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Abstract

We consider a backward stochastic differential equation, whose the data (the final
condition and the coefficient) are given functions of a jump—diffusion process. We prove
that under mild conditions the solution of the BSDE provides a viscosity solution
of a system of parabolic integral-partial differential equations. Under an additional
assumption, that system of equations is proved to have a unique solution, in a given
class of continuous functions.
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Introduction

Backward stochastic differential equations (in short BSDE’s) are new types of stochastic
differential equations, whose value is prescribed at the final time 7', see Pardoux, Peng [8].
It has been noted in Pardoux, Peng [9] that BSDE’s provide a probabilistic formula for the
solutions of certain classes of systems of quasi—linear parabolic PDE’s of second order, and
in particular that BSDE’s are naturally associated with viscosity solutions of PDE’s.

The aim of this paper is to generalize the above results to the case of BSDE’s with
respect to both Brownian motion and a Poisson random measure. The associated system
of parabolic PDE’s is then a system of integro—partial differential equations. We prove,
under appropriate assumptions, that our BSDE has a unique solution. We then put us in a
Markovian framework, in which case a certain function defined through the solution of the
BSDE is the unique viscosity solution of a system of parabolic integro—partial differential
equations.

!The research of this author has been done during a visit at the Université de Provence, and was supported
by a grant of the German Deutsche Forschungsgesellschaft.
2Member of the Institut Universitaire de France.



1 A jump-—diffusion process

Let (2, F, (Fi)i>0, P) be a stochastic basis such that Fy contains all P-null elements of F,
and F+ 2 ﬂ Fire = Fi, t > 0, and suppose that the filtration is generated by the following

e>0
two mutually independent processes :

— a d—dimensional standard Brownian motion {W,};>¢, and
— a Poisson random measure i on IR, x E, where E 2 IR\ {0} is equipped with its Borel
field £, with compensator v(dt, de) = dtA(de), such that {f([0,t]x A) = (u—v)([0,1] x A) }+>0
is a martingale for all A € £ satisfying A\(A) < co. A is assumed to be a o—finite measure on
(E, &) satisfying
/(1 A le]2)M\(de) < +oo.
E

Let b : R? — R o : R? — IR be globally Lipschitz and 3 : R? x E — IR be
measurable and such that for some real K, and for all e € E,

|B(x,e)] < K(1Alel]), r e RY,
Bz — Bl e)| < Klo—2|(1Ale]), o4’ € RY

We now consider the following SDE :
dX, = b(X,)ds + o(X,) dW, + / B(X,-, e)ji(ds, de). (1)
E

We denote by {X!(x)}s>: the unique solution of equation (1) starting from z at time
s = t, and define X; = X?(z0), t > 0, for some z, € IR

Existence and uniqueness, as well as the properties of the solution of (1) are stated in
the following result, which follows from Theorems 2.2 and 2.3 in Fujiwara, Kunita [5] :

Proposition 1.1 For each t > 0, there exists a version of {X!(z); x € R s > t} such
that s — X' is a C*(RY)—valued cadlag process. Moreover

(i) X! and X?, have the same distribution, 0 <t <'s ;
(i) X[, X/, .., X,f:‘l are independent, for alln € IN, 0 <tg <ty <--- <1, ;
(iii) X! = X50X!, 0<t<s<r.
Futhermore, for all p > 2, there exists a real M, such that for all0 <t < s, z,2" € R¢,
(iv)

E(Sup |Xﬁ(x)—a:|”> < My(s —t)(1+ |z]P)

t<r<s

E(sup |Xﬁ<x>—Xﬁ<x'>—<x—x'>|p) < My(s — e — 2P

t<r<s



2 BSDEs with respect to Brownian motion and Lévy
process. Existence and uniqueness of a solu-
tion

From now on, we fix a terminal time 7" > 0. We define some spaces of processes. Let S?

denote the set of Fi—adapted cadlag k—dimensional processes {Y;, 0 <t < T} which are such

that .
[Yls2 = || sup [Yi[||lL2) < oo
0<t<T

Let L?(W) be the set of F;—progressively measurable k x d dimensional processes {Z;, 0 <
t < T} which are such that

1/2
A T
||Z||L2(W):<E/O |Zt]2dt> < 0.

By L?(fi) we denote the set of mappings U : Q x [0,7] x E — IR* which are P ® £
measurable ! and such that

1/2

1oy 2 <E/OT/EUt(e)2)\(de) dt) < 0.

Finally, we define B? = 8? x L*(W) x L*(ji). A proof of the next result can be found in
Tang, Li [12], Lemma 2.4.

Theorem 2.1 Let Q € (LX(Q, Fr, P))" and f : Qx [0, T]x RF x R**?x L2(E, £, X ; RF) —
RF be P @ By, ® Byxa x B(L*(E, &, \; RF)) measurable and satisfy :

T
(A.1.4) E/ 1£:(0,0,0)[2 dt < o0
0

(A.1.11) there exists K > 0 such that

[fely, z,u) = iy, 2 u)] < K(ly = /[ + [z = 2| + [Ju = ],
forall0<t<T,yy € R, 2,2 € R w,u' € L*(E,E,\; RF).
Then there exists a unique triple (Y, Z,U) € B* which solves the B. S. D. E.

T T T
Yt:Q+/ fu(Ye, Z,,U,) ds—/ stws—/ /Us(e),&(ds,de), 0<t<T. (2
t t t E

%

We now establish a continuity result, which will be useful in the sequel.

1P denotes the o—algebra of F;—predictable subsets of Q x [0, T].
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Proposition 2.2 Let (Q, f) and (Q', f') be two data satisfying the assumptions of theo-
rem 2.1 and let (Y, Z,U) denote the solution of the BSDE with data (Q, f) and (Y',Z',U")
that of the BSDE with data (Q', f').

Define (AQ, Af) = (Q —Q', f—f") and (AY, AZ, AU)= (Y =Y, Z-2',U-U").
Then there exists a constant ¢ such that

E

T T
sup |AY}|2+/O |AZt|2dt+/0 /E|AUt(e)|2)\(de)dt1

0<t<T

<o [1a0f+ [ 1A70 2 U
Proof : It follows from It6’s formula that
E [|AYt|2+/tT\AZsPder/tT[E\AUs(e)|2)\(de) ds]
— (1808 +2 [ < AV ALY Zu U+ R0 20U — SV 200D > i
< B[18Q1 +oB [ (A + (AL 2, Ul

I 1T
+7E/ IAZ,?ds + —E/ / IAU (s, ¢)|2A\(de) ds
2 )t 2 Jt JE

The inequality which we want to prove, but with “ sup ” outside the expectation, follows
0<t<T
from Gronwall’s lemma. We apply again [t0’s formula, yielding

T T
|AYt\2+/ \AZS\ZCLH—/ / AU, (e)[2A(de) ds
t t E
T
—|AQP +2 [ < AY,, (Y, Z,U,) = UYL, ZUY) > ds
t
T T
_2/ < AY,, AZ, dW, > —/ /(\AYS, +AU(e)]? — |AY, [D)(ds, de).
t t E

The result now follows from the last identity, Doob’s inequality and the previous estimate.
o

In the sequel, we are concerned by a specific class of BSDEs where both ) and for

each t,y, z,u, the process {fs(y,z,u), t < s < T} are given functions of the process X(z)
constructed in section 1.

More precisely, we are given two continuous functions
g:RY=TRF f:[0,7] x R x R* x R"*? x R* — R

and a measurable function v : IR? x E — IR* such that, for each 1 < i < k, fi(t, 2,9, 2,q)
depends on the matrix z only through its —th column z;, and on the vector ¢ only through its
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1—th coordinate ¢;. The first one of these assumptions is essential for the notion of viscosity
solution of the system of integro—partial differential equations to be considered below to make
sense. The second restriction is less essential, but will be useful for proving the uniqueness
result. We assume specifically that

(A.21) |f(t,2,0,0,0)] < C(1+|z]") , |g(x)] <C(1+ |z[?), for some C,p >0 ;
(A.2i1) f = f(t,x,y, z,q) is globally Lipschitz in (y, z, ¢), uniformly in (¢, z) ;
(A.2iii) for each (¢, z,y,2) € [0,T] x R? x RF x R**? 1 < i < k, the function

p+— fi(t,z,y, z,p) is non-decreasing ;

(A.2iv) there is some real C' > 0 such that, for all 1 <1 <k,

0<7i(w,e) <CAAle]), zeR,eckE
1vi(z,e) — (2, e)| < Clz —2'|(1 A le]), 2,2 € R, e € E.

Under the assumptions (A.2i)-(A.2iv), for each t € [0,T] and z € IR?, we consider the
BSDE

Yix) = gi(Xp(x)) (3)
+/sz- r, X4(x), Y, /Ut 2, ) (XL (x), e)A(de)) dr
—/ ) dW, — //Utxe (drde), t<s<T,1<i<k

Note that in (2.2) and in the sequel, f depends on U in a very specific way. The main
reason for this restriction is that we shall need the comparison theorem (proposition 2.6
below), which would not be true in general, as it is explained in remark 2.7.

It follows readily from Theorem 2.1

Corollary 2.3 For each t € [0,T), z € R?, the BSDE (3) has a unique solution
(Y'(z), Z'(x), U'(z,")) € B,
and (t,x) — Y (z) defines a deterministic mapping from [0,T] x R* into IRF.
Remark 2.4 ;From Proposition 1.1 (ii) and (iii), and from the uniqueness of the solution

of the BSDE (3) we obtain that, for any 0 <t <t < T, x € RY,

(V! o Xh(2), 2! 0 Xh(a), U (X} (2), veoer
= (Y!(2), Z!(x), U'(x, v<ocr in B



Let us denote the deterministic function Y/ (x) by u(¢,z) and indicate some of its basic
properties.

Proposition 2.5 Under the assumptions (A.2), the function v : [0,T] x R* — R* is
continuous in (t,x) and for some real C' and p,

lu(t, )| < O+ |zP), (t,z) € [0,T] x RY.

Moreover, if g and f(t,-,y,2,q) are uniformly continuous, uniformly with respect to
(t,y,2,q) and bounded, then w is uniformly continuous and bounded.

Proof : From Corollary 3.2 in [3], we know that, for any ¢ > 2, there exists C, > 0 such
that, forall()gtgng,xEIRd,

</ST|z;f(:g)|2dr+/sT/E|U:(x,e)|2A(de) dr)q/2

Choosing s = t, we obtain the wished estimate for the growth of u(¢,z). We now define
Y for all s € [0,T) by choosing Y* = Y;** for 0 < s < t. In order to prove the continuity
of u, we use proposition 2.2 to estimate

B(Y{(@)|"| + E < o1+ |2[7) -

Yi(2) =Y (@) = [Y5(2) - Yy (2)

< E ( sup Iié%x)—i@t'(xw)

0<s<T

< cE[m(X;;(x)) (XL

T
+/
0

—Lipy(s)f (s, X2 (2), Y, (2'), ZY ('), U} (2'))

l[t,T}(S)f(Sﬂ 7X§($)7 }/;t<x)7 Zz(x)v UE(*T))

2
ds]

and the continuity of u follows from the assumption (A.2v) and the polynomial growth of ¢
and f in all their variables (except s), which results from (A.2i), (A.2ii) and (A.2iv).

If moreover g and f(t,-,vy, z,q) are uniformly continuous, then the uniform continuity of
u follows from the same estimate and the boundedness is immediate. o

Finally, in preparation to the next section, we provide a comparison theorem for one—
dimensional BSDE’s.

Proposition 2.6 Leth : Qx[0,T] x RxR% xR be P®B® By ® B-measurable and satisfy

() E[/OT IB(t,0,0,0) df] < +o0 ,



(7’7’) |h(t7y727Q> - h(tayla ZI?QI)’ S K(|y - y/‘ + ‘Z - Z/‘ + ‘q - q/|)7
forany y,y €R, 2,2 € R ¢, ¢ € R, te€0,T] and for some real K > 0;

(iii) q — h(t,y, z,q) is non-decreasing, for all (t,y,2) € [0,T] x R x R%.
Futhermore, let v : Q x [0,T] x E — IR be P ® £-measurable and satisfy
0<m(e) <C(LAle]), ee€k.

We set
flt.w,y2,0) = htw,y. 2, [ e(erulw,e)A(de))

for (t,w,y,2,0) € [0,T] x @ x R x R? x L*(E,&, \).
Let Q,Q" € L*(Q, Fr, P) and let denote by (Y, Z,U) € B? (resp. (Y',Z',U") € B?) the
unique solution of eq. (2) with final condition Q (resp. QQ'). Then, if Q > @', it follows

Y, >Y/, for 0<t<T.
o

The proof using It6’s formula follows the argument of the proof of the comparison theorem
[9] for BSDE’s without jumps.

Remark 2.7 If we impose on f only the assumptions (A.1i) and (A.1ii), then, in general,
the comparison theorem does not hold. We give now a counter-example.

Let E =R — {0}, A(de) = d1(de) and f(t,w,y,z,p) = —2¢(1).

Then

t
Nt://u(dsde), 0<t<T,
0 JE

1s standard Poisson process, and if we choose
Q= Nr and Q' =0,
then

(tha Zta Ut) = (Nt - (T - t)voa]{€=1})a
(}/t/? Zzi?Ut{) = (07070)

Clearly, Q > @', but P{Y; <Y/} >0, forall0 <t <T.



3 Associated integral—partial differential equations.
istence and uniqueness.

We consider the system of integral-partial differential equations of parabolic type
0
_7uz(tv ZE) - Luz(tv I‘) - fZ(t7 z, U(t, ZE), (Vula)<t7 $)7 Bzuz(tv ZL’)) - 07

(t,r) € [0,T] x R? 1<i<k
uz(Ta J]) = gz(x)u S ]Rda I1<i< k’

where the second-order integral—differential operator L is of the form
L=A+K,
with
1 ot 2 (md
Ap(z) = iTT a(x)@(x) + < b(z), Ve(x) >, ¢ e C(IRY),
aij(x) = (o(x)o(x))is,
Ki(x) = [ (pla+Bla.€)) = pla)= < Vola), Bla,€) >)A(de), € CHRY),

and B; is an integral operator defined as

Biplw) = [ (olw+ Blw.€)) = pl@)nlw,Ade) , ¢ € C'(RY).

The functions o, b and 3 are supposed to satisfy the assumptions made in section 1, f, g and

7 shall satisfy (A.2i)—(A.2iv).
For such a system (4), we introduce the notion of viscosity solution.

Definition 3.1 We say that u € C([0,T] x R*; IR¥) is
(i) a wiscosity subsolution of (4) if

ui(T,x) < gi(x), zeR,1<i<k

and if, for any 1 <i <k, o € C*([0,T] x RY), wherever (t,z) € [0, T[xIR® is a global

maximum point of u; — ¢,

ot
for any 6 > 0 where

Ko @)(ta) = [ (olta+6r.e) = plt.2)= < Velt,x), Hla, ) >) A(de)

)

—a—(p(t,m)—Acp(t,x)—K‘s(u“(p)(t,a:)—fi (t,x,u(t,x), (Vg@a)(t,m),Bf(ui,go)(t,xD <0.

—l—/Ec (ui(t,x + B(x,e)) —ui(t,z)— < Vo(t,x), B(x,e) >) A(de)
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and

Bl(u)(ta) = [ (plt.a+ (@) = ot ) (. )\ (de)

)

+ i (ui(t, x + Bz, e)) — u;(t, x)) vi(z, e)A(de)

c

1

with Es ={e € E; |e| < d}.

(i) a viscosity supersolution of (4) if

ui(T,z) > gi(T,x), ,x € R, 1 <i <k,
and, for any 1 <i <k, p € C?([0,T] x RY), whenever (t,z) € [0, T[xIR® is a global

minimum point of u; — ¢,

_aa(’tp(t, z)—Ap(t, ) — K°(u;, ) (t, 2)— f; (t, z,u(t,z), (Vo) (t, ), BS(u;, ) (t, x)) > ().

(111) a viscosity solution of (4) if it is both a sub and a supersolution of (4).

Remark 3.2 The introduction of the operators K° and BY in Definition 3.1 is necessary :
indeed, since we assume only u to be continuous in x, Ku; and Bu; are not well-defined
because of the singularity of M(de) at 0. On the contrary, since ¢ is a C*—function

|(10(t,33 + 5(33,6)) - Qp(t>$)_ < DgD(t,ZB), ﬂ(:v,e) >| < C|ﬁ($,€)|2
and
‘90<t7x + 6(‘7776)) - <p(t,x)]%-(x, 6) < C|ﬂ(l‘,6)|%(l‘,€)

for some constant C' and therefore the two first terms in the definition of K° and B? have a
sense.

Non linear elliptic and parabolic equations with integro—differential terms have been
studied using viscosity solutions theory by A. Sayah [10] and H.M. Soner [11] (see also
O. Alvarez and A. Tourin [1]). They consider either a different class of solutions or a
different type of integro—differential terms. We borrow here some of the arguments of these
works but it is worth mentionning that the particular form of the system (4) — linear terms
+ Lipschitz continuous nonlinearities — allows us to provide a simpler proof of uniqueness.

We first give an equivalent definition of viscosity solutions which will be useful later on.

Lemma 3.3 In the definition of u being a viscosity sub— (resp. super—) solution of (4), we

can replace
K(S(u’ia @)(th) by K(P(tax)a

Bl (ui, ¢)(t,x) by Bip(t,x).
O

In the same way, we can replace “global maximum point” or “global minimum point” by
“strict global maximum point” or “strict global minimum point”. The proof of this claim is
very simple and we leave it as an exercice for the reader.
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Proof : We treat only the subsolution case. If (¢, x) is a global maximum point of u; — ¢,
we have

uis,y) — ¢(s,y) < wilt, x) = p(t, ) ,
for all (s,y) € [0,T] x R?. Therefore

for any y € IR? and this yields, for any § > 0,

K(S(uia 90)(7; .CE)
Bf(ula 30) (t7 ZE)

Ko(t, z),

IA A

;From the inequality given by Definition 3.1, using assumption (A.2iii), we deduce easily
that

%81, 0) — Aplt, ) ~ Kolt,) ~ [tz u(x. 1), (Veo)(t,2), Big(t,2) <0 (5

It remains to show that this last condition implies that of the definition.

Changing ¢ into ¢ — (¢(t, ) — u;(t, z)), we may assume that w;(t,z) = @(t,z), u; < .
Moreover we may assume w.l.o.g. that, for all &« > 0, there is some 1, > 0, n, — 0 as a — 0,
such that

@(&y) - Ui(S,y> > Na, for all (Say) S [O,T] X ]Rd with |(57y) - (t,]})| > Q.

But we will show below that, under these circumstances, there exists a sequence (o). of
elements of C?([0,T] x IR?) such that

() els,) = (5,0)  E (5,) = (60)| £ (5, 2)

.. .0 1
(H) ui(s,y) < @E(Say) S @(Say)a if 5 < |(Say) - (t,l‘)’ < g )
(iil) @e(s,y) — wui(s,y), as € — 0, for all (s,5) € [0,T] x R* such that |(s,y) — (t,z)| > 0.

In particular, we have

V(t,x) =Vt ), 8;: (t,z) = —(t,z), D2g06(t,:1c) = D2<p(t,x) )

Since moreover @.(t,x) = u;(t, ) and @. > u;, it follows from (5) that

0
—a%(t’ x) — Ap.(t,x) — Kp(t,x) — fi(t,x,u(t,z), (V0)(t,x), Bip:(t,z)) <O0.
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Then the property (ii) above together with (A.2iii) yields

—gtgo(t,l’) - A(p(t,a:) - K(;((pe,(p)(t,l‘) - fi(t>x7u(tv .T), (VSOU)(tax)a Bg(@z—:a 90)<t7x)) <0.

Now, using (ii) and (iii), we deduce from the Lebesgue’s dominated convergence theorem
that

lim K%(¢., 0)(t,z) = K°(ui,)(t z) ,

e—0
lim Bf(@a@)@ﬁ) = Bg<ui790>(t=x> )

e—0

and letting € tend to 0 in the above relation yields the desired result.

We now prove the existence of a sequence (¢.). having the required properties. For
convenience but without loss of generality of the method we forget about the variable ¢ and
suppose that we have a ¢ € C?(IR?) and a u; € C(IR?) such that

(a) o) = ui(z)
(b) for all & > 0 there is a 7, > 0 such that 7, — 0 as @ — 0 and

©o(y) — ui(y) > n,, for all y € R* with |y — z| > a.

Fix now ¢ € (0, and introduce the non-negative function

35
by) = (0v) ~wly) ~ PLizayery v R
where n = 17, given by (b) with o = 3§/4.

Let X be a non-negative element of C*°(IR?) with support in the unit ball of IR? such

that
/ X(y)dy =1,

and we set
Xu(y) = p X (u™"y), for p>0.

Since ¢ — w; is continuous, we can find some p. € (0,6/4) such that

(= wi)(y) = (¢ —w)(y = 2)| <

>3

Y

2
for all y, z € R? with |z — y| < = and |z| < pe.
£

Finally we define the function

o) = o)~ [ Xuly—2ule)dz, y e R,

One checks easily that the following properties hold

11



. . 36 1
(1) ¢.(y) = ¢(y) , for all y € R? with |y — z| ¢ (G~ Her —Hhe) 5

. J
(i) w(y) + 7 < @ey) < oly) , for ly —al € (5 — e, +00)
(iil) ©:(y) — ui(y), as € — 0, for all y € R%.
This completes the proof. o

We now prove that our BSDE provides a viscosity solution of (4).

Theorem 3.4 The function u(t,z) = Yi}(x), (t,z) € [0,T] x RY, introduced in Section 2, is
a viscosity solution of eq. (4).

Proof : Due to Proposition 2.5, the function u belongs to C([0,T] x IR?; IR¥). It clearly
satisfies the boundary condition at time ¢ = T. We now show that it is a viscosity subsolution
of eq. (4). A similar argument would show that it is a viscosity supersolution of eq. (4).

Let 1 <i <k, o€ C*[0,T]xIRY), (t,z) € [0,T] xIR? such that ¢ > u;, p(t, ) = u;(t, x).
Taking into account the corresponding properties of u;, we can assume additionally that ¢
and its derivatives have at most polynomial growth as |y| — oo, uniformly in s € [0, T].

Next we note that from uniqueness of the solution of our BSDE, for any t < s < T,
z € IRY,

Vi) = V2 (X4()) = u(s, X!(x).

Choose h > 0 such that t+h < T'. It follows from the last remark that for ¢t < s < t+h,

Vi) = b K@) + [ R X, Y, (@), [ Ut )l XE(w), e)A(de)) dr

t+h
—/ 7! (x) dB, — / /Utxe (drde).

If y € R, z € R¥, we denote by (y, Z;) the k—dimensional vector whose i—th component
equals y, and all the other components equal the corresponding ones of z.
Consider the one—dimensional BSDE

Vi) = elt+h Xiy ()
+/+ﬁnwu<nxu Ei/ﬂ@wMM@MMMr

t+h t+h
—/ B, — // i(drde), t<s<t+h.

Taking into account that ¢ > wu;, it follows from Proposition 2.6 that

Vi>Yi(x), t<s<t+h, ae,

12



and, in particular,

Futhermore, putting
0
¢(87 y) - %90(‘97 y) + LQO(Sa y)v
O(s,y,e) = @(s,y+ By, e) — o(s,y),

we have by [to’s formula,

pls, X)) = gl h, X))~ [ v Xi@)dr— [ (Vo). X)) dB,

Define, fort < s <t+h,e € F,

Vio= Y — (s, X(2)),
7t = 7' — (Vyo)(s, X!(2)),

S

Ute) = TUile) — (s, X' (2),e).

It follows from the above identifies that (}A/h, Zh U ") is the unique solution of the following
one—dimensional BSDE :

yh = /SHh[w(r X)) + fi(r, X (), Y, ZP, UM dr

t+h t+h
— Zh dB, — / / U 7 (e f(drde),

where

Y= (ol X(@) + Y0

Z = (Vgo)(r, Xi(x) + 2
OF = [ (@0 XL (2), ) + T e) (X! (), e)A(de)

Hence, by using standard techniques to estimate the squared norm of the solution (?h, 7 h UM,
we obtain for t < s <t + h,

BITAP) + B 12 a 4 B 10 PAe)

t+h ~ ~ ~
<cB[[ VM5 + 120+ ([ 101 (e)PAde)) ) ],
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i.e., for some ¢ > 0,

v h|2 1 th —7h|2 th rTh 2
BT + SB[ 12 ar + Bl [ 10ke)PAde) dr)
t+h ~
<CE[[ (VM + TP di]
Hence, in particular
~ t+h
BV < 2e(h+ B[ T2 ar]),
and consequently for some C' > 0 R
BV < Ch.
On the other hand,

1 t+h t+h N t+h N

SEL[ T 1ZEEan + BL[ [0k @PAde) dr)) < cBL[ (T + 192 drl,
s s E s

and therefore, for some C' > 0

,11 <E[/tt+h 22 dr] + E[/tHh/E [T (e)PA(de) dr]) <V h>o0

We suppose now that

pTad o(t,x) + Lo(t,x) + fi(t,x,u(t,x), (Veo)(t,z), Bip(t,z)) <0,

and find a contradiction by using the above estimate. Indeed, under the above assumptions,
there exist some ¢ > 0 and some hy > 0 such that, for all 0 < A < hy,

& —E/ (r, X!(z
+ fi(r, X} (x )a(SO(T,Xﬁ( ))s i(r, XE(x))), (Veo)(r, X (x)), Bip(r, X (x))] dr
<

Now we have that ¥, > 0, hence

0

IN

h—li}th
= 28 [l XU+ X ), (ol XE )+ T X)),

(Vo) (r, X (2)) + 27", Bip(r, X} (« +/ UMe)y( X (x), e)A(de))] dr .

14



Therefore, for all 0 < h < hy,

(o9
IN

WY = &

Bl [T+ 120+ ([ 10PN Ee)) ) ds]

( up T+ (121 /t”h|2m2dr1)l/2+<,im I rﬁf<e>r2A<de>er>“2)

IN

IN

t<s<t+h

< ch'/4,

This is impossible, consequently

—;w(t, x) — Lo(t,z) — fi(t,z,u(t,x), (Veo)(t,z), Bip(t,x)) <O0.

In view of Lemma 3.3, this completes the proof. o

Now we give a uniqueness result for (4). This result is obtained under more restrictive
assumptions that the existence one : namely we need the two following additional assump-
tions
for 1 < i < k, where m¥%(s) — 0 when s — 07, for all ¢t € [0,7T], |z|, |y] < R, |r| < R,
peRY geR (VR < 0).

For ~, we assume in addition
(A.2vi) Vi(z,e) —Yi(y,e)| < Cilz —y|(LAef?) for 1 <i<k
for some constant C; > 0 and for any z,y € R%, e € E.

Our result is the

Theorem 3.5 Assume that f,g and v satisfy (A2). Then there exists at most one viscosity
solution u of (4) such that

lim  |u(t, z)|eAlosl=* = o, (6)

|z| =400

uniformly for t € [0,T], for some A>0.
In particular, the function u(t,x) = Y/}(x) is the unique viscosity solution of (4) in the

class of solutions which satisfy (6) for some A > 0.

Remark 3.6 Notice that, by Proposition 2.5, u(t,z) = Y/} (x) has at most a polynomial
growth at infinity and therefore it satisfies (6).

The growth condition (6) is optimal to get such a uniqueness result for (4). Indeed,
consider the equation

ou x20*u  xou )
a_?@—§%_0 in (0,7) x (0, +00) ; (7)

15



then u is a solution of (7) if and only if the function v(t,y) = u(t,e?) is a solution of the

Heat Equation
ov 10%

ot 20x2
But it is well-known that, for the Heat Equation, the uniqueness holds in the class of solutions
v satisfying

=0 in(0,7)xIR. (8)

lim  |u(t, y)le M =0, (9)
ly|—+o00

uniformly for ¢ € [0, 7], for some A > 0. And (9) gives back (6) for (7) since y = log(z).
Let us finally mention that, in our case, the growth condition (6) is mainly a consequence
of the assumptions on the coefficients of the differential operator and in particular on a =
(a;;):;; under the assumptions of Theorem 3.5, the matrix a has a priori a quadratic growth
at infinity. If a is assumed to have a linear growth at infinity, an easy adaptation of the

proof of Theorem 3.5 shows that the uniqueness holds in the class of solutions satisfying

lim |u(t,x)|e“g|x‘ =0,
|| =00

uniformly for ¢ € [0, T, for some A > 0.

Proof of Theorem 3.5 : Let u and v be two viscosity solutions of (4). The proof consists
in two steps. We first show that u — v and v — u are viscosity subsolutions of an integral
partial differential system; then we build a suitable sequence of smooth supersolutions of
this system to show that |u — v| = 0 in [0, 7] x IR?. Here and below, we denote by | - | the
sup norm in IR”.

Lemma 3.7 Let u be a subsolution and v a supersolution of (4). Then the function w :=
u — v s a viscosity subsolution of the system
&ui
ot

— Lw; — K {|w| + |Vw;o| + (Biwi)ﬂ =0in[0,T] x R? (10)
for1 <1 <k, where K is the Lipschitz constant of f in (r,p,q).

Proof : Let ¢ € C?([0,T] x IRY) and let (o, ) € (0,T) x IR? be a strict global maximum
point of w; — ¢ for some 1 <17 < k.
We introduce the function
v —yl?  (t—s)°
2 a2

¢5,a(t7 xz,s, y) = uz(ta .1') - Ui<37y) - - Sp(ta iL')

where €, « are positive parameters which are devoted to tend to zero.

Since (g, xo) is a strict global maximum point of u; — v; — ¢, by a classical argument in
the theory of viscosity solutions, there exists a sequence (,7,s,y) such that

16



(i) (¢,7,3,7) is a global maximum point of ¥, in ([0,T] x Bg)? where Bp is a ball with
a large radius R.
(H) (Ea T)a <§7 g) - (to,l‘o) as (E,Oé) — 0.
z—g* (£—5)°
22 2

(iii)

We have dropped above the dependence of £, 7, s and 7 in € and « for the sake of simplicity
of notations.
It follows from Theorem 8.3 in [4] that there exists X,Y € 8% such that

are bounded and tend to zero when (e, ) — 0.

(a4 5.0+ Delr.2),X) € D i)
(avpa Y) eﬁlivi(gay)

X 0 \_4a( 1 -I D2(i,7) 0

< 0 =2 ( 1T )*( 0 0

2T -9)

where

and p=

Modifying if necessary 1. , by adding terms of the form y(z) and x(y) with supports in
By, We may assume that (t,7,5,7) is a global maximum point of ¢., in ([0, 7] x IR%)2.
Since u and v are respectively sub and supersolution of (4), we have for § small enough

_a— 207 - @ x)— < b@), 5+ Do, 7) >

ot 2
_ [ BEAF e - /]56(80(t,a7 + B(Z,€)) — (£, T)— < Dp(t,T), B(T, €) >)A(de)

—éxw@f+Ma@qua@—<ﬁ+D¢haﬂ@ﬂpﬂM@)
— (1,7, u@,7), 5+ Do, 7))o(@), BY) <0

where

= \|2
Bf::A;(<nﬁ@¢w>+”%;”

[ (6.7 + 5(.¢)) — o0.7)) u(F. )M (de)

+ [ w7+ 5@, €)) = wll, ) (T, )\ (de)

c
5

) (T, e)A(de)
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and

_a_;nm@n»—<wwm>
+ Es WA<de) o /Ec(vi(gvy + B<y7 6)) - Ui(g’ y)_ <D B(y’ 6) >))\<d€)

o~
—

_fi(§7 ya U(§7 y)ypg(y)a Bg) Z 0
where

5 = [ (- <powe> -PEI) g

+ [ 05+ 85.)) = (5. 9)u(5, ) de).

It is worth noticing that the x terms we have to add to ., to have a global maximum
point do not appear in the two inequalities above because ( is bounded and they have a
support which is included in B} /o for R large.

Of course, we are going to substract these inequalities and we need to estimate differences
between terms of the same type.

First, if (e1...eq) is an orthonormal basis of RY,

Tr(a(@)X) —Tr(a@)Y) =Tr(c"(x)Xo(Z)) — Tr(c" (7)Y o(y))
=2 < Xo(T)e;,0(T)e; > — < Yo(y)e;,o(y)e; >]

=1

To estimate this sum, we use the matrix inequality above together with the Lipschitz
continuity of 0. We get

+ Tr(a(T)D*¢(t,T))

mewxyqnm@nwgc”;y

for some constant C. Then
7 —7l?

| <b(@),p>— <b(F),p>|<Clz -7l < C—

because of the Lipschitz continuity of b.
To estimate the differences of the integro-differential term, we strongly use the fact that
(t,7,5,7) is a global maximum point of . o in Br/e. From the inequality

Veolt, T+ B(T,€),5,7+ (7€) < ¥ealt,7,5,7)

we deduce

— < ?aﬁ(f7€> - 6(ya 6) > =
o(t, T+ B(T,e)) — p(t,T).
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Therefore

[, (i@ 7+ B, €)) = i, 1)~ < p+ Dp(E. ), BT, ¢) >)A(de)

~ [ 0T+ BT, )~ uld. )= < 0T €) Z)A(de)
< / (t,7+ B(T,e)) —o(t,7)— < Dy(t,T), B(T,e) >|\(de)

5.0) = BI.OR )

B g2

Clz —7g|?

= with C inde-

Notice that the last term of the right—hand side is estimated by

pendent of 4, because of the assumptions on 3. In the same way,

B(, e)|”

c2

—

B-Bi< (< P BT ) > + ) (T, )N (de)

+/ << 5,87, e) > +|5(i)’> (Y, e)M(de)

+ [ o7+ B, ) = lE2)]3(@, e)A(de) +
[ 05,7+ 8.€)) = w5, (47, €) = (7. €)M (de)

)

+ [ (< B.5@¢) = BE€) > +51(,€) — B0, ¢) Plu(, ]\ (de)

Clz —y)?
Because of the assumptions on 3 and +, the last integral is estimated by |72y| where
€

C' is independent of § and the preceeding one is estimated by C|Z — 7| since v is continuous
(and therefore locally bounded) and because of the additional assumption (A2.vi) made on
v in the statement of Theorem 3.5.

Finally, we consider the difference between the nonlinear terms

(), Bf)—fi(@@'v(@y),p o(7), ES)
< pos([F = 30) + m' (7 = 7l(1 + [po(@)])) + KJu(.7) - o(5.7)]
+K[plo(7) — 0(7)) + De(l, 7)o ()] + K(B] — BY)".

fit, @, u(t, @), (p+ Do(,7))o

The first term in the right-hand side comes from the continuity of f; in ¢ : p.s(s) — 0
when s — 07 for fixed € and . The second term comes from (A.2 v) : we have denoted by
m' the modulus m?, which appears in this assumption for R large enough. The three last
terms come from the Lipschitz continuity of f; w.r.t. the three last variables and the fact
that it is non-decreasing with respect to the last one.
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We notice that

o N z -7
plo@) — o ()] < O,
because of the Lipschitz continuity of ¢ and that
S, 7 -7
7 =7l o)l < O———.

Now we substract the viscosity inequalities for © and v : thanks to the above estimates,
we can write the obtained inequality in the following way

Qo - - = - T (T = N TR AT (o
_E(tax) - ASO( ,iL’) - KgO(t, .I') - K|u(t7$> o U(&?/)‘ - K|D(10(ta :L')O'(l’)|—
R (Bip®, 7)™ < peslff — 51) + wn (e, ) +w5(0)
= |2
where we have gathered in the wy (g, ) term, all the term of the form [z 2y| and |7 — 7| ;
€
wi(e,a) — 0 when (e, a) tends to 0. The w5(d) term contains all the remaining integrals on

£ -5
a2
rid of the first term of the right—hand side above. Then we let § go to zero keeping ¢ fixed

and finally we let ¢ — 0. Since (¢,7), (5,7) — (to, o), we obtain :

Es. To conclude we first let o go to zero : since is bounded, |t — 3| — 0 and we get

P _ _ _
—aff(to,xo) — L(to, x0) — Kl|w(to, z0)| — K|Dp(to, zo)o(xo)| — K(Bip) ™t (to, 20) <0

and therefore w is a subsolution of the desired equation by Lemma 3.3. o

Now we are going to build suitable smooth supersolutions for the equation (10).

Lemma 3.8 For any A > 0, there exists Cy > 0 such that the function

X(t,z) = exp [(CL(T — ) + Ay (x)]
where )
(@) = [log ((Ja” + )V?) + 1),
satisfies
_(Z)tc — Ly — Kx — K|Dxo| — K(B;x)* > 0 in [t;,T] x R?
for1<i<kwheret, =T — A/C}.
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Proof : We first estimate the terms Ky and B;y, the main point being their dependence
in z. For the sake of simplicity of notations, we denote below by C' all the positive constants
which enter in these estimates. These constants depend only on A and on the bounds on
the coefficients of the equations.

We first give estimates on the first and second derivatives of ¢ : easy computations yield

CI

Sl <4 in RY
(a4 172 =5

[Dy(z)| <

nd (1 + [p(@)]V2)
x , d
|D2¢($)| < PR in R .

These estimates imply that, if ¢ € [¢1, T

IDx(t,z)] < (Ci(T —t)+ A)x(t, z)| Dy ()|

[ ()]

< CX(t;I)W7

and, in the same way

U(z)
D*x(t,z)| < Cx(t :
|D*x(t, )| < Cx( ’x)|x|2 1

It is worth noticing that, because of our choice of t;, the above estimates do not depend on
Cl.

Then, since § is bounded and since 1 is lipschitz continuous in IR?, tedious but straight-
forward computations imply

V()

Xt + 3(a,€)) = x(t:2)= < Dx(at), B €) > Cxlta) 18 )
and 12
s+ 5z ) = x{t:0) < Ox(t.a) g D18,
Since o and b grow at most linearly at infinity, we have
) N — N
— 5 (L) = Ly(t,2) = Kx(t,x) = K|Dx(t w)o(a)| - K(Bix)*
> x[eubta) - Cut) + Clu@l - 0 0 - K - CRluta)
el L160) Wl
R

Since 1(x) > 1 in IR?, by using Cauchy-Schwartz inequality, it is clear enough that for C;
large enough the quantity in the brackets is positive and the proof is complete. o
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To conclude the proof, we are going to show that w = u — v satisfies
w(t, )| < ax(t,x) in [0,T] x R?

for any a > 0. Then we will let o tend to zero.
To prove this inequality, we first remark that because of (6)

lim |w(t, x)|6—A[log((\m|2+1)1/2)]2 _ 0
|z|—+00

uniformly for ¢ € [0, T, for some A > 0. This implies, in particular, that |w;| —ay is bounded
from above in [t;,T] x RY for any 1 < i < k and that

M = max max (|lw;| — ax)(t, z)eXT?
1§i§k[t1,T}><]Rd(’| X)(t, )

is achieved at some point (tg, zo) and for some .

We first remark that, since |- | is the sup norm in IR*, we have

M= max (|lw|—ay)(t, z)eXT
[t1,T]x R4
and |wy, (to, zo)| = |w(to, zo)|. We may assume w.l.o.g. that |w;,(tg,zo)| > 0, otherwise we
are done.
Then two cases : either wj,(to,zo) > 0 or wy,(to,zo) < 0. We treat the first case, the
second one is treated in a similar way since the roles of u and v are symmetric.
J,From the maximum point property, we deduce that

Wi (t7 ZE) - OzX(t, ZE) < (wio - OéX) (tOv $0>6K(t—t0)
and this inequality can be interpreted as the property for the function w;, — ¢ to have a
global maximum point at (to, o) where

o(t,x) = ax(t,x) + (wi, — ax)(to, xo)eK(t—tO)

Since w is a viscosity subsolution of (10), if ¢y € [t;, T[, we have

0 — — —
_a(f(to, x9) — Lo(to, m0) — Kl|w(to, zo)| — K|Dé(to, v0)o(0)| — K<Bi¢)+ <0.
But the left-hand side of this inequality is nothing but
2%

o (to, o) — Lx(to, 20) — K x(to, 7o) — K|Dx(to, m0)o(20)] — K (Bix) " (to, 20)

ot

since wy, (to, ©o) = |w(to, xo)|; so, by Lemma 3.8, we have a contradiction. Therefore tg =T
and since |w(7T,z)| = 0, we have

|w(t, )| — ax(t,z) < 0in [t;, T] x R%
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Letting « tend to zero, we obtain
lw(t, )] = 0in [t;,T] x R%.

Applying successively the same argument on the intervals [to, t,] where ty = (t; — A/Cy)t
and then, if to > 0 on [t3,ts] where t3 = (t2 — A/Cy)T ... etc. We finally obtain that

lw(t,z)] =0 in [0,T] x IR
and the proof is complete.

Remark 3.9 The assumption (A.2 vi) on v is used in the proof to estimate the difference

(B —B)* : ifu orv is assumed to be locally Lipschitz continuous this additional assumption
s not necessary anymore to obtain the result of Theorem 3.5.

Moreover if the functions f; satisfy r¢ — fi(t,x,r,p,q) is non—decreasing for { # i for
anyt € [0,7], z € R, p € RY, g € R and (r1,...,70—1.Te41,--.,7%) in R¥! then easy
modifications in the proof show that a comparison result is true for (4). More precisely, if
u,v are respectively viscosity sub— and supersolutions of (4) satisfying (6) and

w(T,z) < v(T,z) in R
then
u(t,z) <w(t,z) in [0,T] x RY.

Our proof, which avoids this assumption, is inspired from H. Ishii and S. Koike [7].

Finally, we want to mention that, under the above monotonicity assumptions on the
fi, the case of semicontinuous solutions can also be treated. We refer to O. Alvarez and
A. Tourin [1] for a complete description of the properties of semicontinuous solutions for
such integral partial differential equations.
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