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Chapter 1

Branching processes

1.1 Bienaymé—Galton—Watson processes

Consider a Bienaymé-Galton—Watson process, i. e. a process {Z,, n > 0}
with values in IN such that

Zn,
Zn+1 = E gn,ky
k=1

where {&,k, n > 0,k > 1} are i. i. d. r. v.’s with as joint law that of £
whose generating function f satisfies

p=E[E=f(1)=1+r and 0 < ¢g:= f(0) =P =0) < 1.

We call f the probability generating function (p. g. f. in short) of the
Bienaymé-Galton—Watson process {Z,,, n > 0}. In order to exclude trivial
situations, we assume that IP(§ = 0) = f(0) > 0, and that IP({ > 1) > 0.
This last condition implies that s — f(s), which is increasing on [0, 1], is a
strictly convex function.

The process is said to be subcritical if p < 1 (r < 0), critical if p = 1
(r =0), and supercritical if p > 1 (r > 0). We shall essentially be interested
in the supercritical case.

First note that the process {Z,, n > 0} is a Markov process, which has
the so—called branching property, which we now formulate. For z € IN, let
IP, denote the law of the Markov process {Z,,, n > 0} starting from Z, = x.
The law of {Z,,, n > 0} under IP,, is the same as that of the sum of two

7



8 CHAPTER 1. BRANCHING PROCESSES

independent copies of {Z,, n > 0}, one having the law IP,, the other the
law IP,.
We next define

T = inf{k > 0; Z, = 0},

which is the time of extinction. We first recall the

Proposition 1.1.1. Assume that Zy = 1. Then the probability of extinction
IP(T < o0) is one in the subcritical and the critical cases, and it is the unique
root n < 1 of the equation f(s) = s in the supercritical case.

PROOF: Let f"(s) := fo---0 f(s), where f has been composed n times
with itself. It is easy to check that f°" is the generating function of the r. v.
L.

On the other hand, clearly {T' < n} = {Z,, = 0}. Consequently

IP(T < 00) = limIP(T < n)
— limP(Z, = 0)
= lim f°"(0).

Now the function s — f(s) is continuous, increasing and strictly convex,
starts from ¢ > 0 at s =0, and ends at 1 at s = 1. If p = f'(1) < 1, then
lim,, f°*(0) = 1. If however f’(1) = 1+ r > 1, then there exists a unique
0 < n < 1 such that f(n) =n, and it is easily seen that n = lim,, f°*(0). O

Note that the state 0 is absorbing for the Markov chain {Z,,, n > 0}, and
it is accessible from each state. It is then easy to deduce that all other states
are transient, hence either 7, — 0, or Z,, — o0, as n — oo. In other words,
the population tends to infinity a. s. on the set {T" = oo}.

Denote % = Var(€), which is assumed to be finite. We have the

Lemma 1.1.2.
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PRroor: We have

EZ,=1E

anl
E [Z 5n—1,k|Zn—1
k=1

= M]EZn—l
= ,un]EZm

and
2

anl
EZ)] = |E (Zgn_l,k> | Zs
k=1

2 ]+ o*u"EZ,.
2

N

pE[
= W’E[Z2_] + 0’ IEZ,
wE[Z, ]
[

Consequently a,, := p~?*"IE[Z2] satisfies
Qp = Qp—1 + O-QM_(HJFI)]EZO
= ag + 0’IEZ, Z p kD),
k=1
U

Let now Z! denote the number of individuals in generation n with an
infinite line of descent. Under IPy, {T' = 0o} = {Z§ = 1}. £ denoting a r. v.
whose law is that of the number of offsprings of each individual, let £* < &
denote the number of those offsprings with an infinite line of descent. Let
q :=1—q. We have the

Proposition 1.1.3. Assume that Zy = 1.

1. Conditional upon {T = oo}, {Z¥, n > 0} is again a Bienaymé-Galton—
Watson process, whose p. g. f. is given by

f(s)=[fla+as) —d/a

2. Conditional upon {T" < oo}, the law of {Z,, n > 0} is that of a
Bienaymé-Galton—Watson process, whose p. g. f. is given by

f(s) = f(as)/a.
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3. Forall0 <s,t<1,

E [s¢ 7] = f(gs +qt)
IE [s7" 7nt7n] = f"(gs + qt).

4. Conditional upon {T = oo}, the law of {Z,,, n > 0} is that of {Z}, n >
0} to which we add individuals with finite line of descent, by attaching
to each individual of the tree of the Z}’s N independent copies of a
Bienaymé—Galton—Watson tree with p. g. f. f, where
D" f(gs)
E[sV |7 = =12,
=D
where D" f denotes the n—th derivative of f, and n is the number of
sons of the considered individual in the tree Z*.

PROOF: Let us first prove the first part of 3. Consider on the same proba-
bility space mutually independent r. v.’s {£,Y;, i > 1}, where the law of £
is given as above, and IP(Y; = 1) =g=1—-P(Y; =0), Vi > 1. Note that g
is the probability that any given individual has an infinite line of descent, so
that the joint law of (£ — £*,&*) is that of

3l

A similar computation yields the second statement in 3. Indeed
E [s7 7t/ ] = E [E (s% t7"|Z,_1)]
- B (B[ €])"]

= "V (f(gs +at))
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We next prove 1 as follows

x BI85 6 > 0
E(tf |§*>0): ( ag )

P& > 0)
E(16€ 1) — (16 ¢ = 0)
- P(& > 0)
_ fla+at) - f(a)
q
_ flg+7at) —q
= S

We now prove 2. It suffices to compute
E (S£|€* - 0) = E (55—5* & = ())

_ [f(sq+0q)
P

Finally we prove 4. All we have to show is that

D" f(gs)
Drf(q)

This follows from the two following identities

B[s*~*|¢" = n] =

nE[s ¢ = n] = " D" f(gs + Gt)| =0
=q"D"f(gs),
nlP(§" =n) =7"D" f(gs + qt)]s=1,1=0
=q"D"f(q).

1.2 A continuous time Bienaymé—Galton—Watson
process

Consider a continuous time IN-valued branching process Z = {ZF, t > 0,k €
IN}, where ¢ denotes time, and k is the number of ancestors at time 0. Such
a process is a Bienaymé-Galton—Watson process in which to each individ-
ual is attached a random vector describing its lifetime and its numbers of
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offsprings. We assume that those random vectors are i. i. d.. The rate of
reproduction is governed by a finite measure p on IN, satisfying u(1) = 0.
More precisely, each individual lives for an exponential time with parameter
p(IN), and is replaced by a random number of children according to the prob-
ability u(IN)~'u. Hence the dynamics of the continuous time jump Markov
process Z is entirely characterized by the measure p. We have the

Proposition 1.2.1. The generating function of the process Z is given by
E (sZt’“) = ¢y(s)F, s€[0,1], k€ N,

where
W) _ ats), wnls) =
and the funcion ® is defined by
2(s) = 35"~ s)uln), s € [0,1].
n=0

Proor: Note that the process Z is a continuous time IN—valued jump
Markov process, whose infinitesimal generator is given by

0, ifm<n-—1,
Qnm =S nu(m—+1—-mn), ifm>n—1and m#n,
—npu(IN), if m =n.

Define f : IN — [0,1] by f(k) = s*, s € [0,1]. Then (s) = P.f(1). It
follows from the backward Kolmogorov equation for the process Z (see e. g.
Theorem 7.6 in [21]) that

dP.f(1)
dt

Ihi(s) <
8168 - ;Qm%(s)k

= (thf)<1)

= 5" ulk)u(s)* — ()Y ulk)

= k=0

= D(¢r(s)).

The branching process Z is called immortal if 1(0) = 0.
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1.3 Convergence to a continuous branching
process

To each integer N, we associate a Bienaymé-Galton-Watson process {ZN, n >
0} starting from Z = N. We now define the continuous time process

XY= N"1ZRy

We shall let the p. g. f. of the Bienaymé—Galton-Watson process depend
upon N in such a way that

Eley] = /(1) = 1+ &
Var[{n] = B,

where o € IR, 3 > 0, and we assume that the sequence of r. v.’s {£%, N > 1}
is uniformly integrable. Let t € IN/N and At = N~!. It is not hard to check
that

E[X A — X)X = aX VAL,
E[(Xa — X)X = BXN AL+ o®(X[Y)* (At
As N — oo, X¥ = X, where {X;, t > 0} solves the SDE
dXt = OéXtdt + \/ ﬂXtdBt, t Z 0. (131)

The detailed proof of the convergence will be treated in the next chapter, for
a slightly different model.

1.4 The continuous branching process

Denote by {X(x), > 0,t > 0} the solution of the SDE (1.3.1), starting
from x at time ¢ = 0, i. e. such that Xo(x) = . For x > 0 and y > 0
consider {X;(z), t > 0} and {X/(y), t > 0}, where {X](y), t > 0} is
a copy of {X;(y), t > 0} which is independent of {X;(x), t > 0}. Let
Y = Xi(z) + X/(y). We have

Y7 — a(Xy(x) + X1(y))dt + /BXo(@)dBs + /FXI(y)dB.

= QY Vdt + \/BY VAW,
Yo' =ty
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where {B;, t > 0} and {Bj, t > 0} are two mutually independent standard
Brownian motions, and {W,;, t > 0} is also a standard Brownian motion.
Then clearly {V;"Y, ¢t > 0} and {X;(z + y), t > 0} have the same law. This
shows that {X;(x), = > 0,t > 0} possesses the branching property.

This property entails that for all £, A > 0, there exists u(¢, \) such that

IE [exp(—AXi(2))] = exp[—zu(t, N)]. (1.4.1)

From the Markov property of the process t — X,(z), we deduce readily the
semigroup identity
ult + 5,0) = ult,u(s, \)).

We seek a formula for u(t, ). Let us first get by a formal argument an ODE
satisfied by u(-, A). For ¢ > 0 small, we have that

Xi(z) ~ x + azt + \/PxBy,

hence
IE (e”\Xt("’“")) ~ exp (—Az[l + at — BAt/2]),
and L)
M ~ a)\ — é)\?
t 2

Assuming that ¢t — wu(t, \) is differentiable, we deduce that

ou 15}

—(0,\) = a\ — =\2.

5 (0 A) = ar =5
This, combined with the semigroup identity, entails that

%(t, A) = au(t,\) — §u2(t, A),  u(0,N) = A\ (1.4.2)

It is easy to solve that ODE explicitly, and we now prove rigorously that u
is indeed the solution of (1.4.2), without having to go through the trouble of
justifying the above argument. Let v = 2a/8, 73 = y(1 — e %)~ 1.

Lemma 1.4.1. The function (t,\) — u(t,\) which appears in (1.4.1) is
given by the formula

at

e _ A
et —14+9/A A+ yeot’

u(t, \) = (1.4.3)

and it is the unique solution of (1.4.2).
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PRrooF: It suffices to show that {M?, 0 < s <t} defined by

N ,yea(tfs)
M? = exp (—ea(t_s) e 7//\Xs(x)>

is a martingale, which follows from It6’s calculus. O

Remark 1.4.2. In the critical case (i. e. the case a =0),

Y
ult: N = 357

which is the limit as o — 0 of (1.4.3). This particular formula can also be
established by checking that in the case o =0,

3 =e (g o)

1s a martingale.

The function ¥ : IR, — IR given by

U(r) = QTQ —ar
2

is called the branching mechanism of the continuous branching process X.

For each fixed t > 0, x — X;(z) has independent and homogeneous
increments with values in IR;. We shall consider its right—continuous modi-
fication, which then is a subordinator. Its Laplace exponent is the function
A — u(t,\), which can be rewritten (like for any subordinator, see section
7.4 below) as

u(t, \) = d(t)X + /00(1 — e A(t, dr),

where d(t) > 0 and [;~(r A 1)A(t,dr) < oo. Comparing with (1.4.3), we
deduce that d(t) = 0, and

A(t, dr) = p(t) exp(—q(t)r)dr,
where p(t) = v2e ™, q(t) = ye™ . (1.4.4)

We have defined the two parameter process {X;(z); * > 0,t > 0}. Xy(x)
is the population at time ¢t made of descendants of the initial population
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of size x at time 0. We may want to introduce three parameters, if we
want to discuss the descendants at time ¢ of a population of a given size at
time s. The first point, which is technical but in fact rather standard, is
that we can construct the collection of those random variables jointly for all
0 <s<t,x>0,so that all the properties we may reasonably wish for them
are satisfied. More precisely, following [3], we have the

Lemma 1.4.3. On some probability space, there exists a three parameter

process
{Xs4(z), 0<s<t, >0},

such that

1. For every 0 < s <t, Xy = {Xs:(x), x > 0} is a subordinator with
Laplace exponent u(t — s, -).

2. Foreveryn > 2,0 <t <ty <--- <t,, the subordinators Xy, 1, ..., Xt 1 .
are mutually independent, and

Xeyin(@) =Xy, im0 00Xy (), V& >0, a. s
3. The processes {Xo4(x), t > 0,2 > 0} and {X¢(x), t > 0,2 > 0} have
the same finite dimensional distributions.

Now consider {X;(z), > 0} for fixed 0 < s < t. It is a subordinator
with Laplace exponent (the functions p and ¢ are given in (1.4.4))

u(t —s,\) =p(t —s) / (1-— e_’\”)e_q(t_s)rdr.
0

We shall give a probabilistic description of the process { X, (x), * > 0} in a
further section. For now on, we shall write X;(x) for Xg.(x).

Let us first study the large time behaviour of the process X;(z). Consider
the extinction event

E={3t>0, s. t. Xi(x)=0}.
We define again v = 2a/[3.

Proposition 1.4.4. If a < 0, IP,(F) =1 a.s. forallz > 0. If a > 0,
IP,(F) = exp(—x7y) and on E°, X;(x) — 400 a. s.
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Proor: If a <0, {Xi(z), t > 0} is a positive supermartingale. Hence it
converges a. s. The limit r. v. X (z) takes values in the set of fixed points of
the SDE (1.3.1), which is {0, +00}. But from Fatou and the supermartingale

property,
IE(tlim Xi(z)) < tlim E(X(z)) <.

Hence IP(X () = +00) =0, and X¢(z) — 0 a. s. as t — oo.
If now a > 0, it follows from It’s formula that

t
D = ey [ BR B,
0

hence {M, = 7X@ > 0} is a martingale with values in [0, 1], hence it
converges a. s. as t — 0o. Consequently X;(z) = —vlog(M;) converges a.
s., and as above its limit belongs to the set {0, +o00}. Moreover

P(E) = Jim P(Xi(x) = 0)
= Jim Elexp{~zu(t, )}

B 1 ,yeat
=l e~

= exp{—a7}.
It remains to prove that
P(E°N{X, — 0})=0. (1.4.5)
Define the stopping times
7 = inf{t > 0, X;(z) <1}, and for n > 2,
T, =inf{t > 7,1 + 1, Xi(z) < 1}.
On the set {Xi(z) — 0, as t — oo}, 7, < 00, Vn. Define for n > 1

Ay = {141 <00, X, (x) > 0}.
For all N > 0,
P(E* M {X, — 0}) < P(NY., 4,)

<IE (ﬂ P(Anlan)>

< (]P(;(:l(l) >0)"

— 0, as N — oo,
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where we have used the strong Markov property, and the fact that

P(A,]X,.) < P(X,(1) > 0).

1.5 Back to Bienaymé—(Galton—Watson

1.5.1 The individuals with an infinite line of descent

Let us go back to the discrete model, indexed by N. For each ¢t > 0, let
YN denote the individuals in the population Z[]]V\,t] with an infinite line of
descent. Let us describe the law of Y{¥. Each of the N individuals living at
time ¢ = 0 has the probability 1 — gy of having an infinte line of descent. It
then follows from the branching property that the law of Y is the binomial
law B(N,1 — qn). It remains to evaluate gy, the unique solution in the
interval (0, 1) of the equation fy(x) = z. Note that

WD) = Elgn(ey — 1)) = 8-+ (%)2 .

We deduce from a Taylor expansion of f near z = 1 that

. 2a N 1 ] 2a N 1

= _——_— O —_ — _— —_— (o) — .

an NG N an NG N

Consequently, YV converges in law, as N — oo, towards a Poisson distribu-
tion with parameter v = 2a/[3.

1.5.2 The individuals whose progeny survives during
tN generations

The result of the last section indicates that if we consider only the prolific
individuals, i. e. those with an infinite line of descent, in the limit N — oo,
we should not divide by N, also Z[]]V\,t] — 400, as N — oo, for all t > 0. If
now we consider those individuals whose progeny is still alive at time tN (i.
e. those whose progeny contributes to the population at time ¢ > 0 in the
limit as N — 00), then again we should not divide by N. Indeed, we have
the (we use again the notation v = 2a/[3)
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Theorem 1.5.1. Under the assumptions from the beginning of section 1.3,

with the notation )
we=v(1-e) ",

1. for N large,

and
2. as N — oo,

me

s (expl=AZ{/ N Zvg > 0) = 53—

ProoOF oOF 1 : It follows from the branching property that

Py(Z{Ng > 0) = 1 — Py (Z{}y = 0)
=1-Pn(Z}y=0)""
=1 —Py(X)N =0)Y/¥,

But

1
log [P1(X;" = 0)'/] = - log IP1 (X" = 0)

1
N N
From (1.4.1) and (1.4.3), we deduce that
IPy(X;=0)= Ali:m exp[—u(t, \)]

= exp(—).-

We then conclude that

]PI(Z[JJVW] >0)=1—exp [—% +o (N)}

:lngpl(xt:owo(—).
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PROOF OF 2 :

1/N
E, exp[~AZNy/N] = (Ey exp[~AZy/N]) /
~ (I, exp[—)\Xt])l/N

~ oxp (_A—v>
N+ yeet) )’

since again from (1.4.1) and (1.4.3),
At
E —AX;) = - .
1 exp( t) = exp ( Py %e_at>
But
E, (exp[—)\Z[]]VVt] INT; 285y > 0)
P, (Z), > 0)
E, <exp[—)\Z[]]VVt] /N]) — 1+ Py(Z}, > 0)
B P1(Z{\y > 0)
E, (exp[—AZ[]JVVt] /N]) 1
lpl(Z[]]VVt] > 0)

A
A+ yemat’

IE; (exp[—AZ{Ny /N Z{Ng > 0) =

-1+

~

from which the result follows. O

1.6 Back to the continuous branching process

Note that the continuous limit {X;} has been obtained after a division by N,
so that X; no longer represents a number of individuals, but a sort of density.
The point is that there are constantly infinitely many births and deaths, most
individuals having a very short live. If we consider only those individuals at
time 0 whose progeny is still alive at some time ¢ > 0, that number is finite.
We now explain how this follows from the last Theorem, and show how it
provides a probabilistic description of the subordinator which appeared at
the end of section 1.3.
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The first part of the theorem tells us that for large NN, each of the N
individuals from the generation 0 has a progeny at the generation [Nt] with
probability 7, /N + o(1/N), independently of the others. Hence the number
of those individuals tends to the Poisson law with parameter ;. The sec-
ond statement says that those individuals contribute to X; a quantity which
follows an exponential random variable with parameter v,e~*'. This means
that

Zy
Xou(r) =YY,
=1

where Z,, Y7,Ys, ... are mutually independent, the law of Z, being Poisson
with parameter zy;, and the law of each Y; exponential with parameter e~

Taking into account the branching property, we have more precisely that
{Xo+(x), > 0} is a compound Poisson process, the set of jump locations
being a Poisson process with intensity v;, the jumps being i. i. d., exponential
with parameter y,e~*. We can recover from this description the formula for
the Laplace exponent of X;(x). Indeed

Ly fo'e)
IE exp (—AZY;) =3 (Be M) P(Z, = k)
=1 k=0

I e [
P A+yeet )

We can now describe the genealogy of the population whose total mass
follows the SDE (1.3.1).

Suppose that Z ancestors from ¢ = 0 contribute respectively Y1, Y, ... Yy
to Xo(x). Consider now Xo;is(x) = Xppys(Xos(z)). From the Y; mass
at time ¢, a finite number Z; of individuals, which follows a Poisson law
with parameter Y;v,, has a progeny at time ¢ + s, each one contributing an
exponential r. v. with parameter vse=** to Xg1ys().

Fo any y,2z > 0, 0 < s < t, we say that the individual z in the population
at time ¢ is a descendant of the individual y from the population at time s if
y is a jump location of the subordinator x — X ;(x), and moreover

Xai(y™) <z < Xsu(y).

Note that AX;,(y) = Xs(y) — Xs+(y ™) is the contribution to the population
at time t of the progeny of the individual y from the population at time s.
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1.7 The prolific individuals

We want to consider again the individuals with an infinite line of descent, but
directly in the continuous model. Those could be defined as the individuals
such that AXg,(y) > 0, for all ¢ > 0. However, it should be clear from
Proposition 1.4.4 that an a. s. equivalent definition is the following

Definition 1.7.1. The indwidual y from the population at time s is said to
be prolific if AX,(y) — 00, as t — 0.

For any s > 0, x > 0, let

Ps(x) = {y € [0, Xs(2)]; AXs4(y) — 00, ast — oo},
P,(x) = card(Ps(x)).

Define the conditional probability, given extinction

P, = IP(|E)
=e¢"IP(-NE)

It follows from Theorem 4.8.1 below

Proposition 1.7.2. Under IP., there exists a standard Brownian motion
{Bg, t > 0} such that X .(x) solves the SDE

X, (z) :x—a/OtXS(x)ds—i—/Ot\/ﬁT(x)dBj.

The branching mechanism of X under IP, is given by

U, (r) = 57"2 +ar=Y(y+r).

Next we identify the conditional law of X;(x), given that P,(z) = n, for
n > 0.

Proposition 1.7.3. For any Borel measurable f : IR — R,

E[f (Xi(2))(Xi(2))"]
Ec[(Xi(z)"]

Ef(X:(z))|Pi(z) = n] =
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PROOF: Recall that the law of Py(z) is the Poisson distribution with param-
eter z7y. Clearly from the Markov property of X.(x), the conditional law of
P,(x), given Xy(x), is the Poisson law with parameter X;(z)y. Consequently
for A\ >0,0<s<1,

IE (exp[—AX;(2)] exp[—y(1 — s) X3 (2)])
= IE (exp[—(A + 7) Xi(x)] expys Xy (x)])

=3 P fexpl— (A + )X @) (X))

Now define
h(t, A\, x,n) = IE (exp[-AX;(z)]|P(z) = n).

Note that
P(Py(z) = n) = E[IP(P(z) = n|X(, z))]

= T (e (X, 0)").

Consequently, conditioning first upon the value of P;(x), and then using the
last identity, we deduce that

n

B (exp[-AXe )]s ) = 32 b0, X ) expl—1 ) (X))

n!
n=0

Comparing the two series, and using the fact that, on F;, IP. is absolutely
continuous with respect to IP, with density e™ exp[—vX;(x)], we deduce that
for all n > 0,

IE (exp[—(A + 7) Xo(2)] (Xe(2))")
IE (exp|—yXe(2)](Xi(2))")
_ B (exp[=AXy (2)](Xi(2))")
E [(Xi(x))"] '

h(t,\,z,n) =

O

To any probability law v on IR, with finite mean ¢, we associate the so—
called law of its size-biased picking as the law on IR, ¢ 'yv(dy). We note
that the conditional law of X;(x), given that P(z) = n + 1 is obtained from
the conditional law of X;(z), given that P,(x) = n by sized—biased picking.
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We now describe the law of {P;(x), t > 0}, for fixed x > 0. Clearly this
is a continuous time B-G—W process as considered in section 1.2 above. We
have the

Theorem 1.7.4. For every x > 0, the process { P,(x), t > 0} is an IN-valued
immortal Branching process in continuous time, with initial distribution the
Poisson law with parameter xvy, and reproduction measure pp given by

(n) = a, ifn=2,
e 0, ifn+#2

In other words, {P;(x), t > 0} is a Yule tree with the intensity c.

Remark 1.7.5. If we call ®p the ®—function (with the notations of sec-
tion 1.2) associated to the measure pp, we have in terms of the branching
mechanism ¥V of X

Pp(s) =a(s* —s) = %\11(7(1 —35)).

Note that U, describes the branching process X, conditioned upon extinction,
while ®p describes the immortal part of X. ®p depends upon the values
O(r), 0 < r <+, while U, depends upon the values ®(r), v < r < 1. The
mapping ¥V — (V,, ®p) should be compared with the mapping f — (f, )
from Proposition 1.1.5.

PROOF: The process P inherits its branching property from that of X. The
immortal character is obvious. FPy(z) is the number of individuals from the
population at time 0, whose progeny survives at time ¢, for all ¢ > 0. Hence
it is the limit as ¢ — oo of the law of the number of jumps of {X;(y), 0 <
y < x}, which is the Poisson distribution with parameter z-y. This coincides
with the result in the subsection 1.5.1, as expected.

Now from the Markov property of X, the conditional law of P(z), given
Xi(x), is the Poisson law with parameter X;(z)y. Consequently

E (s"®)) = E (exp[—(1 — s)7.X¢(x)])
= exp[—zu(t, (1 — s)7)].

Moreover, if we call ¢,(s) the generating function of the continuous time
B-G-W process {P;(x), t > 0}, we have that

E (s"®) = IE (¢y(s)™™)
= exp[—z7(1 — ¢(s))].
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Comparing those two formulas, we deduce that
1
L () = uft, (1= 9)7).

Taking the derivative with respect to the time variable ¢, we deduce from the
differential equations satisfied by ¢;(-) and by u(t, ) the identity

B (r(s)) = %wu(t, (1—s)7) = %wwa — (s))).

Consequently
1
Op(r) = ;\P(v(l —)).
The measure pp is then recovered easily from ®p. U

We next note that the pair (X;(z), P;(x)), which we now write (X;(x), P:(x)),
enjoys the Branching property, in the following sense. For every x > 0, n €
IN, denote by (X.(x,n), P(x,n)) a version of the process {(X;(z), P:(z)), t >
0}, conditioned upon FPy(z) = n. What we mean here by the branching prop-
erty is the fact that for all z,2" > 0, n,n’ € N,

(X(z+2',n+n),Plx+2',n+n"))
has the same law as
(X.(z,n), P.(z,n)) + (X!, n'), P!(z',n")),

where the two processes (X.(z,n), P.(x,n)) and (X/(2',n), P'(2',n')) are mu-
tually independent.
We now characterize the joint law of (X;(z,n), Pz, n)).

Proposition 1.7.6. For any A >0, s € [0,1], t >0, x >0, n € IN,

E (exp[—/\Xt(a:, n)]sPt(x’”))

— oxpl—a(u(t, A +7) - 7)] (

w(t, N+ ) — u(t, A+ (1 —s)))"
S .

PROOF: First consider the case n = 0. We note that X .(z,0) is a version
of the continuous branching process conditioned upon extinction, i. e. with
branching mechanism V. (r) = W(vy + r), while P;(x,0) = 0. Hence

IE (exp[—AX(z, O)]sPt(x’O)) = exp[—z(u(t,\ + ) —7)]. (1.7.1)
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Going back to the computation in the beginning of the proof of Proposition
1.7.3, we have

I (expl-AXu(2)}s") = I8 (expl—(h + (1 — 5))X,(2))
= exp[—zu(t, A + (1 — s))].

Since the law of Py(z) is Poisson with parameter z+y,
IE (eXp[—/\Xt(x)]SPt(x)> — Z e—ﬂw@ﬂ«j (eXp[—)\Xt(x, n)]SPt(x,n)) ‘
n!
n=0

From the branching property of (X, P),

IE (exp[—AX;(z,n)]sT@) = T (exp[-AX;(x, 0)]s70)

L(172
X [IE (exp[—)\Xt(O, 1)]3Pt(0’1))} ) ( )
Combining the four above identities, we obtain
— (27)" O ]7
> B (exp[-AX, (0, 1)]s™ )]
n=0
= exp {z [u(t, A +7) —u(t, A+ (1 —9))]}
— n! ’
Identifying the coefficients of = in the two series yields
t, A —u(t, A 1-—
IE (exp[—AX;(0, 1)]s0) = YEATY) Zult A+ y(1 = 5)
Y
The result follows from this, (1.7.1) and (1.7.2). O

1.8 Bibliographical comments

We have essentially followed the treatment from [18] in section 1.1. Section
1.2 is inspired from [16]. Section 1.4 owes much to [16], [3] and [17]. The
subsection 1.5.1 is taken from [19], 1.5.2 from [20]. Section 1.7 is a translation
of the results in [2] to our particular case.



Chapter 2

Genealogical models for
fixed—size populations

Consider a population of fixed size N, which evolves in discrete generations.
Assume that each individual can be of two different types (a and A, say).

2.1 The simplest Wright—Fisher model

Consider first the case where those are neutral, i. e. there is no selective
advantage attached to either of those two types, and there is no mutation.

Reproduction is random (and asexual). More precisely, we assume that
each individual picks his parent uniformly from the previous generation (with
replacement), and copy his type. Denote

VY := number of type A individuals in generation k.
Clearly
N .\ N—i
. . i (7 J
IP(Yk]il =iV =j) = Cx (N) (1 - N) :

From this, we see that {Y;Y, k > 0} is both a finite state Markov chain, and
a bounded martingale. Note that the two states 0 and N are absorbing, and
all other states are transient. Consequently

Yy = lim V¥ e {0,N}.

Moreover
j=ENIYY =] = NP(YY = N),

27
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hence the probability of fixation of type A is its initial frequency j/N.

The next question is what can we say about the time we have to wait
until the population is homogeneous (i. e. ;¥ =0 or N) ?

If we want to study this and other questions for large N, we should
understand the behaviour of the proportions of both alleles in a population
of infinite size. Define the following continuous time process :

XN =N, t>0.

This means that we consider the fraction of type A-individuals, and the time
is a number of generations divided by the size of the population.
Let t € IN/N and At = N~!'. Tt is not hard to check that

EXN A — XV X =0, BI(X A — X)X = XN (1 - XAt
We now want to let N — oo.

Theorem 2.1.1. Suppose that X' = Xy, as N — oco. Then XV = X in
D(IR4;[0,1]), where {X;, t > 0} solves the SDE

dXt — \/ Xt(l - Xt)dBt, t Z 0

PROOF: The idea is to prove that Vf € C3([0, 1]), the process

M = f(X,) — f(X,) — %/Ot X,(1— X)) f"(Xy)ds, t >0 (2.1.1)

is a martingale (with respect to its own filtration).

It is known that this martingale problem has a unique solution (the SDE
has a unique strong solution, see next chapter). Hence the theorem follows
from the two following statements

1. the sequence {XV, N =1,2,...} is tight;
2. any weak limit of a sub—sequence solves the above martingale problem.

PrROOF OF 1. Also the sequence is a sequence in the space D(IR;[0,1]) of
discontinuous processes, since the limit is continuous, a tightness criteria in
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C(IR4;[0,1]) is good enough. It will prove at the same time that any limit
point has continuous paths. For 0 < i < j, let s =i/N, t=j/N. We have

j—1
> (¥ -
k=i
S z LI - v

4

E [|1XY - XN"]

..... ka=i =1
j—l

::N‘4OE§joz+l NI D DI AT A RUATES ik
k=1 i<ki<ka<j—1

+IE Z (YkJL—l - ka)(ylg+1 - ijj)g

i<k <ko<j-—1

+ 2IE Z Y =Y =Y (Vi - Yk]:)Q)

1<k1<ko<kz<j—1
. . 2
<C (sz) = Ot —s).

Indeed, we first note that

e [(Yk]il - YkN)Q] = {]E [(Yk]il - YkN)Q‘YkN}}
< N/4,

from which it follows that the second term above has the right size. Con-
cerning the first term, we note that

E (V5 = V)] = B{E [ - )}

Conditionally upon Y}V =y, Y}/, follows the binomial law B(N,p) where
p=y/N. Butif Z;,..., 7, are Bernoulli with IP(Z; = 1) = p, then

N N
E| (D (Z-p)| | =EX (Z-p)'+4E D (Zi-p)*Z —p)
i=1 i=1 1<i<j<N
< 2N?
Consequently

E (Y] - ") <2837,
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and the first term is bounded by N7 (t — s) < ¢t — 5)?, since 1 < N(t — s).
Moreover we have

YN YN
B (0 - v = v (1- ) (128 ),
E [V, - )Y <
B[V =YDV —YR)’]| <

Consequently the third term is estimated exactly as the second one. It re-
mains to consider the last term, which is bounded above by

NTE DY N =YV 2w, v )P < N Y RN - YY)

i<k<j 1<k<j

=N7° Z Z Ye+1 )2]

1<k<ji<l<k

SN (k-

i<k<j

< (t—s)%

The wished estimate of IE[|X} — XN|1] is established. Keeping in mind
that our process takes values in the compact set [0, 1], it remains to apply
Theorem 12.3 page 95 from Billingsley [4] (see also theorem 7.2.1 below), in
conjunction with Proposition 3.10.4 page 149 from Ethier, Kurtz [11].

PROOF OF 2. With the same notations as above, in particular At = N1,

GYf(z) =1 [f(Xt+At) FXNIX)Y = m]

() o
f

1 -1 N ’ ///
=SB (N ;Zi—x> (@) + ¢ g (N ZZ—x> ©)

1

— Sall = )f(@) + ry(a),
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where ry(z) = O(N~%/?), since

3

3 N
1
Zi—x | f"( N f"lso sup IE| |[N7! Zi—x
(v aa) o] < i g Y
N A\ \ 3/4
1 " -1
= 0o SU N Zi — X
< Hite \ >
= O(N*3/2).
Now it is easily seen that
[Ng—1
MY = f(GY) = Z GNf(X)y)

1 [Nt]/N [Nt]/N
= FXN) = 1) ~ 5 / XN (1= XN s = [ Nrg(x)ds
0 0

is a bounded martingale (with respect to the natural filtration generated by
the process X7).

This means that for any 0 < s < t and any bounded and continuous
function ¢ : D([0, s);[0,1]) — IR,

E [MtNQO ((X,{V)ogrgs)] =E [M;V‘P ((XrN)OSTSSﬂ :

Taking the limit along any converging subsequence, we get that any limit
point X satisfies (2.1.1). O

2.2  Wright—Fisher model with mutations

Assume that mutation converts at birth an A—type to an a—type with prob-
ability aq, and converts an a—type to an A-type with probability agy. Here

IP<Yk]il = i|YkN = j) = Czi\fp;" (1 - pj)N_i7
where

= a) + (V= fay
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We now want to let N — oco. Assume that oy and oy are of the form
a; =71/N, a9 =/N, where v; > 0, v > 0 are fixed,
and define again the continuous time process

XN =N, t>0.

EX A — XVXY] = =X + 71— X))A,
E[(XT A — X)X = X7 (1 — XM)AL+ O(AF).

As N — oo, XV = X where {X;, t > 0} solves the SDE

dXt = 70(1 — Xt)dt — ”71Xtdt + Xt(l - Xt)dBt, t Z 0.

2.3 Wright—Fisher model with selection

Assume that type A is selectively superior to type a. Then
N v N . i, N—i
IP(YkJrl =Yy =) :Cij<1_pj) )

where .
o J(l+5s)
7 j(l+s)+N -3

If we want to combine mutations and selection, we choose

i = (1+8)[j(1—a1) + (N — j)ag]
T+ 9L =) + (N = jag] + jay + (N —4)(1 = 3)

We again want to let N — oo. Let ay = 0, a9 = 0, and s = /N, with
B > 0. We define the continuous time process

XY =Ny, t >0

EX a — X0 X] = BX7 (1 — XAt + 0(AF?),
(X A — X)X = X7 (1= XY At + 0(A?).
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As N — oo, XV = X where {X;, t > 0} solves the SDE
dXt - ﬁXt(l - Xt)dt + Xt(]. - Xt>dBt, t Z 0
Suppose now that oy = ; = v/N. Then

B o — XX = BXN (1= XA+ (1 = 2X)]AL + 0(At?),
B[(XY A — X)X = X (1= XY) At +0(A8).

Then as N — oo, XV = X, where {X;, t > 0} solves the SDE

2.4 Bibliographical comments

Section 2.1 is essentially borrowed from [6], while the next sections are in-
spired by [15].
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Chapter 3

Connections between branching
and fixed—size population
models

3.1 Discrete models

Consider a B-G-W process {Z,,, n > 0} with initial condition Z; = N, and
Poisson offspring distribution with mean .

Proposition 3.1.1. For any T > 1, the law of {Z,,, 0 < n < T}, conditioned
upon {Z, = N, 0 <n <T}, is the law of the Wright—Fisher model.

PRrOOF: Let &; denote the number of offsprings in generation 1 of individual ¢
from the 0 generation. For any 0 < kq,...,ky < N satisfying k1 +---+ky =
N, since the law of the sum of N independent Poisson (A) r. v.’s is Poisson
(NA),

]P(fl =ky,....¢ v = kN‘fl oy = N) _ ]P(gl TPI(ﬁZ)I ><:N|20]P:(fj\\][>: kN)

o _ N (NN
O
N! 1\ "
Tk x-ox k! \N )
We recognize the multinomial distribution. 0

35
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Consider now the two—types Wright—Fisher model where the initial pop-
ulation contains ¢ type A individuals and N — ¢ type a individuals, and
there is no selection and no mutation. Denote by ¥} the number of type A
individuals in generation k.

Proposition 3.1.2. If Y{¥ — Zy as N — oo, then YN = Z as N — oo,
where {Zy, k > 0} is a B-G-W process with Poisson(1) offspring distribu-
tion.

Proor: It suffices to prove the weak convergence of finite dimensional distri-
butions. But the conditional law of Y}Y,, given that Y}¥ = r is the binomial

law with parameters (IV, ), which, as N — oo, converges to the Poisson(r)
distribution. O

3.2 Diffusion models

Consider the Wright—Fisher model with selection
dXt — ﬁXt(]- - Xt)dt + AVA Xt(]- - Xt)dBt
Define the increasing process
t
A = / (1— X.)ds,
0

and its inverse
o; = inf{s; As > t},

which is defined for all 0 <t < A, where
Ay = / (1 —-X5)ds, 7=inf{s; X;=1}.
0

Note that {7 = 0o} = {A, = 00}. Define the process Y; = X, for 0 <t <
As. {Y; 0 <t < A} solves the SDE

dY, = BY,dt + \/Y:dB,,

which is a continuous branching diffusion.

3.3 Bibliographical comments

Section 3.1 is borrowed from [16].



Chapter 4

One—dimensional diffusions

4.1 A uniqueness theorem of Yamada—Watanabe

We consider the one—-dimensional SDE of the form

(4.1.1)

X(] = I;

where z € IR, {B;, t > 0} is a one dimensional standard Brownian motion,
b: IR — IR is uniformly Lipschitz continuous and ¢ : R — IR satisfies

there exists a function p : IRy — IR such that
(1) p is strictly increasing, p(0) = 0,

g dr ~ (4.1.2)
(’LZ) /0+ p2—(7“) =+ 5

(iii) |o(z) —o(y) < p(lz —yl), =,y € R.
Note that p(r) = r'/? satisfies (4.1.2) (i) and (ii). We have the

Theorem 4.1.1. Under the above assumptions, if moreover |o(x)| < K(1+
|z|) Vo € R, then the equation (4.1.1) has at most one solution.

PrOOF: Let 1 =ag > ay > ag > -+ > 0 be such that

Qan—1
Vn > 1, / ;i_r =
an  PAT)

37
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Clearly, a,, — 0, as n — oo. For each n > 1, let v,, be a continuous function
with support in (a,, a,_1) such that

0 < hy(r) <

P20 and /an U (r)dr = 1.

||
Spnx:/ dy/¢n T, z € R.

It is easily seen that ¢, € C*(IR), |, (z)]| <
Let X' and X? be two solutions of (4.1.

Set

1, and p,(z) T |*| as n — co.
1).Then from It’s formula

Elpn(X} — X?)] = E / (X1 — X2)[B(XT) — B(X2)ds+

+3 | e = Xl — o(x)as

t
< K/ E[|X! — X2(ds + /n,
0

where we have used (4.1.2) (iii) and ¢, (r) < 2/np*(r) for the last inequality.
Taking the limit as n — oo in this inequality yields

t
E[|X! - X)) < K / E[|X! — X?[Jds.
0
The result now follows from Gronwall’s Lemma. [

Remark 4.1.2. The Lipschitz condition on b can be replaced by the more
general condition

b(x) — b(y)| < k(lz —yl),
with k : Ry — Ry concave and increasing, satisfying x(0) = 0 and f0+ kY (r)dr =
oo if we use Bihari’s generalization of Gronwall’s Lemma.

We now have the

Corollary 4.1.3. Under the assumptions of Theorem 4.1.1, the SDE (4.1.1)
has a unique weak solution, i. e. there exists a probability space with a fil-
tration (0, F, (Ft)i>0, IP) on which one can define a progressively measurable
process {(X¢, By), t > 0} such that B is a standard Brownian motion, and
(4.1.1) is satisfied, and moreover the law of { X, t > 0} on C'(IR4) is uniquely
determined by that statement.
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PrOOF: Since the coefficients b and ¢ are continuous, it is not hard to
construct a solution of the martingale problem by weak convergence of an
approximating Markov chain, as in Theorem 2.1.1. the existence of a solution
in the sense of the statement then follows from the martingale representation
Theorem 7.3.1 below.

It remains to prove the uniqueness of the law of {X;, t > 0}. Let C,
denote the space of continuous functions from IR, into IR which start from x
at time 0. Let {(Xt, B:), t > 0} and {(X/, B;), t > 0} denote two solutions
of (4.1.1) (possibly defined on different probability spaces), and let IP,. (resp.
IP)) be its law on C, x Cy. If we denote by II the projection in C, x Cy onto
its second coordinate, then we have that

I(P,) = I(P,) = W,

where W denotes the Wiener maesure (i. e. the law of the standard Brownian
motion) on Cy. Let Q"2(dw;) [resp. Q"*(dw,)] denote a regular conditional
probability distribution of w;, given w, under P, [resp. under IP/]. This
means that

1. Ywy € Cy, Q™2 and Q" are two probability measures on (C,, B(C,)).
2. VA e B(C,), wy — Q"*(A) and wy — Q""?(A) are B(Cy—measurable.
3. VA € B(C,), B € B(Cy),

P, (A x B) = /B QU= (AW (duw).

P/ (A x B) = /B Q" (AW (duw).

Consider the measure
Q(dwl, dU)Q, dlUg) = ng (dwl)Q'w3 (dUJQ)W(dU)g)

on the space (2, F), where Q = C, x C, x Cy and F is its Borel o—field,
completed with the class N of Q-null sets. We equip this probability space
with the filtration

ft = MNe>0 (Bt+5 \/N),

where Bt = Bt(Cx) X Bt(CI) X Bt<CO)
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Then the law of (wy,ws) [resp. of (ws,ws)] under @ is P, [resp. Pi].
But (wy,ws) and (we,ws) are two solutions of (4.1.1), defined on the same
probability space. Hence from Theorem 4.1.1, w; = wy @ a. s. But since for
W almost all w3, wy, and wy are independent, this implies that there exists a
measurable mapping F': IR x Cy such that W a. s.

Q" (dw) = Q"*(dw) = Ap(zuws) (dw).
Hence certainly for all A € B(C,),

P(X €A = QY (AW (dw) = Q" (AW (dw) =TP(X' € A),
C() CO
which proves the uniqueness in law. 0

Remark 4.1.4. With a little more effort, one can deduce from the above
argument that given the Brownian motion { By, t > 0} defined on a probability
space (Q, F, (Ft)e>0, IP), one can construct the solution {X;, t > 0} of (4.1.1)
driven by that Brownian motion as X = F(x, B) (with the notation from the
preceding proof ) which is then unique from Theorem 4.1.1. The point is that
weak existence and pathwise uniqueness implies existence of a unique strong
solution, see [13] for details.

4.2 The local time of a one dimensional dif-
fusion

4.2.1 Local time of the Brownian motion

Note that Brownian motion spends zero time at any point x € IR. We shall
now define a process, called the local time, which in a sense measures the
time spent by the Brownian motion near any point x € IR. The local time
at x of the Brownian motion up to time ¢ can be intuitively defined as

t
e — / 5.(B.)ds,
0

where 0, is the Dirac measure at the point z. It can be rigorously defined
through the It6—Tanaka formula, which says that for all z € IR, ¢t > 0,

t
1
(Bt — {L’)+ = (BO — ilf)_|_ +/ 1{Bs>m}st + 5[;? (421)
0
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Since all terms except the last one in this formula are well defined, that for-
mula provides a definition of the process {L}, t > 0}. Note that the intuitive
definition given above is related to the fact that, if we take any reasonable
approximation of the Dirac measure at x by a sequence of functions f, (for
instance with compact support), and apply 1t6’s formula to a function whose
second derivative if f,,, then we obtain the Ito—Tanaka formula in the limit.

It is easily seen from the definition that for each z € R, t — LY is
continuous and increasing. We have moreover the

Proposition 4.2.1. There exists a version of the two—parameter process
{L}, x € R, t > 0} whose trajectories are jointly continuous with respect to

(t,z).

PROOF: O

A very important result is the occupation times formula :

Theorem 4.2.2. If f : R — 1R is locally integrable, then for allt > 0, a. s.,

/ f(Buyds = | s

Proor: It suffices to proves the result in the case f has a compact support.
For such an f, let

Fw:[ﬂm%fw:mew

The following two identities are easy to check :

F(B) = [ $@ends, F(B) = [ fe)(Bi= o),

The result now follows by multiplying the It6—Tanaka formula by f(x), inte-
grating over IR with respect to Lebesgue’s measure, and interchanging the
Lebesgue integral with respect to dx and the Ito integral with respect to dB;.
The justification of that point is left to the reader. O
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4.2.2 Local time of a one—dimensional diffusion

If {X;, t > 0} is the solution of a one-dimensional SDE; it is in particular a
continuous semimartingale. We can now state the

Proposition 4.2.3. For any real number x, there exists a continuous in-
creasing process L* called the local time of X at x, such that

t
| X — 2| = | Xo — 2| +/ sign(Xs — x)dXs + L7, (4.2.2)
0

where

, -1 , ifx <0;
O =N e o

PROOF: For any € > 0, let y — ¢.(y) be defined by

w(y)_{%, ifyer—ex+e
_(y) =

ly—x|—¢/2, fydr—ecax+el.

Note that

/ y_x /i —
L(y) = ( . /\1> V(=1), ¢y)=¢c "Nprcuiqy), ye€R.

[t6’s formula (taking the limit along a regularizing sequence made of C?
approximations of ¢. whose second derivative increases to that of ¢.) yields

t
0 (Xy) = pe(Xo) + / gog(Xs)dXs + LY*, (4.2.3)
0
where
S
Lt’ = 2— 1[x,57x+5}(X5)d<X,X>S.
€ Jo

As e — 0, the three first terms in the identity (4.2.3) converge to the corre-
sponding terms of (4.2.2), hence L;° — L7 in probability as e — 0. The a.
s. continuity follows from that of the other terms in (4.2.2). The fact that
t — L7 is a. s. increasing follows from the smae property for L;*. 0

Exercise 4.2.4. Justify the argument leading to formula (4.2.3).
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Let us prove the

Proposition 4.2.5. (Occupation times formula) Outside a IP—negligible sub-
set of 1, for all t > 0 and Borel measurable functions ¢ from IR into R,

[ oxpacxx).= [ oo

Proor: It suffices to prove the result for ¢ continuous with compact support.

With such a ¢, define
1
=35 | le—ylely)dy
R
1

F@) = [ siene = ety 1) = (o)
R
It follows from It0’s formula that a. s. for all ¢ > 0,
F(X0) = F(Xo) /f dX+/f” X)s.

On the other hand, if we multiply equation (4.2.2) by ¢(x)/2 and integrate
over IR with respect to dx, we deduce that a. s. for all ¢ > 0,

Then f € C2(IR),

F(X) = f(Xo) + /f DX, + = /IRLfgo(x)dx. (4.2.4)

The result follows from the comparison of the two last identities. O

Exercise 4.2.6. Justify the argument leading to the identity (4.2.4).

4.3 A comparison theorem

Consider two one—dimensional SDEs
t t
XY =g +/ b (XW)ds + / o(XW)dB,, (4.3.1)
0 0

t t
X =apt X+ [Co(xan. a2
0 0

The aim of this section is to prove the
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Theorem 4.3.1. Let {XV, t > 0} (resp. {X?, t > 0}) be a solution of
equation (4.3.1) (resp. (4.3.2)). Assume that o satisfies the same condition

as in Theorem 4.1.1, that either by or by is globally Lipschitz. If moreover
1 < T, by(x) < bo(x), Vo € R, then Xt(l) < Xt(Q) for allt >0, a. s.

PROOF:

4.4 Classification of boundary points

As we will see, all we need to understand is the behaviour at 0 of Bessel
square processes. Let {W;, ¢ > 0} be a d—dimensional standard Brownian
motion, starting from y # 0. Define X; := |W;|?, z = |y|>. From Itd’s
formula,

t
Xt::z:+d><t+2/ < Wy, dWg > .
0

Note that the continuous martingale M; = fot < Wy, dW > has its quadratic

variation given by < M >,= fot X,ds. Hence there exists a one—-dimensional
Brownian motion {B;, t > 0} such that

t
Mt:/ /X.dB;,
0

and {X;, t > 0} solves the SDE

t
Xt:x—l—dxt+2/ v/ XsdBs.
0

We now consider for any § > 0, x > 0, the SDE

X; = 2/ X;dB

{d , =6 x dt + 2/X,dB,, (441)
X():ZE.

From a well-known result of Yamada—Watanabe (see e. g. [22] Theorem 3.5
page 371), the SDE (4.4.1) has a unique strong solution. It is not hard to
see that the solution remains non negative for all ¢ > 0. The only delicate
question is whether or not the point 0 can be reached in finite time (whether
it is accessible or inaccessible).
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Theorem 4.4.1. The left endpoint 0 is accessible whenever § < 2, in par-
ticular it is an exit point (absorbing) if 6 = 0, instantaneously reflecting if
0 < 0 < 2; it is inaccessible (and an entrance point) if § > 2.

PrRoOF: For § = 1, X; is the absolute value of a one-dimensional Brownian
motion, hence 0 is accessible. We deduce by comparison that the same is true
for 0 < § < 1. Now the point 0 is polar for the two-dimensional Brownian
motion, hence 0 is inaccessible in case § = 2, hence also by comparison if
d > 2. For the other cases, we refer for the proof to [22] p. 423.

AN ALTERNATIVE PROOF OF THE THEOREM. We consider the diffusion
{Y}; t > 0}, solution of the SDE

t t
Yt:x—i-5/ sts—i—Q/ Y,dB;.
0 0

That SDE has the explicit solution
Yi=x exp[(0 —2)t +2By], t > 0.

We note that

limsupY; =

t—o00

400, ifd > 2;
0, if 0 < 2.

THE CASE 0 > 2 In that case,
t
Alt) ::/ Yids — oo a. s., as t — oc.
0

Consequently
o(t) =inf{s; A(s) >t} = A7 (t)

is defined for all £ > 0. Let X; := Y. It is not hard to see that

t
Xy =z +dt+ 2/ vV XydBg, Xg=x. (4.4.2)
0
Indeed, we have

t
Y; = x4+ §A(t) + 2M,;, with < M >,= / Yids.
0
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Now X; = z + 0t + 2N;, where N; = M, is a martingale from Doob’s
optional stopping theorem, since the o(t)’s are stopping times, and

< N > =< M >cr(t)

a(t)
= YZds

t
:/ Yg(r)dr
0
t
:/ Xds,
0

where we have used the fact that o'(r) = 1/A'(o(r)) = 1/Y, (). It remains to
make use of the martingale representation theorem 7.3.1 in order to conclude
(4.4.2).

But since Y; > 0, V¢t > 0, the same is true for X. Hence 0 is inaccessible.
THE CASE 0§ < 2 Since B/t — 0 a. s., as t — 00, T'(w) > 0 such that IP a.
S.,

Yilw) < exp[(5 - 2)t/2), ¥t > T(w).

As a consequence, A(t) — A(oco), with A(co) < o0 a. s., as t — oco. Now
o(t) < oo, Vt < A(o0), and o(t) — o0, as t — A(oco). Consequently,
X; =Y, — 0, as t — A(oc0). Consequently X o) = 0, and 0 is accessible.
U

4.5 Application to the Wright—Fisher diffu-
sion
Let us first translate the last result for the diffusion

dXt =ct+ \V XtdBt, (4 5 1)
XO = XT. o

We can transform (4.5.1) into (4.4.1) either by time change, or by a change of
spatial scale. At any rate, the result translates to the fact that the solution of
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(4.5.1) never hits zero iff ¢ > 1/2. Consider first the Wright—Fisher diffusion
without mutation nor selection

dXt =\ Xt<1 - Xt)dBt

Clearly it behaves near 0 as the solution of (4.5.1) with ¢ = 0, and similarly
near 1, i. e. both end points are accessible and absorbing. The Wright-Fisher
diffusion with selection

dXt - ﬁXt(l - Xt)dt + \/ Xt(l - Xt)dBt

has the same behaviour, since it is obtained from the previous one by an
absolute continuous Girsanov transformation (one can also use a comparison
argument). The fact that the two end points are absorbing follows easily
from pathwise uniqueness, which is a consequence a Theorem 4.1.1. Consider
finally the Wright—Fisher diffusion with mutation

dXt = ’}/0(1 — Xt)dt — leXtdt + 1/ Xt(l — Xt)dBt, t Z 0.

0 is inaccessible iff vy > 1/2, 1 is inaccessible iff 3 > 1/2. Neither point is
absorbing, unless the corresponding ~ vanishes.

4.6 Probability of fixation and time to fixa-
tion

We consider here the Wright—Fisher diffusion without mutations, with or
without selection.

It is easy to deduce from the Markov property that for all 0 < = < 1,
IP,(101 < oo) = 1. As we have said, both 0 and 1 are absorbing, hence
X = Xiar,- We are interested in the probability of the event that the allele
A gets fixed, i. e. that 7y < 79 = 00. Define

u(z) = P,(n < 00).

Applying the semigroup of the Wright—Fisher diffusion to the function u, we
deduce
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From this we conclude that u belongs to the domain of the generator L of
the diffusion X, and that Lu(x) = 0.

Consider first the case § = 0. In that case, Lu = 0 implies «” = 0. Since
u(0) = 0 and u(1) = 1, we deduce that u(z) = z. Note that the same result
can be deduced from the remark that {X;, ¢ > 0} is a bounded martingale,
hence

IP,(1; <o0) =IE,[X, | =2

We can also compute the expected time until there is fixation of either allele.
Denote by  — v(z) the solution of the boundary value problem

Lv(x)+1=0, 0 <z <1;
v(0) =v(1) = 0.

Applying It6’s formula to develop v(Xirr,,), taking the expectation and let-
ting t — oo, we deduce that v(x) = IE.[r51]. The unique solution of the
above equation is given as follows

2
(1 —x)
2 2

l—2 =z

U”(l‘) _ _

1

1
! =2log — — 21
v'(z) ng og1

1 1
v(z) =2(1 — x)log . + 2xlog —.
x

-

Consider now the case > 0. The identity Lu(z) = 0 implies that
(€2ﬁxu/)’ (x)=0,0<z<1.
This, together with «(0) = 0, u(1) = 1 implies that

1—e 20"
]Pa:(Tl < OO) = U(iL‘) = m

We note that this quantity is increasing both in x and in (3, as it should be,
and that it converges to x as § — 0.
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4.7 More on the Wright—Fisher diffusion

Consider the Wright—Fisher diffusion without mutation nor selection, i. e.

dXt =V Xt(]- - Xt)dBt, t Z 0

All the invariant probability measures of that Markov process are the mea-
sures {\d + (1 = A)dy; 0 < A< 1},

Consider now the same process with values in the state space F = (0,1),
where the process is considered to be killed when it reaches either 0 or 1.
Clearly that process is transient, it cannot possibly possess an invariant prob-
ability measure. However the measure

dzx

m, n (0,1)

is an invariant o-finite measure, and the process is in fact reversible with
respect to that invariant o—finite measure. Indeed, the infinitesimal generator
of the Wright-Fisher diffusion on (0,1) is (D(L), L), where the set

A={feC*0,1)nC0,1], f(0)=f(1)=0}
is dense is D(L) and for f € A,
Lf(@) = 5a(1 - )f"(z).

For any f,g € A, we have

/f (Lg)(x /f "
——Af@wmm

! dx
= L _—
| s@ne
If we call p(dz) = %, we have just shown that the oprerator is a self-

adjoint unbounded negative operator on L*((0,1); u(dx)).
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4.8 Conditioning

We are interested in conditioning the Wright-Fisher diffusion upon fixation
of the allele A, that is we want to study {X;, ¢t > 0}, under the law

IPI( : ‘7’1 < OO)
Recall the notation u(z) = P, (1 < 00).

Theorem 4.8.1. The process {u(X;), t > 0} is a positive bounded martin-
gale and

P.(Alm < o0) =T, (%;A) , r€(0,1),Ae F.

Moreover, the generator L* of the process X conditonned upon {m < oo},
acts as follows on f € C*(0,1) :

L*f(zx) = , z€(0,1).

PROOF: The martingale property of {u(X;), ¢t > 0} follows readily from the
fact that Lu = 0. Let f € C?(0,1).

IE, [f(X,); {1 < oo}
P f(z) =
t f(ZL‘) ]Px(Tl < OO)
_ E, [f(X)u(Xy)]
u()
_ Ruh)@)
u(r)
The first statement follows upon replacing f(X;) by 14, with A € F,. The
second follows by subtracting f(z), dividing by ¢ and letting ¢t — 0. O

Consider now the Wright-Fisher diffusion with selection, i. e.

dXt = 6Xt(1 — Xt)dt + \/ Xt(l — Xt)dBt, XO = X.

If follows from the formula for u(z) in the last section that the generator of
that diffusion, conditioned upon fixation of the advantageous allele, is

L* () = 0(1 — 2) coth(5a) () + 51 — 2)f"(x).
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The corresponding SDE reads
dXt = 6Xt(1 - Xt) COth(ﬁXt)dt + \/ Xt(l — Xt)dBt, XQ = XT.

Since lim, o fz(1 — z)coth(fz) = 1, it follows from Theorem 4.4.1 that
0 is an entrance boundary for that SDE. While 0 is an exit point for the
unconditioned Wright—Fisher diffusion, it is an entrance point for the Wright—
Fisher diffusion conditioned upon fixation.

Note that the limit as 3 — 0 of the last SDE is

dXt = (1 — Xt)dt + Xt(l — Xt)dBt, XO =x,

which coincides with the Wright-Fisher diffusion without selection, condi-
tioned upon fixation.

4.9 Invariant measure

Consider the Wright—Fisher diffusion with selection and mutation, i. e. the
solution of the SDE

This diffusion is irreducible, in the sense that starting from any point =z €
[0, 1], any interval I C [0,1] with [I| > 0, all t > 0, IP,(X; € I) > 0. Since
moreover the process {X;, ¢t > 0} is a homogeneous Markov process with

values in a compact set, it has a unique invariant probability distribution,
which has the density

Ko7' (1 —2) e, 2 €[0,1],

whre K is a normalizing constant.

4.10 Bibliographical comments

Section 4.1 follows mainly the treatment in [13]. Section 4.8 follows [16].
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Chapter 5

The coalescent

Consider again the discrete Wright—Fisher model, but this time we consider
that each of the NV individuals of the initial generation is of a different type.
The process describing the types of the individuals of the successive gener-
ations (i. e. who was their grand—grand father in the initial generation) is
a again a Markov chain, which reaches eventually one of the N absorbing
states consisting of all the individuals being the grand-grand children of the
same initial ancestor.

Looking backward in time, if we sample n individuals in the present
population, we want to describe at which generation any two of those had
the same common ancestor, until we reach the most recent common ancestor
of the sample.

5.1 Cannings’ model

We can generalize the Wright-Fisher model as follows. Suppose at each
generation, we label the N individuals randomly. For » > 0, 1 <7 < N, let
v] denote the number of offsprings in generation r + 1 of the ¢—th individual
from generation r. Clearly those r. v.’s must satisfy the requirement that

v+ vy =N
Cannings’ model stipulates moreover that
‘s

V', r>0 arei. i. d. copies of v,

93
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and that the law of v is exchangeable, i. e.
(V17"‘7VN) = (Vﬂ(l)a"‘ayﬂ(N))7V7T € SN

The above conditions imply that IEv; = 1. To avoid the trivial case where
P(vy = -+ =vy =1) = 1, we assume that Var(ry) > 0. A particular case
of Cannings’ model is the Wright-Fisher model, in which v is multinomial.

5.2 Looking backward in time

Consider a population of fixed size N, which has been reproducing for ever
according to Cannings’ model. We sample n < N individuals from the
present generation, and label them 1,2,...,n. For each r > 0, we introduce
the equivalence relation on the set {1,...,n} : i ~, j if the individuals i
and j have the same ancestor r generations back in the past. Denote this
equivalence relation by RM". For r > 0, RN" is a random equivalence
relation, which can be described by its associated equivalence classes, which
is a random partition of (1,...,n). Thus {RY™; r > 0} is a Markov chains
with values in the set &, of the partitions of (1,...,n), which starts from
the trivial finest partition ({1},...{n}), and eventually reaches the coarsest
partition consisting of the set {1,...,n} alone. We denote by P]j;’" the
transition matrix of that chain.

The probability that two individuals in today’s population have the same
ancestor in the previous generation is

_ ZN?J)@] B Zi}v]i[v”fyi - bl _ Bl - 1)

CN

2
Provided that cy — 0 as N — oo, if r = t/cp,
P(14,2)=(1—-cy) ~e.
This suggests to consider

Nmn . pNn
RY™ = Ry >0,
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5.3 Kingman’s coalescent

Let {R}; t > 0} be a continuous time &,—valued Markov chain with the rate
matrix given by (for n # &)

an =

1 ,if n is obtained from £ by merging exactly two classes,
0 ,otherwise.

(5.3.1)

This is Kingman’s n coalescent. In order for RY" to converge to Kingman’s

coalescent, we certainly need that merges of 3 or more lineages are asymptot-

ically negligible. The probability that three individuals in today’s population

have the same ancestor in the previous generation is

s (O]

(z;) TN -D(N-2)

Theorem 5.3.1. RV™ = R" in D(IR.;&,) iff, as N — oo, both

CNﬁou

dy (5.3.2)

CN

Proor: The sufficiency will follow from the standard Lemma 5.3.2 below
and the fact that (5.3.2) implies that

PR = b+ enQey + oew),

where the error term is small, uniformly with respect to &, n € &,. It follows
from exchangeability that for any f: {0,1,..., N} — IRy,

(N — DIE[paf(11)] ZEVJ vy)]

= E[(N — 1) f()]
< NE[f(11)],

hence

ELf(n)]- (5.3.3)



o6 CHAPTER 5. THE COALESCENT

From the Markov inequality and (5.3.2), with the notations (v); = v(v — 1),
(v)s=v(v—1)(r—2),if eN > 2,

Py > eN) < %
_ o(NE[(1),)
g3 N3 ’
consequently
IP(v; > eN) <e o (ey/N). (5.3.4)
Next

eNTE[(v1)a10; v < eN] + N?E[(v1)2; 12 > eN]
€NIE[(I/1)2VQ] + NSIE[I/l; vy > 8N]

E[(v1)2(v2)2]

IAINA

N N
S SNmE[(Vl)Q] + Ngm]P(VQ > EN),

where we have used (5.3.3) twice in the last inequality. Combining this with
(5.3.4), we conclude that for all € > 0,

: E[(11)2(12)2] . P(11 > eN)
limsup ——"+—+= < e+ limsup ————=
Nl TNE[(11)2] N ey /N
=c.
Let I,..., I, denote the parents of n ordered randomly chosen individuals

of a given generation. We have the following identities

]P(]l = ]2) = CN
IP([l - IQ - 13) == dN

Hence we deduce from the last estimate that

P(Lh=5L#13=1
lim (I o # I3 = 1))

lim B, = 1) =0, (5.3.5)
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while (5.3.2) tells us that

P = b= )
11m
N—o0 ]P(Il = IQ)

We now conclude, using (5.3.5) and (5.3.6). Let & = (Cy1,Ch2,Cy, ..., C,)
and n = (Cy,Cy,...,C,), where C1 = C1; U C1p. We have

P(L=05L)-PH{L=LIn{33<m<a+1; I,=1})
<P\ <P(L =)

=0. (5.3.6)

From (5.3.6),

and from (5.3.5),

We have proved that for such a pair (§,7), Pgn’” = cy +o(ey). If 7 is
obtained from & by merging more than two classes, then there must be at
least either a triple merger or two double mergers, hence from (5.3.6), (5.3.5),

PN = o(cy). Finally, since |E,| < 0o and 3 Péj;’" =1,

&m n€En

ng’" =1- (E’) en + o(en)
=1- Q&gCN + O(CN).
L]

Lemma 5.3.2. Let E be a finite set and {X;, t > 0} a continuous time E—
valued Markov chain, with generator QQ = (Quy)zyer. Let for each N € IN
XN be a discrete time Markov chain with transition matriz satisfying

PN(x7y) = §$,y + CNQz,y + O(CN)a z,y € E7
where cy — 0, as N — oo. Then whenever XY = X,

{X[tN/ch t>0} = {Xy, t >0} in D(Ry; E).
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Let {R}; t > 0} start from the trivial partition of (1,...,n). For 2 <
k < n, let T} denote the length of the time interval during which there are
k branches alive. From the Markov property of the coalescent, and the form
of the generator, we deduce that

T,,1T,_1,...,T, are independent,

Tkzé'xp((];)>, 2<k<n,

and consequently the expected time till the Most Recent Common Ancestor
in the sample is

()

For n’ > n, denote by d,, the restriction to &, of an element of £,,. Kingman’s
n—coalescents have the consistency property that

d, ({Rf’, t > 0}> ~ {R", t >0}

This, together with the fact that ), ., Ty < 0o a. s., since the series of the
expectations converges, allows us to define Kingman’s coalescent {R;, t > 0}
as the limit lim, ..{R}, ¢ > 0}. It is readily seen that Kingman’s coalescent
comes down from infinity, in the sense that, while R is the trivial partition
of IN*, hence |Ry| = o0, |R¢| < o0, V¥t > 0.

5.3.1 The height and the length of Kingman’s coales-
cent

The height of Kingman’s n—coalescent is the r. v.

H, = zn:Tkn
k=2

where the T} are as above. This prescribes the law of H,,, which does not
obey any simple formula. Note that

E(H,) = 2 (1 - %) . Var(H,) = kz_; m.
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E(H,) — 2 as n — oo, and sup,, Var(H,,) < occ.
The length of Kingman’s n—coalescent (i. e. the sum of the lengths of the
branches of this tree) is the r. v.

L, Zzn:ka :Zn:Ulm
p =2

where the Uy, are independent, Uy, is an Exp((k—1)/2) r. v. The distribution
function of L,, is given by

Proposition 5.3.3. For all x > 0,
P(L, <) = (1—e /2L
This Proposition follows from the fact that the law of L, is that of the

sup over n — 1 Exp(1/2) r. v.’s, which is a consequence of the

Proposition 5.3.4. Let Vi, V5,...,V,, be i. i. d. Exp(\) r. v.’s, and
Vi) < Vigy < -+ < V) denote the same random sequence, but arranged
in increasing order. Then Viyy, Vioy — Viuy, ..., Vin) — Vin—1) are independent
exponential r. v.’s with respective parameters nX, (n — 1)\, ... .

PRroOF: For any Borel measurable function f : IR}, — R,

Ef(Vay: Viey = Viys -+ Vi) — Vin-1)

= n!/ f(x1, 00 — @1, ... Ty — Ty )A€ T2 g day - - - dy,
0<zi1<x2< <Tn
= [ 1= / s / Fn, o) [ [ €0+ dyadys - - - dy,.
k=1 0 0 k=1
The result follows. U

5.4 The speed at which Kingman’s coalescent
comes down from infinity

Consider Kingman'’s coalescent {R;, t > 0} starting from the trivial partition
of N*. Let R, = |Ry|, t > 0. Let {T,,, n > 2} be a sequence of independent



60 CHAPTER 5. THE COALESCENT

r. v.’s, the law of T}, being the exponential law with parameter (g) . We let
Sn = Z Tk, n>1
k=n+1

Now the process {R;, t > 0} can be represented as follows.

R, = Z nlis, <t<s, 1}-
n=1

We know that R; — oo, as t — 0. We state two results, which give a precise
information, as to the speed at which R; diverges, as t — 0. We first state a
strong law of large numbers
Theorem 5.4.1. Ast — 0,

tR;

— =1 a. s
2

We next have a central limit theorem
Theorem 5.4.2. Ast — 0,
6 [(tR,
- ——=1] = N(0,1).
(- 1) = Vo)

Remark 5.4.3. As we will see in the proof, the behaviour of Ry ast — 0
is intimately connected to the behaviour of S,, as n — oo. But while in
the classical asymptotic results of probability theory we add more and more
random variable as n — oo, here as n increases, S, is the sum of less and
less random variables (but always an infinite number of those).

5.4.1 Proof of the strong law of large numbers

We first need to compute some moments of S,,.

Lemma 5.4.4. We have

E(S,) = % (5.4.1)
Var(S,) = ; m (5.4.2)
E (IS, — ES,[*) < =, (5.4.3)
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where ¢ is a universal constant. Moreover
4
n3 Var(S,) — 3 asn— oo (5.4.4)

PRrOOF: (5.4.1) follows readily from

Similarly

Var(S,) = Z Var(T},)

k=n+1

i 4
S 2 (k + 1)

This proves (5.4.2). Now (5.4.4) follows from

4 > - 4
— = —dx < E < -
3n3 /n = — (k+1)* — Var(Sn)

4

We finally prove (5.4.3). Note that IE(|T, —IET,|*) = 2*/k*(k—1)*. Moreover

E (IS, —ES,|Y) = Y |, — ETy* + 6 ) |T} — ET,[*|T, - ET,[

k=n+1 n<k</t
d 24 1
= — — +4 x4
4 4 2 202 2
Zk:nk; (k+1) n;kd/f (k + 1)22(0 + 1)
24 4 x 4!

ST 1y  Rmo1)

Theorem 5.4.1 will follow from
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Proposition 5.4.5. Asn — oo,

Sn

]Esn—>1 a. S.

PRrRoOOF: The result follows from Borel-Cantelli’s lemma and the next esti-
mate, where we make use of (5.4.3) and (5.4.1)

4 7’L4
E < c— = en” 2.
n

PROOF OF THEOREM 5.4.1 All we need to show is that for all £ > 0,

tR
P limsup—t—l > € =0.
t—0 2

S, — IES,
ES,

But
tR
lim sup L _1>ebC limsup A,
t—0 2 n—oo
where
t
An:{ sup —n—1‘>5}
Sn§t<sn71 2
Now

"5 —1‘ >5} U {‘nSgl -1 >5}
(n—l)Sn_l

"5"—1’>5}u{ 5 —1‘>5/2},

as soon as (¢ + 1)/n < e/2. But it follows from Proposition 5.4.5 that

IP(limsup A,) = 0.

n
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5.4.2 Proof of the central limit theorem

Define for each n > 1 the r. v.

S, —ES,
Zy = V/3n2n o
» = Van ES,

Let us admit for a moment the

Proposition 5.4.6. Asn — oo,
Z, = N(0,1).
PROOF OF THEOREM 5.4.2 Define, for all ¢t > 0,
7(t) =inf{0 < s <t; Ry = R;}.

Proposition 5.4.6 tells us that, as ¢ — 0,

3&(3%EL—Q:¢N@Jy

Combining with Theorem 5.4.1, we deduce that

Q(TwRV—QzﬁNmJy

t 2

It remains to show that
t—7(t)

Vit

From Theorem 5.4.1, this is equivalent to

R, —0 a.s. ast— 0.

t—T(t
753—;2()—>0 a. s. ast— 0.
But

t—T1(t T,

—2() < limsup —=

lim sup e

t—0 3/ n—oo

and from Proposition 5.4.5, the right hand side goes to zero if and only if
n3/?T, — 0 as n — oo. We have that IE(|n%?T,|*) < e¢n™2, hence from
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Bienaymé-Tchebychef and Borel-Cantelli, n%/?T,, — 0 a. s. as n — oo, and
the theorem is proved. 0]

We finally give the
PROOF OF PROPOSITION 5.4.6 Let ¢,, denote the characteristic function of
the r. v. Z,. If we let ¢, = v/3n, a, = V3n3, we have Z,, = —c¢, + a,,5,/2,
hence

on(t) = o—iten H E [e—itanTk/z]
k=n+1

. ad ita -t
— —itcn 1 _ tan
e 1l ( k(k — 1>)

k=n+1

. o ta a2
_ ,—iten 1 1 . n _ t2 n 3]{}_6
€ eXP{kEnH 0og ( +Zk(k— 1) k2(k — 1) + 0(a;, ))}

= e e ex i ) fan __ _ ﬁ @ + 0(a2 k%)
- P K(k—1)  2k2(k—1)? n

k=n+1

:e—itcneimn/n exp _ﬁ i 3—n3+0(n—1/2)
2 k2(k — 1)

k=n+1

— exp (—t2/2) ,

where we have used again the argument leading to (5.4.4). The result follows.

5.5 Duality between Kingman’s coalescent and
Wright—Fisher’s diffusion

We associate to Kingman’s coalescent again the process { Ry, t > 0} defined
by Ry = |Ry|. {R:, t > 0} is a pure death process on IN*, with transition

from n to n — 1 happening at rate T2L . Consider moreover {X;, t > 0} a

Wright—Fisher diffusion, i. e. the solution of the SDE

dXt =\ Xt(]- - Xt)dBt, t 2 O, XO =,

where 0 < z < 1.
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Proposition 5.5.1. The following duality relation holds
E[X"| Xy = 2] = Elz™|Ry = n], t > 0. (5.5.1)
ProOOF: We fix n > 1. Define
u(t, z) = Blz™|Ry = n).
Since {R;; t > 0} is a Markov process with gnerator () defined by

Qfm ="

for any f: IN — R,

[f(n=1) = F(n)],

NE = g0 - gt - [ (%) 15k - - s

is a martingale. Let us explicit the above identity for the particular choice

f(n)=2a":

t

S s_]- —

xRt:x“—l—/ %[lﬁs L 2fe]ds + N,
0

1— t
="+ %/ RS(RS - 1)$R5_2d8 —F/\ft.
0

Writing that IE[N;|Ry = n] = 0, we deduce that for each n € IN,

u(t,z) = u(0,z) + 21— 2) /0 a2u(s,x)ds.

2 Ox?
This means that u solves the following linear parabolic PDE
du z(1 —x) 0%u
—(7 = —F—(t t> 1;
at(,x) 5 (9:102(713) >0,0<z<1;

uw(0,2) = 2", u(t,0) =0, u(t,1) =1

It is easily checked that x — wu(t,z) is smooth. We then may apply [td’s
calculus to develop u(t — s, X), which yields, since u solves the above PDE;,

U’<07 Xt) = U(t, l’) + Mtv

where M, is a zero-mean martingale. Taking the expectation in the last
identity yields u(t, z) = IE,[X}]. O

We deduce from the above a simple proof of the uniqueness in law of the
solution of the Wright-Fisher SDE.
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Corollary 5.5.2. The law of the solution {X;, t > 0} of Wright-Fisher
SDFE is unique.

PROOF: Since the solution is a homogeneous Markov process, it suffices to
show that the transition probabilities are uniquely determined. But for all
t >0, xz € [0,1], the conditional law of X, given that X, = z is determined
by its moments, since X; is a bounded r. v. The result then follows from
Proposition 5.5.1.

Remark 5.5.3. Ast gets large, both terms of the identity (5.5.1) tend to x.
The left hand side because it behaves for t large as IP(X; = 1) — x, and the
right hand side since P(R;, = 1) — 1, as t — o0.

5.6 The Ewens sampling formula

5.6.1 Coalescence with mutations : the infinite many
alleles model

Suppose now that mutations arise on each branch of the coalescence tree,
according to a Poisson process with parameter 6/2; see Figure 5.1. Assume
that each mutation gives birth to a new type, different for all the others.
For instance we may assume that the different types are i. i. d. r. v.’s
following the uniform law on [0, 1]. We want to record the different types in
a sample drawn at present time, we can as well “kill” the lineages which hit a
mutation while going backward in time, which changes Figure 5.1 into Figure
5.2, which we can as well change into Figure 5.3. The killed coalescent can
be produced by the following procedure : Any pair of active classes is merged
at rate 1, any active class is killed at rate /2. When a class is killed, all its
elements are assigned the same (different from all other classes) type. Finish
when there are no classes left.

5.6.2 Hoppe’s urn

Assume that there are k£ active classes in the killed coalescent described
above. Then the probability that the next (backward in time) event is a



5.6. THE EWENS SAMPLING FORMULA 67

Figure 5.1: The coalescent with mutations
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Figure 5.2: The lineages are killed above the mutations
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Figure 5.3: Equivalent to Figure 5.2

69
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6)

=7
(k) +—k§ k +0

coalescence 1is

2
and the probability that that event is a mutation (i. e. a killing) is
0
kS _ 0
k g k=146
(2) Y

Moreover, given the type of event, all possible coalescence (resp. mutations)
are equally likely. The history of a sample of size n is described by n events
€ns€n_1,--.,61 € {coal,mut}. Not that the event e; happens just before
(forward in time) k lineages are active, and each of those events corresponds
backward in time to the reduction by one of the number of active lineages.
The probability to observe a particular sequence is thus

HZ:I (91{8k=m11t} + (k - 1)1{ek:C°al})

HZ:1(k -1+ 9) ‘
Hoppe [12] noted that one can generate this sequence forward in time using
the following urn model.
Hoppe’s urn model. We start with an urn containing one unique black ball
of mass 6. At each step, a ball is drawn from the urn, with probability
proportional to its mass. If the drawn ball is black return it to the urn,
together with a ball of mass 1, of a new, not previously used, colour; if the
drawn ball is coloured, return it together with another ball of mass 1 of the
same colour.

At the k—th step, there are k balls, more precisely k — 1 coloured balls,
plus the black (so called mutation) ball. The probability to pick the black
ball is thus 6/(k — 1 4+ #) while the probablity to pick a coloured ball is
(k—1)/(k—1+0). If we define

(5.6.1)

mut, if in the k—step the black ball is drawn,
e =
g coal, otherwise.

Clearly the probability to observe a particular sequence (ey,...,e,) is given
by (5.6.1). Moreover, given that e, = coal, each of the k—1 present coloured
balls is equally likely to be picked.
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Consequently, the distribution of the family sizes generated by the n
coloured balls in Hoppe’s urn after n steps is the same as the one induced by
the n—coalescent in the infinitely-many—alleles mutation model.

Define K, to be the number of different types oberved in a sample of
size n, or equivalently the number of different colours in Hoppe’s urn after n
steps. Then

Kp=X1+-+X,,

where

Xi=14,, Aj = {the black ball is drawn at the k-th step},

consequently the events Ay, ..., A, are independent, with IP(A;) = 6/(6 +
k—1), 1<k <n. Consequently

T~ 0 z'—l
9+7,—1 O +i—

~ @log(n),

K, - EK,

= N(0,1), asn — oc.
Var(K,,)

5.6.3 Ewens’ sampling formula

Theorem 5.6.1. Let by, ..., b, € IN be such that 377, jb; = n. The proba-
bility to observe b; different types, each with j representatives, (j =1,...,n)
in a sample of size n is given by (here k=3_"_ b;)

n! 1 "
. : : (5.6.2)
1012b2 . oopbn pylbol- byl (@ +1)--- (0 +n—1)
Remark 5.6.2. An alternative way to write Ewens’ formula is
C
C(n, ) x H =0/ 2110~ /] , (5.6.3)

with N ‘
nlexpl > 5, 1/7j]

C(n’6)29(9+1)---(0+n—1)'
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Hence the distribution of the type spectrum (By, ..., By) in a sample of size
n is the product of the measures Poi(0/j), j = 1,...,n, conditionned on
Z?leBj = n. For the justification of that statement, see Remark 5.6.3
below.

Proor: We consider an n—coalescent, in which the sampled individuals are
artificially labelled 1,2, ..., n. Mutations happen at rate 6/2 on each lineage.
Once a lineage has hit a mutation, it is killed, and we do not follow it anymore
backward in type. We consider what we call a protocol, which is a sequence
€1, €2, ...,¢e, of n succesive elementary events, which each will be either of

type
mut(i), i. e. lineage ¢ hits a mutation event, or

coal(i — j), i. e. lineage i coalesces into lineage j (# 1)

for some i (and possibly some j) € {1,...,n}. Here we keep track of whom
coalesces into whom. Both elementary events mut(i) and coal(i — j) make
¢ inactive, hence that lineage cannot appear in another elementary event
further in the protocol, which clearly must satisfy that consistency condition.

The coalescence rate is 1/2 per ordered pair of alive lineages, and the
mutation rate is /2 per alive lineage. Before the m-th elementary event,
there are n—m+ 1 active lineages so the probability of observing a particular
en equals

1/2 1
n—m)(n—m+1/2+0n-—m+1)/2 m-—m+1)(n-—m+0)’
if e, is a coalescence,

0/2 B 0

n—m)(n—m+1/2+0n-m+1)/2 (m-—m+1)(n—m+0)’
if e,, is a mutation.

Hence the probability of observing a given consistent protocol which contains
k(< n) mutation events, which means that it describes a possible history of
a sample which contains k different types, is
" o*
- = . (5.6.4)
I n—m+1)(n—m+60) né@+1)---(0+n—1)

m=1

For a given type spectrum by, . . ., b, with Z?Zl b; = k, and of course Z?Zl Jjb; =
n, we need to compute how many consitent protocols yield exactly that type
spectrum.
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Assume that there are k artificially labelled types. Consider the corre-
sponding family sizes n, € IN for ¢ = 1,...,k such that §{¢, n, = j} = b;,
j=1,2,...,n. We now use a more precise description of our protocol, in
the sense that we write mut,(i) for the elementary event which consists in
the fact hat the lineage 7 hits a mutation which produces the new type ¢.
This enriched protocol must satisfy the new consistency condition that each

of the types from the set {1,...,k} appears exactly in one mutation event.
One way to describe an enriched protocol which produces a sample with
ny representatives of type ¢, £ =1,... k is as follows :

1. Fix the order in which the lineages become inactive. There are n!
possibilities.

2. Assign a type to each lineage. This amounts to putting n distinguish-
able balls (the lineages) into k distinguishable boxes (the types), such
that n, balls land in box ¢, ¢ = 1,....k. There are —2— possibili-

. nylng!l--ng!
ties.

3. Prescribe the coalescence program within each type. Consider type /.
Assume that in step 2 we have decided that the lineages i1, 72, .., p,
are of that type, and that step 1 prescribes that ¢; is lost first, 5 is lost
second, etc. We still are free to choose into which of the n, — 1 other
lineages the lineage 7; coalesces, into which of the n, — 2 other lineages
the lineage iy coalesces, etc, leading to (n, — 1)! possible choices, this
for each type, so that alltogether the number of possible choices at this
step is

(ng —I'x (ng— 1) x -+ x (ng — 1)L

Combining the number of possible choices at each step yields

Ix =X (R — 1) X -+ x (11— 1)! B
X nilng! - ny! X (nl 1)' X (n2 1)- X X (nk 1).

H?:l e H;'L=1 7%
different enriched protocols with labelled types, which produce n, represen-
tatives of type £ (¢ =1,..., k) in the sample.

From an enriched protocol, we deduce a standard one by ignoring the
labels. Now by!-bs! - - - b,! labelled protocols correspond to the same unlabelled
one. Consequently, we find that there are

n!)?
07 o
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different protocols. Multiplying (5.6.4) with (5.6.5) yields (5.6.2). O

Remark 5.6.3. We want to justify the statement in Remark 5.6.2. All we
need to show is that is By, ..., B, are independent, each B; is Poisson with
parameter 0/, then

" B 0O+ 1)---(0+n—1)
P <JZ:;JBj - n) ~ nlexp[d Z?:l 1/

But the left hand side of the above equals

S e O0)) [kl = exp[—0> 1/5] Y a(n, k)6",

Kt peeoskinsY jhj=n j=1

a(n, k) = Z (" jkfkj!> :

k1,.knsy kj=k, > jkj=n

It remains to show that
0O +1)---(O+n—1)=n!> aln k)"
k=1

Let s(n,k) = nla(n, k). Splitting the last term in the above left hand side
into 0 plus n — 1, we deduce that

s(nyk)=s(n—1,k—1)+ (n—1)s(n — 1,k).

This shows that s(n, k) can be interpreted as the number of permutations of
{1,...,n} which contain exactly k cycles. Now that number is given by

n! i k)1 .
s(n, k) = Z T G X H ((é!)k)j k! (G — 1)!]]%)

k1, knvz kJ:kvz]kJ:n j=1

n

1
=nl Z ij-ikj!.

k1yeskn, > kj=k,>" jkj=n j=1

Indeed in the above formula,

n!

H?:l (j/f])'
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is the number of possibilities of choosing the elements for the cycles of size
J, 7 varying from 1 to n,
(k) 1

()% k!
is the number of ways in which one can distribute the jk; elements in the k;
cycles of size j, and
. k.
[(G =D~

is the number of different possible orderings of the elements in the k; cycles
of size j.

5.7 Bibliographical comments

This chapter is mainly inspired by the presentation of the same material in

[6].



76

CHAPTER 5. THE COALESCENT



Chapter 6

The look—down approach to
Wright—Fisher and
Fleming—Viot models

6.1 Introduction

Here we shall first define an alternative to the Wright-Fisher model, namely
the continuous—time Moran model. We shall then present the look—down
construction due to Donnelly and Kurtz [9] (see also [10]), and show that
this particular version of the Moran model converges a. s., as the population
size N tends to infinity, towards the Wright—Fisher diffusion.

6.2 The Moran model

Consider a population of fixed size N, which evolves in continuous time ac-
cording to the following rule. For each ordered pair (7, j) with 1 <i # j < N,
at rate 1 /2N individual ¢ gives birth to an individual who replaces individual
j, independently of the other ordered pairs. This can be graphically repre-
sented as follows. For each ordered pair (i,j) we draw arrows from i to j
at rate 1/2N. If we denote by P the set of ordered pairs of elements of the
set {1,..., N}, p the counting measure on P, and A the Lebesgue measure
on IR, the arrows constitute a Poisson process on P x IR, with intensity
measure (2N) "1y x A

Consider the Harris diagram for the Moran model in Figure 6.1. Time

7
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flows down. If we follow the diagram backward from the bottom to the top,
and coalesce any pair of individuals whenever they find a common ancestor,
we see that starting from the trivial partition

{1}, {23, {3}, {4}, {5}, {6}, {7}, {8}, {9}},

after the first arrow has been reached we get

{11 {2}, 13,4}, {5} {6}, {7}. {8}, {9} },
next
{{1}, {2} {3,4}, {5}, {6,9}, {7}, {8}},
next
{1.3,4}, {2}, {5}, {6,9}, {7}, {8}},

the fourth arrow does not modify the partition, next

{{1,3,4,5},{2},{6,9}, {7}, {8}},
next
{{1,3,4,5},{2},{6,7,9}, {8}},

the next arrow has no effect, then

{{1,3,4,5,8},{2},{6.7,9}}

and the last arrow (the first on from the top) has no effect.

It is not hard to see that the coalescent which is imbedded in the Moran
model looked at backward in time is exactly Kingman’s coalescent — here
more precisely Kingman’s N-—coalescent.

Suppose now that as in the preceding chapter the population includes
two types of individuals, type a and type A. Each offspring is of the same
type as his parent, we do not consider mutations so far. Denote

Y,) = number of type A individuals at time ¢.

Provided we specify the initial number of type A indviduals, the above model
completely specifies the law of {Y,V, t > 0}. We now introduce the proportion
of type A individuals in rescaled time, namey

XN =Nyy, t>0.

Note that in this new time scale, the above Poisson process has the intensity
measure i X A. We have, similarly as in Theorem 2.1.1,
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Figure 6.1: The Moran model
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Theorem 6.2.1. Suppose that X' = Xy, as N — oco. Then XV = X in
D(IR4;[0,1]), where {X;, t > 0} solves the SDE

dXt ==\ Xt(l - Xt)dBt, t 2 0

PRrOOF: As for Theorem 2.1.1, the proof goes through two steps.

PROOF OF TIGHTNESS One needs to show that IE[| XY — XN|1] < ¢(t — s)2.
IDENTIFICATION OF THE LIMIT Note that the process {Z) := Y, t > 0}
is a jump Markov process with values in the finite set {0,1,2,..., N}, which,
when in state k, jumps to

1. k—1 at rate k(N — k)/2,
2. k+1 at rate k(N — k)/2.
In other words if QV denotes the infinitesimal generator of this process,

fZY+ 1)+ £(ZY - 1)
2

QVf2) = 2 (¥ - 7 | -1z

In other words,

1 1
B[00 4 — O = a] = N1 — o) [LEF BT 8) ) s o
= @ (@) At + o(At),
since from two applications of the order two Taylor expansion,
+x)+f -+ 1
f(x N) Qf(x N) —f(x)sz,/($)+0<N_2).
O]

6.3 The look—down construction

The construction which we are going to present here is often called in the
literature the modified look—down construction.

Let us again consider first the case where the size N of the population is
finite and fixed. We redraw the Harris diagram of Moran’s model, forbidding
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Figure 6.2: The look—down construction

half of the arrows. We consider only arrows from left to right. Considering
immediately the rescaled time, for each 1 <i < j < N, we put arrows from
i to j at rate 1 (twice the above 1/2). At such an arrow, the individual at
level ¢ puts a child at level j. Individuals previously at levels j,..., N — 1
are shifted one level up; individual at site NV dies.

Note that in this construction the level one individual is immortal, and
the genealogy is not exchangeable.

However the partition at time ¢ induced by the ancestors at time 0 is
exchangeable, since going back each pair coalesces at rate 1.

Consider now the case where there are two types of individuals, type a,
represented by black, and type A, represented by red. We want to choose
the types of the N individuals at time 0 in an exchangeable way, with the



82 CHAPTER 6. LOOK-DOWN

constraint that the proportion of type red individuals is given. One possibility
is to draw whithout replacement N balls from an urn where we have put k
red balls and N — k black balls. At each draw, each of the balls which remain
in the urn has the same probability of being chosen.

It follows from the above considerations that at each time ¢ > 0, the types
of the N individuals are exchangeable.

6.4 a. s. convergence to the Wright—Fisher
diffusion

Our goal now is to take the limit in the above quantities as N — oco. The
look—down construction can be defined directly with an infinite population.
The description is the same as above, except that we start with an infinite
number of lines, and no individual dies any more.

Note that the possibility of doing the same construction for N = oo is
related to the fact that in any finite interval of time, if we restrict ourselves to
the first N individuals, the evolution is determined by finitely many arrows.
This would not be the case with the standard Moran model, which could
not be described in the case N = oo. Indeed in the Moran model with
infinitely many individuals, there would be infinitely many arrows towards
any individual ¢, in any time interval of positive length. This is a great
advantage of the look—down construction.

Consider now the case of two types of individuals. Suppose that the initial
colours of the various individuals at time t = 0 are i. i. d., each red with
probability z, black with probability 1 — z. Define

(k) = 1, if the k-th individual is red at time ¢;
T Z00, it the k-th individual is black at time £.

{no(k), k > 1} are i. i. d. Bernoulli random variables, while at each
t >0, {n:(k), k> 1} is an exchangeable sequence of {0, 1}-valued random
variables. A celebrated theorem due to de Finetti (see Corollary 7.5.6 below)
says that an exchangeable sequence of {0,1}-valued r. v. is a mixture of i.
i. d. Bernoulli. Consequently the following limit exists a. s.

N
1
Xy = lim =) n(t) = lim X", (6.4.1)
=1

N—oo N - N—oo
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Before stating the main theorem of this section, let us establish three auxil-
iary results which we shall need in its proof.

Proposition 6.4.1. Let {&1,&, ...} be a countable exchangeable sequence of
{0,1}~valued r. v.’s and T denote its tail c—field. Let H be some additional
o-algebra. If conditionally upon T V 'H, the r. v.’s are exchangeable, then
conditionally upon T NV 'H they are i. i. d.

ProOOF: Let f:{0,1}" — IR be an arbitrary mapping. It follows from the
assumption that
N
]E(f(gb e 75n)|T\/ H) =K (N_l Zf(g(kfl)rH»la CI afkn) T\/ H)
k=1
= ]E(f<§17 cee 75”)|T) ’

where the second equality follows from the fact that the quantity inside the

previous conditional expectation converges a. s. to E(f(&,...,&,)|7) as
N — o0, as a consequence of exchangeability and de Finetti’s theorem (see
Corollary 7.5.6 below). O

Lemma 6.4.2. Let {X,, n > 1} and X be real-valued random wvariables
such that X, — X a. s. asn — oo, and A, B € F. If

P(ANC)=P(BNC), VYCeo(X,), ¥n>1,
then
P(ANC)=P(BNC), VCeaoX).

PRrOOF: The assumption implies that for all f € Cy(IR), all n > 1,

E[f(Xn); A] = E[f(X,); B],
from which we deduce by bounded convergence that

E[f(X); A] = E[f(X); B].

The result follows. U

Let S,, denote the group of permutations of {1,2,...,n}. If 7 € S,,
a € {0,1}", we shall write 7*(a) = (ar(), .., ax(m)). Recall that a partition
P of {1,...,n} induces an equivalence relation, whose equivalence classes
are the blocks of the partition. Hence we shall write ¢ ~p j whenever ¢ and
j are in the same block of P. Finally we write #P for the number of blocks
of the partition P.
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Proposition 6.4.3. For alln > 1,0 < r < s, a € {0,1}", p such that
0 <np <mn is an integer, m € S,

P({ng = a} N{X = p}) = P({ng = 7"(a)} N {X] = p}).

PROOF: Denote by P, the set of partitions P of {1,2,...,n} which are such
that i ~p j = a; = a;.

The arrows between time r and time s in the look-down construction
pointing to levels between 2 and n prescribe in particular which individuals
at time s have the same ancestor back at time r. This corresponds to a
partition {1,2,...,n} which is the result of the coalescent process backward
from time s to time r. {coall, = P} is the event that that partition is P.
Suppose that #P = k. The look—down construction prescribes that the block
containing 1 carries the type of the individual siting on level 1 at time r, the
block containing the smallest level not in that first block carries the type of
the individual sitting on level 2 at time r, ... Thus the event

{n¢ = a} N{coaly =P},

which is non empty iff P € P,, determines the values of n/*(1),...,n*(k) if
k = #P. There is a finite (possibly zero) number of possible values b for 1"
which respect both the above condition and the restriction n™' """ b = p
We denote by A, s(a,P,p) C {0,1}" the set of those b’s. Note that this set
is empty if the restriction n=' """ | b; = p contradicts the conditions 7" = a
and coal, = P.

We then have
{m=an{Xr=pt=) J {coal]=P}n{n =0},

PEPa beA(a,P,p)
and from the independence of coal] and
POl =a, X' =p)=Y Y  Plcoal,=P)P(x' =b).
PEPa bEA,,5(a,P.p)
Similarly, if 7*(P) is defined by i ~p j & 7(i) > (py 7(J),
P(n) =7"(a),X) =p) = > ST P(coal] = P)IP( = b)

'PE'PW* (a) beA; s(m*(a),P,p)

= > IP(coal] = 7*(P))IP(}" = b),

PEPa beAr s (m*(a),m*(P),p)
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We now describe a one-to-one correspondence p, between A, s(a, P, p) and
A, s(m*(a), 7*(P),p). Suppose that #P = k. Then #7*(P) = k as well. Let
be A, s(a,P,p). The values of b;, 1 < j < k are specified by the pair (a,P).
We define b' = p.(b) as follows. b},...,b) are specified by (7*(a),7*(P)).
Note that the definitions of 7*(a) and 7*(P) imply that

(bll, ce ,b;c) = (bw’(l)a ceey bﬂ-/(k))7 for some 7’ S Sk
We complete the definition of ¥ by the conditions
b; = bj, k< j <n.

Clearly there exists 7" € S, such that b’ = 7"*(b).
Consequently

ST P(eoall = 7 (PP = b)

bGAr,s(W*(a)vﬂ*(P)vp)
= Z IP(coal], = 7*(P))IP(n; = px(b))

= IP(coal, = P)IP(n; =b),
beA, s(a,P,p)

where the last identity follows from the fact that both n and coal, are
exchangeable. The result follows from the three identities proved above. [

We can now prove

Theorem 6.4.4. The [0, 1]-valued process {X;, t > 0} defined by (6.4.1)
possesses a continuous modification which is a weak sense solution of the
Wright-Fisher SDE, i. e. there exists a standard Brownian motion {By, t >

0} such that
dXt =V Xt<1 - Xt)dBt, t 2 O

PROOF: Need to add : 3 a continuous modification.

STEP 1 We first need to show that {X;, ¢ > 0} is a Markov process. We
know that conditionally upon Xy = z, the ny(k) are i. i. d. Bernoulli with
parameter z. Now for any ¢ > s, X; depends only upon the n,(k) and the
arrows which are drawn between time s and time ¢, which are independent
from {X,, 0 <r < s}. So all we need to show is that conditionally upon
o(X,, 0 <r < s), the ng(k) are i. i. d. In view of Proposition 6.4.1, it
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suffices to prove that conditionally upon o(X,, 0 < r < s), the ns(k) are ex-
changeable. This will follow from the fact that the same is true conditionally
upon o(X,,, ..., X, Xg) forall k> 1,0<r; <rg <---<rp <s.

We first prove this in the case k = 1. Write n? = (n5(1),...,ns(n)).
All we have to show is that for all n > 1, a € {0,1}", m € S, if 7*(a) =

(Ar(1)s - -5 Arm)), Ay € 0(X;) and A, € 0(X,),
P({n =a}nANA)=P{n =7"(a)} NA NA,). (6.4.2)

In view of Lemma 6.4.2, a sufficient condition for (6.4.2) is that for all m > n,
p,q > 0 such that 0 < mp, mg < m are integers,

P ({nf =a} n{X" =p, X" = q}) = P ({n = 7" (a)} N{X" = p, X" = ¢}),

and clearly it suffices to prove that result for n = m, which is done in
Proposition 6.4.3.

A similar proof shows that the n,(k) are conditionally exchangeable given
o(Xy,. o, Xp, Xs). The Markov property of the process {X;, t > 0} is

Tk

established

STEP 2 It remains to show that the process {X;, ¢ > 0} has the right
transition probability, which will follow (see Proposition 5.5.1) from the fact
that for all n > 1, z € [0, 1],

E,[X"] = E,[z%].

For alln > 1,
X{ =P(p(1) = =m(n) = 1|Xy),
consequently
E.[X{] = IE, [IP(n (1) = =m(n) = 11X)]
= P(n(1) =--- =me(n) = 1)
= P, (the ancestors at time 0 of 1,...,n are red)
= B, [«"],

where {R;, t > 0} is a pure death continuous-time process, which jumps
from k to k — 1 at rate k(k — 1)/2. O
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6.5 The MRCA

In this section, we consider that all individuals are different. Let first ignore
mutations. Consider an individual, e. g. the one who was at position k
at time 0. As soon as an arrow points to a vertical line indexed by some
1 < ¢ < k, this type is pushed to the right. Moreover, the mean number of
pushes to the right per time unit is k(k — 1)/2 for an individual at position
k. This number is quadratic in the position. It is easy to deduce that each
individual other than the one at position 1 at time 0 is pushed to +oc in finite
time, i. e. out of the population (this is an explosion in terms of ODE). At
the time when the individual who occupied initially the position 2 is pushed
out, all the individuals are sons of the one who occupied initially position
1. The expectation of the time until the individual initially at position 2 is
pushed out equals
=2 ) - 1 1 )

;k(k—1) B 2(k—1 k:) T

Note that in the two—types case, the probability that type A eventually gets
fixed equals the probability that the individual 1 at time 0 has type A, which
is x, as should be. We also get that the mean time to fixation, given that
the type A gets fixed, equals

= gkt 11—z 1
2(1—x)z ? =2 . log(l_x),

k=1

since the type of the individuals are i. i. d., all having type A with probability
x. Compare with the results of section 4.6.

Let us go back to the situation where all individuals have distinct types.
At time S7, which is exponential with parameter 1, the first individual gives
birth to a son who occupies site 2. That son has pushed away all other
individuals who were originally in the population by time T}, which is ex-
ponential with expectation 2. In fact T} — S; is exponential with parameter
1, and independent of S;. At time Sy, which is such that the pair (57, 52)
has the same law as (S1,T}), the individual at site 1 gives birth to a second
child, who pushes the first child and its progeny to the right, and eventually
suppresses that subpopulation by time 75, etc. Not counting the individual
at site 1 in the population, we have that at successive times {1}, k > 1} the
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Most Recent Common Ancestor of the whole population changes for a more
recently born individual.

Consider the process which describes the age of the MRCA. The trajec-
tory of this process is clearly made of segments of straight lines with slope
one, interrupted at the fixation times of the successive sons of the individual
located at site 1 by negative jumps, see figure 6.3.

The expectation of the heights of the minima (this is the age of the
MRCA at the time of fixation) is 1, while the expectation of the heights of
the maxima is 2 (this is the age of a MRCA, just before it gets replaced by
a new one). Now if ¢ > 0 is arbitrary, what is the age of the current MRCA,
and the waiting time until a new one takes over ?

6.6 Mutations, the infinitely many sites model

Suppose now that all individuals are subject to mutations, which arise accord-
ing to a Poisson process with rate #/2. We assume that each new mutation
hit a new (never hit before) site on the genome. What is the number of
mutations which fixate at the time when a new MRCA takes over 7 If we
call M that random number, we have that

6 \" 2
P(M =m) = (2+9) 310 m=0,1,2,...

Let us go back to the finite size population model (size = V), in the case
of the Moran model. We ask the question : how many mutations do we
expect that are carried by ¢ individuals ? Mutations appear somewhere at
rate N0/2, which means that singleton families are born at rate N6/2. The
size of each family changes according to the Moran dynamics, i. e. it jumps

from 7 to i + 1 at rate (N —1i)/2,
from i to i — 1 at rate i(N —i)/2.

The size of the family carrying a given mutation is a {1,2,3,...,N — 1}-
valued continuous time birth and death process. N is an absorbing state.
When the family size reaches that state, the mutation is fixed in the popu-
lation. We no longer consider it as a mutation. The process describing the
family sizes of all the mutations is a continuous time jump Markov process
{X}, t > 0} with values in the state space

E={0}uux E,, whereE, C{1,2,...,N—1}"



6.6. MUTATIONS, THE INFINITELY MANY SITES MODEL 89

Age of the MRCA
A

\/

T1 12 T3 t

Figure 6.3: The age of the MRCA
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is the set of increasing sequences of length n, made of numbers between 1
and N — 1. The infinitesimal generator of the process {X;} is not easy to
describe. The reason is that, while the size of each family changes only by
jumps of +1, as noted above, the number of families whose size changes at
a given jump time is arbitrary (it depends upon the number of mutations
carried by the two individuals concerned by the arrow of the Moran model),
so that at a jump time of t least one family size, the jumps of the concerned
coordinates of X; can be anything as 0,1,2,3,....

For 1 <i < N —1, let ®;(z) := #{k, x;, = i}. Then K;(t) = ®;(X;)
denote the number of mutations which are carried by exactly ¢ individuals in
the population at time ¢. For each 1 <7 < N —1, an increase (or a decrease)
of K;(t)is necessarily compensated by a decrease (or an increase) either of
K;_1(t)or of K;y1(t) (or of both), such that at a jump time, i. e. a time ¢
where >, [AK;(t)| # 0, there exists 1 <i < N — 1 such that

Note that AKy(t) and AKy(t) should be interpreted in a very peculiar way.
Indeed, 0 and N are sinks where families get lost. Of course, 0 is also a
source, in the sense that families of size 1 get birn at rate 6/2.

Write f;(t) := E[K;(t)]. From the above considerations follow the fact
that

( %fl(t):QTN_(N—l)fl(t)—i-(N—?)ﬁ(t)
d . . (i+1)(N-i=1) (i— 1N —i+1)
Zi(t) = . fisa(t) + 5 fimr(2)

—i(N =D fi(t), 1<i<N-—1,

| S xa(t) = (V = 2)fy-2(0) = (V = D2 0),

At equilibrium the time derivatives vanish. If we write §; = if;, 1 <1 < N—1,
we deduce from the last of the above identities that Ey_1 = £n_o, from the
middle one that &1 — & =& — &1, 1 <i < N — 1, hence the first identity
implies that £ =& = --- = &y_1 = 0. In other words

Proposition 6.6.1. In the Moran model with mutations appearing each at
a new site at rate 0/2, at equilibrium the mean number of families of size i
is fi=0/i,1<i<N-—1.
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Let us now reconsider this result from the point of view of the coalescent
picture. A mutation which is shared by ¢ individuals is a mutation which,
in the N—coalescent, appears in a segment which supports exactly i leaves.
Since mutations happen at rate #/2 on each branch of the coalescent tree,
we have (see figure 6.4)

Corollary 6.6.2. The expected total length of edges in the N coalescent
supporting exactly i leaves is 2/i, 1 <i < N — 1.

It is remarkable that this quantity does not depend upon N. As N
increases, there are more such branches, but they tend to be shorter.

Consider now the case N = oo. Sample n individuals in this population,
and ask how many mutations should we expect which are shared by exactly
¢ individuals in the sample, where 1 < ¢ < n. Let us emphasize that in the
case ¢ = n, we consider only those mutations which have not been fixed in
the total population.

Proposition 6.6.3. The expected number of mutations which are shared by
exactly i individuals in the sample (and which in particular are not fized in
the total infinite population), equals 0/i, 1 <1i < n.

FIRST PROOF OF PROPOSITION 6.6.3 If + < n — 1, the result is clearly that
given by Proposition 6.6.1 (just let the population size NN in this Proposition
be the present sample size n).We only have to establish the result for i = n.
In that case, we look for the expected number of mutations which appear in
the coalescent tree above the MRCA of the n sample, but below the MRCA of
the infinite population. The expected height of the n coalescent is 2(1—1/n),
while the expected height of the infinite coalescent is 2. Hence the expected
length of segment supporting the n leaves of the sample, and not supporting
the full infinite coalescent is 2/n. Since mutations arise at rate 6/2, the
expected number of mutations which are shared by the whole sample, but
not fixed in the total population, is 6/n. O

Exercise 6.6.4. SECOND PROOF OF PROPOSITION 6.6.3 Prove the result
of corollary 6.6.2 directly, by computing IE[L,, ;|, where L, ; denotes the total
length of all those edges which support exactly i leaves, in a tree with n leaves,
by recurrence on both n and i. Deduce the result of Proposition 6.6.3.
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Figure 6.4: The edges supporting exactly 2 leaves
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6.7 Expected number of families of a given
size in the infinite population model

The aim of this section is to show that when N is infinite, the density of the
expected number of families of relative size x, 0 < x < 1, is f(z) = 0/z. We
will then deduce Proposition 6.6.3 as a consequence of this result.

Suppose first that N is very large, and that a mutation occurs at time
t = 0. What is the fate of that mutation at a given time t > 0 7 The
probability that the relative size of that family belongs to A € B[0,1] is

Py (X[ € A),
where {X}¥, ¢ > 0} stands for the continuous-time solution of the Moran
model, which is well approximated by the Wright—Fisher diffusion. Note that
by time homogeneity of whatever model we use, VA € B([0, 1]),
P nv(XY € A) =Py n(X) € A).
If mutations have appeared for ever at the constant rate 6/2 on each lineage,

then the expected number of families of relative size in A € B0, 1] at time
t =0 is given by

ON [° ON [
—00 0

The main result of this section is

Theorem 6.7.1. Let {X}, t > 0} be the solution of Moran model. Then
VA € B(0,1), as N — oo,

ON [
o P e e~ [ jwe
2 0 A

where
flz)=—, z€]0,1].

PROOF: In order to make our method of proof more transparent, we first do
the
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PROOF OF THE RESULT WITH X%~ REPLACED BY ITS LIMIT X Let us
compute the limit of

e ] 70,1
N/ Pyn(X; € A)dt = N]El/N/ 14(X,)dt, (6.7.1)
0 0

where {X;, t > 0} denotes the solution of the Wright-Fisher SDE and 7y, :=
inf{t > 0, X; € {0,1}}. From the occupation times formula (see Proposition
1.2.5), if

p(z) = [z(1 —2)] " 1a(2),

we have

In other words,

70,1 dy
]Ex/ 140X dtdt:/]E )Y 6.7.2
0 AlXe) 4 ( 0’1> y(1—y) (6.72)

It remains to compute the expectation of the local time. From the very
definition of the local time of the diffusion X,

t
|1 X: —y|l =z —y|+ / sign(X, — y)dX, + LY.
0

Consequently
Ex(‘Xt/\TOJ - y|) = |x - y] + IEI (Li//\’r(),l) :

We can take the limit as t — oo by bounded convergence for the left hand
side and monotone convergence for the right hand side, yielding

IE;B(|XTO,1 —y))=lz—y|+ E, (Lzm) ’
From the results in section 4.6,

P, (X,, =0)=1—2, P,(X

70,1

=1)=ux.
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The last computations yield, in the case 0 <z <y < 1,

E, (Lﬁm) = 22(1 — y). (6.7.3)
The result follows from (6.7.1), (6.7.2) and (6.7.3).

Proor oF THE THEOREM We shall mimic the above proof, the arguments
being simpler when we replace the diffusion X; by the continuous time jump
Markov process X with values in {0,1/N,2/N,...,(N—1)/N,1}. Consider
the evolution of the process | X}¥ —y|, where y = k/N, 1 < k < N — 1. First
note that the rate of the jumps is XN (1 — XN). If XN # y just before
the jump of XN, then the jump of | XY — y| is 1/N with probability 1/2,
and —1/N with probability 1/2. On the other hand, if XY = y just before
the jumps of X then the jump of |[X» — y| is 1/N. Consequently, if
101 = inf{t, XN €{0,1}}

tATo,1
B (X2, — o) = o=yl + NE. [ X1 X)Ly ds,
0
tATO,1
= |z —y[+ Ny(1 —y)Ex/ Lixy—yds,
0

and letting ¢t — oo, we deduce by bounded and monotone convergence
N 70,1
B, — ) =lo s+ Ny =, [ 1pcnyds
0

Since the jumps of NX}N are 1 with probability 1/2 and —1 with probability
1/2, the embedded chain is the symmetric random walk, and we know from
Exercise 2.13 page 51 in [21] that if z = ¢/N, P, (XY = 0) = 1 — =,

70,1

P, (XY =1)=z. Finally if 0 <z <y < 1, we have that

70,1

70,1 2 x
Ex/ 1 N_ ds = ——.
0 {Xs y} N y

In particular we have for 1 <k < N —1

N k 0
-N | P XN =—dt=—.
2 /0 ”N( t N) K
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Finally if A is a subinterval of (0,1) and f stands for the function in the
statement,

ON [ ON [ k
i P XN c A — E el P XN —
2 /0 1/N( o €Al o 2 /0 N ( t N) dt

T ()

k;%GA
- / Fy)dy,
A

as N — oo. O

Remark 6.7.2. The above result should be understood as follows. We assume
that there has been since time —oo a Poissonian flow of mutations affecting
each individual at rate 6. This means a countable number of mutations. At
most a countable number of those are still present in the population at time
0 (i. e. they have neither been fized nor gone extinct). For i > 1, denote by
& the fraction of the total population which carries the mutation number i.
Let g : (0,1) — IRy be a Borel measurable function. In the limit as the size
N of the population goes to oo,

ey [y
E;g@)efo o)L

Remark 6.7.3. Theorem 6.7.1 could be proved by a more analytic argument.
Note that

/ P, (X, € A)dt - / Gz, y)dy.
0 A

where G(z,y) denotes the Green kernel of Markov process {X;}. G is the
fundamental solution of the differential equation

Lu+ f=0, u0)=u(l)=0.

In other words, G solves

1
Ex(l — )Gl (z,y)+ 0,—y =0, G(0,y) =G(1,y) = 0.
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The solution reads

2% ) ;
Gla.y) :{ p, Voew
QE, if t > y.

The same approach can be used to prove that

ee 2x
J 1D 1 _ads = —.
/0 {XN=y}dS Ny

Indeed, if we call GN(z,y) the left hand side, we have, with Q~ the infinites-
imal generator induced by the Moran model,

1 N -1
QNGN(xay)+1{x:y} =0, T,y € {07 N? sy Ta 1}7 G(07y) = G(]-?y) = 0.

It 1s easily seen that the solution of this difference equation is

2z

Ny , forx <y;
G(ZL’, y) = {g(yl—w) fO?” >

Ny ° Y.

Exercise 6.7.4. Show that in the more general case of diffusion of the form
dXt - h(Xt)dt —|— AV XtdBt
which admits 0 and 1 as exit points,

S(x)(S(A) = S(y))
S(1) ’

where S is a scale function of the above diffusion, defined for an arbitrary

z€[0,1] as )
5(a) [ exp {— / yz[h<v>/g<v>1dv} dy,

note that S(X;) is a martingale, and m(x) is the density of the speed measure
of the same difusion, defined as

G(x,y) =2m(y)

m(z) = [g(x)s(x)]™, where s(x) = S'(x).
Show finally that as N — oo,

N/O ]Pl/N(XteA)dte/Af(y)dy,

where f(y) = 2m(y)IP,(X,,, = 0).
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We can now discuss again the question which was adressed in Proposition

6.6.3. How many families of size ¢ do we expect to find in a sample of size
n, where 1 < i < n (we consider only mutations which are not fixed in the
population) ?
THIRD PROOF OF PROPOSITION 6.6.3 Remind that there are at most count-
ably many mutations which are present in our model. If one of those is present
in the population with the proportion 0 < y < 1, then the probability that
that particular mutation is carried by ¢ individuals in a sample of size n is

(?) y' (1 —y)"

The quantity which we are looking at is then the integral of the above against
fy)dy, i e.

/01 (TZ) y'(1—y)"" fly)dy = 9% /01 (75:11) YN (1 — )"y

7

= -,

1
where the computation of the integral on the right hand side is easily done
by integration by parts. 0

In fact the above result is also true for ¢ = 0. In an infinite population
at equilibrium, the expected number of mutation which is carried by no
individual from a sample of size n > 1 equals +00. We also have

Proposition 6.7.5. The expectation of the number of families of relative
size y € [a,b], where 0 < a < b <1, to which a randomly selected individual
belongs equals 0(b — a).

ProoF: The probability that a randomly selected individual belongs to a
family of relative size y is precisely y. Summing over all families of relative
size between a and b and taking the expectation is the same as integrating
from a to b with respect to f(y)dy. O

6.8 The case of two population which have
been separated for a while

Consider now the case of a infinite population which splits into two infinite
populations, say population 1 and population 2, which between time —t¢ and
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time 0 have no contact (so that there is no exchange of genetic material
between them).

Consider one individual, let us call him A, in population 2, and a sample
of size m in population 1, both randomly chosen at time 0. We ask the
question : what is the expectation of the number of mutations carried A
which are shared by exactly ¢ individuals in the sample from population 1, 7 =
0,1,...,m. We consider only mutations which are present in population 1,
in particular which have not gone extinct in that population (this restriction
is relevant in the case i = 0) and have also not been fixed (this restriction is
relevant in the case ¢ = m). The answer is given by

Proposition 6.8.1. The expected number of mutations which are shared
between A and exactly i individuals from a sample of size m from population
1, 1s
0 ,
e, Y0O<i<m.
m+ 1

PrOOF: Consider the mutations which the ancestor at time —t of individual
A was carrying. From Proposition 6.7.5, the density of the expectation of
the number of families to which this ancestor was belonging at time —t is
constant over the interval [0, 1] of relative family sizes, equal to 6. According
to Lemma 6.8.2 below, the density of those family sizes is constant equal to
e~'0 at time 0. Now we sample m individuals at random. The probability
that exactly 0 <7 < m among them share a mutation which is carried by a

family of relative size y is
my i m—i
( ; > y' =y

Hence the answer to our question is given by the integral of that quantity
against the uniform density e*f on the interval [0, 1], i. e.

1
, , 0
—t9 m / i1 — m=i . — —t‘
e (l) i y(L—y)" Ty = e

Lemma 6.8.2. Let {X;, t > 0} denote the Wright—Fisher diffusion started
at time t = 0 with the uniform probability on the interval [0,1], i. e. the
Lebesgue measure X on [0,1]. Then for each t > 0 the measure

O

—t

Ut 1= e_t)\ + (50 + 51)
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is the law of X;.

ProoOF: It is sufficient to show that for each n > 0,
E,\[X}] = / " p(de).
[0,1]

Clearly

et 1—et 1 n—1
" (d) — (1= -t
/[o,u”t( EES R 2( n+1e)

But from the duality formula between the Wright-Fisher diffusion and King-
man’s coalescent (see Proposition 5.5.1)

E.[X7] = E,[z%].

Hence
AXT] = / IE, [2"]d
B |7 J
The result then follows from the next Exercise. [l

Exercise 6.8.3. 1. Prove that 2IE, [R +1] =1-—e"/3.

2. Compute 2IE, [R +1} in terms of 2IE,, 4 [ﬁ],
T, the time spend by the process R; in the state n.

by conditioning upon

3. Deduce by recurrence upon n that

1 1
QIEn{ }:1—” et

We could also show that the collection {p;, t > 0} given in the statement
solves the Fokker—Planck equation associated to Xj, i. e.
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Exercise 6.8.4. Prove that for all f € C*(IR),

d
ZE<MJ>:<Mfo vVt >0,

where

1
LI(w) = 5o = 2)/"(2).
Note that deducing the Lemma 6.8.2 from Exercise 6.8.4 would imply
proving a uniqueness result for the Fokker—Planck equation, which can be
done but is not very easy.

6.9 Selection

In this section we want to discuss how selection can be introduced into the
look—down construction. Suppose that the individuals in the infinite popula-
tion are of two different types, say red or black, and that the red individuals
have a selective advantage which we quantify by a positive parameter . We
introduce the following additional feature in the look—down construction :
the black individuals die at rate a. One way of doing so is to put crosses
on Harris’ diagram on each level at rate «, independently of the arrows.
Whenever a red individual hits a cross, nothing happens. Whenever a black
individual hits a cross, he dies and the empty level is filled by shifting all
individuals on its right one level down.

Suppose that the initial colours are i. i. d., red with probability x,
black with probability 1 — z, and denote again by X; the proportion of red
individuals in the population at time f. We want to show the analog of
Theorem 6.4.4

Theorem 6.9.1. The [0, 1]-valued process {X;, t > 0} solves the Wright-
Fisher SDE with selection

dXt = O[Xt<1 - Xt>dt + Xt(l - Xt)dBt, t Z 0, X() =X.

PROOF:
O

Now conditioning upon fixation of the advantageous allele amounts to
colouring the particle 1 red at time t = 0.
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6.10 The Fleming—Viot measure—valued pro-
cess

Consider again the look—down construction of the Moran model, where now
each individual at time ¢ = 0 is assigned, independently of all other individu-
als, a type which is the value of a [0, 1] random variable. In other words, the
{no(k), k> 1} arei. i. d. U[0,1]’s. Arrows are drawn from k to ¢ at rate 1,
for all 1 <k < ¢. The evolution of the (k) is described as in the preceding
section. For ech N > 1, let {p, t > 0} denote the measure—valued process
defined as

N
pi\]([aa b]) =N"! Z 1{nk(t)€[a,b]}, 0<a<b<l.
k=1

It is easily seen that pY = U[0, 1], as N — oo.

Consider now the distribution function of the random mesures p. For
each 0 < z < 1, the result of the previous section shows that for all ¢t > 0,
pN[0, 2] — Xi(2), where {X;(2), t > 0} is a Wright-Fisher diffusion starting
from Xy(z) = 2. From this a. s. convergence and obvious inequalities
concerning the p¥[0, z], we deduce that z — p;[0, 2] is a. s. increasing for
all ¢ > 0. Moreover we know that for each ¢t > 0, X;(z) — 0 as z — 0, and
Xi(z) — 1las z — 1, a. s. Clearly p, is the distribution function of a random
probability on [0, 1], which we still denote p;. That measure valued process
is the a. s. weak limit of the approximating pY. We have the following
characterization of that process.

Proposition 6.10.1. For any bounded Borel measurable function g : [0,1] —
R, {f[O,l] g(x)pi(dx), t > 0} is a martingale whose quadratic variation Vy(g)
1S given as

v =g [ [ - awPatin). 101

PRrOOF: Consider the case where g = 1y .. In that case, f[o 1 g(x)pi(dz) =
Xi(z), which is a Wright-Fisher diffusion, hence a martingale with the quadratic

variation )
t
/d%/ putin) ([ MMO],
0 [0,z] [0,2]
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which is easily identified with the right hand side of 6.10.1 for our particular
choice of g. The formula is easily extended to g’s which are step functions,
and to arbitrary bounded Borel measurable g’s by approximation. U

We easily deduce from the previous result

Proposition 6.10.2. For each Borel subset A C [0,1], {p:(A), t > 0} is a
martingale whose quadratic variation is given by

WA= [ ) = pu(47] s

If A,B C[0,1] and AN B =, then

t

(p(A). p(B)), = / p(A)pu(B)ds.

We now prove the following result, which is reminiscent of some of the
properties of the Feller branching diffusion, see chapter 1 above.

Theorem 6.10.3. Assume that py = U[0,1]. Then a. s. for allt > 0, the
support of the probability measure p; is a finite set.

PrRooOF: This result is a consequence of the duality between Kingman’s
coalescent and the Fleming—Viot process, and the coming down from infinity
property of Kingman’s coalescent.

Consider the m first individuals in the look—down construction at time
t > 0. Going back in time, each pair of those individuals coalesce at rate 1.
Thus the types of the individuals {1,2,...,m} at time ¢ coincide with the
types of the individuals {£;(1),&(2), ..., &(m)} where for 1 < k < m, &(k) is
the number between 1 and m of the individual to which following backward
the look—down graphical representation leads to. The important fact is that
&(k) = &(¢) if and only if the lineages k and ¢ belong to the same bloc of
Kingman’s m—coalescent partition at time t. If we write Py, for the law of
the Fleming—Viot process started with po = U0, 1], and P, for the law of
the m—Kigman coalescent, we have

Iy /[ S ) ) ) i)
0,1]™

=E, o T We 1), Veu2)s - - Yeu(m)) Po(dy1) po(dy2) - - - po(dym).-
0,1]™



104 CHAPTER 6. LOOK-DOWN

Note that the values of the indices & (k) are biased towards 1 by the look—
down construction, but this does not change the value of the above right
hand side. The important fact is that the number of different values taken
by that sequence of indices remains bounded a. s., as m — oo.

6.11 Bibliographical comments

Section 6.2 to 6.9 were inspired by a set of beautiful lectures given by Anton
Wakolbinger in La Londe les Maures in septembre 2008. I am indebted to
Vlada Limic for suggestions which led to the proof of the Markov property
in Theorem 6.4.4. Section 6.10 started from a lecture given by Vlada Limic.



Chapter 7

Appendix

7.1 A Ray—Knight theorem

Consider a function g € C'(IR;IR,) with compact support equal to [0, a).
We then have

Lemma 7.1.1. The two—point boundary value problem

F'(t) = g(t)F(t), 0<t<a;
{ F(0)=1, F'(a)=0; (7.1.1)

has a unique decreasing and positive solution {Fy(t), 0 <t < a}.
<

PrOOF: For any z € IR, denote by {F,(t), 0
ODE with initial condition

F'(t) = g()F(t), 0<
FO)=1, F'(0) ==

t < a} the solution of the

~+

< aq

The mapping z — F.(a) is continuous, it is not hard to show that it is strictly
increasing, F{(a) > 0 and F!(a) < 0 for z < 0, large enough in absolute value.
Hence there is a unique 2y < 0 such that F (a) = 0. It is not hard to show
that F,,(a) > 0. It is enough for our purpose to show that F, (a) > 0. If
that would not be the case, there would exist 0 < s < a such that F, (s) =0,
Fl (s) <0, Fy(t) <0 for s <t < a. Then from the equation F () < 0
for s <t < a, and consequently F7 (t) < 0 for s <t < a, which contradicts
the condition F) (a) = 0. It is easily seen that {F,(t), 0 <t < a} has all

105
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the required properties, and that it is the unique solution of the two—point
boundary value problem (7.1.1). O

Definition 7.1.2. For each x > 0, 6 € R, we denote by QF° the law of the
solution of the SDE

t t
Zf:x+5/ sts+2/ V/ Z3dB,. (7.1.2)
0 0

Consider now the process
1.y
XS:Bs+§L57 SZOJ

where {Bs, s > 0} is a one—dimensional standard Brownian motion, and
{Lt, s > 0, t > 0} denotes the local time of X accumulated at level ¢ by
time s, hence X is “reflected Brownian motion”.

Remark 7.1.3. Brownian motion reflected on R is by definition the unique
process X such that

Xs:Bs+Ksa Kozoa

S
X, >0, K is continuous and increasing, / X, dK, =0.
0

It is well known and easy to verify that Ky = —info<, <, B,. But this is not
the expression for Ky which we are seeking here.
It follows from Tanaka’s formula that

s 1 1
XS:X;_:/ l{Xr>0}dBT+§Lg:Bs+§L27
0

if L° denotes the local time at level 0 of the process X. Comparing the two
above formulas, we deduce that K, = %LS. This justifies the above definition
of reflected Brownian motion.

For = > 0, let
7, = inf{s > 0; L? > z}.

The following result is due to Ray and Knight
Theorem 7.1.4. The law of the process {L. , t > 0} is Q9.
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PROOF: Let g and F, be as in Lemma 7.1.1. Define f € C(IR?) as
fy,x) = Fy(x) exp[—Fy(0)y/2].
It follows from It0’s formula that
pe ) =1 [ AR + 57 ) ar?
+ [ rsx)as,
0

1 S
g [ o
2 /o

Clearly in the dL? integral, X, can be replaced by 0. Then from the choice
of the function f, the dL? integral vanishes. Moreover

f:)lc,2 (L27X7”) = g(Xr)f(L(r)a Xr)

Then
1 § 0 s 1 " / / 0
oxp | =5 [ g(Xo)dr ) f(Ls Xo) =14 [ exp (=5 [ g(Xw)dr’ ) (L, X;)dB,.
0 0 0

It is easily seen that this last stochastic integral is a bounded martingale,
hence by optional stopping and the occupation times formula

E [exp (-% /O g(XS)ds)] - [exp (—% /OOO g(t)Lizdt)]

= exp (gFé(D)) :

The result follows from the next Lemma. O

Lemma 7.1.5. For any g and F, as in Lemma 7.1.1, if {Z;, t > 0} denotes
the solution of (7.1.2) with 6 =0,

E {exp (—% /0 h Ztg(t)dt)] = exp (Fé(O)%) .
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PROOF: Let Hy(t) = F,(t)/F,(t). Note that H/(t) = g(t) — H;(t). Hence

H,(t)Z; = H,(0)z + /Ot H,(s)dZ, + /Otg(s)sts — /Ot HZ(s)Zds,

and the following is a local martingale

1 /[t 1 /[t
M, = exp (5/0 Hg(s)dZS—§/0 Zng(s)ds)

~ exp G {Hg(t)Zt _H,(0)z — /Otg(s)ZSds})

which is bounded on [0, a]. The result follows by writing
E(M,) = IE(M,).
U

Remark 7.1.6. We could as well have defined X as Brownian motion, in-
stead of reflected Brownian motion. The result would have been the same,
and the proof esntially identical, except that we should have started with de-
veloping the quantity f(L°, (X,)T). It is not surprising that the result is the
same for the local time of Brownian motion and the local time of Brownian
motion reflected in R, see Lemma 7.1.8 below.

Consider now for each ¢ € IR, a > 0, the process

o 1 1
X0 = 25 + Bs + §Lg((5, a) — §L§((5, a), s>0, (7.1.3)
where L(J,a) denotes the local time of X%¢, which is Brownian motion with
drift 0/2, reflected in the interval [0, a]. We next define

7.(6,a) = inf{s > 0, L%(6,a) > x}.

In the case § < 0, the reflection at 0 is necessary, if we want to make sure
that the process LY(d, a) reaches the value z. Similarly, the reflection at a is
necessary in the case 6 > 0. We first need to show that the reflection at a
does not distort our object of study. This follows from

Proposition 7.1.7. For all 0 < a < b, the two processes {LL. (6,a), 0 <t <
a} and {L! (6,b), 0 <t < a} have the same law.
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Proposition 7.1.7 is an immediate consequence of the next Lemma. Be-
fore stating it, we need to introduce some notations. For any a > 0, ¢ €

C(IRy;IRy), define

Alp) = / L{p(ry<aydr, 5 >0,

0
Co(p) = inf{r > 0, A%yp) > s}, s >0,
Ta(p) = p o C%p).

Lemma 7.1.8. For any 0 < a < b, m,(X°%) has the same law as X°°.
PROOF: In this proof, we shall use the notations

A(s) = AUXP),  C(s) = CLX™).
Note that

Ta(X0)s = Xo0,)

C(s) 5
_ /0 Lt @By + Sdr) + 5 LC(S

C(s) 5 1
—+ /D 1{X§’b>a} (dBT + 5d7’) 2LC(S)

Tanaka’s formula tells us that

" 1
(X% —a)t = / 1y g dX00 + S LY,
. 2

which choosing r = C(s) gives
C(s) 5h 1
/0' 1{X7§,b>a}er’ + §LC(S) —_= 07
from which we deduce that

) 5 1, 1,
; 1{Xf’b>a}(d8r + §d7a) — §LC(S) + §LC(S) = 0
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Combining this and the previous identity gives

8,b ¢l ) L, 1,
XC(S) = ; 1{X§’b§a}(dBT + §d7") + §LC(S) - 5 C(s)
Define X% = Xg?s). We have
~ 0 1 1
6b _ ! 0 T ga
Xs - Bs + 5"4 © C(S) + ELC(S) 9 C(s)*

Note that Ao C(s) = s and B’ is a standard Brownian motion. Indeed B’
is a continuous local martingale (this follows from Doob’s optional stopping
theorem), whose quadratic variation process equals

C(s)
<B’>$:/O 1{X§,bga]}dT:AOO(S):s,

Let K, := %LOC(S) - %L‘é(s). We note that we have

N 0
Xf’(S = B; + 55 + KS> Xs S [O,CL], Vs Z 0’ a. 8.,
= /0 Lix, oyl K] = /0 Lix, o dIK]

This means that X is Brownian motion plus drift equal to §/2, reflected in
the interval [0, a], in other words, if L(b,§) denotes the local time of X®?,

~ 1~ 1-
X0 = Bt Sst L L0(0.6) — SL2(0.5).

The result follows. 0]

It follows from Proposition 7.1.7 that there exists a continuous process
{LL (6), t > 0} such that for each a > 0, {L. (0), 0 < ¢ < a} has the same
law as {L. (d,a), 0 <t < a}. We now show

Theorem 7.1.9. The law of {L. (5), t > 0} is QF2.
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PROOF: We first show that for some a > 0, the law of {L! (§), 0 <t < a}
is the restriction of QF? to C([0,a]). For the rest of this proof, we choose
a > 0 arbitrary if 6 < 0, and 0 < a < 2/d if § > 0.

Since we shall be using Girsanov’s theorem, in the proof we shall index
the expectation by § (writing ]]35), and drop the index § from the processes
themselves.

Let again g be a continuous function from IR, into IR, , with support in-
cluded in [0, a, for some arbitrary a > 0. It follows from Girsanov’s theorem
that

Tz /AT 5 52 Tz /AT
E° {exp (—/ g(Xg)ds)} =IEY lexp (§BTZM e An— / g(Xj)ds)] :
0 0
Under P°

T 1
_5 S _iL?—x/\n S BTI/\TL

1 1
§a+§L“ <a-+-=L%

Te AN — T

x 2 x

so we can take the limit as n — oo in the above identity with the help of
Lebesgue’s dominated convergence theorem, provided either § < 0, or

E° {exp (ngx)} < 0. (7.1.4)

But we know exactly the law of L2 under IP°. Indeed, from the results in
section 1.6, L7 is the sum Y; + --- + Yz, where Z,Y1,Y5, ... are mutually
independent, Z is Poisson with parameter x/2a, and the Y}, are exponential
with parameter 1/2a. Hence (7.1.4) holds iff § < 2/a, which is exactly our
standing assumption.

Tx r 2 Tz
IE’ |exp —/ g(X%ds )| = E° |exp éBTz - 5—% —/ g(X)ds
0 2 8 0
0 0 a 52 & a
=’ lexp | - (L — ) — 5T g(X)ds
0

= IE° |exp

(

&l
o
(

(
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where we have used (7.1.3) for the second equality and the fact that from
Theorem 7.1.4 under IP” the law of {L! (a), 0 < t < a} is QY restricted
to C'([0,a]) at the fourth equality, and again Girsanov’s theorem at the last
equality. The reason why we are in a position to apply Girsanov’s theorem
is that the same argument which leads to (7.1.4) shows that for some ¢ > 0
(e. g. ¢ =4/4, but this is unimportant)

E’ [exp (cZ7)] = E° [exp (cLL )] <00, 0<t<a

Now an argument similar to the one leading to Proposition 7.1.7 shows
that the law of the portion of the trajectory of X%® which lives between the
levels a and b (where a < b) is the same as the law of Zs + By reflected in
[a,b]. This says in particular that {L. (4,0), a < t < b} is conditionally
independent of {L. (4,b), 0 < t < a}, given L2 (4,b), and establishes the
Markov property of the process {L. (§), ¢t > 0}.

The above argument allows us to identify the conditional law of { L2 (4, 2a),
0 <t < a} given that L? (6,2a) = y as the law QF?, restricted to C([0,a]).
Combining this with the previous result tells us that the law of {L% (), 0 <
t < 2a} is QF? restricted to C([0,2a]). Repeating the argument gives the
same statement with 2a replaced by ka, for any k € IN. The Theorem fol-
lows. U

7.2 Tightness in C

We prove the following particular case of Theorem 12.3 in Billingsley [4] page
95 :

Theorem 7.2.1. A sufficient condition for a sequence {X[',: t > 0},>1 of
continuous IR —valued martingales to be tight in C(IRy;IR?) is that

1. The sequence { X }n>1 is tight.
2. There exists ¢ > 0 such that for all 0 < s <'t,

E (X7 — XY <t — s> (7.2.1)
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ProOF: Tt suffices to prove tightness in C([0,T];IR?) for all T > 0. For the
sake of simplifying our notations, we shall prove tightness in C' := C(]0, 1]).
The denote by
wz,8) = sup |a(t) - a(s)
jt—s] <6

the modulus of continuity of an arbitrary element x € C'. Let us first check
that a sufficient condition for tightness in C' of the random sequence {X"}
is, together with 1, the fact that for all £, n > 0, we can find § > 0 such that

P(w(X",6)>¢e)<n, VYn>1. (7.2.2)
Indeed, in that case Vn > 0, k > 1, there exists ; > 0 such that

n 1 U

P (ﬂ {w(X",(Sk) < %}) >1—1.

Consequently, combining with 1, we deduce that for M large enough,
P(X™ € K)>1—2n, where

Hence

1
K = {x, |z(0)] < M and w(z,dg) < T Vk > 1}

is compact from the Arzela—Ascoli theorem.
Foreachn >1,0<t<1,e>0,9d >0, define the event

t5e = { sup | XD - X[ > 5}.

t<s<(t40)A1

Since each {X}", 0 <t < 1} is a martingale, it follows from Doob’s inequality
and (7.2.1) that

Now the pairs (s,t) which count in the definition of w(X™",d) belong either
to the same or to two neighbouring intervals of the form [id, (i + 1)d]. Con-
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sequently
]].:)(w(Xn, 5) Z 35) ]P ( i< 1A155€)
< Z A%éa
]
0
<dg
(7.2.2) clearly now follows by an appropriate choice of 6. O

7.3 A martingale representation theorem

We state and prove the result in dimension 1, since we will need it only in
that case.

Theorem 7.3.1. Let {M;, t > 0} be a one dimensional continuous martin-
gale, defined on a probability space (2, F,F;, IP), with associated increasing
process

t
<M>t = / Asds,
0

where {Ay, t > 0} is an F;—progressively measurable IR, —valued process.
Then there exists, possibly on an enlarged probability space (', F' . TP'), a
standard Brownian motion such that

t
M, :/ VA dB,, t > 0. (7.3.1)
0

PrOOF: Let (V, F,P") = (2 x C(IR,), FRC,IP x W), where C denote the
Borel ¢ field over C(IR; ), and W the Wiener measure on (C(IRy),C). Let
{W,, t > 0} denote the canonical process defined on (C'(IR.y),C,W). Define
the two following JF;—progressively measurable processes

A7V i A >0,
O, lf At - O

{o, if A, >0,
t:

For ¢t > 0, at:{

1, if A, =0.
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Let now . .
B, = / a.dM, —|—/ bsdWs, t > 0.
0 0

It is easy to check that {B;, t > 0} is a continuous martingale. Moreover,
since M and W are independent,

t t
(B)y :/ @?Asds—i-/ b2ds
0 0

t t
= / 1{AS>0}d3 + / 1{AS:0}d3
0 0

=1,

hence {B;, t > 0} is a Brownian motion, and (7.3.1) holds.

7.4 The Lévy—Khinchin formula

Definition 7.4.1. The law of the real-valued r. v. X is said to be infinitely
dwvisible if for every n > 1, there exist n 4. @. d. r. v.’s X{,..., X" such that

LX)=L(X]"+---+X]).

The characteristic function of an infinitely divisible r. v. X can be written
as

px(u) = E[exp(iuX)] = exp(=¥(u)),
with a unique characteristic exponent ¥ € C(IR;C) satisfying ¥(0) = 0,
specified by the celebrated Lévy—Khintchin formula (see e. g. [7])

Theorem 7.4.2. A function ¥ : IR € C is the characteristic exponent of an
infinitely divisible distribution on IR iff there are « € IR, § > 0, A a measure
on R\{0}, called the Lévy measure, which satisfies [(1 A |z|*)A(dz) < oo,
such that

U(u) = iau + Bu® + / (1 — ™ + jualyy<iy)Aldz). (7.4.1)
R

In the particular case of a positive valued infinitely divisible r. v., we
prefer to explicit the Laplace exponent of X, i. e. for A > 0

P(A) = log {— exp [-AX]}
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which takes the form

B() = A+ / T (1= e ) A (da), (7.4.2)

again with A > 0. Here d > 0 is called the drift coefficient, and the Lévy
measure A is in this case a measure on (0, +00) which satisfies

/ (1A z)A(dz) < oc.

7.5 de Finetti’s theorem

A permutation 7 of the set {1, 2, ...} is said to be finite if [{i, 7(i) # i}| < oc.
Let us formulate the

Definition 7.5.1. The countably infinite sequence {X,, n > 1} is said to be
exchangeable if for all finite permutation ™ of {1,2,...},

c
(X1, Xs,...) = (Xﬂ(l),X,,(g), cl).
It is not too hard to show that

Lemma 7.5.2. Given a countably infinite sequence of r. v.’s {X1, Xo, ...},
the three following properties are equivalent

1. The sequence { X1, Xa, ...} is exchangeable.
2. Foralln > 1,

c
(X1 Xty X X+ ) & (X, X, X1, X, ).
3. For all sequence {n;, i > 1} of distinct integers,
c
(Xb XQ, Xg, . ) - (Xn17Xn27 Xn37 . )

Let us recall the well-known “reversed martingale convergence theorem”
(see e. g. [5])

Theorem 7.5.3. Let {G,, n > 1} be a decreasing sequence of sub—o—fields
of F, G =N,G,. Then for any integrable r. v. Z, IE(Z|G,) — IE(Z|G) a. s.
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We now prove an easy lemma

Lemma 7.5.4. Let Y be a bounded r. v., and H C G be two sub—o—fields
of F. Then IE[IE(Y|H)? = E[IE(Y|G)?] ( or a fortiori IE(Y|H) £ E(Y|G))
implies that IE(Y |H) = IE(Y|G) a. s.

PRrROOF: The result follows readily from the identity
E [(E(Y|G) - E(Y[H))*] = E [(E(Y|G))"] - E [(E(Y|H))].
d

We now state the celebrated de Finetti’s theorem. Our proof follows one

Y

of the proofs given in [1]. See also [5] for the case of {0, 1}-valued r. v. ’s.

Theorem 7.5.5. An exchangeable (countably infinite) sequence {X,, n > 1}
of r. v.’s is a mizture of i. i. d. sequences, in the sense that conditionally
upon T (the tail o—field of the sequence {X,}, the X,, are i. i. d.

PRrROOF: For each n > 0, let G, := o(X,41, Xns2,...), and let 7 :=N,G,
the tail o—field. By exchangeability, for all n > 2,

(Xla X27 X37 .- ) é (le Xn+17 Xn+27 <. )
Consequently for any bounded Borel measurable function ¢ : IR — R, n > 2,
c
E(e(X1)[G1) = E(p(X1)|Gn).
Theorem 7.5.3 implies that
E(p(X1)|G,) — E(p(X1)|7) a.s., as n — oo.

We deduce that .
E(p(X1)]G1) = E(p(X1)[T).

Now Lemma 7.5.4 implies that the equality holds a. s. This implies that
X; and §G; are conditionally independent given 7.
The same argument applied to (X,,, X411, ...) says that for all n > 1,

X, and @, are conditionally independent given 7.
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This implies that the whole sequence {X,, n > 1} is conditionally indepen-
dent given 7. Now exchangeability says that for all n > 1,

c
(X17 Xn+17 Xn+27 .- ) = (XTH XTL+17 Xn+27 s )
So for the same ¢’s as above,

E(o(X1)|Gn) = E(0(X3)|Gn)  a. s..
Taking the conditional expectation given 7 yields

E(o(X1)|T) = E(p(X,)|T)  a. s.
Hence, conditionally upon 7', the X,, are also identically distributed. [l

We now deduce the
Corollary 7.5.6. Let {X,, n > 1} be an exchangeable (countably infinite)
sequence of {0,1}—valued r. v.’s. Then, conditionally upon
a. s. limn™* ZXk =ux,
k=1

the X,, are i. i. d. Bernoulli with parameter x.
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