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Abstract

We study the bijection betwen binary Galton Watson trees in con-
tinuous time and their exploration process, both in the sub- and in the
supercritical cases. We then take the limit over renormalized quanti-
ties, as the size of the population tends to infinity. We thus deduce
Delmas’ generalization of a well-known Ray-Knight theorem.

Introduction

There are various forms of bijection between an exploration (or height) pro-
cess and a random binary tree. Here we describe such a bijection, and prove
that a certain law on the exploration paths is in bijection with the law of
a continuous time subcritical binary Galton—Watson random tree. The re-
sult in the critical case has been first established by Le Gall [5], and in the
subcritical case by Pitman, Winkel [7], see also Geiger, Kersting [3], Lam-
bert [6], where the exploration processes are jump processes, while ours is
continuous. We believe that our proof is simpler than the above proofs. It
uses only a rather elementary property of the Poisson process (see Lemma
2.2). Moreover we consider the supercritical case, which is new. Inspired by
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the work of Delmas [1], we note that in the super critical case, the random
tree killed t time a > 0 is in bijection with the exploration process reflected
below a. One can define a unique local time process, which describes the
local times of all the reflected exploration processes, and has the same law
as the supercritical Galton Watson process.

We next renormalize our Galton Watson tree and height process, and take
the weak limit, thus giving a rigourous proof of Delmas’ extension of a well—-
known Ray—Knight theorem. The classical version of this theorem establishes
the identity in law between the local time of reflected Brownian motion at
the time when the local time at 0 reaches z, and all levels, and a Feller
critical branching diffusion. The same result holds in the subcritical (resp.
supercritical) case, Brownian motion being replaced by Brownian motion
with drift (in the supercritical case, reflection below an arbitrary level, as
above, is requested).

Note that associating an exploration process to a continuous branching
process allows us to describe genealogies of the population sampled at times
0, h,2h, ... from the embeded excursions above levels 0, h, 2h, ... of the ex-
ploration process, while those genealogies cannot be read from the branching
diffusion itself, see figure 5 at the end of the paper. The exploration process
contains the information of the tree, not only of the process of population
sizes.

The paper is organized as follows. Section 1 is devoted to the description
of the bijection between height curves and binary trees (without introducing
probabilities). Section 2 presents the equivalence of laws of height processes
and Galton Watson trees in the subritical case. Section 3 describes analogous
results in the supercritical case. Section 4 presents the results of convergence
of both the population process and the height process, in the limit of large
populations. Finally section 5 deduces the generalized Ray-Knight theorem
from our convergences and the results at the discrete level.

1 Preliminaries

We denote by H,,, the set of piecewise linear functions H : s — H(s) from
[0,T,,] into R, with alternating derivatives p and —p, which starts from (0,0)
with slope p, is reflected whenever it hits zero, and is stopped at the time
T,, of its m—th return to zero, which is assumed to be finite. We shall write
H, for H, .

We also denote by 7 the set of finite rooted binary trees which are defined
as follows: an ancestor is born at time 0. Until he eventually dies, he gives
birth successively to an arbitrary number of offsprings. The same happens
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to each of his offsprings, and the offsprings of his offsprings, etc... until
eventually the population dies out. We denote by F,, the set of forests
which are the union m elements of 7.

There is a well known bijection between binary trees and exploration
processes. Under the curve representing an element H € H,, we can draw a
tree as follows. The height hjf,q, of the most left local maximum' of H is
the lifetime of the ancestor and the heigh Ajumin of the lowest non zero local
minimum is the time of the birth of the first offspring of the ancestor. If
there is no such local minimum, the ancestor dies before giving birth to any
offspring. * We draw a horizontal line at level h;ypmin. H has two excursions
above hyowmin. The left one is used to represent the fate of the ancestor and
of the rest of his progeny. The right one is used to represent the fate of his
first offspring and of the progeny of the later. Continuing until there is no
further local minimum to explore, we define clearly a bijection ®, from H,
into 7. Repeating the same procedure, we define a bijection between H,,,,
and 7,,.

We now define probability measures on H, (resp. Hpm,) and 7 (resp.
Tm)-

Let 0 < p < X be two parameters. We define a stochastic process whose
trajectories belong to H, as follows. Let {Uy, k > 1} and {V}, k& > 1} be two
mutually independent sequences of i.i.d exponential random variables with
parameter A and p respectively. We define Z, = Uy — Vi, & > 1. Py, is the
law of the random element of H,, which is such that the height of the first
local maximum is Uy, that of the first local minimum is (Z;)". If Z; = 0, the
process is stopped. Otherwise, the height of the second local maximum is
Zy + U,, the height of the second local minimum is (Z; + Z»)™, etc. Because
i < A, the process returns to zero a.s in finite time. The random trajectory
which we have constructed is an excursion above zero. We define similarly a
law on H,, ,, as the concatenation of m i. i. d. such excursions.

To the same pair of parameters (A, i), we associate the subcritical binary
Galton Watson tree (i. e. random element of 7') as follows. The lifetime
of each individual is exponential with parameter A\, and during its lifetime,
independently of it, each individual gives birth to offsprings according to a
rate p Poisson process. The behaviours of the various individuals are i. i. d.
This defines a probability measure Q,, on 7. We use the same notation to
denote the law on F,, of m i. i d. random trees with Q, , as their common
law.

'We assume that this minimum is unique, as will be a.s the case in the probabilistic
model below
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Figure 1: Bijection between binary trees and exploration processes
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2 Subcritical case

The aim of this section is to prove that Py ,® "~ = Q, ..
Let us establish some preliminary results Whlch will be useful in the se-
quel.

2.1 Preliminary results

Let (T}) x>0 be a Poisson point process on Ry with intensity p. For any ¢ > 0,
we define the random variable

Ry = sup{T};; Ty, < t}.

k>0

Lemma 2.1 Let M be a non negative random variable independent of {T}., k >
0} and define
Ry = sup {T; T < M} .
k>0

Then M — Ry @ VAN M where V and M are independent, V' has an expo-
nential distribution with parameter p.

Proof. Let f : R — R continuous and bounded. It is well knowed that for
any t > 0, the law of t — R; is the same that of V' A t, where V = E(p).

E(f(M — Rur)) = / E (F(M — Ry)|M = t) dPys(dt)
~ [ B~ R Pular
/ (F(V A 1)) Par(dt)

/ / F(v A1) Py (dv)Pag(dt)

F(V A M),

with V' whith is independent of M, since it is a function of (7});>, ™

Lemma 2.2 Let (T}),, be a Poisson point process on Ry with intensity fu.
M a positive random variable which is independent of (Tj),,. Consider the
integer valued random variable K such that T = Ry and a second Poisson
point process (1)), with intensity p, which is jointly independent of the

first and of M. Then (T’f>k;>o defined by:

PN Tk AT e fE>K
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is a Poisson point process on Ry with intensity p which is independent of
Ry

PrROOF: Let (Nt >0), (N¢,t > 0) and (N/,¢t > 0)) be the counting pro-
cesses associated to T', T and T".
Foranyn>1, 0<t; <---<t,and ky,...,k, € N, we intend to evaluate

& = ]P)(Ntl =ki,..., Ny, = kn|Ras = t>.
It suffices to treat the case: 34 such that 2 < <nand t;_; <t <t;.

gt == IP) (Nt1 = k17Nt2 = k2a Tt 7Ntz‘,1 = ki—laNt + Nt,i_t = kia Tt 7Nt + Nt/n_t = kn)

- IP(Ntl - kh th - Nt1 - k? - kl? e 7Nti_1 - Nti_z - ki—l — ki—?) Nt - Nti_l

tiy1—t -

+ Ntlift - k, - 1{71;1, ! Ntlift - ki+1 - ki, tt 7Nz‘{n7t — Nt/"_lft == k’n — knl)

n

e 1 (s = )R
=1 (ki — ki)

=1

Therefore T is a Poisson process with intensity y and it is independent of
Ry since & does not depend upon t. [ |

We are now in a position to prove our main result.

2.2 Main result

Theorem 2.3
Qrp =Pr,u®, "

The theorem says that the tree associated to the exploration process { Hy, s >
0} is a N-valued continuous binary tree with death rate A and birth rate p,
and vice versa.

PROOF: A binary tree with birth rate 1 and death rate A can be described
as follows: Each individual gives birth to offsprings according to a Poisson
process of intensity u, and dies at an exponential time of parameter A, inde-
pendent of the birth times. The individuals will be numbered: ¢ = 1,2, ....
1 is the ancestor of the whole family. The subsequent individuals will be
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M.
t =

M,

M,

m,

w -

My

Figure 2: Another view at binary Galton Watson trees
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identified below. We will show that there is way to explore this tree with
an exploration process whose law is pricisely Py ,. We introduce the family
(T¢,k > 0,¢ > 1) of mutually independent of Poisson processes . For any
¢ > 1, the process T} describes the times of birth of the offsprings of the
individual ¢. We define U, to be the lifetime of individual .

e Step 1: We start from the initial time ¢ = 0 and climb up to the
level M of height Uy, where U; follows £(A). We go down from M,
until we find the most recent point of the Poisson process (T}}) which
gives the moments of birth of the offsprings of individual 1. So we
have descended from a height of V; A M7, where V; follows £(u) and
is independent of M;j(see 2.1 ). This moment corresponds to a level
my = M 1 — ‘/1 A M 1-
if m; = 0, we stop, else

e Step 2: We give the label 2 to this last offspring of the individual 1,
born at the time m;. Let us define (Ti) by:

=

1 2 :
Tg, + T g, 41 otherwise

where K is such that Th = my.

Thanks to Lemma 2, (Ti) is a Poisson process with intensity p on R,
which is independent of m; and in fact also of (Uy, V}).

Starting form m;, the exploration process climb up to level M, =
my + Us, where U, follows £(A) and is independent of (Uy, V}). Starting
from level Ms, we go down a height My AV, where V5 follows £(u1) and
independent of (Us, Uy, V1), to find the most recent point of the Poisson

process (T.). At this moment we are at the level my = My — Vo A M.
If ms = 0 we stop. Otherwise we continue.
Suppose we have made ¢ — 1 steps and my_y > 0, ¢ > 3.

e Step ¢ We start from m,_; found in Teil, which is the birthtime of
individual ¢ . More precisely mE—IZTZ: = sup{Tf:l;Tifl < M, 1}
We set M, = my_1 + Uy, which corresponds to the time of death of
individual ¢, where U, ~ £(\) and is independent of U;, V;,7 = 1, ...k—1.

We now define

=—l—1

— T, if k< Koy
Ty,  + T]f*K£71+1 otherwise
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Then (Ti) is a Poisson point process with intensity p on R, and is
independent of (mq, My, -+, My_1,my_1). Coming down from level My,
we wait a time Vp A M, to find the most recent point of the Poisson
process (Tﬁ). Consequently the next level is my = M, — V), A M, where
Vi ~ E(p) and is independent of U;,i = 1...0 and V;,i = 1..4 — 1.

Since we are in the (sub)critical case, zero is reached a.s after a finite number
of iterations. It is clear that the random variables M; and m; determine fully
the law Qy ,, of the binary tree and they have both the same joint distribution
as the levels of the successive local minimas and maximas of the process
{H;, s > 0} under PP, ,, and the joint distribution of the nodes (including
the leaves) of the binary (A, i) tree. n

2.3 A discrete Ray—Knight theorem

Consider the exploration process { H;, t > 0} defined above which is reflected
at zero and stopped at the first moment it reaches zero for the m-th time.
To this process we can associate a forest of m binary trees of birth rate u
and death rate A\ which all start with a single individual at the initial time
t = 0. Consider the branching process in continuous time (Z}"),, giving
the number of offsprings alive at time ¢ of the m ancestors born at time 0.
Every individual in this population, independently of the others, lives during
a exponential time with parameter A\ and gives birth to offsprings according
to a Poisson process of intensity .

We now choose the slopes of the piecewise linear process H to be £2 (i.
e. p=2). We define the local time accumulated by H at level ¢ up to time
s:

Lt)—il’ E 81 d (2.1)
5( 2 é}lnol =)y {t<H,<t+e}0T. .

L,(t) equals to 4/0? times the number of pairs of branches of H which cross
the level ¢ between times 0 and s. Note that a local minimum at level ¢
counts for two crossings, while a local maximum at level ¢ counts for none.
We have the ”occupation time formula”: for any integrable function g,

L g ar = / " () Lu(r)dr.

a2 Jo

. dm
Tmzlnf{S >OILS(O) > F}
(02/4)L,, (t) count the number of individuals of the forest of m trees which
are alive up to time ¢, since a pair of branches of the exploration process

corresponds to one individual in the tree. Then we have:
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Lemma 2.4

4
{L;, (t), t>0, m>1} = {—QZZ", t>0, le}.
o

2.4 Renormalization
In this section we make a renormalization. We choose m = [Nz] for some
x > 0. Let (ZtN ) >0 the branching process which describes the population

size of the [Nz] binary trees with birth rate uy = %QN + a and death rate
AN = ";N—i-é, where 0 < a < §. We set

ZN
X\t ==t
N
In particular we have that X" = [N—Nf”] — x when N — 4o00.

Let HY be the exploration process associated to ZV defined in the same
way as previously, but with slopes £2N, and A, p are remplaced by Ay and
pn. We define also LY (t), the local time accumulated by HY at level ¢ up
to time s, as

4 1 [°
Liv(t) = ; lelf{)] g . 1{tSH1{V<t+E}dT
LY (t) equals to 4/No? times the number of pairs of branches of HY which
cross the level t between times 0 and s. Let

. 4 [Nz]
N = inf LY — . 2.2
7, =inf<s>0 S(O)>02N (2.2)
We have again :

Lemma 2.5

4
{Lﬁv(t), t>0, x>0} —~ {—QXva””, t>0, x>0}.
b g

3 Supercritical case

3.1 A reflected exploration process

We consider again the process { H;, ¢t > 0} defined in section 1, but this time
in the case pr > A. This process does not come back to zero a.s. For each
level a > 0, we consider the height process {H{, t > 0} reflected at level a
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by adding the rule that whenever the process reaches the level a, it stops and
starts immediately going down with slope —p. Again the process stops when
first going back to zero. The reflected process comes back to zero almost
surely. Indeed we have

IP’(reaching zero during an arbitrary descent) > IP’(Vi > a) = exp(—pa).

Note A,, the event ”does not reach zero during the n first descents”. We have
clearly

P(An) < (1 — exp(—pa))",

which goes to zero as n — co. Hence the result.

For each a > 0, and any pair (), 1) of positive numbers, denote by P, , ,
the law of the process H®. Define Q,,, to be the law of the (A, 1) Galton—
Watson tree, killed at time ¢t = a (i. e. all individuals alive at time a~ are
killed at time a). An easy adaptation of the proof of Theorem 2.3 yields

Proposition 3.1 For any a, A\, u > 0,

-1
Q)\7u7a = IP))‘J"HG’@]) .

3.2 A Ray—Knight representation

For any b > a > 0, we now define the application I1%® which maps trajectories
from H,, with values in [0, b] into trajectories with values in [0, al.
Let p: R — R be a function such that:

dp
p0)=0; = = Limsay(s)

We define
Ha,b<Hb)(S) = Hg—p(s)

Lemma 3.2
Ha,b(Hb> @ H

ProoF: It is in fact sufficient to show that the conditinal law of the level
of the first local minimum of H® after crossing the level a downwards, given
the past of H?, is the same as the conditional law of the level of the first
local minimum of H® after a reflexion at level a, given the past of H®. This
identity follows readily from the "lack of memory” of the exponential law. m
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We now consider the case p = 2. For each a > 0, m > 1, define the
stopping time

4
T = inf{s > 0; L5(0) > —m},
o

where L%(0) is the local time of the process H® at level 0. b is defined

m

similary in term of L°(0). Thanks to Lemma 3.2 we have for any b > a > 0,
m > 0:

(L (1,0 < t < @) @ (L% (1,0 < t < a),

and LA(t) are (resp. L%(t)) the local time associed to H® (resp. H’) at level
t up to time s.

It follows that, for each m > 1, we can define the process {L£,,(t),t > 0},
which is such that for each a > 0,

{(L(0),0 <t <a}y 2 {L% (1),0 <t <a}.
We have the following Ray—Knight type statement

Lemma 3.3
@4 .,
{Ln(t),t >0,m>1} = ;Zt , t>0,m>05.
Proor: It suffice to show that for any a >0, m > 1

(Lnd),0<t<a} L {Zm0<t<al.

But
{(Lo(t),0 <t <a} D {12 (1),0<t<a}={Z"0<t<a},
and
(zmo<t<a)@{zmeo<t<al.
Hence the result. |

3.3 Renormalization

Following the same approach as in the subcritical case, we consider the explo-
ration process {HtN .t > 0} defined above which is reflected in the interval
[0, a] and stopped at the first moment it reaches zero for the m-th time, where
m = [Nz|, N € N* and some z > 0, and remplace respectively A and p by
Ay and py. Like the process HY, the process HY: has slopes £2N.



4 WEAK CONVERGENCE 13

To this exploration process HY we associate the forest of m trees killed at
time a. We consider the branching process {ZN 1<, s > 0} which gives
the population’s size of these m binary trees, killed at time a. We consider
also the local time LY(t) of the process HM* defined as above. For each
a > 0, define the stopping time

' 4 [Nz
Mo = inf ; LY —==1} 1
T, inf{s > 0; L;"*(0) > SN } (3.1)

Again we can define a process {£Y(¢),t > 0} which is such that for each
a >0,

{£Y(1),0 <t <a} @ {LN(1).0 <t < a).
We have the

Lemma 3.4

4
(L¥),t> 0,2 >0} 2 {—Xj“,tzo,xzo}.

4 Weak convergence

4.1 Tightness criteria in D

Consider a sequence {X/', t > 0},>; of one-dimensional semimartingales,
which is such that for each n > 1,

¢
Xt”:Xg—l—/ On(X)ds + M, 0 <t <T;
0

.= [ U (XD)ds, 13 0

where for eah n > 1, M" is a locally square-integrable martingale, ¢, and
1, are Borel measurable functions from R into R and R respectively. Most
of the next statement follows readily from Corollary 2.3.3 in Joffe, Métivier
[4], while the last part follows from Theorem I11.10.2 in Ethier, Kurtz [2].

Proposition 4.1 A sufficient condition for the sequence { X}, t > 0},>1 to
be tight in D([0,00)) is that both

the sequence of r.v.’s { Xy, n > 1} is tight; (4.1)

and for each T >0, some p > 1,

T
the sequence of r. v.’s {/ [|0n (X)) 4+ n(X31)]PdE, n > 1} s tight. (4.2)
0
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If moreover, for any T > 0, as n — oo,

sup |M* — M| — 0 in probability,
0<t<T

then any limit X of a converging subsequence of the original sequence { X™},>1
1S a. S. continuous.

4.2 Tightness and convergence of X"*

The continuous time Galton-Watson process {XtN *t > 0} is a Markov
process with values in the set Ey := {k/N, k > 1} with generator A" given
by

AN f(z) = Nz (N%2+a) [f (w+%> —f(ar)} +Nz (NO;W) {f (x— %) —f(x)] :

for any f: Exy — R, x € Ey. Consequently for any f € C'(R),
t
M = 0N = 1) - [ AV s (43)
0

is a local martingale. Applying successively the above formula to the cases
f(x) =z and f(x) = 2?, we get that

t
X=X / (= B)Xdr + M, (4.4)
0
2 2 t t
(x) = () w2te ) [ocpar s (o0 557 ) [ e s,
(4.5)

where {Mt(l)’N, t >0} and {Mt(z)’N, t > 0} are local martingales. It follows
from (4.4) and (4.5) that

t
(MONY, = <02 + O‘;ﬂ ) / XN, (4.6)
0

We now prove

Lemma 4.2 Asume that supys, E [(Xév’z)z} < 00. Then for any T > 0,

2
sup sup E [(Xf\[w) } < 00.
N>10<t<T
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An immediate Corollary of this Lemma is that {Mt(l)’N} and {Mt(Q)’N} are
in fact martingales.
PRrOOF: Let 7, = inf{t > 0, \Mt@)] > n}. We deduce from (4.5) that with

C==("+a+p), C/:2(a—ﬁ)+%(02+a+ﬁ),

N | —

E (X0 <E[(x?] + o+ / (X2 s,
0

hence the result from Gronwall’s and Fatou’s Lemma. m

It now follows from Proposition 4.1, (4.4), (4.6), Lemma 4.2 and the fact
that that X" — 2 {XN*} N>y is tight in D(]0, +00)).
Standard arguments starting from (4.3) now allow us to deduce

Proposition 4.3 Since Xév’x — 2 as N — 0o, XM = X® as N — o0,
where X7 is the unique solution of the following Feller diffusion with logistic
growth

t t
Xt:”:x—l—(oz—ﬁ)/ der+a/ VXEdB,, t > 0.
0 0

Tightness of HY (resp {HN*, s> 0})

Consider now the exploration process {HY, s > 0}(resp {HN* s> 0}) of
the forest of trees representing the population {Z, t > 0}(resp {Z*, t >
0}). Let {VN, s > 0} be the {—1,1}-valued process which is such that a.
e.: In the first case (subcritical)

dHN
d; = 2NV, (4.7)
and in the second case gy
o= 2NV, (4.8)

The R, x{—1,1}-valued process {(HY,VN), s > 0} (resp {(HN*, VNa) s >
0}) is a Markov process. This process solves a martingale problem, in a sense
which we now make precise. In fact we can write the following SDE for this
pair in both cases. We have HY = HY* =0, VN =V, =1, and

dHN
ds

d‘/sN = 21{VSJX:_1}dPS+ - 21{VS]X:+1}dPS_ +

= 2NV,

No?
2

dLY (0);
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and
dH N
S — 2N‘/;N7a7
ds
No? No?
N,a __ — N,a N,a/, —
d‘/s — 21{V:X,a:71}dp':_ - 21{Vslz,a:1}dps + 2 dLS (O) - TdLs (CL ),

where {P}, s >0} and {P,, s > 0} are two mutually independent Poisson
processes, with the intensity resp.

0’N? +2aN and o*N?+25N.

Here LY4(0) and LY%(a™) denote respectively the number of visits to 0
and a by the process HY® up to time s, multiplied by 4/No? (see (2.1)).
These two terms in the expression of V@ stand for the reflection of H™®
above 0 and below a. Note that our definition of L% make the mapping
t — LY9(t) right continuous. Hence LY%(t) = 0 for t > a, while LY%(a™) =
limy, oo LY*(a — ) > 0 if H™* has reached the level a by time s. We now
write a martingale problem satisfied by the process {(HY, V), s > 0}(resp
{(HNa VNa) s > 0}). We are not interested in writing it for arbitrary
functions of the two variables (h,v), but rather for specific functions, which
will be convenient for taking the limit as N — oo. Note that the process
{VN_ s > 0} oscillates faster and faster as N grows, and that in the limit
some averaging takes place. We thus implement the so called “perturbed test
function” method used in stochastic averaging, see e. g. Ethier, Kurtz [2].
For f € C?*(R), let

PN (o) = F() + 5= /().

2, 4o,
ANfN(ha v) = ;f (h) + 1{v:—1}§f (h) = Lp=s1y

46

o2

f'(h).

It is easily seen that whenever f € C%*(R),

M = YV = Y0 - [ v - )

s
0

(reSp' Mg = NNV 0 - [ AN e v ar

I o)+ Ty <a->)
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is a local martingale.
If we assume moreover that f'(0) > 0 (resp. f’(0) > 0 and f’(a) < 0),
then

NN o P VY = N0 - [ AN VY ar
0

(resp. MSf’N’“ = fN(HSN’“,VSN) — fN(O,l) —/ ANfN(Hﬂv,V;N)dr>

0

is a local sub-martingale.
(4.9)

If we choose successively f(h) = h and f(h) = h?, we deduce that there exist
two local martingales { M, s > 0} and {M2", s > 0}(resp. {M}Ne s>
0} and {M2N4 s> 0}) such that

VN 1 4oy 4
HY + = = —— 4 —/ Lyy——pydr — = 1{VTN=+1}d7"
0 0

s No?2 No?2 o2 o?
1
+ 5 LY (0) = L (0)] + MY (4.10)
2 4 8
N NyN
(HS ) + N02H Vo' = a—s—l— — 1{vN:—1}H dr
83 2 N
resp.
1V Na 1 4a 45
N,a S
HS + N—02 No2 + . l{VTN’“:—l}dr 02 0 1{VTN’E=+1}dT
1 1
+3 [Liv’“(o) — Ly (0)] = SEN (@) + gk
2 4 8
(H;V,a>2 N2 HNavNa _ S + O-_O; ]‘{VN a__ I}HNadT
85

_ oy Bt dr — a0 (a”) + MPNM

]_ N,a
0 NG

0-2
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We deduce from the above computations in both cases that

4
1,N1 _ + —
(M = N2g4 Z (1{VTJX:—1}APT + 1{VT1\1:1}AP7~ ) )
r<s
4 8a [° 83 [*
(M"N), = s+ —/ Lo ndr + —— [ Low_pdr
0-2 N0-4 0 { r 1} N0-4 0 { T 1}

4 8a [* 86 [*
1,Na\ __
<M >s = ;8 + Not /0 1{VTN’a:—1}dT + W ; ]-{VTN«a:l}dr

It follows immediately from this formula that { M2V, s > 0} (resp.{ M} "2, s >
0}) is in fact a martingale. One difficulty which we want to get rid of is the
local time term(s) in the expression for HY + ]‘\;52 (resp. HNa + ‘;V]Z;l), which
introduces some additional complication for checking tightness. For that
sake, we consider a new pair of processes (G, W) (resp. (GNe W)
which is R x {—1, 1}-valued and satisfies:

in the subcritical case

GN = 2N/ WxNdr,
0

S S
WSN =1+ 2/ Slgn(GiV)l{WN :—sign(GN)}dPrJr - 2/ Slgn(Gi\[)l{WN :sign(GN)}dPr_;
0 " " 0 " "
in the supercritical case (with the additional reflection at level a)

GN* =2N / whadr,
0

N,a __ B i n
WS =1 + Z {2/0' 1{ai§G7{V’aS(i+1)a}(_1) 1{W:\Qﬂ':_(_1)i}dp,’,

i€Z
o 2/0 1{ai<G’£I’a<(i+1)a}<_1)11{WTN_’G:—(—1)i}dP?"}

with the same PT and P~ as above. We claim that in the subcritical case
(HY, VYY) = (|GN], sign(GM)WN)
and in the supercritical case

HY* = lim &,(G")

k—o0

and ‘
VY = Z(_l)zl{aiSGNS(iJrl)a}WNa

1EL
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where

Qp=1po---oy

and for every j, the mapping 1, from R into R is defined by:

x|, if j is odd;
%(33):{" )

a—|x—al, ifjiseven.

Clearly tightness of {G™} (resp. {G™¢} will imply that of {HY} (resp
{HN:"}), since
Vst |HY = HY| < |G =G

resp.Vs,t  |HN® — BN < |GNe — aY).

Now we have in the first case

wy 1
GJ + NoZ  No2 _/ sign(G )1{W¥V:—Sign(G£-\’)}dr
— —/ sign(G 1{WN:SIgn aN }dr—l—MlN (4.12)
- 4 83 [°
(M), = E”N_& / Lwy=—sgn@pdr + w5 / L =sign(@}dr
(4.13)

Similarly we have in the supercritical case with the reflection at level a:

WN,a .
N,a S %
G+ No? N02 Z/ fai<eYe<rnay (—1) 1{W§;a:_(_1)i}dr
i r1,N
B ; Z/o ]‘{aiSG,{V’aS(i—&-l)a}(_l) 1{Wﬁ*“:(—1)i}d7’ + M,
i€
(4.14)

- 4 8a °
LN\ __ _—
(MENy, = 023+ o § / Laicade<erna LyNo—— 1y dr

Nc74 Z/ {zzz<GNa<(z+1)a}1{WN“ (-1 )i}dr- (4.15)

€L

Tightness of {GN}ns1 (resp. {GN} 1) in D(]0, 00)), hence in C([0,0)),
follows immediately from (4.12), (4.13) (resp (4.14), (4.15)) and Proposition
4.1. We deduce the

Lemma 4.4 The sequence {HY, s > 0}n>1 is tight in C([0,0)).
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4.3 Weak convergence of HY

Let us state our convergence results.

Theorem 4.5 HY = H in C([0,0)) as N — oo, where {H, s > 0} is the
unique solution of the submartingale problem:
V f € C*(R) such that f'(0) > 0, the process

NI = f(H,) — 1(0) + / Af(H, )dr

0
15 a local submartingale where

A =202 iy 1 2

In other words, H is the unique weak solution of the reflected SDE
2(a = B)

H, =
o2

2 1
2B, + =Ly(0), 4.16
s+ =B, + S L,(0) (416)

where Lg(0) denotes the local time at level O accumulated by the process H
up to time s. In other words, the process H equals the process

2(a — 2
m—2/6)8+_B8
g g

reflected at 0.

Theorem 4.6 For any a > 0, HY* = H* in C([0,00)) as N — oo, where
{H?, s> 0} is the unique solution of the submartingale problem:

V f € C*(R) such that f'(0) > 0 and f'(a) <0, the process

3T = F(HP) — 1(0) + / Af(H)dr

0
s a local submartingale where

2 — 3 2
A =202 iy 1 2
In other words, H is the unique weak solution of the reflected SDE
a 2(0& - 5) 2 1 a 1 a/ —
HS —TS+;BS+§LS(O) §Ls(a ),

where Lg(0) and Ls(a™) denote respectively the local time at level 0 and a~
accumulated by the process H* up to time s. In other words, the process H*
equals the process

2( — f)

s +
o2

2
B,
o
reflected in [0, al.



4 WEAK CONVERGENCE 21

The relation between submartingales problem and reflected SDE and the
weak convergence, is exposed in Stroock-Varadhan[9]. Let us prove theorem
4.5. The proof of theorem 4.6 is analogous.

PrROOF: From Lemma 4.4, we can extract a subsequence, still denoted as an
abuse { HY}, such that

HY = H in D([0,00)).
From (4.9), we know that for all N > 1, f € C*(R) satisfying f'(0) > 0,

= _ 1 / _3 ° "
MES = U + No Z‘VNf (H) = 1(0) ozl (0= — 0 fr(HY )dr
4 S
- [t = ] £

is a submartingale. Let us admit for a moment the Lemma :

Lemma 4.7 If XV% = X as N — oo in C([0,+00)), then for all s > 0,

S 1 S S 1 S
/ 1{VN:1}X7].V7$dT = —/ erT‘, / 1{VN:_1}X,,J‘V’xdT = —/ X,dr.
0 " 2 Jo 0 " 2 Jo

It then follows that for all f € C?*(R) satisfying f/(0) >
2 S
f L o . o _ //
Ms = f(Hs) f(O) 0_2/0 [Oé 6] / f

is a submartingale, which establishes the result, since this submartingale
problem has a unique solution, which is the Brownian motion with drift
reflected at level 0 described in the statement of the Theorem, see Stroock,
Varadhan [9]. ]

Proor oF LEMMA 4.7: It is an easy exercise to check that the mapping
O : C([0,400)) x C4([0,4+00)) — C([0,400))
defined by .
Ba.)t) = [ ey

where C([0,400)) denotes the set of increasing continuous functions from
[0,00) into R, and the three spaces are equipped with the topology of locally
uniform convergence, is continuous. Consequently it suffices to prove that

locally uniformly in s > 0,
/ 1{VTN:1}d7“ - g
0
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in probability, as N — oo. In fact since both the sequence of processes and
the limit are continuous and monotone, it follows from an argument “a la
Dini” that it suffices to prove the

Lemma 4.8 For any s > 0,

/ ]_{VTN:l}dT — g
0

in probability, as N — oo.

PRrROOF: Let AY (resp. IV) denote the number of local maxima (resp. min-
ima) of the process HY on the interval [0, s]. We have

IN < AN <IN 41 (4.17)
and
P012N23 < ASN + [éV < P;2N23 + P22aNs + PQBBNS + NLiV(O),

where {P!, P? P2 r > 0} are three mutually independent Poisson processes
with intensity one. We deduce from this system of inequalities that

AV + 1Y

o?N?

Indeed, we deduce from Proposition 4.1 that both HY and M are tight,
hence from (4.10) LY (0) is tight, and LY (0)/N — 0 in probability as N —
oo. Hence from (4.17)

— § in probability, as N — oc.

AN N
02;\[2 — g, 02;\/2 — g in probability, as N — oo.
Now
Aév = / 1{VA_] =1}dP7'7
O T
= (02N2+25N)/ 1{VTN1}dT+/ l{V]XZI}dM’I‘_7
0 0 r
where
(M™)s = (6 N? +26N)s.

Consequently

/81 N drzA—éV—(a2N2+26N)_l/81 N _pydMT

o {viv=1} o2N? + 23N o {vI=13""r

s
—3 in probability, as n — oo.
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Indeed
’ _ E(|M;]?)
2 S
P (‘/0 1{Vrj\_]=1}dMT >eN > < T
< V/(02N2 +2(3N) s
- eNZ

— 0, asn — .

Corollary 4.9
2
(HY, M"Y LYN(0)) = (H, —B,L(O)) ,
o

where B is a standard Brownian motion and L(0) is the local time of H, and
for each a > 0,

2
(HN’a,Ml’N’a,LN’a(O),LN’CL(a*)) — <[{a7 —B,La(O),La<a)) :
o

where B is as above, L*(0) [resp. L*(a™)] denotes the local time of the
continuous semimartingale H* at level O [resp. at level a™; it is the limit
of the local time at levels a — 1/n as n — oo/.

Proor: We prove the first part only. As already noted in the proof of
Lemma 4.5, (HY, M*N L (0)),_, is tight in C([0, 00)) x [D([0, 0))]".

Morever any weak limit of MEN along a subsequence equals %B . We
deduce from (4.10) that any weak limit of (H™, M*" L¥(0)) along a sub-
sequence is a triple of the form (H , %B , K ) satisfying

2(a — )

o2

2 1
H, = s+ —B, +-K,.
o 2

Comparing with (4.16), we deduce that

K= %L(O).

Now the limit is unique, hence the whole sequence converges. [ |
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5 Generalized Ray Knight Theorem

In this section we give an new proof of Delmas’ generalization of the Ray
Knight Theorem. Define L.(0) the local time of H at level 0, and in the
subcritical case a < (3

: 4
7, = inf{s > 0; L(0) > ;x}

In the supercritical case, of course the construction is more complex. It
follows from Lemma 3.2 and Corollary 4.9 that for any 0 < a < b,

(4)

n**(H*) = H°, (5.1)

where H® [resp. H’] is now Brownian motion multiplied by 2/o, with drift
2(a — B)s/c?, reflected in the interval [0,a] [resp. [0,b]], see Theorem 4.6.

Note that (5.1) is Lemma 2.1 in [1].
Now define for each a,z > 0,

a : a 4
7o =inf{s > 0, L%(0) > ;x}
It follows from (5.1) that, as in the discrete case, V0 < a < b,

{L(1), 0<t<a} @ {L%(1), 0 <t <a).

Consequently for each x > 0, we can define a process{L,(t), ¢ > 0} which is
such that for each a > 0,

(L.(1), 0<t<a} D{L%(t), 0<t<a}.

In the subcritical case, we use the same notation £, (t) for the quantity L., (t).
We have the (see Theorem 3.1 in Delmas [1])

Theorem 5.1 (Generalized Ray Knight theorem)
@ [4 .
{L.(t), t >0, x>0} = ;Xt,t20x>0 ,

where X7 is the Feller branching diffusion process, solution of the SDE

t t
Xf:er(a—ﬁ)/ X;'f"dr—i—a/ VX2dB,, t > 0.
0 0
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PROOF: Since both sides have stationary independent increments in z, it
suffices to show that for any z > 0,

4
(L.(1), t>0} 2 {FXf, £ > o} .

We treat the supercritical case only. The subcritical case is similar but
simpler. Fix an arbitrary a > 0. By applying the ”occupation time formula”
to HV¢ and Lemma 3.4, we have for any g € C(R,) with support in [0, a],

N,a
4 T o) .
o strea = [ gnre
0% Jo 0 e
4 o0
=— [ gt)X; "t (5.2)
0= Jo
We deduce clearly from Proposition 4.3
/ g XN dt = / g(t)XEdt. (5.3)
0 0

Let us admit for a moment that as N — oo

N,a

/ g(HY)dr = / " g(Hdr (5.4)
0 0

From the occupation time formula for the continuous semi-martingale
(H%, s > 0), we have that

4 TS oo
= | et = [ g (55)
o= Jo 0
We deduce from (5.2), (5.3), (5.4) and (5.5) that for any g € C(R,) with
compact in [0, a],
4 TS 00
et = [ gL
9= Jo 0
from which the result follows. n
It remains to prove (5.4), which clearly is a consequence of (recall the
definition (3.1) of 7V:%)

Proposition 5.2 For any a > 0, as N — oo,

(HN’“,TN’“) — (H*, 12).

xT )T
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Proor: For the sake of simplifying the notations, we suppress the super-
script a. Let us define the function ¢ from R, x C;([0,400)) into Ry by

o(z,y) =inf{s > 0:y(s) > %x}

For any fixed z, the function ¢(z,.) is continuous in the neighborhood of a
function y which is strictly increasing at the time when it first reaches the

value z. Define
= ¢, LY(0)).

We note that for any > 0, s — L(0) is a.s. strictly increasing at time 7.

Indeed 7, — 7, > 0 iff e, # § (with the notation of Definition XII.2.1 in [8]),

where e = {e,, © > 0} is the excursion process of the reflected Brownian

motion with drift H. The claimed property follows from the fact that e is a

Poisson process, hence for each x > 0, P(e, # §) = 0. Consequently 7, is a.

s. a continuous function of the trajectory L (0), and from Corollary 4.9,
(HNa T/N) = (H, 7).

T

It remains to prove that 7V — 7% — 0 in probability. For any y < z, for N
large enough

IN N IN IN
01, —1, <7, -7,

Clearly 7,¥ — 7,¥ = 7, — 7,,, hence for any ¢ > 0,

0< limsupP(T;N A g) < limsupIF’(Ta’SN — T;N >e) <P(r,— 7, >¢).
N N

The result follows, since 7, — 7,- asy — x, y < x, and 7,- = 7, a. s. [ ]
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Figure 3: The subtree of progenies which live at least for a duration
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