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Abstract

In this work, we first show that the properly rescaled height process of the genealogical tree
of a continuous time branching process converges to the height process of the genealogy of a
(possibly discontinuous) continuous state branching process. We then prove the same type of
result for generalized branching processes with interaction.
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1 Introduction

Continuous state branching processes (or CSBP in short) are the analogues of Galton-Watson (G-
W) processes in continuous time and continuous state space. Such classes of processes have been
introduced by Jirina [16] and studied by many authors included Grey [14], Lamperti [19], to name
but a few. These processes are the only possible weak limits that can be obtained from sequences of
rescaled G-W processes, see Lamperti [20] and Li [25], [26].

While rescaled discrete-time G-W processes converge to a CSBP, it has been shown in Duquesne and
Le Gall [12] that the genealogical structure of the G-W processes converges too. More precisely,
the corresponding rescaled sequences of discrete height process, converges to the height process in
continuous time that has been introduced by Le Gall and Le Jan in [22].

A lot of work has been devoted recently to generalized branching processes, which model competition
within the population. This includes generalized CSBPs, see among many others Li [24], Li, Yang and
Zhou [28] and the references therein. For the approximation of such generalized CSBPs by discrete
time generalized GW processes, we refer to the general results in Bansaye, Caballero and Méléard
[2], and for the approximation by continuous time generalized GW processes to our recent paper [ 1].
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Some work has been also devoted recently to the description of the genealogy of such generalized
CSBPs, see Le, Pardoux and Wakolbinger [23] and Pardoux [29] for the case of continuous such
processes and both Berestycki, Fittipaldi and Fontbona [4] and Li, Pardoux and Wakolbinger [27]
for the general case. [4] allows processes without a Brownian component unlike [27], but the latter
allows more general interactions. The present paper studies the convergence of the genealogy of a
generalized continuous time GW process to that of a generalized possibly discontinuous CSBP, under
the same assumptions as [27].

We first give a construction of the CSBP as a scaling limit of continuous time G-W branching pro-
cesses. To then give a precise meaning to the convergence of trees, we will code G-W trees by a
continuous exploration process as already defined by Dramé et al. in [10], and we will establish the
convergence of this (rescaled) continuous process to the continuous height process defined in [27], see
also [12]. Each jump of our generalized CSBP corresponds to the birth of a significant proportion of
the total population, whose genealogical tree needs to be explored by our height process. This gives
rise to a special term in the equation for the height process, which has possibly unbounded variations
and has no martingale property. It also destroys any possible Markov property of the height process.
The tightness of such a term cannot be established by standard techniques. We use for that purpose a
special method which has been developed in [27], see the proof of Proposition 3.16 below. The main
result of this paper is Theorem 4.4 in section 4.

The organization of the paper is as follows : In Section 2 we recall some basic definitions and notions
concerning branching processes. Section 3, which is by far the longest one, considers the height
process in the case without interaction. It is devoted to the description of the discrete approximation of
both the population process and the height process of its genealogical tree. We prove the convergence
of the height process, and of its local time. Section 4 introduces the interaction, via a Girsanov
change of probability measure, and establishes the main result. We consider first the case where
the interaction function has a bounded derivative, and then the general situation, which allows in
particular the popular so—called logistic (i.e. quadratic) interaction.

We shall assume that all random variables in the paper are defined on the same probability space
(Q,.#,P). We shall use the following notations Z; = {0,1,2,...}, N={1,2,...}, R = (—co, ) and
Ry =[0,00). For x € Ry, [x] denotes the integer part of x.

2 The Height process of a continuous state branching process

2.1 Continuous state branching process

A CSBP is a R -valued strong Markov process has the property, P, denoting the law of the process
when starts from x at time ¢ = 0, Py, = P, *P,. More precisely, a CSBP X* = (X/*, r > 0) (with
initial condition X = x) is a Markov process taking values in [0, ], where 0 and oo are two absorbing
states, and satisfying the branching property; that is to say, it’s Laplace transform satisfies

E[exp(—AX}")] = exp{—xu;(A)}, forA >0,



for some non negative function u;(A). According to Silverstein [33], the function u, is the unique
nonnegative solution of the integral equation

u,(l):ﬂ,—/ol W, (A))dr, @1

where Y is called the branching mechanism associated with X* and is defined by
W(L) = bA +cA? +/O (¢4 — 1+ Azl oy u(dz),

where b € R, ¢ > 0 and u is a o-finite measure which satisfies (1 Az?)u(dz) is a finite measure on
(0,00). We shall in fact assume in this paper that

(H) : /Ooo(z/\zz),u(dz) <o and c¢>0.

The first assumption implies that the process X* does not explode and we allows to write the last
integral in the above equation in the following form

w(A) =bA +cA?+ /0 (e =1+ Az)u(dz). (2.2)
Let us recall that b represents a drift term, c is a diffusion coefficient and u describes the jumps of the
CSBP. The CSBP is then characterized by the triplet (b,c, i) and can also be defined as the unique

non negative strong solution of a stochastic differential equation. More precisely, from Fu and Li [ 3]
(see also the results in Dawson-Li [8]) we have

t t Xy topeo XY
X —x—b / XZds++/2¢ / / W (ds, du) + / / / M (ds, dz, du), 2.3)
0 0 JO 0 JO 0

where W (ds,du) is a space-time white nose on (0,0)2, M(ds,dz,du) is a Poisson random measure
on (0,00)3, with intensity dsu(dz)du, and M is the compensated measure of M.

2.2 The height process in the case without interaction
We shall also interpret below the function y defined by (2.2) as the Laplace exponent of a spectrally

positive Lévy process Y. Lamperti [19] observed that CSBPs are connected to Lévy processes with
no negative jumps by a simple time-change. More precisely, define

N
AY = /0 Xidt, T,=inf{r>0, A¥>s} and Y(s)=XI.
Then Y (s) is a Lévy process of the form until the first that it hits O
S ©
Y(s) = —bs+V2cB(s) +/ / ZI(dr,dz), 2.4
0 Jo

where B is a standard Brownian motion and I1(ds,dz) = I1(ds,dz) — dsu(dz), I1 being a Poisson
random measure on ]R%r independent of B with mean measure dsit(dz). We refer the reader to [19]
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for a proof of that result. To code the genealogy of the CSBP, Le Gall and Le Jan [22] introduced
the so-called height process, which is a functional of a Lévy process with Laplace exponent y; see
also Duquesne and Le Gall [12]. In this paper, we will use the new definition of the height process H
given by Li et all in [27]. Indeed, if the Lévy process Y has the form (2.4), then the associated height
process is given by

CH(s) = Y(s)— inf Y(r)— / / (z—l— inf ¥ (1) — Y(r))+H(dr,dz), 2.5)

0<r<s r<u<ss

and it has a continuous modification. Note that the height process H is the one defined in Chapter 1
of [12].

Y

Ir\ N

Figure 1: Trajectories of Y and H.

Let L(¢) denote the local time accumulated by the process H at level ¢ up to time s. The existence of
Ls(t) was established already in [12]. We have the following Proposition, which can be found in Li et
all in [27].

Proposition 2.1 (It6-Tanaka formula for the local time of H) We have

N N S +
L) = cHO) 0" = [ U d? )+ [ [V (24 int Y00 -7()) @)
(2.6)
2.3 The height process in the case with interaction

Now the stochastic differential equation (2.3) is replaced by

:X§+/Otf(Xf)ds+\/%/OI/OX?W(ds,du)qt/Ot/ow/OX: M (ds,dz,du), .7)

where f is a function f : R* — R, which satisfies

fed'(®RY), f(0)=0, f(z)<6. (2.8)



for all z € R, for some 6 € R. In this case, the process Y will be defined as
s oo
Y(s) =V2cB(s)+ / / ZI(dr,dz), (2.9)
0 Jo
where B is again standard Brownian motion and again IT denotes the compensated measure I1(ds, dz) =

I1(ds,dz) — dsp(dz). This means that in this subsection b = 0.
The SDE for H reads, see [27]

CH(s) = Y (5) + L (0) + /0 P LH))dr

- /0 ' /0 = (Ly(H(P) = L(H(r))]* T(dr,dz). (2.10)

3 Approximation of the Height process without interaction

In the following, we consider a specific forest of Bellman-Harris trees, obtained by Poissonian sam-
pling of the height process H. In other words, let & > 0 and we consider a standard Poisson process
with intensity .. We denote by 7{* < 77 < --- the jump times of this Poisson process. If H is seen as
the contour process of a continuous tree, consider the forest of the smaller trees carried by the jump
times ’cl"‘ < Tf‘ < ---. We have the following proposition, which can be found in [12].

Proposition 3.1 (Duquesne and Le Gall 2002, Theorem 3.2.1) The trees in this forest are trees,
which are distributed as the family tree of a continuous-time Galton-Watson process starting with one
individual at time 0 and such that :

x Lifetimes of individuals have exponential distributions with parameter y'(y~!(«));

x The offspring distribution is the law of the variable 1 with generating function

_ o v =5y (a))
B = (v (@)

Let N > 1 be an integer which will eventually go to infinity. In the next two sections, we choose a
sequence Oy J 0 such that, as N — oo,

—1 u —0
A): dz .
(A) N /51\/ (d2)

T'his implies in particular that

L d 0
N/SN 2ui(dz) — 0.

Moreover, we will need to consider
v, (1) :c/12+/6 (e — 1+ A2)u(dz). G.11)
N
We will also set & = s, (N) in the limit of large populations.
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3.1 A discrete mass approximation

In this subsection, we obtain a CSBP as a scaling limit of continuous time Galton-Watson branching
processes. In other words, the aim of this subsection is to set up a “’discrete mass - continuous time”
approximation of (2.3) . To this end, we set

Vs, ((1—35)N)

hn(s) =s+ , ls| < 1. (3.12)
Ny (N)
It is easy to see that s — Ay (s) is an analytic function in (—1, 1) satisfying Ay (1) = 1 and
dn

hn(0) >0, n>0.
Jalw(0) 20, n=

Therefore Ay is a probability generating function. and we have

hn(s) =Y w(0)s', [s| <1,
(>0

where Vy is probability measure on Z. Fix x > 0 the approximation of (2.3) will be given by the
total mass XV~ of a population of individuals, each of which has mass 1/N. The initial mass is

Xg[ * = [Nx]/N, and XV* follows a Markovian jump dynamics : from its current state k/N,

k+1€fl at rate w{dN (N)vn(£)k, for all £ > 2;
XN jumps to

L atrate vs, (N)vn(0)k.

In this process, each individual dies without descendant at rate

%NTW) = cN-l—/JzLL(dz) — ]l\f/(s:(l —e M) u(dz);

dies and leaves two descendants at rate

1 ~ (NZ>2 —Nz .
CN+N 5 e u(dz);

and finally dies and leaves k descendants (k > 3) at rate

1 = (Nz)k —Nz

— [ ==L dz).
N5 &€ pu(dz)

Let 2([0,%0),R. ) denote the space of functions from [0,e) into R which are right continuous and
have left limits at any ¢ > O (as usual such a function is called cadlag). We shall always equip the
space Z(]0,00), IR ) with the Skorohod topology. The main limit proposition of this subsection is a
consequence of Theorem 4.1 in [11].

Proposition 3.2 Suppose that Assumptions (H) is satisfied. Then, as N — oo, {XIN’X, t = 0} con-
verges to {X}, t > 0} in distribution on 2([0,),R ), where X* is the unique solution of the SDE
(2.3).



3.2 The approximate height process

We shall now define {H™ (s), s > 0}, the height process associated to the population process {XtN tor>
0}.

Before making precise the evolution of H", we need to define its local time LY (¢), accumulated by
HY at level ¢ up to time s by

1
LN(r) = lim —

§ e—0 E

| Vpsmrasepdr (3.13)

LYN(t) equals 1/N times the number of pairs of t-crossings of H" between times 0 and s. In other
words, LY (¢) equals (1/2) * (1/N) times the number of visits at level . Note that this process is
neither right- nor left-continuous as a function of s.

We shall describe several Poisson processes. All of them will be mutually independent, even if we do
not repeat it. Let first {QY, s > 0} be a Poisson process with intensity 2 |, (1= e N —Nze ™M) u(dz).

This process will describe the “arrival” of mutiple births. Let {PY, s > 0} and {P;"", s > 0}, be two
mutually independent Poisson processes with respective intensities 2cN? and

2 [5. (7N =1+ Nz)u(dz), which are globally independent of IT'. Let us define PV =pNypiN v
5> 0. Let {ZV, i > 1} be a sequence of i.i.d r.v.’s taking their values in the set {k/N, k > 2}, which
are independent of the Poisson processes, and whose law is precised as follows.

-1

P(zN =k/N) = </5:(1 —e N —NzeNZ)/.L(dz)> /5: (Nk—z!)keNz/.t(dz), k>2.

Let {VN, s > 0} be the cadlag {—1,1}-valued process which is such that, s—almost everywhere,
dHN (s)/ds = 2NVN . The (R, x {—1,1})-valued process {(H" (s),VN), s > 0} solves the SDE

)
HV(s) =2N / vVar,
0
VSN :1+2/(; l{VrNZI}dP'{V_f—Z/O l{Vr]\i:*l}in'v
S
—2/0 L dBY + 2N (2Y(0) — LY. 0))

+28 Y {LQ’(HN(S?))—L’Svy(HN(Sﬁv))}/\(Zf-v—l>a

i>0,8N<s

(3.14)

where the Sf] ’s are the successive jump times of the process

oy Z/O l{vrfizq}dQ]rV-

For any i > 0, NZ¥ — 1 denotes the number of reflections of H" above the level H" (SV) before the
process HY may go below that level H" (SV).

Note that the above intensities are the rates of brith and death of the population process XV, multiplied by 2N. The
slope of HY is +2N, which explains the factor 2N.



3.3 Taking the limit in the SDE for AV
We write the first line of (3.14) as

s s
CHN(S) ZZCN/O I{VrN:+1}d1’—2CN/O l{V,N:—l}d”-

Summing it with the second identity in (3.14) divided by 2N, using the notations
MY = ]%[/Osl{vrzv__l}(deV—Zchdr),
MEN = % /0 1 i =y (@B —2¢N?dr),
N =5 [y oy (@B =2 [N -1 N u(az)ar),
0 r ON

and the identity a Ab=b— (b—a)™ for a,b > 0, we obtain

1

cHY(s) =Y (s)+I¥(0)— ¥ (zN - = (HY () - Ly (HY(5)) | ) '
s i N s i st i ’

i>0,8N<s

where

In the following, we will need the equation (3.19) below. Writing V" as

l{vj!:+1} - 1{Vrfi:—1}

and using (3.15), we deduce from (3.14),
S
VN =14 2N (N — PN — N+ M) —4cN2/ VNdr
0
oo )
+4 [ (- M) [ty ydr
SN 0 g

+2N/8 zu(dz) <s—2/0 l{VrN:H}dr)—|—2N(L§V(O)—L6V+(O))
'N

v Y} (Z{V—]lv— {L{X (H(s))) — Ly (HN(S?’))})+

i>0,8N<s
We first need an apriori estimate on the sequence of processes H" .
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Proposition 3.3 For any s > 0,

supE( sup HN(r)> < oo,

N>1 0<r<s

Proof. We first recall that by construction, HN (s) >0, for all s > 0, a.s. In this proof, we shall make
use of several results to be proven below. The reader can easily verify that each of those results will
be proven independently of the present result.

We first note that S s

and from the identity V¥ =1 (v¥=1y — Lyyy__1y and the first line of (3.14), we deduce that

/0 1{\/}’:1}‘{”_/0 l{v/\’:—l}d”: (2N)71HN<S).

It follows from those two identities that
S
(2N)'HY (s5) = 2/ Liyn_yydr—s>0. (3.20)
O r

We will prove in Lemma 3.14 below that LY (0) = —infy<,<;Y¥. From (3.16), (3.18) and the last two
identities, we deduce that

cHY (s) < sup {|.'N|+|?N |+ | N+ |47} + N7+ LY (0)

0<r<s

+%/6:u(dz)+(2N)‘1/wzu(dZ) sup H"(r).

oN 0<r<s

(3.21)

Since from assumption (A), (2N)~! . 5y 2 (dz) — 0 as N — oo, the result follows from the next four

facts. Concerning ///sl’N, we deduce from the first line of (3.15) and Doob’s L? inequalities for
martingales that

E ( sup |///}vN\> <2 (B{l.4"NPN? <2v2es.
0<r<s

The same holds concerning //ZSZ’N. As for ///,N , we consider (3.22) below. We first note that the
expectation of the sup in s of the absolute value of the sum of the last two terms is bounded by

oo

N Jsy

,LL(dZ)—l—(QN)_I/OOZ/.L(dZ) E ( sup HN(r)) :

ON 0<r<s

which we can plug in (3.21) after we have replaced on the left HV(s) by SUP)<,<s HY(r) and taken
the expectation. We now consider the first term on the right of (3.22), see (3.23). We deduce from the



Burkholder—David—Gundy inequlity for possibly discontinuous martingales (see e.g. Theorem 1V.48
in [31]) that there exists a constant C > 0 such that (we will use a formula from Remark 3.9 below)

E (Os;zs\,//iM) < CE{ (/Os /szan(dr,dz)> 1/2}
([ feman)”Jen{(f o))

| 12 oo
§C<S/5 zzu(dZ)) +Cs/1 zu(dz),
'N

which is bounded, uniformly w.r.t. N. It remains to consider the term ],///r*’N\. It will be shown below
in the proof of Lemma 3.5 that Esupy, |///r*’N| — 0, as N — oo. This concludes the proof. |

The first two identities in the previous proof, combined with the just obtained result, clearly yield the
following essential result.

Lemma 3.4 As N — oo,
§ s § s
/0 Lyv_yydr — > /0 Lyv__pdr— >
a.s., locally uniformly in s.
We shall need (recall (3.15))

Lemma 3.5 As N — oo,

<///§"*M s> 0) — 0 in probability, locally uniformly in s.

Proof. Since //s*’N is a purely discontinuous local martingale, we deduce from (3.15) that

1 2

[%*’N}S = m/o I{VrN:+1}dP;k’N and <%*’N>s = m /5N (e_NZ —1 +NZ),U(dZ)/O l{VrN:+1}dr.

From the Cauchy—Schwartz and Doob’s L?-inequality for martingales, we deduce that

2s [
E( sup [.2*V]] < —/Z dz),
(ogrir‘ I> VN s, @)

which tends to 0 as N — oo from assumption (A). |
Recalling (3.16), we have the

Proposition 3.6 As N — oo, e¥(s) — 0 in probability, locally uniformly in s.

10



Proof. From (3.13), it is easily checked that L} (0) = 1/2N. N='VN — 0 a.s uniformly with respect
to s. However, from (3.20), we have that

= Lpv).

Ky N
5—/0 Lyy—ynydr| =

Combining this with assumption (A) and Proposition 3.3, we deduce that

N =)
(% — / Lyn_ H}dr) / zu(dz) — 0 in probability, locally uniformly in s.
0 g on

The result follows by combining these arguments with (3.18) and Lemma 3.5. |

Let AN =Y i>1 5(TJN7Z§V), where the TJN ’s are the jump times of the Poisson process @, and the Zﬁv ’s
are i.i.d., independent of the T]N s, with the same law as the Z¥’s. We can couple the two point
processes AV and TTY = Y| §gv vy in such a way that

TV (ds,dz) = 1,n __ A" (ds, dz).

It is not hard to see (exploiting e.g. Corollary V1.3.5 in Cinlar [7]) that A" is a Poisson Point Process
with mean measure 2dsuy(dz), where py is a measure on (0,-+o0) which is supported on the set
{k/N, k > 2}, and is specified by

oo k
(/) = [ e uas).

Let us establish

Lemma 3.7 The sequence Ly converges to [L as N — oo, in the sense of weak convergence of measures
n (0,+o0).

Proof. It suffices to show that for any f € C(0, 4o0) with compact support, ty(f) — p(f). But

/sN & (N) () e ag) /wa(Z)u(dZ),

as N — oo, The pointwise convergence of the integrand follows from the fact that, for fixed z, if {y
denotes a Poi(Nz) r.v., since f(0) = f(1/N) = 0, at least for N large enough,

=g (v) e (§) -

as N — oo from the law of large numbers. Suppose that supp(f) C |a,+e). Lebesgue’s dominated
convergence theorem implies that

[ wEua = [ e
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It remains to show that f(f/z n(u(dz) - 0= fa/2 f(z)u(dz). But forz < a/2,

Zf(> o) o

k>aN
4| flle z
()] < 1By > an) < =%
where we have used the fact that Var(&y/N) = z/N. The result follows, since N~ S5y z(dz) — 0,
again from assumption (A). |

We now deduce from Lemma 3.4 and Lemma 3.7

Proposition 3.8 As N — oo, ITY = I, in the sense of weak convergence in distribution of random
probability measures, where Il is a Poisson Point Process with mean measure dsiL(dz).

Proof. In view of Lemma 3.7, all we need to show is that for any z > 0 such that u({z}) =0,
V(- (z,+o0)) = T1(-, (z, +0)). We first note that AN converges to a PPP A, whose mean measure is
twice that of IT. Next, since IT" is dominated by AN it is tight (see the criterion in Lemma 16.15 of
[18]), hence it converges along a subsequence to some limiting measure I, which must be a simple
point measure, by comparison with A. We shall not distinguish the subsequence from the original
one, by an abuse of notation. Let JZV (resp. /%) denote the filtration generated by the process HY
(resp. by its limit in law H). We have that

1Y ((0, 5], (z,%0)) — 2un/(z, / Liyv__pdr isan N martingale.
This implies that forany n > 1,0 < 51 < --- <, =5 < 5, any bounded ® € C(R";R)
s/
B[ . Y (5,51, )] = 2008 | @0 ) [ 1y
N
Taking the limit in this last identity yields that
£ [q)(Hm"'aHsn)ﬁ((S?S/]v (Zv+°°))} = w(z,)E [®(Hy,,... Hy,) (s )] -

This being true forall n > 1, all 0 < s < -+ < 5, = s < 5’ and all bounded ® € C(R";R), we have
that the simple point process I1((0,s], (z,e0)) is such that TI((0,s], (z,)) — sit(z,00) is a martingale.
This shows that it is a Poisson process with intensity p(z,0). Hence I1 is a PPP with mean measure
dspi(dz), so it has the same law as IT. |

Remark 3.9 From the definition of Ly, we have

/OOO.UN(dZ) = /(S:H(dz), and /:Z.UN(dZ) = /(S:Z,u(dz).

Hence, we can rewrite .#" , which appeared in (3.17), in the following form

/ vdOY — / zu(dz)
— AN / | (o) (s—2 /0 1{VrN__1}dr), (3.22)
MN = /O ' /O T (drdz). (3.23)
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Using the same arguments as in lemma 3.6, we prove that the second term tends to 0 as N — oo,
locally uniformly in s.

We now deduce from the above.

Corollary 3.10 As N — oo, 4N = .4 in 2([0,)), where

My = // 1(dr,dz).

Proof. We split .#Z" into two terms. For any § > 0 such that x(8) = 0, one can deduce from
Proposition 3.8 that as N — oo,

/0. /: AT (dr,dz) = /0 /: Al(dr,dz) in 7((0,2)).
|, () anan)

On the other hand,

S S
<8E [ 1yn__dr / Pun(dz)
0 " 0

o
— 45/ Zp(dz),
0

Oiligs(// ZHdrdz)]<4s/ Zu(dz).

Since f06 721 (dz) can be made arbitrarily small by choosing & > 0 small enough, the result follows
from the above statements by standard arguments. |

while

The following result is essentially very classical

Lemma 3.11 As N — oo,
<///;W,,//137N, 5> o) — (VB VeB2, 5 > 0) in (2([0,%)))’,

where B! and B? are two mutually independent standard Brownian motions.

Proof. The precise result here, with the identification of the constants is Proposition 5.3 in [23], see
also Proposition 4.23 in [10]. [ |

Let us define
BY(s) =N — . a*N. (3.24)

We deduce readily
Corollary 3.12 As N — oo,

(BY(s), 52 0) = (V2cB(s), 5> 0) in (2([0,9)).
where B is a standard Brownian motion.
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Let us rewrite (3.16) in the form
cHN (5) =YV (s) + LY (0) — 2" (s), (3.25)

with
YV (s) = &eN(s)+ B (s) +.4", (3.26)

and
+

#o= % (ag- e - s}

i>0,8N<s

We have proved so far that BY = \/gB and e¥ + . #N = 4, as N — co. Then taking the weak limit
in (3.26), we have in fact the

Corollary 3.13 As N — oo, YN =Y in 2([0,)), where

Y (s) = V2¢B(s) +/OS /Omzﬁ(dr,dz).

Proof. Also we have taken separately the limit in BY and in .#", it is clear that, at least along a
subsequence, the pair converges, and the limits are independent, since one is Brownian motion, and
the other is a Poisson integral, both being martingales w.r.t. the same filtration. |

Note that since the jump times do not move only the sequence, in fact YV = Y for the topology of
locally uniform convergence. We shall need the following

Lemma 3.14 Forany N > 1,s > 0,

LN(0) = — inf YV(r).

$ 0<r<s
Proof. Recall (3.25). We first note that, since LY (0) increases only when H" (s) = 0, LY (0) = LY (0),
where r, = sup{r < s;HV(r) = 0}. We also have Z" (r,) = 0. Consequently

Nioyw — 1Ny . vN . N
LY(0) = L(0) = =Y"(r) < = int ¥"(r).

To establish the converse inequality, let 0 < us; < s be such that YV (us) = info<,<; Y™ (r). Since
YN (ug) + LY (0) = cHN (u) + 2N (us) > 0,
LY(0) > LY (0) > =Y (u) = — inf YV(r).

0<r<s

We have similarly

Lemma 3.15 Forany N > 1, i > 1 such that Sf-v <,

L (Y (1) ~ Ly (HY(S) == jnf (YY) =¥™(S),

fors >SN such that LY (HV (SV)) — LJSVZN (HV(SN)) <ZN —1/N.
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Proof. The argument is the same as in the previous Lemma. On the considered time interval, H (s)
is reflected above the level H"(S;), instead of being reflected above 0. |

From Lemma 3.14, we can rewrite (3.25) in the form

cH" (s) =Y"(s) —oint YN(r) = 2" (s), where (3.27)
- +
N = N _ l N _yN(N
= i>O,XS:.’V<s (Z N +SNl£f<s (Y () =Y(s; ))) : (3.28)

We also rewrite (2.5) as

cH(s)=Y(s)— Oirrn;sY(r) —%(s), where

// <Z+ri€}£sY u) = Y(r))+n(dr,dz)_

Proposition 3.16 As N — oo, HY = H in € (R..), where H is given by (2.5), in terms of Y, the limit
given in Corollary 3.13.

(3.29)

We next prove

Proof. It suffices to show that if YV (s) — Y(s) a.s., locally uniformly in s, then H"(s) — H(s)
in probability, locally uniformly in s. We will show that from any subsequence, we can extract a
further subsequence which converges a.s., locally uniformly in s. We will follow closely the proofs
of Proposition 3.13 and Corollary 3.15 in [27]. First of all, the same argument as that of Proposition
3.13 in [27] yields that HV(s) — H(s) in probability, for any s > 0. We fix § > 0 arbitrary, and let
D; be a countable dense subset of [0,5]. Along a subsequence, still denoted as HY by an abuse of
notation, H" (s) — H(s), for any s € Ds. We first note that, as in [27], we can rewrite (2.5) as follows.
Let, forany 0 < r <, YS = inf,<,<s Y (u). We have

cH(s)=Y(s)—Yy,— ) AY),
0<r<s

where AY, denotes the jump at r of the increasing function r +— Y.

Since the process Y is cadlag, with only positive jumps,

Gy(h):= s (Y(s)=¥(r))-

0<r<s<r+h<s

is a.s. a continuous function of 4 on [0, 1], such that @y (0) = 0. Now

C(H(s+h)—H(s) =Y(s+h)—Y(s) -y "+75— ¥ @ -vH)- ¥ 17"

0<r<s s<r<s+h

>Y(s+h)-Y(s)— Y T,

s<r<s+h

15



Butsince Y (s+h) — Y- r<sin 7i+h > infs <545 Y (r), we have

c(H(s+h)—H(s)) > inf Y(r)—Y(s), hence
s<r<s+h

(H(s+h)—H(s))- < Dy(h).
It follows from (3.29) that the same formula relates HY with YV, and we also have
(H (s +h) — HY(s))— < Dy (h).

However, it is not true that ®,x(h) — 0, as h — 0, since YV has negative jumps of size —1/N. So
limsup,,_,, @y~ (h) < 1/N. Moreover, since YV (s) — Y (s) uniformy on [0, 5], we have that

limsupy, o supyy, Pyn (h) < 1/No, for all No > 1. Now the fact that HY (s) — H(s) uniformly on Dy
(hence also on [0, 5]) follows from the next Lemma. The result follows. |

It remains to establish

Lemma 3.17 Consider a sequence {gn, N > 1} of calag functions from R into R, g a continuous
function from R, into R, and § > 0, which are such that gn(s) — g(s), for all s € Ds. Assume
moreover that

limsup sup (g(s+h) — g (s)) < 1/No.
h—0 N>Ny

Then, as N — oo,

sup |gn(s) —g(s)] = 0.
S€D§

The proof of this Lemma, which can be viewed as an extension of the second Dini theorem, is identical
to that of Lemma 3.16 in [27], even if its statement is slightly different, so we do not reproduce it.
We now have

Proposition 3.18 As N — oo, (HY YN, %N) = (H,Y, %) in € (]0,40)) x (2(]0,+0))>.

Proof. We can rewrite (3.27), in the form

ZN (s) =YV (s)— inf YN(r)—cH"(s).
0<r<s

It follows from Proposition 3.16 that the sequence {HY, N > 1} is tight in ¢’ (R ). However, from
Corollary 3.13, we deduce that the sequences {Y"(s), s > 0}x>1 and {info<,<; YV (r), s > 0}y are
tight in Z([0, 4c<). Moreover, the limit of the sequence

{info<,<; YN (r), s > 0}y>1 is a.s. continuous. Hence the tightness of the sequence {#", N > 1} fol-
lows from Proposition 5.4 below. Now since (H", Y™, %") is tight, along an appropriate subsequence
(which we do not distinguish from the original sequence),

(HY YN %) = (H,Y,%).

Moreover, from (3.29) and the fact that the law of Y is uniquely specified, we deduce that the limit is
unique, which implies that the whole sequence converges. ]

We shall need below the
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Lemma 3.19 For any 6 >0, as N — oo,

// (Z“ﬂé%EYNU YN(r)) T (dr,dz) é// (z+rg;f<Y ) - Y(r)>+H(dr,dz)
in 2(]0,%)).

Proof. Let us decompose cH" (s) and cH (s) in the form
cHY (s) = BY + 2PN — %Y, cH(s) = By + P — Ky,

where ZV (resp. %y) is defined by the second line of (3.27) (resp. of (3.29)),

,@y:/ / zﬁN(dr,dz), gzs:/ / Zﬁ(dr,dZ),
0 Jo 0 /0

and BY (resp. %) is the remainer of cH™ (s) (resp. of cH(s)). First we not that 2" = 4. for the
topology of uniform convergence (the limit is continuous). Next we introduce the decompositions

//zH (drdz), P (s) // o1 (dr, dz),

325’(s):/0/0 Al(drdz), Ps . (s) // d1(dr,dz),
e —%—{— inf YN (u)— YN(r)) 0V (dr,dz),

r<u<s

Ry (5) = /O /5 z—}ﬁr;gngN(u) —YN<r>)+HN<dr,dz>,
Rs.—(s) = /05/08 (z+r<iI;£YY(u) —Y(r)) [1(dr,dz),

Ay (5) :/Os/: <z+ ianY(u)—Y(r)> T(dr,dz).

Let €N (s) := gzév+ (s) — %g+(s), €(s) = Ps.,(s) — X5, (s). We claim that €N (s) is tight (see
Lemma 3.20 below), and that its limit is 4’(s) and it is continuous. So that the convergence is (locally)
uniform in s. Finally

Ry _(s) = —cH"(s)+ BY + 6" (s)+ P5_(s).

The sum of the first three terms on the right is tight and converges locally uniformly in s towards its
continuous limit —cH (s) + %, + % (), while the last term can be shown (so to speak “by hand”) to be
tight in 2(R.). Hence the right hand side is tight in Z(R.), and so is the left hand side. Taking the
weak limit in the last identity, we obtain that the limit of %év _(s)is Z5 _(s), which is our Lemma. B

We want to check the tightness of the sequence {%V,N > 1} using the Aldous criterion (see section
16, page 176 in [3]). Let T be a stopping time with value in [0,s] and let € > 0 be a real which will
eventually go to zero.

Lemma 3.20 The sequence {€ ,N > 1} is tight in 2(R.).
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Proof. Recall the notations used in the previous proof. We have
%N( ) €N (s)— €N (s), where

// Yw(s, )TV (dr.dz), €V (s) _2/ 1VN_1dr/ zun(dz),  with

Yn(s,rz) = N+ (YN( )_rgulngN( )) A (z—%) .
The tightness in €' (R) of the sequence %ZN is rather clear. We have the following a priori estimates
0<Yn(s,r,2) <z, andifr<s<ys,
0<Yn(s',nz) = Yn(s,rz) <YV(s)— inf YV (u).

s<u<s’

We now verify Aldous’s criterion. The first condition (see (16.22) in [3]) follows easily from the

inequality ‘
N s)g/ / 1IN (dr,dz).
0 Jo

We next want to establish the second condition (see (16.23) in [3]), which will follow from the fact
that for all n > 0,
hmhmsupP("gN (t4+&)—¢€N(z T)|>n) =

£e—0 N—+oo

In order to verify this condition, we first note that

T4+e oo
0<EN(t+e)—€N(1)= / / Yn(t+e,r,2)ITY (dr,dz)
1)
T o5}
+ [ [ e tens) = ra(e oY (drdz)
TR N N N N

< — 1 )).

< [T e anday (YU - e Y0 ) (0,21 (8, +0)
Now using the Portmanteau theorem, Corollary 3.13 and Markov’s inequality, we deduce that

hmsup]P’(|<€N (t4¢&)-€N(t T)|>n) §i£/mz,u(dz)
N—+oo n Js

+P <(Y(T) ~ inf Y(u)) ([0, 7] X [, +o0)) > g) .

T<u<t+¢€

However, using the strong Markov property of Y, we obtain

]E{(Y(r)— inf Y(u))H([O,T]x[6,+oo))}:IE(— inf Y(u))]E{H([O,’c]x[S,—l—oo))}.

T<u<t+€ 0<u<e

Combining this with the previous inequality and Markov’s inequality, it follows that

4 o]
limsupP ( |‘€N (t4+&)—€N(t 7)| > 1) S—e/ zu(dz)
N—s-oo n Js

2 .
+ HE <_0§HL}££Y(M>> EA{TI([0,7] x [8,+20))}
—0.

thanks to the monotone convergence theorem. |
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3.4 Convergence of the local time of the approximate height process

The aim of this subsection is to pass to the limit in the process {LY(H™(s)),N > 1}. The proof of
Theorem 3.27 is carried out in two major parts. Recall (3.13) and Proposition 2.1. The first part
(Proposition 3.23) provides the tightness of the sequence {LZSV (t),t > O} n>1- foreach s > 0 fixed, the
second part (Lemma 3.28) establishes that the mapping s — Lg(¢) is continuous, uniformly in 7.

We shall need below the

Lemma 3.21 Foranys >0, as N — oo,
N 1 N
/0 I{HN(r)>[}1{VrN:_l}dl’ = 5/0 1{H(r)>t}dr'

Proof. Imitating again the proof of Lemma 3.4, we have

dHN (r
2/ I{HN >,}1{VN_1}dr—/ 1{HN >t}d}’ 2N/ {H >t} ()d}"
1 N +
= S H ) =",

which clearly tends to O in probability, as N — oo. It thus remains to take the limit in the sequence
{Jo Ly ()= dr}n=1. For any 8 > 0, we set

I's={re(0,s);|H(r)—t| <d}.

It follows from the properties of the process H that Leb(I's) — 0 a.s. as 6 — 0, where Leb(A) denotes
the Lebesgue measure of the set A. We have

Sl d :/ 1 d
/ {(HN(r)>1} 4T {HN(r)>1}dr + OSN\Ts

/I{H >,}dr_/ l{H >t}dr—|—/ l{H >t}dr

The two first terms on the right hand sides are dominated by Leb(I's). But for 7 € (0,5)\I's, 1{#(r)>1} =
gs(H(r) —1), where gg is the continuous function from R into [0, 1] given as

g5(x) = LA[87 (x+8/2)").

Lipn (> dr,

We clearly have
Leg: dr:/ gs(H(r)—t)dr, and gs(HN (r)—1t)dr= gs(H(r)—t)dr.
‘Amww{H””} 0, 70 05 09T

But since 1yz(,)~,y and gs(H" (r) —1) differ only when [H"(r) —t| < §/2, if hs is a continuous
function from R into [0, 1] which equals 1 on [—6/2,0/2], and 0 outside [—25/3,26/3], and kg a
function from R into [0, 1] which equals 0 on [—28/3,26 /3] and 1 outside [—9, 6],

g, dr—/ gs(HY (r) —1t)dr
’AmwaW(b” 050
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which tends to O in probability.

]
We shall also need below the
Lemma 3.22 For any s > 0, t > 0, the following identities hold a.s.
N
(HY(s)— 1)t = 2N /0 VL g5 )0y 7
N

V¥ v ()50 = 2NLY (1) +/0 L (rysydVy

Proof. The proof is essentially the same as that of lemma 5.4 in [23]. ]

A first preparation for the proof of Theorem 3.27 below is
Proposition 3.23 For each s > 0 fixed, {LY (1),t >0}, _, is tight in Z([0,+o0)).
Proof. Writing the second line of Lemma 3.22 as

1
LY (1) = ZNV Lign (s)>ey — ZN/ Ly (ysndVyY,

and using (3.19), (3.24), (3.22), Lemma 3.15 and the first line of Lemma 3.22, we deduce that for any
t>0,a.s.

LY (1) =AY (1) / L ()5 dBY (r) + / v (ondo N + DN (1), (3.30)

where
N N VN 2 (" —Nz y
AY(0) = o(H(5) =) + S v = [ (1= [ Ly Liypmsnydr. B3D
N

and

N 1 N 1 inf N N /N *

D! g (v (s | 2 _NJFS@SS(Y (r)—YN(sY))

l>OS <s (3.32)

© =N
_/0 I{HN(,,)>t}/O zIT (dr,dz).

The proof is organized as follows. Step 1 establishes that the sequence {AY(¢),z > 0}y is tight, and
any limit of a converging subsequence is a. s. continuous. Step 2 shows that as N — oo,

sup| [ Ly d ot V| —0. (333)

t>0

Step 3 establishes that the sequence { Jo1y HN(,)>,}dBN (r),t > 0}N>1 is tight, and any limit of a con-

verging subsequence is a.s. continuous. Finally step 4 shows that the sequence {DY(¢),7 > 0}y>1 is
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tight as random elements of Z(]0,+o0)). The desired result follows by combining the above argu-
ments with Proposition 5.4 below.

STEP 1. The tightness of two first terms of the right-hand side of (3.31) is established in the same
way as in the proof of Proposition 5.7 in [23]. The sup over all # > 0 of the absolute value of the last
term is easily show to go to 0, as N — oo, again thanks to (A).

STEP 2. We first note that

/O L () y dAl;

sup
>0

< || s

/() I{HN(r)Sl}d,//r*’N .

Thanks Lemma 3.5, it remains to prove

N
sup ‘/0 I{HN(,)>t}d///,*’N‘ —>0as N — +oo.

t>0

To this end, we fix s > 0, and consider the process
S
GN(I) = /0 I{HN(,.)St}d.//r*’N.

Let @V denote the 6-algebra generated by the random variables

N
®gN :/0 gN(r>d'%r*7Na

where gy is bounded and & measurable (<7 stands for the o-algebra of predictable subsets of Q x
R ) and satisfies {gn(r) =0} D {HN(r) > t}. We first establish the fact that {G"(¢),# > 0} is a ¥N-
martingale. To this end, it suffices to verify that E[(GN (t') — GN (1))@, ] = 0 for t < ¢’ and any gy as
above. Indeed, it’s a product of two stochastic integrals with respect to .#* with two integrands
whose product is zero. Let T > 0. In order to finally establish (3.33), we note that

1
2
]E( sup GN(I)) < (E sup (GN(I))Z)
0<1<T 0<1<T
s 2\ 2
S (4E (/0 I{HN(}’)ST}d'%V*7N) )

1
8 _ s - :
< (JT/E/O 1{HN(r)<T}dr/5N ZH(dZ))

<2V2s <]lv/5:zu(dZ)) %,

whose tends to 0 as N — oo, thanks to (A), where we have used Cauchy Schwarz’s and Doob’s
inequalities. The desired result follows.

STEP 3. The tightness of {fgl{HN(,)>t}dBN(r),t > O}N>1 is established in the same way as in the

proof of Proposition 5.7 in [23] which we do not reproduce here. On the other hand, we will adapt
the idea of this proof to treat the tightness of the sequence {D¥ (¢), > 0}y>1.
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STEP 4. Let 6§ > 0 be a real which will eventually go to zero. Using the identity (b —a)™ —b =
—(aAb) for a,b > 0, we can rewrite (3.32) in the following

Dy (1) = X (1) + F* (1),

where

/I{HN >,}/ (z———f— inf ¥V (u)— YN(r))+HN(dr,dz)

r<u<s

=N
_/0 I{HN(r)>t}/() ZIT (dr,dz)

N o0 1 ‘
_/0 l{HN(r)>z}/8 ZN (ﬁ_[ inf YN(u)—YN(r)}>HN(dr,dz), and

r<u<s
FN0) =2 [ Vv lypeadr [ zaan(dz),

From Lemmas 3.7 and 3.21, it is easy to see that

FSN(Z‘) :>/0 1{H(r)>t}dr/6 Z[.L(dz) as N — oo,

Moreover, we have |
/()I{H(r)>t}dr:/t Ls(u)du,

which is a.s. continuous. So according to Proposition 5.4 below, it remains only to show the sequence
{XN(t),t > 0}y>1 is tight as random elements of Z([0,+co)). To this end, we set

XN () = =XV 1) + X102 1),

S

where
XN 1 (LT e Y@ -] ) Y (ana
Y30 = [y [ 24 (= [ ot ¥V -y 0)] ) 1),
XN82(1) = €8 (1) / 1, >,}/ A1V (drdz) and
) (3.34)
CNo (1) / Lign(, >t}/ (z——+r<12£SYN( ) — YN(r)> 0V (dr, dz)
1 N( oy _ yN N
+/ L >t}//8 ( r<11;£SY (u)—Y (r)})H (dr,dz).
To show the tightness of the sequence {X(¢),t > 0}y>1, we first show that for all 1 > 0,
limsupP (sup IXN92 ()] > n) — 0. (3.35)
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After we will prove that the sequence {X2" o1 (t),£ >0} N> is tight as random elements of Z([0, +0)).

Finally the desired result follows by combining this with Lemma 5.6 below. In order to prove (3.35),
we first note that

s 5
E(sup / I{HN(,,)>[}/ ZHN(dI’7dZ)
t>0[/0 0
/I{HN <,}/ AT (dr,dz) )

<E +IE | sup
>0
/1{HN <[}/ ZH drdz

< <E (/Os/oszﬁN(dr,dzOz) + (Efgg )

1
s oo 2 s o
< (21@ /O Lyv__dr /5 zz,uN(dz)> + <8supE [ < lyy—adr /0 zz,uN(dz)>

t>0

zH dr dz)

1
2

< (zs i Szzmczz))Z (ss / Szzumdz)); —3va [ [ " 2 uy(d),

where we have used Cauchy Schwarz’s and Doob’s inequalities in the second and the third inequali-
ties. From Markov’s inequality, we deduce that

s 1) N
/OI{HN(,)>t}/O ZH (dl”,dz)

since as N — oo, f05 Zun(dz) — f05 2 1idz), which follows from assumption (A) and the following
formula, which is easily established by the same computation as done in the proof of Lemma 3.7,

1) 1) 1)
/0 Zun(dz) = ]lv /BN zpi(dz) + /aN Zu(dz).

However, recalling (3.34), we have

sup [CN9 (1) |<// (z——+ inf YN (u)— YN(r)>+HN(dr,dz)+/0S/1;zHN(dr,dz).

>0 r<u<s

2>< —/2s /zu(dz) 0, (3.36)

6—0

limsupP | sup
N—s-+oo >0

Now using the Portmanteau theorem, Lemma 3.19 and Markov’s inequality, we deduce that

+
limsupP | sup |CV0(r)] <P / / ( + inf Y(u)— Y(r)) I1(dr,dz) S0
N—+o0 t>0 r<u<s 4

+—s / zu(dz).
n Jiys
We deduce from Corollary 3.5 in [27] and Markov’s inequality that

e}

: N,& n <f /5 2 8
limsupP <sup|CS (1) > 2) < nC(s) | 2 u(dz)—i—ns 1/(Sz,u(dz).

N—y+4oo >0

23



with C(s) = (ay/s/c) Vs and a = e/(e — 1), which implies that

4 0 °
limsup P (sup|C§V’5(t)| > ﬂ) < —C(s)/ 2u(dz) + §s/ zi(dz) — 0.
2 n 0 n Ji/s

N—+oo >0 60

Consequently, we obtain (3.35) by combining this with (3.36) and (3.34). It remains to prove that
the sequence {X.' 0.1 (t),t > 0}n> is tight as random elements of Z([0,+e0)). To this end, we show

that the sequence {XSN /01 (t),t > 0}n> satisfies the conditions of Proposition 5.3 below. The first
condition follows easily from the fact that

1/6
limsupE (va"s’l(t)) < 2s/ zu(dz).
N—+oo é

In order to verify the second condition, we will show that for any 7" > 0, there exists C > 0,60 > 1
such that forany 0 <t < T,h >0,

E(

In order to simplify the notations below we let

XV ) =XV o) | [xNO 1) = XN - )| ) < .
af M(1) =Ly gy and ag V(1) =1y o<y

An essential property, which will be crucial below, is that a; ™™ (1) x a; ™ (1) = 0. Also (a; ™ (1))? =

a;r N( t), and similarly for a =N Thus, we have

A S
0<XN51 XN51_/ a;“N(t)/s 211V (dr, dz)

t+h

s 1/6 N s 1/6

S l0) /6 0" (dr,dz) 2 / atN () yy__dr /6 i (dz),
0 0 "

and

s 1/6
O<XN61 XN51 / ar_’N(t)/ 1TV (dr, dz)
0 1)
s 1/8 1/8
=, ar_’N(t)/a " (dr,dz) +2/ a, N lvN__ldl"/ zun(dz).

Because a; " (1) x ay ™ () = 0, the expectation of the product of

s 1/8 1/8
/ar_’N(t)/B (0 (dr,dz) with / /6 (I (dr,dz)
0

vanishes. We only need to estimate the expectations

s 1/6 s
E( /0 at V(1) /5 0 (dr,dz) x /0 ar’N(t)lerZIdr>, (3.37)

s 1/6 s
E (/ ar_’N(t)/a (Y (dr,dz) x / aj"N(t)IVN__ldr> )
0 0 g
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and
\) )
E< / atN () 1yv__dr x / ar7N(t)1VN:1dr). (3.38)
0 ! 0 !

Since the two first equations are symmetrical, we will only estimate (3.37). To this end, we use the
Cauchy-Schawarz inequality and Lemma 3.26 below,

s 1/6 N s
E( / atN (1) /5 T (dr,d2) x / ar’N(t)IVNZIdr>
0 0 r

< (21@ /O “a N (1)dr /5 l/ézzuN(dz))é (E ( /0 ' ar_’N(t)dr)z) : <,

Finally (3.38), again from Lemma 3.26 with ¢’ = +h,

N N

E (/ a™N(t)dr x / ar_’N(t)dr) < Ch.
0 0

We now conclude that the sequence {X;' 0.1 (t),t > 0}y>1 is tight as random elements of Z([0,+o0)).

The desired result follows. |

Recall (3.26). For K > 0, let 7:11}' be the time of the first jump of YV of size greater than or equal to K.

Lemma 3.24 Let s,K > 0. Then there exists a constant C such that for all N > 1

]E( sup ‘YN(r)|2)§C.

N
0<r<sAtg

Proof. By combining (3.18), (3.22) and (3.26), it is easy to obtain that

VN Y oo o
YV(s) = — 2+ B () — A+ /0 /5 T (drdz). (3.39)
'N

It follows that
2

SATE  poo _
/ K/ zHN(dr,dz)
0 0

From an easy adaptation of the argument used in STEP 1 in the proof of Proposition 3.23, the expec-
tation of the last term on the right hand—side tends to 0 as N — +oo. We now use Doob’s L? inequality
for martingales, which yields that there exists constant C, such that for any martingale M,

]E( sup |Mr|2> <GE (|Ms]2>.
0<r<s

Recall (3.15) and (3.24). Hence, it suffices to notice that

sup {YN(r>\2<% +4 sup || +4 sup [BY(r)[" +4

— 2
0§r<s/\17% 2 0<r<s 0<r<s

oo

E(‘BN(s)f) < 2cs, E(‘///s*Nf) < %/31\1 zu(dz),
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(sATl)~
// zH (du,dz)
and ]E( ><2s/ 2 un(dz).

The desired result follows by combining the above results. |

zﬁN(dr, dz)| <sup
0

r<s

ZH (du,dz)

Lemma 3.25 Let s,K > 0. Then there exists a constant C such that for all N > 1

fggE[(LNMK( ) <C,

where leg is defined above.

Proof. From Lemmas 3.14 and 3.15, we can rewrite (3.25) and (3.30) in the following form

cHY (5) =YV (s) — inf YN(r)— / / (z——+ inf YN(u)— YN(r)>+HN(dr7dz), (3.40)

0<r<s r<u<s
LY (1) =T (s,6) + c(HY (s) —1)"

-l-// Lign(, >t}(z——+ inf YV (u)— YN(F)>+HN(dr’dZ>7

r<u<s

(3.41)

where

A S S :
FN(s,l) :ﬁl{HN(s)>t}_/0 l{HN(r)>t}dBN(r)+/O l{HN(r)>t}d%r N

s o
_/0 1{HN(,)>,}/O 11 (dr,dz).

From an adaption of the argument of proof of Lemma 3.24, we have that there exists a constant C
such that forall N > 1

sup]E( sup |V (r,z)f) <c (3.42)

>0 ogrgsmg’
We now estimate the last term on the right of (3.41). It is clear that

// 1, >,}( ——+ inf YN (u) — YN(r))+HN(dr,dZ)

r<u<ss

// (Z——+ inf YN (u)— YN(r)>+HN(d7’,dZ)

r<u<ss

<YN(s)— inf Y¥(r) <2 sup [YV(r)].
0<r<s 0<r<s

Next we observe that

C(HN(s) —t)Jr < cHN(s) < YN(s) —Oinf YN(r) <2 sup |YN(r)].
<r<s 0<r<s
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From the last two inequalities,

SN[ LN N ) v
/ / anon (2 + inf YY) =YY(r) ) T (drdz)
0 SN

r<u<s

+e(HN(sAT) —0)T <4 sup |YV(r)|

0§r<s/\r%
The desired result follows by combining this with (3.42), (3.41) and Lemma 3.24. |

Lemma 3.26 Let s,h,T > 0. Then there exists a constant C such that for all N > 1 and 0 < t,t' < T,

E (/Os ar_’N(t)dr> < Ch,
E ( /0 @ N(0)dr /0 a N (z')dr> <CH.

Proof. We will prove the second inequality, the first one follows from the second one with r = ¢’ and
the Cauchy-Schwarz inequality. We have

E (/Osar_’N(t)dr/Osar_’N(t/)dr> :/tth /t/ﬂhE[Ly(r)Lﬁv(u)]drdu
<h® sup E[(L{(r))’],

0<r<T

where we can replace s by s A T¥. Hence the desired result follows by combining this with Lemma
3.25. |

We are now ready to state the main result of this subsection. Recall (3.13) and Proposition 2.1.
Theorem 3.27 Forany s >0, as N — oo,
{LN(1), t > 0} = {L(t), t > 0} in 2([0,+)), locally uniformly in s,
where Lg(t) is for any s > 0, t > 0 the local time accumaled by H, solution of (2.6).
We shall need
Lemma 3.28 For any T > 0, the mapping s — Ly(t) is continuous, uniformly fort € [0,T].

Proof. We need to show both that for any decreasing sequence s, | s, Ly, (f) — Lg(t) 1 O uniformly
for t € [0,T], and for any increasing sequence s, T s, Ls(t) — Ly, (¢) | 0 uniformly for ¢ € [0,T]. Both
statements can be proved by exactly the same argument, so we establish the first statement.

Foreachn > 1,1+ Ly, (t) — Ls(t) is cadlag, with only positive jumps. Consequently it is upper semi—
continuous. Moreover, since s — Lg(#) is continuous and increasing for any ¢ € [0, T, L, (t) —Ls(¢) 1. O
for all t € [0,T]. For any € > 0, let

Va(€) :={r€[0,T]; Ly, (1) — Ls(t) < €}.

Since 1 — Ly, (t) — Ls(t) is u.s.c., V,,(€) is an open subset of [0, T']. However, U,>1V,,(€) = [0,T], hence
there exists N > 1 such that U,<n,V,(€) = [0,T], and since n — V, () is increasing, Vi, (€) = [0, 7],
and for any n > Ng, 1t € [0,T], L, (t) — Ls(t) < €, which establishes the result. [ |
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We are now prepared to complete the

Proof of Theorem 3.27 : Fork >1,0<i< [ZkE], we let sif := 127k, Thanks to Proposition 3.23, for
each pair (i,k), {Lﬂ(), N > 1} is tight in 2([0,T]). Hence along a appropriate subsequence, jointly
forall k>1,

(OOt 0] = (LgOLg Oy, ()
in (|0, T])[Zkg]“. From a theorem due to Skorohod, we can and do assume that those convergences
hold a.s. This means that for any (i, k),

sup LY (An(1)) — Ly (1)] =0,

0<t<T i

as N — oo, where for each N > 1, Ay : [0,T] — [0, 7] is continuous increasing, satisfies Ay (0) =0,
AN(T) =T, and supy, 7 |[An(t) —t| — 0 and N — oo. The time change Ay is precised in Lemma
3.29 below. It displaces the jumps of LY (¢) to those of Ly(¢). The ¢’s where those jumps happen do
not depend upon s, this is why we can choose Ay independent of (i, k).

Now choose s € [0,5] arbitrary. For any k > 1 arbitrarily large, there exists 0 < i < 2K — 1 such that
sk <s<st . Wehave

LY ()~ Ly (6) < LY ()~ Lo(6) S L. ar0) ~ L0

Lf{c(lzv(f))—Ls;«(f)+LS;c(t)—LS;<H(f)SL?/(/IN(I))—L(t)<LN (An(t)) =Ly (1) +Lg (1) =Ly(r).

Siv Sit1 Sit1 i

1)

We now choose an arbitrary € > 0. Thanks to Lemma 3.28, we can choose k large enough so that
Ly 1(t) —Ly(t) < €/2,forallt € [0,7]. Hence we have
i+ i

LY (0) = Ly(0) — 5 < LY Q) ~ L) S LY (wl0) ~ L (045

i Sit1 +1 2

We can now choose N large enough so that sup; <« SUpg<, <7 ‘Lﬁ()w(t)) —Ly(t)| < &/2. We then
deduce that for sucha N, forall 0 < s <5,0<t < T, —& < LN (Ay(t)) — Ly(t) < €, hence

sup sup |L§V(AN(t)) —Ls(t)| <e.
0<s<50<r<T

The result follows. u
Lemma 3.29 Fix T ands >0, k > 1 and the sequence s = i27* for 0 < i < [2X5]. There exists a ran-

dom time change Ay (t) which is continuous and strictly increasing, such that, along an appropriate

subsequence,
(An (1)) = (l,leé([),...,Lsk (1))

2k
Tl.

Proof. The proof will be divided in three steps. We will first define the sequence Ay, then establish
the convergence of Ay, and finally that of LN v (An(2)) for i arbitrary. The fact that the above joint

(A (1), L (A (1)), L

ks
[0,

for the topology of uniform convergence on

convergence holds along an appropriate subsequence then follows from the previous results.
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STEP 1. We order the points of the measure IT on the set [0,5] x R, in decresing order of their second
coordinate. This produces the sequence {(S1,Z1),(S2,22),...}, where Z; > Z, > .... We associate
to each (S;,Z;) T; = H(S;). We consider those (7;,Z;) for which 7; < T (and delete the others). The
corresponding sequence is still denoted by an abuse of notation {(71,Z;),(7>,2>),...}. T; is the values
of ¢ at which the map ¢ — Lg(¢) has a jump of size < Z;. Note that for 0 < s <5, t — Lg(¢) has a jump
at time 7; iff S; < s, and ¢ — Lg(¢) has jumps only at times where ¢ — Lg(¢) jumps. Moreover, for each
i > 1, there exists s lare enough (possibly > 5) such that the jump of 7 — Ly (¢) at T; is Z; for all s’ > s.

Consider now the point measure IV, the associated (S¥,ZV), and (TN,ZN), where TN = HV(SN).
Again hose points are ordered in decreasing order of the ZIN ’s, and only those (TIN ,ZZN ) for which
TiN < T are taken into account. Since ITV = I, for each k > 1, there exists N; such that for all

N > N, the order of (T},...,T;") is the same as that of (T,...,T}).

For each k > 1,N > 1 we choose as Ay x the piecewise linear function of + whose graph joins (0,0),
(T;, Tl-N Ji<i<k, (T, T), where the T;’s are listed in increasing order. If N > Ny, then Ay «(¢) is contin-

uous, strictly increasing and verifies Ay x(0) = 0, Ay x(T;) = TN for 1 <i <k and Ay 4(T) =T. For
each N > 1, we let Ay (t) = Ay 1 (1), where

ky = sup{k, the orders of (T"),<;<; and (T});<j<; coincide}.

STEP 2. Since the limit 7 of Ay(¢) is deterministic, what we want to show is in fact that supy, - |An (1) —
t| tends to 0 in probability. If y(R ) < oo, then there are finitely many jumps, and the convergence
(T;,TN) = (T;,T;) is uniform w.r.t. i. The result follows. If however (R ) = +oo, then the S;’s
are dense in [0,5], and consequently the 7;’s are dense in [0, supy,—sH(s) A T]. For k large enough,
the distance between two consecutive 7;’s in the sequence T1,..., Ty is less than €. Then for N > N,
sup; << |TN — Tj| < €, and the result follows.

STEP 3 We write s for sf . We assume here that all processes have been redefined in such a way that
(HY, YY) — (H,Y) in ¢(Ry) x 2(Ry), and (TN,ZN)i>1 — (T;,Z;)i>1, in probability. According to
(3.30), LN (¢) = FN(¢) + DY(t), and combining the fact that F(¢) — Fy(t) in probability uniformly
in t with STEP 2, we deduce that FN (Ay(t)) — Fi(t) uniformly in ¢ in probability. It remains to treat
the term DY (Ay(¢)). We now use a similar decomposition as in the proof of Lemma 3.19. |

Proposition 3.30 As N — o, LN (HY(s)) = Ly(H(s)) ds a.e.

Proof. In order to simplify the following argument, making use of a famous theorem due to Skorohod,
we may and do assume that HY — H and LV — L a.s. From Proposition 3.16 HV(s) — H(s) a.s.,
locally uniformly in s, and according to Theorem 3.27, foralls >0 and T > 0,

sup ILN (An(1)) — Ls(t)] = 0 a.s., as N — oo,
0<s<s, 0<I<T

then ds a.e., LY (H" (s)) — Ly(H(s)) in probability. For this purpose, for any 0 < r <5, we have
{t, t — L.(r) is discontinuous } C {r, t — Lg(r) is discontinuous }

and the latter set is at most countable. Since H(r) admit a local time, H(r) spends zero time in such
a countable set. Hence a.s., dr a.e., t — L,(t) is continuous at H(r). For such an r, we have

LY (HY (1) = Le(H(r)| < |LY (Ao Ay ' (HY (1)) = Lo (A (HY (r) |+ Ly (A (HY () = Ly (H (1)
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where the random function Ay : [0,T] — [0, T] satisfying Ay(0) = 0, Ay(T) = T, Ay is continuous
and strictly increasing and supo<,<7 [Ay () — | = 0 is such that supy,<7 [LY (An(t)) — L-()| — 0.
Define the event Q5.7 = {supy,<;H(s) < T — 1},

P (Qsr N {ILY(HY(r) —L(H(r))| > n}) <P ( sup |Ly (An(1)r) = Li(1)| > n/2>

0<t<T

—HP’( sup M[QI(HN(;”)) —H(r)| > 1)

0<t<T

+P (L (A (H" () = L (H(r))| > 1/2)

As N — oo, the first term on the right tends to O thanks to Lemma 3.27, the second term tends to O
since both HY — H uniformly on [0,5] and A ' (t) — ¢ uniformly on [0, 7], and finally the third term
tend to O since H(r) is a continuity point of L,(-) and again Ay (¢) — ¢ uniformly on [0, T]. Finally,
for each 5 > 0, P(Ur~0Q57) = 1. The result follows. [ |

4 Convergence of the height process with interaction

In the nonlinear case where the linear drift —bz is replaced by a nonlinear drift f(z), the approximation
of (2.7) will be given by the total mass XV* of a population of individuals, each of which has mass
1/N. The initial mass is X(j)v * = [Nx]/N, and X" follows a Markovian jump dynamics : from its
current state k/N,

L5 atrate y (N V(O + NLyooy X (F(3) = F(554) T, forall £ 2 2;
XN jumps to , ,
% at rate ‘V(/sN(N)VN(O)k + NZle(f(fv) — ()

The following result is a consequence of Theorem 4.1 in [11].

Proposition 4.1 Suppose that Assumptions (H) and (2.8) are satisfied. Then, as N — +oo, {X,N >
0} converges to {X/*, t > 0} in distribution on 9([0,%),R, ), where X* is the unique solution of the
SDE (2.7).

The process H" is piecewise linear, continuous with derivative £2N : at any time s > 0, the rate of
appearance of minima (giving rise to births, i.e. to the creation of new branches) is equal to

2 * ~Nz Nz 2 NN 1 NN "
2cN-+2 SN(I—e —Nze "*)u(dz) +2N [f(Ls (H (s))+ﬁ>—f(LS (H (s)))] )

and the rate of of appearance of maxima (describing deaths of branches) is equal to

2cN? —|—2/:(6_NZ — 14+ Nz)u(dz) +2N? {f (LﬁV(HN(s)) + %) —f(LISV(HN(s)))}
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We now want to use Girsanov’s theorem, in order to reduce the present model to the one studied in
section 3. To this end, for s > 0, define

\) A
PIN — / Lyw __dPY and 22N = / Ly qydPY, (4.43)
0 r 0 r

recall that PV is a Poisson point process with intensity 2cN? under the probability measure [P, so that
LN 2,N . .
P (resp., P57 has the intensity

ASI’N = 2CN21{V1!:_1}, resp. A,SZ’N = ZCNZ]‘{VIK:-Q-I}'

Recall (3.15). We now define the collection of c-algebras ZN := oc{H"(r), 0 < r < s} and we
introduce a Girsanov-Radon-Nikodym derivative

UN = 1 [[UX [ (Y EY D) dat! N+ () (EEY D) daPN], G

with f3,(x) = N[f(x+ 1/N) — f(x)]. Under the additional assumption that f’ is bounded, it is clear
that UV is a martingale, hence E[UN] = 1 for all s > 0. In this case, we define PV as the probability
such that for each s > 0, B

Py

dp lzy
It follows from Proposition 5.2 below with

1 [ 1
IN_ o, L Nz a7 —Nz AN
u, _1—|—CN2/6N(1 e Nze )u(dz)+cN(fN) (LY-(H"(r))) and

p2N =14 ﬁ/(;(e_m — 1+N2)u(dz) + %V(f/v)‘ (L (HY (1))

that under PV , (@S] N (resp., 33;2 ’N) has the intensity

2642 [ e N () + N () 1y,
N (4.45)

resp. [2cN2+2/6:(e—NZ— 1+ Nz)u(dz) +2N(fy)~ (LY (HN(r)))} Loy iy

4.1 The Case where |f’|is bouned

We assume in this subsection that | f’(x)| < f for all x > 0 and some 8 > 0. This constitutes the first
step of the proof of convergence of H". As explained at above, in this case we can use Girsanov’s
theorem to bring us back to the situation studied in section 3.

Recalling equations (3.24) and (3.26), we can rewrite (3.27) in the form

cHN (s) = M}N — PN + N + €N (s)— inf YN(r)—RN(s).

0<r<s
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Moreover, from (3.15), (4.43) and (4.44), we have
1 1
I.NT _ 1,N 2,NT __ 2,N
LN), = P[], = P
) N
(') = 20/0 Lyv_ pydr, (AN = 20/0 Lyv_ ndr,

=5 )

oY

o @ o 'zd@rw
2

n \(f/vr (LY (1Y ()

d@“’]

i =2e [ [|on oo 1y

2
| (00| 1y |
Ut = 5 [ UR G () az
0NN = 5 [[OX ) (@ ) a,
N ™) =2 [CUN R (LY ) ey
WY, =2 [CUN () (VY 0) gy

while
[%I,N’%Z,N}s — <%17N7%2,N>s —0.
From Corollary 3.10, Lemma 3.11 and Proposition 3.18, we deduce that { (HY, .#'"N, .#*N, .4V, %), N >
1} is a tight sequence in €'([0,90)) x (2(]0,%0)))*. Since f is bounded, the same is true for fi(x) =
N[f(x+1/N)— f(x)], uniformly with respect to N. It easy to deduce from (4.44) and Proposition 5.5
that the sequence {U", N > 1} is tight and as a consequence { (H" ,.#'"N, .#*N, .#N, %" , UN), N >
1} is a tight sequence in %'([0,00)) x (2([0,00)))’. Therefore at least along a subsequence (but we do
not distinguish between the notation for the subsequence and for the sequence),

(HN, "N, N, N N, UM = H, H" 0, 0, R,0)

as N — oo in €([0,00)) X (2(]0,20)))".
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Moreover, from Lemma 3.4 and Proposition 3.30, we deduce that

(///LN>S = cs,
(%2’N>S = cs,

W)= [

O, ) = "/Os Urf'™ (L (H(r)))dr

2

2
Ul < |f (LL(H(r))) | dr,

UV ) = ¢ /0 U (L(H (r)))dr:

Recall Corollary 3.10, Lemma 3.11 and (3.29). It follows from the above that Proposition 3.18 can
be enriched as follows

Proposition 4.2 As N — oo,
(HY ™™ ™ B UN) = (H,\/cB!, /B, M, R,U)

in (€(]0,%))) x (2(]0,)))®, where B' and B* are two mutually independent standard Brownian
motions. Moreover

cH(s):\/E(BSI—BE)—f—/Os/szﬁ(dr,dz)— inf Y(r —// (z+ inf Y(u)— Y(r))JrH(dr,dz),

0<r<s r<u<ss

1 s / /—
and Usg=1+ %/0 Uy [f+ (LV(H(”)))dBi +f (Lr(H(r>))dB%:| .

We clearly have

c

Us=exp(% /Os{f’*<L,<H<r>>>dBi+f'—<Lr< <>>>d32} :

Since f” is bounded E[U;] = 1 for all s > 0. Let now P denote the probability measure such that

dP

S

where .Z; := o{H(r), 0 < r < s}. It follows from Girsanov’s theorem (see Proposition 5.1 below)
that there exist two mutually independent standard P-Brownian motions B! and B? such that

B! \/_/ r)))dr+ B!
B = %/0 P (L(H () dr + B

Consequently

Ve (B~ B}) =VacBo+ [ fLAH()dn
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where
1 ~ ~
Bs - 7<Bs _BS)

is a standard Brownian motion under P. Consequently H is a weak solution of the SDE

+/ f (L ))dr— inf Y(r —// <Z+ inf Y(u)— Y(r))JrH(dr,dz).

0<r<s r<u<s
(4.46)

We now deduce from Proposition 4.2 and Lemma 24 in [29] the main result of this subsection.

Theorem 4.3 Assume that f € € (R4), f(0)=0and f" is bounded. Then the law of the approximate

height process HY, defined under PV (i.e. with the Poisson processes having the intensities specified
by (4.45)) converges towards the law of the height process H under P (i.e. specified by (4.46)).

4.2 The general case (f € €' and ' < 0)

We first note that condition (2.8) guarantees only local boundedness of f’. Thus, in order to make
sure that Girsanov’s Theorem is applicable, we use a localization procedure and associate to each
n € (0,%) a function f, € €' (R.), f is uniformly continuous on R, and

flx), if 0<x<n,
Ja(x) =
fm)+f (x)(x—n), if x>n.

From this definition, it is easy to see that f, (x) = f'(xAn), which implies Sup,.¢ 9 «) [ /5 (¥)| = supp< <, | f'(¥)]-

Now we define the processes {UX (s),U,(s), s > 0} exactly as the process UN ,U, except that f is
replaced by f,,. Let us now state our final result.

Theorem 4.4 Assume that f € €'(R.), £(0) =0 and f'(z) < 8, for some given 8 > 0. Then, as
N — oo, the law of HY, specified by (3.14) with the intensities of the Poisson processes specified by
(4.45) converges to the law of H, the solution of equation (4.40).

Proof. We work on the probability space (Q,.%,P). We consider the processes H(r) and H(r)
restricted to an arbitrary time interval [0,s]. Suppose we have two interaction functions f Uand f2
which both satisfy the above assumption 2.8, and which coincide on the interval [0, K]. It is then plain
that the corresponding processes HV>! and H? (resp. H! and H?) have the same law on the time
interval [0,S¥] (resp. [0, Sk]), where

SY =inf{s >0, HY''vHY? > K}, resp. Sx = inf{s > 0, H VH? > K.

For each m,n > 1, consider the event

Apn={sup H(r) <m; sup L.(t) <n}.

0<r<s 0<r<s; 0<t<m
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On the event A, », sSupg<,<,Lr(H,) < n. On the event A, ,—1, from Proposition 3.16 and Proposi-
tion 3.30, for N large enough, sup,,,H" (r) < m and SUPg<,<s. 0<t<m LN (t) < n. Consequently on
the event A, ,, for such an N, supy,, LY (HY) < n, and from Theorem 4.3 with f replaced by f,
tells us that V' with the intensities specified by (4.45) (but with f replaced by f,) converges towards
H, the weak solution of (4.46), but with f replaced by f,. But on the event A,,,_1 ,,_1, and uniformly
for N large enough, the intensities in (4.45) with f,, and with f coincide, and similarly for the equation
(4.46). Since Uy, y>2A ., = £, the result follows. |

S Appendix

In this section we recall few important notions and give some results used in this work. We do not
give proofs of most of the following statements.

5.1 Two Girsanov Theorems

We state two versions of the Girsanov theorem, one for the Brownian and one for the point process
case. The first one can be found, e.g., in [30] and the second one combines Theorems T2 and T3
from [0], pages 165-166. We assume here that our probability space (Q,P,.%) is such that ¥ =
o (Ur>0%1).

Proposition 5.1 Let {B;, s > 0} be a standard d—dimensional Brownian motion (i.e., its coordi-
nates are mutually independent standard scalar Brownian motions) defined on the filtered probability

space (Q,P,.F). Let moreover ¢ be an .F -progressively measurable d—dimensional process satisfy-
ing [5|¢(r)|?dr < o for all s > 0. Let

Us=exp{ [toy.am)— | s|¢><r>rzdr}.

If E(Us)=1,5>0, then By:=B,— Jo @(r)dr, s >0, is a standard Brownian motion under the unique
probability measure P on (Q,.%) which is such that dP| z, /dP| z, = Us, for all s > 0.

Proposition 5.2 Let {(Qﬁl), ey di)), s > 0} be a d-variate point process adapted to some filtration
F, and let {ls(l), s > 0} be the predictable (P,.7 )-intensity of 0V 1 <i<d. Assume that none of
the Q) QU i # J, jump simultaneously. Let {Ocr(l), r >0}, 1 <i<d, be nonnegative ¥ -predictable
processes such that for all s > Q0 and all 1 <i<d
S . .
/ Ocr(l)lr(l)dr <o P—a.s.
0

Fori=1,....d and s > 0 define, {Tk’, k=1,2...} denoting the jump times of Q\9),

1

. : s . . d .
vl = I1 a;’i) exp {/ (1- r(l))ﬂtr(l)dr} and Us= HUS(l), 5> 0.
oy K 0 1
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If E(Uy) = 1,5 >0, then, for each 1 < i<d, the process 0 has the (@, F )-intensity ﬂa = Ocs(i)ks(i),
s > 0, where the probability measure P is defined by dP|z,/dP|z, = Uy, for all s > 0.

5.2 Tightness criteria in 2([0,+))

We denote by Z(]0,0)), the space of functions from [0,0) into R which are right continuous and
have left limits at any # > 0 (as usual such a function is called cdlg).We briefly write D for the space
of adapted, cdlg stochastic processes. We shall always equip the space Z([0,0)) with the Skorohod
topology, for the definition of which we refer the reader to Billingsley [3] or Joffe, Métivier [17].

We first state a tightness criterion, which is Theorem 13.5 from [3] :

Proposition 5.3 Let (X", t > 0),,>0 be a sequence of random elements of ([0, +o0); R?). A sufficient
condition of (X[, t > 0),>0 to be tight is that the two conditions I and 2 be satisfied :

1. For each t, the sequence of random variables (X", n > 0) is tight in R?.

2. For each T > 0, there exists B,C > 0 and 0 > 1 such that
E( zrzrh _th|[3 |th _th—h|ﬁ) < Chev

forall0<t<T,0<h<t,n>0.

The convergence in 2([0, +o0); R?) is not additive in general. The next proposition gives a sufficient
condition to have this additivity, which is Lemma 7.1 of [23].

Proposition 5.4 Let {X]", t > 0} - and {Y", t > 0}, be two tight sequences of random elements
of 2(]0,0); R?) such that any limit of a weakly converging sub-sequence of the sequence {X", t > 0} >0
is a.s. continuous. Then {X[' +Y", t > 0}, is tight in P([0,00); RY).

Consider a sequence {X/", t > 0},., of one-dimensional semi-martingales, which is such that for
eachn>1, -

t
X,”:X(;’—l—/(pfds—i—M,”, t>0;
0

where for each n > 1, M" is a locally square-integrable martingale such that

t
o= [ v 0

¢" and y" are Borel measurable functions with values into R and R respectively. We define V" =
X5+ fé @n(X{')ds.
The following statement can be deduced from Theorem 13.4 and 16.10 of [3].

Proposition 5.5 A sufficient condition for the above sequence {X',t > 0}n21 of semi-martingales to
be tight in Z([0,0)) is that both

the sequence of rv.s {X[},n > 1} is tight;
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and for some p > 1,

T
VT > 0, the sequence of r.v.'s {/ [0 (X)| + v (X)) Pdt,n > 1} is tight.
0

Those conditions imply that both the bounded variation parts {V",n > 1} and the martingale parts
{M" ,n > 1} are tight, and that the limit of any converging subsequence of {V"} is a.s. continuous.

If moreover, for any T > 0, as n — oo,

sup |M;' —M;" | — 0 in probability,
0<I<T

then any limit X of a converging subsequence of the original sequence {X"},~ is a.s. continuous.

Lemma 5.6 Let {X", t > 0}n>1 be a sequence of processes whose trajectories belong to 2([0, +oo))
and satisfy

supE [ sup [XV| | < oo. (5.47)
N>1 >0

. .. N N,8,1 N,6,2 N,6,1
We assume that for each 8 > 0, there exists a decomposition X;" =X, +X, such that {X"°" } y>1

is tight as random elements of 2([0, o)), and moreover, for all n > 0

N—roo

limsupP <sup IxN02) > n) 0, as§ —0. (5.48)
>0

Then the sequence {XN, t > 0}~ is tight as random elements of ([0, +o)).

Proof. We shall exploit Theorem 13.2 from [3]. We will establish tightness in D([0,7]), for T > 0
arbitrary. The moduli of continuity below are understood to be defined on the time interval [0, T].
Condition (i) follows from our assumption (5.47). Hence it suffices to verity (ii), namely that for each
g,p > 0, there exists 11 > 0 such that

P (Wi (1) > €) <p. (5.49)
We first note that from the definitions of w (resp. w') (see (7.1) (resp. (12.6)) in [3]), for each 1 > 0,

wien (1) < Wyw s (M) +wyws2 (). (5.50)

xN:52

But since wyn,52(1) < 2sup;> | |, forall n >0,

N—so0 N—soo >

limsupP (wyns2(n) > €/2) < limsupP (sup |X,N’6’2| > 8/4) .
>0
Hence from (5.48), we can choose &¢ p > 0 such that

limsupP (wynsep2(1) > €/2) <

N—yoo

%,vn > 0. (5.51)
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Since {XV:%p:11 -1 is tight, again from Theorem 13.2 from [3], we can choose i > 0 small enough
such that

limsup P (W;Nﬁeﬁp,l (n) > e/2> < % (5.52)
N—oo
A combination of (5.50), (5.51) and (5.52) yields (5.49).
[ |
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