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Abstract

We consider the incompressible, two-dimensional Navier-Stokes equation with
periodic boundary conditions under the effect of an additive, white-in-time, sto-
chastic forcing. Under mild restrictions on the geometry of the scales forced, we
show that any finite-dimensional projection of the solution possesses a smooth,
strictly positive density with respect to Lebesgue measure. In particular, our
conditions are viscosity independent. We are mainly interested in forcing that
excites a very small number of modes. All of the results rely on proving the
nondegeneracy of the infinite-dimensional Malliavin matrix. (© 2006 Wiley
Periodicals, Inc.

1 Introduction

We consider the movement of a two-dimensional, incompressible fluid with
mean flow zero under periodic boundary conditions. We analyze the problem using
the vorticity formulation of the form

B (r,x) + B(w, w)(t, x) = vAw(t, x) + (1, x)
w(0, x) = wo(x),

(1.1)

where x = (x, x2) € T?, the two-dimensional torus [0, 2] x [0, 27t], v > 0 is the
viscosity constant, "(,3—‘?/ is a white-in-time stochastic forcing to be specified below,

and

2 -
ow
B ) I = i a
(w, w) ;:1 u (x)axi (x)
where u = K(w). Here K is the Biot-Savart integral operator, which will be
defined below.

First we define a convenient basis in which we will perform all explicit calcu-
lations. Setting Zi ={(j1, o) € Z* : j» > 0 U{(j1, jo) € Z*: j1 > 0, j» = 0},
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Z? = —7?2,and Z} = 7% U Z? , we define a real Fourier basis for functions on T?
with zero spatial mean by

sin(k -x), keZ2,

WX =0 sk x). ke 2.

We write w(t, x) = Zkezg oy (t)ex(x) for the expansion of the solution in this
basis. With this notation in the two-dimensional periodic setting we have the ex-
pression

L

k
(1.2) Kw) =) =0 aes,

k12
Al

where k' = (—ka, ki) and ||k||> = k? + k3. See, for example, [17] for more
details on the deterministic vorticity formulation in a periodic domain. We use
the vorticity formulation for simplicity. All of our results can be translated into
statements about the velocity formulation of the problem.

We take the forcing to be of the form

(1.3) W(t,x) =Y Wi0)er(x)

keZ,

where Z, is a finite subset of Zé and {W, : k € Z,} is a collection of mutually
independent, standard scalar Brownian motions on a probability space (€2, F, P).
The fact that we force a finite collection of Fourier modes becomes important start-
ing in Section 3. Up until then the analysis applies to a force acting on any linearly
independent collection of functions from T? into R that have spatial mean zero.
The collection could even be infinite with a mild summability assumption.

We assume that wy € L? = {w € L*(T%,R) : [wdx = 0}. We will use || - |
to denote the norm on IL? and (-, - ) to denote the inner product. We also define
H* = {w e H(T?, R) : f w dx = 0}. Under these assumptions, it is standard that
w € C([0, +00); L2 N L2 ((0, +00); H') [7, 12, 23]. We will denote by | - ||, the
natural norm on H* given by || f||; = [|A® f|| where A? = (—A).

Our first goal is to prove the following theorem, which will be the consequence
of the more general results given later in the text. In particular, it follows from
Theorem 3.1, Theorem 6.1, and Corollary 8.2 when combined with Proposition
3.2.

THEOREM 1.1 Consider the forcing
W(t, x) = Wi(t) sin(xy) + Wa(t) cos(xy) + W5(¢) sin(x; + x»)
+ Wa4(t) cos(x; + x3).
Then for any t > 0 and any finite-dimensional subspace S of L%, the law of the
orthogonal projection TTw(t, -) of w(t,-) onto S is absolutely continuous with

respect to the Lebesgue measure on S. Furthermore, the density is C*° and every-
where strictly positive.
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A version of Theorem 1.1 for Galerkin approximations of (1.1) was one of the
main ingredients of the ergodic and exponential mixing results proven in [9]. There
the algebraic structure of the nonlinearity was exploited to show that the associated
diffusion was hypoelliptic. Here we use similar observations on the algebraic struc-
ture generated by the vector fields. However, new tools are required because there
exists little theory applying Malliavin calculus in an infinite-dimensional setting.
Relevant exceptions are [11, 15, 28].

In [11], Malliavin calculus is used to establish the existence of a density when
all but a finite number of degrees of freedom were forced. In contrast to the present
paper, the technique developed there fundamentally requires that only a finite num-
ber of directions are unforced. The ideas developed in the present paper could also
likely be applied to the setting of [11].

An essential tool in our approach is a representation of the Malliavin covariance
matrix through the solution of a backward (stochastic) partial differential equation,
which was first invented by Ocone (see [28]) and which is particularly useful when
dealing with certain classes of SPDEs, since in this case (as opposed to that of
finite-dimensional SDEs), the fundamental solution of the linearized equation can-
not be easily inverted. Ocone used that representation in the case where the original
equation is a so-called bilinear SPDE (that is, both the coefficients of dr and d W (¢)
are linear in the solution). In contrast, we use it in the case of a nonlinear PDE with
additive noise. It seems that these are the only two cases where Ocone’s represen-
tation of the Malliavin matrix through a backward (S)PDE can be used, without
being exposed to the trouble of handling a stochastic PDE involving anticipative
stochastic integrals. In Ocone’s case, the backward PDE is a stochastic one, while
in our case it is a PDE with random coefficients.

There has been a lot of activity in recent years exploring the ergodic properties
of the stochastic Navier-Stokes equations and other dissipative stochastic partial
differential equations. The central new idea was to make use of the pathwise con-
tractive properties of the dynamics on the small scales and the mixing/smoothing
due to the stochastic forcing on the larger scales. In [18] a determining-modes-type
theorem (see [13]) was developed in the stochastic setting. This showed how con-
trolling the behavior of a finite number of low modes on a time interval of infinite
length was sufficient to control the entire system.

An important advance was made concurrently in [5, 10, 16], where it was shown
that if all of the low modes are directly forced, the system is ergodic. The first
two covered the case of white-in-time forcing while the last considered impulsive
forcing. The assumptions of these papers can be restated as: the diffusion is elliptic
on the unstable subspace of the pathwise dynamics (see [21] on this point of view).

The present paper establishes the needed control on the low modes when a “par-
tial hypoelliptic” assumption is satisfied. We show that the forcing need not excite
directly all the unstable modes because the nonlinearity transmits the randomness
to the nondirectly excited unstable directions. Already the results of this paper
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have been used in an essential way in [14] to prove the ergodicity of the stochas-
tic Navier-Stokes equations under mild, viscosity-independent assumptions on the
geometry of the forcing.

This article is organized as follows: In Section 2 we discuss the elements of
Malliavin calculus needed in the paper. In particular, we give an alternative rep-
resentation of the quadratic form associated to the Malliavin matrix. This repre-
sentation is critical to the rest of the article. In Section 3 we explore the structure
of the nonlinearity as it relates to nondegeneracy of the Malliavin matrix, which in
turn implies the existence of a density. In Section 4 we prove an abstract lemma
on the quadratic variation of nonadapted processes of a particular form that is the
key to the results of the preceding section. In Section 5 we discuss the relationship
to brackets of vector fields and the usual proof of nondegeneracy of the Malliavin
matrix. In doing so we sketch an alternative proof of the existence of a density. In
Section 6 we prove that the density, whose existence is given in Section 3, is in fact
C*°. This requires the abstract results of Section 7, which amount to quantitative
versions of the results in Section 4. Finally, in Section 8 we prove that the den-
sity of the finite-dimensional projections of w(¢) are everywhere positive under the
same conditions that guarantee smoothness. We then give a number of concluding
remarks and finish with five appendices containing technical estimates on the sto-
chastic Navier-Stokes equation. In particular, Appendix C proves that the solution
is smooth in the Malliavin sense, and Appendix E gives control of the Lipschitz
constants in terms of various quantities associated to the solution.

2 Representation of the Malliavin Covariance Matrix

One way to solve the vorticity equation is by letting w'(z, x) = w(¢, x) —
W (t, x) and solving the resulting PDE with random coefficients for w’. It easily
follows from that approach that for each ¢ > 0, there exists a continuous map

@, : C([0, 1]; R®*) — L2

such that
w(t) = &, (Wpo,).

In other words, the solution of equation (1.1) can be constructed pathwise. We
shall exploit this in Section 8.

Fork € Z,,h € L? (R,), t > 0, we define, if it exists, the Malliavin derivative

loc

of w(t) in the direction (k, k) as

&, (W +cHey) — d, (W
DFMw(t) = L2(Q, L?)-lim (W +eHe) ( ),

g—>0 &

where H(t) = fol h(s)ds. In fact, this convergence holds pathwise, and it is a
Fréchet derivative.
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We will show that the above derivative exists for each & € L%OC(RJF), and more-

over, that for each s € [0, t] and k € Z, there exists a random element Vj ;(¢) in
L2 such that

DM (r) = / Vis(Oh(s)ds.
0

Vi s(2) is then identified with D*w (z) &I prdi(r) and solves equation (2.1) be-
low.

PROPOSITION 2.1 Foreachs > 0 and k € Z,, the linear parabolic PDE

.1 %Vk,s(t) = VAV (1) — B(w(?), Vis(1)) — B(Vi (), w(t)), t=>s,
. Vis(s) = ex

has a unique solution
Vis € C(Is, +00); L?) N Liy (s, +00); H).
PROOF: See, for example, Constantin and Foias [6]. [l

At times we will consider the linearized equation (2.1) with arbitrary initial
conditions. We write J; ,¢ for the solution to (2.1) at time ¢ with initial condition
¢ at time s less than ¢. In this notation Vi ;(t) = J; sex.

Furthermore, Lemma B.1 from the appendix implies that for all deterministic
initial conditions w(0), p > 1,n > 0,and T < oo,

E sup [V < cexp(n|w(0)]?)
0<s<t<T
for some ¢ = c(v, p, T, n).
Clearly, if h € LIZOC(R+),
def

View(1) =/ Vies (D h(s)ds
0

is the unique solution in C ([0, +-00); L2)NL2 ([0, +00); H") of the parabolic PDE

loc

Wer® AV, (1) — Bw(r), Vien(1))
2.2) — B(Ver (@), w(®) + h(Der, 1> 0,

Vin(0) = 0.

It is not hard to see that, in the sense of convergence in L2(2; L.?),
O, (W +eHep) — (W)
. .

Vin(t) = 1irr(1)
It then follows that

. t
wt) e H(Q, L) ¥ {X - Q — L2 E|X)?, E/ | DX ||1* ds < oo,
0

for all k € Z, and finite r > O}



MALLIAVIN CALCULUS AND THE NAVIER-STOKES EQUATION 1747

(see Nualart [25, pp. 27, 62] for more details). Furthermore, its associated infinite-
dimensional Malliavin covariance matrix is given by

t
(2.3) M) = Zf Vies(t) ® Vi s(0)ds,
kez,*0
that is to say, it is the operator mapping ¢ € LL? to M(t)(¢) € L? given by
t
(2.4) M) (¢) = Z / (Vies (1), ) Vi s (1)ds.
keZ, 0

It follows from theorem 2.1.2 in Nualart [25] that Theorem 1.1 is a consequence of
the fact that for each ¢ € IL? with ¢ # 0,

(MDp. ¢) =Y fo (Ves (1), $)*ds > O as.

keZ,

We now want to give an alternative representation of this quantity, using a back-
ward PDE that is the adjoint of equation (2.2).

PROPOSITION 2.2 Foreacht > 0, ¢ € L2, the linear backward parabolic PDE

LU (s) +vAU"(s)
2.5 + B(w(s), U (s)) = C(U"(s), w(s)) =0, 0<s=rt,
Ut =¢

has a unique solution
U™ e C([0,11; L*) N L*([0, 1); H).

Here C(-,w(s)) is the > adjoint of the time-dependent, linear operator B( -,
w(s)) and thus is defined by the relation (B(u, w(s)), v) = (C(v, w(s)), u).

PROOF: We use the same argument as in Proposition 2.1. g

As before, Lemma B.1 from the appendix implies that there exist a positive
constant 7 so that for all deterministic initial conditions w(0), ¢ € L%, p > 1, and
T < o0

E sup U™ < clgl*” expnllw(O)]|)

0<s<t<T

for some ¢ = c(v, p, T, n).
PROPOSITION 2.3 Foreachk € Z, and ¢ € L2 the function
r— (Vis(r), U2 (r))

from [s, t] into R is constant.
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PROOF: We first show that this mapping belongs to W'!(s, t; R). It is clearly
a continuous function and moreover

V,U € C([s, t1; L) N L*((s, t); HY);
hence by interpolation
V,U e L*((s, 1), H/*) N L*((s, t); HY).
Since we also know that
w e L*((s, t); HY2) N L2((s, 1); H'),
we know that the products
1T 2lwlie, IVIhezlwln lwlhe2lUl, and w2l Vi

all belong to L*3((s,t); R). On the other hand, it follows from the fact that
IICU||1 = ||U|| and estimate (6.10) in Constantin and Foias [6] that

KCWU, w), ¥)| <clUlhipz llwlli 112,

KBV, w), ¥)| <cllVIlizlwli 1Yz,

{B(w, U), )| < cllwlhp2 U1 ¥ 1172,

[{B(w, V), ¥)| < cllwlliz IVIL ¥ /2-

Hence we conclude that C(U, w), B(V,w), B(w, U), and B(w, V) all belong
to L*3((s, 1); H'/%). From (2.1) and (2.5), we see that both £V and £ U con-
sist of three terms. The first belongs to L*((s,t); H™!), and the last two belong
to L*3((s, 1); H™'/?). Hence (Vi (r), £U"(r)) and (£ V; ,(r), U"*(r)) are in
L' (s, t; R), and the statement that

r = (Vis(r), U (r))

is a.e. differentiable then follows a variant of theorem 2 in Dautray and Lions [8,
chap. 18, sec. 1]. Moreover, for almost every r

d
—(V (), UM) = (Aw )V (), Ur) = (V(r), A"(w(r)HU ()

dr
=0
where A(w(t)) is the linear operator on the right-hand side of (2.1), and A*(w(¢))
is its IL? adjoint. The result follows. U

We can now rewrite the Malliavin covariance matrix using U in place of V. For
a fixed ¢, this is an improvement as U"?(r) is a single solution to a PDE while
Vi1 (r) is a continuum of solutions indexed by the parameter s.

COROLLARY 2.4 Forany ¢ € .2,

(M@)o, 9) = Z/O (ex, U ())* ds.

keZ,
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PROOF: This follows from the fact that forany 0 < s <t and k € Z,,

(Vis (), U (5)) = (Vies (1), U (1)),
1.€.,
(ex, UM (s)) = (Viy (1), §).

From this corollary, one immediately deduces the following result:
COROLLARY 2.5 Assume that for some fixed ¢ € 1.2,

M@D)¢,p) =0

on a subset Q of Q. Then forallk € Z, and s < t, (ex, U"?(s)) = 0on Q. In
particular, (e, ¢) = 0.

3 Hypoellipticity
3.1 Final Assumptions and the Main Existence Result

We define Z to be the symmetric part of the forcing set Z, given by Zy =
Z, N (—2Z,) and then the collection

Zy={l+jely:jeZo ez, withe j#£0, |jll# el

and lastly

(@

z.=| 2.

Il
=

n
Notice that the above union starts at 1 and that the Z, are symmetric in that
Z, = —2Z,. This follows by recurrence, starting with Zy = —Z,. We are mainly
concerned with the case where Z, = Z,, since this corresponds to noise that is
stationary in x.
We can now state the main theorem. Defining

(3.1) Sy = Span(ey : k € Z,), S, = Span (ek ke UZJ U Z*>,
j=1
nefl,...,oo}

we have the following result, which implies the first part of Theorem 1.1 in the
case when Sy, = L2,

THEOREM 3.1 Foranyt > 0 and any finite-dimensional subspace S of S, the law
of the orthogonal projection TTw(t, -) of w(t, ) onto S is absolutely continuous
with respect to the Lebesgue measure on S.
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The above result guarantees an absolutely continuous density on finite-dimen-
sional subsets of S,,. However, it does not imply the lack of density for other
subsets because in constructing S, we have used only part of the available infor-
mation. In the proof below, it will become clear that we make use only of the
directions generated by frequencies where both the sin and cos are stochastically
forced. We do this in the name of simplicity and utility. Verifying any more com-
plicated condition is difficult. However, as translation invariance implies that both
the sin and cos mode of a given frequency are forced, it seems a reasonable com-
promise. In the end, we are primarily interested in producing conditions that give
insight into how the nonlinearity spreads the randomness. In particular, we now
give an easy proposition that, in conjunction with Theorem 3.1, proves the first
part of Theorem 1.1 given in the introduction. After that we will quote a more
general result from [14] that is proven using similar ideas to those below.

PROPOSITION 3.2 If{(0, 1), (1, 1)} C 2y, then Sy, = L2

PROOF: Clearly by adding and subtracting the vectors (0, 1) and (1, 1), one
can generate all of Z3. The only question is whether the conditions £+ - j # 0 and
Il7ll # |1€]l from the definition of Z, ever create a situation that blocks continuing
generating the lattice.

First, notice that (1,0) = (1,1) — (0,1), (—1,0) = (0,1) — (1, 1), and
(-1,1)=(-1,00— (1, 1)+ (0, 1) + (1, 1), and if these moves are made from left
to right, none of the restrictions are violated. Hence all of the vectors of the same
length as the vectors in Z, can be reached and henceforth the restriction || j|| # ||£]|
will not be binding. The requirement that £+ - j % 0 does not cause a problem. The
line ¢+ - (0, 1) = 0 can be approached from above and does not obstruct generating
the rest of the lattice. The line £+ - (1, 1) = 0 does separate the lattice. However,
we know we can reach (1, 0) and have the point (0, 1) to start with. Hence we can
reach all of the points on either side of the line. Those on the line can be reached
from points on either side. U

It is clear from the preceding lemma that many other choices of forcing will
also lead to S, = L?. For instance, if {(1,0), (1, 1)} C Zy, then So, = L% Itis
also interesting to force a collection of modes distant from the origin and allow the
noise to propagate both up to the large scales and down to still smaller scales. We
now give a simple proposition giving sufficient conditions in such a setting.

PROPOSITION 3.3 Let M, K € Nwith M, K > 2 and |M — K| > 2. Then if
{(M+1,0),(M,0), (0, K +1),0,K)} C Zy, Soo =L~

PROOF: Theideaistouse (M +1,0)—(M,0) = (1,0),(M,0)—(M+1,0) =
(-1,0),0,K+1)—(0,K)=(0,1),and (0, K) — (0, K + 1) = (0, —1) in order
to generate the whole lattice. The only difficulty could be the above restrictions.
The restrictions of the form £ - j # 0 only prevent applying (M + 1, 0) — (M, 0)
or (M, 0) — (M + 1, 0) to points on the x-axis and (0, K) — (0, K + 1) and (0, K +
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1) — (0, K) to points on the y-axis. However, this is not a serious restriction as all
of the points on the x-axis can be reached by moving down from above, and all of
the points on the y-axis can be reached by moving horizontally. Furthermore, the
y-axis can be crossed by using strictly horizontal moves.

The only remaining restriction consists of the points k € Zg with || k|| € {K, K+
1, M, M + 1}. For example, assume that ||k|| = K and one wanted to move to the
left by applying (0, K) — (0, K + 1). While this direct move is illegal, one can
accomplish the same effect by moving up, then left, and finally down. The require-
ment that || M — K || > 2 ensures that we will not be blocked from moving up using
(M +1,0)— (M, 0) given that k = || K ||. Once we have moved up, we will be free
to move to the left and then back down. The other cases are analogous. g

Guided by these results, in [14] the following is proven:

PROPOSITION 3.4 One has Ss, = IL? if and only if the following hold:

(1) Integer linear combinations of elements of Z generate Z(z).
(2) There exist at least two elements in Zy with unequal Euclidean norm.

This gives a very satisfactory characterization of the setting when S, = L2,
which is the case of primary interest.

3.2 Proof of Theorem 3.1

Since we already know that w(t) € H'(2,L?), Theorem 3.1 follows from
theorem 2.1.2 in Nualart [25] and the fact that for any ¢ € S, ¢ # 0,

(M@®)p,9) >0 as.
Hence to prove Theorem 3.1, it suffices to show the following:

PROPOSITION 3.5 There exists a subset 21 C 2 of full measure so that on Q; if
(M), @) = 0 for some ¢ € 1.2, then Ty = 0 where T, is the L? orthogonal
projection onto Sx.

Notice that Proposition 3.5 is equivalent to

(3.2) ]P( ) (MD¢. $) >0}> =1.
¢el?
Moo 0
To prove the proposition, we need to better understand the structure of the equa-
tions. To this end, we now write the equations for the spatial Fourier coefficients of
U and w to better expose the interactions between the systems’ various degrees of
freedom. In this and the general structures of the nonlinearity exploited, we follow
E and Mattingly [9]; however, the tack of the analysis is different. (We also take the
chance to correct a small error in [9]. There the summation was restricted to modes
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in the first quadrant, when it should have ranged over the entire upper half-plane.)
Again setting w(z, x) = Zkezg ay(t)ex, we have for ¢ € 72

d 1
e +vliePan@) + 5 .Z c(j, ke (1) (¢)
(jok,O)eTy

1 d
-5 > el et = 12,0 We(®)
(j.k,0)eZ_

(3.3)

where 1z, is the indicator function of Z,, ¢(j, k) = 2(j* - k)(|Ijll 7> — Ilk[|~>) and
Ty =Gk, 0) € (22,22, 22) U (Z2, 72, 22) U (22, 22, 22) | k + j + £ = 0}
U{(j k0 € (23,72, 73) U (22, 22, Z2) U (23, 225, Z2) | £ = j — k)
UG,k 0) € (22,22, 22) U (22, 22, 22) U (23, 23, Z%) | € = k — j},
I_={(j.k0) € (Z*,2%,23) U(Z], 22\ Z3) U (Z* 22 Z2) | £ = j + k.
Setting
U™ (s,x) =Y Bl()er(x) and ¢(x) =) ¢rex(x),
keZ? keZ3
we also have the backward equations

d
B = VIR + Y cU Doy OBL®)

Gk OETS

(3.4 - Y e OgGmBL®, s <t

(j.k. O™

BL (1) = ¢,
where
5=, k,0) € (22,72, 72) U (22, 72, 7Z2) U (22, 22, 72) | j +k+ € =0}
U{G. ko) € 22, 22, 22) U (22, 22 22) U (22 22 Z2) | £ = j — k)
UG,k 0) € (Z2,72,75) U(Z2, 22, Z2) U (ZA, 72, 7%) | € = j + k],
T =Gk 0) € (2,72, 72) U (22, 72, 22) U (22, 72, 72) | e =k — j ).

We now continue the proof of Proposition 3.5. Notice that the ,Bf are continuous
in time for every £ € Zy, every ¢ € IL?, and every realization of the stochastic
forcing. Hence if ,Bf = ( for some realization of noise, then ¢, = 0. (The notation
x =0 means x(s) =0, s € [0, t).) Thus to prove the lemma, it would be sufficient
to show that there exists a fixed set €2; with positive probability so that for any
¢ € Sy, if (M(t)p, ) = 0 on 2, then ,BZ’ =0forallf € Z,U Z,. This will be
proven inductively.

The base case of the induction is given by Corollary 2.5. In the present notation,
it simply says that for any @ € Q if (M(t)¢, ¢) = 0 for some ¢ € L2, then ﬂf =0
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forall ¢ € Z,. In particular, for any w € Q if (M(t)¢, ¢) = 0, then 7 = %, =0
for all £ € Z,. The proof of Theorem 3.1 would then be complete if we show that
there exists a single subset 2; C €2 of full measure so that if ,BZ’ = ,Bf , =0on
for all £ € Z,, then ,Bf = ﬂfz = O on 2 for all £ € Z,,. This inductive step is
given by the next lemma, which once proved completes the proof of Theorem 3.1.

LEMMA 3.6 There exists a fixed subset Q of full measure so that for any ¢ € 1.2
and £ € 73, if B2 = 0 and %, = 0 on Q,, then for all j € Zy such that j*= - £ # 0
and || j1I # ||€]]

¢ _ pb _ gt ¢
Bevj =PBsjy =Bpj =Bj—¢ =0

on Ql.

PROOF: We begin with some simple observations that will be critical shortly.
Notice that from (3.3)—(3.4), one sees that for £ € Z,, a,(s) has the form

(3.5) oy (s) = ae(0) +/ Ye(r)dr + Wi(s)
0

where the y, are some stochastic processes depending on the initial conditions and

noise realizations. Hence these coordinates are the sum of a Brownian motion and

a part that has finite first variation and is continuous in time for all w € Q.
Similarly, for £ ¢ Z,,

(3.6) wi(s) = e (0) + f

0
and hence these coordinates are continuous and have finite first variation in time for
every o € 2 since they are not directly forced. Similarly, notice that ﬁg’ is contin-
uous and of finite first variation. In particular, we emphasize that these properties
of a; and B¢ hold on all of © for all £ € Z2 and ¢ € 2.

Now, if ,BZ’ =0or ,Bfe = 0, then ;—S,Bf(s) =0or %ﬂfz(s) = 0, respectively,
as the coordinates are constant. Notice that from (3.4)—(3.6) these derivatives have
the form

S

ve(r)dr,

X($)+ Y Yels)Wils)
keZ,
where the X and Y} are continuous and bounded-variation processes. Also, notice
that they are not adapted to the past of the W;’s! Nonetheless, it follows from
Lemma 4.1 in the next section that if {X (-), Yx(-) : k € Z,} are continuous and of
bounded variation, then

(3.7) X&)+ ) eWis) =0, 0<s <1,
keZ,

implies that

(3.8) Y(s) =0 forall0 <s <randk € Z,

on aset Q2; C 2 of full measure, which does not depend on Z, k, or ¢, and hence we
can use a single exceptional set for all of the steps in the induction. To summarize,
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we have shown that there is a single fixed set Q; C €2, of full measure, so that for
any ¢ € L2, if ,Bf = IBZ = 0 on Q, then Y}, = 0 for all k € Z,. We now identify
the Y} to discover what (3.8) implies.

Define |¢| = 4-¢ depending on whether £ € Z2 and sgn(¢) = +1 depending on
whether ¢ € Z%. (Care should be taken not to confuse [ €|/, which is in R, , with
|€], which is in Zi.) Then from (3.3)—(3.4), we see that for each £ € Z2,

d

TR = Xu(o) + ij (. OB ;1 (5) + sgn(@B),, ()] W;(s)
JE€Zx
(J,O€els

+ > (. O[BI_;(5) — sen(@ + HB()]Wi(s),
jE€Z,
(J,Oela

where I, = (Z>,7Z>) U (Zz_,Zi), Is = (ZQ,Z%F) U (Z*,7Z%), and X,(s) is a
continuous stochastic process with bounded variation. Hence by Lemma 4.1 we
obtain that terms in brackets in the above equation are identically zero.

Recall that by assumption %,Bg’(s) =0, %ﬁfe(s) = 0, and {j, —j} C Z..
Without loss of generality, we assume that £, j € Z, since this can always be
achieved be renaming ¢ and j. The preceding reasoning using Lemma 4.1 applied
to (j, £), (—j, —£), (—j, £, and (j, —£) implies that

(OB 10— 1) + B2y 1 9]
(. OB i (8) = By ()]
c(j. O sgn€ — HBL_; () — Blry ;i ()]
c(j. O sen€ — HBf_ ;) + Bl ;i ()] =0,

for all s < ¢ on a subset of Q; of full measure. Provided that j* - £ # 0 and || j|| #
II€]l, one has that c(¢, j) # 0. Hence the left-hand sides are linearly independent,
and one concludes that ,BZ’_ i = ﬁf+j = ,B]‘.’j_e = ﬁf([ +j=0ona subset of 2, of
full measure. ]

9’

0
0,
0

El

We now collect some of the information from the preceding proof for later use.

PROPOSITION 3.7 Let U?! be the solution of (2.5) for any choice of terminal
condition ¢ and terminal time t. Recall the definition of S, from (3.1). Let Iy be
the projection onto Sy and Hé its orthogonal complement. Then for s <t

a
SSU ) =X + ij Y/ ($)Wi(s)
JE€Zx

where
X?(s) = —vAU?'(s) — BTy w(s), U (s)) + C(U*"(s), Iy w(s))

— B(R(5), U*"(5)) + C(U?(5), R(s)),
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R(s) = Tyw(0) + /S vAITyw(r) + Mg B(w(r), w(r))dr,
0

Y?(s) = —Bley, U (5)) + C(U (5), ¢)).

Forallt, j € Zi_, we have

(Y7 (). e0) = 2c(j. OB p_ 1 (8) + B (o jy )],
(Y?(5), eg) = w2 (. OB u_ ;1 () — B iy 9],
(Y?,(5), e0) = wc(j, Olsgn(t — HBY_;(s) — BLy ()],
)

(Y] (5), e—e) = =7c(j, O)lsgn(t — NHB_;(5) + BLy ()],

4 A Quadratic Variation Lemma

The following lemma is the main technical result used to prove the existence of
a density.

LEMMA 4.1 Let A be a collection of real-valued stochastic processes such that
there exists a fixed subset Q4 C 2 of full measure such that on Q 4 any element of
A is continuous and has finite first variation.

Fix a finite collection {Wy, ..., Wy} of independent Wiener processes and a

sequence of partitions {s} }}”:(g) with s — s" — 0asn — oo and

Jj+1 J

Ozsi/l S“' SS;’/Z("):[.
Then there exists a fix subset Q' C Q4 of full measure and a fixed subsequence of
partitions {t}’}fgg of (s} };":('6) so that if

N
Z(s) = X(s)+ Y _Yi()Wi(s)

i=1
with X, Yy, ..., Yy € A, then on the set Q'
k(n)

N '
Z |Z(t}) — Z(t;’_l)|2 — Z/(; Y?(s)ds asn — oo.
Jj=1 i=l

To prove this lemma we will invoke the following auxiliary results, whose
proofs will be given after the proof of Lemma 4.1.

m(n)

LEMMA 4.2 Let {W(s) : 0 < s <t} be a standard Brownian motion and {s;?}jzo
a sequence of partitions as in Lemma 4.1. The sequence of measures

m(n)
{ Z(W(S]n) - W(sjl?—l))zss}tl’ n = 17 2’ .o }
j=1

converges weakly as n — oo to the Lebesgue measure on [0, t] in probability.
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LEMMA 4.3 Let {(W(s) : 0 < s <t} and {W(s) : 0 < s < t} be two mutually

independent Brownian motions and {s} };.":('8) a sequence of partitions as in Lemma

4.1. The sequence of signed measures

m(n)
{ Z(W(Sjn) - W(s;l—l))(W(sjn) - W(sjljl—l))a;ﬁ‘;Ll? n = 17 2a L }

j=1

converges weakly to zero in probability as n — oo.

PROOF OF LEMMA 4.1: In light of Lemmas 4.2 and 4.3, since the collection of

Brownian motions is finite, we can select a single set of full measure Q' C Q24 and

a single subsequence of partitions {7} }f(:"g such that the weak convergences given in

Lemmas 4.2 and 4.3 hold on €'. Furthermore, we can assume that on Q' the W, (s)
are continuous and have quadratic variation s. For notational brevity, we will write
t; instead of tj".

Consider the quantity » j |Z(t;) — Z(t;- D|?. If we express it in terms of the X,
Y, and W’s, we note that it contains four types of terms,

D IX @) — X (G-
J

DI )W) = Y)W G-I,
J

D (X)) = XG)) (Y)W () — Y G- W(1-0)),
J
S T(XEHWE) =Y G DOWEG-)) (Y)W @) = Y)W (E-1)).
J
where W and W are mutually independent scalar Brownian motions. The first and
third terms are easily shown to tend to zero on ' as n — o0, since X is of bounded
variation, and X, Y, and W are continuous.
Consider the second term

DY EWE) = Y)W (1)
J
= Y)W () — WD) + Y WX (1) — Y (4-1))°
J J
+2) WY G )W) — W) x (Y () = Y (t5-1)).

j
Again on €', the second and last terms above tend to 0, and

DoY) W) — W) — fo Y (s)>ds
J

on Q' by the convergence given in Lemma 4.2.
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Finally,
Z (YH)WE) = Y)W (@G-)) (Y)W () — Y @)W (5-1))
J
= Z (Y6 D)W (@) = W) + Y (@) — Y)W (@))]
J

x [Yt_ )W) — W(t—1) + (Y (1) — Y(t,-)W(1)]
= Z Y(t;-)Y - )(W(t) — W(ti—) (W () — W(Eti—1)) + &,
J

where ¢, — 0 a.s. asn — 0o. Again by Lemma 4.3, the sum tends to O on ’. [

PROOF OF LEMMA 4.2: For any measure, the fact that u, = u follows from
wn([0,s]) — ([0, s]) for all s € [0, ¢], s rational. From any subsequence of
the given sequence, one can extract a further subsequence such that w, ([0, s]) —
w ([0, s]) for all s rational, 0 < s < ¢ a.s. Hence along that subsequence u, = u
a.s.; hence the whole sequence converges weakly in probability. O

PROOF OF LEMMA 4.3: Write A; W for W(s/) — W(s/_,), and write A; W for
W(s;l) — W(s]fl_l). Note that forall0 <r <s <tasn — 00,

Z A.,WA.,W — 0 in probability as n — oo.
r<s;' <s
Consequently, if f is a step function,
n
Z AWA; Wf(sj’?_l) — 0 in probability as n — oo.

j=1

Moreover, for any two functions f and g

D OAWAW(f(] ) — g(S}’_l))‘
j=1

n 1/2 n B 12
stﬂwwmwjjwwﬂ (wamﬁ :

0<s<t j=1 j—=
and the right-hand side tends to
tx sup |f(s) —g(s)l

0<s<t
in probability as n — oo.
Let now f be a continuous function, and g be a step function. Choose
5=2 sup |£(s) — g(s)|

O<s<t
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We have
IP){‘ Zf(s;l_l)AjWAjW‘ > 5}

. 8
< IP“ Zg(s]'-z_l)AjWAjW‘ > 5}
Jj=1

- - 25
+ P{‘ Z (f(sf_l) - g(s;l_l)) AjWAjW‘ > ?},
j=1

and it follows from the above arguments that the latter tends to zero as n — oo.
Since § can be made arbitrarily small by an appropriate choice of the step function
g, the lemma is proved. O

5 Relation to Brackets of Vector Fields

We now sketch another possible proof of our Theorem 3.1, which brings in
explicitly the brackets of certain vector fields. A vector field over the space IL? is a
mapping from a dense subset of . into itself. We begin by rewriting (1.1) as

qw Nooaw
(0 = Fo(w(®) + ; Fi @),

The diffusion vector fields in our case are constant vector fields defined by
Fi=ek,‘a ISZSNa

where N is the cardinality of Z, and {ki, ..., ky} is any ordering of the set Z,.
Similarly, the drift vector field is denoted by Fy(w) = vAw — B(w, w). In this
notation, (2.2) becomes

ala];d) () + (Vu Fp)*(w(s)U"?(s) =0, 0<s <1,

Ut () = ¢,

where V,, Fy is the Fréchet derivative of F in the I? topology and (V, Fy)* is its

IL? adjoint. If it is well-defined, we define the bracket [ F, G] between two IL? vector

fields F and G as [F, G] = (V, F)G —(V,G) F. (Part of being well-defined is that

the range of G and F are contained in the domain of V,, F' and V,,G, respectively.)
The argument in this alternate proof is based on the two next results.

LEMMA 5.1 Let G be a vector field on 1.? that is twice Fréchet differentiable in the
IL? topology and such that [F;, G1,i =0, ..., N, are vector fields on 1.>. Then we
have

(U"(5), G(w(s))) — (U"?(0), G(w(0)))

N N s
= [ W im, Glwendr + 3 [ 040, 1, Gl o aw;
i=1
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where o means that it is a Stratonovich (anticipating) integral; in Ito-Skorohod
language, it takes the form

s N s
/0 Uy, [Fo, G](w(r)))errZ/o (U (r), [Fi, Gl(w(r)))d W,
i=1

N s
+ 3 [ 59600, R o) + . Glwe) 00t o)
i=1

PROOF: The formula in Skorohod language follows from theorem 6.1 in [27]
via an easy finite-dimensional approximation. Its translation in the Stratonovich
form follows from theorem 7.3 in the same paper (see also theorem 3.1.1 in [25]).

g

We can now prove the following:

PROPOSITION 5.2 Let Qo C 2. Under the same assumptions on G as in the above
lemma,

(U (s), G(w(s))) =0 on the set Qq
implies that

(U["P(s), [F;, Gl(w(s))) =0 a.s. ontheset 2, i =0,...,N.

PROOF: The assumption implies that the quadratic variation on [0, ¢] of the
process {{U"?(s), G(w(s)))} vanishes almost surely on 4. Then from [25, theo-
rem3.2.1],fori =1,..., N,

t
[t Giwen?ds =0
0
a.s. on the set 2, i.e.,
(U (s), [F;, Gl(w(s))) =0 as.onthesetQy, i =1,..., N.
This implies thatfor 1 <i < N,

fsww(r), [Fi, Gl(w(r))) odW' =0 a.s. on the set Q
0

(see definition 3.1.1 in [25]), from which it follows (see the previous lemma) that
(U™ (s), [Fy, Gl(w(s))) =0 a.s. on the set .
O

Now call £ all well-defined IL? vector fields in the ideal generated by the vector
fields Fi, ..., Fy in the Lie algebra generated by Fy, ..., Fy. In other words, at
each u € L2, L(u) consists of Fy, ..., Fy, and all brackets

(.1 [F Fi s - [Fs Fiy DL 1),
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which are well-defined vector fields on .2 where 1 < i; < N, and for j > 1,
0 < i; < N. Iterating the argument in the proposition, we deduce the following
result:

COROLLARY 5.3 Given ¢ € L2, let
Qo := {(M()¢, ¢) =0}
If P(Q2) > 0, then
(¢, G(w(s)) =0 VG e L a.s. on Q.
In particular, ¢ is orthogonal to all constant vector fields in L.

In the case of the stochastic Navier-Stokes equations given in (1.1), all of the
brackets given in (5.1) are well-defined if the ¢, used to define the forcing have
exponentially decaying Fourier components. This follows from the fact that all
of the brackets of the form (5.1) contain differential operators with polynomial
symbols and the fact that, with this type of forcing, on any finite time interval
[0, T] there exists a positive random variable y so that supy 7, [[e”Vw(s)[|* < oo
almost surely. Here [le?Vw]|? = Y, e *l|wy|? where w(t, x) = >, wi(r)e’*™.
See, for example, [19] for a stronger version of this result or [18, 22] for simpler
versions.

Furthermore, in [9] it is implicitly shown by the construction used that the span
of the constant vector fields contains S,,. Thus, under the same conditions as
before we see that the law of arbitrary finite-dimensional projections of w(z) have
a density with respect to Lebesgue measure.

6 Smoothness

In the preceding sections, we proved the existence of a density. We now address
the smoothness of the density. While the former simply required that the projected
Malliavin matrix be invertible, the proof of smoothness requires control on the
norm of the inverse of the projected Malliavin matrix together with “smoothness
in the Malliavin sense.” The following is the main result of this section; however,
it rests heavily on the general results proven in Section 7 as well as some technical
results from the appendices.

THEOREM 6.1 Let S be any finite-dimensional subspace of S, and Il the orthog-
onal projection in 1.2 onto S. For anyt > 0, the law of TTw, has a C* density with
respect to the Lebesgue measure on S.

PROOF: We use corollary 2.1.2 of [25]. Lemma C.1 from the appendix estab-
lishes condition (i) from that corollary, while condition (ii) of the same corollary
follows from the next theorem. [l

The following is a quantitative version of Proposition 3.5. It gives a quanti-
tative control of the smallest eigenvalue of a finite-dimensional projection of the
Malliavin matrix.
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THEOREM 6.2 Let T1 be the orthogonal projection of . onto a finite-dimensional
subspace of So. For any T > 0, n > 0, p = 1, and K > 0, there exists a
constant c = c(v,n, p, | 2|, T, K, I1) and ¢y = €y(v, K, | Z,|, T, I1) so that for
all € € (0, ],

P(,_inf (M(T)$.9) <€) < cexpn|w(O))e’

where S(K, TT) = {¢ € S : llolli < 1, [[TI$]| = K}.

Remark 6.3. Notice that this lemma implies that the eigenvectors with “small”
eigenvalues have small projections in the “lower” modes. The definition of lower
modes depends on the definition of small eigenvalues. This separation between the
eigenvectors with small eigenvalues and the low modes is one of the keys to the
ergodic results proved in [14].

Remark 6.4. Also notice that there is a mismatch in the topology in Theorem 6.2
in that the test functions are bounded in H' but the inner product is in I?. This can
likely be rectified; since the backward adjoint linearized flow J_S*T maps L2 into H'
forany s < T, itis possible to obtain estimates on P((¢, M(T)¢) < €) for ¢ € L%
Just as in the proof of Theorem 6.2, where we exclude a small neighborhood of time
0 to allow w;, to regularize, we could exclude the s in a small neighborhood of the
terminal T to allow UT?(s) = J;*,¢ to regularize.

PROOF: Recall the definition of S, and Z, from (3.1), and let IT, be the or-
thonormal projection onto S,. Since S(K, I1) C S and IT projects onto a finite-
dimensional subspace of S, for n sufficiently large, ||I1,¢| > %K for all ¢ €
S(K, IT). Fix such an n.

We now construct a basis of S, compatible with the structure of Z;, k < n.
Fixing any ordering of Z,, set {f; : i = 1, = |Z,|} = Z,. Clearly {f;}I,
is a basis for Sy. Set Jo = N. By the constmctlon of §, it is clear that S, \ S,_;
is equal to the Span(e; : k € Z) where Z, &ef Z, ﬂ;’;& ZiNZ{. Forn > 1, set
Jo=Jhor+ |2 and {fi i =J,1+1,..., J,} = {ex 1 k € Z)}, again fixing an
arbitrary ordering of the right-hand side. Clearly { f,-}iji1 chosen in this way is an
orthogonal basis for S,,.

Fix some #y € (0, T'). Recall that by Corollary 2.4
. T.¢
P(qsesl?Kf,n)(M(TM’ o) < e) (d)eS(K m Z / (UT2(s), ex)* ds < e)
Let X? and Yj‘/’ be as in Proposition 3.7. For j =1, ..., J,, define

x @) = —<X"’(T 0+ Y YT - t)Wk(T)f,->,

keZ,
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Y00 = (YT =1, f£;), GI(t) = (UTT — 1), f;), and Wi(r) = Wi(T) —
Wi (T —t). Notice thatfor¢t € [0, T]and j =1, ..., J,,

G(t) = (¢, f;) + /0 [xf(s) + Y T,??k<s)v‘vk<s)}ds.

keZ,

Furthermore, in light of the observations in the proof of Lemma 3.6, we see that
this sequence of equations satisfies the assumptions of the next subsection with Jj
as defined above and J = J,. Next recall that U"?(s, x) = Zkezg ﬁ,‘f(s)ek(x).
Combining this, the last equalities in Proposition 3.7, and the argument already
used at the end of the proof of Lemma 3.6, we see that each G;j is a linear combi-
nation of the {Tfk 1i < j, k € Z,} with coefficients that are constant in time.

Below || - [l1.ja.6) and || - || s.[a.6]> TESPECtively, denote the Lipschitz and L® norm
on [a, b]; see the beginning of Section 7 for the precise definitions.

Fixat € (0,7T) and set T} = T — ¢t. Bounds, uniform for ¢ € S(K, I),
on the p moments of the L> norm and Lipschitz constants of x f and Tfk over
the interval [0, T7] are given by Lemma E.2. (Recall that these processes have
been time reversed.) Hence given any p > 1, ¢ > 0, and n > O, there exists a
c=cn,q,p,t,v,&,T) > 0so that for any € > 0 if one defines

61 )= [ {sup(lx]lor 1T don) <€},
$eS(K, ) k.j

then the estimate P(2, (€, ¢)¢) < cexp(n||w(0)|>)e” holds.

Next Corollary 7.3 and Proposition 7.1 state that there exist g = ¢(|S]|, N)
and €g = €o(T, 2], |S|) so that for all € € (0, €] there is a 2;(¢) so that for all
¢ € S(K, IT) one has

T
(6.2) { sup / |G?’(s)|2ds < €; sup sup |G?’(s)| > eq}
i N Jo i=1,....Jy s€[0,T1]

N Q(e, q) C Rs(e)

and P(2:(¢)) < ce’ forall p > 1 and n > O witha ¢ = (T, | 2|, |S], p, n, v).
Notice that because of the uniformity in (6.1), 2;(e) does not depend on the se-
quence of G’s. Since sup;.z, ftT(UT*‘l’(s), ex)*ds = sup;,_, _y fOT‘ |G?’(s)|2ds
and sup,cgo 7] |G?s ()] = [KUT?, fi)llso.ir.7 the inclusion given in (6.2) becomes

T
(6.3) {sup / (UT(s), ex)?ds < €; sup ||<UT’¢,ﬁ>||oo,[t,n>eq}
keZ, Jt i=1

C Q(e) URy(e, 9)°

for all € € (0,¢]. Since (UT?(T), f;) = (¢, f;), by the choice of the sub-
space S, one has sup; [({U?, fi)lso.ir.1 = K/(24/J,). Thus for € € (0, ¢y A
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(K /[24/7,1)/9] one has €? < K /(2+/J,), which transforms (6.3) into

t

T
{ Z/ (UT2(s), ex)? ds < e} C Q:(€) U Qy(e€, q)°.
keZ,

Since ¢ is an arbitrary direction in S(K, IT), and £2;(¢) and €2, (¢, q) are indepen-
dent of ¢, we have

T
i T.¢ 2 —
st Z [ vt <] -

Z*
T
U { Z/ (UT2(s), ex)? ds < e} C () U (e, q)° .

peS(K,I) L kez, V!

In summary we have shown that for any p > 1 and n > 0, there exists ¢ > 0
so that the above inclusion holds and a ¢ > 0 so that P(Q2;(€)) + P(2, (€, ¢)°) <
cexp(nllw(0)[|*)e”. O

7 Controlling the Chance of Being Small

This section contains the main estimate used to control the chance of certain
processes being small when their quadratic variation is large. The estimates of this
section are simply quantitative versions of the results of Section 4. There are also
the analogues of results used in the standard Malliavin calculus as applied to finite-
dimensional SDEs. There the estimates were developed by Stroock [31] and Norris
[24]. Here we do not have adapted processes. Instead, we exploit the smoothness
in time to obtain estimates.

For the entirety of this section, we fix a time T and consider only the interval of
time [0, T']. For any real-valued function of time f, define the «-Holder constant
over the time interval [0, T'] by

(s) — f(r)
(7.1) Ho(f) = sup LI
5,r€f0,T] ls —rl
O<|s—r|<1
and the L norm by
(7.2) [ fllo = sup [f(s)I.
5€[0,T]

We also define || fl, = max(|| f oo, He(f)). At times we will also need versions
of the above norms over shorter intervals of time. For [a, b] C [0, T] we will write
Heta.b1(f)s || flloo,ia,b1s and || flle[a,5) for the norms with the same definitions as
above except that the supremum over [0, T'] is replaced with a supremum over
[a, b]. We also extend the definitions of the Lipschitz constant in time H,(f)
to functions of time taking values in > by replacing the absolute value in the
definitions given in (7.1) and (7.2) by the norm on L?. Similarly, we extend the
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definitions He, (4.61(f), || flloo> and || f |lco.[a.5] to functions of time taking values in
L2.

7.1 A Ladder of Estimates

Foreach1 < j < J, let {Wi(’ )= 1,..., N} be a collection of mutually
independent standard Wiener processes with W;(0) = 0 defined on a probability
space (2, F, P).

We say that the collection of processes G = {GY)(t,w) : 1 < j < J} forms a
ladder of order J with base size J if first 1 < Jy < J and

. 1 .
G, w) = Ggf>+/ HY(s, w)ds
0

N
H (s, 0) = XD (s, w) + ZK('i)(S)Wi('/)(S,w)
i=l
where j =1,...,J <ocoand w € Q2.

Second, we require that for j greater than Jy, the G'/) are determined by the
functions at the previous levels. More precisely, for each j with j > J, there
exists an integer K = K (j), a collection {g(¢) : k = 1,..., K} of bounded,
deterministic functions of time, and a collection {f;(t,w) : kK = 1,..., K} of
stochastic processes with

(7.3) fiey", xO. 6™ 1<i<N 1<l<j—-1l1<n<j—1}

so that
K

GV(tw) =) &) filt.w) as.

k=1

This assumption can be restated by saying that, for j > J;, G must be at each
moment of time in the span of the preceding X, Y, and G. And furthermore, the
coefficients in the linear combination producing G must be uniformly bounded
on [0, T'].

It is important to remark that we do ot assume that the ¥\’ or X) are adapted
to the Wiener processes. Typical assumptions regarding adaptedness will be re-
placed with assumptions on the regularity of the processes in time.

The goal of this section is to prove that under certain assumptions, if the first
Jo of the GY) are small in some sense, then all of the X, Y, and remaining G are
also small with high probability. The ladder structure connects the j level with
the other levels.

Fix a time 7 > 0. For any choice of the positive parameter A define § = A%/3,
Fork =0,1,...,define t, = kA A T. For each fixed k, define s, (k) = (t; + £5) A
tipr for € =0, 1,.... Set 8% = sp(k) — so_1(k) and 85 f = f(s¢(k)) — f(se—1(K)).
Lastly, define m = inf{k : t, = T} and M (k) = inf{¢ : s,(k) = t;+,}. Notice that
A2B=A/§<Mk)<A/§+1=A"+1forallkandm < TA™' + 1.
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Define the following subsets of the probability space €2:

M) |, okvir 2
1 8, W; 1
Q.(A) =1 inf inf Z(@k)f—’
O<k<m 1<i<N M (k) P 8[ 2
MK |, o k 3/14
1 (0, Wi (8, W)) A
@A) =1 sup  sup o) 3 s S,
o<k=m ¢ jyet,...ny2 MK) =1 8 3N
i#]
1
Qc(A) =1 sup [[Willis > A_ﬁ}v
1<i<N

Q(e) = Qa (€)Y U Qp(e'73) U Q. (¢'%73), and finally

J
Q:(e) = | (™).
j=1

The following bound follows readily from Corollary 7.11 and Lemma 7.12 in Sec-
tion 7.4.

PROPOSITION 7.1 For any p > 1, there exists a constant ¢ = c¢(T, J, N, p), in
particular independent of €, such that

P(Q:(e)) < ce?.

The next key result in this section is the following proposition, which shows
why the previous estimate is important:

PROPOSITION 7.2 Fix a positive integer J and for g > 0 define

Q.G €) = { sup (IXON0, 1y 1) < e‘f},

l<j=<J
1<i<N

Q(G.e) = { sup GVl < €5 sup (IXD oo, 17, oo, 16 0) > eq} :
l<j=Jo l<j=<J
1<i<N
Then there exists positive constants qo = qo(J) and €y = €o(T, J, N) so that for
any € € (0, €, g € (0, qol, and ladder G = {GY) : 1 < j < J} of order J with
base size Jy less than J,

Q,+(G. €) N Q,(G. €) C Qu(e).

In words, this proposition states that if the first Jy of the GV are small and all
of the quantities | X ||, and || Yi(])llll are not too big, then it is unlikely that the
remaining G are big.

PROOF OF PROPOSITION 7.2: The idea of the proof is to iterate Lemma 7.5
. . K(j -
below. Begin by setting g, = sup; Zk:({) |8k|oo- Now define €g = €y = € and for
. ~1/151 = 151/152
Jj > ldefinee; = €., € =g

j . With these choices, €, < €; < €11 <
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€j+1. We also choose g sufficiently small so that €, < €? for € € [0, 1) and
q € (0, go]. Define the following subsets of €2:

A() = 24:(G.€) N QG )N sup (IXV oo, 1YV l00) < €11 forl < ji},

1<i<N

AT(N=A) NG o <& < €y forl < j+ 1},

: j j ~1/151
B(j) ={ sup (IXV oo, 1Y) > &7 = €11},
I<i<N
C(J) = 2(G. ) N{IGV ]l < &;
j j ~1/151
sup (1Xloo, 1Y, llo0) > &7 = €11},
1<i<N

First notice that since € < €4 for € € (0, 1] and g € (0, gol, the event

[ sup 1G]l <€; sup |GV |0 > €7}
1<j=<Jy 1<j=<Jy

is empty. Hence

j j () [4
2,0, ={ sup 16V1n <€ sup (IXV ooy 1Y 1o 1Gc) > €7 .
l=j=<Jo l=j=J
1<i<N
Jo<t<J

Next note that for any j > Jj, because GV () = Z,le gr(®) fr(t), we have
1GP oo < g sup; || fxlloo- Here the f; are from earlier in the ladder in the sense
of (7.3). Hence for any j, we have that if

sup (1IXloos 1Y oo, 1GP |0o) < €41 forl < j —1,

1<i<N
then [GYV|l < gu€; < 6;5]/152 = ¢; for € sufficiently small. Restricting to €
small enough so that g.€; < 6;51/152 forall 1 < j < J implies that AT (j) = A(j)

foralll1 < j < J.

Next observe that A(j)NB(j+1)° = A(j+1) and hence AT (j)NB(j+1)¢ =
AT (j + 1) for e sufficiently small. Iterating this observation, with the convention
AT(0) = Q4.(G,€) NQ,(G, €), we obtain

AT(0) = [AT(0) N B TUIAT(0) N B(1)]
= AT (1) U[A*(0) N B(1)]

=[A*(1) N BQ)TUIAT(1) N B(2)]U[AT(0) N B(1)]
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=ATQU[AT() N BR)JU[AT(0) N B(1)]
J—1
=AU AT G)nBG + D1

j=0
Since g was picked sufficiently small so that €, < €9, we observe that AT (J) is
empty since on A*(J)

i ) 1
sup (I X Noos 17 loos 1G P l00) < €741

1<j<J
1<i<N j ) l
ey <€? < sup (X0, 1Y [loos 1GPl0),
1<j<J
1<i<N
Jo<Il<J

which cannot be satisfied.

Recall that Q. (¢) = UjJ:l Q(). Let Q,(HY), &) be the set defined below
in Lemma 7.5. For all ¢ sufficiently small, ©2,.(G,€) C Q;(H(D,éj) for j =
1,...,J + 1. Decrease gg so this holds. With this choice Lemma 7.5 implies that
C(j) C Qé(éj). Since clearly A*(j) N B(j + 1) € C(j + 1), combining all of
these observations produces

J J
Q:(G. )N 2 (G.e) = AY0) c | () c | @) = Q.

j=1 j=1

O

Lastly, we give a version of the preceding proposition that begins with L? esti-
mates in time on the {GY) : 1 < j < Jy} rather than L* estimates.

COROLLARY 7.3 Fix T > 0. For any £ > 0, define

Qq,f(gv 6)

T

j ¢ . i ()] j

={ sup / GV ()" ds < € sup (IX oo, 1Y lloos ||G<f’||oo)>e‘1}.
1<j<Jo JO I<j=<J
1<i<N

There exist positive constants q = q(J, £) and €y = €o(J, T, N, £) so that for all
€ € (0, ¢]
Q44(G,€) N Q2 (G, €) C Qs(e).

PROOF: We begin by translating the bound

T
sup f |G (s)|"ds < €
0

I=j=Jo

into a bound of the form SUpi <<y, 1GP o < €? for some B € (0, 1).

Notice that
/ HY(1)dt

r

GV () = GV ()] = <ls = rl1H llo.
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Without loss of generality we assume g < ﬁ. Hence on

Q,+(G, €) N {sup [ W;]lo > € /17y
we have

N
IH oo < 1XDlloo + D IV ool W o < €710 4 N7
i=1
< (N + De V7.
In other words, H{(G) < (N + De V" on Q,.(G, €) N {sup; | Wi |l > €~ 1/139},
Then Lemma 7.6 below implies sup;_; |G oo < (2 4+ N)e® < €' for € suffi-
ciently small where

7401 1
Po= 5174 Pi=aive
Now notice that Q,(G, €’') C Q.(G, €) because B; < 1. Hence the result follows
from Proposition 7.2 and the fact that {sup; || Wil > € /150} C Q;(e). O

7.2 The Basic Estimates
Let

G() =Gy —i—/ H(s)ds.
0

Now let H (s) be any stochastic process of the form

N
(7.4) H(s) = X(s)+ ) Yi($)Wils) £ X () = Z(s)

i=1
where X (s) and Y;(s), ..., Yy(s) are Lipschitz-continuous stochastic processes
and {Wi(s), ..., Wy(s)} are mutually independent, standard Wiener processes

with W;(0) =0,1 <i < N.
Next, given € > 0, define the following subsets of the probability space:
Qu(H, €)= { sup (IYillo) < €% sup (Hi(Y), Hi(X)) < €/},

I<i<N I<i<N

(7.5) ) -
Q(H, €)= { sup (IXlli. I¥:lh) < /™).
1<i<N
LEMMA 7.4 Let€ > 0. Assume Hy(H) < ce™Y for some fixeda > y > 0. Then
G llso < € implies || H oo < (24 ¢)e@1)/(+e),

PROOF: For any s € [0,¢], let r; < s < r; such that r, — r; = e(+7)/(+a)
Notice that, by the assumption, H(r) > H(s) —ce 7 |ry —r|* for any r € [ry, 3].
Hence we have

2¢ 2 G(rn) —G(n) = /rz H(r)dr = |ry — ri|(H(s) — ce "[ra — r|%).
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Rearranging this gives

H(s) < +ee Vi —r|* = (24 c)eTra.

"=l
The same argument from above gives a complementary lower bound and completes
the result. g

Next, we have the following result:

LEMMA 7.5 There exists a €y = €o(N) so that for every € € (0, €] and stochastic
process G(t) of the form given above, one has

Q(H, &) N {IIGlloo < € sup (I Xlloos 1¥illoo) > €/} C Qp(e).

1<i<N

PROOF: The result will follow from Lemma 7.9 of the next subsection after
some groundwork is laid. As before, set A = €'%7> and recall that by definition
Ql(e) = Q,(A) ULp(A)UL.(A). Then notice that Hy/4(f) < Hi(f), Hija(f +

8) < Hiya(f) + Hija(g), and Hyya(fg) < Hija(@flloo + Hia(f) gl for all
functions f and g. Hence on Q.(A) N Q. (H, €)

Hia(H) < Hi(X) + ZHI(YI')”Wi”oo + Hia(W)lYilloo

<e V0 LoNe VP < (142N)e VP,

Hence by Lemma 7.4 one has that on .(A)° N Q,(H, €), |Gl < € implies
|Hlloo < (1 +2N)e” 35 < A = €'/ for all € sufficiently small. Next observe
that because A = €'4/73, Q. (H,e) C Q*(H, A) where Q*(H, A) is the set that
was defined in equation (7.5). In light of this, Lemma 7.9 implies that

(7.6) QL(H,e) N{[Glle < € sup [|Yilloo > €/} C QL(e).

Now on

QA NQUH. ) N{[|Gllw < €r5up Vil =< €7},
one has that |[X [loc < [|H [loc + X ¥illooll Willoo < €475 + Ne'/3¢=1/1%0, which
is less than €!/1>! for € sufficiently small. Hence

QA NQH, &) N{IIGlloo < € sup[Villoo < €/} N {IIX N0 > €/}

is empty. Combining this observation with (7.6) implies

QL(H,e) N{lIGlloo < e} N[{sup [I¥illow > €/} U{IIXllow > €/P1}] € Qi(e).
l

Since {sup; [|Y;|lco > e/ ¢ {sup; IYilloo > €!/73}, the proof is complete. O

LEMMA 7.6 For any € > 0 and ¢ > 0, fOT |IG(s)|*ds < € and Hy(G) < ce™
imply |G lloo < (1 + c)e@ V/(+te),
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PROOF: By Chebyshev’s inequality for any 8 > 0, we have A{x : |G(x)| >
€} < €'=% where X is Lebesgue measure. Hence ||G|lo < € + ce1=Poe7,

Setting 8 = f:[’; proves the result. O

7.3 The Main Technical Estimate

Let H(s) be as in (7.4) from the preceding section. Define the following piece-
wise constant approximation of the Z from the definition of H:

N
(1.7) Z*(s) ==Y Y ()Wils)
i=1
where Y*(s) = ZZ’ZI 1;,(s) sup,;, Yi(s) and 1, is the indicator function of the set
Iy = [fi-1, 1)
For any k and process ¢ (s) defined on [#;_1, #], we define the §-scale quadratic
variation on [#,_1, #;] by
M (k)
Qu(0) = Y I8¢
=1
LEMMA 7.7 On Q*(H, A)NQ(A) foranyk =1, ..., m, we have the following
estimates: Qr(X) < 2A'"*2 and Q1(Z*) < 204(Z) + 4N?*AP/2. Moreover, on

Q.(H, A) N Q(A) N {sup,e; [H(s)| < A}, Qu(Z) < 204(X) + 8A*/3 + 8A?
and Qx(Z*) < (40 +4N2)AP/21,

PROOF: For brevity, we suppress the k-dependence of M (k) and s,(k). The
first inequality follows from

M
Qu(X) = [X(se) = X (se—)
=1
M
< Z[SA—I/%]Z < M(SZA_I/M — (A—23 + 1)A10/3A_1/14
=1

[8A71/28]2 < M82A71/14 — A109/42+A139/42 < 2A109/42.

To see the second implication, first notice that

M
Qu(Z*) <> (2A1Z*(se-1) = Z(se—D)| + |12 (s0) — Z(s0) 1
=1
+2(Z(se1) = Z(s0)P)
M—1 M

<201(Z) +4 ) [Z7(s0) — Z(s)P +4 ) _[Z%(s0) — Z(s0)T.

=0 =1
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Next note that
M N

M 2
Dz s0) = ZsP <) [Z[Yi (s¢) — Yi*]Wi(Sz)}

(=1 =1 *i=1
N & N2 N2
< A_1/7— Iz 28 < —A20/7 — —A25/21
- 8 22:1:( )8 < 34 3

and similarly
M-1

2

Y1260 — Z6oF = S at

£=0

Combining this estimate with the previous gives the second result.
The third result follows from H(s) = X (s) — Z(s) and

M
Qx(2) =Y [Z(se) — Z(se-)T

=1
M

< Zzﬂz(se) — X ()| 4+ 1Z(s0-1) — X (se—D|1* + 2[X (s¢) — X (se—1)]?
=1

A
< 8A’M +20:(X) < 8A2<§ + 1) + 20k(X).
Lastly, combining the three previous estimates produces the final estimate. g

To aid in the analysis of Y*, consider a general process of the form

N
()= ai(s)Wi(s)

i=1

where the W; are independent standard Wiener processes and the a; (s) are constant
on the intervals I; = [(k — 1)A,kA) for each k = 1,...,m. As before, for
k=1,...m, we define

M) , N 2
0k(¢) = Z(Z a,-(se<k>>8ifw,-> ,

(=1 “i=l

where s, (k) and (Sﬁf are as defined at the start of Section 7.1. Notice that if we define

M (k) . ) M (k) R R
U=>a'> (85w, V= > ag Y (5iw) (8 w;),
i=1 =1 (,',J')e'{;_'“,N}Z =1
i#j

where a; = a;((k + 1)A) and 8§ f = (85 f)/,/55, then Oy (¢) = H U+ V).
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LEMMA 7.8 Foro > 8, A € (0,678 andk =1,...,m,

{o(©) < A% A“l“ <suplai| < A7VF} C Q.(A) UQy(A)

PROOF: First notice that because 8 < o and A < 677/70=8) Ao _ %Agﬂ <

7
—%Asﬁ, SO

[0:(0) < A% AV < supla;| < A/

i

A 1
——U < =AY, sup la;| > AV
M (k) 2

A 1
Uf——V < A — —AY . supla;| < A7V
M (k) 2 i

A 1
——U < =AY, sup la;| > AV
M (k) 2

A
Ufy——1 V| > A8/7 sup|a,| < AT1/28
M (k)

Now
1 M (k)
{U < 5A‘”M(k); sup |a;| > A‘/“‘} {mfz (3w;)? < M(k)} C Q2,(A)

and

1
{|V| > §A‘”M(k); sup |a;| < A‘/ZS}

Mk 1/7
- {sup la;| |a;| Z > Sz M suplail < A—WS}
@,j) — i
i#]j
M) 3/14
C {sup Z RAAIADIE e M(k)} C Qp(A).
(l;éj)
i#]

The following result is the main result of this section:

LEMMA 7.9 Forall A € (0, (40 + 4N?)~*] and all stochastic processes H(s) of
the form (7.4)

Q.(H, ) N {[|Hllow < Assup [YVillw > A} C Qu(A) UQy(A) UQ(A).
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We will prove this result by showing that on Q.(H,A)as A — 0, if

sup |[H(s)] <A and sup sup |Yi(s)| > AV
5€[0,T] i s€[0,T]

then the approximate quadratic variation of the Wiener processes at the scale ¢ is
abnormally small or sup; ||W; || > A™Y2.

PROOF OF LEMMA 7.9: From the last estimate in Lemma 7.7, we have that on
Q.(H, AMNQ(A)Nsup,.;, [H(s)| < A}, Qk(Z¥) < (A0+4NH) AP < AP/
for A € (0, (40 + 4N?)~*?]. Here Z* is the approximation defined in (7.7). Now
Lemma 7.8 with o = % (> %) implies that

(7.8) (M) NQ(H, A) N {sup|H(s)| < A;supsup|Y;(s)| > A/}

sely i sely

C 2,(A) U,(A)

forallk =1,2,...,and A € (0, (40 + 4N?)~#].
Continuing, we have that

Qe(A) NQUH, ) N {1 Hlloo < A;supllY;llee > AV

C U {sup |H(s)| < A;supsup|Yi(s)| > AV} N Qu(H, A) N Q(A)

k=1 sel i sely

C 2,(A) UQ,(A)

7.4 Estimates on the Size of ,, 2;, and €2,

Since the events described by 2, and €2, are simply statements about collec-
tions of independent standard normal random variables, the following two esti-
mates will give us the needed control:

LEMMA 7.10 Forc € (0,1) and M > & settingy =c—1—1In(c) >0

M
1 1

P(an SCM) < exp (——yM)
= M 2

M M ,
~ ~ C
P( D] = CM) = 2P< > " mefie = CM> <2exp <—ZM)
=1 =1

where {ng, n¢} are a collection of 2M mutually independent standard N (0, 1) ran-
dom variables.

PROOF: Notice that )" 1?2 is distributed as a x> random variable with M
degrees of freedom. Hence we have

M 7—M)2 cM

P n? < cM) = xM21e=x/2 gx
(Z ‘ F(M/2) Jo

=1
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Since ¢ < 1 and M > %, the integrand is bounded by (cM)™/*~! exp(—c2).
Combining this with F(M) > «/J'rM(M)M/2 implies that

M M2

(Zn <cM> (cM)M/zexp (—c E)
¢ ’—M )

\/;_M exp <7[—c + 1+ ln(c)]).

Noticing that —c + 1 + In(¢) < O for ¢ € (0, 1) finishes the proof of the first
statement.

For the second, note that for A € (—1, 1), Eexp(Ane7e) = (1 — A?)~1/2_ Hence
for A € [0, 3],

z 1
P(Z Nete > cM> < exp (—ch + 5|1n(1 — ,\2)|M>

=1

=

< exp(—AcM + 2> M).
Taking A = 5 gives the result. O

COROLLARY 7.11 For A < 1 AT,
2T N 1
P(Q.(A)) < =——A7?3 —— A3
(£2,(A)) = N exp( 20
1
2 -1 —19/42

In particular, if y = min(—, <) then

3N2’ 20
_ A72/5
P@,(8) Uy (a)) < 87N TRTE D)
PROOF: First observe that the {S’g W;} are independent N (0, 1) random vari-
ables. Since

m < % +1,and A™23 — 1 < M < A2/, the first result follows from Lemma
7.10 and bounding the previous expression by the sum of the probability of the sets
on the right-hand side.

Proceeding in a fashion similar to the first estimate, the second bound follows
from
M)

> Giwi) (5iwy)| =

=1

A3/14M(k)
3N? '

wcl U |

k=0 (i, jye{l,....N}?
i#]
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Combining the first two estimates gives the last quoted result. O

LEMMA 7.12 Forany p > 1 there existsac = c(p, N, T) so that P(Q2.(€)) < ce’.

PROOF: It is enough to show that E||W;||% < ¢(T,y) and E[H14(W))Y] <
c¢(T,y) for any y > 1. The first follows from Doob’s inequalities for the con-
tinuous martingale W;(s). The finiteness of the moments of the modules of con-
tinuity of the Wiener processes is given by theorem 2.1 [29, p. 26] and the ob-
servation at the top of page 28 in the same reference. Together these imply that

1

E[H,(W;)”] < oo forall y > 0 as long as o € (0, %). Since @ = 7 in our setting,

the proof is complete. O

8 Strict Positivity of the Density

We will now give conditions under which for any # > 0 and some orthogonal
projection IT of .2 onto a finite-dimensional subspace S, the density p(t, x) of the
law of ITw(¢) with respect to Lebesgue measure on S satisfies

(8.1) p,x) >0 forallx € S.

Our proof will make use of a criterion for strict positivity of the density of a ran-
dom variable, which was first established in the case of finite-dimensional diffu-
sions by Ben Arous and Léandre [4]. It was then extended to general random
variables defined on Wiener space by Aida, Kusuoka, and Stroock [2]. We fol-
low the presentation in Nualart [26]. However, there is one major difference be-
tween our case and the classical situation treated in those references. As noted
at the start of Section 2, our SPDE can be solved pathwise. This means that
the Wiener process W (t) = (Wi(#))rez, can be replaced by a fixed trajectory

in Qo4 & C ([0, t]; R?+). Hence, we do not really need the notion of a skeleton.
Because of this we can prove a result that is slightly more general than usual in that
our controls need not belong to the Cameron-Martin space.

Let Q € L(R?;1L?) be such that if {gi, k € Z,} is a standard basis for R?*,
then Qg = e;.

The main result of this section is the following:

THEOREM 8.1 Assume that Soo = L. Lett > 0, and let T1 be an orthogonal
projection of L? onto a finite-dimensional subspace S C Ss, = IL>. Let x € S be
such that for some 0 < s < t and all w € L? there exists H € C([s, t]; R®*) such
that the solution of

8.2) aaer )+ Bw ), w ) =vAawi (r) + Q%—?(r), r>s,

wf(s) = w,

satisfies TIw™ (t) = x. Then the density p(t, ) of the law of the random variable
IMw(¢) satisfies p(t, x) > 0.
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Note that equation (8.2) makes perfect sense even when H is not differentiable

in time. To see this, define w" (s) &l ot (s) — Q H (s) and note that the equation for
w# (s) is a well-known type of equation to which existence and uniqueness results
apply (cf. [6, 13]).

COROLLARY 8.2 Let I1 be any orthogonal projection of > onto a finite-dimen-
sional space. If Soo = 12, then the density p(t,-) of the random variable TTw(t)
satisfies p(t, x) > 0 for all x e TIL?.

PROOF OF COROLLARY 8.2: The results almost follow from the published ver-
sion of theorem 9 in Agrachev and Sarychev [1], which states that under some
assumptions for any s € (0, #), the controllability assumption of Theorem 8.1 is
satisfied with a control H € W!>(s, t; R?*). The increasing family of sets that
describes the way the randomness spreads is slightly different from the S,,. Further-
more, they do not state the result for arbitrary projections but only for the span of a
finite number of Fourier modes. However, in private communications, the authors
have verified that the sets S, may be used and that an arbitrary finite-dimensional
projection may be taken. As an aside, Romito [30] has proven this formulation of
controllability of the Galerkin approximations under our assumptions. O

Remark 8.3. It is worth pointing out that the exact controllability of the projections
is far from the exact controllability in all of IL?. In fact, the latter does not hold
with smooth-in-space and L?-in-time controls. This would imply that the density
was supported on IL2, which is not true as its support is contained in functions that
are analytic in space [18, 19].

The rest of the section is devoted to the proof of Theorem 8.1. Our proof is
based on the following result, which is a variant of proposition 4.2.2 in Nualart
[26].

PROPOSITION 8.4 Let F € C(S20.11; S) where S = L2 is a finite-dimensional
vector space such that H — F(H) is twice differentiable in the directions of
H' (0, t; R?*), and there exist DF(-) € C(Qo.5; [L*(0,t; S)]%*) and D*F(-) €
C(Qo.; [L*((0, 1)%; $)1%+*Z+) such that for all j, € € Z, and h, g € L*(0,1; R),

d .
EF(H +€/(; qjh(s)ds)

2

d . .
p d(SF(H —i—e/o gjh(s)ds +8/0 qgg(s)ds>

= / / D? ., F(H)h(s)g(r)ds dr.
0 JO

t
= / DJ’SF(H)h(S)dS,
€=0 0

€=
§=0

We assume, moreover, that

(8.3) H v (F(H), DF(H), D°F(H))



MALLIAVIN CALCULUS AND THE NAVIER-STOKES EQUATION 1777

is continuous and locally bounded from Q2o ;1 into
S x [L*(0, 13 )7 x [L*([0, 1% $)]7*5,

and that there exists H € Qo.n such that F(H) = x and

(8.4) det < > f Dy F'(H)Dy (F’ (H)ds) > 0.
0

keZ,
Then, if the law of F(W) has a density p(t, -), p(t,x) > O.

PROOF: Since the proof is almost identical to that of proposition 4.2.2 in [26],
we only indicate the differences with the latter proof.

In this proof, H is one specific element of (o, satisfying F'(H) = x and (8.4).
Let h;(s) = D.,F/(H), j € Z,. Clearly, h; € L*(0,t; R**). For each z € R?*,
let

(WO =EWH+ Y z,-f hj(s)ds
jez. v0
and
gz, W) = F(T:W) — F(W).

From our assumptions, for any W € Q. g(-, W) € C?(B;(0); R?+), and for
any B > 1, there exists C(8) such that

Wl = C(B) = lIgC-, Wllc2,00) = B>

def )
where || W ||l co s = Supy<s<, |W(s)l|, and the notation B, (0) stands for the open ball
in RZ* centered at 0 with radius «.
Assume for a moment that in addition

1
detg’'(0)] > —.
Ieg()l_}3

It then follows from lemma 4.2.1 in [26] that there exist cg € (0, é) and §g > 0
such that g( -, W) is diffeomorphic from B, (0) onto a neighborhood of Bs, (0).

We now define the random variable Hg, which plays exactly the same role in
the rest of our proof as Hg in [26] but is defined slightly differently. We let

Hp = kg(IW lloo,)ets (Idet(DF (W), DF'(H))]),

where (-, -) denotes the scalar product in L?(0, t; RZ+); kg,ag € C(R; [0, 1]),
kg(x) = 0 whenever |x| > B, and kg(x) = 1 whenever |x| < 8 — 1; ag(x) =0
whenever |x| < % ag(x) > 0 whenever |x| > % and ag(x) = 1if |x| > %

The rest of the proof follows exactly the argument in [26, pp. 181-182]. We
only have to make explicit the sequence T/, N = 1,2, ..., of absolutely continu-

ous transformations of 2o ,; equipped with Wiener measure, which is used at the
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end of the proof. For N = 1,2,...,1ettiN = iN’,O < i < N. We define

(TEW)(t) = W) + /0 (Hy(s) — Wy(s5))ds,

where
N-1 N N
) HN)—H@Y )
Hy(s) = Z] T Lpn v (9,
N-1 N N
. W) — Wty
WN (S) = Z th — tilzl l[tiN‘ti]YH)(S).

i=1
For any W € Qo}, as N — o0,
sup [(T/W)(s) — H(s)| — O.

0<s<t

Hence, by the continuity of F and D F, we also have
F(Ty'W) — F(H),
DF(T\!W) — DF(H),

and moreover
lim supP(|TW Wlle, > M) = 0.
M— o0 N

This provides exactly the version of (H2) from Nualart, which is needed here to
complete the proof. 0

All that remains is to prove the following lemma:

PROPOSITION 8.5 Under the assumptions of Theorem 8.1, if F = Tlw(t), there
def

exists H € Qo such that F(H) = Nw? (t) = x, and (8.4) holds.
PROOF: Let s € (0, t) be the time that appears in the assumption of Theorem
8.1. Since S, = L2, it follows from (3.2) that

P( () (M ()¢, ¢) > 0}) =1

peH!

$£0
We choose an arbitrary Brownian trajectory W in this set of measure 1. We then
choose, according to the assumption of Theorem 8.1, an H, € Qo satisfying
H.(s) = 0 such that the solution {w*(r) : s < r < t} of (8.2) with initial
condition w (s) = w(s; wy, W), the value at time s of the solution of (1.1) cor-
responding to the trajectory W that we chose above, satisfies [Tw (1) = x.

It remains to show that condition (8.4) is satisfied, with H € Qo defined by

_|wao, ifo<r<s,

H(r) = .
W(s)+ H.(r), ifs <r <t.
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We shall write
w(r, W), if0<r <s,
wlry=1", .
w@r), ifs<r=<t.
All we need to show is that for any fixed ¢ € S, ¢ # 0,

Zf (D, w (1), )2 dr > 0.
0

keZ,
Note that
t s
> [ uwto.erar= Y [t o.02
keZ, 0 keZ, 0
-y / (D (5), U ()2 ds,
keZ, 0

where {U"?(s), 0 < s < t} solves the backward equation (2.5) associated to the
corresponding w trajectory, and the last identity follows from Proposition 2.3. In
view of our specific choice of W, since from Lemma B.1 U’ % (s) € H', it suffices
to check that U"?(s) # 0. This follows from “backward uniqueness” (maybe we
should say “forward uniqueness” since the U"*¢ equation is a backward equation!);
see theorem 1.1 in Bardos and Tartar [3], whose assumptions are clearly verified
by the U"?(-) equation (2.5). Specifically, since if ¢ = 0, then U"?(s) = 0
for all s < ¢, one knows that no other terminal condition ¢ at time ¢ can lead to
U?(s) =0fors <t. O

9 Conclusion

We have proven under reasonable nondegeneracy conditions that the law of any
finite-dimensional projection of the solution of the stochastic Navier-Stokes equa-
tion with additive noise possesses a smooth, strictly positive density with respect
to Lebesgue measure. In particular, it was shown that four degrees of freedom are
sufficient to guarantee nondegeneracy.

It is reasonable to ask if four is the minimal size set that produces finite-dimen-
sional projections with a smooth density. The nondegeneracy condition concen-
trates on the wave numbers where both the sin and cos are forced. Since this
represents the translation-invariant scales in the forcing, it is a mild restriction to
require that whenever either of the sin or cos of a given wave number is forced,
then both are forced. Under this assumption, forcing only two degrees of freedom
corresponds to forcing both degrees of freedom associated to a single wave num-
ber k. It is easy to see that the subspace {u € > : (u, sin(j-x)) = (u, cos(j-x)) =
0 for j # k} is invariant under the dynamics with such a forcing. Hence if the ini-
tial condition lies in this two-dimensional subspace, the conclusions of Theorem
1.1 fail to hold. See [14] for a more complete discussion of this and other cases
where the nondegeneracy condition fails.
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We have concentrated on the two-dimensional Navier-Stokes equations forced
by a finite number of Wiener processes. However, there are a number of ways
one could extend these results. The choice of a forcing with finitely many modes
was made for simplicity in a number of technical lemmas, in particular in Section
7.1. There appears to be no fundamental obstruction to extending the method to
the cases with infinitely many forcing terms if the covariances satisfy an appro-
priate summability condition. In addition, the methods of this paper should apply
equally to other polynomial nonlinearities, such as stochastic reaction diffusion
equations with additive noise. In contrast, handling nonadditive forcing in a non-
linear equation would require nontrivial extensions of the present work. Since in
the linearization, stochastic integrals of nonadapted processes would appear, it is
not certain that the line of argument in this paper would succeed.

Appendix A: Estimates on the Enstrophy

Define & = ) ;. z, llex |> where the ¢; were the functions used to define the

forcing in (1.3). In general, we define the oM spatial moment of the forcing to be
o =D se z, |k|?*||ex||>. With this notation, we have the following estimate:

LEMMA A.1 Given any € € (0, 1), there exists a y = y (€) such that
IP’{ sup [lw(s)[* + 261}/ lw(E) 1T dr — Es > lwO)]* + K} <e7k
s€[0,1] 0
forall K > 0.
PROOF: The lemma follows from the exponential martingale estimate after one
notices that the quadratic variation of the martingale in the equation for the enstro-
phy is controlled by fot ||w(r)||% dr. See lemma A.2 or lemma A.1 in [20] for the

details and related lemmas in exactly this setting or Lemma A.3 below for a similar
argument. O

From the previous result, we obtain the following:

COROLLARY A.2 There exists a constant ny = no(T,v) > 0 so that for any
n € (0, nol there exists a constant c = c¢(T, n, v) so that

Eexp (n sup lw(s)|?) < cEexp(nllw(0)]*)

0<s<T

and

T
E exp (vn /O ||w<s>||%ds> < cEexp(nllw(0)]*).

We will also need the following result, which gives quantitative estimates on
the regularization of the H' norm:



MALLIAVIN CALCULUS AND THE NAVIER-STOKES EQUATION 1781

LEMMA A.3 Given a time T > 0 and p > 0, there exists a positive constant
c=cW,T,p,&) sothat

E sup [[lw@)I* +svw)[7]” < e[l + w©0)]*].

0<s<T
PROOF: Defining ¢ (s) = ||w(s)||> + sv||w(s)||?, we have for all s € [0, T]
1
& — Eos — 551S2

s

= lwO)* + /0 2rv[=vllwM)3 + (Bw(r), w(r), Aw(r))]dr

_"f lw(r)|3 dr + Z/ 21 + rv kP (w(r), e )d We(r).
0 0

keZ,
Since
(B(w, w), Aw)| < cllwlliy lwlli [wllz < viiwll3 + cW)[wl]?,
one has
(A.1) sup & < c(14+ T2 +cT? sup |lws)|*+ sup N,
0<s<T 0<s<T 0<s<T
where
N, = —v/ w2 + rlw)I21dr + M,
0
and

M, = Z/O 2(1 + rvlk ) (w(r), ex)dWi(r).

keZ,

Notice that for all s € [0, T] and o > O sufficiently small, Ny, < M, — %[M , M,
where [M, M]; is the quadratic variation of the martingale M. Hence the exponen-
tial martingale estimate implies P(sup;_; Ny > B) < P(sup,r My — %[M, M]; >
B) < exp(—apB). This implies that the last term in (A.1) can be bounded by a
constant depending only on «, T, v, and the power p. By Corollary A.2, the third
term in (A.1) can be bounded by a constant that depends on the initial condition as
stated as well as «, T', v, and the power p. O

Appendix B: Estimates on the Linearization and Its Adjoint

Define the action of linearized operator J; , on a ¢ € L. by

LI =vAT ¢+ Bw(), Jy¢) + B(Jy,9, w(t), 0=<s<t,
B A7 i
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and its time-reversed, L?-adjoint J;, acting on ¢ € L? by
3 lid + VAT G + Bw(s), ) ¢)
(B.2) = C(J5 ¢, wis)) =0, 0<s<ru,
Jho=¢.
If we define the operator Q : RZ — 1.2 by (Xp)kez, > Y Xkex, then Vi (_t) =
Js.: Oqr where {q; : kK € Z.} is the standard basis for RZ+ and U"?(s) = Jid.

Similarly, for & € L2 (RF*), Dyw(1) = [ J,,Qh(s)ds.

loc

LEMMA B.1 Forany Ty > 0, n > 0, and o € {0, 1}, there exist constants y =
y(,n, Ty) and ¢ = c(v, Ty', n) so that for all ¢ € L2and T < Ty

sup 151”4+ v (¢ =) I ;9117

O0<s<t<T
T
< exp (77/0 lw) I dr + cT)<||¢||2 + (1 =a)lol?),

sup 1T, 917 + vt — N5, B113

0<s<t<T

T
< exp (77/0 w1} dr + cT)(||¢||2 + (1 —a)gld),

where on the right-hand side (1 — @) ||¢||% = 0 when a = 1 by convention for all ¢
even if [|¢|l; = oo.

PROOF: We start by deriving a number of bounds on the nonlinear terms. Using
Lemma D.1 and standard interpolation inequalities produces for any § > 0 and
n > 0 and some c,

20(B(@, ), 9)] = oI el wlh < sl + ||¢||2<n||w||% + #)

21(B(, w), Ad)| < clwli o1, 12 gl

C
< 8lol3 +nlwl? o2 + Wuwn% I,

21(B(w, ), Ad)| < cllwli llpll ol 1ol

c
= Wllwlh ol ol + @& [lwll 1ol 1]l
c
384

2(B(Ag, w), )| < cll@lli+e 11l lwlli

slan? + < 2 2
< cllwlii il el = sllell; + 5 lwlly lell~

)
<8l + == llwli? 111> + =13 + nllwl? #113,
2
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We begin by bounding the J expression with o = 0. Setting ¢, = || J; s+, 9> +
YIssir@ll3, w, = w(s +7), and J, = J; ;4,¢ and using the above estimates with
appropriately chosen constants produces

3¢,
or

0 0
= 7|7 2N
ol /b Gt PAF
= —2||1.$[7 + 2(B(J,, w), J,)
+ 2y [Vl 5 + (BUJy, w), AT,) + (B(w, J,), AJ,)]

¢ n 2 1 1 2 2 2 2
< (172—v + 5l I + VC(W + W)nwrnl) PARESZI AR PAT
Hence for y sufficiently small there exists a constant ¢ so for all » > 0
g, c 5
= |- Wy rs
oy = [nzv + 7l ||1]§
which proves the first result for J;,. The result for « = 1 is identical except that
we take ¢ = || Jysr@N> + y7ilJss1-0)1? and hence there is an extra term from
differentiating the coefficient of || J; 1, ¢ ||% and the fact that the resulting constants
depend on the time interval [0, T'] over which r ranges. See the proof of Lem-
ma A.3.
Turning to J3',, we set G = ||Jt*_r’tq>||2 + y||Jt*_r’tq>||2, w, = w(t —r), and
Jr = ]_t*_m¢ for all » € [0, #r]. The bar is to remind us that the process is time

reversed. The argument proceeds as in the previous case. Again using the estimates
above, we obtain

9L, ¢ n.,re 2\ 75112 201 72
< -+ — r J N A
oy = (v(1+n2) +(2 +7 )IIw 1 A e o 27 (7%l A
Hence for y small enough and r € [0, t],
9 _

or — [v(l +n?
which proves the result. U

+n||wrllf]5r,

Appendix C: Higher Malliavin Derivatives of w(?)

For notational brevity define B(f,g) = B(f,g) + B(g, f) for f,g € L2
For k € Z,, we define JS(’I,)ek = Js.er. Forn > 1 define JS(";) acting on ¢ =
(ex,s ..., ex,) withky, ..., k, € Z, and with time parameters s = (s, ...,s,) €
R’ by the equations

0 -
(n) (n) (n) n)
— I =vAIp+ Bw®), I)¢) + F)¢, t>\/s

ot
(n) __
Jw =0, t < \/s,
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where \/'s = 51 V - -+ V 5,,. The operator F.} applied to ¢ is defined by
F(ﬂ)¢ — Z (J(la‘)(lsa, Js(ﬁ|ﬂt|)¢ )

(a0, B) epart(n)

Here part(n) is the set of partitions of {1, ..., n} into two sets, neither of them
empty. |«| is the number of elements in &, ¢y = (Pu;, - - > Pay ) and sy =
(Says - - - » Sy, )- The partition («, B) and (B, ) are viewed as the same partition.

First observe that when n = 1, Lemma B.1 says that for any n > O there is a
¢ =c¢(T, n) so for all ¢ € R3

T T
sup ||J”ek||1<cexp<f ||w(r)||%dr)5cexp(nf ||w(r>||%dr)-
0<s<t<T 0 0

For n > 1 with again ¢ = (e, ..., e,) and s € R’ , we have the following
estimate on F™:

||F(n)¢” < Z ||B(J(Ia|)¢a, J(|ﬂ|)¢ )H

st
(a,B)epart(n)

XD DI P N e I

(o, B)epart(n)

Then the variation-of-constants formula implies that J (")qﬁ f\/s JoiF, Y(;';)q‘) dr and
hence

t
0= [ el ar

T t l
<cexp(n / ||w(r)||2dr> ( / —dr> sup  [F™o
< 0 ! Vs (I" - \/5)1/2 T=(T1,.0,Tn) ” v ”

0<t; <t
\Vrt<r<t

T
<cow(n [ woiar) s |0, s[4,

(., B)epart(n)

Proceeding inductively, one obtains for any 1 > 0 the existence forac = ¢(T, n, n)
and y = y(n) so that

|75, < / 1y Fyrlly dr < cexp (Vn/ w3 dr)
Now with ¢ and s as above,

(n)
D;’ll’kl;'“;sn’knw(t) = JS,’; ¢a
and since 7 is an arbitrary positive constant, by redefining it, one obtains that for
any n > 0, there exists a c = ¢(7T, n, n) so that

T
sup 1D . s,l,k,,w(z)ulfcexp(n / ||w<r>||%dr).
0

te(0,T]
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Combining this estimate with Lemma A.2, we obtain the following result: Letting
D> (H, ) be the space of random variables taking values in H that are infinitely dif-
ferentiable in the Malliavin sense and such that those derivatives have all moments
finite, we have the following (see [25, p. 62] for the definition of D*°):

LEMMA C.1 Foranyn > 0,t > 0, p > 1, and n > 1 there exists a constant
¢ =c(t,v,n, p,n) so that

t ' 2 p/2
E[( Z / / ”D:'ll’kl;.‘.;sn,k,,w(t)”1ds] ~--ds,,) ]
ki 0 0

..... kneZy
< cexp(n|w(O)[).
Hence w(t) € D*°(H,) forall t > 0.

Appendix D: Estimates on the Nonlinearity

In the following lemma, we collect a few standard estimates on the nonlinearity
and derive a few consequences from them.

LEMMA D.1 Let a; > 0 and either i + oy + o3 > 1 or both ay + ar + a3 = 1
and a; # 1 for any i. Then the following estimates hold for all f, g, h € L if the
right-hand side is well-defined:

KB(f, 8), h)| < cll fllay—1 118 lla+1 172 ]las-
In addition, we have the following estimate: For any € > 0 there exists a ¢ = c(€)
with

KVB(f, 8), V)l =cllflliliglhillglive.

PROOF: For the first result, see proposition 6.1 of [6] and recall that our B is
slightly different than theirs and that ||ICf||; = || fllo. After translation, the result
follows. For the second result we need to rearrange things. Setting u = (u;, u;) =
K f, we have

KVB(f, 8), Vgl = ‘/V[(Mv)g]'ngx :
T

Observe that V[(u-V)g]-Vg = [(u-V)Vg]-Vg+(VuVg)-Vg. Because V-u = 0,
[(u-V)Vg]-Vg = % > V. (u(§—)§)2). Hence, the integral of the first term is zero
by Stokes’ theorem and the fact that we are on the torus.

The integral of the second term over the domain is made of a finite number of

terms of the form
/‘ du; 0g dg
— ——dx
0x; 0x; 0x;
This term is dominated by
8uj
3X[

ag
axj

g
8)61'

Lr LP L4
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forany r, p,q > 1 with 1 + 5 + % = 1. Recall that in two dimensions, the Sobolev

space W2 is embedded in L” for any r < oo. Hence by taking p = %, q > 2
sufficiently close to 2, and r correspondingly large, we obtain the bound

for any € > 0 and some ¢ = c(¢), and thus c|| f |1 ||gll1 ||l 1.« bounds the estimate.
O

au ag

an

ag
8xi

axi 1 P

Appendix E: Lipschitz and Supremum Estimates

Let S be a subspace of IL? spanned by a finite number of cos(x - k) and sin(x -
k). Let IT be the orthogonal projection onto S. Also, let 1y be the orthogonal
projection onto the directions directly forced by Wiener processes as defined in
Proposition 3.7.

Recall from Section 7 the definitions of Hy (4,61(f)s | f lloos and || fllco,a.b] aP-
plied to functions of time taking values in IL°.

For0 <s <t < T one has

t
Myw(t) = Mye" D w(s) — Hé/ "2 B(w(r), w(r))dr.

Since [ f(x)dx = [ g(x)dx =0, |B(f. ®)ll < c[Vf]|[Vg]. and
1" =D f < (1 =) f]
for some fixed A > 0, one has

Ty [w() — w1l < 2[1 — e w(s)|| +2 sup [Vw()||* | — s|
0<r<T
<clt —s|[1+ [Vw|*].
Similarly,
U2 — UM ()l < clt — s ITUT? O + el Vwlleo IVUT? |loo |t — 5]
<c[1+[I[Vw|% + VU211t — s].

Also, if
R() = ITyw(0) + / vAIlgow(r) — Mo B(w(r), w(r))dr,
0
then

[R() — R(s)| < C/ lw(r)lldr +C/ lw)II?dr < e[l + w2t — s
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Next observe that [[TIB(f, g)Il < cllfllllgll and [IIC(f, @)l < cllfl Vgl A
gl IV f1l]. Thus

ITIC(f (@), g(1)) — TIC(f(s), (NI
< HIC(f (1) = f(s), g + ITIC(f (s), (1) — g(s))l
< cllVEglleo 1F () = FON F IV fllo 1) — g(s) 1]

and

ITIB(f (1), g(t)) — TIB(f(s), g(s))l
< clliglooll £ () = FOI + [1f lollg (1) — g()II]-

We combine these observations in the following lemma:
LEMMA E.1 Let I1 and Iy be as above. In the notation of (7.1) and (7.2),
Hi(Myw) < c[l + [Vw|Z]
HiUT?) < c[1+ [VulZ, + IVUT?|2 ]
Hi(R) < [l + [wl]
Hi(IIB(f, ) < clll flloH1(8) + lIgllocH1(f)]
HI(TTIC(f, ) < cllV fllooH1(g) + IVElloocH1( )]

forall f, g € IL? smooth enough so that each term on the right-hand side is finite.

Lastly we specialize these estimates to the setting of Proposition 3.7. Let X?,
R,and Y, ,j’ be as defined in Proposition 3.7 for w(¢) and U”*¢ on the interval [0, T].

Define x? = I1X? and TZ’ = HY,?’ . We wish to obtain control of the Lipschitz
constants over an interval [f, T] with ¢ € (0, T).

Using the estimates from Lemma E.1 and the fact that
2
IVRIloo,1r,71 < clIR|oo,1r,71 < (I + WIS 179

we obtain

Hirr1(x?) < c[Hipri@"?) + 1Vwllo Moy (UT?)
+ IVU T oot 11Ho ey (Mg w) + IV R lloo e, 1 Ha e 11 (UT?)
+ IVUT Nloir.17Hi 11,71 (R) ]
<1+ IVwlld o + IVU? 12 o]
and

M (0 < c[Hipn @) + 10712, 1, 1]
=< C[l + IIlelgo,[,,T] + ||VUT’¢||<2>0,[;,T]]-
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Similarly, we have

1 llooie.r1 < [N Nlowie.r) + IVUTlloo i1 I VW oo, g1,71
+ VU ot 11 Rlloo.11.71]
<c[1+IVUT N o + IVWIS 1]
and | Y oo ir.71 < NUT2 oo o 71-

Recall that || flle.r.77 = max(l| f lloo.ir.77> He.ir.71(f)). Combining the above
estimates with Lemma B.1 produces

T, 14 4
XM WG g7y < [T+ IVU N oy + VWIS (o]

T
C[l + VWl 7y +exp (n/ IIw(r)Ilfdr>]
0

for all indices i, and ¢ with ||[V¢| < M. Here n > 0 is arbitrary but ¢ depends on
the choice of n and M. In light of Corollary A.2 and Lemma A.3, which control
the right-hand side, we obtain the following result:

LEMMA E.2 Given an M > 0, define S(M) = {¢ : Vol < M}. Then for
any T > 0,t € (0,T), p > 1, and n > O there exists a positive constant ¢ =
c(n, p,t,v, &, M, T) such that

E( sup [Ix?If .7 + sup |||T;?|||f,[t,r]]) < cexp(nllw(0)[*).
peS(M) keZ,

IA

Acknowledgment. We would like to thank Andrei Agrachev, Gérard Ben
Arous, Yuri Bakhtin, Weinan E, Thierry Gallouet, Martin Hairer, George Papan-
icolaou, and Yakov Sinai for stimulating and useful discussions. We also thank
Martin Hairer, who after reading a preliminary version of this paper suggested bet-
ter notation for the Fourier basis, which we proceeded to adopt. We also thank the
anonymous referee for her (or his) comments and corrections. JCM was partially
supported by the Institute for Advanced Study and the National Science Foundation
under grants DMS-9971087 and DMS-9729992. JCM would also like to thank the
Université de Provence and the Institut Universitaire de France, which supported
his stays in Marseilles during the summers of 2002 through 2004, when this work
was undertaken.

Bibliography

[1] Agrachev, A. A.; Sarychev, A. V. Navier-Stokes equations: controllability by means of low
modes forcing. J. Math. Fluid Mech. 7 (2005), no. 1, 108-152.

[2] Aida, S.; Kusuoka, S.; Stroock, D. On the support of Wiener functionals. Asymptotic problems
in probability theory: Wiener functionals and asymptotics (Sanda/Kyoto, 1990), 3-34. Pitman
Research Notes in Mathematics Series, 284. Longman, Harlow, 1993.

[3] Bardos, C.; Tartar, L. Sur I’unicité rétrograde des équations paraboliques et quelques questions
voisines. Arch. Rational Mech. Anal. 50 (1973), 10-25.



(4]
(3]
(6]
(7]
(8]
(9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]
[20]

[21]

[22]
[23]
[24]
[25]

[26]

MALLIAVIN CALCULUS AND THE NAVIER-STOKES EQUATION 1789

Ben Arous, G.; Léandre, R. Décroissance exponentielle du noyau de la chaleur sur la diagonale.
IL. Probab. Theory Related Fields 90 (1991), no. 3, 377-402.

Bricmont, J.; Kupiainen, A.; Lefevere, R. Ergodicity of the 2D Navier-Stokes equations with
random forcing. Comm. Math. Phys. 224 (2001), no. 1, 65-81.

Constantin, P.; Foias, C. Navier-Stokes equations. Chicago Lectures in Mathematics. University
of Chicago Press, Chicago, 1988.

Da Prato, G.; Zabczyk, J. Ergodicity for infinite-dimensional systems. London Mathematical
Society Lecture Note Series, 229. Cambridge University Press, Cambridge, 1996.

Dautray, R.; Lions, J.-L. Analyse mathématique et calcul numérique pour les sciences et les
techniques, vol. 7. Masson, Paris, 1988.

E, W.; Mattingly, J. C. Ergodicity for the Navier-Stokes equation with degenerate random forc-
ing: finite-dimensional approximation. Comm. Pure Appl. Math. 54 (2001), no. 11, 1386-1402.
E, W.; Mattingly, J. C.; Sinai, Ya. Gibbsian dynamics and ergodicity for the stochastically forced
Navier-Stokes equation. Comm. Math. Phys. 224 (2001), no. 1, 83-106.

Eckmann, J.-P.; Hairer, M. Uniqueness of the invariant measure for a stochastic PDE driven by
degenerate noise. Comm. Math. Phys. 219 (2001), no. 3, 523-565.

Flandoli, F. Dissipativity and invariant measures for stochastic Navier-Stokes equations.
NoDEA Nonlinear Differential Equations Appl. 1 (1994), no. 4, 403-423.

Foias, C.; Prodi, G. Sur le comportement global des solutions non-stationnaires des équations
de Navier-Stokes en dimension 2. Rend. Sem. Mat. Univ. Padova 39 1967, 1-34.

Hairer, M.; Mattingly, J. C. Ergodicity of the degenerate stochastic 2D Navier—Stokes equation.
Ann. of Math. (2), in press.

Holley, R.; Stroock, D. Diffusions on an infinite-dimensional torus. J. Funct. Anal. 42 (1981),
no. 1, 29-63.

Kuksin, S.; Shirikyan, A. Stochastic dissipative PDEs and Gibbs measures. Comm. Math. Phys.
213 (2000), no. 2, 291-330.

Majda, A. J.; Bertozzi, A. L. Vorticity and incompressible flow. Cambridge Texts in Applied
Mathematics, 27. Cambridge University Press, Cambridge, 2002.

Mattingly, J. C. The stochastically forced Navier-Stokes equations: energy estimates and phase
space contraction. Doctoral dissertation, Princeton University, 1998.

Mattingly, J. C. The dissipative scale of the stochastics Navier-Stokes equation: regularization
and analyticity. J. Statist. Phys. 108 (2002), no. 5-6, 1157-1179.

Mattingly, J. C. Exponential convergence for the stochastically forced Navier-Stokes equations
and other partially dissipative dynamics. Comm. Math. Phys. 230 (2002), no. 3, 421-462.
Mattingly, J. C. On recent progress for the stochastic Navier Stokes equations. Journées “Equa-
tions aux Dérivées Partielles”, Exp. No. XI, 52 pp. Université de Nantes, Nantes, 2003. arXiv:
math-PR/0409194, 2004. Also available at:
http://www.math.sciences.univ-nantes.fr/edpa/2003/html/.

Mattingly, J. C.; Sinai, Ya. G. An elementary proof of the existence and uniqueness theorem for
the Navier-Stokes equations. Commun. Contemp. Math. 1 (1999), no. 4, 497-516.
Mikulevicius, R.; Rozovskii, B. L. Stochastic Navier-Stokes equations for turbulent flows.
SIAM J. Math. Anal. 35 (2004), no. 5, 1250-1310.

Norris, J. Simplified Malliavin calculus. Séminaire de Probabilités, XX, 1984/85, 101-130.
Lecture Notes in Mathematics, 1204. Springer, Berlin, 1986.

Nualart, D. The Malliavin calculus and related topics. Probability and Its Applications (New
York). Springer, New York, 1995.

Nualart, D. Analysis on Wiener space and anticipating stochastic calculus. Lectures on proba-
bility theory and statistics (Saint-Flour, 1995), 123-227. Lecture Notes in Mathematics, 1690.
Springer, Berlin, 1998.



1790 J. C. MATTINGLY AND E. PARDOUX

[27] Nualart, D.; Pardoux, E. Stochastic calculus with anticipating integrands. Probab. Theory Re-
lated Fields 78 (1988), no. 4, 535-581.

[28] Ocone, D. Stochastic calculus of variations for stochastic partial differential equations. J. Funct.
Anal. 79 (1988), no. 2, 288-331.

[29] Revuz, D.; Yor, M. Continuous martingales and Brownian motion. 3rd ed. Grundlehren der
Mathematischen Wissenschaften, 293. Springer, Berlin, 1999.

[30] Romito, M. Ergodicity of the finite dimensional approximation of the 3D Navier-Stokes equa-
tions forced by a degenerate noise. J. Statist. Phys. 114 (2004), no. 1-2, 155-177.

[31] Stroock, D. W. Some applications of stochastic calculus to partial differential equations.
Eleventh Saint Flour probability summer school—1981 (Saint Flour, 1981), 267-382. Lecture
Notes in Mathematics, 976. Springer, Berlin, 1983.

JONATHAN C. MATTINGLY ETIENNE PARDOUX
School of Mathematics LATP/CMI
Institute for Advanced Studies Université de Provence
Princeton, NJ 08540 39 rue F. Joliot Curie
and 13 453 Marseille cedex 13
Department of Mathematics FRANCE
Duke University E-mail: pardoux@
Box 90320 cmi.univ-mrs.fr

Durham, NC 27708-0320
E-mail: jonm@math.duke.edu

Received February 2005.



