2.2, the function 6 is a solution
of (£) on [ty,tn+1]. Then using Corollary 2.8, we deduce V ¢ € [t,,, tn+1], 0(t,x) = @(t, z).

Using an induction, we complete the proof. B

Moreover we have the following result whose proof is an adaptation of the ones given in [10] and [9].
However, for the notion of viscosity solution to make sense we need to assume that b does not depend on z.

Corollary 3.3. Under the assumptions (H4) if moreover b does not depend on z, the map 0 defined in the
previous corollary provides a viscosity solution of the system of quasilinear PDEs (£).
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