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ABSTRACT. In this article, we study an interacting particle system in the context of epidemi-
ology where the individuals (particles) are characterized by their position and infection state.
We begin with a description at the microscopic level where the displacement of individuals is
driven by mean field interactions and state-dependent diffusion, whereas the epidemiological
dynamic is described by the Poisson processes with an infection rate based on the distribution
of other nearby individuals, also of the mean-field type. Then under suitable assumptions,
a form of law of large numbers has been established to show that the associated empirical
measure to the above system converges to the law of the unique solution of a nonlinear
McKean-Vlasov equation. As a natural follow-up question, we study the fluctuation of this
stochastic system around its limit. We prove that this fluctuation process converges to a
limit process, which can be characterized as the unique solution of a linear stochastic PDE.
Unlike the existing literature using a coupling approach to prove the central limit theorem
for interacting particle systems, the key idea in the proof is to use the semigroup language
and some appropriate estimates to directly study the linearized evolution equation of the
fluctuation process in a suitable weighted Sobolev space, and follows a Hilbertian approach.
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1. INTRODUCTION

In this article, we study a spatial stochastic epidemic model based on the well-known SIR
model, where S, I and R respectively stands for the different states of an individual. These
states can vary from the compartment of Susceptible to the Infected one, and eventually to
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the compartment of Recovered (Removed) when the individual recovers from the illness (or
died). In fact, for many problems related to the spread of infectious disease in ecology and
public health, an explicit description of spatial structure is not necessary nor advantageous.
In many cases, the concept of average behavior in a large population is sufficient enough to
provide the insights and extract useful information from existing data. However, the spatial
component of many transmission systems is becoming increasingly important [34]. Recent
studies in both deterministic and stochastic epidemic models have enabled us to understand
the significance of individual displacements in a population on the persistence or extinction
of an endemic disease [5}/6},/12,28].

In our spatial model, an individual will be characterized by two features: its position and
its infection state. The state F varies in one of the types {S,I,R} = {0,1,2}, where we
identify S with 0, I with 1 and R with 2 in order to simplify the mathematical description. It
is also useful for the representation of the jumps between the states in the epidemic dynamic.
Meanwhile, the position is a continuous variable X € R?. The addition of spatial variables
complicates the standard homogeneous SIR model in two ways: by using an infection rate
that depends on the distribution of surrounding population and by taking into account the
individual displacements.

In fact, it is a natural tendency that an infected individual will infect a close neighbor
more often than another distant individual. While these different transmission behaviors are
averaged in a homogeneous SIR model, in our model, we use an infection rate depending on
the relative distance between individuals. The infection rate between locations z,y € R? will
be given by a function K : R x R — R, which is assumed to be bounded and Lipschitz.
Averaging over all the infected individuals, the susceptible individual ¢ becomes infected (in
other words its state jumps from 0 to 1) at time ¢ at the rate
N . .
S KXY, X1 (1.1)
j=1

1
N g N=syL gy

The infectious individuals recover (in other words their state jumps from 1 to 2) at rate
~v > 0 and once an individual recovers, it becomes immune.

Each individual moves in R? according to a diffusion O'(XZ’N, EZ’N)dBf which depends on
both individual’s state and position, and weakly interact with the other individuals in the
population in the mean filed type through a kernel V. In this paper, the interaction kernel V|
the diffusion strength ¢ are assumed to be bounded Lipschitz continuous with respect to the
position variables. Of course, this equation has a meaning on a probability space endowed
with the requested Brownian motions (and Poisson point processes for the infectious-jump
part of the dynamic). The Lipschitz hypothesis will be very useful to build a correct theory of
existence, uniqueness to that system, and also for our results concerning the large population
limit (i.e. when N goes to infinity).

In light of the aforementioned settings, the epidemiological dynamic can be represented
using Poisson point processes jumping in {0,1,2}. Now we choose a probability space
(Q, F, (Ft)t>0,P) equipped with N independent Poisson random measures (Qi)izl,m’ N and
N Brownian motions (Bi)izly,“’ N, the position and state of the individuals will evolve in time
according to the following system:
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N
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j=1
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s s

(1.2)

For more details concerning the origin of this model and its interest, we refer readers to
the previous paper of the authors [1§].

In the study of a system composed of N particles, one of the most important objects
is empirical measure that can help us fully describe the whole dynamic. In this paper, let
us introduce the empirical measure process associated to the above system consisting of N
individuals (XZ’N, E;’N), i=1,...,N defined by

1 N
N _ ) )
b _NZ‘S(XZ’N,EZ’N)’
=1

where J(, ) is the Dirac measure at point (z,e) € R? x {0,1,2}.

Under suitable assumptions in [18], we established a conditional propagation of chaos
result (in the presence of a common noise O’O(XZ’N, EZ’N)dB?), which states that condition-
ally to the common noise, the individuals are asymptotically independent and the stochastic
dynamic converges to a random nonlinear McKean-Vlasov process when the population size
tends to infinity. And as a consequence, the associated empirical measure converges to the

unique solution of a stochastic mean-field PDE driven by the common noise.

In this work, we only treat the case without the common noise. As a special case of the
results obtained in [18] (with 0” = 0), we can also show that when N — oo, the empirical
measure /) converges to pi; the law of the unique solution to the following nonlinear McKean-
Vlasov equation

ClXt = VHt (Xt,Et)dt+ O'(Xt,Et)dBt,

E,  =E)+ (E_)}Q(d&du), (1.3)

1
Odlxy  USKns (Xo)1o(B,- )71
pe = L(Xy, Ey).
As typical with McKean-Vlasov dynamics, the limit measure u; can also be characterized
as the unique solution of a nonlinear partial differential equation. That PDE is called the

forward Kolmogorov equation associated to the McKean-Vlasov SDE ([1.3)) and given by the
following equation

1
dpe = — Dy - (Vi) dt + 3 tr [Viw((aaT),ut)] dt
+ Ky (Le=1 — Te—o) pe(da, 0)dt + y(Le—p — ey ) e (da, 1)dt.

(1.4)

Now, as a natural follow-up question after studying the law of large numbers, the aim of
this paper is to look for a limit theorem for the fluctuation process of pf¥ around its limit
ut. In the previous paper, a quantitative law of large numbers is established in Wasserstein
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distance, which roughly shows that

N-2 d=1,
E[Wl (u,{v,,ut)] <C{ N Y21ogN, d=2, (1.5)
N-Vd d>3.

In light of the above estimate obtained on the rate of convergence, we consider the following
fluctuation process with the N1/2 scaling:

WY = VN(i — ). te 0.7

Following the Hilbertian approach used in [15,2329], we can prove a central limit theorem
for the sequence of the fluctuation processes (17N )n>1 in an appropriate space of distributions.
The limit process of the normalized fluctuation processes can be described as the unique
solution a linear stochastic partial differential equation driven by space-time white noises.
In order to achieve this, we regard the fluctuation process niN as a process taking values
in a Hilbert space, which we consider as the dual of some Sobolev space of test functions.
The regularity of that dual space corresponding to the regularity of the test functions will
be decided by the martingale term appearing in the mean field limit as well as the form of
generators in the equation.

It is worth noting that the Sobolev space used in the present paper is not the classical one
and must be refined. Indeed, it is well-known that the 1-Wasserstein distance used in is
equivalent to its dual formulation,

Wi (i s ) =sup{/ ¢ (n — ), ¢:RTx{0,1,2} - R with Lip(¢) < 1},
R4x{0,1,2}

which apparently shows the strong dependence of the rate of convergence on the regularity
of the test functions. Therefore, to recover the right order of normalization N1/2 as classical
central limit theorem, we need to modify the regularity of the test functions. This point leads
us to study a class of the weighted Sobolev spaces with polynomial weights (see the definition
in subsection , which is well adapted to our needs. The importance of the weights will
be explained in the proof, provided that the weight satisfies suitable integrability properties.
On the other hand, we can observe that the dimension d plays a crucial role in the rate of
convergence and it is well-known that the Sobolev embeddings depend strongly on the
dimension of the space; this will help us identify the right level of smoothness.

Let us now discuss the main differences between our results and the previous one in
the exiting literature. In fact, this kind of spatial epidemic model have been studied by
Emakoua et al. [5,12] with the same SIR epidemic dynamic but with a simpler model for the
displacement of individuals (individual’s movements follow independent Brownian motions
on a compact torus in [5], and follow independent diffusion processes in [12]), where the
mean field interactions between individuals through the kernel V' are not taken into account.
This leads to the main difficulty in comparison with the previous works where we have the
presence of nonlocal terms in the evolution equation of the fluctuation process. In contrast
to the independence of individual’s movements in [5/12], these nonlocal terms are created by
mean field interactions and do not allow to obtain directly good estimates for the norm of
fluctuations in the weighted Sobolev spaces.

Concerning the Hilbertian approach used in this paper, in fact it has been already used to
prove central limit theorem in the context of interacting particle systems [1523,29], mean field
games |11}, mean field age-dependent Hawkes processes [9], neuron networks [37]. In [15,[29],



CENTRAL LIMIT THEOREM FOR A SPATIAL STOCHASTIC EPIDEMIC 5

the authors developed a coupling method used in [38] and |20] with some relaxations on the
initial conditions and coefficients, aim to provide a sharper estimate on the control of the
couplings (instead of the original one of order 2),

< Or (1.6)

E _ﬁv

sup |XZ’N - X

‘4
t<T

where (X?), i = {1,..., N} are i.i.d copies of the unique solution to the limit SDE of the orig-
inal system. This estimate of order 4 requires a careful analysis when compute the covariance
between the pairs (X WN X l) and taking advantage of the independence between the particles
(X%, i=1{1,...,N}. In [11], Delarue et al. also used the coupling method and this estimate
of order 4 to prove the central limit theorem for the system consisting of N agents in the
context of mean field games. The main idea is to use the solution to the mean field limit to
construct an associated McKean-Vlasov interacting system of N particles that is sufficiently
close to the original system for large N, then derive the central limit theorem for the latter
from the central limit theorem for the former.

However, the main reason prevents us from applying this coupling method to prove central
limit theorem is that the authors in the aforementioned articles only work in a continuous
framework and depend strongly on the estimate of order 4 . In contrast, the individuals
in our model possess both continuous and discrete features. In the previous work [18], we have
pointed out the compulsion of using estimates of order 1 for the couplings (see in the proof of
the quantitative law of large numbers). As usual when working with jump processes, we can
not get higher rate for the moment estimates as in (|1.6)). Hence the standard trick used for
diffusion processes is useless in this case. To adapt with this fact, the author in [9] developed
the above coupling method for a specific mean field interacting age-dependent Hawkes process.
A refined version of the higher order estimates is provided by estimating the coupling
in the total variation sense.

Unlike the articles listed above using a coupling method to prove the central limit the-
orem, the key idea in the proof in the present paper is to use the semigroup language and
some appropriate estimates to directly study the linearized evolution equation of the fluc-
tuation process in a suitable weighted Sobolev space. It will be shown that under some
suitable assumptions on the initial conditions and the smoothness of the coefficients, the
fluctuation processes (") ~>1 belong uniformly in N and ¢ to the weighted Sobolev spaces
H~-(+D)2D gnd H~@+2D).D Then we prove the tightness of the pre-limit fluctuation process
in D([O, T|,H —(2+2D),D ) by using appropriate compact embeddings. We also show that the
Hilbert space H~(2+2D):D where we obtain the tightness result have the smallest regularity
order as possible in this class of Sobolev spaces with polynomial weights. Finally, we complete
the proof of convergence of the sequence (1) ~>1 by identifying the limit fluctuation process
71 as the unique solution of a linear stochastic partial differential equation.

Organisation of the paper. In Section 2] we provide some preliminaries on the weighted
Sobolev spaces and state the main results. Section [3|is devoted to prove the tightness of the
pre-limit fluctuation process and the martingale terms appearing in the evolution equation.
In order to do this, we first establish some key estimates in dual Sobolev norms and then
taking advantage of Hilbert structure of the Sobolev spaces to prove the tightness results.
Section [] contains the proof of the main Theorem [2.3] and we give a characterization for the
limit fluctuation process as the unique solution to a linear SPDE driven by space-time white
noises.
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2. PRELIMINARIES AND MAIN RESULT

2.1. Preliminaries on weighted Sobolev spaces. This section is devoted to the definitions
and some technical results related to the Sobolev spaces with polynomial weights used in this
paper. This kind of weighted Sobolev spaces was first introduced by [31], see also in |15].
Weighted Sobolev spaces. For all j € N,a > 0,9 € C7(R?), we define
1/2
|DFg(x)*
qgll. = / dx ,
H H],a |§<: Rd 1+’l‘|

Wherek:(k17"'7kd)7 ‘k|:k1++kd

Let H7® be the completion of the space consisting of all functions g € COO(Rd) with
compact support with respect to HHJ@ norm. H7% equipped with this norm is a Hilbert

space. We denote by H 5 its dual space.

Let C9* be the space of functions ¢ with continuous partial derivatives up to order j and
satisfies

li 7’Dk ’ =0, VIl <y
\a:|1£>noo 1+ |zl 7 [k < J.
This space is normed with
_ | DFg ()]
loll s = kZ; S e

Sobolev embeddings. We recall the some continuous embeddings related to the Sobolev spaces
defined above, which are useful in some proofs in the rest of this paper. For more details, see

We have
CI0 s I, j>0, a>d/2 (so that / ( of)dr < 4oo), (21)
Rd
Hitme S cie (20, m>dj2 a0, 22

i.e. there exists K, K’ (that depends on m,j and «) such that
9]l g0 < KHgHCJ 0’
9l s < K" llgll g
Moreover, using the embedding , we can prove that
Hitma oy pgiath §i>0, m>d/2, a>0, [>d/2, (2.3)
where <. means that the embedding is compact.
We also deduce the following dual embeddings:
H 7% <y 070, §>0, a>d/2, (2.4)
O3 ey gUtmhe i>0, m>d/2, a>0, (2.5)
HotB oy g-tm)e i>0, m>d/2, a>0 g>d/2. (2.6)
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Hilbert structures. In some of the proofs given in the next sections, we consider an orthonormal
basis (¢r)r>1 of H 7@ composed of C* functions with compact support. The existence of such
a basis follows from the fact that the functions of class C°° with compact support are dense
in H>®. Moreover, if (¢r)k>1 is an orthonormal basis of H7 and w belongs to H~5* then

we have
lwll?0 = >~ (w,é)? (2.7)
E>1
thanks to Parseval’s identity.
In the rest of this paper, to avoid the confusions, we notice that the notation (¢g)r>1 will
be used for the orthonormal basis of both H7® and its dual space H .

2.2. Main results. In this section, we rigorously describe the evolution equation of the fluc-
tuation process and state the main results. In the previous work [18], as usual by Ito’s formula
we showed that the evolution of the empirical measure process uf satisfies the following equa-
tion:

t t
(¥ ,0) = (o) + [ (¥ Dao Vi s 5 [ (e (00 D2, 0] s

t t
+/0 <u§V(da:, 0), K, (Le=1 — 1ezo)¢> ds +/O (u (dz, 1), 7(Lemz — Lez1)@) ds

+ MtN(¢)7
(2.8)
where MY (¢) is a martingale which converges to 0,

N
1 . . . 4 .
MY 0) =5 3 [ DaoXE B o (X B,
=1

N
SRR S(XIN EEN) — (XN EWN))
N i=1 v [0,t] xRy ( ( ) ( ))

e (X o o i } @ (0, ).

From equation (2.8) of the empirical measure process pi¥ and its mean field limit (T.4)),
taking the difference and rescaling by N'/2, is not hard to obtain the evolution equation of
the fluctuation process n;" as the following:

., ) :<775V,¢>+/0t <n§V,Dx¢.v#§>ds+/o
t

+ /O t (0¥ (d,0), Ky (Temy = Te=0)9)) ds + /0 (11s(de,0), Ky (Lmy = 1o=0)9)) ds

t

2

t
4 [0 1)1 (s = L)) ds + VEMY (),
0
(2.9)
It is worth noting that the second and the third term in the first line on the r.h.s. are

created by linearizing the nonlinear term <,uév , Do - Vugsv>, whereas the two terms in the

second line are the linearization of <u§7(daz, 0), K,v(Le=1 — ]lezg)d)>. In contrast to the law

of large numbers, the martingale term in (2.9) does not go to 0 when N tends to infinity.

t
<us, D,¢ - Vn§> ds + 1/0 <?7£V,tr [(JJT)D?Cw(ﬂ > ds
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Instead of vanishing, the renormalized martingale v/ N M} is expected to converge to some
Gaussian process.

Before giving statement about the convergence, in fact the first problem one needs to
overcome is to find a suitable space in which both "V and its limit belong. We want to prove
that the fluctuation 7)Y belongs to some Sobolev space H 7% uniformly in N and ¢ € [0,7].
With the mention of an orthonormal basis (¢y)r>1 of the Sobolev space H 72 a8 in , our
desire is to get the following

sup sup E Z <77£V,¢k>2 = supsupE [HniVHZ_] a} < 4o00. (2.10)
N>1<T |15 N>1t<T ’

To see the impact of regularity order of the test functions to the the estimates of the
fluctuation process 7Y in the dual spaces, let us give in the following a simple example on
the class of functions with bounded Lipschitz constant, where we can compute properly by
using the Kantorovich-Rubistein duality. Indeed, from the quantitative law of large number,
we have

E

p€Lip(1) p€Lip(1)

=V NE [Wi (1", 1))

sup }<775V,¢>|] =E

an [V - 6}

1, d=1,
<C(t) | VNE [W1 (4 po)] + { log N, d=2,
]\[(d72)/2d7 d> 3.

Since {(Xé’N, Eé’N)}N>1 are i.i.d. with the initial law po, the classical central limit theorem

ensures at initial time that 77(1)\/ converges in law to a limit 79, which is a Gaussian. However, the
above estimate is obviously not enough to guarantee central limit theorem for the fluctuation
process when it evolves in time, and even the uniform estimate fails when the dimension
d is large. Therefore, in order to obtain the needed estimates and recover the right order for
convergence in central limit theorem, test functions indeed must be more regular.

Before stating the main results, let us introduce the assumptions made for the initial
condition and the coefficients throughout this paper is listed here. The Assumptions H1, H2
used to prove the key estimates used this paper. In order to state the main result on the
central limit theorem, more regularity on the coefficients will be required.

Let a« > 0 and D := [d/2] throughout the rest of this paper.

Assumption H1: supy> E “X&’Nrw} < +00.

Assumption H2: The functions o, V, K belong to class C’;JFD.
Assumption H3: The functions o, V, K € CgHD.
It is shown in the following that under appropriate assumptions on the initial conditions

and the smoothness of the coefficients, the fluctuation processes (7} )y>1 belong uniformly in
N and t to H~(1+D):2D,

Proposition 2.1. Under Assumptions H1, H2, for any T > 0, the fluctuation process nj¥
belongs to H=+DP)2D ypiformly in t and N, i.e.

sup E
N>1

sup
t<T

< 4o0. (2.11)

H777£VH2—(1+D),2D
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Then we prove the tightness of the fluctuation process 1" in D([O,T],H_(2+2D)’D) by
using the embeddings in subsection 2.1}

Proposition 2.2. The sequence of the laws of (0™ )n>1 is tight in D ([0, T], H*(2+2D)’D).

The main theorem of this paper will be stated below, where we identify the limit fluctu-
ation process 77 as the unique solution of a linear stochastic partial differential equation.

Theorem 2.3. Under Assumptions H1, H3, the sequence of fluctuation processes (UN)N>1

converges in law in D ([0, 7], H*(2+2D)’D) to a process n which is the solution in H~(2+2D).D

of the following equation
t

t t
(0= (10:0)+ [ 000 Vi) s+ [ (e oo Vs + 5 [ (e (00D, s

t t
+ / (ns(de, 0), Ko, (Lot — 1)) ds + / (112(d,0), Ky, (Ley — Leo)) ds
0 0

+ / (16, 1),y (Loms — Lot )) ds + Wi(6),
0

(2.12)

2+2D),D and co-

where Wy(¢) is a continuous centered Gaussian process with values in H~(
variance is given by: For all ¢1,¢o € HET2PID  for any s, t € [0,T],
tAs
EWi()Wa(¢2)] = | = {pr,00" Doy - Doo) dr
tAs

tAs
+ / <,u5(dx, O)a Ku,«(da:,l)¢l¢2>dr + / <p¢r(dl‘7 1)a ’Y¢1¢2>d’l“.
" " (2.13)

3. TIGHTNESS

3.1. Preliminary estimates. In this section, we first prove some useful estimates which are
the technical steps in the proof of tightness and convergence in the next sections.

We first recall a fundamental result which states that the initial condition H1 propagates
finite moments uniformly in N and time ¢ € [0,7]. The proof of this result is classical.

Lemma 3.1. For any T > 0, there exists a constant Cp such that

'Nlﬂ <Cr, V1<i<N,

sup E [sup P&
N>1 <t

E[sup|Xt\4D} < Cr.
t<T

Remark 3.2. By the definition of the empirical measure ¥ and its limit y;, we can easily
deduce from Lemma[3.]] that

supE[sup <M£Va |- |4D>] < Cp,
N>1 |Lt<T

E[sup (s, |- |4D>] < Cr.
t<T
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Next, we give some useful estimates of several linear operators on H7®, which will be the
technical steps in the main proof. We may use it many times in the next sections.

Lemma 3.3. For any fized o > 0, j > 1+ D and x,y € R?, the mappings Oz Ny, VU
HI - R, defined by
5(0) = 0(2);  Auy(6) = 6(z) = 6(y); Wa(6) = (div 9)(a)
are continuous linear forms, and we have
6]y <KL+ 1ol
[Awyl|_; 0 SKQ+|a|® +1yl*), (3.1)
O], <K+ |2[*).
Proof. We prove the first estimate by applying the embedding (2.2,
5:(0)] = 16(@)] < 6]l o (1 +1al®) < K], (1 +[2%), j>D,a>0.  (3:2)

Using the definition of dual norms of linear mappings, we have

Joall o= sup O gy ey,

ozoetia [|9]];,
The estimate for A, follows since

Ay (D) < [d(2)] + |D(y)] = [02()] + 10y (9)]-

A similar argument holds true for ¥, with j > D+ 1,a > 0.
O

3.2. Decomposition of the fluctuations. In this section, we will describe the fluctuation
process (n{v )t>0 explicitly in terms of each epidemiological state S, I and R. On the one hand,
this turns the equation to a system consisting of three compartments. On the other hand,
rewriting the evolution equation of fluctuation process as a system adapts to our strategy to
prove the convergence in the next section. Indeed, we will use a semigroup approach for these
linearized equations in order to prove the main estimate For that reason, in order to make
the semigroup representation of the evolution equation less complex, we will consider its
projections on M(Rd) for each epidemiological state separately. For more details concerning
this semigroup representation, see Section [3.5

Let
(:U’S’Nv .LLI’Nv /“LR’N) = (1{820}/‘1’N7 ]]-{eZI}MNa ]]-{6:2}.LLN)7

we regard p>N, pbN BN as cadlag processes taking values in the space of finite measures
on R?, equipped with the Skorohod topology. We notice that for any ¢ € 0,77,

[ ey = [N ) ),

E E

For each e € {S, I, R}, we introduce the following alternative notations
of(+) :==o(-,e),
Vi() =Vl e) = (V( ey, f), pldy, df))

to adapt with the measures on R¢.
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Now as usual, by using It6’s formula we can derive the evolution equation for the empirical
measures p> N, ubN | N - Indeed, for any function ¢ € Cb2 (RY), we have the following system
which is equivalent to equation ({2.8]):

t
5%,0) =%0) + 5 [ . (05 Dol s + [ (5, DV s
; |
t
—/0 <M§’N’¢K,Lg,N>d5+Mf’N(¢), (3.3)
t t
(™, 6) =(uo™ 0) + ; / (Nt (0™ D2, 0] )ds + /O (uaN, Datp - Vil )ds
+/t< SN OK 1~ )ds — /t< LN ¢Vds + MDY 3.4
0 Hs™ Né’N Y Hs™ s s+ My (¢)7 ( : )
RN RN L[ rN Reifyp RN
6 =)+ 5 [l o [0 D26 s+ [t DV i
w1 [l o + 0 5), (35)

where for each e € {S, I, R}, the quantity M; N is a local martingale represented by

N
1 ¢ : ; ;
M:,N(¢) :N Z / ]I{Eg’N:e}Dm¢(X;7N)Je(X;7N)dB;

Ny i, N
NZ/MXR+ (BEN) = 1(BEY)) (XN x
D (ds, du).

sk | ()10 11 (55} €
S

We know that these local martingles converge to 0 as N — oo, and the Law of Large
Number result established in the previous article [18] ensures the convergence of the triple
(SN, BN ey e (D([O,T],M(Rd)))S towards (p°, p!, u®) € (C([O,T],M(Rd)))s, which
is the unique solution of the limit system of (3.3))-((3.5)

Now, if we consider for each epidemiological state the fluctuation process around its mean
field limit, namely

(>N "N ogN) = (VN (SN = p®), VN ("N = i), VN (BN = ),

then equation ([2.9) will become the following system:
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t t
(™, 6) =(my™, 0) + / (N, L3N (9))ds + / (0, (13, Datp- V) )ds
0 0
t ~
- /0 (N (S, 6K Vs + NN (9), (3.6)
I.N I.N t t
(N 6) =(ntV ) + / (N LN (6))ds + / Y (u, Dy V1Y )ds
0 0
t
b [N R g s + 31 (6), (3.7
0
RN R,N ¢ R.N R.N ¢ N R R
(PN ) =(n ,¢>+/0 (N L <<z>>>ds+/0 (0, (4P Dy - VFY)ds
t ~
y /0 (PN 8Vds + NIFN (), (3.8)

LS’N LI’N LR’N
b b

where the differential operators are defined by

L3N (¢) :% tr (0505 D2,6] + Dy - Vi — 0K o, (3.9)
LN (¢) % tr (070" D2,6] + Doty - VI + (1S, 01) — 70, (3.10)
LN (9) =3 tr [(0"0™) D2,0] + Das - V. (3.11)

and the martingale terms Mf’N = \/NMteN for e € {S, I, R}.

Remark 3.4. The first term in the definition of differential operators LS, LLN —[RN
emerge naturally after renormalizing the difference between the original system —
and its limit (there is no linearization here), whereas the other terms represent a part of the
linearized terms and the epidemic dynamic.

We also notice that

/ n™ (de) =/ (05N + "N + 9N (de).
E FE

Remark 3.5. We consider the above system as a semimartingale representation of n>N,
' N nBN and regard MSN  MIN MEN s distributions acting on test functions. More
specifically, in the next sections, we will show that they are the distributions in H—(2+2D).D.
Nevertheless, instead of using the usual notion for the dual product of Mte’N and function ¢,
we always write M™ (¢) to avoid the abuse of notion (-,-), e.g. when compute the quadratic

variations as in (3.12)) below.

Before going on, let us present a heuristic description how the limit of the martingale
terms should look like. For e € {S,I,R} and any ¢ € CZ(R?), MY () is a real valued
martingale with the quadratic variation given by
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N t
(M5 (9)), Z% > /0 Lo(EXY) (Dap(XEN)o ¥ (XEN)) ds

Ni:l
t
2/0 (™, (Dago®) ds+/ (SN, $°K rx )ds, (3.12)
~ 1 N
(@) = 3 [ 1B Do) )
1 ' i i i, % 7,
+N;/O ]lO(Es’N)Qb(XS’N)zK X N Z/ ’}/]1 E N X N)st
t t
:/ <M£’N,(DI¢O'I)2>CZS+/ </,LSS’N,¢2K 1,N>d$+/ <,u£’N,’y¢>2>ds, (3.13)
e 0
<MRN Z/ ]12 EzN x(z)(X'LN) (XzN)) ds

1 i i
s g [ o s
¢ t
_/ (ultN, (DI(Z)JR)2>dS+/ (ulN, yp?)ds. (3.14)
0 0

By the Law of Large Number, we can deduce the convergence of the above quadratic vari-
ation processes. In the limit, these processes are determlned by the limit measures p°, uf, ,uR
which replace >V, N ,uR N'in equations (3.12 - Since the limit processes M & . M7,
MP are continuous martingales with the determmlstlc quadratic variations, they are charac—

terized by the Gaussian processes determined as in (4.1))-(4.3]).

3.3. Main estimates in dual spaces. We first establish some estimates for the fluctuations
SN N BN and the martingales MSN  MEN MEN with norms in the dual Sobolev
spaces H—(1+D):2D anq g—(2+2D).D 1y our framework, even though the jumps are bounded,
the position variables take value in R? so the use of weighted Sobolev spaces is necessary. The
weights and regularity index of that Sobolev spaces will be identified in the proof and related
to the order of moment estimates acquired on the position of individuals.

Proposition 3.6. Under Assumptions H1, H2, for any T > 0 and for each e € {0,1,2},
the process Mf’N is a H=(+D)2D _yolued martingale and satisfies

sup E [sup HM < 400. (3.15)

N>1 |¢<T H (14+D),2D

Proof. We give proof for the case of ]\;[gg N The estimates for MtI N MtR’N can be obtained
by the similar arguments.
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Let (¢x)k>1 be a complete orthonormal basis of H!TP:2P Tt suffices to show that

sup ZE

Nz135y

sup (M (¢))”
t<T

< +00. (3.16)

Using Doob’s inequality and the boundedness of o, K, we deduce that

<CYE [(M?Nm))z}

k>1

2
t<T

Y E [sup( N(on))
k>1

On the other hand, we have

rhS—CZ/

k>1

Z]l BN g dlvqbk(XlN)) ]ds
ds

<CZ/ (div g (X)) }dHCZ/ [p2(X1N)] ds.

k>1 k>1

Now using the definition of the linear mappings ¥,,d, in Lemma the above inequality
can be rewritten as follows

E
k>1

sup (M (¢1,))”
t<T

<CE [/ H\le NH (14D) 2Dd8]

T
0| [ 6l s

Finally, we combine Lemma [3.3] and Lemma [3.1] to conclude that

s [?2?” I tsman | <5 328 |sup (317 00)
<CsupE [sup (1+ X)) | < +oc.
N>1 t<T
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Proposition 3.7. Under Assumptions H1, H2, for any T > 0, for each e € {0,1,2} and

for every N, the operator Ly" is a linear continuous mapping from H?*+2D.D into H1+D:2D

and we have for all ¢ € H?>T2D:D,
e,N
HLt (¢)H1+D72D < CTH¢H2+2D,D’ (3.17)
where the constant Cr does not depend on N and the randommness.

Proof. Recall that
1
LIN(@) = 5 tr [(0%0° ) DL,0] + Dot - Vi — 6K v
Since 0%, V, K € C'I}JFD(]Rd), we easily deduce that

S,N
1LY D pop < 1¢lls1p0p < Cllelloran, b (3.18)
where the inequality on the r.h.s follows by the embedding (2.3) and since D > 1.
The same argument holds for L (¢).

In the representation of Lg’N(qﬁ), there is an extra term <MSS , 0K >, which reduces the
regularity of the test functions. To treat this tricky term, we start by using the fact that all
the derivatives of K up to order 1 + D are bounded, we can differentiate under the integral
sign w.r.t. variable y and obtain the following

LD DR 0K ()
2 Y\Ts
H <“57¢K> H1+D,2D = Z /Rd 1+ [y[*D dy

k=0
[(d. )|
re 1+ [y[*P

1
< 2 ———dy.
<C [ 1ot)Pusan) [ i

<C

Using Lemma [3.3], we have
|p(2)[* =[8a(0) [
§H517H2—(2+2D),DH¢H%2+2D),D
<C(1+12l*") 1lltzs2).0

Thus we deduce that

2 2 L
115 05) |14 pop <ClI9ll240m.0 /Rd (14 [22P) S (de) /Rd TTpmY

<Cl¢llz120.0

where we obtain the last inequality by the fact that 4D > d (thus [p. dy/(1+ [y[*")) and p3
has finite moments of order 2D (by Lemma . Again, we can observe in the above proof
the necessity of weights in Sobolev spaces. O

Remark 3.8. In the system (3.6))-(3.8), it remains the terms f(f <7]£,V, (us, Dy - Ve)>ds, e €

{S,I, R}, which are not involved in the integrals ft <77§’N,L§’N>ds. In fact, these terms are
created when we linearize the transport terms in (3.3))-(3.5)). The functions (us, Dy¢-V®), e €
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{S,1, R}, they all tested to the distribution nY . Following the lines in the proof of Proposition
(537, we can obtain similar estimates for these functions

H (1, D - V) H1+D,2D < CH¢H2+2D,D’ e € {S.I,R}.

Proposition 3.9. Under Assumptions H1, H2, for any T > 0 and for each e € {0,1,2},
the fluctuation process nf’N belongs to H=(HDP)2D ypiformly in t and N, i.e.

sup an’NHQ_(HD)w < fo0. (3.19)

t<T

sup E
N>1

The proof of Proposition [3.9] will be postponed to Section [3.5

Remark 3.10. We have in the following some important remarks:

o We have H . |L(2+ < by the dual embedding (2.6)). Now combining

%,D = CH ' H—(1+D),2D

with Proposition and Proposz'tion we can also ensures that for e € {S,I, R},
nf’N and Mf’N belong to H~(2+2D)D ¢

N2

]SvuzplE f;IT)HnE H*(2+2D),D < + oo,
~re,N |2

Js\fuzplE §§¥”Mf H*(2+2D),D <+ o0.

In particular, at the initial time, we have sup y>; E {HUS’NHi

the Assumptions H1, H2.

(242D) D} < +oo under

e As a consequence of Proposition we also have the following statement for the
adjoint operators: For e € {S,I, R}, for every u € H~(+D):2D

HL?N*UH2—(2+2D),D SCTHUH2—(1+D),2D' (3.20)

With the above remark, we can consider the decomposition (3.6)-(3.8) as the following

adjoint system in H~(2+2D).D
S,N S,N ! * ! ! ~rS,N
PN =S +/ LSN nf’NdS—/ div (van%)ds—/ s K pvds + My, (3.21)
0 0 s 0 s
t t t
™ =™ + / LIN"pIN s — / div (ulVly)ds + / pSNK pvds + MY, (3.22)
0 0 s 0 s

t t t
N :n(I)%,N +/ LRN RN g _ / div (ufvrﬁv)ds + ’y/ ,ufan,Nds + MY (3.23)
0 0 s 0 °

3.4. Tightness results. In the following, we discuss about the benefit of Hilbert structure
of the Sobolev spaces used in this present paper when proving the tightness results. Let us
state here the Aldous tightness criterion for Hilbert space valued stochastic processes.
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Aldous’s criterion. [2] Let H be a separable Hilbert space. A sequence of processes (X)) y>1
in D(R, H) defined on the respective filtered probability spaces (QV, FN (FN)i>o,PV) is
tight if it satisfies both the two following conditions:
(A1): For every t > 0 and € > 0, there exists a compact set KX C H such that
sup PV (X} ¢ K) <e,
N>1
(Ag): For every €,e9 > 0 and 6 > 0, there exists o > 0 and an integer Ny such that for
all (FN);>o-stopping time 7y < 6,

sup sup PV (X7 15— X0l 2 ) < e

To check the Aldous criterion, we will use another version of the first condition where

is replaced by the condition stated below:
(A): There exists a Hilbert space Hy such that Hy <. H and, for all ¢ > 0,
N N2
sup E™ ||| X < 400,
sup B[
where the notation <. means that the embedding is compact and EV denotes the expectation
associated with the probability PV.

But the fact that is implied by Indeed, since the embedding is compact, the
closed balls in Hj are compact in H. Combining with the Markov inequality, |[(A;)|is satisfied.

Theorem 3.11. The sequences of the laws of (M5 )n>1, (MY ns1, (MPN)y>q are tight
in D ([0,T], H~(3+2D).D).

Proof. We will only check the two conditions in Aldous’s criterion for M| the same can be
justified for M and MEN.

Thanks to Proposition Condition is satisfied with Hy = H-(0+DP)2D and H =
H~(2+2D).D gince the embedding H—(+P)2D .y fr—(242D).D jg compact.

Condition is obtained as soon as it holds for the trace of the process < MY >,
where < M5 >, is the Doob-Meyer process associated with the martingale (Mts ’N)tzo
and satisfies the following: For any t > 0, < MY >, is a linear continuous mapping from
HD2D o g—(+D).2D (efined for all ¢, ¢ in HTP2D by

~ t t
(< N 4(9), ) = / (SN, (D2go®) (Darpo®) )ds + / (SN, GV K 1x)ds.
0 0 °
(See e.g. Rebolledo’s theorem in [22])
Let T,e,e0 > 0 and let 7v < T be a stopping time. For a complete orthonormal basis

(¢r)k>1 in H2H2P:D ' we have
> 5>

1 ~ -
<= sup supE | <<< MEN >>7’N+5(¢k)7¢k> - <<< MY > (¢k)¢k>
€ N>Ny 6<do k>1

C TN+0 SN 9 9
S U [/N (NNl 1200 + 102 21200 dS] -

sup sup IP’< ‘tr<< MSN Sovts —r K MSN >y
N>Ny 6<dg
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At this step, we again use Lemma [3.3] and Lemma [3.1] to bound the r.h.s.,

C TN+0
r.h.s. < — sup sup E [/ <M§’N,|
€ N>Nj §<do ™

C R 14D
< — sup supE — <1+ XN )ds
<% sup sup [/ P (e

€ N>Ny 6<do N

Ol sy + 100 12 05

0
3@ sup E

< ey,
€ N>Np

sup (1 + }XSLN‘4D>
s<T

when g is small enough. And thus, both the two conditions for tightness are fulfilled. 0

Theorem 3.12. The sequences of the laws of (M¥N)n>1, (M"Y )ns>1, (NN )1 are tight in
D ([07 T], H7(2+2D),D) )

Proof. Propositionimplies that conditionis satisfied with Hy = H-(+P)2D and H =
H~(2+2D).D Thanks to Rebolledo’s Theorem and proof of Theorem for the martingale
terms, condition for the sequences (V) n>1, e € {S, I, R} are satisfied as soon as they
are satisfied for the drift terms. We will check for the integrals fg L?N*(n;g’N, i, nf’N)ds,

e € S,I,R, the remaining terms in the adjoint equations (3.21)-(3.23) can be done in the

similar way.
We now give a proof for instance to 75", Let T,e > 0 and let 75y < T be a stopping time.
By using Chebyshev’s inequality, one can deduce that

TN—‘rls % TN «
P H/ LSS’N nf’Nds—/ Lf’N nf’Nds
0 0

1 T™N+S .
< ?E H/ LIV SN ds
N
.

0 NEO G Nt SN2
< 5E [ ng H—(2+2D),Dd‘s :
€ ™~

Let (¢r)r>1 be a complete orthonormal system in H?+2D.D e have

HLSS’N*USS’NH27(2+2D),D = Z <77§’N7 LE’N(¢k)>2‘
k>1

> €
—(242D),D

2
—(2+2D),D]

Thus, using Propposition [3.7| we obtain

0 TN SN 1SN 2
r.h.s.ﬁ;E / Z<ns’ L7 (¢r)) ds

N k>1
(o) TN+ 9
< SB[ 1 o
C§2 2
< o Elsw an’NIMHD),zD] :




CENTRAL LIMIT THEOREM FOR A SPATIAL STOCHASTIC EPIDEMIC 19

Now thanks to Proposition - the last expectation is finite and hence, we can ﬁnd 09 >0
such that the condition |(Ay)|is satisfied. The proof for tightness of the laws of (7°")y>1 in
D([0,T], H~(?+2D):D) is completed.

d
3.5. Proof of Proposition In this section, we study a semigroup representation of the
evolution equation of the fluctuation processes >N, nlN pfN_ First, we establish some

useful estimates in weighted Sobolev norms related to the regularity of those semigroups, and
estimates for the stochastic convolution with these semigroups. All results obtained in this
section are devoted to prove Proposition in Section

For each epidemiological state e € {S,I, R}, we denote by (’7;6) } the semigroup

tel0, T
generated by the second order differential operator A¢ := 1 tr[(0¢0°T)D2,] on the weighted
Sobolev space H>®. First, we show in the following the adjoint equations under the action of
these semigroups.

Lemma 3.13. Fort € [0,T], the processes SN N nBN satisfy the following system:

N :7;5*775”—/ 72 div (P NV )ds—/otﬁss*div (13 V,ix ) ds
/ T2 (SNK rn ds—/ uS K ;,N)ds+/()t’555*dM§7N, (3.24)
n{’N— ™y / T div (n NVI ds—/ T div (p ganév)ds
+/0 ﬁls*(nf’NKug,N)der/o ﬁ’s*(ufKng,N)ds—y/ot TN ds
v [T, (3.25)
N :ﬁR*n(If’N — / TR div (n; NVR )ds — /Ot TR div (van}zv)ds
+v/ TR ! Nds+/0 TR T A N (3.26)
Proof. First, we fix t € [0,7] and ¢ € C? (Rd). Appling 1t6’s formula to the test function

Y(s,r) = (T2 4¢)(z), and notice that for all € R the mapping s — (7% ;¢)(z) is differen-
tiable and

d
T (AS9)(w) = —AS(TE 9) (@),
we can derive the following equation similar to (3.6]),

t
(e, 0) =(my ™ T) + / (03N, Da(TE (0) - Vi )ds + /0 (0 (i3, Da(TE ) - V) ds
t ~
/<77 7?98 KIN ds—/ <77 MS,(ﬁSS¢)K>>dS+/ dM§7N(7;§s¢)
0
U

Before going on, we will need some estimates on the semigroups (7, ;)ee(s,7,r) in weighted
Sobolev spaces H*®, which is stated in the following proposition [19)].



20 M. HAURAY, E. PARDOUX, Y. V. VUONG

We consider A the second order differential operator given in the divergence form by

d
Ap ==Y s,(aij(@)ds, ),
ij=1
where the coefficients a;; are symmetric, smooth enough (will be precised) and satisfy the
uniform ellipticity condition, i.e.
d

> ai(@)&Gg = MEP?, Vo, £ eRY

ij=1
for some positive constant A. With the above definition, the operator A is a self-adjoint and
positive. Let (7;)i<r be the semigroup generated by A on L?(R%).

Proposition 3.14. Let k > 0 and assume that a;; € Cng(Rd). Let (T;)t>0 be the semi-
group generated by A. For any T > 0, there exists a constant Cp > 0 depends only on
T,d,k,|a| gz2rs1,a such that for any t € [0,T], the following holds true

(1)
1 T:ll e < O7l| @] prtsc- (3.27)

(2)

1

Vit

Regarding the stochastic convolutions with the semigroups in the system ([3.24))-(3.24)), we
also have some first bounds as follows.

|V Tidl e < Cr (1 + > || grroe- (3.28)

Proposition 3.15. For 0 <t < T, there exists a positive constant Cp such that

¢ 2 i

E ‘ / T2 dMPN <Cr, (3.29)
0 —(1+D),2D |
t . - 2 i

E / 7L SdMEN <Cr, (3.30)
0 —(1+D),2D |
t . - 2 i

E ‘ / TR SAMEN <Cr. (3.31)
0 —(1+D),2D |

Proof. Let (¢r)r>1 be a complete orthonormal system in H 4+D.2D " we can also using the
expression of T, S*dMSS Nin H-(+D)2D ig this basis, namely

t 2 t
E H / 7.5 JdMSN =E [/ > {dMPN, TS5 on ) ds
0 —(1+D),2D k>1
and then have the same estimates follows the lines in the proof of Proposition [3.6 O

But the above bounds are not exactly what we want. We expect to have an uniformly
in time estimate for the stochastic convolutions with the semigroups by exploiting the inde-
pendence of the noising terms. Indeed, we can observe that if these terms do not involve
a convolution with the semigroups (7:%)cc(s,r,ry, then it would be a martingale and we
can apply the maximal inequalities for a standard martingale, for instance, the Burkholder-
Davis-Gundy inequality and obtain the desired bound. On the other hand, even though the
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convolution with the semigroups (7;)cecs,r,ry destroys the martingale property, it is still
closely related to maximal inequalities by the following lemma: (See Theorem 2.1 in [25])

Lemma 3.16. Let (H, || HH) be a separable Hilbert space and Ty be a semigroup acting on H.

We assume the exponential growth condition on Ty, ||7Z||L(H) < e for some positive constant
. Then, there exists a constant C > 0 such that for any H-valued locally square integrable

cadlag martingale My,
o |5
0<t<T

In [17], the authors give a generalization for this maximal inequality with p-th moment
(0 < p < o0) of stochastic convolution integrals.

Proof of Proposition Using the expression in , we have
H772g7NH_(1+D),2D <|| 7| (14D),2D / |72 div (”SNVS )H_(1+D),2Dds
[T VNt [ 1T GV R )]s

t
b LI S gyt | [ 72 a3t
’ 0

< G TE [|[Mr][2]

—(14-D),2D

Let (¢x)r>1 be a complete orthonormal system in H 1+D:2D and again using the Parseval’s
identity, we can treat the first order terms in the r.h.s. (which are created by the mean field
interaction in the displacement of the individuals) by applying Proposition

Let us consider the linear mappings ®;, ® defined from H'TP2P to R given by

D1 () =(nS"N, Do (T o) - VS ),
Do (pr) =(u3, Da(TE 1) - V, >>
Using the second inequality in Proposition we have
|@1(6n)] =[(n3", Da(TiZ 1) - Vi )|
<Ol ™| -1+ 2p | Do(T258) - Vien |14 p 2

SCHUENH—(H-D)QDH div(7 ¢n) H1+D,2D

Sy il

Notice that to obtain the third line, we used the assumption that V' € C§+D (R% x RY). Now
by the similar way, we also have

—(1+D),2D Hgbk H1+D,2D'

@2 ) | SH 1+D),2DH¢’€H1+D,2D’

ﬁ}lu

and using the continuous embedding from P(R?) into H~1+P):2D we obtain

C
@2(%)’ < \/%Hgbkul—&-DQD'
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Hence we deduce that

t t
/0 Hﬁﬁs div (WE’NVNSgV) |—(1+D),2Dd8+/0 Hﬁﬁs div (vanfv)H_(HD),zpds

. (3.32)

t t
Cr y sn
§/0 \/m“ns H—(H—D),2Dds+/0 Ji—s

For the two terms created by the jumping part, using the first statement in Proposition
[3.14) we also obtain the following bounds

t t
/0 Hﬁﬁs (n;g,NKug’N)H—(l-s-D),QDdS+/0 Hﬁis (MfKni*N)H—(l-f—D),QDdS
t t
S/0 CTHWE’NH_(HD)QDdSJr/O CTHNEH—(HD),QDdS (3-33)

t
< [ Ol 1. pyaptts + Cr.

ds.

To treat the last term, we use Lemma [3.16| and Jensen’s inequality and Proposition [3.6
to deduce the following
9 1/2
—(1+D),2D]

t
e
0 —(14D)2D
]1/2

<CrE || 32N
< + o0.

Summing up (3.32)-(3.34]), we conclude that

E

t
-
|7y

sup
t<T

sup
t<T

(3.34)
(1+D),2D

t
c
. [S;?f H”;g’NH—ume] <Cr [l 1| 14 )00) + /0 NETE N1y 20 s

t
+ [ Cr [ )1y ap) s+ .

The similar arguments give us the estimates uniformly in time for nf N and nts ’N, namely

Cr
= SE [HT!?N!HHD);D} ds

t
B s 12|11 2] <O (16 |_q11,20) + [

t
+ [ B [0 sy + 198 11y 2] ds + O

t
c
. [i‘i‘f“”ﬁ%’N”—uw)zD} <1 [ 11 py20) +/0 W 1781y 20 s

t
+ [ Crk [ty an) s+ O

Now combining all the above inequalities and let

p(t) =E |:Ss1ilt) (HntSVNH—(HD),zD + H”tLNH—(HD)zD + Hnﬁ,NH—(l-f—D)QD)} ’
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we obtain the following estimate

¢(t) <Orp(0) + Cr /0 t <1 + ) o(s)ds + Cr. (3.35)

t—s
Iterating (3.35)) we deduce that

t—s

+CT/ / 1+ tl ) < JL) o(r)drds (3.36)
<(Cre(0 +CT) (1 +Cr( T+2ﬁ)>

1
3 14+ —)dsd
v [[ot0 [ (15 o) (10 o2 o

where we interchanged the order in the integral in the second line.
Now for r < s < t, we have

o(t) <(Cre(0) + Cr) + (Crep(0) +cT)cT/Ot(1+ ! )ds

t 1 1 t 1 1 1
14+ — 14+ —)ds= 1 d
[ (=) (=) = [ ( *w—sWs—r*w—s«s—r) i
<T +2VT /
VT VE—s\s—r
(3.37)
By the change of variables u = s —r, v =t — r we have
/t s _/” du
r Vi—svVs—1  Jo Vuyu—u
v/2 du v du
7+ - @
Vv —u /2 Vuvv —u (3.38)

v/2 du v du

r/ T

Finally, we combine the inequalities (3.36)), (3.37) and (3.38) to obtain an estimate in type
of Gronwall’s lemma, and using Remark for the boundedness at the initial time, we
complete the proof of Proposition [3.9] O

4. CHARACTERIZATION OF THE LIMIT

The aim of this section is to prove convergence of the sequence of fluctuation processes
(n™) N>1, where the limit fluctuation processes 7 is the unique solution of a system of SPDEs
driven by four inputs: an initial condition and three noises created by the martingale terms
MtS ’N, MtI ’N, MtR’N. In Section and we first identify all the terms appearing in the
limiting equation. In the last section, we show that this SPDEs uniquely characterizes the
limit law, and hence complete the proof of the convergence in law of (n™)x>1 to 7.
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4.1. Convergence of (MS’N, MELN, MR’N)N>1. Before stating the convergence result of the

martingale terms, let us introduce the definition of Gaussian white noises.

Definition 4.1. A random distribution VW defined on a probability space (2, F,P) is called
a Gaussian white noise on R if the mapping ¢ — (W, ) is linear and continuous from
L2 (RY) into L*(Q), and for any ¢ € L* (RY), (W, ) is a generalized centered Gaussian
process satisfying

E[(W,0) W, )] = (¢,0) 2, Y, ¢ L*RY.

Here (-,-),» denotes a scalar product on L? (R?).
Space-time white noise is a Gaussian white noise on Ry x RY.

Proposition 4.2. The sequence (MS’N, MI’N, MR’N)N>1 converges in law in (D (R+, H*(QHD)’D))3

towards the Gaussian process (MS,MI,MR) € (C’ (R+,H_(2+2D)’D))3 given by: for all
0,1, € H*T2D:P,

MP o) = // V fs(r, 2)Dyp(x)o® ()W (dr, dz)

- / / \/fs<r,x> / F1(r, ) K (2, ) dyo () Wa(dr, ), (4.1)
Rd

M{, ) = / / VF1(r, 2) Dyt (z)o ! ()W (dr, dz)

+/0 /Rd \/fs(r,:v) /Rd fr(ry) K (z,y)dyd(x)WVe(dr, dzx)

_// w(gj)\/mw;;(dﬂd.ﬁ), (42)
(ME, ¢ = // Ta(r 2) Dad(x) o R (2) Wi (dr, d)
n /O /R d¢(x)\/fm)/\/3(dr,dx), (4.3)

where Wi, Wa, Ws are independent standard space-time white noises.

Proof. We have proved that the sequence (MS’N, MS’N, MSJV) . is tight in (D (R+, H_(2+2D)’D))3,

and hence according to Prokhorov’s Theorem, there exists a subsequence (still denoted by
(MS’N, MSN, MS’N>N ), which converges in law in (D (R+, H’(2+2D)’D))3 towards (./\/ls, M MR).
>1
For all ¢y, o, p3 € H>T2PP by Lemma we know that M (¢p1), ML (p2), ME(¢3) are
continuous martingales and thus for any ay,as,az € R, agM®(¢1) + aaM! (¢2) + azMEB(¢3)

is also a continuous martingale. Now, we will show that the centered, continuous martingale

(M5 (1), M (¢2), MB(g3)) is a Gaussian process and satisfies (4.1)-(4-3)).
Indeed, let us identify the limit. The LLN result implies that (MS’N BN N ) converges

n (D([0,T], M(Rd)))3 towards (p, pf, u™), which is the unique solution of the limit system
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of —, and we have
t t
(ME(0), = [ (o5 (Deoo s+ [ (18,67,

t 9 t t
(MI(9)), = / (!, (Dudo')?)ds + / (S, 6K Vs + / (il 7 ds,
0 0 0

t t
2
(MF(9)), :/0 (pf, (Dagpo™)")ds +/O (1t 79 )ds.
It turns out that (a3 M5(¢1) + aa Ml (o) + azMP(¢3)), is a continuous martingale with a
deterministic quadratic variation, so it is characterized as a Gaussian process determined by

(4.1)-(4.3), where the densities are given by Lemma O
4.2. Convergence of (nS’N, nlN, nR’N)N>1. We now prove the convergence of (nS’N, ntN, nR’N)

and give a characterization of the limit processes as solution of an equation in H —(4+2D),D
We consider the Hilbert semimartingale decomposition — of (nS’N ,nt N pftN ), and
we will find a semimartingale decomposition for the limit values, denoted by (775 ', nR). The
difficulty is to close this limit decomposition, i.e. to find a good space in which to immerse
the limit process and which allows to give a sense to the limit drift terms. We have seen that
the processes %N nhN pfiN belong uniformly to H~(+P)2D and are tight in H—(2+2P).D,
We also know that the limit processes n°,n!, nt are in H~2+2P):D But to identify the limit
in the drift terms, we need to work in a large space that is H—(4t2P).D  And this will be
possible if we assume more regularity on the coefficients ¢ and b.

We now introduce the following limit operators Lf , Lg , LSR of the linear operators L5,
LUN LREN - defined by

1 t

L3(9) =5 tr (070" ) D7,0] + Datp - Vi — 0K, (4.4)
1 t

L{(¢) =5 tr [(o'a")\DZ,0] + Doty - V[ + (], 0K) — 76, (4.5)
1 t

LE(9) =5t (B o) D2, 6] + Doty - V. (4.6)

Under the Assumption and follows the lines in the proof of Proposition we can
also prove the following lemma.

Lemma 4.3. For e € {S,I,R}, for every N and any t < T, the operators LE,LE’N :
HA2DD _y g2+2D.D e linear, continuous and satisfies

HL?N(@HQHD,D SCTH¢H4+2D,D’ (4.7)
1LE() 2420, <C7[|#ll4120,p- (4.8)
where the constant Cr does not depend on N and the randomness.
Now, by the trivial embedding H~(2+2P):D y [=(1+2D).D the sequence (-, !V, ) oo
also converges to (n°,n’,n%) in (C ([0, T, H*(4+2D)’D))3 and we have the following Theorem. )

Theorem 4.4. Under Assumptions H1, H3, the sequence of processes (n nlN nR’N)N>1

converges in law in (D ([O,T],H*(HZD)’D))3 to a process (ns,n[,nR) which is the solution
in H-ZT2D).D of the following equation

S,N
)

N>1
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t t t
* .
=~ /O L3 dds + /O div (SV,%5 41 pm)ds + /O WK rds = M3, (4.9)
t t t
* .
= — /0 Ly nids + /0 div (ugangq+n£+n§)ds — /0 ,ufK“gds = M/, (4.10)
t t t
* .
= — /O L nlds +/O div (V5o r)ds = 7/0 pSK s = ME, (4.11)

where MZ, ML, ME are the Gaussian processes defined in Proposition .

Proof. Since the sequence of the martingale terms (M SN MSN NMSN ) converges in law
N>1

in (D (R+, H_(2+2D)7D))3 to the Gaussian vector process (/\/lS7 M, MPE) defined in Theorem
thus to prove that the limit processes satisfies the system (4.9)-(4.11)), it suffices to show
that

t t t
UE’N B ng,N _/ LIN SN g -1-/ div (/LSSVnSN)ds —I—/ ufan,Nds,
0 0 s 0 ?
t t t
N =y - / LN bV ds +/ div (u Vv )ds — / pe VK pvds,
0 0 s 0 s

t ¢ t
nf,N _ né'%,N _ / Lf,N*nf,Nds + / div (usnlfv)ds — '7/ ufan,Nds
0 0 ® 0 °

converges in law to

t t t
S S S* S : Sy/S S
ny — g _/0 L7 n; ds—l—/o div (”Svn§+n£+n§)d$+/0 MSKngdS:

t t t
* .
77{ — 776 —/0 Lg ngds +/O div (uﬁvngq+ng+n§)d8 _/0 MnygdSa

t t t
* .
775 — né% — /0 Lf nfds + /0 div (M?‘Cgﬂgﬁg)ds — ’y/o ufKngds,

when N tends to co. By Lemma the integrals fot L5 nSds, fot Lnlds, fot L pRds and
the remaining drift terms make sense in H~4+2D)D Now, for any ¢ € H~(4+2D).D et ug
introduce linear vector function F? = (FS’¢, Fle FR’¢) from (D ([0, T, H_(2+2D)’D))3 into
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R3 defined by
FP?(u) =(ug, &) — (uo, ¢) — / (us, LS (¢)
t
—/ <(us+vs+ws>,<u§,Dz¢-vS>>d8+/ (e, (45, 6K Vds,
0 0
t
FI(0) =(vr, ¢) — (v0,8) — /0 (05, LL(6))ds
t t
—/ <(us+vs+ws),<,u£,Dx¢>-VI>>ds—/ <us,¢Kug>ds
0 0
t
EP () =(wy, ) — (wo, &) — /0 (w,, LE())ds

t t
—/ <(’I,Ls+'Us+’UJ3),<IUSR,Dx¢'VR>>dS—’}// (vs, @)ds.
0 0

The function F? is continuous and thus, the sequence (F ¢ (SN plN N

verges in law to (F‘z’(ns, nl,nR)) since the sequence (nS’N ntN plt N)

0 (775 .t nR) by the tightness result

Now it remains to show that fot <77§ v LSN (9) —L%(¢))ds (and the analogues for niAV i

tends to 0 when N tends to co. We will prove that it tends to 0 in L'. Indeed, by Cauchy-
Schwartz’s inequality, we deduce that

U| %50 - L) ds

<] [ 1o pap 150~ B 0]
t 1/2
< [ =[P s E IO = 2500

t 1/2
<0 [ E[I5¥0) - 15 ans)  ds

where we used Proposition [3.9] and Remark [3.10] to obtain the last inequality.

Following the lines in the proof of Proposition E and the LLN result pu®Y — u¢, e €
{S,I, R}, we can also prove that HLSN (¢) — LE(9) tends to 0 as IV tends to oo, and
thus complete the proof.

Noticing that to compute HLSS’N(QZ)) - Lf(¢)||2+2D D

on o,V, K, and once we compute for the term %tr [( e eT)DQ <b] in L;g’N(<Z>), L3 (9), it will
produce the regularity order 4+ 2D instead of 2+ 2D as in . Thus, the equations (4.9)-
are regarded as the equations in the space H—(4+2D )’D , while n°,n!,n™ are known to
take values in the smaller space H~(2+2D).D O

))N21 con-

N1 converges in law

}1/2 ds

s120,0

we used the additional assumption

In order to complete the proof of convergence of the sequence (nS’N ntN,

remains to prove uniqueness of the solution to the system (4.9))-(4.11)).

U N)NZl’ it

(2+2D)

Proposition 4.5. For any initial condition ng, 776, 77(1)% with values in H™ D the system

(4.9)-(4.11) has at most one solution with paths in (D ([0,T], H_(2+2D)’D))3.
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Since the equations (4.9)-(4.11)) are linear, it follows directly from the classical theory of

linear stochastic PDEs that system (4.9)-(4.11)) has at most one solution.

Lemma 5.1. The limit process (MS,MI,MR) of the sequence (MS’N,MS’N,M&N)

5. APPENDIX

N2>1

belong a.s. to (C (R+,H_(2+2D)7D))3.

Lemma 5.2. There exists (fs, f fR) e L <R+, (L1 (Rd)3)) as the densities of (,us,,ul,uR)
such that

(1]

loc

) =5@)+ 5 [ el DE )]s

w [ (756 [ Ve + o)+ 1)) ds
- [ 5w [ K

) =riw 3 [ oo 02 ) ds
+ [ (@) [ Ve (@0 + )+ ) b
+ [ 550 [ Kl [ s

) =1 @)+ 5 [ (oD ) ds
+ [ (@) [ VIR0 + )+ )y ) s

0
t
—I—’y/ fslds.
0
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