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Continuous observation on a finite time interval [0,T]

On the probability space :(Ω,F , (Ft , t ≥ 0),P)

dξt = b(θ0; t, ξt)dt + σ(t, ξt)dWt , ξ0 = η

σ(t, ξt) identified from this observation ⇒
Assumption: σ(t, ξt) known.
(Bt) : p- dimensional Brownian motion ,
η F0-measurable ;
θ0 ∈ Θ compact subset of Rk .

Aim: study of estimators of θ0 depending on the observation
(ξt , t ∈ [0,T ]).
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Probability distribution of a continuous time process

CT = {x = (x(t)) : [0,T ]→ R
p continuous},

CT : Borelian filtration associated with the uniform topology
Coordinate function: Xt : CT → R

p, Xt(x) = x(t).
(Xt): canonical process ⇒ anonical filtration: Ct = σ(Xs , s ≤ t).

Diffusion process (ξt) on (Ω,F ,P), dξt = b(t, ξt)dt + σ(t, ξt)dWt , ξ0 = η.
⇒ ∀ω, t → ξt(ω) is continuous [0,T ]⇒ ξT := (ξt(ω), t ∈ [0,T ]) ∈ CT .

Distribution of (ξt , t ∈ [0,T ]) on (CT , CT )

PT
b,σ = probability distribution image of P by the r.v. ξT .

Ai borelian sets in Rp, A = {x ∈ CT , x(t1) ∈ A1, . . . , x(tk) ∈ Ak),
P(ξT ∈ A) = PT

b (Xt1 ∈ A1, . . . ,Xtk ∈ Ak}.

Wiener measure W T : distribution of (Bt , t ∈ [0,T ] on (CT , CT ).
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Likelihood for continuously observed diffusions on [0,T]
Consider the parametric model associated to the diffusion on R
? dξt = b(θ0; ξt)dt + σ(ξt)dBt , ξ0 = x0.
? σ(x), b(θ, x) known; x0 known; θ unknown ⇒ θ ∈ Θ.
? PT

θ : distribution on (CT , CT ) of (ξt).
? PT

0 distribution of ξt = x0 +
∫ t
0 σ(ξs)dBs

Assumptions ensuring existence, uniqueness of solutions of the SDE+..
? Additional asssumptions

Theorem
For all θ, the distributions PT

θ and PT
0 are equivalent and

dPT
θ

dPT
0

(X ) = exp[

∫ T

0

b(θ,Xt)

σ2(Xt)
dXt −

1
2

∫ T

0

b2(θ,Xt)

σ2(Xt)
dt].

Above formula: stochastic integral w.r.t. the canonical process (Xt)
Under PT

0 ,
∫ t
0

dXs
σ2(Xs)

ds is a standard Brownian motion,

Under PT
θ ,
∫ t
0

dXs−b(θ,Xs)ds
σ2(Xs)

is a Brownian motion.
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Comments and extensions
• Diffusions having distinct diffusion coefficients σ(x), σ′(x) ⇒ Pσ and Pσ′

are singular distributions on (CT , CT ).
• Diffusion having distinct starting point x0, x ′0 have singular distributions.

(ξt): time-dependent multidimensional diffusion process
• b(θ, x)→ b(θ, t, x); σ2(x)→ Σ(t, x) = σ(t, x) tσ(t, x).
(Karatzas & Shreve for conditions ensuring existence and uniqueness of
solutions.
• On (CT = C ([0,T ],Rp), CT ),

dPT
θ

dPT
0

(X ) = exp(

∫ T

0
Σ−1(t,Xt)b(θ; t,Xt)dXt

− 1
2

∫ T

0

tb(θ; t,Xt)Σ−1(t,Xt)b(θ, t,Xt)dt).

(Liptser & Shiryaev).
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Maximum Likelihood Estimator
• Canonical statistical model: (CT , CT ), (PT

θ,σ, θ ∈ Θ) ? The likelihood
function associated to the observation (ξt = ξθ0t ):
? θ → LT (θ), with
? `T (θ) = log LT (θ) =

∫ T
0

b(θ,ξt)
σ2(ξt)

dξt − 1
2

∫ T
0

b2(θ,ξt)
σ2(ξt)

dt.

? M.L.E. θ̂T s.t. `T (θ̂T ) = sup{`T (θ), θ ∈ Θ}.

Properties of the MLE as T →∞: no general theory.

Example : dξt = θ0f (t)dt + σ(t)dBt ; ξ0 = 0, f , σ(.) > 0.

• `T (θ) = θ
∫ T
0

f (s)
σ2(s)dξs −

θ2

2

∫ T
0

f 2(s)
σ2(s)ds ⇒ θ̂T =

R T
0

f (s)
σ2(s)

dξsR T
0

f 2(s)
σ2(s)

ds
. ? Under Pθ0 ,

θ̂T = θ0 +

R T
0

f (s)
σ(s)dBsR T

0
f 2(s)
σ2(s)

ds
⇒ θ̂T ∼ N (θ0, I−1

T ) with IT =
∫ T
0

f 2(s)
σ2(s)ds.

Asymptotic behaviour as T →∞ depends on IT .
? f (t) = 1, σ(t) =

√
(1 + t2) → IT = ArctanT → π/2: MLE not

consistent.
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Ergodic diffusion processes

Diffusion on Rp:
dξt = b(θ, ξt)dt + σ(ξt)dBt ;

Assumptions:
• for θ ∈ Θ, (ξt) positive recurrent diffusion process.
• Stationary distribution on Rp: λ(θ; x)dx .
Continuous observation on [0,T ] with T →∞
Assumptions ensuring that the statistical model is regular
(Ibragimov Hasminskii)
MLE: Consistent estimator θ̂T of θ0,√

T (θ̂T − θ0)→ Nk(0, I−1(θ0))
I (θ) = (I (θ)i ,j , 1 ≤ i , j ≤ k) ,

I (θ)i ,j =
∫
Rp

t
(∂b(θ,x)

∂θi
)Σ−1(x)∂b(θ,x)

∂θj
λ(θ, x)dx

see Kutoyants (2004)
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Discrete observations on a fixed time interval [0,T]

dξt = b(t, ξt)dt + σ(θ0; tξt)dBt , ξ0 = η

b(t, x) known or unknown function, θ0 unknown parameter to estimate.

Observations at times tn
i = iT/n, i = 0, . . . n .

Asymptotics: T > 0 fixed and n→∞

(1) Only parameters in the diffusion coefficient can be estimated
(2) No consistent estimators for parameters in the drift.
(3) Estimation of θ0 ⇒ Statistical model: Local Asymptotic Mixed Normal
(Dohnal (JAP,1987),Genon-Catalot & Jacod (1993),Gobet (2001)
θ̂n converges of θ0 at rate

√
n ;
√

n(θ̂n − θ0) : non Gaussian but Mixed
variance Gaussian law.

Remark No explicit likelihood (unknown transition densities of ξt ; ⇒ No
attempt to complete the sample path but use of contrast functions.
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Discrete observations on [0,T ] with T →∞

(2) Discrete observations on [0,T ] with sampling interval ∆n
dξt = b(α, t, ξt)dt + σ(β, t, ξt)dWt , ξ0 = η.
Observations: (ξti , i = 1, . . . n) with ti = i∆n,T = n∆n.
Double asymptotics indexed as n (nb of observations) →∞
∆n → 0 and T = n∆n →∞.

(3) Statistical model. Observations space: ((Rp)n,B(Rp)n)).
Pn

(α,β) distribution of the n-uple ⇒ Pn
(α,β) and Pn

(α′,β′) equivalent.
Likelihood: depends on the transitions of the Markov chain: untractable
Other approaches: Estimating functions, contrast functions...

Parameters in the drift coefficient α estimated at rate
√

n∆n.
Parameters in the diffusion coefficient estimated at rate

√
n.
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Diffusion processes with small diffusion coefficient

Model: Multidimensional diffusion process on Rp

dξt = b(α, ξt)dt + εσ(β, ξt)dBt , ξ0 = x0.

Pε,Tα,β : distribution of (ξt , 0 ≤ t ≤ T ) on (CT , CT ).

Continuous observation on [0,T ]

β 6= β′ ⇒ Pε,Tα,β and Pε,Tα,β′ are singular
⇒ β identified from the continuous observation (ξt , 0 ≤ t ≤ T ).
β = β0 or fixed σ(β0, x) = σ(x)

Asymptotic framework: T fixed and ε→ 0.(Kutoyants,1980)
? `ε(α) = 1

ε2

∫ T
0

b(α,ξs)
σ2(ξs)

dξs − 1
2ε2
∫ T
0

b2(α,ξs)
σ2(ξs)

ds ⇒ MLE α̂ε
? ε−1 (α̂ε − α0)→ N

(
0, I (α0)−1)

I (α) = (Ii ,j(α))1≤i ,j≤k =
∫ T
0

t ∂b
∂αi

(α, x(α, s))Σ−1(x(α, s)) ∂b
∂αj

(α, x(α, s))

? x(α, t) = x0 +
∫ t
0 b(α, x(α, s))ds and Σ(x) = σ(x) tσ(x).
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Discrete observations on a fixed interval [0,T ]

Diffusion process on Rp

dX (t) = b(α,X (t))dt + εσ(β,X (t))dB(t),X (0) = x0.
Observations: {X (tk), k = 0, . . . , n} with tk = k∆; T = n∆.
Two possible asymptotic frameworks

1 ε→ 0 and ∆ fixed with T = n∆ ⇒ Fixed nb of observations n.
2 ε→ 0 and ∆ = ∆n → 0 with n∆n = T simultaneously. ⇒ n→∞.

Results in framework (2)
Different rates of convergence for parameters in the drift and in the
diffusion coefficient (Gloter & Sorensen, 2009).

Estimation of α at rate ε−1, β at rate
√

n = ∆
−1/2
n .

In practice difficult to assess which framework is more appropriate ⇒
Distinction between parameters in the drift term α and in the diffusion
term β necessary.
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