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Size-normalized Process Zy/(t)

e Epidemic in a close population of size N

e p: Number of health states (or compartments)

e Jump Markov process on E = {0,..., N}?

e Jumprates: z € E , z — z+ ( at rate ay(z).
Normalized process Zy(t) = % Z(t)

e Pure Jump Markov State space Ey = {#,z € E},

e Jump rates : For x € Ey , x — x + % at rate ay(Nx).
Zp(t) density dependent process if (H1) is satisfied
Assumption (H1): V(¢,y) € E~ x [0,1]P, &au([Ny]) — Be(y).

Notation: if u = (u1,...,up) € RP, [u] = ([u1], ..., [up]); [ui]= integer
part of u;.
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Diffusion approximation of the S/IR in a closed population

Population size N — Zy(t) = (STt)7 L/\f))
< AN y (S,1) — (S—1,1+1): (5,/):)\5ﬁ
(S,1) = (5,1 -1): (o, 1)(5, /) ol

(1) Two transition rates corresponding to ¢ = (—1,1),(0,—1)

(2) Let x = (s,i) € [0,1]> and 6 = ()\,7)
fie—1,1)([Nx]) = B1.1)(s, i) = Asi; o, —1)([NX]) — Bio,—1)(s, i) =i

(3) Computation of by(x) for x = (s, i)

bo(s, i) = Asi (—11> + i (_01> = (AS_IA_S’,Y /) .

ODE: x(t) = (s(t),i(t)): % = —Asi and 9 = \si —
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Diffusion approximation of the SIR (2)
Recall that Xy(x) := >, £ % B(x).
(4) Computation of the diffusion matrix Xy(y)

To(s,i) = Asi <_11> (1 1) +ni (_01) 0 -1)= (_A;’SI A;f’#) .
(x)) :

Square root ag(x) of Lg(x) (i.e. gp(x) ‘7g(x))

oo(s,i) = (_\/\/A% \%) |

Diffusion approximation Xn(t) = (Sn(t), In(t))

dSn(t) = —)\SN(t)IN(t)dt—f—\/IN\/)\SN(t)/N(t)dBl(t),
din(t) = (ASw(t)In(t) — vIn(t))dt

+ \% <—\/)\SN(t)/N(t)dBl(t) + \/7/N(t)d82(t)>
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SEIR model with temporal transmission rate

Camacho et al. PLoS Curr, 2015:;7.

AI/N p y

(S,E, 1) = (S—1,E+1,1) at rate S A(t)£.
(S,E,I) = (S,E—1,1+1)atrate p E
(S,E, 1) — (S,E, | —1) at rate v /

(1) Three transitions «y corresponding to ¢ = (—1,1,0)’,(0,-1,1)’,(0,0, —1)’

(2) Set x = (s, e,i) €[0,1]3 and 6 = (A\(t), p,7). Then
Bi-1,1,0)(s,€,1) = A(t)si, Bo,~1,1)(s, e, i) = pe and
Bo,0,—1)(s, €, 1) = i.

(3) Computation of by(t; x)

-1 0 0 —Asi
b(0;s,e,iy=Mt)si| 1 | +pe|—-1|+~i| O |=1Asi—pe].
0 1 -1 pe — i
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SEIR model with temporal transmission rate (2)

ODE x(t) = (s(t), e(t), i(t)) ,
% = —\(t)si, % = Asi — pe and % = pe — i.

(4) Computation of the diffusion matrix ¥4(t; x) for x = (s, e, 1)

A(t)si —\(t)si 0
Yo(t; x) = ()\(t)si A(t)si+ pe  —pe ) :
0
0

0 —pe pe + i
VA(t)si 0
Choosing oy (t; x) ( VA(t)si /pe )
0 —JpE VAT

Then the diffusion is

dSn(t) = —\(t)SnIndt + }md&

dEn(t) = (M(t)SnIn — pEn) dt—i—f md& t) 4+ /pEndBa(t)),
din(t) = (pEn — vIn)dt + = (—VpEndBa(t) + VyIndBs(t)).

(B(t) = 'Bi(t), Ba(t), B3(t) standard Brownian motion on R3)
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A mechanistic model for recurrent epidemics
SIRS model with seasonal forcing (Keeling et Rohanni, 2011 )

Notations supplémentaires

e 0: Immunity waning rate (per year)!,

o 1 (Population renewal): birth rate and death rate (per decades)~!
o A(t) =Xo(1+ M1 sin(27ri)),

@ )g Baseline transition rate, A1 :intensity of the seasonal effect,

® Tper: period of the seasonal trend.

Important: A\; = 0 = Damping out oscillations = need to have a temporal
forcing
Appropriate model for recurrent epidemics in very large populations

Key parameters: Ry = 2%, d = 1 ,Average waning period: <=
yp 7+u & & S Tper
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SIRS model with seasonal forcing in a closed population

= Z(t) = (S(t),I(t)) € E={0,..., N},
¢ =(-1,1),(0, ~1),(1,0), (—1,0).

(S.1) = (

(57/) - (S7l - 1) : a(O,—l)(57 l) = (’Y‘i‘ﬂ)/:

(S$;1) = (S+1,1):ape)(S, 1) =pN+(N—-5-1),

($;1) = (S—=1,1): a10)(S,1) = uS.

A(t) = Xo(1+ Alsin(27rﬁ)) = Time-inhomogeneous Markov process.

Remark: Simulations are easy with Gillespie's algorithm
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Approximation of the SIRS model with seasonal forcing

B—1,1)(s, i) = A(t)si; Bo,—1)(s, 1) = (v + w)i; B—10)(s, i) = ps;

Bro(s,i)=pu+6(1—s—1i).

Computation of by(t;s,i) and Xy(t;s,i) = X.

by(t;s, i) = (b9,1(t s, {)) _ ( Et i+5(1._5_ )

At)si— (v + p

b o(t; s, 1)

J;I_u(l - S)) _

—\(t)si A(t)si+ (v + u)f)'

Y — (/\(t)5i+5(1—5—f)+u(1+5) —\(t)si

Catherine Larédo () Inference for epidemic models

December 11, 2015

9/ 10



Diffusion approximation of the SIRS model (2)

Diffusion approximation Xp/(t)
Time- dependent by(t;s,i) Xy(t,s,1)

Let op(t, x) denote the Cholevski decomposition of ¥:
oa(t, x) ‘og(t, x) = Zg(t, x) with og.12(t,x) = 0.

dSN(t) = b971(t, SN, IN)dt + ﬁo‘gil(t, SN, IN)dBl(t)
d//\/(t) = bgyz(t, 5/\/, /N)dt + 09721(1‘, 5/\/, /N)dBl(t) + Ua’zz(t, SN, /N)de(t)
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