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NON-BINARY BRANCHING PROCESS AND NON-MARKOVIAN
EXPLORATION PROCESS

IBRAHIMA DRAME?, ETIENNE PARDOUX!? AND A.B. Sow?

Abstract. We study both a continuous time non-binary Galton—Watson random tree and its explo-
ration (or height) process in the subcritical, critical and supercritical cases. We then renormalize our
branching process and exploration process, and take the weak limit as the size of the population tends
to infinity.
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1. INTRODUCTION

We consider a general continuous time branching process, describing a population where multiple births are
allowed, unlike in the paper [2]. We first describe the exploration process, or height process, of the corresponding
genealogical tree. We next study the convergence as the population size tends to infinity, of a properly rescaled
version of it, towards a reflecting Brownian motion with drift. The difficulty is that we have to deal with a non
Markovian exploration process. It had not been described so far in the literature. Taking the large population
limit requests new arguments, in comparison with the binary branching situation studied in [2].

We have carefully avoided to make any unnecessary assumption. In particular, we assume that the number
of children born at a given birth event has a finite moment of order 2 + §, for some § > 0 arbitrarily small,
and no higher order moment. We hope to be able to treat in a near future the case without this assumption,
and study the limit of the genealogical trees in case where the limiting branching process is a continuous state
branching process with jumps.

In the supercritical case, as in [2,6], we need to reflect the exploration process below an arbitrary level I, in
order for this process to accumulate an arbitrary amount of local time at zero. This means killing the population
at time I'. It turns out that for taking the large population limit, reflection is also needed in the critical case.
On the other hand, reflection is not required in the subcritical case. In order to be as concise as possible, we
study the limit of the exploration process reflected below I" in the general case, and at the end show how the
proof can be done without reflection in the subcritical case.

The paper is organised as follows. Section 2 is devoted to the description of the height curves. In Section 3
we describe the relation between the laws of height processes and non-binary continuous time Galton—Watson
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2 I. DRAME ET AL.

random trees. Finally, in Section 4 we present the results of convergence of the population process and the
height process, in the limit of large populations. In this paper a unique letter C' will denote a constant which
may differ from line to line.

2. DESCRIPTION OF THE EXPLORATION PROCESS

In this section we will describe the exploration process of the non-binary tree associated to a continuous
time branching process (Z;),~,.- We fix p > 0 and consider a continuous piecewise linear function H from a
subinterval of Ry into R, which possesses the following properties: its slope is either p or —p ; it starts at
time ¢ = 0 from 0 with the slope p ; whenever H(t) = 0, H' (t) = —p and H/ (t) = p ; H is stopped at the
time T3, of its mth return to zero, which is supposed to be finite. We will denote H,, ,,, the collection of all such
functions. We will write H,, instead of H, 1. We now define a stochastic process whose trajectories belong to
H,, as follows. We choose the slopes of the piecewise linear process H to be £2 (i.e. p = 2). We define the local
time accumulated by H at level ¢t up to time s:

L(t) = lim * [ cn craar
Ls(t) equals the number of pairs of branches of H which cross the level ¢ between times 0 and s. In other
words, Ls(t) equals 1/2 times the number of visits at the level t. Let {V;, s > 0} be the cddlag {—1,1}-valued
process which is such that, s—almost everywhere, dH,/ds = 2V;. Let {Oy, k > 1} be a sequence of independent
and identically distributed (i.i.d) random variables with values in N. @ will be the number of newborn at the
k—th birth event, where those events are numbered in the order in which they are explored, see below. Let
{PSf, s > 0} (resp. {P;", s > 0}) be a Poisson process with intensity A (resp. u). We assume that the three
processes {Ok, k > 1}, {P}, s >0} and {P,, s > 0} are independent.

The exploration process H is defined jointly with the process V' by the following equation:

H, = 2/ v, dr,
0
Ve=1+ 2/ 1oy - ydPf — 2/ Loy —413dP7 +2(Ls(0) — Lo+ (0))
0 0

+2 3 (e (Hyp) — Lo (Hr)) 1@ = 1),

k>0,8}<s

where the (S,j', k > 1) are the successive jump times of the process

15;:/ 1y —_1ydP;,
0

and where L,(t) denotes the number of visits to level ¢ by the process H up to time s, Hy = 0 and V) = 1.
For any k > 0, ©; — 1 denotes the number of reflections of H above the level H St Recall that O denotes
the number of brothers and sisters born at the kth time of birth. In this work, we assume that © satisfies the
following condition:

(H): E [@%‘”‘5] < 00, for some § > 0 arbitrarily small.

We define
a=)» (P(O;=10) and (*=> (L—a)’P(O) =),

0>1 0>1

respectively the expectation and the variance of the number of births at each birth event. Let m denote the
common law of the random variables {Of, k > 1}. We write IT for the triplet m, A\, pu (i.e. IT = {m, A\, pu})
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FIGURE 1. (A) The non-binary tree and its associated exploration process. (B) The exploration
process. The t-axis is real time as well as exploration height, the s-axis is exploration time.

and we denote by Py the law of the random element (Hg, s > 0) of Hy. The random trajectory which we have
constructed is an excursion above zero, provided the process returns to zero, which will always be the case below
(see Fig. 1 (B)). We similarly define a law on Hs ., as the concatenation of m i.i.d such excursions. We denote
by & the set of finite rooted non binary trees which are defined as follows. An ancestor is born at time 0. Until
she eventually dies, she produces a random number of offsprings. The same happens to each of her offspring,
the offspring of her offspring, etc., until eventually the population dies out (assuming for simplicity that we are
in the subcritical case). We denote by 3, the set of forests which are the union of m elements of 3, i.e. the set
of forests containing m trees. There is a well-known bijection between trees and exploration processes. Under
the curve representing an element H € H,, we can draw a tree as follows. The height H;fmae of the leftmost
local maximum of H is the lifetime of the ancestor and the height Hjowmin of the lowest nonzero local minimum
is the birth time of the first offsprings of the ancestor. If there is no such local minimum, the ancestor dies
childless. We draw a horizontal line at level Higwmin. H makes @1 + 1 excursions above Hiowmin. The leftmost
excursion is used to represent the fate of the ancestor and of the rest of her progeny, excluding the children born
at the first birth event and their progeny. The ©; others excursions describe the fate of the first offsprings and
their progeny. If there is no other local minimum of H to the left or to the right of the first explored one, then
there is no further birth: we draw a vertical line up to the unique local maximum, whose height is a death time.
Continuing until there is no further local minimum/maximum to explore, this procedure defines a bijection @,
from H,, into  (see Fig. 1). Repeating the same construction m times, we extend @, to a bijection between
Hp,m and Syy,. Note that the horizontal distances between the vertical branches in the tree representation of
the exploration process are arbitrary. See Figure 1(A).

To the exploration process H, we associate the continuous-time Galton—Watson tree (which is a random
element of ¥) with the same law 7 and the same pair of parameters (i, \) as follows. The lifetime of each
individual is exponential with parameter pu. The birth events come according to a Poisson process with rate
A and at each time of birth, a random number of children with law 7 are born. The behaviors of the various
individuals are i.i.d. This defines a probability measure Q7 on &. We use the same notation to denote the law
on S, of m i.i.d random trees with Q7 as their common law.

In the supercritical case, the exploration process defined above does not come back to 0 a.s. To overcome this
difficulty, we use a trick which is due to Delmas [6], and reflect the process H! below an arbitrary level I" > 0
(which amounts to kill the whole population at time I"). The height process H' = {HI'| s > 0} reflected below
I' is defined as above, with the addition of the rule that whenever the process reaches the level I, it stops and
starts immediately going down with slope —p for an exponential duration of time with expectation 1/A. Again,
the process stops at its mth return to zero, when m trees have been explored. The reflected process H' comes
back to zero almost surely. Indeed, let AL denote the event “H’" does not reach zero during its n first descents”.
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Since the levels of the local maxima are bounded by I, clearly P(AL) < (1 — exp(—AI"))", which goes to zero
as n — oo. Hence the result, see [2].
In this case, the exploration process H' is defined jointly with the process V by the following equation:

Hf:Q/ V, dr,
0

S £
Vo taz [ 1y —ondpf -2 [ 1 cydB 422l 0) - LE0)
0 0

—2rf(ry+2 Y (LEHE) - L (HE)) A6k -1),
k>0,5; <s

where LL'(t) denotes the number of visits to level ¢ by the process H! up to time s.

For each I' € (0,+400), and any sub-collection IT = {r, A\, u}, denotes by Py i the law of the process H'.
Define Q7,1 to be the law of the (m, A, ) Galton—Watson tree, killed at time ¢t = I" (i.e. all individuals alive
at time I'~ are killed at time I').

This reflection below an arbitrary level I" will be necessary both in the critical and in the supercritical cases.
For our large population convergence result, we shall treat the subcritical case without this reflection in the last
subsection of the paper.

3. CORRESPONDENCE OF LAWS

The aim of this section is to prove that for any sub-collection IT = {m, A\, u} and I" € (0,+00) [including
possibly I' = 400 in the subcritical case], P @;1 = Quz,r. Let us state some basic results for homogeneous
Poisson processes, which will be useful in the sequel.

3.1. Preliminary results

Let (Tk)x>0 be a Poisson point process on R with intensity A. This means that To = 0 and (Tx1+1—T%, k > 0)
are i.i.d. exponential random variables with mean 1/\. Let (N, t > 0) be the counting process associated with T',
that is, for all ¢ > 0,

Ny =sup{k > 0,T) < t}.

The following result is well-known and elementary.

Lemma 3.1. Let M be a nonnegative random variable independent of T', and define

Ry = sup{Ty, Ty, < M}.
k>0

Then M — Ry @ VAM, where V and M are independent, and V' has an exponential distribution with mean 1/\.

Moreover, on the event {Ry; > s}, the conditional law of N - Ny given Rpr is Poisson with parame-
ter A(Rar — s).
In addition, we have the following result, which is Lemma 3.2 in [2].

Lemma 3.2. Let T = (T})r>0 be a Poisson point process on Ry with intensity A, and let M be a positive
random variable which is independent of T'. Consider the integer-valued random variable K such that Tx = Ry
and a second Poisson point process T = (T;;)kzo with intensity A\, which is jointly independent of the first and
of M. Then T = (Ty)r>0, defined by
Ty if k<K,
Ty =
Tx + Ty g if k>K,

is a Poisson point process on Ry with intensity A, which is independent of Ryy.
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3.2. Basic theorem

Let {U;, £ > 1} and {V;, ¢ > 1} be two sequences of independent and identically distributed (i.i.d) expo-
nential random variables with means 1/p and 1/, respectively. Let (T{,k > 1,£ > 1) be a family of mutually
independent Poisson processes with intensity A. In the same way as Section 2, we introduce the sequence
{6, £ > 1} of i.i.d random variables with law 7. We assume that the processes (T}, k > 1,£ > 1), {U, ¢ > 1}
and {Oy, ¢ > 1} are mutually independent.

We are now in a position to prove the next theorem, which states a one-to-one correspondence between
the tree associated with the exploration process H! defined in Section 2, and a continuous-time non binary
Galton—Watson tree with the same law 7 and the same pair of parameters (u, A), killed at time I

Theorem 3.3. For any IT and I' € (0,400) (including the case I' = +00 when X\ < u), the following repre-
sentation holds

Pr,r ‘15;1 =Qmnr.

Proof. The individuals making up the population represented by the tree whose law is Q7 are labeled ¢ =
1,2,...1 is the ancestor of the whole family. The subsequent individuals will be identified below. We will show
that this tree is ‘explored’ by a process whose law is precisely P;;. Uy will be the lifetime of individual ¢. For
any ¢ > 1, the birth times of the offsprings of individual £ are {T}, 1 <k < K,}, where K, = sup{k, T} < Uy}.

If ¢ is not the sister of an already explored individual born at the same time, i.e. if mg_1 & {mi,ma,...,my_2},
then we define Ay, = @y — 1 the number of sisters of individual £ born at time my_. If £ is the sister of individual
J < {, then we let Ay = A; — 1.

Step 1. We start from the initial time ¢ = 0 and climb up to level M; = U; A I'. We go down from M; until
we find the most recent point of the Poisson process (Tkl) ( recall that this process gives the birth times of
the offsprings of individual 1). By Lemma 3.1, we have descended a height V4 A M;. We hence reach the level
my = (My — V1) V0. If my =0, we stop, else we turn to the next step.

Step 2. We assign label 2 to the first offspring of the last birth event of offsprings of individual 1, born at time
my and we let Ay = @5 — 1 denote the number of unexplored sisters of individual 2 born at the same time her.
Let us define (T7) by

Tkl if k< Ky,
T? =

Ti, +T? i, ., oOtherwise;

where K is such that Tllﬁ =1mj.

Thanks to Lemma 3.2, (T,f) is a Poisson process with intensity A on R, which is independent of m; and in
fact also of (Uy, V7).

Starting from mq, the exploration process climbs up to level My = (mq + Us) A I'. Starting from level Ma, if
Ay =0, we go down a height M A V5, to find the most recent point of the Poisson process (T7). At this time
we are at level mg = (Ma — V3) V 0. If however Ay > 1, we go down a height V2 A (My — my) and in this case
we are at level mo = (Ma — Vo) V- mq. If my = mg, we change the value of Ay, and let it be equal to Ay — 1. If
ms = 0, we stop. Otherwise we continue.

Suppose we have made ¢ — 1 steps and my_1 >0, £ > 3.

Step €. We start from m,_; which is the birth time of individual £. Note that by then for all 2 < j < ¢, A; is
the number of sisters of individual 5 who still remain to be explored. We now define
) T, if k<Ko,
T =
k F0—1 al ;
TIQ_1 + Tk_KL_H_1 otherwise;

Then (TY}) is a Poisson point process with intensity A on R, and is independent of (mq, My, ... ,me_1, My_1).
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FIGURE 2. Two equivalent ways of representing a non binary tree.

Starting from my_1, the height process climbs up to level My = (my—1 + U) A I, which is the time of death
of individual ¢. We set

sup{2 <j < L, Aj > 0}, if inf2<]‘<g Aj >0,
=
1, otherwise.

Note that, if Ay > 0, £* = ¢. Coming down from level My, if £* = 1, we wait a time V; A My, to find the most
recent point of the Poisson process (T}). At this time we are at level my = (M, — V;) V 0. If however £* > 2 we
go down a height V; A (My — my«_1) and in this case we are at level my = (My — Vi) V myg-—1. If mp = myp«_1,
we change the value of Ay« and let it be equal to Ay« — 1. See Figure 2.

Since either we have a reflection at level I" or we are in the subcritical case, zero is reached a.s. after a finite
number of iterations. It is clear that the random variables M; and m; fully determine the law Q7 of the non
binary tree killed at time ¢ = I' and they have both the same joint distribution as the levels of the successive
local minima and maxima of the process H" under Py 1, see, e.g. [2]. O

4. WEAK CONVERGENCE

4.1. Renormalization

Let & > 0 be arbitrary, and let NV > 1 be an integer which will eventually go to infinity. Let (ZtN *)t>0 denote
the branching process which describes the number of offsprings at time ¢ of [Nx] ancestors in the population
with birth rate Ay = No?/2a + a/a and death rate uy = No?/2 + 3, where a > 0, 3 > 0 and o > 0. In this
population, the number of children at each birth event is a random variable that has the law 7, which does not
depend upon N. Recall that a denotes the expectation of m and (2 its variance. We now define the rescaled
continuous time process

xNw.= Ntz (4.1)
In particular, we have

X" = [Nz]/N — =z as N — +oo.

Let H™I" be the exploration process associated to {ZtN # 0 <t <TI'} defined in the same way as previously,
but with slopes 2N, and where A, u are replaced by Ay and px to be specified below. We define also LY-1'(t),
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the local time accumulated by H™:T" at level ¢ up to time s, as

N,T
Ls (t)_%gnl—%g/ {t<HNF<t+ }d (42)
where b = (a +a? + ¢?) and k% = 0%b. The motivation of the factor 4/k?b will be clear after we have taken

the limit as N — 4o0. LYI'(t) equals 4/Nk2b times the number of pairs of ¢-crossings of HY'" between times
0 and s. In other words, LéV’F(t) equals (1/2) * (4/Nk2b) times the number of visits at the level . Note that
this process is neither right- nor left-continuous as a function of s.

4.2. Tightness criteria in function spaces
We shall start with the basic tightness criterion for random processes on the space of continuous functions

C([0,+00)). For T > 0, we define w, 7(.) the modulus of continuity of x € C(]0, +00)) on the interval [0, T] by

war(p) = wrl,p)= s |a(s)—a(t), p>0. (4.3)
ls—t|<p, s,t<T

Consider now a sequence {X" n > 1} of random processes with trajectories in C([0,400)). The following
proposition follows from Theorem 7.3 in [4].

Proposition 4.1. The sequence { X", n > 1} is tight in C([0,00)) iff the two following conditions hold:

(i) for each n >0, there exist some d and some ng such that
POX™0)] = d) <n, 1= no.

(ii) for each e >0, T >0,
lim lim sup P(wr (X", p) > €) = 0.
P—0 noo
Let us present a sufficient condition for tightness which will be useful below. Consider a sequence
{X}',t > 0},,5, of one-dimensional semi-martingales, which is such that for each n > 1,

t
X = X7 +/ on(XM)ds + M, t>0;
0
where for each n > 1, M™ is a locally square-integrable martingale such that

t
(M™), :/0 Y (X)ds, t>0;

¢rn, and 1, are Borel measurable functions with values into R and Ry respectively. We define V;* = X +
fot ©n(X)ds. Since our martingales {M;*, ¢t > 0} will be discontinuous, we need to consider their trajectories as
elements of D([0,00)), the space of functions from [0, co) into R which are right continuous and have left limits
at any t > 0 (as usual such a function is called cddlag). We briefly write D for the space of adapted, cadlag
stochastic processes. We shall always equip the space D([0, 00)) with the Skorohod topology, for the definition
of which we refer the reader to Billingsley [4] or Joffe, Métivier [8]. The following statement can be deduced
from Theorem 13.4 and 16.10 of [4].

Proposition 4.2. A sufficient condition for the above sequence {X[*,t > 0}, -, of semi-martingales to be tight
in D([0,00)) is that both -
the sequence of r.w.'s {X{',n > 1} is tight;



8 I. DRAME ET AL.

and for some p > 1,
T
VT > 0, the sequence of r.v.s / [on (X)) + ¥ (X)]Pdt,n > 1 5 is tight.
0

Those conditions imply that both the bounded variation parts {V™,n > 1} and the martingale parts {M™,n > 1}
are tight, and that the limit of any converging subsequence of {V™} is a.s. continuous.
If moreover, for any T >0, as n — oo,

sup |M;" — M;*| — 0 in probability,
0<t<T

then any limit X of a converging subsequence of the original sequence {X™}, -, is a.s. continuous.

In particular, the space C([0,00)) is closed in D([0,00)) equipped with the Skorohod topology. The next
Lemma follows from considerations which can be found in [4].

Lemma 4.3. Let X,,, Y,, € D([0,0)), n>1 and X, Y € C([0,00)) be such that:

(1) for alln > 1, the function t — Y, (t) is increasing;
(2) X, — X andY, — Y, both locally uniformly.

Then Y is increasing and
t t
/ X (s)dY,(s) —>/ X (s)dY (s), locally, uniformly, in, t > 0.
0 0

The following is a consequence of Theorem 13.5 of [4].

Proposition 4.4. If {X]",t >0}, -, and {Y*,t >0}, ., are two tight sequences of random elements of
D([0,00)) and C(]0,00)) respectively, then { X + Y, t EO}nZl is tight in D([0, 00)).

To z € D([0,00); R), we associate for each T' > 0 and p > 0 the quantity

We,r(p) = wr(z,p) =inf max  sup  |z(t) —2(s)],
0Si<n g, <s<t<tiy,

where the infimum is taken over the set of all increasing sequences 0 =ty < t; < ... < t,, = T with the property
that info<;<p |tit1 — ;| > p. We state another tightness criterion, which is Theorem 13.2 from [4].

Proposition 4.5. The sequence {X™, n > 1} is tight in D(]0,00); R) iff the two following conditions hold:

(i) for each t >0, {X{ — X ,n > 1} is tight in R;
(ii) for each € >0,
lim lim sup P(wp(X™, p) > €) = 0.

p—0 nooo
One can compare W, 7(p) with w, 7(p). Consider the maximum (absolute) jump in x:

jr(z) = sup |z(t) —z(t-)[; (4.4)
0<t<T

the supremum is achieved because only finitely many jumps can exceed a given positive number.
We have
Wy, 7(p) < 2wz, 1(p) + j7(2) (4.5)
and
Wy, (p) < We,r(2p)
(see Sect. 12, p. 123 in [4]).
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As is well-know that, C-tightness implies D-tightness, in the sense that

Corollary 4.6. A sufficient condition for the sequence {X™,n > 1} to be tight in D([0,00);R) is that:

(i) for each n >0, there exist some d and some ng such that
POX™0)] = d) <n, n = no,

(ii) for each T > 1, € >0,
lim lim sup P(wr (X", p) >€) =0

=0 nooco
and under that condition any limit of a converging subsequence is continuous (Corollary of Thm. 13.4 in [4]).
4.3. Tightness and Weak convergence of X™:®

The following result describes the limit of the sequence of processes { X% N > 1} defined in (4.1). The
continuous time Galton—Watson process {XtN’I,t > 0} is a Markov process with values in the set En =
{k/N,k > 1} with its infinitesimal generator given by:

QN f(y) = Ny (NU a) > pef( y+ —f)| + Ny (NTU +ﬁ> [f (y— %) —f(y)] ;
>1

for f: Ey — R such that
) <CO+y?), ye En (4.6)

and where p, is the probability that there are ¢ simultaneous births. Consequently for any f € C(R) satisfy-
ing (4.6),

t
MEY = ) = £ = [ Qe s
0
is a local martingale. Assuming that f is of class C?(R) satisfying (4.6) and applying successively the above
formula to the cases f(y) =y and f(y) = y?, we get that

t
xNe = x4 (o - ﬁ)/ xNeds + MDY (4.7)

0

and

K 2N +2 2N +2
(X?”””)Q:(Xév’“)2+2(a—ﬁ)/ (XN st | T2y, 4 T2 /XN”’ds—i—M DN (4.8)
0 >1

where {Mt(l)’N,t > 0} and {Mt(2)’N,t > 0} are local martingales. Now combining (4.7), (4.8) and the It6
formula, we deduce that
a2 2 t
2(2 +a?) +
(MO = (52 + 40— (¢ ]\? ) ﬁ)/o XNeds, (4.9)

where % = %(a +a? +(?).
We will establish some lemmas to prove the tightness of the process XN,

Lemma 4.7. For all T > 0, there exists a constant C > 0 such that for all N > 1,

sup E(X;"") < C.
0<t<T
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Proof. Let (1,,n > 0) be a sequence of stopping times such that 7,, tends to infinity as n goes to infinity and

for any n, (Mt(/{)ﬂfv) is a martingale and X{an < n. Taking the expectation on both sides of equation (4.7) at
times t A 7, , we obtain

tATh
E(XN2 ) = E(XY) 4 (0 — HE ( / X;V’wds) ,

it follows that
t

E(XNE ) <E(XY) + (a - p)F / E(XNE )ds.

From Gronwall and Fatou Lemmas, we deduce that for all T' > 0 there exists a constant C' > 0 such that

sup sup E(XV") < C. O
N>10<t<T

We shall also need below the
Lemma 4.8. For any T > 0,

2
sup]E{ sup (XV7) ] < 0.
N>1  lo<t<T

Proof. Since from (4.7), we have

2
IE[ sup (XV7) } <3E (’Xév’w
0<t<T

2) +3(a— B)2T /OT]E [ sup (X;V’””)z} ds+3]E[ sup (Mt(l)’N)Z] .

0<s<t 0<t<T

Using Doob’s inequality, we obtain

IE[ sup (XtN"”)2] <3E <‘X(§V’I
0<t<T

2) 4 3(a - BPT / ' { sup (Xswﬂ ds +3CE (M),

0 0<s<t

However, from (4.9) and Lemma 4.7, we have that

%(02 +a?)+

BUMON),) < (w4 20T

) o = CT
for all T' > 0. The above computations, combined with Gronwall’s Lemma, lead to
2
sup]E[ sup (XN7) ] < 0. O
N>1  [o<i<T
Recall that, C' denotes a constant which may differ from one line to the next.
Corollary 4.9. {Mt(l)’N,t >0} and {Mt(z)’N,t > 0} are in fact martingales.

It now follows from Proposition 4.2, (4.7), (4.9), Lemma 4.8 and the fact X' — z that (XN} oo s
tight in D([0, 00)). B

Standard arguments exploiting (4.7) and (4.8) now allow us to deduce the convergence of the mass processes
(for a detailed proof, see e.g. Thm. 18, p. 376 in [11]).

Proposition 4.10. We have XN = X* as N — oo for the topology of locally uniform convergence, where X
1s the unique solution of the following Feller SDE:

t t
Xf:ac—l—(a—ﬁ)/ des—l—/f/ V/ XEdW,
0 0

where W is a standard Brownian motion.
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4.4. Tightness and weak convergence of HN:I'

4.4.1. Some preliminary results on Galton— Watson branching processes

In this section, we state some results on Galton—Watson branching processes which will be useful in checking
tightness of HV:I" (the exploration process defined in Sect. 4.1). To do this, consider the branching process in

continuous time (ZtN ’%)tzo which describes the number of descendants alive at time t of a unique ancestor
born at time zero, whose progeny is killed at time ¢t = I, where I" is a given constant. Every individual in this
population, independently of the others, lives for an exponential time with parameter py. The birth events
happen according to a Poisson process with rate Ay and at each time of birth, the random number of offsprings
has the law 7, which does not depend upon N. Recall that the parameters uy and Ay were defined in Section 4.1.

1
In what follows, in order to simplify our notations, we will write Z}¥ instead of ZtN "N We define the length of
the genealogical tree up to time I

r
S{\}:/ zNat.
0

Since the births along this tree are occurring at rate Ay, then the total number of individuals born before
time I", denoted Aé\{ I, satisfies

E (Aé\{F’SII\D = AySka, where a= ZZ;EW(K). (4.10)

We first prove

Lemma 4.11. For any I" > 0, there exists a constant C(I") such that
E(AY ) < C(I)N.
Proof. We have from (4.10)

r
E(AY ) = aB(AnSY) = aAvE (/0 Ztth> (4.11)

However, from (4.1) and (4.7), we have that

t
B(ZY) =1+ (a-6) [ Bz,
0
it is easy to see that
E(Z{Y) = exp[(a = B)t] .
Hence,
r
]E(/ Ztth> =(a—B) (exp[(a—B)—1)=C(I) (4.12)
0

Now combining (4.11) and (4.12), we deduce that for any N > 1

since A\y = No?/2a + a/a. O
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In the just described population, we consider another branching process in continuous time (Z¥);>4~¢ which
describes the number of individuals alive at time ¢ who are the descendants of a unique ancestor born at time ¢,
whose progeny is killed at time ¢ = I'. In this subpopulation, which starts with a unique ancestor born at
time ¢', we denote by Ai\/, 1 the total number of individuals born before time I'. Thus, it is easy to see that Ai\,” r
is stochastically dominated by Aé\{ r

In the same way as done in Section 2, we denote for any k& > 1, O, (resp. 1) the number of newborn at the
kth birth event (resp. the time of this birth event). We define U jN to be the lifetime of individual j. Note that
{UN, j > 1} is a sequence of i.i.d random variables and is independent of A .. Recall that UM ~ &(un).

Let (T, ,év Jk>1 be the sequence of i.i.d random variables defined by

O
Ty =AY (4.13)
j=1

which is the time it takes to explore the total progeny of @) individuals born at time 7%, where {AQI i k=

1,7 > 1} is a sequence of i.i.d random variables, and A,Ix ; is the exploration time of the total progeny of the
jth individual born at time 7%. Note first that

Aoy
AN @D Ui
kol N

i=1

(4.14)

Note also that the two sequences {A{c\fj, k> 1,7 > 1} and {Og, k > 1} are independent. Now, using Wald’s
identity, Lemma 4.11, (4.14) and the fact that A% r is stochastically bounded by A(I)\{ 1, We obtain

Corollary 4.12. For any I" > 0, there exists a constant C'(I") such that for allk >1,1<j < Oy

()
N

E(AY;) <

Thanks to these results, we are in position to study the asymptotic property of H:".

4.4.2. Tightness and Weak convergence of HN-T

In this section, we will need to write precisely the evolution of {HN:I"| s > 0}, the height process of the
forest of trees representing the population {ZtN’m, 0 <t < I'}. To this end, let {VN, s > 0} be the cddlag
{—1,1}-valued process which is such that, s—almost everywhere, dHN'' /ds = 2NVV .

The (Ry x {—1,1})-valued process {(HN1, VN), s > 0} solves the SDE

HNT =2N / Vv Ndr,
0

K2bN
o (BN 0) - 1 ()

_@LQ’T(F—H—QN 3 (”—%(Lva(HN’F)—LN’F (H )))/\M (4.15)

s S
VN =1+ 2/ Loyw = ydPYF — 2/ Liyy ooy dP +
0 " 0 "
2 4 set o TS sr N
k>0,5F<s ’ ' '

where {PN-* s > 0} and {PN-=,s > 0} are two mutually independent Poisson processes, with respective
intensities
a”'b (N?k* +2Na) and b(N?k*+2Np),

where the S,?H' are the successive jump times of the process

stv’+ = /(; 1{Vr'1\i :71}dPT{V7+’ (416)
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and where LY1'(0) and LYI'(I"~) denote respectively the number of visits to 0 and I" by the process H:I" up
to time s, multiplied by 4/Nx?b (see (4.2)). Note that our definition of LI makes the mapping ¢ — LY-I'(t)
right continuous for each s > 0. Hence LY"T'(t) = 0 for t > I", while LY"T(I'") = limp—q 00 LYT(I'= 1) >0
if HNVI'" has reached the level I" by time s.

For the rest of this section we set

v = rVb.
We deduce from (4.15)
‘/SN — 1 N,+ 2 ° 1 dPN’_ 1 LN’F 0 LN,F 0 1LN’F I~
NZ/Q_Nl/z_'_QS N2 0 (VE=+13%0r +§(S (0) = Loi (0) 2 ),
where
2 s 2 v? (O — 1)
N+ _ N+ 2 Vo NI NI\ NI (NI k
Q" = NV2/0 1{Vf\i:71}dpr + 2 . 0§+< <4 (Lg (HS,’Q"*) leiv,+(HS’§,+))) /\7]\7
>0,5, " <s
2 ° NV NN N,T(prN,T DN+
:W 1+T(Ls’(Hr’)_Lr,(Hr,))/\(Q}BTJV*+_1) dPr,
0
= QYT - QM (4.17)
with
2 s ~
QYT = N2 / QISN‘++1dP7{V’+ and
0 -
s +
Noaz2_ 2 N 1 Nv? N,T(pyN,I'\ _ 7 N,[(gfN,T DN+
Qs - N2 9I—"’N’Jr-‘,-l 1 4 (Ls (Hr ) Lr (Hr )) dPr . (418)
0 -
Observe that PN+ = ﬁsj\_]"’ +1, for dPN* almost every s.
Writing the first line of (4.15) as
S S
HNT :2N/ 1{VrN:+1}dr—2N/ Liyn—_qydr,
0 0
denoting by MY and M2 the two local martingales
1,N N,+,1 2 ® N2y2 + 2Nab
M7 =Q0™ =55 | Wy=—nyOpypy (—— | dr (4.19)
0
and ) .
MEN = W/o Ly —y1y (APN~ — (v>N? 4 2NBb)dr) (4.20)

and recalling (4.17), we deduce from (4.15) ,

HN,F ‘/SN _ 1 Ml,N M2,N 2N ° 1 =) d N,+,2 1LN7F I~
s NE TN T T T o =1} (Opy+yq —a)dr — QI % = gL ()
dab [ 480 [° 1 NI
+ W 0 1{VTN:,1}9157{\/,++1dT - ?/0' l{VTN:+1}dT + i(Lév’F(O) - LOJ; (0)) (421)

We shall need below the

Lemma 4.13. {M}" s >0} and {M2N t > 0} are square integrable martingales.
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Proof. Since MV is a purely discontinuous local martingale, its quadratic variation [M'"] is given by the
sum of the squares of its jumps, i.e.,

LN| = pN.A+
(M N21/4/ QPN + 4P

We deduce from this that the predictable quadratic variation (M>V) of MV is given by

42N + 8ab
1 N
M / QPN .;._"_1 ( a,NI/4 ) 1{VTN:71}dT'

It follows readily from condition (H) in Section 2 that there exists a constant C' > 0 such that
E(M*Nyp) < CT, forall T >0, N > 1.

Hence MYV is a square integrable martingale. We can prove similarly that M2 is a square integrable mar-
tingale. 0

For s > 0, define

s
P;Vv—:/o Liyy —p1ydBP™

Let (AY(s), s >0) (resp. (A\N(s), s > 0)) denote the intensity of the process (PN+ 5> 0)
(resp. (PN-=, s > 0)) where PNt was defined in (4.16).

Remark 4.14. Note that PN'T (resp. PV:~) with intensity AV (.) (resp. AY(.)) can be viewed as time-changed
of P (resp. P'), a standard Poisson process i.e.

—P(/Os/\f(r)dr> and PN~ =P (/OSAN(r)dr>.

The next Proposition will also be important in the proof of the tightness and weak convergence of H™:T.
Recall the definition (4.18) of the non negative stochastic process Q2.

Proposition 4.15. For any stopping time T such that 7 < s a.s., s > 0 arbitrary,
E(QN?) —0, as N — .

Proof. For r € RT and p € N*, the stopping time
A : Nv2 o nraNT N,[(gN,I"
7P =inf s >0, T(LS’ (H) =LY (HN) =pe =7 (4.22)

describes the time it takes to explore the total progeny of p individuals born at the real time HN>!". Since, the
rv. AY. '; (defined in Sect. 4.4.1) describes the exploration time of the total progeny of the jth individual born
at time 7%, one can see that 77 = Zp _2A,1€\{j. Hence we deduce from (4.13) and (4.22) that

N
{EE @ty - Ly ) < O 1) = {r N 2 ).
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Now we have

+

2 T Nv? ~
Q¥ = i [ (s = 1= ST - LY (HNT)) aBN

< —/ Opn+ 1 dpN-+
= PNt
Nv? 0 M {NXQ (L‘IF\I‘F(Hi\l,[‘)_LVJFV,F(Hi\I‘F))S eﬁN,++1—1 r

> T
~N++1

_ DN,+
NZ/2/ QPN ++1 { N }dPr .

Consider a partition 0 = sy < $1 < $2 < ... < 8, = s such that h = s;4.1 — §; = %, V 0 < i <n. It follows that

r+N-2TN > s

BN, ++1

N,+,2 2 ¢ . PN, +
QT < N2 Zl{si<735i+1} ; @13:\1_‘++11{ }dPr
=1

r+N—2TN

> si
pot = %
r

2 —
N7 2 Lsi<rssi /0 Opr+ial {
i=1

}d_ﬁN’+

Si41

BN+
N N2 21{9 <T<31+1}/ PN + 4Py
=JN +K£’.

In what follows, we bet q =2+ 06, where 0 < § < 1 appears in the assumption (H) and we fix p > 0 arbitrarily
small such that § > 5. The Proposition is now a consequence of the two next lemmas. O

Lemma 4.16. For any stopping time T such that 7 < s a.s.,
E(KYN) —0, as N — oc.

Proof. Let ¢’ > 1 be such that % + % = 1. Using Holder’s inequality, we obtain

- 1 1 1
2 n- a’ i1 _ q|a
N N,
BEY) < oz [B L Hoarsonn) EZ (/ Opxt ydP; +> 1
i=0 si

IN
o

- . Y a
N2 Z {(/ PN_’++1dPr’ > }
Li=0 si

fn—

1
Si41 Si+1 q q
=57 ]E{(/ 915T1v,++1)\f(’r)d7"+/ Opn. b [dPN — Af(r)dr}) }] .
S4 S

—0 i

[\
[uy

~

Since ¢ > 1, for x,y > 0, (x + y)? < 2971 (2? + y9), hence

1

22,% n—1 Sit1 q Sit+1 q q
E(KN) < N Z( ( Opn+ A (r)dr) }+]E{ @PN o [P =AY (r)dr] })}
i=0 i
<5 |5 E{Caney Y enfpe )] o
=0
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with for all s; <u < s;41
X;’sti = / @Isgv‘++1)\f(r)dr and Xﬁ’N’si = / @ﬁN‘++1[dﬁT{V7+ — )\f(r)dr] (4.24)
S N T

and where C' will be a constant which may differ from line to line. Combining Hélder’s inequality and the fact
that A (s) < CN?, Vs > 0 (recall that AY (s) = a~'(N?v? + 2Nab)1{y~—__1}), we have

Si41

Sit+1
E[(XL2)1] < oNnit / E[©,]7dr
< CN%p4, (4.25)
where we have used the assumption E[@]? < oo and the fact that h = s;11 — s;. Consider now a function g €

C2(R). It follows from Itd’s formula

Sit1

Sit+1
gOEN ) =g(XENen 4 [ e axENe
S

i

+ 0> [g(XfLN’Si +AXZN ) g(X2) - g’(XfLN’Si)AXf’N’s"} (4.26)

8 <r<sit1

. . 2,N,s; : i
where AX2Nosi = X2:Nsi - X505 T is easy to see that AX2Nsi = Opn.+ . However, for any x > 0, we
i

have from Taylor’s formula
1
g(x + Azx) — g(z) — Azg'(z) = 59H($ + EAz)|Az|?,  for some 0 <& <1,

We set ¥(x, Ar) = g(x + Ax) — g(x) — Azg'(z) in the case g(z) = |z|?. Then ¢'(x) = sgn(x)q|z|?~! and
g"(x) = q(g — 1)|z|972. We deduce from the above formula and the fact that 0 < ¢ — 2 < 1,

—1
U(z, Az) = %\x + EAZ|72| A)?

-1
< D Aaf? (jofr=2 1 | 2af~2)

. q(q2— 1) (|Az|? + | Az (1 + |2]))

q(q—1)

<
- 2

(|Az|? + |Az|? + |z||Az[?) . (4.27)
From (4.26), we have

a R 2N 2N
_ . N,si N,si
= / sgn (XT, ) q|XT,

s

Note that the first term on the right is a martingale (see Lem. 4.13). Hence taking the expectation in both sides
and using (4.27) , we deduce that

Si41
LD G Vi (x2Ve,
r + r— » I PNty
Si 'r'

) APV,

2,N,S7j
Sit1

q -1 Sit1 q 2 2 ~
E foﬁs } < %E/ (’915’”+1’ + leﬁf\i*ﬂ‘ + ‘Qﬁ’vfﬂ‘ ’Xf’—N’sl ) dpt. (4.28)
However, it is easy to see that
Sit+1 - Si41 q
]E/ Opn.i | 1dPN = ]E/ eﬁy,++1’ AV (r)dr < CN?h (4.29)
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Si+
E/
Sq

Furthermore, recalling that the S,iV’Jr are the successive jump times of the process PN T, we have

Si+
/
Sq

and we obtain similarly,
2
eﬁN_,m‘ dBN+ < ON?h. (4.30)

2
2,N,s; . DN, + __ 2,N,s; 2
X2 @PTJV_,++1‘ dPN+ — | ) ‘X(S§,+)_‘ Qi1

k>0, SiSS;iV’+§Si+1
2,N,s; 2
~YE(1 v |le
’;) {SiSS,ﬁV’JrSSiH} (Slzcv,+)_ | k+1‘
>

B 9 2,N,s;
“EIOPER L, (oo} PRS-

dpN-+

2 S 2 N s
—E|6,[E X2
Sq

Si41
:E\@1\2]E/ | XN A (r)dr
.,

i

Si+1
< CN’E / | X275 dr, (4.31)

i

However, from (4.24) we have that

Si41
<ol

taking expectation in both side we deduce that

’X2,N,Si

Sit1

@13,1,\’*++1‘ |/\f(7‘)dr) )

Si41
- pN,+
Opt y | PN + /
T si

E[x28%| < ON?h.

Combining this with (4.31), we deduce that

PN+ < ON*R2.

e 2| yv2,N,s;
E |Op.t 4y 71X
. g

i

Combining the last inequality with (4.28), (4.29), and (4.30), it follows that

Sit+1

E HXQ,N,Si

q} < CN2h + CN*h2,

Now, combining the last inequality with (4.23) and (4.25), we deduce that

1
a 1
E(KN) < C% (N?9h? + N?h + N*h?) e .

Using the inequality

k q k 1
(Z ai> < Za;’, for all k > 2, ay,...,ax >0, (4.32)
j i=1

we thus obtain

E(KYN) < CNnih+CniNi 'hi + CniNi 'hi

4
=o<—N i A > :

1 1
ntTa na
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We now choose n = N2, It is easy to deduce from § > 15 that
E(KY) -0, as N — . O
Lemma 4.17. For any stopping time T such that T < s a.s.,
E(JN) — 0, as N — cc.
Proof. We have

1 9 PN+ apN-+
1/22 fo<rSoii} P+ {*N 2T~N++1> spo T

N2 Z/ QPN +l {r+n- 27,
= vz Z Z Icﬂl{Té\jrlz Nz(si,sév,Jr)}

=1 k50,5 T <s;

%
|

.
ALIE +

++1

N1/2 ZZI{SN+< }@k+11{TN > N2(si—SY )}

i=1 k=1

Taking the expectation on both sides, we have

E(JN) < N2 ZZ]E{ {51 <s, }9k+11{TN > N2(si SN+)}]' (4.33)

i=1 k=1

. N _
We set G}, = 1{S§'+§Si}@k+11{Tﬁ12 N2(s7¢—Si\r’+)}. We have that

N N+ _ _
E (Gk,Si |Sk = T) = 1{r§si}E (Qk+11{T’ﬁl> N2(sir)}> . (434)

However, using (4.13), we have

E (@11{T1Nz N2(sl—r)}> :E( {201 AN > N2 sl—r)})

kP @1_kZAN2N2 —7)

tnqg

=~
Il
_

tnqg

kPO, = k)P ZAN2N2 —7)
k

1

Since ?’_T” < 1, there exists 0 < n < 1 such that n > ?’_T” Using Markov’s inequality, we obtain

n
o}

k
(00 s ran)) = e =B (241,

Using the inequality (4.32) with % replaced by 7, we obtain

E (@11{TN> e _T)}) ﬁﬂi [(A{\{lﬂ E(6?).
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From Jensen’s inequality, it follows that

C
E 1 < — — | E AN 77.
<81 {T{VZ N2(Si’r)}> = N2(s; — ) [ ( 1,1)]
From Corollary 4.12 , there exists a constant C’(I") such that

c(r)
N )

E(A{Yl) <

this implies

C
]E<@1 {rr> N2 sl—r)}) N31(s; — r)n

Now combining the last inequality with (4.33) and (4.34), we deduce that

BUY) € 5 3 [NSW ot {Swgsi}]
i=1 k=1 i~ O
C < 1
< S B 1,
BRANGE i=1 L>0( SN Ty {S’“‘Jrésl}]

_ N3n+1 Z / dPN+

= N5n+1 ZE/ M (r Tr)n
Nﬁﬂ Z/ (s; — r)"

- N?m Z/S

CNn
<
T (1=

I /\

[s V1].

Since n = N27° and 7 > 3g—”, which implies that p > 3(1 —n), E(JY) — 0, as N — .

We deduce from Proposition 4.15 the following corollary.

Corollary 4.18. As N — oo,
QY2 — 0 in probability.

It now follows from Aldous’ tightness criterion (Thm. 16.10 p.178 in [4]) that

Lemma 4.19. The sequence {QNF2, N > 1} is tight in D([0, )).

Corollary 4.20. QY2 — 0 in probability, locally uniformly in s.

Thanks to these results, we are in position to study the asymptotic behavior of HY:I". We first recall

19
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Remark 4.21. From the definition of HN'!" | we have, HNI' < I', ¥ s > 0.

For the proof of the weak convergence of {HN:I"| s > 0}, we will need the following lemma

Lemma 4.22. For any s > 0,

s s s s
lyynv_pdr — —; / liyn__pdr — =
/0 {v¥=1} 9 0 {V! 1} 9

i probability, as N — oc.

Proof. We have (the second line follows from (4.15))

/ 1{VTN=1}dT+/ 1{VTN=_1}dT:S,
0 0

/ 1{VPN=1}dT - / l{Ver_l}dT = (QN)_lHéV’F.
0 0

We conclude by adding and subtracting the two above identities and using Remark 4.21.

For the rest of this section we set

s S
AN :/ A (rydr,  AY :/ MV(rydr, AY = (N*V? +2Nab)s/2a,

0 0

AN = N%2s/2a, AN = N%25/2 and 6, = O — a.
In the equation (4.21), we set

2N [®
N
v = 7/0 Lyy=1}(Opysyy —a)dr

From Remark 4.14, we deduce that

2 s P A
N __ N __
Ve = e —I—Qab/o OramndAr = a7 2ab/0 Or1du

P(AT)

2 -
> k13K — Opay) 1 (THAY) = AY) |,
k=0

~ N2 + 2ab

(4.35)

where =} denotes the length of the time interval during which P(u) = k and T+(AY) is the first jump
time of P after AY. It is easily seen that =) has the standard exponential distribution and we notice that
(51,601,55,04,...) is a sequence of independent random variables. By the same computations, we deduce

from (4.19)
P(AT)

2 =
Z Ok115k — Opamy 1 (TT(AY) = AY) |,
k=0

MPN = —
s N2

where =), = 53, — E(Z}). From (4.20), we have also

P'(AT)

2 - o A
MY = | ST E @A) - AY)
k=0
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where =} = =} — E(Z}) and where =}, denotes the length of the time interval during which P’(u) = k and
T*(/lﬁv ) is the first jump time of P’ after Aév . As previously =] has the standard exponential distribution and
(51,51,01,5L,55,60,,...) is a sequence of independent random variables.

If we define for n > 1

n n n

1 & — = al & — 2 =/
S, = E (@k+1:k - @k+1:k) ;o Sy = E Or+15 and S; =) Z,
k=0 k=0 k=0

we obtain the following relations
vy + MY = NVQ ~55b(am) SP(AN Cn — Ay + Ay, (4.36)

with 5
Ay =—"
AV T N2 4 2ab
_ 2
1
AA@V T N2

Op(arvy1(TT(AY) — AN), (4.37)

2ah

QP(A5)+1(T+(A39V) - Aév)» Cn = m

and

(4.38)

with

The following Proposition plays a key role in the asymptotic behavior of HN-!"

Proposition 4.23. As N — oo,

2 2 2
(2 + MY 22N 5> 0) = (% e g £B2 0> in (D([0, 50)))%,

a

where BL and B? are two mutually independent standard Brownian motions.
We first prove the

Lemma 4.24. As N — oo, A}4N — 0 in probability, locally uniformly in s.

Proof. Let T > 0. From (4.37), we notice that

[ Al

2
S Nz oab 2ab’6P(AN 11| Epary

this implies

1 A -
sup |[Ayn| < sup (7 Oky1 :k+1> .
0<s<T | A 0<k<P(AY) Nv2 + 2ab| |

However, for p > 0, we note that

~ _ Nv2 + 2ab ~ _ Nv2 + 2ab
sup  |Opt1|Zks1 > % - sup | Opg1|Zhs1 > PNV +20b)
0<k<P(AN) 0<k<2AY 2

(4.39)

U {P(Ay) > 2A¥}. (4.40)
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It follows from (4.39) and (4.40) that

- _ Nv2 + 2ab
IP’( sup |A}4N| > p) <P ( sup |@k+1|:k+1 > u
0<s<T ? 0<k<2AN 2

~ _ Nv2 4 2ab
<P| sup |Op41|Sk1 > p(NV” + 2ab)
0<k<2AN 2

> +P (P(A]) > 24%)

) +P (P(AY) > 247).

We deduce from the law of large numbers that the second term on the right converges to 0 a.e, as N — oc.
We will now show that the first term on the right converges to 0, as N — oo. We have

AN

~ _ Nv2 4+ 2ab ~ - Nv? 4+ 2ab 247

T B PR )
0<k<2A4N

2A%
p(Nv? + 2ab)
1—-E|lexp| ————= :
2[4
However, we notice that, as N tends to infinity,

9 2AN ,
1—-FE | exp —w ~ exp —QATIY]E exp _w .
2|61 2]

- Nv2 + 2ab)
by = ANE | e —'0(7~ .
v (p< 2161] ))

We now show that by — 0, as N — oo, which will imply the Lemma. We have

N2u2 + 2Nab)T (! Nv?2+2
py — v +2Nab) /]P’ exp [ PNV H200) ) ) g
20/ 0 2’91|

NT [ Nv?+2ab\° [ ., ~ Nv2 + 2ab
S ( 5 ) / Yy 2P(|61] > y) exp (—%) dy
a 0 Y

=1

Let

(recall that AY = (N?v2 + 2Nab)T/2a). Define for N > 1,

Nv2 + 2ab

: (Nv2 + 2ab)> .

Inly) =N ( )2y2p(|é1| > y) exp (—p %

Tt is easily seen that fy(y) — 0, as N — oo and it is not very hard to show that

- Nv2 +2ab
() < Novty=2P(|6y] > y) exp <_p(1/27ya)>

23334

< ey P(|64] > )

pPv
2333

Hence, since @, is square integrable, we deduce from the dominated convergence theorem that

by — 0, as N — oo. O
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Following the same approach, we have the
Lemma 4.25. As N — oo, /11145, — 0 (resp. Aiw — 0) in probability, locally uniformly in s.

Let us rewrite (4.36) in the form

v 4+ M = %SEAM + % (Shar) = Stas) - %S}D(Aév)clv = Mgy + Ay,
=GN+ GYN = GEN — Ay + A, (4.41)
with
GLN — %sm], GLN — % (Shoan) ~Slany) and GIY = N21/2 Sham O
Lemma 4.24 combined with (4.4) leads to
Corollary 4.26. For all T >0, jr(G*N) — 0, as N — oc.
For the proof of Proposition 4.23 we will need the following lemmas.
Lemma 4.27. For any s > 0,
(GLY, 5> 0) = (? o ::CQB;, 5> 0> in D([0, 50)),
where B is a standard Brownian motion.
Proof. The result follows from Donsker’s theorem (see, e.g. Thm. 14.1 p. 146 in [4]). O

Corollary 4.28. The sequence {GYN, N > 1} is tight in D([0, 0)).

Lemma 4.29. As N — oo, GVN —— 0 in probability, locally uniformly in s, where GV was defined
in (4.41).

Proof. Let € > 0 be given and T' > 0. We have

~ 2
1N _ 1 1
’ <02151£T 6> 6) =F <0?;ET N2 ‘SP(Aﬁv) B S[Aﬁv]‘ - 6)

2 N2,2
<P su ——| Sty — SE > € +IP’<su P(AN) — (AN >< ) )
< <|sr|<p,%<s<T Nz Stay = Sta] ) O<S£T| (AJ) = [A]] 50 ) ?
1,N . Ny N N21/2 )
<P (wr(G"N,p) >e)+P|( sup |[P(AY)—[AY]] > p (4.42)
0<s<T 2a

Furthermore, we have
2a(P(AY) — [AT])
N2p2

Indeed, it is readily seen 2a[AN]/N?v? — s a.s, as N — oo (recall that AY = N2125/2a) and we have

2aP(AN) P(AN) 2a AN
N2z AN N2y2 )7

— 0 a.s, as N — oo.

we deduce from the law of large numbers that the first factor on the right converges to 1 a.e, as N — oo and
from Lemma 4.22 that the second factor converges to s, as N — oco.
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Since, moreover, for each N the function s — {2aP(AY)/N?12} is increasing, we deduce from the second
Dini’s theorem that the second term on the right in (4.42) converges to 0, as N — oo. It follows that

limsup P < sup |G’i’N| > e> <limsupP (wT(Gl’N,p) > e) .
N—oo 0<s<T N—oo
Combining this inequality with (4.5) , we have

limsup P < sup |G1 N’ > e> < hmsupIP’ (wT(G1 Nop) > ) + limsup P (j(Gl’N) > E)
N—o00 0<s<T 4 N—oo 2

< lim lim sup P (wT(Gl’N,p) > i) + limsup P (j(Gl’N) > %) .
N—o0

—0 N_oo
Combining Proposition 4.5, Corollary 4.26 and Corollary 4.28, we deduce that
limsupP( sup |C_¥i’N| > e) =0.
N—o00 0<s<T

The result follows O

Lemma 4.30. As N — oo, G*N — 0 in probability, locally uniformly in s, where GUN was defined
n (4.41).

Proof. We can rewrite GUN as
. 2 2 /5
LN _ 1 1
o7 = e SlanOn + s (SP<A;V> S[AN]) Cn

Following the same approach as in the proofs of Lemmas 4.27 and 4.29, we have that for any s > 0,

2 2 o .
(N QS[AN]7 S>O) (;TBS’ SZO) m D([0,00)),
where B° is a standard Brownian motion and that

2

N2 (S}D(Aév) = SEAQJ]) — 0 in probability, locally uniformly in s.

Since, moreover, Oy — 0 (recall that Cy = 2ab/(Nv? 4 2ab)), the result follows readily by combining the
above arguments. O

We can rewrite (4.38) in the form

M2 = —%Sf‘m - NQVz (S3vca — Stapy) + Aan-
GG, (4.43)
with
GEN — —%S[QAQ’] and G*N = N2 (S?D’(AN) S[QAEVJ .

Similarly as above, we deduce the following results.

Lemma 4.31. For any s > 0,
2
G2V, 5> 0) — <£B§, s> 0> in D([0, 0)),
v

where B? is a standard Brownian motion.
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Lemma 4.32. As N — oo, G*N — 0 in probability, locally uniformly in s.

Since, the sequences (ékEk — Qkék)k21 and (éé)kzl are independent, the processes {GYY, N > 1} and
{G*N N > 1} are also independent. Consequently the assertion of Proposition 4.23 is now immediate by
combining the above convergence results.

Let us state a basic result for counting processes, which will be useful in the sequel. For this, let @ be a
counting process with stochastic intensity (A(t),t > 0). Let F = (F3,t > 0) be the filtration generated by Q.
Let (Sk, k > 1) be the successive jump times of @), and suppose that

Qi — /Ot A(r)dr

is an F-martingale.

Lemma 4.33. The sequence

(/;: )\(T)dT)

18 a sequence of i.i.d standard exponential random variables.

v = /Ot A(r)dr

T, =inf{t > 0: v, > u};

k>1

Proof. Let

and let 7 be the inverse of v, that is,

see Exercise 5.13 of Chapter I in [5]. Then, 7 is right-continuous and strictly increasing, and v, = u by the
continuity of v. Clearly, (Q,,) is adapted to the filtration (F,,) and is again a counting process. Since ) — v
is assumed to be an F-martingale and since 7, is a stopping time, we deduce from Doob’s optional stopping
theorem that the process (Q,, —u) is an (F;, )-martingale. By Proposition 6.13 in [5], the process Q;, = Q- is
a standard Poisson process. It follows that

Sk
/ /\(’I“)d?“ = VSk — Z/Sk71 = Tk — Tk—la
Sk—1

where T}, is the kth jump time of Q°. Consequently the Ty — Tj_1 are independent and identically distributed
standard exponential random variables. O

To ease the reading, we rewrite (4.21) in the following form

VN 1 1 1
NPy Ts 2 LN _ ar2.N N _ ON+2 . N Ty Nrgy NI LN
HYT 4 525 = g+ MEN = M2 4wl = QY 4 FN(s) 4 (LS (0)— LY; (0)) SLNT(IT) (4.44)

where
_dab

FN(s) = 455

/ l{VrN=—1}@13£V‘++1dT_7/ Livpy=ynydr.
0 0

In the following, we give useful properties of the sequence of processes (F~, N > 1).

av?

Lemma 4.34. For any s > 0,

FN(s) — F(s) in probability, as N — oo,

where  F(s) = 2278,
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Proof. We have

4o s 4ﬂb s
FN(S) = W/O l{Ver—l}Ql?’rN’JrJrldr — 7/O 1{VTN=+1}d’r
PNt N+
4dab < Sk N 45() s
T a? kz::l O /;V;; Lyy——pydr 47 = 7/0 Lyy—indr

where ¢V describes the boundary effects at the points s, tending to 0 as N goes to cco. Indeed, we have

N+
e
gév < C@ﬁ;v,+/Npi i l{VTNz—l}dT~
Sﬁj\’»+
For k > 1 define,
ST
&N = / .. AN (r)dr, (4.45)
k—1

recall that AY (r) = a7} (N?% + 2Nab)ly~ —_y. Hence we have

in < (m) @§§,+flj{z\r,++1~
It follows readily from Lemma 4.33 that
E(M)? — 0as N — oo.
However, from Lemma 4.33, (4.45) and Remark 4.14, we deduce that
P(AY)

a (
4abAN P(AN) 1 48b [
: - I g v _/ 18— N.
(5) (]/2(]\/'21/2 + 2Nab)) ( Aé\[ ) P(AN) 1;:1 Ok 2 ; (v ,+1}d’l“ ¢!

S

From Lemma 4.22, we deduce that the first factor of the first term on the right converges to 2as/ax? as
N — oco. We have from the law of large numbers that the second factor converges to 1 a.e, as N — oo.
Moreover it follows from the strong law of large numbers that the third factor converges to a in probability, as
N — oo. Now combining the above arguments, we deduce that

2o —
FN(s) — %s in probability, as N — oo. O

In addition

Lemma 4.35. The sequence {FN,N > 1} is tight in C([0, 00)).

Proof. We have

4ab [° 468b [°
=z | Hvr=—1Opya i dr = —2/ Lyy—sapdr
av 0 1% 0

=N —al.

FN(s)
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The sequence {b", N > 1} is tight in C([0,00)). Indeed, b)Y = 0 and for all 0 < s < ¢

4ab [* 2
N N
]ET( sup  [b;" — b, 2) =]E< sup m/ l{V,szl}@PﬂV'++1dT‘ )

s<t<s+p s<t<s+p

4ab\? stp
S (W) E (/ @P,ZV‘*'-&-ldT)
4ab\” st
o () 5 ([ ohat)

2
< (4“”) (( +a?)p2.

av?

2

We obtain similarly, the tightness of {d,N > 1} in C([0,00)). Consequently {FY N > 1} is tight
in C([0,0)). O

It follows readily from Lemmas 4.34 and 4.35.
Corollary 4.36. F'N — F in probability in C([0,00), R.).

Let us rewrite (4.44) in the form

1 1
H = R+ SLI(0) = L), (4.46)
where
N 1 vy 1,N 2,N N N L N N,+,2
R, :NZ/Q_NZ/Q"'MGV —M3T +VS S+ F (3)—§L0+(0)_st 5 820 (4.47)

We have morever
Lemma 4.37. The sequence {RN, N > 1} is tight in D([0, 00)).

Proof. We may rewrite (4.47) as

vN o1 1
RY + et 5Lg;i (0) + QN2 — Nz MEN — MEN 4w 4 PN (). (4.48)

Tightness of the right-hand side of (4.48) follows from Proposition 4.23, Lemma 4.35 and Proposition 4.4 .
From (4.2), it is easily checked that L)}, (0) = 4/Nk?b. Since, moreover N~'VN — 0 a.s uniformly with
respect to s and QN2 — 0 in probability, locally uniformly in s, the sequence {RY, N > 1} is tight
in D([0, o0)). O

Recall that B! was defined in Lemma 4.27, B? in Lemma 4.31 and F in Lemma 4.34. An immediate conse-
quence of the above results is

Proposition 4.38. For any s > 0,

(RN,J/N +M1*N,M2’N,FN> = (R, ? MBE ﬁBQ,F> in(D(]0,)))* x (C([0,0)))

a 14

as N — oo, where

2 a2 +<2 1 a 2
=T ST Be ad B m sl (4.49)
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We now deduce the tightness of H"*!" from the above results concerning RY, without having to worry about
the local time terms.

Proposition 4.39. For any I' > 0, the sequence {H™N-I', N > 1} is tight in C([0, 00)).

Proof. We show that the sequence {H™-I', N > 1} satisfies the conditions of Proposition 4.1. Condition (i)
follows easily from Hév 1"— 0. In order to verify condition (ii), we will show that for each ¢ > 0,

lim lim sup P(wr (HN', p) > €) = 0.

=0 N0

Indeed, let € > 0 be given and T' > 0. Since L™1'(0) (resp. LY:I'(I'")) increases only when HNT' = 0 (resp.
when HMI' = T"), it follows from (4.46) that for any 0 < d < 1,

{ sup |H§’F—H§’F|>6}C{ sup |R§—R£V|>de}.

ls—r|<p, 0<r,s<T ls—r|<p, 0<r,s<T

Indeed, if

. N,I N,T
sup |HS - H, ’ > €,
ls—r|<p, 0<r,s<T

we notice that for any 0 < d < 1, there exists (s',r’) satisfying 0 <7’ < s’ <T and s’ — ' < p such that

HYT —HYT > de, and 0< HNT <, Yue [,s],

s’ r

which implies that
RY - RN =H)T - HYT.

However, from (4.5) we have

d d
P sup |Rév - Riv| >de | <P ('LURNVT(p) > —6) +P (jT(RN) > —6) .
|s—r|<p, 0<r,s<T 4 2
Consequently
N, N.T _ de R
P sup |HS - HY ’ >e| <P(wgpyr(p)>— ) +P|jr(RY) > )"
|s—r|<p, 0<r,s<T 4 2

Combining this inequality with Lemma 4.37 and the fact that jr(RY) < %, we deduce that

lim lim sup P(wp (H™!, p) > €) = 0.

=0 N_oo

The result follows. O

In the next Proposition, H' is an arbitrary accumulation point of the sequence H™'I', which will be uniquely
identified below in Theorem 4.41.

Proposition 4.40. The sequence {L™1'(0), N > 1} (resp. {LN-I(I'"), N > 1}) is tight in D([0,00)), the
limit LY'(0) (resp. L' (I'")) of any converging subsequence being continuous and increasing. Moreover, L''(0)
(resp. LT (I'™)) is the local time of H'' at level O (resp. at level I'~).
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Proof. Let us rewrite (4.46) in the form
1
HN.T = RN : uN

S

where UN = LNI'(0) — LN-I'(I"~). It then follows from Proposition 4.4, Lemma 4.37 and Proposition 4.39 that
{UN, N > 1} is tight in D([0, 00)). We now show that the sequence {L":1'(0), N > 1} satisfies the condition of
Corollary 4.6. Indeed, let € > 0 be given and 7' > 0. Since LY:1'(0) (resp. LY-I'(I'")) increases only on the set
of time when HN'I' = 0 (resp. HN'I' = I' ), we notice that

r
sup [LYF(0) — LNT(0)| < sup |UN —UN| unless  sup |HNT —HNT| > =
|s—tI<p |s—tI<p |s—t<p 2

Tt then follows from (4.3) and (4.5) that

B (wr(LV(0), p) > €) < B (wr(UN,p) > €) + P (wT (HNT,p) > g)

<P (mT(UN,p) > %) —HP’(jT(UN) > %) 4P (wT(HN’F,p) > g) :

The assertion of Corollary 4.6 is now immediate by combining Proposition 4.39, tightness in D([0,00)) of
{UN,N > 1} and the fact that jp(UY) < £. We deduce that the sequence {L:I'(0), N > 1} is tight in
D([0,00)). Now we show that the limit K of any converging subsequence is continuous and increasing. To this
end, for each [ > 1, we define the function f; : Ry — [0,1] by fi(z) = (1 — lz)". We have that for each N,1 > 1,
s > 0, since L™1(0) increases only when HN-I" = 0,

E ( | i o - Lé“<0)> 0.
Thanks to Lemma 4.3, we can take the limit in this last inequality as N — oo, yielding
E (/O fi(HI)AK, - Ks> 0.
Then taking the limit as [ — 400 yields

E (/ 1(pr—oydK, — Ks> = 0.
0

But the random variable under the expectation is clearly nonpositive, hence it is zero a.s., in other words
s
/0 1{Hf:O}dKr = K,, as, Vs>0.
which means that the process K increases only when H! = 0. From the occupation times formula
S S
| stahyar = [ aorsear

applied to the function g(h) = 1g,—0}, we deduce that the time spent by the process H" at 0 has a.s. zero
Lebesgue measure. Consequently

s
/ l{H{:O}dBr =0 a.s,
0
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where B is the standard Brownian motion , which has been defined in (4.49). Hence a.s.
S
Bs :/ 1{H{'>O}dB7" Vs Z 0.
0

It then follows from Tanaka’s formula applied to the process H! and the function h — h* that K = L(0).
The continuity of K follows from Corollary 4.6.

Following the same approach as for LY1'(0), we have {LN/'(I'"), N > 1}) is tight in D([0, 00)), the limit
LT(I'7) of any converging subsequence being continuous and increasing. In other words LI (I'~) is the local
time of H!" at level I'~. O

We are now ready to state the main result.

Theorem 4.41. For each I' > 0,
(HN’F,RN,LN’F(O),LN’F(F_)) = (HF,R, LF(O),LF(F—)) in (C([0,00))) x (D([0, 0)))*

as N — oo, where R was defined in (4.49), L' (0) (resp. L' (I'™)) is the local time of H' at level O (resp. at
level I'") and H' is the unique weak solution of the SDE
2(a — 2 1 1
HI = Ms + =B+ 5LSF(O) - 5Lf(r), 5>0, (4.50)

s K2
i.e. HI equals 2/k multiplied by Brownian motion with drift (o — 3)s/k, reflected in the interval [0, I'].

Proof. Equation (4.50) follows by taking the limit in (4.46) combined with the above results. It is plain that
HT' being a limit (along a subsequence) of H™'I'| takes values in [0, I']. The fact that L' (0) (resp. LI (I'7)) is
the local time of H' at level 0 (resp. at level I'~) proves that £H” is a Brownian motion with drift (o — 3)s/x,
reflected in [0, I'], which characterizes its law. We can refer e.g. to the formulation of reflected SDEs in [13]. O

Corollary 4.42. The following holds
HN!' — H' in C([0,0)), as N — 0.

4.5. The subcritical case

We now want to establish a similar statement for weak convergence of the height process in the subcritical
case (i.e. a < f3) without reflecting the process H™:!". In other words, in the subcritical case, we can choose
I' = +00, which simplifies the above construction. The two main difficulties are the need for a new bound for
E(AJ)) (see Cor. 4.12), and a bound for E (supg< <7 HZ), since we cannot use Remark 4.21 anymore. Now we
notice that in the subcritical case (i.e. o < 3), the constant C'(I") defined in (4.12) in the proof of Lemma 4.11,
is bounded by 1/(8 — «) for all I" > 0. In that case, we can choose I" = +o0. Consequently, an easy adaptation
gives a result similar to Corollary 4.12. In the subcritical case, the equation (4.44) takes the following form

vy 1 - 1
N s _ N N _ AN,+.,2 N 1 N N
Hi+ 55 = §p TMe +00 Qa7+ F7(s) + (L7 (0) = Lo+ (0)), (4.51)

where
TN _ asLN _ as2,N
M) =M, M.

Since MIN and M2" are two orthogonal martingales, we deduce from (4.19) and (4.20) that

~ s 42N + 8ab 42N + 843b
N 2
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From (4.52) we deduce that {MY,s > 0} is in fact a martingale. Recall That ¥ was given by

P(AY)
2 . .
N = N N
V= e | 2 O S Orana TN D) | (4.53)
see (4.35). We now set for £ > 1
4
2 ~ —_—

O = S gap D Ot Zk (4.54)

0 = 2
Nv? 4 2ab Pt

We will need the following lemmas.

Lemma 4.43. There exists a constant C' > 0 such that for oll T > 0,
2
E(®¥ ) <CT,
(recall that AN = (N2v2 + 2Nab)s/2a).

Proof. Since the random variables P(AY), ©; and =, are mutually independent, we have from (4.54) that

9 4 P(AY) 5
N _ 0 = > O, = =
() = G | X (Beam)'+ ¥ Gcabazms
k=0 1<iAk<P(AN)

Hence tacking expectation in both side, we deduce that

B(Prap) -~ rorismE {n«: (P(AY)) (n«: (él)z) (BE)?)

_ _ N 2 2
+ E(P(AN)(PAY) - 1)) (E(61) ) (E(=) ] .
The second term on the right is zero because the random variable él is centered and since
E(P(A})) < CTN?,
we deduce that )
N
E(®¥ay)) <CT. 0

Lemma 4.44. There ezists a constant C > 0 such that for all T > 0,

(s ) <c+)
0<s<T
Proof. From (4.53) and (4.54), it follows that

2 -
N _ N N N
V= Phan) — jpr oy 0P (T AT — AT,
However, noting that é; < a, where é,; = sup{—ék, 0},

2a
sup |[¥N] < su SN+ ——  sup (TH(AN) — AN).
0§s£T| dE 0§k§P€A¥)| g Nv2 +2ab 0§s§pT( (45 -4



32 I. DRAME ET AL.

It follows that

=

0<s<T 0<k<P(AY) 0<s<T

M 2
2a

2
2a
<|E[ sup [ +7E(su T+H(AN —Agv).
<O<k<P$A¥)’ k’) Nv2 + 2ab OSSET( (45) )

(S

It is easy to check that (®Y, k > 0) is a discrete-time martingale. Moreover, note that P(AY) is a stopping
time. Hence, from Doob’s inequality we have

2
]E( sup |y73N|> <2 {]E (@g@w)) ] + C.
0<s<T T

N

The result now follows readily from Lemma 4.43. O

Now we deduce the following basic estimate for HY

Lemma 4.45. There ezists a constant C > 0 such that for all T > 0,

IE( sup H;\[) <CA+T).
0<s<T
Proof. Let us rewrite (4.51) in the form
1
Y — w4 1),

where

1 vN o 1
W = 55— wop MY Y+ FN(s) — S LgL(0) - QI (4.55)
Set

SN :sup{OST <s; LfY(O) —Lf,v_(O) > 0},
then the fact that LV (0) is increasing, and increases only on the set of time when HN = 0 proves that H ﬁ\fv =0
and LY (0) = LY (0). It follows that
qY =wY -w].

Hence
HY < sup (WY W],
0<r<s
this implies
sup HY < sup  [WN —-WN] <2 sup |W)|. (4.56)
0<s<T 0<r<s<T 0<s<T

However, from (4.2), it is easily checked that Lév+ (0) = 4/Nk2b. Since, moreover (QYN-+2 s > 0) is a process
with values in Ry see (4.18), we have from (4.55) that

4ab

T
sup [WNI < sup |[MN|+ sup [wN —|——/ liyv—_ Oz, . dr
p | s | Ogng ‘ s | OﬁsIS)T ‘ s ‘ al/2 0 {V/] 1} Py JrJrl

0<s<T

T
+ — / liynv—ynydr+ sup QN2 4 C.
0 0<s<T
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Combining this inequality with (4.56), we deduce that

- 8ab [T
sup HY <2 sup |MYN|+2 sup [N+ —2/ lyn=1}Opn+ ,dr
0<s<T 0<s<T 0<s<T av= Jo " "
86b [T
+ £2 / 1{V,N=+1}d7" + 2 sup in’+’2 +C.
ve Jo " 0<s<T

Hence tacking expectation in both side, we deduce that

E < sup Hé\[) < 2IE( sup |J\;ISN|> +2E < sup &va> +2E < sup in’+’2> +C(1+1T)
0<s<T 0<s<T 0<s<T 0<s<T

21 2
<2 ]E< sup M§N> +2]E< sup &D§N>+2]E< sup in’+’2>+C(1+T).
0<s<T 0<s<T 0<s<T

This together with Lemma 4.19, Lemma 4.44, (4.52), Doob’s L%-inequality for martingales implies the result. [

This result is used to prove Lemma 4.22. The rest is entirely similar to the supercritical case. Therefore, we
obtain a similar convergence result.

Theorem 4.46. HY = H in C([0,00)), as N — oo, where the process H equals 2/ multiplied by Brownian
motion with drift (o — B)s/k, reflected above 0.

Remark 4.47. The critical case cannot be treated as the subcritical case. In other words, in the case a = (3,
we cannot choose I" = 400, since E(A{'}) would no longer be bounded (see Cor. 4.12).

Remark 4.48. From our convergence results, we can as in [2] (see also Thm. 3.1 in Delmas [6]) deduce the
well-known second Ray—Knight theorem, in the subcritical, critical and supercritical cases.
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