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Introduction

The distributed genome hypothesis

The set of genes in a population of bacteria is distributed over all
individuals.

» individuals of the same
population do not have
the same set of genes

> no organism contains the
full complement of genes
of the species

» genes can be gained and
get lost again
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data structure

> genomes are set of genes
> a gene is either present or absent in each of the genomes

> gene sequences of the same gene are typically not identical
between genomes (SNPs)

gene 1 gene 2 gene 3 gene 4 ... genem
genom 1 —-A-T- X - b4 b 4
genom 2 ——A-—- —-CT-—— T--A-——n X —-T
genom 3 X b ¢ T----- C-- X C--
genom 4 X b 4 T--A----- -—A--—-A-- C--
ind. n. ———— C D 4 T--A---—- b ¢ b4
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Tree-indexed Markov chain for gene gain and loss
» | :=1]0,1] set of all possible genes, which might be gained

» T Kingman coalescent

v

Define the Markov chain (G:):e7 with state space
N%([0,1]), the space of finite counting measures on [0,1] = /.

v

G: makes transitions forwards in time

from mto m+46,  atrate %)\/(du),

from mto m—4,  atrate Sm(u)

along 7. ), is Lebesgue measure on |

v

Denote the n leaves of the tree by 1,...,.n € T.
01, ..., Gp describe the genes present in individuals 1, ..., n.
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infinitely many genes model — time measured in N,

» genealogy is given by
Kingman's coalescent

> pairs of lineages coalesce
at rate 1 v

> genes are gained (V) at rate % Y

> each gene is lost (e) at rate £

Gene 1Gene 2Gene 3Gene 4
Genome 1 v v v ®
Genome 2 v X X x
Genome 3 v v b 4 P 4 ?
Genome 4 b 4 v b 4 v
Genome 5 4 v X P 4 Y
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gene frequency spectrum

The gene frequency spectrum is given by G, ..., G,, where
Gy :=|{u €l :u e G for exactly k different i}|.

Gy is the number of genes present in k of n individuals

We can calculate the expected gene frequency spectrum using
Hoppe's urn model...
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Hoppe's urn

» Start with
e one black ball with weight p and
e one colored ball with weight 1.
» Draw a ball at random. If the ball is
e — ee black:  put back the black ball and an additional ball in a
new color.

e — ee black:  put back the colored ball with an additional ball of
the same color.

» continue until there are n colored balls in the urn
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T Prob. for next event to
T be a merger/split:
T backwards in time
T2 (coalescent)
-+ @ -1
4 ; >
175 (o) +ig —1+p
[ 1Ts forwards in time (urn)
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Gi: Number of genes present in k of n individuals

E[Gk] = /E[du € G; for k different i]

I
= Z ZIP’[I—th line during T; is of size K|
i=1 I=1
~/IP’[gene gain in du on /-th line during T;]

1
n—i\(k=DWi—1+p)---(n—k—1+p)
Z;Z( )t
01
'I/i(i—1+p)d”
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expected gene frequency spectrum
Gi: Number of genes present in k of n individuals
n---(n—k+1)
(n=14p)---(n—k+p)

0
E[Gi] = 71

1200
L

1000
L

800
L

6 = 1000
n=10

expected number of genes
400
!

200
L

gene frequency class
; ;
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Based on the IMGM we can analyze microbial pangenomes:

> estimate 61 and p and test the hypothesis of neutral genome
evolution based on the observed gene frequency spectrum

» estimate the number of different genes in the population

» forecast number of new genes found in sequencing projects

provide general insights:

> The expected number of dispensable genes in freq > 0.01, can
not exceed the ~28 fold of the average single genome size:

E[G01] < 28.33 - E[G] (even for strong selection/HGT)
» E[G%®] < 1.0-E[G] (only for neutral genes)
» the pangenome grows like 01/og(N) for large population sizes
"easily” account for additional features
» horizontal gene transfer — ancestral gene transfer graph
> site mutations within the genes
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Diversity of the Prochlorococcus-pan-genome

V) 14000

ene

bolZOOO

e
g

persistent pangenome size.~" clgu d

number of observed
g

500

5 10 50 100
number of sequenced genomes

» p-value (neutrality) =~ 0.630 » sequenced genomes: 41 (11)
» pangenome: 57792 genes » known genes: 9331 (5025)
> persistant genes: ~ 8500 » 52 genes in 42th genome
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» What about the site mutations within the gene sequences?

» How does the site frequency spectrum for dispensable genes
look like?
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Tree-indexed Markov chain for gene gain, loss and site
mutation

I :=[0, 1] set of all possible genes, which might be gained
J = (0,1] set of all sites, which might mutate

T Kingman coalescent

Define the Markov chain (M;)e7 with state space

N7 ([0, 1]?), the space of finite counting measures on
[0,1]> =1 x ({0} U J).

» M makes transitions forwards in time

v

v vy

from mto m+0(,0)  at rate %)\,(du),
from m to m — ml;,3 at rate £m(u,0), and
from mto m+4(,,) atrate 9—22m(u,0))\/(dv)

along 7. )\ is Lebesgue measure on /

» Denote the n leaves of the tree by 1,...,.n € T.
My, ..., M, describe the genes & site mutations present in
individuals 1. ..., n.
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IMG model with site mutations — time measured in N,

v

v

v

\4

v

along Kingman's coalescent
pairs of lines merge at rate 1

. 01
genes are gained (V) at rate 3
each gene is lost (e) at rate £

a present gene is hit by a site
mutation (x) at rate 92—2

Gene 1Gene 2Gene 3 Gene 4

Genome 1l --T-- -A--—- ----
Genome 2 --

Genome 3 --

Genome 4

Genome 5

x
x
x
x

%
R 4
X

___AC__

x
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joint gene and site frequency spectrum

The joint gene and site frequency spectrum is given by
G171, ceey Gl,n» G2’1, ey Ggyn, ey Gn,nv where

Gis := |{(u, v) € I x| :u € G for exactly k different i i, ..., ik,
and (u,v) € M; for exactly s different ; with j € {1,...,k}}|

Gk s is the number of SNPs present in s of k sequences, where the
corresponding gene exists in k of n genomes.

We can calculate the expected joint gene and site frequency
spectrum using Hoppe's urn model...
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Ty
T 2nd line at T,
is of size 3
T3 T(27 37 2) = {T37 T4}
RN
l__l 1Ts

A line during T; is of size k if the ball belonging to this line
produces exactly k offspring.

Let 7(i, k, m) be the set of all T; for j € {i,...,n} where m of j
colored balls in the urn are marked by a gene gain.
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E[Gk] = /]E[du € G; for k different i
[

E[Gk ] = //]E [(du,0) € M; for exactly k different i
1)y

and (du, dv) € M; for exactly s different i

= ZZIP’[/th line during T; is of size k] - /]P’[mark in du on /th line during T}
i=1 I=1

Ith line during T; is of size k
and has mark in du during T;

/E [(du x dv) € M; for s different j;
J

()
k m
Z Z P[rth line during T (i, k, m) is of size s]

m=1 r=1

P[ mutation in dv on rth line during T (i, k, m)]

g\
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k m
(%) = Z Z]P’[rth line during T (i, k, m) is of size s]

m=1 r=1

/IP’[ mutation in dv on rth line during T (i, k, m)]
J

R (s—1)(m—1)--(k—s—1)
PR e ey

m=1r=1

% S BT, € 700,k mELT)

j=i
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expected joint gene and site frequency spectrum

01 (n—k+1)--n  Ok(n—1\"""S" j+1 (n—j—2
E[Gks] = — =- —_
[Gs] k(n—k+p)-~-(n—1+p)5n( s > jgo J+14+p\ s-1

> i 0

gene gain rate 3

> P
gene loss rate 5

> site mutation rate 9—22
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The site frequency spectrum of gene u € [0, 1] is given by
Se . Sl‘é(u), where

Sli=H{ved:veMiu,.) for exactly s different i with M;(u,0) = 1}|

if F(u) :={ie{l,...,n}: M;j(u,0) = 1}| is frequency of gene u.

We are interested in
E[SS" [F(u) = K]

the expected site frequency spectrum of dispensable genes present
in k of n individuals
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site frequency spectrum: classic vs. dispensable

The site frequency spectrum in dispensable genes present in k out
of n individuals is given for s < k by

u _ _E[Gk,s]
bk (n—1 ‘”‘zs:‘l j4+1 [(n—j-2
s s ‘=0 J+1l+p\ s—1
_ ek

sn
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site frequency spectrum for dispensable genes in frequency k
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estimators for the scaled site mutation rate 6,
Wattersgn's estimator
oo se, k—1 k—1 0
0W = Z;‘:—fl 1 E[SSEg] = Zs:l E[Csu] = Zs:l ?2
El0w] = 62

Sseg: total number of segregating sites in the sample of size k.

Tajimas estimator

o= 30wy E[7] = SF 1 E[CY] 5((2—)5) — 0
m;; : number of sites which differ between individual / and
individual j.
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estimators for the site mutation rate of disp. genes

u dispensable gene, which appears in k out of n individuals

k—1

E[Ssee] = ZE[SS”IF(U) = K|

k=11 1 —s—1 jt1 —j—2
~ - Es 1l s ( s ) ZJ’:OS J+1l4+p (nsil ) k
Edisp[0w] = 62" ST < b,

s=1 s

IEdisp[%] = X_:]E[SSU|F(U) = k] S(k(ls S)

k—1 —1n—s—1 . .
B 2 k n—1 J+1 n—j—2
=G D _(k S)< s > 2 j—|-1+p( s—1 )

Jj=0
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Tajima's D for dispensable genes present in 8 of 20 individuals

-1

-2

T T T T T
classic P 001 01 05 1 2 3 4 5 6
genes 2 20 80 125 154 147 128 107 87

Tajima’s D for dispensable genes present in 19 of 20 individuals

-1

-2

T T T T T
classic P 001 01 05 1 2 3 4 5 6
genes 10 74 105 53 10 2 05 01 004
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conclusion

» bacterial genes can be gained and lost

> the site frequency spectrum of dispensable genes differs from
the classical site frequency spectrum

» frequency spectra can be calculated using Hoppe's urn

» uncorrected standard estimates for the site mutation rate 65
are biased for a dispensable gene present in k of n genomes

~ Elf] < k6>, E[f] < %6,
> E[é\] # E[7] Tajima’'s D tends to be negative for disp. genes
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Thank you for your attention
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