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Martingales in discrete time

@ We equip the probability space (2, F,P) with an increasing sequence
{Fn, n> 0} of sub—o—algebras of 7. We have

Definition
A sequence {X,, n >0} of r.v.'s is a called a martingale if

© For all n >0, X, is F,—measurable and integrable,
@ For all n >0, E(X,11|F,) = X, a. s.

A sub—martingale is a sequence which satisfies the first condition and
E(Xp+1|Fn) > Xn. A super—martingale is a sequence which satisfies the
first condition and E(X,+1|Fp) < X,.
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Martingales in discrete time

@ We equip the probability space (2, F,P) with an increasing sequence
{Fn, n> 0} of sub—o—algebras of 7. We have

Definition
A sequence {X,, n >0} of r.v.'s is a called a martingale if

@ Forall n>0, X, is F,—measurable and integrable,
@ For all n >0, E(X,11|F,) = X, a. s.

A sub—martingale is a sequence which satisfies the first condition and
E(Xp+1|Fn) > Xn. A super—martingale is a sequence which satisfies the
first condition and E(X,+1|Fp) < X,.

@ We deduce from Jensen's inequality for conditional expectation

Proposition

If {Xn, n >0} is a martingale, ¢ : R — R a convex function such that
©(Xn) is integrable for all n > 0, then {¢(X,), n> 0} is a sub-martingale.
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@ We need the notion

Definition

A stopping time 7 is an N U {+oo}-valued r.v. which satisfies
{r = n} € F,, for all n > 0. Moreover

Fr={BeF, BN{T =n} e F,, Vn}.
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@ We need the notion

Definition

A stopping time 7 is an N U {+oo}-valued r.v. which satisfies
{r = n} € F,, for all n > 0. Moreover

Fr={BeF, BN{T =n} e F,, Vn}.

@ We have Doob's optional sampling theorem :

Theorem

If {X,, n> 0} is a martingale (resp. a sub-martingale), and 1, T two
stopping times s.t. 1 < 7 < N a. s., then X;, is F;, measurable and
integrable, i = 1,2 and moreover
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o Let Ac Fi,.
AN{n<k<m}=An{n <k—-1}nN{mn <k-1}°€ Fr1.
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o Let Ac Fi,.
AN{n<k<m}=An{n <k—-1}nN{mn <k-1}°€ Fr1.
o Let Ay = Xi — Xi_1. We have

/(XTZ - XTl)dIED = / Z 1{7'1<k§72}Akd]P)
A A k=1

= Z / Ay dP
k=1 An{m<k<m}

=0

or > 0in case {X,, n> 0} is a sub—martingale.
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o Let Ac Fi,.
AN{n<k<m}=An{n <k—-1}nN{mn <k-1}°€ Fr1.
o Let Ay = Xi — Xi_1. We have

/(XTZ - )<’r1)cnP> = / Z 1{7'1<k§72}Akd]P)
A A k=1

= Z / Ay dP
k=1 An{m<k<m}

=0

or > 0in case {X,, n> 0} is a sub—martingale.
@ We have a first Doob's inequality

Proposition

If X1,...,X, is a sub-martingale, then for all « > 0,

1
> a) < ZE(X).
B e 26 = @) £ ZIEST
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o Let 7= |nf{0 <k<n, X> a}, M, = maxi<j<k X;.

(My>a}n{r <k} ={M>a} € Fr.
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o Let 7= |nf{0 <k<n, X> a}, M, = maxi<j<k X;.
(M, >} n{r < k} = {My > a} € Fr.

e Hence {M, > a} € F;, and from Doob's optional sampling theorem,

aP(M, > a) < / X, dP
{Mn>a}

< / X, dP
{Mn>a}

< / XFdP
{Mo>a}

< E(X;).
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@ We have a second Doob's inequality

Proposition

If My, ..., M, is a martingale, then

]E[ sup |My|?| <4E [|M,|?].

0<k<n
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@ We have a second Doob's inequality

Proposition

If My, ..., M, is a martingale, then

< 4E [|M,*] .

E | sup |Mf>
0<k<n

o Let Xy = |Myl|. X1,...,X, is a sub—-martingale. It follows from the
proof of the above inequality that, with the notation
X: = SUpOSkSnXk,

P(X; > ) < ~E (Xnlx:sa) -

> =

Etienne Pardoux (AMU) CIMPA, Ziguinchor



Consequently

/ AP(X > A)dA g/ E (Xplx:s2) dX
0 0

Xy Xn
E / AdA | <E X,,/ dA
0 0

CE[IX:P] < BOGX))

< E(XP)E(X: ).
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Continuous time martingales

@ We are now given an increasing collection {F;, t > 0} of
sub—c—algebras.

Definition
A process {X;, t > 0} of r.v.'s is a called a martingale if

@ for all t >0, X; is F;—measurable and integrable;
Q forall 0 <s < t, E(X;|Fs) = Xs a. s.

A sub—martingale is a sequence which satisfies the first condition and
E(X¢|Fs) > Xs. A super—martingale is a sequence which satisfies the first
condition and E(X;|Fs) < X.
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Continuous time martingales

@ We are now given an increasing collection {F;, t > 0} of
sub—c—algebras.

Definition
A process {X;, t > 0} of r.v.'s is a called a martingale if

@ for all t >0, X; is F;—measurable and integrable;
Q forall 0 <s < t, E(X;|Fs) = Xs a. s.

A sub—martingale is a sequence which satisfies the first condition and
E(X¢|Fs) > Xs. A super—martingale is a sequence which satisfies the first
condition and E(X;|Fs) < X.

V.

@ Suppose {M;, t > 0} is a right—continuous martingale. For any n > 1,
0=ty <ty <- <ty (Mg, Mg,..., M) is a discrete time
martingale.
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@ Since

sup |Ms| = sup sup |[Mg|,
0<s<t Partitions of [0,t] 1<k<n
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@ Since

sup |Ms| = sup sup |[Mg|,
0<s<t Partitions of [0,t] 1<k<n

@ the above result implies

Proposition

If {M;, t > 0} is a right—continuous martingale,

E [ sup |Ms|2] <4E[|M,?].

0<s<t
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