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TD Populations without interaction

Continuous State branching processes ( CSBB =

Markov process ( Zt)+
, . ,

in Rt
, describe the size of the pop .

No interaction c⇒Px+y = Px * By

Law characterized by branching mechanism

X→4HY ( x ) = - xD + IN + fee '
' "

. It

Xxltldx
)

⇒ Laplace exponent of spectrally positive Levy process

Assume : Conservative ( PCZKN )=1 )

(sub) - critical ( E ( Zt ) is b) = regular .

PC extinct . finite time )= 1



Flows of CSBP 's

Ray = Poetry : Can we construct all (Px)
, , simultaneously ?

Two quacks : 1) Ray - knight theorem 2) Levy driven SDE 's .

1) Following Duquesne . Le ball
.

tr HK ) = height process

non . Markovian .

Mmwhnh¥÷aasnk%taEn = Local time at level t
, hftofx . HN=1B( x ) 1Thivu (Eg , ED has law R

Tr= inftm : LY . v }



Fix v >°
,

Tv =inf|x : L°x3v }

tv = local Time in this bandMine
,[ '

tv = fraction of pop at time t descended

from [ o ,
v ] at time s

= Etsu Tsr = infhx : Enzvj



2) Levy drivenSDE 's

Following Dawson - Li and Bertin - Leball

Yuri = v . aft kinds + rftf " '
"

Wlds ,
du)

few
, rxo

+ ft f%Mf : Flds
,

do
,

dr )

N~= Compensated PPP dsxdvxtcdr )

( si
,

vi
, ri ) at time si

, if vi. Ys
;
.H , jump of size a

Thy ( Danson - Li )
Existence and uniqueness + ( Yelvbtzov , D= ( Ltv

,
too , vzo )



I Populations with Competition .

logistic growth :dZ+=KZ+- cZHdt
equation ↳ ecologicalinterpretation



I Populations with Competition .

Feller dtfw . logistic growth : dZ=KZ+- cZHdt + Fztdbe

Scaling limit of Gwreprodw . mean bit
,

vans
,

death at rate Cn

More general branching mechanism 4 by time change of QU . process

( Lambert)



I Populations with Competition .

Feller ditfw . logistic growth : dZ=KZ+-cZHdt+FzdBe

Scaling limit of Gwreprodw . mean bit
,

vans
,

death at rate Cn

More general branching mechanism 4 by time change of QU . process

( Lambert)SDE definition :
z.

Zthn= v - a ftzsinds+ rftf " "

Wlds ,
du)

€w
, rw

+ftp.h/r~N(ds.du.dr) - ftG( ZMH 's

G(z)=fPgHdt where g R+→R+ locally bounded .

e± GH) = Z
'

< → gcx ) =zx



SDE definition :
z

Ztln= v - a ftzscnds+ rftf " "

Wlds ,
du)

€w
, is

+ftp.h/rN~(ds.du.dr) - FTGCZMH 's

v fixed . At time t : negative drift Gfz+M)= total rate of killing

Indiv . Ie [ o
, Ztlv ) ) killed at rate

g ( stg (pop
to its bt¥

Proposition : SDEhas a unique strong solution .

tv : t  → Ztlr ) is LBP ( 4 , G) iadlag

u<r< w
,

totem. Zur )] is inohp of Huwe cmd m(Z+1rHt



Le.PardouxIWakolbingerConsTrucTtKreflectedBMtnegaEvedriftsuchthaddriftXg@caltimeEothehftYdrifThere-gll0KafstimgyiImttePgrdmyawgkndxbinmMhtVtivvnCLItHhtw.vxDlisaLBPflowwiThtpquadraticbranchingandComPe.tgtreesundnaltackfromthehft.gopgZdv5v-2fotZsmdsofotfPtTyds.du

) - fjGHM)ds

ftoirtr A
Nopoissoniantrm !



Excursions
,

Trees and Pruning

H encodes a real Tree ( or forrest) T with

1) dT= Lebesgue measure skeleton

2) if T
,

o
'

E T writ at
' if T is

"

left of
"

5
' ( or an ancestor )

( the tree comes with a planar embedding )



Excursions
,

Trees and Pruning

Ldt ,)

:
or

H encodes a real Tree ( or forrest) T with

1) IT = Lebesgue measure lskeleltoh

2) if T
,

o
'

E T writ at
' if T is

"

left of
"

T
' ( or an ancestor )

( the tree comes with a planar embedding )

3) to ET € Lott ) = LlFg ( H ) = local time left of a



Excursions
,

Trees and Pruning

= heigh process of 4 - CSBP

⇒= PPP / Skeleton of Tw . intensity O dr. Tt= (f)

Pruning = cut at the Ti
, keep connected componentof root

Abraham - Delmas
- PCTX

,

't ) ± Ty
.

where Yom = 41k to

↳ + embedding and do
.



Excursions
,

Trees and Pruning

Abraham - Delmas
- PCTX

,

't ) ± Ty
.

where Yom = 41/4+0/1

So Ltv ( PC Ty ,
to ) ) solves

Z

Corresponds€m=v. aDtzsindstrftf
" "

Wldsdu ) to geo y€w
, rw

+ftp.h/r~N(ds.dydr) -

fototsmds



Excursions
,

Trees and Pruning

• IT = ( F
,

u ;) = PPP on Tµ x Rt with intensity drxdu

. Let C : Ty → I o
,

a) be deterministic

It ( 9 SI u :{ Plo, ) )

• We say we prune With rat Y if we use The to cut Ty

Pty
,
e) = prune ( Ty Fte ) .

Ex : 4=0

• 4 : Ty → Com ) is called
an adapted intensity PH ) is measurable

w . rt . % = part of the tree
"

left of r
" and ki ,

U:) sit
. F E Tty

P 1D is Meas writ the

blue stuff .

\
••

-
T



Main results

them ( B
- Fontbona Filtipddi

"

15 )
suppose g 7

( l ) With proba 1
,

there exists a unique 4 *

adapted st.

4*4=9( Lr ( PCT
,
'e*D) ,

toe PCT ,e*t

(2) Furthermore
,

( Ltv ( PIT ,e* ) ,
too , mo ) is a weak solution of

Z

Ztln= v - a ftzsinds+ rftf " "

Wlds ,
du)[ turn

+ftp.h/rN~(ds.du.dr) - FTGCZMH 's

gain , gl*i=x ,
GCZEZZ is a typical example .



Prat ) Picard iteration

Define a sequence
Y "

.

Writ T "=P( T.ie
" )

Y4±0 and YYI"=g( L
.

( T
" ) ) ( not :C

't
' fixed point ! )

photo ⇒ The T ( whole tree )

YILH 'T > o so T
" '

subtnu of T

4 't LCTHKLCT
" )

,
so T

"

's T
" 't T "

pollen ) >Y ''s ;TYT
' "sT' "

< T
"

pay ena . :< my "tY "

Claim : he
' "→Y* uniformly on contacts . ( Groh wall )
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E

^
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Profit Discretion e >o,J>o fixed

:
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.
^

Just Hinokilling Is



Profit Discretion e >o
,

5>0 fixed

:
Mmm

.^ ^

Is / Is

This is pruned w .

rate 5
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Profit Discretion e >o
,

5>0 fixed

rmmr
To Is T

This is pruned w rat 25



Profit Discretion e >o
,

5>0 fixed

feteuiiift



Profit Discretion e >o
,

5>0 fixed

In each rectangle #"i
"'d I have an indp

CSBP started from 8
,

+ killing Frat Kor

f÷tEiEIiIt



B. Exceptional times for
StableFleming - Viol withmutations



1.cl#dFkmingViot
Model for evd - of pop . of fixed size

take a Moran model
o o o o o . . .

0 0

Each indiv has Vi offsprings µ A A
0 0 0 0 0 . . .

0 0

vine exchangeable
f µ /|\ A
0 0 0 0 0 . . .

0 0



1.cl#dF6mingViot
Model for evd - of pop . of fixed size

take a Canning model

@••@
o . . .

0

•Each indiv has Vi offspring =••@@@ . . .@@v ; an exchangeable ,
Iimmenf

p µ /|\ A
Each mdivatgno has

a@a•a
. . .

•@
type U ; ~iidU[ a ]

Nhl ' = 's
,
,§s×

,
.no ,

Xilhktynefiingenn .

Scaling limit : pen!]l ')→µt4Markov process on Pko ,D
-

called Fleming -

Vntproacssjnite
.

µ( dytdy onto ,B bur Ft >0
, µ . ) = Eta : dial 't



Classical Fleming - Viott mutations FVMIO )

each indie get a mutation w
. proha ON

scaling limit p :c ,

qq.fm
. "

%Fleming - Viot with mutations •••@@. . .••ieN "a@
•

•@
. . .

•@
^

For afixedt >o ,

Larew
mutant

#types=a almost sung ?

type gleans

( recall : when no mutation
,

Tt >o#types< a almost surely ) .



Classical Fleming - Viott mutations FVMIO )

each indie get a mutation w
. proha ON

scaling limit p :c ,

gg••%µ°
. "

%Fleming - Viot with mutations @•@@@. . .••Thmlschmuland ) f AtA Aa@
•

•@
. . .

•@
Bttt >o :# tgpeskb ^={1if0<1

( anew mutant

° if 031 typeayeans

Very analytical proof .



Generalized FV X stable FVM ( O )

Take Vi big generating

•a.•@
o . . .

°

•xiiid with Pcx: >y)~y
' a |\ A A

then sample Nmtof ;{,× ; ••••• . . .••inN "
then sailing limit is

••
•

••
. . .

••
GFV & . stable

.
( deer ) )

Add mutations at ratON"⇒Ft>o fixed #Types=Na .s .

Them (B
. Doering Mytnik ,

Zambotti ) for L . stable GFVMCO )

FO Ptt :# types < a )=o



FV and CB process YH )=M

( ZTH ,
tsoirecoi ] )

1%1

measure valued Feller diffusion

uuoi NMM
d

Then µh=
2¥ I:

Ze (1)
' Ztlrtttr

µ5%,h with SH=ftz÷,ds

is a FV process .



FVMIO ) and CBI 41,11=112 exc time color

4 t 1

[
PPP ( Ci ,s : ,Ui )

^ IBSI Mdekdsxdhldco , ]

( Ztlv ) ,t>° New ' ] ) £xI. .si
tttoexemeas

.

=cBiCu*Io) ?ei.~hh >

Then µ .h=
2¥ I:

ze (1)
1

µs .%,h with SH=ftz÷,ds

Ztlrtttrtfrlki
)

is a

FVMCO
) process .



GFV and CB process exc time color

t t d

(
PPP ( Ci ,s : ,Ui )

^ IBSI Mde )xds×dhH[ o , ]

( Ztlv ) ,t>° NEHB ) £xI. .si
tttoexemeas

.

=cBi(4*-50)?e?~hh >

Then µ
.h=ZtX I:

Ze (1)
'

t

µ .%,h with SH=ftz÷,ds

Ztlrtltrtfrlki
)

is a

FVMCO
) process . dZ+=FZtdBrtOdt

→ Pitman Yor

→ 0=1 critical .



Dawson - Li SDE 's for FVMIO ) and CBI YW=H

• zH=v + ftp.h/rN~(ds.dydrHvftGCZsKDds

( Bit Continuous branching with interactive immigration .

. Yen;r+ ///r[±u<%µ ,
-

'HRDMHS ,
do ,dr )

M= non comp .

Poisson
+0 ftlr - Yslv ) ]ds

dsxodvxorthldr ) Acdrk Beta ( 2- a ,x )

Ytlt =L . stable FVMIO )
.



Time change and renormalization YHKH

Take Z d- Stable with immigration GH )=sz2 "

• Z±H=v +

ftp.h/rN~(ds.dYdrHvfotOc.zsuYdsSH=Gftzsn.pds

Then µth= 254¥ is and stable FVIO )
.

Zsttf "

Pitman - Yor representation for Z ?



Interactive immigration 41/11=14

t→XH>o ( the rat )
time

PPPCEI .si,ui ,a :)
"

disk? . . .

singhe¥ Fintaem
- ' filter

intensity -- Nldetxdslsaxdutko , ]
ai

× data >°



Interactive immigration 41/11=14

t.CH >,o ( the rat ) " "
time

PPP ( ei.si,
vi ,

ai )
ext Fimtcdort ' titter '

sjhhh
intensity .

. Nuh 's
"→0Idda%I3a

, .

gixedmytweisa
:< as :)

time

eager.to#imeks;nhCSBPtimmi:
i

Thm( B. Paring , Mytnik,
Zambotti ) F !Y* Such that

Think
G(ECe*D=4*H Gcxtxt '



Exceptional times

⇒ Can you find a line

which cross finitely many exc ?

¥mat¥¥←.tt?IEnM....
.

ie rightof {
(

it
these do not matter



Exceptional times
^

⇒ Can you find a line
^

s which cross finitely many exc ?

Bin?. .si

. a a

←
. .antti >

height of ei A I
these do not matter



Exceptional times
^

⇒ Can you find a line
ind a point n

s which cross finitely many exc ?
covered by

Leith?. .si
finitely many

shadows .Dewninth>

heightofei A I
these do not matter



Exceptional times
^

⇒ Can you find a line
ind a point n

s which cross finitely many exc ?
uncovered .

Leith
.?. .si

.yewninth>

heightofei A I
these do not matter

⇒ Shepp 's criteria . Only depend on
tail behavior of Nlhlexde a)

-

when Xto .


