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Summary. We study linear stochastic differential equations with affine bound-
ary conditions. The equation is linear in the sense that both the drift and
the diffusion coefficient are affine functions of the solution. The solution
is not adapted to the driving Brownian motion, and we use the extended
stochastic calculus of Nualart and Pardoux [16] to analyse them. We give
analytical necessary and sufficient conditions for existence and uniqueness
of a solution, we establish sufficient conditions for the existence of probability
densities using both the Malliavin calculus and the co-aera formula, and
give sufficient conditions that the solution be either a Markov process or
a Markov field.

§ 1. Introduction
Let {W,} denote a Brownian motion. Recently, progress has been made in devel-

t

oping a useful theory of stochastic integrals | ¢(s, w) d W, in which the integrand
0

{o(s, w)} anticipates {W,}. In particular, Nualart and Pardoux [16] derive an

extended stochastic calculus both for the Skorohod integral and for a generalized
t

Stratonovich integral | ¢(s, w)od W,. This allows one to formulate stochastic
4]

differential equations containing parameters that anticipate the driving noise.
One natural way to do this is to impose two-point, or even distributed, boundary
conditions on the solution of a stochastic d.e., and in this paper we study the
following particular case:

k
dX,=[AX,+a)]dt+ > [B;X,+b;()]-dW}), 0gt=1 (1.1
i=1

F0X0+F1X1:f: (1.2)
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Our purpose is to show that a fairly complete analysis of this problem can
be made.

The boundary condition (1.2) includes the usual adapted, initial value prob-
lem (F; =0), periodic boundary condition (X,=X,), and two-point boundary
value problems. The case of linear-gaussian dynamics, in which B;=0, 1 <i<k,
a()=0, and b;(t), 1<i<k, are deterministic constants, has been studied by
Krener [13], Adams, Willsky and Levy [1] and Kwakernaak [14]. Cinlar and
Wang [5] treat one-dimensional random processes on circles which essentially
have the form (1.1)~(1.2) with linear-gaussian dynamics and periodic boundary
condition and they study infinite-dimensional generalizations. For the linear-
gaussian case, the extended stochastic calculus is not needed because the stochas-
tic integrals do not contain an anticipating term.

In Sect. 2 of this paper we define the problem (1.1)H1.2) more precisely and
discuss the natural definition of its solution. In Sect. 4, we establish analytical
necessary and sufficient conditions for the existence of solutions and show that
these are unique in a certain class of processes. We rely here on the results
of Nualart and Pardoux [16], which are reviewed in Sect. 3. In Sect. 5, we discuss
the issue of existence of a density for the probability distribution induced by
X,. First we do this by calculating and analyzing the Malliavin covariance
matrix of X,. Then, in more specialized circumstances, we employ the co-area
formula of geometric measure theory to represent densities and to derive a
necessary and sufficient condition for existence of densities.

In Sect. 6, we consider the Markov property of solutions. Two types of
Markov property are relevant here; the usual Markov property requiring condi-
tional independence of past and future given the present, and the Markov field
property requiring conditional independence between {X,|te[a, b]} and
{X,|te[a, b]°} given (X,, X,) for any interval [a, b]. The Markov field property
always holds in the linear-gaussian case; indeed, one focus of previous research
has been the realization of Gaussian Markov fields by linear stochastic differen-
tial equations (Krener [13]; see also Chay [4] and Jamison [9, 10] for related
references). We do not know whether the Markov field property holds in general.
In Sect. 6, we develop sufficient conditions to determine when {X,} is a Markov
process or a Markov field. In 6.1 we give probabilistic criteria for either type
of Markov property and show that {X,} always has a weak Markov field proper-
ty with respect to enlarged filtrations (Theorem 6.4 and Proposition 6.8). In 6.2,
we use the co-area formula and explicit representation of densities to give analyti-
cal conditions for the Markov or the Markov field property in the two-point
boundary value problem, and we give examples to illustrate the use of our
criteria. In particular, it is not necessary for the filtration of {X,} to be adapted
to either the forward or backward filtrations of {W;} in order that {X,} be
Markov.

There are two styles of argument in this paper; the probabilistic style using
stochastic calculus which is not so heavily dependent on the particular structure
of (1.1)(1.2); and the analytical style which takes strong advantage of the linear-
ity in (1.1)«1.2). In the former class fall the uniqueness theory, the calculation
of the Malliavin calculus and the probabilistic criteria for Markovianity. These
aspects of the theory may perhaps be generalized; see the discussion in Sect. 2.
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In the analytical class falls our use of the co-area formula, which we have
found to be a powerful tool for questions concerning densities and conditional
densities.

§ 2. Presentation of the Problem

Let Q=C(R . ; R" be equipped with the topology generated by the sup norm
on compact intervals, let & denote the Borel o-field of subsets of ©Q, and let
P denote Wiener measure on (Q, ). We define

Wi(@)=(W (@), ..., Ww)
=w(t).

The aim of this paper is to study the following stochastic differential equation,
whose solution will be a d-dimensional process defined on the time-interval

[0, 1]:
dX,=(AX,;+a®)dt+(B; X, +b,(t))-d W} (2.1

where we use the convention of summation from 1 to k of the repeated index
i, together with the boundary condition:

FOX0+F1X1=f (2.2)
where 4, By, ..., By, Fy, F, are d x d matrices, such that
rank (Fy: Fy)=d (2.3)

{a(t), by (1), ..., b(t); te[0, 1]} are d-dimensional processes satisfying assump-
tions to be specified later, and f is a d-dimensional (possibly) random vector
defined on (2, #). From (2.2), we do not expect in general that the solution
{X,,te[0, 1]} be adapted to any filtration with respect to which {W,} might
be a Wiener process. Since we want to keep our problem symmetric with respect
to time reversal, we will not try to take advantage of the filtration enlargement
technique (see Jeulin [11], Jeulin-Yor [12]). The stochastic integrals in (2.1)
will be understood in the sense of generalized Stratonovich integrals (see Nua-
lart-Pardoux [16]). The reason for choosing this type of integral, rather than
the It6-Skorohod integral, will be given below. We will present in the next
section the results we need on the generalized Stratonovich integral and its
associated calculus.

Let us now explain what we mean by a solution to (2.1}~2.2). We can asso-
ciate to Eq.(2.1) a fundamental solution &, which is a d xd matrix valued
process, solution of:

d®,=AD,dt+B, D, W}

(2.4)
@0 = I
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Note that {®,, t€[0, 1]} is adapted to the natural filtration of {W,}, and the
stochastic integrals in (2.4) are standard Stratonovich-type stochastic integrals.
We define further:

&(t, 5)=d,P.'; s, te[0, 1]

t t
Vi={a(s)ds+ | bi(s)od W, te[0,1].
0 0
We then have the following variation of constants formula:
t
X,=®(,0) X+ [ O(t, )od V. 2.5
4]

Let us admit for a moment that (2.1) is equivalent to (2.4)(2.5). Then from
(2.2):

[Fy+F, &(1, 0] Xo=f—F, jlqs(1, s)edV,. 2.6)
0

If the matrix F,+F, @(1,0) is invertible a.s., then X, is uniquely determined
by (2.6) a.s., and {X,,te[0, 1]}, defined by (2.5)(2.6) will be the solution to
(2.1)H2.2). We sce that (except possibly for the definition of {V,}) {X,} is con-
structed with the standard tools of stochastic calculus, and the generalized sto-
chastic integral and calculus with non-adapted integrands will be necessary only
to give sense to (2.1), and establish the equivalence between (2.1)}2.2) and (2.4)-
(2.6).

Let us remark that, using the flow associated to (2.1) instead of the fundamen-
tal matrix, and the generalized It6-Ventzell formula (see Ocone-Pardoux [17]),
we could replace (2.1) by an arbitrary nonlinear stochastic differential equation,
and (2.2) by a nonlinear relation between X, and X,. But the situation which
we consider here is the only general framework in which we are able to give
conditions on the data which insure the a.s. existence and uniqueness of a solu-
tion X, to (2.2).

Let us now discuss the nature of the boundary condition (2.2). If F;=0
(resp. Fy=0), then (2.1)}+(2.2) becomes an initial value (resp. final value) problem,
which is of course well understood, except that we allow the initial (or final)
condition to depend on the driving Wiener process. We now describe two partic-
ular cases of the boundary condition (2.2):

Two-point Boundary Value Problem

i

F, 0
Let leN, 0 <l <d, and suppose that F, =( 00), F, = (F”) where Fjis a [ x d matrix,
1

F" is a (d—I)xd matrix. Condition (2.3) requires that F} has rank ! and F]
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Jo

has rank d—I If we write f= ( b
1

), where f, is | dimensional and f] is d—!

dimensional, then (2.2) becomes:

F6X0=fo FII X1:f1- (2-2,)

E .
00] N Image [1(7)’] ={0}. Conversely, if ImageF,
1

nImage F, ={0}, one can always find by row reduction an invertible G such
that:

Note that Image[

) Fg: 0
G[Fo:FJ:[OOEF,]'
4

Thus, (2.1)«2.2) can be expressed as a two-point boundary value problem if
and only if Image Fy nImage F; = {0}.

Periodic Solution of a S.D.E.

Suppose F,= —F; =1, the d x d identity matrix; and f=0. Then (2.2) becomes:
Xo=X,. 227)

Clearly, (2.2) fixes exactly d degrees of freedom, exactly like an initial condi-
tion would do. In other words, (2.2) is exactly the kind of condition required
in order for (2.1)+2.2) to have a unique solution. Therefore, there is no analogy
between the solution to our equation and a Brownian bridge, which is a process
whose values at both endpoints t=0 and t=1 are completely prescribed. A
Brownian bridge is a conditioned Brownian motion, whereas no conditioning
enters in our construction.

Let us indicate finally that the boundary condition (2.2) could be replaced
by a more general condition of the type:

1
FFO) X, dy@®)=f (2.2
0

where {F(t), te[0, 1]} is a measurable collection of d x d matrices, and 7y is a
finite measure on [0, 1]. (2.6) would then have to be replaced by:

1 1 ¢
<f F() @:dy(t)) Xo=f—{ [ F(t) ®(t,5)odV,dy(t) (2.6)
0 00
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1
and we would need to ensure that the random matrix | F(t) @, dy(t) is as.
0

invertible. Part of the analysis below can be generalized to this case, but we
will restrict outself to consider the boundary condition (2.2), which will lead
to a tractable necessary and sufficient condition for existence and uniqueness.

§ 3. Generalized Stratonovich Stochastic Integral and Calculus

All processes will be defined on the probability space (€2, &, P) introduced in
the previous section.

The results below which are not proved are taken from Nualart-Pardoux
[16].

In the next definition, £t =12""; k, neN.

Definition 3.1. A real valued process {u, te[0, 1]} is said to be Stratonovich
integrable with respect to dW; if for any te[0, 1], the sequence {&,(r), neIN}
defined by:

n—1 I/Vti"'l/\t— i 1

LA
G=y Lam Wia T g
tn _tn

=0 th

converges in probability as n— 0. In that case, the limit will be denoted:
t .
[ugdWw,.
0

A real valued process which is Stratonovich integrable with respect to d W,
i=1, ..., k, will be said to be Stratonovich integrable. ]

This definition differs slightly from that in Nualart-Pardoux [16], where
convergence to the same limit along any refining sequence of partitions of [0, 1]
is required. The present definition will be sufficient for our purpose.

Let us consider the forward filtration #=¢{W/, 0<s<t; i=1, ..., k} and
the backward filtration F'=0{W;—~W/; t<s<1;i=1, ..., k}. We will say that
a process {v,; t€[0, 1]} is a “forward semi-martingale” if it is a & semi-mar-
tingale (see e.g. Meyer [15]). We will say that a process {v,; te[0, 1]} is a “back-
ward semi-martingale” if v, _, is a &' ~* semi-martingale. The following result
is well-known (see e.g. Meyer [15]):

Proposition 3.2. Let u,=g(v,), where geC*(R), and {v,} is a continuous process,
which is either a forward or a backward semi-martingale. Then u, is Stratonovich
integrable. [

The following is an immediate consequence of the Definition:

Proposition 3.3. Let {v,} be a Stratonovich integrable process, 8 a random variable,
and u,=0v,, te0, 1].
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Then {u,} is Stratonovich integrable, and:
T ) 1 .
[uged Wiz0 [ vod Wi, u20, i=1,...k [ (3.1)
0 4]

In order to describe other types of nonadapted Stratonovich integrable pro-
cesses, let us recall the notion of derivation of random variables defined on
Wiener space (2, %, P).

Let H=12(0, 1). If he H, we denote by &,(h) the Wiener integral

jlh(s)dW;".
0

We denote by S the set of random variables of the type:

F=f(6;,(h), -, 9;,(hy)) (3.2)

where feCy*(R"), hy, ..., h,eH, iy, ..., i,e{l, ..., k}. Note that § is dense in
L,(9). If FeS is of the form (3.2), we define its “derivative in the i-th direction”,
for 1 i<k, as the process {D;F, te[0, 1]} given by:

piF= Y 2L 6, (), oo, 8, h) o)

iy 0%

More generally, we define the p-th order derivative of F, Di;;;;ﬁg F, as given
by:

Diz...DiiF.

If FeS, heH, 1 <iZk, we define the random variable:
. 1
D, F= | DiF h(t)dt.
(0]

We will denote by D, F (resp. D, F) the k dimensional vector whose i-th coordi-
nate is D} F (resp. D}, F). D F stands for the process {D, F, te[0, 1]}.

Proposition 3.4, As an unbounded operator from I*(Q) into I? (2 x (0, 1); R¥) (resp.
L’ (Q; RY), D (resp. D,) is closable. We denote by D, , (resp. D, ,) the domain
of D (resp. Dy), identified with its closed extension.

Moreover, D and D, are local operators, in the sense that:

(i) If FeD, ,, D,F=0 P x 1 a.e. on {F=0} x [0, 1].

(i) If FeD, ,, D, F=0 a.s. on the set {F=0}. []

More generally, ID, ; (p=1, leIN) denotes the completion of S with respect
to the norm:

IF (5= Fll,+ 1l DYF|gsl,
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where ||+ ||, denotes the norm in I7(€2), and

k
IDOF|3s= Y { (Dii...DjF)*dt, ...d,.

J1seen =1 (0, 1)}

D, ; 1. Will denote the set of r.v. F which are such that there exists a sequence
{(Q,, F); neN} c# x D, , with the two following properties:

1 2,1Qas.

(i) F=F, as.on Q,.

We then say that {Q,, F,} localizes F in ID,,, and D, F is defined without
ambiguity by: D, F=D, F, on Q,, neIN.

Lemma 3.5. Let deN, G be an open subset of RY, and peC*(G). If F is a d-
dimensional random vector s.t. FeG a.s. and F'eDD, ; .., 1 <i<d, then:

(p (F)GIDp,l,loc

. & e -
Die(F)= 7} a7 BV D F

i=1

and

Proof. Let {¢,} be a sequence in C'(G), such that each ¢, has a compact support
in G, and

G, ={x; 9,(X)=0 ()} 1G.

Let {Q,, F,} localize F in (D, ;)*. Then {Q,, ¢,(F,)}, where Q,=Q,n{FeG,},
localizes ¢(F) in D, ,, and:

d
Dl ¢, (F)= 3}

i—1

0 ¢,
oxt

(F)D{F. O

Let us now introduce some classes of processes: 17! will denote the set
of processes {u,, te[0, 1]} which are such that u,cID,,, ¢ a.e., and:

1
§lu s dt<oo
0

IL%! will denote the set of processes uell?! which satisfy:
(i) s— D, u, is continuous with values in I7(£2), both on (0, £) and on (¢, 1),
uniformly with respect to t.
(i) esssup E(|D,u,|?)< co.
(s,0)e(0,1)2

1%} and 1%}, are defined in an obvious way. If ue Iz}, we define:

D u=limD,u, D u=lmD,u, (Fu),=D;'u+D, u,.
s—t s—t
s>t s<t

The i-th coordinate of (V' u), will be denoted (V' u),.
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Proposition 3.6. If uell¥:} ., then u is Stratonovich integrable.
The process:

t

5= [ uyed Wi—1 | (7, ds
0

0

is called the Skorohod integral of u with respect to dW'. If, moreover, uell%?,
then:

t t

E[(SHu)*]= Eju ds+Ej" jD‘u Diugdsdr

E@w)=0. O

Let Lg2 {uclly?; Vuel 1}
We can now state the extended Stratonovich stochastic calculus rule.
Theorem 3.7. Let peC*(RY), and {Z,, v(t), u,(2), ..., w(t); te[0, 11} be d-dimen-

sional processes such that: ulellg ., ell}l, ZOE]D4 Lees 1SiSk, 15j<d;
and moreover:

t t
Z,=Zo+ [v(s)ds+ | u(s)yod WS
0 0
Then

P(Z)=p(Zo)+ [ ¢'(Z)v(s)ds+ [ @' (Z)u(s)odW,. O
0 0

We will also need the:

Theorem 3.8. Let uell%:?, ., and be such that there exists a localizing sequence
{u"} of win IL%? with the property that for every nelN,

t—->D,u"
belongs to I*(0, 1; (IL:Y)¥). Then, for any te[0, 1],
! .
j urod mlEDZ, 1,loc
0

and

t t
Dé(f urodVVri)z j Dy ”rodVVri+5ij Lig<oy Us-
0 0

Proof. 1t suffices to consider the case where uel}?, with t— D,u belonging
to I2(0, 1; (L")
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t
We approximate ( u,od W, by the sequence {£,, neIN} given in Definition 3.1.
0

Clearly, ¢,eID, 4, and:

n—1 Wi i tht1

e o At thoAt ;

Di¢, =3 {—-"t,ﬂ_t, bal | Diu,dr
n n

1=0 th

1
I+1 —
+5ij1{tl./\t<3§tll+1/\t)(tn+ _tn) L jl u,dr},

th

We claim that:

t
& JuodW i Q)
0

t
D§ én_’ 5(D:é ur)odVVri+5ij l{sét} Uy il'l L2(Q X(Oa 1))
0

which proves the theorem, since D is a closed operator. We prove the first
claim; the proof of the second one is analogous.

From Nualart-Pardoux [16] Proposition 4.3 and Theorem 7.3, it suffices that
the following convergence holds in I*(£2) (and not just in probability):

n—1 thtt ot At ] t )
Y@rt—d)y ' [ [ Diudsdr—%{(Viu)dr
1=0 th that 0

For that sake, we need only to show that the sequence is dominated in absolute
value by a sequence which converges in L*(€2). But

tl+1/\t tl+1
Y2t [ | Diudsdr
1

2N t!

A1 a7 g1 12
§c<z2" | j(Diu,)zdsdr) ,

1 that t!

and the right hand side is a sequence of positive random variables which con-
verges in probability towards:

e(frzar)”

and the I?(Q) norms converge to the I*(2) norm of the limit. Therefore the
convergence holds in I2(Q). [J

Remark 3.9. As in the standard theory of stochastic calculus, most of the results
on Stratonovich integrals are obtained via their translation into Itd language.
The generalized 1td integral is called the Skorohod integral. The reason why
the extended Stratonovich integral is the one to be used in our problem is
the identity (3.1), as we will explain below. The Skorohod integral does not
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possess the same property. Indeed, let vellZ, and 0€S, u,=0v,. Then uelZ,
both u and v are Stratonovich integrable, and from Proposition 3.5,

t t
6 [ v,od Wi=05i(v)+% [ O(Viv)ds
0 0

t t 4
{ugcdWi=6i(w)+4 | 0(V'v),ds+ [ v, Difds.
0 0 0

Then, from (3.1),

Sy (u)=00i(v)— | v, Dibds. (3.3)
0

§4. Existence and Uniqueness of a Solution
to the Two-sided Stochastic Differential System

Let us rewrite our system:
dX,=(AX,+a(t))dt+(B; X,+b;(t))od W} 4.1)

FOX0+F1X1=_ﬁ (4.2)
We define:

t t
Vi=[a(syds+ | bi(s)ed Wy.
0 0
{®,, te[0, 1]} is the d x d matrix valued process, solution of the equation:
t t .
®,=I+ | Ad,ds+ [ B;®od W,
0 0

&1, 5)=D,P.; s, te[0,1].

We then consider the system:

X, =00 X+ [ O(t, 5)°dV, 4.3)
0

[F,+F, &(1,0]] Xo=f—F, jltp(l, s)odV,. 4.4)

Our study of existence and uniqueness for (4.1){(4.2) will be made in two
steps: first we will show the equivalence of (4.1)-(4.2) with (4.3)+(4.4); second
we will study existence and uniqueness for (4.3)(4.4), which is equivalent to
the a.s. invertibility of the d x d random matrix F, + F, ¢(1, 0).
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Before proceeding to the proof, let us state the hypotheses on the random
data {a(t), b,(t), ..., bi(t); te[0, 1]} and £, which we suppose to hold throughout
this section.

a'ell};2; 15j=d (H.1)

b{EILS,loc; 1 é lé k: 1 é]éd (H2)

ij]D4,2,loc; 1sj=d. (H.3)
Remark 4.1. i) The only reason for not allowing A4, By, ..., B, to depend on
t is to obtain a necessary and sufficient condition for existence and uniqueness.
In case B, =...=B, =0, that restriction is clearly irrelevant.

ii) In case a, by, ..., b,, f are deterministic, it suffices to assume that
acl?(0, 1;RY; by, ..., beI?(0, 1;RY; feR4. [

First remark that &. and @(1,.) belong to ! for any p>1, IeIN. We have
in particular:

t t
D,&,=®,+ [ AD,®,dr+ [ B;D,®,-dW,, te[s, 1].

Theorem 4.2. Suppose that the random matrix Fy+F, ®(1,0) is a.s. invertible.
Then the two-sided stochastic differential system (4.1yH4.2) has a unique solution
among those continuous processes whose components belong to L ..

Proof. Existence. Under our standing hypotheses, (4.3)(4.4) determine a unique
process {X,, t[0, 1]}. From (3.1), we can rewrite (4.3) as:

3
X,=0(t,0) Xo+ @, [ &7 'odV,.
0

It then follows from (3.1) and Theorem 3.7 that {X,} satisfies (4.1). (4.2) follows
from (4.4). Clearly, {X,} is a continuous process. It remains to show that
Xellg .. From (4.3)(4.4) we infer that:

X,=[F, ®(0, ) +F, &(1, )] * (f+F0 f ®(0, s)od V,— F, jldi(l, s)ost>.

It then follows from standard estimates and Lemma 3.5 that X,eID, , ..., and
each X, can be localized in ID, , by a sequence { X}, ne N}, which can be chosen
such that VneN; X"e(ILg)".

Uniqueness. Let Ye(ILg 1,.)? be a solution to (4.1)(4.2). Consider the process
{®,1, te[0, 1]}. We have:

t t
O ' =]— [P ' Ads— | B, Biod W,
0 0
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Again, @ 1ell?! Vp=1, ISN. It follows from Theorem 3.7 that:

t
DY, =Y+ j & todV,
4]
ie.:

t
Y,=®(,0) Yo+ | (1, 5)°dV,.
0

Then {Y;} satisfies (4.3). But (4.4) follows from (4.2)+(4.3), and {Y;} satisfies
(4.3)+(4.4). 1t follows that Y and X are indistinguishable. []

Remark 4.3. Let us see by a simple example that we cannot expect in general
that the coordinates of X, (as well as those of X, te[0, 1]) have any moment.

Choose d=2, k=1,a=b=0, A=0, B= 01 , F= 10 , G= 00 , f= 0 ; Le,
. 00 00 10 1
we consider the system:

dXl=X2%.dW,
dX?=0
X§=0, Xi=L1
This system has a unique solution: X!=(W,)"'W, Xi=(W,)~'. Clearly,
E|X}=+4+0o0,Vte[0,1]. O
One can easily check the:

Proposition 4.4. If we assume, in addition to (H.1), (H.2), (H.3) and the hypothesis
of Theorem 4.2, that &', biell}. and fieD, | ..; Vp21, IeN, 15j<d, 1ZiZk,
the solution {X,} to (4.1), (4.2) satisfies:

Xelzl vp=1, IleN. O

Remark 4.5. Let us explain why our approach is not applicable to the Itd-Skoro-
hod version of (4.1). For simplicity, we consider here the case a=b;=...=b,=0.
Let {¥, te[0, 1]} be the d x d matrix valued process, solution of:

z t
=1+ [ A¥ds+ | B EAW, (4.5)
0

0

and, X, being a somewhat regular d-dimensional random vector, define X,
=% X,. We then deduce from (3.3) (the stochastic integrals below are Skorohod
integrals):

t t t
X,=Xo+ [ AX,ds+ [ B, ¥(D:Xo)ds+ [ B, X, dW;
4] 4] 0
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which can be rewritten as:

t t t
X, =Xo+ [(A—3Y B) X, ds+% [ B(V'X),ds+ | B; X, dW,.
0 i 0 0

14

It does not seem possible to modify (4.5), such that the last equation coincides
with the It6-Skorohod version of (4.1). [

We want now to give a necessary and sufficient condition, in terms of the
matrices A, By, ..., By, Fy, F;, for Fy+F, @(1,0) to be as. invertible. Let us
first, as a preparation, consider two extreme cases.

Suppose first that the ideal generated by B,, B,, ..., B,, in the Lie algebra
of matrices generated by A4, By, ..., By, has rank d2. Then the law of &(1, 0)
possesses a density with respect to Legesgue measure on GI(d, R), which can
be identified with an open subset of R¥. On the other hand, the mapping:

M — II1(M)=det(Fy + F, M)

from GI(d,R) into IR is analytic. Therefore, provided IT is nonzero at some
point MeGI(d; R), the set of zeros of IT has Lebesgue measure zero, and:

P(F,+F, (1, 0) is invertible)=1.

It is not hard to sec that the condition (2.3) is equivalent to the existence of
an MeGl(d; R) s.t. F,+ F; M is invertible. Therefore, in the hypoelliptic case,
(2.3) is a necessary and sufficient condition for existence and uniqueness to
4.1)-(4.2).

Let us now consider the case where B, =...=B,=0. Then existence and
uniqueness is equivalent to the fact that F,+ F; e be invertible. The condition
is stronger than (2.3).

We want now to treat the general case. To this end, it is useful to study
first the manifold on which &,=®(t, 0) evolves. Let ¢4 denote the Lie algebra
of matrices generated by A4, By, ..., B,, 7 the ideal in & generated by By, ..., B,.
Let G (resp. G,) denote the connected component containing the identity of
the matrix Lie group generated by ¢ (resp. 7).

Since for any t>0, e ™' B; ¢'“€ 7, the equation

d:ﬁ,=e“" B; et l/’todw/;i
Yo=1I

may be considered as a stochastic differential equation on G,. Since 4}, solves
(2.4), ®,=e'1y,, and hence we can assume that:

d,ce'1 Gy, t=0; as.

For t =0, let v, denote the induced (from R?* %) volume measure on €4 G,,.

Proposition 4.6. For every t>0, the law of &, on &1 Gy admits a C® density
with respect to v,.
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Proof. Consider:

Go={(*M,1);teR, MeGy} =G xIR.
The following is a composition law in G,:

(@M, )[J(e* N, s)=(e"* M A N, t+5).
Indeed,
etAMesANze(t+s)Ae—sAMesA N,

and e 4 M ¢4 NeG,, whenever M, NeG,, since, 7 being an ideal of 4, G,
is a normal subgroup of G, see Helgason [7, p. 128 Chap. II, § 5].
If we define the vector fields on G xR:

Z (N, )=(AN, 0)
Z,(N,)=(B;N,0) 1<i<k
Zo(N, )=(0, 1),

we have that Z,+Z,, Z3,, ..., Zp
Let us define the operator:

_ can be restricted to vector fields on G.

9

k
5t+L=%ZZ§f+ZA+ZO~
1

For t =0, let u, denote the law of @,. {11} solves the Fokker-Planck equation:

(—%%—L*) u,=0, t>0

w,—9;, as t]0.

Let A denote the Lie algebra of vector fields over G, generated by Z,+Z,,
Zy,, ..., Zy,. Itis easily seen that

rank 4 ("4 M, t)=dim G,

V>0, MeG,. The result then follows from Hormander’s hypo-ellipticity theo-
rem. []

Let us define:

€¢={MeGl{d;R); [1(M)=0}.

We have the following dichotomy:

Corollary 4.7. Either e* G, <%, and
P (®,)=0)=1

or else
P(I1(®)+0)=0.
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Proof. II(M) is an analytic function on the analytic manifold e G,. Therefore,
cither e* G, <%, or else ¥ ne? G, is a subvariety of lower dimension in e* G,.
Since P(II(®@,)=0)=pu, (% ne* G,), the result follows from Proposition 4.6. []

From Corollary 4.7, I1(9,)+0 a.s. if and only if the following holds:
there exists Me G, s.t. I1(e M)+0. (4.6)

Let E,, ..., E, be a basis of 4. From the analyticity of I1, the following is
equivalent to (4.6):

There exists a multi-index a=(a,, ..., &,) s.t.:
alml A E;+..+g,E
——————II(e? 171 Tembm 0. 4.7
0er ... 0&m ( )51=...=£m=0='= @7

It remains to make the computation of the derivatives explicit, and show that
one needs to check only a finite number of derivatives. It is convenient to
use the wedge product notation. Define F; =F, e“.

Let V denote the space of d x 2d real matrices. A typical element of V will
be denoted [M, N], where M and N denote d x d matrices. We introduce the
following d-linear form on V:

([N, My], ..., [Ny, M) =(F, N, + F Mx)l A A B N+F Md)d

where Q' denotes the i-th column of the d x d matrix Q. In other words, ve V®4.
Let E be a d x d matrix. We define Eve V® as:

EU([ND Ml]a sy [M: Md])

d
= Z(F0N1+F_1M1)1/\---/\(FoNi—1+F1Mi—1)i_1/\(FlMiE)i
=

AFNis g +F My Y A A (B Ny Fy MyY!
E can be extended as a linear operator on V®4.
We can now prove the:

Theorem 4.8. The three following conditions are equivalent:
(i) II(®,)=*0a.s.
(ii) AMee? Gy s.t. II(M)=+0
(iil) 3 a multiindex a=(0ty, ..., &), with ¢; <24 d?4—1, 1 <i<m, such that:

Eom  Eno(I 10, ..., [I, I])%0.

Proof. From the formula:

8@
—a——T;H(elel ... e°mEm)
oepr ...0&m f1= .= e =0

=F Evo(L 1, ..., [ 1],
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we see that the theorem is the consequence of the above discussion, except
that it suffices to check condition (iii) for o’s with o; <dim(V®%)—1. But this
is a consequence of the Cayley-Hamilton theorem, which tells us that, for «;
>dim V®4, £% is a linear combination of lower powers of E;. [

Note that checking condition (iii) amounts to computing a finite number
of determinants which are expressible in terms of A, By, ..., B,, F, and F,.
Nevertheless, the condition can be used in practice only with small d’s.

§ 5. Existence of Probability Densities

In this section we consider the question of when solutions X, to (2.1)+2.2)
admit probability densities. We first calculate the Malliavin covariance matrix
of X, and use this to give a criterion for existence of densities. Secondly, we
show that under more restrictive assumptions, it is possible to compute the
distribution of X, fairly explicitly using the co-area formula. This is then used
to considerably sharpen the criterion for existence of densities.

Throughout this section, X, solves

dX,=[a+AX]Jdt+[b;+B; X ]cdW} (5.1)
FOX0+F1X1=f (5.2)

for constant a, by, ..., b, and f. We assume always that F,+ F, &(1,0) is as.
invertible, so that existence and uniqueness of solutions is guaranteed. We shall
use the following notations:

i) M(t)=F, (0, 1)+ F, &(1, 1),

k
j=1
and _

ili) A(x)=a+ Ax, B;(x)=b,;+ B;x; xeR".
Notice that M(z) is as. invertible if Fy+F, @(1, 0) is. We shall think of A(x)
and B;(x) as defining vector fields on R?. Thus, we associate to A(x) the vector

d
! 0 P . .
field ) (a+ Ax); FP and, if [4, B;] denotes the Lie bracket of the corresponding
- .

vector fields, [4, B;](x)=[B;4—AB;] x+B;a—Ab,. Finally, we let &= Liec alge-
bra~generated by the vector fields 4, By, ..., B,, and we let 2 denote the ideal
in 4 generated by B, ..., B,.

5.1 The Malliavin Covariance Matrix and Densities

If F=(F,, ..., F) and FelD, | . for 1<i<n, we let

1

((DF,DF>>=[j Ek:D;FiDiFjds] B (53)

0 I=1
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{DF, DF) is called the Malliavin covariance matrix of F. A result of Bouleau
and Hirsch [3] implies that if FeID, , ;. and { DF, DF )>0 a.s., then F admits
a probability density w.r.t. Lebesgue measure. That is, if B, denotes the probabili-
ty distribution of F, B,<m where m denotes Lebesgue measure on R? For
solutions {X,} to (5.1)-(5.2) we shall compute {DX,, DX, and give a sufficient
condition that {D X,, DX, »>0 a.s. We do not consider the question of whether
the density of X, is a C*®-function. The standard criterion of the Malliavin

calculus  for  C%-regularity requires that X,eD = ﬂDl,p and

leNk
pz2

det{ DF, DF)) " 'eI?(P)Vp=1. But we have seen that X, is not integrable in
general, ie., X,elD, . only, and hence the standard theory will not directly

apply.

Proposition 5.1. Given the above assumptions,

{PX,DX)=M"'(1) {f F, #(0, s) Q(X,) 7(0, s) FT dss
0

+ lel D(1,5) Q(X) D7(1, ) Fles} (M~ te)".

Proof. Using the properties of the derivation operator D, including Theorem 3.8,
we obtain:

FyDiXy,+F, DX ,=0, 54
and,

t t
DiX,=DiX,+ [ AD:X,du+ | B{(D:X,)od Wi+ B;(X) 1<y (5.5
0 o]

Now (5.4)-(5.5) is a two-sided system precisely of the form of (4.1}(4.2) but
with the additional term B;(X,) ls<q- It is evident from the form (4.3)+(4.4)
of the solution X,, that D} X,elLg, for fixed 5. By a repeat of the existence
and uniqueness argument of Theorem 4.2 separately on the time intervals [0, s]
and [s, t], we can conclude that:

D; X, =(, 0)[D; Xo+2(0,5) Ei(Xs) 1{s<t}] -
In particular
Di Xo=2(0,1) Di X,—2(0,5) Ei(Xs) 1{s<l}
and similarly
DiX,=®(1,t) Di+D(1, s) Bi(X,) Liszg-

Then, substituting these into (5.4) and solving for D X, gives:
DiX,=M"'(t)[F, (0, ) Lo <s<y—F, ®(1,8) 1 <4< 1] Bi(X,).

The proposition follows immediately from this and the definition (5.3) of
<<DXt,DX,>>. ]



Linear Stochastic Differential Equations 507

In the spirit of the Malliavin-Stroock-Bismut approach to existence of densi-
ties for solutions to stochastic d.e.’s, we shall establish a Lie algebraic sufficient
condition that {(DX,, DX, )>0 as. Let G, be defined as in Sect. 4 and define
the subset BC<IRY x R¢

BC={(xg, x)| Fy xo+F; x; =f}
BC contains the set of all possible initial and final values of the X, process.
Theorem 5.2. If
{Fy Co(Xo(0))|Coe B} +{F, C,(X,(@))|C,eZ}=R¢ as, (5.9)

then {DX,, DX, )>0 a.s. for any 0<t<1 and (see Bouleau-Hirsch [3]) X, admits
a density for 0 <t< 1. In particular, (5.9) is satisfied if

{Fy Co(x0)|CeF}+{F, C,(x,)|Ced}=R* for every (xo, x,)eBC. [ (5.10)

Condition (5.10) is really much too strong. It is obvious from (5.9) that
we could replace BC in (5.10) by

BC' = U(Xo(w): X, ()

which, in general, is smaller than BC. However BC’' has no simple analytic
characterization. In the case that a=b,=...=b,=0 a useful reduction of BC
is possible, because X(w) and X ((w) are constrained by the conditions that
X,=9@(1,0) X, and that F, + (1, 0) F, be invertible.

Corollary 5.3. Let a=b,=...=b,=0. Let BC" be the subset of (x4, x,)eR? x R?
such that Fy xo+ F, x; =f and there exists a Tee* G, such that F,+ F, T is invert-
ible and x, = T'x, (see Sect. 4 for the definition of G,.) Then

{Fy Co(x0)|Co€Z}+{F, C,(x;)|C,€Z}=R* for every (x,, x;)eBC”  (5.11)

implies that {DX,, DX, )>0 as.

To illustrate, we specialize to some particular cases, the first of which is
well-known.

Corollary 5.4 (Adapted case). If F, =0, then
A(Fy *f):=Span{C(F; 'f)|CeZ}=R?

implies that {DX,, DX, »>0 a.s.
Proof. Use 5.10, noting that F, is invertible, and BC={F; '} xIR%. []
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As a second example, consider the two point boundary value problem defined
by the boundary conditions Fy X o=f, and F| X | =f;, where, as usual, rank Fy=1
and rank F{ =d—1. In this case

{DX,DX)=M"1(r) [Iz)l LOZ] M 1(@)]" (5.12)
where
L= I Fg 2(0,5) Q(X,) 7(0, s)(F)" ds
and ’
L,= ItFé O(L, 5) Q(X,) PT(L, s)(Fp)" ds.
We obtain 0

Corollary 5.5. The following is a sufficient condition that {(DX,,DX,)»>0 a.s.
Vte(0, 1) for the two-point boundary value problem: for every (xq, x;)€ BC

{F;C(xo)|Ced}=R' and {F/C(x))|Ced}=R*" [

Proof of Theorem 5.2. We adapt an argument due to Bismut [2]. From Proposi-
tion 5.1, it suffices to show that for 0<t<1 the following random matrix is
a.s. positive definite:

R(®)= jt F, @(0, 5) Q(X) #7(0, s) Fff ds+ jl FL &(1,5) Q(X) 27 (1, s) Fl ds.

We define some random vector subspaces of IR?:
U(t)=Span {F, ®(0, 5) B;(X,); 0S5 <1, 15i<k}
A0%)= (U2

t>0
¥ (t)=Span{F, &(1,s) B;(X,);t<s<1,15i<k}
V(1= (7.

t<1

Note that %(¢) [resp. 7 '(t)] is an increasing (resp. decreasing] function of ¢,
so that #(0*) and ¥ (17) are well defined. It clearly suffices to show that for
O<t<1, ¥ () +%()=IR? a.s., which is implied by the stronger condition:

2O +7 (17)=R? as.

Let us admit for a moment the:

Lemma 5.6. There exists a measurable random vector q(w) s.t. a.s.:
i) q(@)e(@ (0" ) w)+7 (17)(w)*
ii) lg(@)|=1if #0")(@)+7 (1 ) @+R. O
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It clearly suffices to show that for any such g(w),
P(g(w)=0)=1.

To this end, we define S to be the set of Ce@ such that, a.s.:

1) 3ty(w)>0 such that Fy &(0, s) C(X)(w) L g(w) for sLty(w) and

if) 3¢, (w)<1 such that F;, &(1, 5s) C(X,)(w) L g(w) for t;(w)<s< 1.
For every o there is a t,(w)>0 such that %0+ ){(w)=%(t,(w))(w). Similarly,
for every  there is a t;(w)<1 such that ¥ (17)(w)=7"(t; (®))(w). Therefore,
since ge[#(0*)+7 (17)]* as., By, ..., B,e# To complete the proof, it then
remains to establish that # is an ideal in &, and for this it is enough to show
that if Ce% then [A, Cle# and [B, Cle# for 1<i<k. To this end the
following two lemmas are crucial.

Lemma 5.7. Let (7_(}) be a vector field represented by C(x)=C x+c. Note that
all vector fields in % are of this type. Then

&(0,5) C(X)=C(X o)+ j ®(0,r)[4, C1(X,)dr+ j &(0,7)[B, C1(X,)od W}  (5.13)
4] 1]
and

(1,5 C(x)=C(X,)— §1 o1, N[4, C1(X,)dr— jl &(1, 1 [B, CYX)edW. (5.14)

Proof. The second formula follows from the first using the identity ®(1,s)
=@(1, 0) @(0, s). The first formula is a consequence of the chain rule for Strato-
novich integrals and d ®(0, s)= — ®(0, s) A ds— ®(0, s) B,od W.. [J

For a stochastic process {Z,}, let

n—1

QV/(Z)=limin prob. Y (Z

n—oo j=0

_Zt}‘)z

n
tj+1

[where {t7} is a sequence of partitions of [0, t] with max (¢}, ,—t7) - 0] if this
JEn
limit exists and does not depend on the particular sequence of partitions.

Lemma 5.8. Let g be a random vector in R%. Then

t ok
QT/t<F0 ¢(03 t) C'(Xt)> CI>: j Z <F0 ¢(0: S)[Eia C](Xs)a q>2 ds
0 i=1
and
1 k

[Q Vl _Q V;:I (<F1 @(1, t) C(Xt)a q>): j Z <F1 @(13 S) [Ei: é] (Xs)7 q>2 ds.

t i=1
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Proof. Write
Zs: <FO ¢(0: S) G(Xs)5 q> =QI ZI(S)
where
zi(s)y=[F, (0, s) C(X )1,
Then

n—

n—1
Z (Zt]u,; J Z ql qm Z (Zl(tj+ 1) Zl(tj))(zm(t]+ 1) Zm(t]))'
j=0

I,m=1 j=0

However, from Nualart and Pardoux [16], Theorem 5.4,

n—1
Y @t )= 2i(t)) Zm(ty 4 1) —Zm(2)
j=o0
kot
Y [[F 90, 9B, CI(X)L,[F 0, )[B,, C1(X)],ds

i=10

because @(0, s) C(X,) satisfies (5.13). The proof for (F, &(1, t) C(X)), q) is simi-
lar. [

Now suppose that Ces# and let to(w)>0, t, (w)< 1 be such that
(Fy @0, 5) C(Xy), g>=0 for 0<s<ty(w),
(F, (1,5 C(Xy), ¢d=0 for t;(w)<s=1.

Then from Lemmas 5.7 and 5.8,
(Fy @0, 5)[B,, C1(X,),q>=0 for 0<s<ty(w) as.,
(F, (1, 8)[B;, C1(X,), q>=0 for t;(w)<s=1 as.,

é:k

1
1=igk.

A

Thus [B,, Cle# for 1 <i<k. But then, by definition of the Skorohod integral
the stochastic integrals in the expression for (F, ®(0,t) C(X,), q)> (resp.
(F (1, 1) C(X,), @) is also identically zero a.s. for 0 <t <fq(w) (resp. t;(w)<t=1).
It follows that

(Fy @0, 5)[4, C1(Xy), ¢p=0 for 0<s<to(w) as.
(F, d(1, )[4, C1(X), q>=0 for t,(w)<s<1 as.
Hence [A, C]e # also. This completes the proof that # is an ideal in 4.

Proof of Lemma 5.6. For notational convenience, we consider the case a=b,
=...=b,=0. The general case has a similar proof. We define

U(0+)= (") Span{F, ®(0, s) B, (s, 0)|0=s=t, 1 Si<k}
t>0
and
¥(1—)=(Span{F, ®(1, ) B; &(s, 1)|t<s<1, 1<i<k}.

1>t
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By the 0-1 law for Brownian motion, U(0+) and V(1—) are each a.s. equal
to some fixed subspace. For xeR? let U(Q+)(x)={Cx|CeU(0+)} and
V(1 —-)x)={Cx|Ce¥(1—-)}. Then, it is clear that #(0+)=U(0+)(X,) and
v (1-)=Y(1-)(X,). We shall show that there is a Borel measurable §:
BC — R satisfying

1) 4xo, x1) LU0 +)(x0)+ V(1 —=)(x1), V(xo, x)€BC

i) [G(xg, x)I=1if UQO+)(x0)+ V(1 —)(x) =R (5.15)

q(@)=g4(Xo(w), X{(w)) will then be a measurable random vector satisfying the
requirements of Lemma 5.6.
To prove (5.15) we use

(5.16) Let (&, B(£)) be a metric space equipped with its Borel o-field, let S
be a complete, separable metric space and x+— [, a mapping from & to closed
subsets of S. If for any sequence {x,, z,} =& x § such that z,eI; Vn, lim x,=x

n—o
implies that {z,} has an accumulation point in I, then there is a measurable

[+ &—- 8 such that f(x)el, for every x. (See Ethier and Kurtz [6], Appendix,
Sect. 10.)

Let &={(xo, x;)e BC|U(0+)(x¢)+¥(1—)(xy)*R?}. This is a closed subset of
BC with respect to the relative topology. We take S=IR? and

Lo = {71y LUO+)(x0)+ ¥V (1 =) (x1), [y|=1}.

Let (xp, x1) > (xo, x;) in & and let y,el,, .- for every n. Since {y,} 85?71, where
$471 denotes the unit sphere, {y,} has an accumulation point yeS*~*. But for
every CeU(0+),

{y, Cxgp=Ilim{y,, Cxg>=0 where Ilimy, =y.
k— o0 k— o0

Similarly (y, Cx;>=0 for every CeV(1-). Thus y LU0+)+YV(1~-), and so
vel, ,,. The existence of g satisfying (5.15) follows from (5.16) if g(x) is defined
tobe 0 on BC\&. [

(5.17) Example
dXt=BiXtodV[/;i: Fy Xo=/o, Fl Xo=/1
where
i) 2=Lie algebra {B, ..., B} =IR**¢

i) fo=0, f1 0.
As usual FjeR'*¢, FjeR“ 9*¢ and rank F;=I, rank F; =d—1I. Then

{F3 Cox0|Coe2}+{F, Cy x,|C,e2}=R* for every (x,, x,)eBC,

since Iy xo=f, and F| x, =f; imply x4 %0 and x, +0. [
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5.2 The Co-area Formula and Densities

The analytic properties of the manifolds ¢4 G, in which ®(t, 0) takes values
and of the maps which determine X, as a function of ¢(0, ¢) and @(1, t) suggest
that better sufficient conditions than (5.10) or (5.11) are available. In particular,
it should be possible to show whether X, admits a density by testing
{Fy Co xo|Coe 2} +{F; C, x,|C, €3} at just one point (x,, x,) in certain circum-
stances. We shall obtain a condition of this sort by using the co-area formula
to represent explicitly the probability distribution of X, and, in fact, our condi-
tion will turn out to be necessary for the existence of densities as well. Our
theorem shall be developed under the assumption

a=by=...=b,=0, (A.1)

and we assume that this holds for the remainder of this subsection.

The co-area formula is a generalized change of variables formula. We shall
state it for the special case of analytic maps on analytic manifolds, which is
the case we need; our statement is a corollary of Theorem 3.2.22, Corollary 3.2.32
and Remark 3.2.33 in Federer [7]. Let N =R* be a smooth manifold of dimen-
sion r, and let ¢: N —»IR™ be a C'-function. We need to define a Jacobian
of ¢ at points peN. For peN, we shall think of T,N, the tangent space to
N at p, as a subspace of R with the inner product <-,-» induced from R*
Let p=dim[image 0 ¢(p)] where d¢ denotes the differential of ¢, and let
ey, ..., ¢, be an orthonormal basis of image 0 ¢(p) using the Euclidean inner
product from R™ We define

J, o(p)=(det[<0 o(p)* e;, 0 p(p)* ey gi,jgu])l/z

where 0 ¢* denotes the adjoint of d¢. This definition is independent of the
choice of basis; it has a basis-free definition in terms of exterior algebra. Let
#" denote Hausdorff measure of dimension n; for the definition, again see
Federer [7]. Note that if M cR™ is a manifold of dimension n, #" on M
coincides with the canonical surface measure on M.

Proposition 5.9. Let N cRR* be a connected, analytic, r-dimensional manifold and
let @: N - IR™ be an analytic map. Set p=sup {dim[image 0 ¢(p)]|peN}. Then

i) S={p|rank 0 p(p)=p} is an open set of N containing H"-almost all of
N; and,

ii) If g: N>R is s#"-integrable

fe@d =1 | g@lLoew] 'dA""Wld#"(@). O (5.18)
N

R™m @~ 1(z2)nS
(5.18) is called the co-area formula. It is usually stated

fe@ho@dx ()= [ | gwdx" *W]dat"() (5.19)

Rm o= 1(z)
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However, J, ¢(p)>0 as long as dim image d ¢(p)=p and so by Proposition 5.9
i), J, o(p)>0 #"-almost everywhere. Therefore, for any >0,

f g(p) I[J,L¢(p)>£] dA#"(p)
N

=0 § 80)lypwsnlho@] " dA""@)]dA"(2),

Rm ¢~ 1(2)

and we take £}0 to recover (5.18). Note that, for convenience, we integrate
with respect to #* over all of R™ in (5.18), but really the integrand can be
non-zero only on image ¢(z), which is #" — g-finite. Finally, when r=p, " #
=4#"° should be interpreted as the counting measure, and then (5.18) is the
usual change of variables formula.

When p=m, corresponding to the case in which 0 ¢ is full rank, the Jacobian
takes a simple form. Let us abuse notation and let é ¢(p) denote the matrix
representation of the differential w.r. to fixed orthonormal bases of 7, N and
IR™ Then, it turns out that

I @()=)/det d@(P)[d 0 (p)]". (5.20)

(5.20) brings out an interesting relationship between the co-area formula
and the Malliavin calculus. Since #™ on R™ is Lebesgue measure, it is clear
from (5.19) that if

v(U)= j. 1(¢(p)eU} Ju @(p) dH" (D),

then v is absolutely continuous w.r.t. Lebesgue measure. Thus, if J, @(p)>0
HA"-a.e. or equivalently, if 0 ¢(p)[0 @ (p)]T >0 H#"-a.e., then #" o~ ! is absolutely
continuous w.r.t. Lebesgue measure also

%r"(P_I(U): j 1{¢(p)eU}df7fr(l7)-
N

The Malliavin covariance matrix {Dy, Dy ) for y: 2 —R™ is precisely a gener-
alization of 0 @(p)[d@(p)]”. The fact that the a.s. positivity of {Dy, D¢y is
related to existence of densities generalizes the fact that J,(p)>0 #"-ae.
implies #” of ~! < Lebesgue measure. There is more than analogy here. Bouleau
and Hirsch [3] use the co-area formula to deduce existence of densities from
a.s. positivity of {Dy,, Dy ).

We shall employ the co-area formula to compute the density of X, w.r.t.
an appropriate Hausdorff measure, and also to compute conditional densities
of (0, 1) and ®(1, 1) given X, for use in Sect. 6. Fix te(0, 1) and let N,= G, e **
x et Gy e, Assume dim %, =r, so that dim N,=2r. (®(0, t), (1, 1)) takes values
in N, and, moreover, by the analysis of Proposition 4.6, ®(0, t) admits a probabil-
ity density q° w.r.t. #”7 on Gye 4, and &(1,t) admits a probability density
gt wrt. A" on et Gye ' q°(w) gl (v) is the density w.rt. #2" on N, for
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(9(0, 1), (1, t)). The function ¢ in the co-area formula will be replaced by p:
N, > R4, where

p(UN=[KRU+FV]'f.

Then X,=p(P(0, 1), D(1, 1)). p is defined everywhere on N, except on the subvari-
ety SP={(U, V)eN,|det[F,U+F, V]=0}. S? is a subset of zero #?"-measure
because of our standing assumption that F, (0, t)+ F, &(1, t) be a.s. invertible.

We want to apply the co-area formula to p on N,. However, p is analytic
not on N,, as would be required in Proposition 5.9 but on N,—S°. N,—S? is
a union of connected open analytic manifolds, and we apply Proposition 5.9
on each component and add up. For this it is useful to know that the constant
u does not change from component to component.

Lemma 5.10. Let
p=sup {dim [image dp(U, V)]|(U, V)eN\S?}.
Then dim [image dp (U, V)] = u, #*"-almost everywhere on N,—S?.
Proof. We note that Ty yN,={(Co U, C, V)| C,, C,€2} where 2 is defined in
Sect. 4. Also, if {C, U, C, V)e Ty v N,
ap(Ua V) (CO U: Cl V)
=—det(FbU+F, V) 'H[[RU+F, V] '[F,CoU+F, C, V][FbU+FV]f
where F,U+F, V=det(F,U+F, V)[F,U+F, V] ! can be extended as an ev-
erywhere defined analytic function. Now let E,, ..., E, be a basis of 2. Then

{E,U,0),...,(E,U,0), (0,E, V), ..., (0, E,V)} is a basis of Ty y,N, depending
analytically on (U, V). Combining these facts, we find that for (U, V)e N\S?,

image dp(U, V)=span {(FEU+F, V) 'F,E;U[F, U+F, V],
(FRU+F V) "REVIFU+FV]fI1<i,j<r}.
Let {4,(U, V)} be the collection of u x y minors of the d x 2r matrix
[REUFRU+FRVIf: . . REVFEU+FV]f].
Then dim image dp(U, V)<p iff Y’ 42(U, V)=0. But Y 47(U, V) is analytic on
N,. By assumption » A7 (U, V)>6 at some point of ];i, Hence ) 4}(U, V)=0

only on a subvariety of N, of lower dimension than 2r. []

By applying Proposition 5.9 we now obtain the following result; statements
(ii) and (iii) are noted for later use.

Proposition 5.11. Let p=sup {dim [image dp(U, V)]|(U, V)eN\S?} and let S,
=S2U{(U, V)eN,|J, p(U, V)=0}. Then
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i) X, admits a probability density with respect to #* on R* given by
pi )= [ [LpU VI g @) g (V)dx> U, V)
P~ 1(2)\S:
ii) If g is a bounded, measurable function on e "4 G, and

Pz, )=p (1) | g p) WU, V)g(U)g(V)d#> (U, V)

pH(@NS:

where this is defined, then ¢,(X,, t)=E[g(®(0, 1))| X ].

iii) If h is a bounded, measurable function on e4 Gy e 4

and
Yz )=p~z0) | hWM(.p) (U, V)q (U) g (V)d#> (U, V)
P L(2\S;
then y,(X,, t)=E[h(®(1, t))| X,].

Proof. Let g, h, k be bounded measurable functions. Then using the co-area
formula and Lemma 5.10, we deduce:

E[k(X,) g(2(0, 1)) h(2(1, 1))]
= [ k(p(U, V)) g(U) h(V) q; (U) g7 (V) d#*"(U, V)

= k@{ [ G U Vg h(V)q (U)gG(V)d> ", V)} dA"(z).
R4 p~1(2)\Se

(5.21)
For (i) set g=h=1, for (ii) set h=1, and for (iii) set g=1. []

Recall the definition of BC” from Corollary 5.3. Corollary 5.3 can now be
greatly improved.

Proposition 5.12. Let (A.1) hold. Then X, admits a probability density with respect
to Lebesgue measure iff 3(x,, x;)e BC" such that
{FyCo x| Coe2}+{F,C, x{|C,e2}=R" (5.22)
Proof. Assume that (5.22) holds. We shall check that
dim image 0p (u, v)|y, ru=4d

for any UeG,e ™. Since s#“=Lebesgue measure in R this will imply that
X, admits a density by Proposition 5.11(i). Let (x,, Tx,)e BC” satisfy (5.22) and
let V=TU. Then U 'xq=U"'[Fy+F, T] }f=[F,U+F; V] 'f. Then, using
the characterization of dp(U, V) given in the proof of Lemma 5.10,
image 0 p (U, TU)

={{FU+F V) 'FRC,UFU+F V),

(FRU+F VY 'FCV(F,U+F V) f|Cy, C €3}
={(FoU+F, V) ' F, Cy x| Coc 2} +{(F U+F, V) ' F,C, Txy| C,€2}
=R%
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Conversely, if X, admits a density then u=d, since otherwise Proposition 5.11
implies that X, admits a density with respect to #* for u<d and so the Hausdorff
dimension of image p=pu<d. Thus there is a (U, V)eN with F, U+ F, V invert-
ible and dimimagedp(U, V)=d. (xq,x)=(U[FbU+F V], VI[F
+F, V] 1f)eBC” then satisfies (5.22). []

Finally, we wish to demonstrate how the co-area methodology may also
be used to derive expressions for the joint densities of {X,}. We again as-
sume (A.1) holds and we consider finding the joint density of (X, X,). On
M=Gye " xetGye 4" x e x Gye 4%, define R(U, V, T): M —IR?? by

reen=[ )

(is)zR((D(O, 9), ®(1, 1), (1, 5)).

t

Then

By repeating the analysis of Proposition 5.11 on R, we get

p(z1, 22, )= I GBRTNU Y, D)4 (V) g2 (T)d#> (U, V, T)

R~ 1((z1, 22))\S

for the density of (X, X,) with respect to #* on R*?, where p=sup {dim (im-
age OR(U, V, TH|(U, V, T)eM}, S={(U,V, T)e M|R(U, ¥, T) is undefined or
J,R(U, V, T)=0} and ¢2,(T) is the density of ®(t,s) on e*'Kye 4 w.r.t. to
H.

§ 6. The Markov Property
6.1 The Markov and Markov Field Properties

In this subsection, we assume that a,b,,...,b, and f are deterministic,
acl!(0, 1;RY, by, ..., beI?(0, 1;IR% and felR?. We also assume that (4.1}4.2)
has a unique solution.

For the process {X,,t€[0, 1]}, two notions of Markov property can be
considered. Let us recall their definitions.

Definition 6.1. The process {X,, te[0, 1]} is said to be a Markov process if for
any t€(0, 1), the g-algebras o(X; 0=s=<t) and o(X,; t<s=1) are conditionally
independent, given X,; i.c., the past and future are conditionally independent,
given the present. [

Definition 6.2. The process {X,, te[0, 1]} is said to be a Markov field if for
any 0<s<t<1, the o-algebras o(X,;s=r=¢) and o(X,;0=r=s)vo(X,;t<r
<1) are conditionally independent, given (X, X,); i.e., the process outside (s, t)
and the process inside (s, ¢) are conditionally independent, given (X, X,). [
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The Markov field property has been discussed in particular by Jamison [10].
He shows that any Markov process {X,} is a Markov field. But the converse
needs not be true, as we will see below, except when either X, or X, is determinis-
tic.

Our solution {X,, te[0, 1]} is not going to possess the Markov property
in general. Indeed, in the particular case of the periodic boundary condition
(2.2"), X, and X, are not conditionally independent given X,. One may think
that the Markov field property is better suited for our system, since in a sense
the flow is running from the two endpoints t=0 and t=1. Unfortunately, we
have not been able to decide whether or not the solution to the system is
always a Markov field.

Let us first consider three cases where the solution is a Markov process.
We will use the following notation: for 0<s<t =1,

Fe=c{W—W;ssrt), F=F°.

Theorem 6.3. Suppose that one of the following conditions is satisfied:

Gi) F=0
(iii) By=...=B,=0, and Im F,nIm F, ={0}. Then {X,, t€[0, 1]} is a Mar-

kov process.

Proof. Under either (i) or (ii), the result is well known. Let us consider the
condition (iii).

We have to show that for 0<t<r=1, X, is conditionally independent of
g(X,; 0=<s=t), given X,.

Since By =...=B;=0, &(t, s) is deterministic, and {X,, te[0, 1]} is a Gaus-
sian process. The formula:

X,=[F, (0, t)+F, &(1, t)]—l(f+F0f@(0, s)odV,—F, jlqs(1, s)odv;> (6.1)
[¢] t

can be rewritten in the form:
X,=c+C(Fo &+ Fi )

where ceR?, C is a d xd invertible matrix (of course, both depend on 1), &,
is a &, measurable Gaussian random vector, #' is a & measurable Gaussian
random vector. The condition Im Fy nIm F, = {0} implies that o(X,)=0(&,, 1),
where &,=F, &, i'=F, %'

X, =0(r,) X, + [ D(r, s)edV,.
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.
Since ( {o(,5)-dV, ﬁ‘) is a #| measurable Gaussian random vector,
T

[@(r, s)edV,=C'if +}
t

where V! is %] measurable and independent of 7, hence independent of &%, v o(X,).
Since 7' is ¢(X,) measurable, we have written X, as a function of X, and v,
where V! is independent of 6(X,; 0<s=<t). The result follows. []

Remark 6.4. As was noted in §2, the condition Im F, nIm F; ={0} is equivalent
to the fact that the boundary condition (4.2) can be rewritten in the form of
the two-point boundary condition (2.2). Thus our result is consistent with that
of Russek [18], who studies gaussian solutions of a different class of stochastic
boundary value problems.

The following counterexample shows that the condition Im Fy nIm F, _{0}
does not imply the Markov property in the non-gaussian case: A=0, k=1,

10 11 0 0 1 . .
B=(O 2), a=b=0, FO—(O O)’ Fl——(l 1), f-(l). In this case, the solution

is.given by:
X,:(ewt(He_Wl)).

_eZWte_Wl

Note that a(X,)=0(X,)=0(W,). Since o(W)) is not contained in ¢(X,) (indeed,
6(X)So(W,, W,— W), clearly X, and X, are not conditionally independent,
given X,. [

Let us recall that for 0<s<t£1,
L
X, =P, 8) X+ [ D(t,r)odV,.

This formula motivates the following definitions. To any pair s, ¢t with 0<s<t
£1, we associate the g-algebras:

g, =o(®(t,5), | B(t, odV)

g;,t=o'(Xsa Xt)VgTs,t
e N G,

{u,v;sSu<v=i)
e __
HE= \/ G, .

{u, v;u<v;u,vel0, slult, 1B

In these definitions, i stands for “interior”, e for “exterior”.
We have the following kind of extended or weak Markov field property:
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Theorem 6.4. For any 0<s<t<1, #}, and #?, are conditionally independent,
given 9, ,.

Proof. 1t is sufficient to show that for any event He #. ,
PH/#:)=PH/G,,). (6.2)

Clearly, for sSu<v<t, 4, ,« %’ and 6(X,, X,)<0(X,, X,) v %°. Consequently,
Hl, =% ,vF5 It then suffices, using the monotone class theorem, to show
(6.2) for any He . From (6.1), we conclude that X and X, are 4, ,v Z#, v F{
measurable, and therefore it is easily checked that:

z e 7z T apt
b.CY cHHKCY v Fv F

Since 9, .= %7, it follows easily from the independence between % and
F,v F{ that for any He &°,

P(H/%, .~ v F)=P(H[Z, )

(6.2) follows, using the following lemma which is an easy consequence of the
definition of conditional expectation:

Lemma 6.5. Let 5, c #, < H#3 < #, be sub o-algebras of #. For any GeZ,
P(G/#)=P(G/#,)=P(G/#3)=P(G/4). O
Using again Lemma 6.5, we immediately deduce from Theorem 6.4 the:

t
Corollary 6.6. Suppose that for 0<s<t<1, &(t, s) and | D(t, r)odV, are o(X,, X,)
measurable. Then {X,, te[0, 11} is a Markov field. [
It then follows:

Corollary 6.7. In each of the following two cases, {X,, te[0, 1]} is a Markov
field:

(1) (Gaussian case): B;=...=B,=0

(1)) a=by=...=b=0, and ®(t,s) is a diagonal matrix, for any s, te[0, 1]
(the latter holds in particular if d=1). [

Each of the cases (i) or (ii), together with the periodic boundary condition
(2.2"), provides an example for a Markov field which is not a Markov process.
Here are two examples of systems with Markov field solutions.

Example 6.1. If A=0, a=0, k=1, B is diagonal and invertible, and b is constant,
then the solution {X,} is a Markov field, because Corollary 6.7 applies to the
system which Y,=X,+ B! b solves.
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Example 6.2. Let {X,, te[0, 1]} be the two dimensional process which solves

k
dX,=AX,dt+) B;X,cdW}
1

More precisely, assume that this problem is well-posed. Then X,=(Y{)"'Y,
where {Y], te[0, 1]} is the solution to the same equation, but with initial values
Ys =0, Y7 =1. Note that Y, is an adapted process. We wish to show that {X,}
is a Markov ficld; that is, for any ¢eCy(R?) and 0<r<s<t<1, we want to
show

E[¢(X)/X,, uelr, tf]=E[$(Xs)/X,, X,].

Let C=®(s,7) and D=(t, r). We need two facts; i) for any bounded, Borel
Y on R*, E[y(C)/Y,, Y] is o(X,, X,)-measurable up to sets of measure 0; ii)
o{X,; ue(r, tf}=0{Y,; ue(r, t)}. i) is a simple consequence of the definition
of {X,}. To prove i), first note that E[y(C)/Y,, Y,]=E[E[y(C)/D]|Y,, Y] be-
cause of the independent of Y, from (C, D). Hence it suffices to prove
E[p(D)/Y,, Y] is 6(X,, X,) measurable up to zero measure sets. Define H(x, y)
so that H(x, Dx)=E[p(D)/Dx]. We may assume that H(ax, ay)=H(x, y) for
any o=0.

However, H(Y,, Y)is a version of E[p(D)/Y,, Y] since, from the independence
of Y, and D,

E[1y,(Y) 1y,(Y) p(D) ] =E[1y,(Y) E[1y,(Dx) p(D)] |x=v,]
=E[1y, () 1y,(H H(Y,, ¥)].

Since (X,, X)) =(Y}) (Y., ), H(Y,, Y)=H(X,, X,) a.e. thereby proving i). Now
let ¢ be given and set G(w)=E[¢(Cw)/Y,, Y;]. We will show that E[¢(X)/X,,
ue(r, tf]=G(X,). By i} it follows that G(X,) is o(X,, X,-measurable, and so
{X,, te[0, 1]} is a Markov field. Thus, to finish, observe from ii) and the Markov
field property of {Y,, te[0, 1]} that

E[¢(X)/X,, uelr, f]1=E[$(CY,/Y{)/Y,, ue(r, t)]
=E[$(CY/y)/Y,, uelr, t)f]|,-y;
=E[$(CY/y)/Y,, Y1l -y}
=E[o(Cz/y)/ Y., Ylly=vi.z=v,
=E[p(CW)/Y,, Y]lw-x,-

With the notations introduced in the proof of Theorem 6.4, Corollary 6.6
says that a sufficient condition for {X,} to be a Markov field is that
%, ,co(X,, X,), for any 0<s<t=<1. We want now to establish a weaker sufficient
condition. For the sake of completeness, we state a similar sufficient condition
for the Markov property.
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Proposition 6.8. (i) If for any t€(0, 1), %, , and %, ; are conditionally independent
given X, then {X,, te[0, 1]} is a Markov process.

(i) If for any 0<s<t=1, % v %,  and %, , are conditionally independent,
given (X, X)), then {X,, te[0, 11} is a Markov field.

Proof. We prove only (ii). The proof of (i) is analogous. It suffices to show
that for any 0<s<t<1, and any pair of events G;ed{X,, ue[s, ]} and
G.e0{X,, ucl[0, 1]\(s, 1)}, we have,

P(G;nG,/X,, X)=P(G/X,, X,)P(G/X;, X)- (6.3)
Since
o{X,, uels, tl}co(X,, X)v &, o{X,, uel0, 1J\(s, 1)} c o (X, X)) v F# v F{.
It suffices from the monotone class theorem to show (6.3) for G;e %', G.e # v #.
Since 4, , <« F*, %, v 4, 1 F. v F, and FF and F, v F{ are independent, one

obtains, with G, %#*, G, e #, v ],

P(Glm Ge/Xs= Xt)=E[P(GimGe/g7s,tvg70,sv g,l /Xsa Xt]
=E[P(Gi/gs,t)P(Ge/gO,sv£,1 /Xs, Xt]

(6.3) then follows, if 4, ;v%, , and %, are conditionally independent, given
X, X O

We will see below that the sufficient condition of Proposition 6.8 (ii) is not
always satisfied.

6.2 Analytical Conditions for Conditional Independence

Throughout this subsection, we assume
a=b,=...=b,=0. (A.1)
If (A.1) holds, Proposition 6.8 implies that {X,: t€[0, 1]} is a Markov process if

®(0,t) and &(1,1)

are conditionally independent given X, (6.4
and {X,: te[0, 1]) is a Markov field if

(@(0, s), @(1,t)) and D¢, s)

are conditionally independent given (X, X,).

In this section we apply the co-area formula developed in §5.2 to give neces-
sary and sufficient conditions for either (6.4) or (6.5) to hold when we assume

Image F, nImage F, = {0}. (A2)
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Thus, we will assume (A.2) also for the rest of this section. By the remark
in § 2, we may and do assume that F, and F, are in the form

F, 0
rlo) Aels)

where Fj is a [ x d matrix of rank! and F] is a (d—I) x d matrix of rank d—1
We shall also write f= fo].
1

Our technique will be to use the co-area formula to compute explicitly the
conditional densities of ®(0, ¢) given X,, of &(1, 1) given X,, etc. We treat in
detail the necessary and sufficient conditions for (6.4), as the notation is simpler
in this case, and we shall just state the analogous result for (6.5). For background
and notation, the reader should consult §5.2, particularly Proposition 5.11.
In addition, we mnote that for zeR? p '(z)=I%xI. where I2
={UeGye | Uz=fo}, [L={Vee Gy e *'|F Vz=f,}. We let vo(z) =dim 2,
and v,(z)=dim .. Finally let B, denote the probability distribution of X,;
recall that dPB; /d#*=p(z, t) for p and p(z, ) given in Proposition 5.11.

Theorem 6.9. Let p=sup {dim image dp(U, V)|(U, V)eN\S?} and set S,
=S u{(U, M| J, p(U, V)=0}. Then &(0, t) and ®(1, ¢) are conditionally indepen-
dent given X, if and only if there exist functions a(u, z) and B(v, z) such that
for Py,-almost every z

() (U, M 1ge(U, V)=a(U, 2) B(V; 2) (6.6)

2 (U) g} (V) d#*" (U, V)-almost everywhere on p~1(z).

Remark. While t does not appear explicitly in (6.6), J, p(u, v) depends very much
on t because it is defined in terms of dp on N,. Thus the condition must be
checked at each .

Proof. Assume that (6.6) is true. We want to show
E[g(®(0, ) h(2(1, )| X, ]=E[g(@(0, 0)| X, J E[A(D(L, )| X,]
for arbitrary, bounded, measurable g and h. Let

p°@)= | a(U, 2) ¢? (U)do#™(U)
p' (@)= | BV, 2) g (V)dH* V).
From Proposition 5.11, we find p(z, t)=p°(z) p'(z) and
@y(z, )= | 2(U, 2)g(U) ¢/ (U) d#(U)/p°(2),

LY

Uiz, )= | BV, 2) h(V) qi (V) d#™ @ (V)/p* (2).
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B,-ae. However, b from (521), p '(2)=L)xL;, and d#*"*U,V)
ZAA O (U) x dA V),
E[g(2(0, ) h(2(1, )] X,]
[ § e@h(V)a(U, 2) B(V,2) g7 (U) g (V) d#>"~*(U, V)

_ L% L%

P°(2) p*(2) i=x,
=0g(Xy, D Y,(X,, 1)
=E[g(2(0, )| X, ] E[h(®(1, )] X,].
Conversely, assume that &(0, r) and &(t, t) are conditionally independent
given X,. Let
O0nz ="'z, 1)
I( ) gU)h(V)15.(U, V)(J, p)~ (U, V) g2 (U) ¢/ (V) d#> (U, V),
p-1(z

Then, since

E[g(2(0, )| X ] E[h(®(L, )| X ]=E[g(®(0, 1) H(P(L, 1))| X,] =6, 4(X,, 1)
a.s.
q)g(zs t) l//h(Z, t)ZHg,h(Zs t) (67)

for Py-almost all z. In fact, we can choose one set O, with P, (0)=1, such
that (6.7) holds for all continuous g and h with compact support and ze0.
Indeed, the set of compactly supported continuous g and A is separable in
sup-norm. If {g;, h;} is a separating set, ©®={z|(5.8) holds for every g;, h;}. Fix
ze(@. Then

052Dz )=p"2(z,0) | [ g@h(V)n.(U) A (V) g/ (U) qi (V) dA#*" (U, V)

L
where

n.(U)= { (J, p)" (U, V) 15.(U, V) g1 (V) dH* D(V)

2(N= [ (L p) (U, M) 1s(U, V) g (U) d#®(U).

For continuous and compactly supported g and h, this must equal 8, ,(z, 1)
and this can happen only if

Lse(U, V)(J, p)" 1 (U, V)=1,(U) 2(V) p(z, 1)
q°(U) ¢} (V)d#*~*(U, V) almost everywhere. []

A similar analysis may be applied to obtain necessary and sufficient condi-
tions for the conditional independence of @(t,s) and (2(0, 1), (1, 1)) given
(X,, X,). We shall only state the result since the proof differs only in requiring
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more complicated notation. Let M, ,=Goe **xe*Goe *' x e G,e™* and
define

RU 01 [/
RWU, D= 0 Fv| |#]
T =1 0

If dim 2=r, dim M =3r. Let ¢} (U)g2(V)q2.(T) denote the density w.r.t. #°"
on M of (9(0,s), (1, 1), (t, s)). It is not hard to see that if Fy+F, @(1,0) is
invertible a.s., then so is

Fy®(0, s) 0
0 F &(1,1)].
d(t, s) —1I

Hence R is defined 3 -almost everywhere on M. R is chosen precisely so
that

[‘;((s]:R(cD(O, s), (1, 1), D(t, ).

T

Theorem 6.10. Let p=sup {dimimage dR(U, V, T)|(U, V, T)eM} and let S,
={(U,V, T)eM,,|R(U,V,T) is undefined or J,RU,V,T)=0} Then
(@(0, 5), (1, 1) is conditionally independent of ®(t, s) given (X, X,) iff there are
functions «(U, V, r) and B(T, r) such that

Is.(U, ¥, ), RWU, V, T)] ' =a(U, V, ) B(T, 1)

for qQU)qt(V) @2 (T)d#>*(U,V, T) almost all (U,V,T)eR™'(r) and
P, x-almost all reR?.

Example 6.11. Let

k
dX,=) B X,2dW;, FXo=fo, FiX,=/ (6.8)
1
where
i) 2=Liealgebra {By, ..., B},

= {upper triangular matrices [3\ :]},

ii) Fy=[F,, F},] where F}, eR" and det F}, +0,
iiiy F,=[0: F],] where F;,eR“Y*and det F;,=+0,and
iv) fg:=[F+F]1 "f=(g > 87> 8a¥0.

We shall apply Theorem 6.9 to show that solutions to (6.8) are Markov. In
general these solutions do not satisfy o (D(t, s)) o (X,, X,), so they give examples
of Markov processes, hence Markov fields not satisfying the sufficient condition
of Corollary 6.6.
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In this case, it can be checked that
[ p(U, V)]™ ' 15.(U, V)=|det Fy, U, ||det F}, V3| y(z)

on p~ !(z) where y(z) is a function only of z, and

_[U: U, "M "
U‘[o Us] V‘[o V]

Thus the factorization criterion is met, and X, is a Markov process.
As a particular example, consider

11 0 0
dX‘=<o O)X‘c’m”’(o 1)X’°dW’2 ©2)
with X§+X3=1X2=1.
Then
eth—Wsl o
o(t, S)=( 0 eW'?iW?)
and

(X, =e" (1—e ™ 4ol e~ i), )

t
where of=e"? [ e~ Wi ™" "2 gW ! One can easily see that ¢(X,, X)) does not

contain a(P(t, s)).

Example 6.12. We shall use Theorem 6.10 to give an example of a two-point
boundary value problem such that (¢(0, s), @(1, t)) and ®(t, s) are not condition-
ally independent. Let X, solve (6.9), but now with the boundary conditions

Xi+X3=1 Xl+X2=1.

For this problem we calculate the following results; the notation is that of
Theorem 6.10
a) M, ;=G4 x Gy x G, where

Uu u
Goz{[ol Ujlul,u3>0,uze]R}

b) Rtl(")={U|“1 rit (U tus)ra=1,u;, u3>0}
Vv rs+wa4vs)re=1, vy, 03>0}
ATl ty=r4fry, tyry+t,r3=r;, t, >0}
C) IfR(Ua I/v T)=r’ J4_1R(U9 I/s T) ISC(UJ K T)

=y =ty 1) Ly —eyoy w0y [ (2 +202) (3 +13) 13 (3 +212).
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Clearly, the factorization criterion of Theorem 6.10 is not met because u,, t,, v,
are independent variables on R™1(r); in fact, by b) {(uy, t{, v1)|uy, ty, v, >0}
parameterizes R ™1 (r).

Notice that we have not shown that {X,} is not a Markov field. Using
the co-area formula, it is possible to compute explicit representations of joint
densities of {X,}. However, these representations involve the probability densities
of &(s, t), which are not known explicitly. Therefore we have not been able
to see whether {X,} in this example is a Markov field.

References

1. Adams, M.B., Willsky, A.S., Levy, B.C.: Linear estimation of boundary value stochastic processes.
IEEE Trans. Autom. Control, AC-29, 803-821 (1984)

2. Bismut, J-M.: Martingales, the Malliavin calculus and hypoellipticity under general Hormander’s
conditions. Z. Wahrscheinlichkeitstheor. Verw. Geb. 56, 469505 (1981)

3. Bouleau, N., Hirsch, F.: Propriétés d’absolue continuité dans les espaces de Dirichlet et applica-
tions aux équations differentielles, in Séminaire de Probabilités XX. (Lect. Notes Math., vol.
1204) Berlin Heidelberg New York: Springer 1986

4. Chay, S.C.: On quasi-Markov random fields. J. Multivariate Anal. 2, 14-76 (1972)

Cinlar, E., Wang, J.G.: Random circles and fields on circles. Preprint

Ethier, S.N., Kurtz, T.G.: Markov processes; characterization and convergence. New York: Wiley

1986

Federer, H.: Geometric Measure Theory. Berlin Heidelberg New York: Springer 1969

. Helgason, S.: Differential geometry, Lie groups, and symmetric spaces. New York: Academic

Press 1978

Jamison, B.: Reciprocal processes, the stationary gaussian case. Ann. Math. Stat. 41, 1624-1630

(1970)

10. Jamison, B.: Reciprocal processes. Z. Wahrscheinlichkeitstheor. Verw. Geb. 30, 65-86 (1974)

11. Jeulin, T.: Semi-martingales et grossissement d’une filtration. (Lect. Notes Math., vol. 833) Berlin

Heidelberg New York: Springer 1980

12. Jeulin, T., Yor, M. (eds.): Grossissement de filtrations; exemples et applications. Lect. Notes
Math. 1118. Berlin Heidelberg New York: Springer 1985

13. Krener, A.: Reciprocal processes and the stochastic realization problem for acausal systems,
in C.I. Byrnes and A. Lindquist, eds., Modelling, identification, and robust control. Amsterdam

New York: Elsevier-North Holland 1986

14. Kwakernaak, H.: Periodic linear differential stochastic processes. SIAM J. Control Optimization
13, 400413 (1975)

15. Meyer, P.-A.: Un cours sur les intégrales stochastiques Séminaire de Probabilités X. (Lect. Notes
in Math., vol. 511) Berlin Heidelberg New York: Springer 1976

16. Nualart, D., Pardoux, E.: Stochastic calculus with anticipating integrands. Probab. Th. Rel. Fields
78, 535-581 (1988)

17. Ocone, D., Pardoux, E.: A generalized 1t6-Ventzell formula: Application to a class of anticipating
stochastic differential equations. Ann. IHP 25, 39-71 (1989)

18. Russek, A.: Gaussian n-Markovian processes and stochastic boundary value problems. Z. Wahr-
scheinlichkeitstheor. Verw. Geb. 53, 117-122 (1980)

IS

0 =

b

Received November 30, 1987



