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Abstract

We prove the existence and uniqueness of a quasi-stationary distribution for three stochastic pro-
cesses derived from the model of the Miiller ratchet. This model has been originally introduced to
quantify the limitations of a purely asexual mode of reproduction in preventing, only through natu-
ral selection, the fixation and accumulation of deleterious mutations. The main considered model is
clearly non-classical, as it is a stochastic diffusion evolving on an irregular set of infinite dimension
with hard killing on an hyperplane. We are nonetheless able to prove exponential convergence in to-
tal variation to the quasi-stationary distribution even in this case. The parameters in this last result
of convergence are directly related to the core parameters of the Miiller ratchet effect. The speed
of convergence to the quasi-stationary distribution deduced from the infinite dimensional model ex-
tends to the approximations with a large yet finite number of potential mutations. Likewise, we
have uniform moment estimates of the empirical distribution of mutations in the population under
quasi-stationarity.

1 Introduction

1.1 General presentation

Since deleterious mutations occur much more frequently than beneficial ones, it is crucial to under-
stand how the fixation of these deleterious mutations is regulated. Notably, it is very exceptional
that a subsequent mutation reverts a deleterious one, so that only natural selection can maintain
some purity in the population. In this respect, there is a major distinction to be made between sex-
ual and asexual reproduction. In a purely asexually reproducing population, a deleterious mutation
can only be purged when the lineages carrying it go extinct. In a sexually reproducing population,
such a deleterious mutation can be avoided through recombination, without getting rid of the whole
set of other mutations carried by the lineages. There is actually no strong evidence that deleterious
mutations are specifically targeted during this process of recombination. It appears sufficient that
at random some lineages do not carry the mutation any longer and that natural selection comes into
play. This aspect of purging deleterious mutations is often cited to explain the success of sexual re-
production (see [I6] for more details). Such an advantage for sexual reproduction is to be confronted
with the cost (in terms of reproduction efficacy) of requiring two parents. The above scheme for
purging deleterious mutations in asexual populations is the main object of study of the current paper.

We plan to justify the existence and uniqueness of a metastable state in which selective effects
are able to maintain the population from having an additional deleterious mutation fixed. We call
a click such an event of fixation. It has been shown in [I] that clicks happen in finite time a.s. even
for the infinite dimensional diffusion model (with infinitely many types of individuals). Rigorous
definitions of such metastable state (characterized by the absence of click) can be obtained in a broad
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generality by a conditioning of stochastic processes. We refer to Subsection 2] for the definition of
several crucial characteristic of metastability, especially the notion of quasi-stationary distribution
(or QSD).

We treat in this paper three models of the Miiller ratchet: the first one is discrete both in time
and space, the second is a finite dimensional diffusion and the third one is an infinite dimensional
diffusion, see Section 1.2 below. We prove the existence and uniqueness of a QSD for those three
stochastic representations see resp. Theorems 2.1] and 23l To our knowledge, the existence and
uniqueness of a QSD has not been rigorously proved until now except in the case of a finite state
space. This result was nonetheless implicitly exploited for the approximations provided in [I7].

We shall see that these QSD are concentrated on distributions with light tails, meaning that
the proportion of the population carrying a large number of mutations remains negligible under the
QSD. This claim is supported by our Proposition 2.3.2

We also address the classical issue of specifying the conditions under which metastability is the
"most common” observable. A generally accepted answer is to compare the so-called relaxation
time tr, which quantifies the rate at which the dependence in the past conditions vanishes, and the
average clicking time ¢t of the system. Metastability between clicks would be the most common
observation provided tg < tc, so that a sequence of i.i.d. exponential law provides an accurate
description of the sequence of intervals between clicks. This is where the comparison with the clicks
of a ratchet comes from. If ¢ty is of the same order as t¢ or larger, we a priori can not exclude that
trains of short interdependent intervals could alter this observed distribution of interval length. But
already if tg is of the same order as t¢c, there shall still be long realizations of inter-click intervals
after which we can say that the dependence in the past is forgotten. This discussion is pursued in
more details in Subsection

The above mentioned theorems provide a proper definition of these two main quantities. The
clicking time is given by the extinction rate of the QSD. On the other hand, the QSD is approached
at an exponential rate, from which we derive ¢, by the marginal law of the process conditioned upon
the fact that the click has not occurred. We establish these results for the three versions of the model.

As compared to the other models that we have treated by similar techniques as in the current
paper, the proof of Theorem [2.3]is particularly difficult. It specifically exploits the effect of selection
to obtain practical bounds on the maximal number of accumulated mutations. The argument is
technical because at any time an infinitesimal proportion of heavily counter-selected mutants cannot
be completely neglect.

A simplified version of such bounds is already needed for the proof of Theorem 2.l This con-
cerns the process defined in Section [L21] and treated with Theorem 1] in Section The fact
that the process describes a discrete population greatly simplifies the argument. We then extend
the justification of the relaxation time and the clicking rate for large population limiting models.
Note that the results of [I7] or [I0] already largely exploit the fact that the population is large.
In the diffusive limit defined in Section [[2.2] an additional difficulty arises in that the diffusion is
degenerate on a non-smooth boundary that is partly absorbing and partly repulsive. In order to
present a simplified analysis, we introduce a limitation in the number of carried mutations for the
statement of Theorem given in Section In the last step given in Section 2.4 with Theorem
23] we establish the existence and uniqueness of a QSD for the more natural infinite dimensional
model.

The paper is organized as follows. In the next Section [[2] we specify the stochastic processes
under consideration, first the individual-based model in Section [[2.T]and then its diffusive limits in
Section Our results of quasi-stationarity are presented in Section 2l Starting in Section 2.1
with the general notion of exponential quasi-stationarity that we aim to establish, we treat resp.



in Sections 2.2 and 2.4 each of the three stochastic processes mentioned above. The generic
assumptions and theorems on which these proofs rely are stated in Subsection 25l Next, we discuss
more precisely the interpretation of these results in Section Bl We first justify in Subsection B1] to
under which conditions quasi-stationarity can be observed, then in Subsection B4l why we expect
it to be frequent in ecology. Finally, we motivate our choice for not introducing a bound on the
number of mutations in Section The rest of the paper is dedicated to the proofs. Sections H]
and [ are devoted to the proofs of quasi-stationarity for each of the three processes, while Section
is devoted to uniform moment estimates of the QSDs. Such controls of the moments are exploited
in Section [, which makes this ordering natural.

1.2 The mathematical model of the Miiller ratchet
1.2.1 The individual-based model as a guideline

For the origin of the models which we study, we refer to the simplified mathematical model which
has been proposed by Haigh in [T1] to quantify the regulation of deleterious mutations in an asexual
population. The interest for this type of simplified models stems from general considerations on
the evolutive advantage of recombination, as notably advanced by Miiller in 1964 [19]. Since in any
finite population, the ultimate fixation of deleterious mutations cannot be avoided (unless by the
extinction of the population), the “mechanism” has been called the Miiller ratchet.

Assuming a constant deleterious effect of mutations, at each time that the fittest individuals dis-
appear, the ratchet clicks in the sense that the new fittest individuals carry an additional deleterious
effect. If the mutation rate is slow enough for these fittest individuals to maintain the stability of
the system for a while, we shall rapidly get back to the dynamics before the click, translating the
empirical distribution of the number of carried mutations by one. This fixed deleterious mutation
is indeed shared by the whole population (present and future). Since the population size is fixed, it
does not contribute to natural selection any longer.

This first model with discrete generations and fixed population size N evolves as follows. Mu-
tations that occur are only deleterious and they occur at rate A > 0. The cost in fitness of each
mutation is quantified by « € (0,1). Assume that the current population is distributed with N;
individuals carrying ¢ mutations and consider an individual from the next generation. Each one
chooses its parent independently from the others, where the probability that he chooses a specific
parent carrying ¢ mutations is:

(1-a)
ZkZO Ni(1 = a)F
In addition to the mutations of its parent, each newborn gains £ deleterious mutations, where ¢ is a
Poisson random variable with mean A, specific to the newborn. ¢ is drawn independently for each
newborn and of the choice of the parents.

Remark 1.2.1. Of course, the situation is more intricate in reality. Mutations certainly do not have
constant effect, and combination effects are frequent (i.e. epistasis). In many asexual populations,
there is evidence of the role of horizontal gene transfers, for instance with plasmids ([13], [18], [20],
[24)]), which can be seen as a weak form of recombination. Moreover, the fact that mutations are
deleterious is due to a change in the physiology that may be compensated by other means. It might
even happen that after subsequent mutations, the carriers of an initially deleterious mutation become
more adapted than the wild types [23]. Neglecting these effects enables however to gain insight on
the main requlatory factor.

1.2.2 The stochastic diffusion under consideration

In the following, we also consider a description of the model that corresponds to a limit of large
population size, accelerated time-scale (for which time is continuous), thus also small selective effects



and small mutation rate. In the following statements, d € NU {oo} defines an upper-bound on the
number of deleterious mutations that can be carried by an individual. If d := oo in the following
expression, i € [0,d] has to be understood as i € Z.

We are interested in the following Fleming-Viot system of SDEs for the X;(¢)’s, ¢ € [0,d],
where X;(t) denotes the proportion of individuals in the population who carry exactly i deleterious
mutations at time ¢ (with X_; =0): Vi <d,

dX;(t) = a(My(t) — i) X;(t) dt + N Xi—1(t) — Lyicqy Xa(t)) dt
+ VX (t) AW, — X, (t) AW, (1.1):(S®)
where W, := Z?:o fg \/deg, My(t) == Zf:oiXi(t)a

with (W%);>0 a family of mutually independent Brownian Motions.

This process has been introduced in [I0] and it has been shown in [I] that clicks occur a.s. in
finite time. In [22], a closely related process with compensatory mutations is considered. We refer
to this article for a detailed presentation of the connection to related individual-based models and
only sketch next the interpretation of the parameters.

The selective effect of the deleterious mutations is the term proportional to « in the drift term.
Since the population size is fixed, the growth rate of the individuals is shifted to be 0 on average over
the population. As we assume that all deleterious mutations carry the same burden, the growth rate
of individuals carrying ¢ mutations is proportional to the difference between ¢ and the average number
of mutations, i.e. Mi(t). The appearance of new mutations is modeled by the term proportional to
A in the drift term. A corresponds to the rate at which individuals carrying ¢ mutations give birth
to individuals carrying ¢ + 1 mutations. Finally, the neutral choice of the individuals replaced at
each birth events give rise to the martingale term. Our time-scale corresponds to the rescaling of
time ¢ — ¢/ /N,, where N, is the “effective population size”.

Remark 1.2.2. This notion of “effective population size” has been largely considered to extend the
properties of unstructured homogeneous individual-based models to individual-based models with a
population structure that differentiates the individuals. So it is meant to be applied to real populations
under ecological study. Notably, it provides the scaling of the genealogies that makes it approzimate
the standard Kingman’s coalescent [T]]]. Thus, it gives for any sample in the population an estimate
on the time at which their most recent common ancestor lived. It is of course natural that this
quantity plays a role in such modeling of heritable factors.

Remark 1.2.3. For practical reasons, the current formulation of the martingales is different from
the one in [1] in the aftermath of [10]. One can easily check however that the brackets of these
martingale parts coincide, so that the models are actually the same.

2 Exponential quasi-stationarity results

2.1 Exponential quasi-stationarity

The conclusions of the following theorems are expressed in terms of the notion of exponential quasi-
stationarity that we borrow from [26]. For X a generic (Polish) space, hereafter B(X) is the space
of bounded measurable functions on X and M (X) the space of Borel probability measures.

Definition 1. For any linear and bounded semi-group (P;)i>o acting on My (X), we say that P dis-
plays a uniform exponential quasi-stationary convergence (abbreviated as QSC) with characteristics
(v, h, po) € M1(X)xB(X)xR if (v | h) =1 and there exists C,y > 0 such that for any t > 0 and for
any measure p € M(X) with ||p||p < 1:

et uPy — (| h) 1/||TV < Ce . (2.1)



As stated in Corollary 2.2.4 [26], this implies the following convergence result to v.
Corollary 2.1.1. Assume @I). Then for anyt >0 and p € My(X) such that (u|h) >0 :

I By (X0 € do | £ < 79) — v(da) |lrv < c% (2.2)
1

Remark 2.1.2. Choosing p = v in [211), it is not hard to deduce the following relation:
Vt>0, vP,=e "'y, and in particular P,(t < 75) = e ", (2.3)

cf Fact 2.2.2. in [26]. This relation is what characterizes v as a QSD since it implies that for
any t > 0, P, (X, €dr |t <719) = v(dx). By restricting the convergence stated in ([ZII) on the
evaluation of the measure on X, we obtain a similar characterization of h. This latter convergence
is what makes us call h the survival capacity.

There is an additional related notion that will be useful to describe the behavior of the process
with the requirement of a long inter-click interval. This process is generically defined through the
survival capacity h, on the state space: H := {z € X ; h(z) > 0}.

Definition 2. We say that the Q-process exists if there exists a family (Qu)zen of probability
measures on ) defined by:
Jim P (A |t < 79) = Qu(As) (2.4)
—00
for any Fs-measurable set As. We also implicitly assume that the process (; (Fi)i>0; (Xt)i1>0; (Qu)wen)
s a homogeneous strong Markov process.

Remark 2.1.3. The transition kernel of the Q-process is given by:

q(z;t;dy) = e % p(a:t; dy), (2.5)
where p(x;t; dy) is the transition kernel of the Markov process (X) under (P,). Note that X \ H is
generally avoided by the process X under Q. In the examples of the current article, h is actually
positive while v is unique as a QSD. No distinction has then to be made between X and H regarding
the Q-process.

Thanks to Corollary 2.2.8 of [26l], our justification for the proof of QSC actually implies re-
lated results of convergence for the Q-process. Notably B(dxz) := h(z) v(dx) is the unique invariant
probability measure of this process.

2.2 The discrete population case

Let N > 1 be the number of individuals in the population, and D, (t) for n < N and ¢t € Z; be
the number of mutations carried by the n-th individual. We consider the empirical measure at time
t > 0 defined as follow:

ZtN = (1/N) anN 0D, (1) (2.6)

so that Z/N (i) € N=1x [0, N] specifies the proportion of individuals with exactly 4 mutations (since
everything is discrete, we identify Z}¥ as a function from Z, to R, ). From the rules describing the
next generation from the previous one, see Subsection 1.2.1, Z% is clearly a Markov process evolving
on MY (Zy), where:

MY (Z1) = {(1/N) Zian0d, 5 di € Ly y Yoiep, di = N} (2.7)
={z:Zy — (1/N)x[0,N] ; Y 2(i) =1}.
i€Z4



The clicking time under consideration comes from the extinction of the fittest individuals, i.e.:
7o =inf{t >0; ZN0)=0} =inf{t >0 ; 2N ¢ MO Nz, )} (2.8)
where MY"N(Z,) = {z € MY (Z,),2(0) > 1/N}. (2.9)

Remark 2.2.1. Classical theory on quasi-stationarity can be exploited by interpreting the clicking
time 7o as an extinction time. We implicitly rely on the process Z}¥ = ZtNl{t<ra} +01r,<¢) which

is clearly Markov and lives on Mgo)’N(ZJr) U{d}. For the process ZV, 75 is the hitting time of the
absorbing state O (the cemetery).

Our main conclusion for this process is the following theorem:

Theorem 2.1. Consider for any N the Markov process Z whose transitions are prescribed as
in Section [L21], with clicking time T9. Then, its semigroup P displays QSC with characteristics
(v, k) € MyMEP N (Z4)) x BOMP Y (Z4)) < R

Moreover, h is bounded, admits a positive lower-bound, while the Q-process exists on H =
Mﬁo)’N(Z”. The convergence to v given in [22)) is uniform. In particular, v is the unique QSD.

Remark 2.2.2. The proof of this theorem strongly relies on the criteria given in the proofs in [3]
and generalized in Section 2.1 of [23]], notably in order to exploit the property that lineages carrying
many mutations tend to rapidly go extinct. It provides an elementary understanding of how the
criteria of persistence (A3) can be deduced (cf Subsection [Z25T]). To handle both of these aspects,
the discreteness of the process is however strongly involved in the proof, which makes the estimation
poorly quantitative for large N.

2.3 The finite dimensional case

In this section, we denote by 75 the clicking time of the process X (¥ solution of the system

(1.1):(S'D), that is:

rd=inf{t >0 ; XY (t) =0}
The system of SDE then evolves for finite d on:

. d
X = {(z)refo.q € [0, 1) 5 Th_gan = 1}
Our main conclusion for this process is the following theorem:

Theorem 2.2. Consider the system of SDEs for any d € N, with clicking time T5.
Then, its semigroup P displays a QSC with characteristics (vq, ha, Aa) € M1 (Xq) x B(Xyg) xR*..

Moreover, hq is bounded and the associated Q-process exists on H = Xy. In addition, for any
Yo € (0,1), hq is lower-bounded by a positive constant on {x € Xy ; xo > yo}. In particular, vq is
the unique QSD.

Remark 2.3.1. The proof of this theorem applies quite directly the ideas that we have previously
exploited in [20)]. As in [6], we rely mainly on the Harnack inequality. Nonetheless, we have here to
be cautious in the way we handle jointly the absorbing and repulsive boundary conditions.

Moreover, we prove the following controls on the moments of the QSDs vy, for d € N:

Proposition 2.3.2. For any k > 1, we have uniform tiihtness in d over the moments of order k of

the unique QSDs vq associated to the solution of (|1.1 ), i.e.:
SUPgen fX a(d2) 1 ar, (z)>myy — 0 as my — 00 where My(x) := Zie[[o,d]] i* x;.

In particular, the sequence g, where the values for the coordinates larger than k41 are put to 0, is
tight in My (R%).



Remark 2.3.3. Thanks to the above theorem, we expect the sequence (vq) to converge as d — oo
to the unique QSD vs for the infinite system (for which the control extends). This control on the
moments is actually crucial for the proof of uniqueness when d = co.

2.4 The infinite dimensional case

We consider now the infinite dimensional case, for which we require the existence of moments. Let
o0 (o]
X .= {(l'k)kez+ S [0, 1]00 ; Z:L‘k =1 s Zk”zk < OO}
k=0 k=0

Thanks to Theorem 3 in [I], we know that for any initial condition x that belongs to X", for
some 1 > 2, (S (%)) has a unique weak solution which is a. s. continuous with values in X". Our
main conclusion for this process is the following theorem:

Theorem 2.3. Consider the system of SDEs (S(®)), i.e. with d = oo, defined on X® with clicking
time 5. Then, its semigroup P displays a QSC with characteristics (Voo,hoo, Aoo) € M1(XC) x
B(X®)xR%.

Moreover, hs, is bounded and the Q-process exists on H = X°. In addition, for any e € (0,1),
heo s lower-bounded by a positive constant on {x € X ; xp> e}. In particular, v is the unique

QSD. Besides, there exist C,v,dx > 0 such that , the convergences stated in (2.1) and 22) hold true
ﬂ

with these constants for the processes given both by (1.1):(SD) on X5 and on Xy for any d > d,.

Remark 2.4.1. In practice, we shall need to control moments of order 0y strictly larger than 2 while
exploiting the finiteness of moments of order 2n/. For simplicity, we thus restrict ourselves to X°
although our proof could certainly be adapted provided n > 4. The core of our proof is based on the
intuition that the slower the decay of the tail the more rapidly it gets erased and renewed. So we do
not expect large tails to play a significant role.

2.5 Some crucial sets of conditions ensuring exponential quasi-stationarity

The proof of QSC are exploiting the criteria given both in Section 2.1 of [25] and in Subsection 2.2.1
of [26]. In particular, in [26] the methods and statements of [25] have actually been adjusted with
the current paper in mind. Assumptions (A) and (AF) are exploited for our general Theorem [2Z4]
as stated in Subsection

2.5.1 Basic assumptions

(AOs) : Specification on the state space  There exists a sequence (D;)¢>1 of closed subsets of
X such that (with int(D) the interior of D):

Ve >1, Dy Cint(Desr). (A0)

Remark 2.5.1. Originally in [25]], it is also assumed that UQng = X. Due to the fact that we
shall deal here with reflecting boundaries, it will however be more convenient for our proofs that none
among the sets (Dy) includes them.

The sequence D, will serve as a reference in the following, and we also denote:
D :={D ; Disclosed and 3¢ > 1, D C D;}. (2.10)

For the next statements, we shall exploit the following notations for the exit and entry times of
any set D:
Tp:=inf{t>0; X, ¢ D}, rp:=inf{t>0; X, €D}.



(A1) : Mixing property  There exists a probability measure ¢ € M;(X) such that, for any
£ > 1, there exists L > ¢ and ¢,t > 0 such that:

VeeDy, Py(Xi€dr;t<toNTp,)>c((dr).
(A2) : Escape from the Transitory domain  There exist p > 0 and FE € D:

Sup{zexy Ex (exp[p (1o A 7p)]) < 0.

p in the previous exponential moment is required to be strictly larger than the following ”survival
estimate”:

ps = sup {y > O‘ supy > liminfysg €' Pe(t < 79 ATp,) =0} V0. (2.11)

Remark 2.5.2. It is proved in Theorem 2.3 of [26] that ps coincide with the extinction rate pg
provided the semi-group displays QSC.

The next two assumptions are proposed as alternatives and each alternative will be exploited in
the current paper. The former is the assumption first introduced in Section 2.1 of [25]. The latter
provides a way to ensure the former given (A0 — 2) as proved in [26].

(A3) : ” Asymptotic comparison of survival” There exists £ € D and ¢ € M;(X):

lim sup s P.(t < 79)
11m su up ————
P zeg Pe(t < 79)

(A3F) : ” Absorption with failures”
Given ¢ € M;1(X), p > ps and E € D, for any € € (0, 1), there exist tv,c > 0 such that for any
x € E there exists a stopping time Uy, such that:

{to ANty U} ={Usg =00} and P, (Us=o00,t<7y) <e€exp(—ptv),
while for a certain stopping time Va:
PZ(X(UA) € da’ ; Ua < 7‘5) < CPg(X(VA) € dx’ ; Va< Ta).

We further require that there exists a stopping time U extending U, in the following sense:
o U :=Ugx on the event {79 ANUa < 7}, where 73, := inf{s > tv ; X, € E}.

e On the event {73, < 79 AU, } and conditionally on Fy, the law of Ug® — 1}, coincides with the

law of l?jo for a realization X of the Markov process (X;,t > 0) with initial condition X := X(t})
and conditionally independent of X, given X (7).

2.5.2 Theorems

Slightly adapting [25] (regarding (A0g)), we say that Assumption (A) holds, whenever:
”(A1) holds for a certain ¢ € M;(X) and a sequence (Dy) that satisfies (A0g). Moreover, there
exist F € D such that (A2), holds with a certain p > pg as well as (A3).”

As in [26], we say that Assumption (AF') holds, whenever:
”(A1) holds for a certain ¢ € M;(X) and a sequence (Dy) satisfying (AO0s). Moreover, there
exist p > ps and F € D such that assumptions (A42), and (A3F) hold.”

Theorem 2.2 in [26] can be restated for our purpose as:



Theorem 2.4. Assume that either (A) or (AF) holds. Then, the semigroup P displays QSC with
characteristics (v, h, po) € M1(X)xB(X)xR and the Q-process exists on H.

Since the exploited sequence (Dy)e>1 usually does not cover the whole state space, we shall exploit
Proposition 2.2.5 of [26] to deduce lower-bounds of h. The next proposition recalls its statement.

Proposition 2.5.3. Assume that (AF) or (A) holds. Then, the survival capacity h is uniformly
lower-bounded on any set H C X that satisfies the following condition:

(Ho) : there ewists t > 0, £ > 1 such that  infi,cpy Po(mp, <t ATH) > 0.

It implies the following identification :

H:={zxecX ; hz)>0}={zecX ;I>1, Py(rp, <75)>0}.

Thanks to Proposition 2253 we shall prove in our models that h is actually positive, which
proves the uniqueness of the QSD thanks to Corollary ZT1]

3 Outlook

3.1 Interpretation of crucial parameters

For the last process, no parameter other than a and A is introduced. We deduce from Theorem
that the QSD and the survival capacity depend only on a and A, as well as the values C,vy > 0 in
ED) and @

As already noted by Haigh in [I1], a/ is the average number of deleterious mutations that are
established in the deterministic limit (neglecting neutral fluctuations). The deterministic distribu-
tion of mutations is a function of o/ A, and actually follows a Poisson distribution with this mean, as
shown in [I0]. To infer the level of fluctuations around this deterministic equilibrium, we shall look
at the coefficient in front of the martingale term in a new time-scale such that the mutation rate is
set at 1. This gives 1/A, which we recall to scale as \/1/N., where N, is the effective population
size mentioned in Remark [[L2.21 This term actually quantifies the relatedness in the population of
uniformly sampled individuals. A large population size thus corresponds to letting A go to infinity,
making the deviations away from the deterministic distribution more rare.

A natural scale for the time between clicks can be easily derived from this notion of QSC, with the
definition t¢ = pg 1 On the other hand, we can propose the following definition for the relaxation
time:

tp:=inf{t, >0; 3C >0, Vpu, |pd;—v|;, < (C/<u|h>)><e_t/tr} <1/¢. (3.12)

Our results justify the validity of this definition. We can deduce as in [25] that the convergence to
h and f also occurs at quicker rate than 1/tp.

By relying on the arguments of Theorem 2.3 and Proposition 2.3.2] we expect that truncating the
number of accumulated mutations is not likely to alter much this value of ¢tz provided the threshold
is sufficiently large. Since we cannot evaluate tr precisely and are only able to provide an upper-
bound, this is still conjectural. But substantial increase of these last components are proved to be
rare thanks to Proposition and not so significant when we look at Section [T7]

Remark 3.1.1. The dependence on the initial condition in [BI2) is expected from the linearity of
the semi-group (P;), as observed in [26]. More general dependencies could nonetheless be imagined,
relying for instance on Lyapunov functions as in [7] or in [2]. We simply do not think it would
change the value of tr because the confinement is mainly due to extinction and immediate repulsion
from the boundaries.



3.2 Previous estimations

The study of this quasi-stationary regime arises naturally when one wishes to estimate the rate
at which the ratchet clicks. To obtain quantitative estimates, several authors have justified their
approach by assuming that the typical clicking time ¢¢ is much larger than the typical relaxation
time ¢ of the system, usually with an empirical reference for the latter ([I0], [17]).

In [I7], an estimation of ¢¢ in the context where tp < t¢ is obtained through the characteristic
equation of a certain QSD vy, of the form Lv, = —\v,, with L is a certain infinitesimal generator
and A its main eigenvalue . This QSD v, that they study is not the general QSD v, that we
describe. The detailed description of the latter is reasonably argued to be too intricate. The former
is in fact derived from a one-dimensional approximation of the process under metastability. It is
argued that in the context of large populations, and given the number of fittest individuals, one can
approximate the rest of the distribution as an almost deterministic profile. The dependence in this
number of fittest individuals only occurs in the normalizing factor of this distribution. This latter
argument of concentration could probably be made rigorous by using Large Deviation theory. Such
results are beyond the scope of the present paper.

Note that the validity of this approximation relies upon the fact that tgp < tc, where tg is to be
related to the QSD v.,. The relaxation rate of v, is only a partial indication, although presumably
carrying most of the information.

3.3 The quasi-stationary regime is generally observed for iy < i

Provided tr < teo, we clearly expect to generally observe the quasi-stationary regime between clicks.

It is classical that with the QSD as an initial condition, the extinction time and extinction state
are independent, the former being exponentially distributed, as it has been established in Theorem
2.6 of [8]. Assuming that we start the analysis at a new click after a long time-interval without
click, it implies that the profile of mutations just after the click is distributed as the restriction of
the QSD to the hyperplane { X, = 0}.

Since having large values of M; makes it actually harder for the process to reach the hyperplane,
we expect that, under the QSD restricted to {Xo = 0}, M; tends to be smaller than the prediction
1+ A/ derived from the deterministic limit (under the constraint that zo = 0). Besides, the fittest
individuals are altered by first changing into the type with only one mutation. So we expect also
that under the QSD restricted to {Xo = 0}, there is an over-representation of the proportion of
individuals carrying a single mutation (the new optimal trait). Thus, we expect the distribution
just after the click to be less prone to a future click than would be the QSD itself. Since tp < t¢,
the quasi-stationary regime is then rapidly reached.

Let us also imagine a dramatic situation where some clicks would rapidly follow each others.
Then, it would imply that these fittest classes of individuals are rapidly wiped off, while not letting
much time for the others to change much. Since we have seen that we have very strong controls
of moments under the QSD, cf notably Proposition 232 such succession of clicks cannot hold for
long. A class that is not prone to a quick extinction should be reached quite early and generate a
new quasi-stationary regime. Such dramatic situations are thus expected to be very isolated and of
limited impact, while of course very rare.

Expecting an exponential law for the inter-click intervals and the independence between them
should be in conclusion fairly accurate provided tp < t¢.

As we discuss in Subsection 2.3 of [27], one can also conclude whether or not the QSD profile
is likely to be observed without conditioning by comparing v to the survival capacity h. If quasi-
stationarity is stable, we do not expect that the conditioning on having a click in the far future shall
substantially alter the dynamics. In most trajectories, the Q-process shall thus behave as the original
process. So h should be mostly constant on the support of 8(dz) = h(x) v(dx), implying h ~ 1 where

10



the density of v is large. Yet, the QSD and the survival capacity are certainly quite difficult to specify
with simulations because they live on a large dimensional space. Likewise, the convergence in total
variation exploited in ([BI2]) is probably not very practical for numerical estimation.

3.4 Such a quasi-stationary regime is favored by natural selection

The fact that such a quasi-stationary regime can be defined does not directly imply that this state
is likely to be observed: if t¢ < tg, the next click would happen too quickly after the previous one
for the dependence in the transition to be lost.

In the context of a rapid succession of clicks, the population would be likely to get extinct quite
early on as compared to populations able to reach a metastable regime between each click (notably
by having a lower mutation rate). Provided that the process in the metastable regime ensures
the maintenance of an optimal sub-population of large size, the time between clicks can get much
longer than a simple scaling by the mutation rate would suggest. Indeed, the click would then be
the consequence of an exceptional deviation of the process away from the metastable attractor. It
thus provides opportunity for additional beneficial mutations to fix and outcompete the fixation
of deleterious mutations. A larger population size is then favoring both the selection of beneficial
mutations and the prevention of deleterious fixations, in a positive feedback loop.

The second scenario with metastability is thus expected to be the more likely for stable asexual
populations. Although the first scenario cannot be excluded for destabilized populations or too small
ones, the interest in this metastable regime is thus biologically motivated by its benefice in term of
survival.

3.5 Motivation for an unbounded number of deleterious mutations

In order to prove quasi-stationarity results, the case where d < co can be treated more easily and
provides an introduction to the case d = co. Nonetheless, the arguments for having a convergence
at a given rate becomes more and more artificial as d tends to infinity. The constant involved in
the Harnack inequalities go toes zero as the dimension increases. By considering the case d = oo,
we actually handle as a whole the case where d is sufficiently large. By these means, we are able to
prove that the rate of convergence can be upper-bounded by a quantity that does not depend on the
specific value of d. This is to be expected since, even when a large number of deleterious mutations
is permitted, we expect individuals carrying a large number of mutations to remain negligible.

Referring for instance to [10], it is not difficult to prove that in the deterministic limit of a
large population, the empirical measure of the number of mutations in the population tends to a
Poisson distribution. The tail of the distribution is quickly disappearing. This deterministic limit
corresponds to a limiting time-change of equation of the form ¢’ = t/e with a = o'/,
A = X /e as € tends to 0. The Poisson distribution has a mean of \'/a/ = A/« so that it may be
possible to quantify much more precisely than we do the threshold in the number of deleterious
mutations after which differentiating individuals is not so crucial. This could make it possible to
obtain quantitative bounds from our arguments in the context of very large populations (in the
vicinity of the deterministic limit).

4 Proof of Theorem 2.1]

The proof of Theorem [Z] relies on the criteria presented in Section 2.1 of [25]. The two following
propositions provides the first two steps in this proof.

Proposition 4.0.1. Forany N > 1, a >0, A >0 and z € Mgo)’N(Z+).'
inf P.,(ZV(1) =2) > 0.

20eMP N (zy)
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Proposition 4.0.2. For any N > 1, a, A > 0 and € > 0, there exists K > 1 such that:

Vze MONzZ,), P.(2ZN(1) ¢ E)<e,
where E :={z € Mgo)’N(ZJF) ; 2([K,o0]) = 0}

Remark 4.0.3. The convergence is uniform in this case. By exploiting Theorem 2.1 of [25], we
thus implicitly deduce the two criteria presented in [3]] for the proof of a uniform convergence.

Step 1: proof of Proposition E.0.7] We simply impose that all the individuals of the next
generation are the offspring of an individual without any mutation, and prescribe the number of
mutations that they get from the profile of z. We obtain a positive lower-bound uniform over
any zg € ./\/lgo)’N(ZJr) by noticing that the probability of choosing a fittest individual as a parent
is: 20(0)/(3 ;50 20(7) x (1 — a)?), which is necessarily larger than 1/N. The number of mutations
is then chosen independently of zp, and there is indeed a positive probability that the sequence
of independent Poisson distributed random variables has an empirical law distributed as z. This
concludes the proof of Proposition [0l O

Step 2: proof of Proposition We first prove that with a high probability, the sub-
population of individuals carrying a large number of mutations leave no progeny. Let K > 1 for
the threshold in the number of mutations. The probability that an individual chooses a parent with
more than K mutations is upper-bounded by N x (1 — )&, since z(0) > 1. For any e > 0, there
exists indeed K > 1 such that, with a probability greater than 1 — ¢/2, no individual in the next
generation descends from an individual with more than K mutations. Likewise, there exists K’ > 1
such that, with a probability greater than 1 — ¢/2, the number of additional mutations is less than
K’ (for any individual, independently of the initial condition z). We deduce that:

Vee MN(Zy), P(ZV() ¢ E)<e
where E 1= {z € MEO)’N(Z+) ; 2([K + K', o) = 0}

which concludes the proof of Proposition 4.0.2] O

Step 3: proof of Theorem [Z.T] The choice of the sequence Dy is here degenerate, since we can

simply set Dy as the whole space Mgo)’N(ZJr) for any ¢. Note that (AOg) is satisfied even for this
degenerate case. Actually, the exit time are simply infinite and the entry times in D, always equal
zero. We see that Proposition L0l clearly implies Assumption (A1) of [25]. Next we prove (A2),
namely that for any p > 0, there exists F such that, with 75 its first hitting time:

sgp E. (exp[p(to ATE)]) < oo.

This is easily deduced thanks to Proposition through the Markov property and an induction
over k > 1 to have a proper upper-bound on P.(k < 79 A 7g). Then, for the last criterion (A3),
we remark that F as defined in Proposition is finite. By Proposition 0.1l and the Markov
property, we deduce that there exists ¢ > 0 such that for any ¢ > 1:

Ps,(t < 7o) > csupP.(t —1<79) >csupP,(t < 19).
zeFE z€E

This concludes (A43) and that Assumption (A) is satisfied. Theorem 2] is then deduced from
Theorem 241 O
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Remark 4.0.4. If we were to replace the law of & by a Bernoulli distribution (mutations occurring
one by one), Proposition [{-0.1] would still hold with the restriction of z = o, which is the only
case we need. It would extend to any z provided we change the time 1 by the maximal number of
mutations in z. The proof would not be much more difficult with overlapping generations, except
that individuals should then be removed one by one. The proof of the equivalent of Proposition[{.0.2
would merely be slightly more difficult. The details are left to the interested reader.

5 Proof of Theorem

5.1 Main properties leading to the proof

The proof of Theorem [2Z2relies (roughly) on the criteria stated in Susbection 2.2.1 of [26], with here
a non-uniform convergence. In the following, d is fixed and we drop the notations recalling it. Let:

1 1\°
Dy = {ZE = (w;)o<i<d € (@ y 1— 2_€> ; Zogigd Ti = 1}, (5.1)

which have non-empty interiors. The three following propositions state that X with extinction time
Tp satisfies Assumption (A), as we show in Section The proofs of each of them is deferred to
further subsections. We recall that T’p, denotes the exit time out of D,.

Proposition 5.1.1. For any t > 0, there exists ( € M1(Xy) with support in Dy such that for any
> 1, there exists ¢ > 0 such that:

Ve e Dy, E,; (Xt edy ; t< Ta/\TD[+1) > ¢ ((dy).

Proposition 5.1.2. For any ¢ > 1:

limsup sup ozt <70)
t—>oopm,m’€p'Dg Py (t < Ta)

Proposition 5.1.3. For any p > 0, there exists £ > 1 such that:

sup E, exp[p (tp, A 79)] < 16.
rEXy

The lower-bound of the survival capacity is derived from the following lemma:

Lemma 5.1.4. For any yo > 0, the set H := {x € Xg ; o > yo} salisfies (Hy) as stated in
Proposition [2.5.3

Since its proof is elementary, it is deferred to Subsection just after we show that Theorem
is implied by the four above statements.

Remark 5.1.5. The above results hold for any d € N and the constant could depend dramatically
on d, except for Lemma[5.1.4 The choice of 16 In Proposition 513 is arbitrary and suffices to our
purpose.

5.2 Proof of Theorem with these propositions

For this proof, we plan to exploit Theorem 2.4l and first ensure Assumption (A) (cf Subsection 2.5.2]).
Tt is easily seen from their definition in (B]) that the sets Dy satisfy (AOg).
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Propositions BT B2 and B3] ensure respectively (A1), (A3) and (A2). Notably, for (A3),
since ¢ has support in Do, for any £ > 2, thanks to Proposition (1.2

lim sup sup M
t—o00 x€Dy ]P’g (t < 76)

From Theorem 24 we thus deduce that the semi-group displays QSC. The survival capacity
is actually positive, thanks to Lemma [5.1.4] combined with Proposition This implies with
(Z2) that v is in fact the unique QSD because any QSD v/ must then satisfy both (v | h) > 0 and
V' Ay = V' for any t. This concludes the proof of Theorem 2.2 O

5.3 Proof of Lemma [5.1.4]

Let any yo > 0 and define H := {x € X; ; ¢ > yo}. Xo under P§d> is lower-bounded by the solution
Y (independent of d) to:

dY; =—-\ds+ AV Y; (1 — Y;)dBo(S) 3 Y(O) = Y0-

We consider the extinction time for Y: 73" := inf{s ; Yy = 0} and an arbitrary time ¢t = 1. We
deduce the following uniform lower-bound:

inf (g aery P (< 79) > e = By (t < 73) > 0.
By the Markov inequality and Proposition [B.1.3] there exists £ such that for any d and x € Xy:
]P’Sﬁd)(t < 71p, NT9) < c5/2.
This clearly implies (Hy) for H in the sense that for any x € H:

P (rp, <t ATH) > P (t < 15) = PO (t < 7p, ATo) > c5/2. O

5.4 Harnack inequalities for Propositions 5.1.1] and (5.1.2]

The proofs of Propositions B0 and E1.2 are actually similar to those in Subsection 4.2.2 of [25].
They exploit the Harnack inequality —the following assumption (H )- classically deduced for such an
elliptic diffusion.

In the following, we say that a process (Y;) on Y with generator £ (including possibly an extinc-
tion rate p.) satisfies Assumption (H) if:

For any compact sets K, K' C Y with C? boundaries such that K C int(K'), 0 < t; < ta and
positive C* constraints: ugr: : ({0} x K') U ([0,t2] x OK’) — R4, the unique positive solution
u(t,x) to the Cauchy problem:

Owu(t,x) = Lu(t,z) on [0,t2] x K';
u(t,r) = uox:(z) on ({0} x K'Y U ([0,t2] x OK'),

satisfies, for a certain C' = C(t1,t2, K, K') > 0 independent of ugg::
inszK U(tg, ZL') Z c SUP,c i u(tlv'r)'
On any D,,, ¢® is uniformly elliptic while 0(¥) and b9 are uniformly Lipschitz. Similarly as we

show in Section 4.2.2 of [25], Assumption (H) holds for the generator £(%) of any finite dimensional
process X (9 while restricted on a certain set D,,.
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5.4.1 Proof of Proposition [5.1.1]

We apply assumption (H) to u(t,y) := E, (f(Yt) ;< Tg+1), where f is any non-negative C'*°
function with support in D,, = K, and T(;H'l = inf{t >0 ; Xt(d) ¢ Dpt1}. Tt implies that for any
Yy €Dy, yo € Dy and 0 < tg < t:

E, (f(Y;f) ; t<7g+1) > Cp Ey, (f(Y;fo) 3 to <T§)-

Since infy ep, Py, (Yt €D t< Tg) > 0 (by choosing arbitrary yo and ¢y = t/2), we can obtain a
probability measure ¢ with support on Ds, independent of n, such that (since C,, does not depend

on f):

VyeD,, E,(Yiedy;t<tit)>c,((dy). a

5.4.2 Proof of Proposition

The proof is similar but more technical because the reference measure is now in the upper-bound,
so that we can no longer neglect trajectories exiting D, +1. We can choose t; := 1 and find two
compact sets K, K’ C Y with C? boundaries such that D,, C K C int(K') C int(D,+1). We want
to approximate the function:

u(t,y) =E, (f(Yz) ; t <7p), with t>t, yeK’

defined for some non-negative f € C>*())). Referring to Theorem 5.1.15 in [I5], we can prove that
u is continuous. It is clearly non-negative. However, it is a priori not regular enough to apply the
Harnack inequality directly. Thus, we approximate it on the parabolic boundary [t;, co) x OK’
U{t1} x K’ by a certain family (Ux)r>1 of non-negative smooth ~C$° w.l.o.g.— functions. We then
deduce approximations of u in [t1, co) x K’ by (smooth) solutions of:

Oy (t,y) — Lug(t,y) =0, t>t, y €int(K')
up(t,y) = Uk(t,y), t>t1, yedK', ort=t,ye K.

By Assumption (H), the constant involved in the Harnack inequality does not depend on the
values on the boundary. Thus, it applies with the same constant for the whole family of approxima-
tions ug. With ¢ := 2 and t3 := 3, we deduce that there exists C,, > 0 such that for any k£ and any
Y,y € Dy

uk(t2,y) < Cruk(ts,y'),

where the constant C,, does not depend on f either. We refer to the proof in [6], Section 4, step 4, to
state that such an Harnack inequality extends to the approximated function u, with the convergence
of U, on the parabolic boundary. It means that for any non-negative f € C*(Y):

Vy,y’ € D,, Ey (f(Yt2) ; ta < 7_6) < CnEy’ (f(Ytz) ; 3 < 7_6)

It thus extends to any measurable and bounded f. We know fix ¢ > ¢5 and apply this result to the
function f(y) := Py(t — t2 < 79), together with the Markov property:

Vy,y) € Dp, V> ta, Py (t<79) <CpPy (t+1t5—1ta <79) < CpPy (t <75).

This concludes the proof of Proposition B.1.2) O
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5.5 Proof of Proposition (.1.3

Proposition [(.1.3]is proved by recursively ensuring that the k-th first coordinates have escaped from
the value 0. For any y > 0, and 0 < k < d, let:

T; =inf{s >0 ; Vj <k, X;(s) >y}
The proof of Proposition (. 1.3]is achieved with two following lemmas as its first steps.
Lemma 5.5.1. For anyd € N andt >0 :

sup {]P’z (t < 719) ’:c € Xy, x0 < yo} — 0 as yo — 0.

Lemma 5.5.2. For any y € (0,1),¢,tv >0 and 1 < k < d, there exists y' € (0,1), t € (0,tv) such
that:

mf{]}»z (T <t Amo) ’z CXLVi<k—1,2;> y} >1—e
Lemma [5.5.]is a direct consequence of the fact that Xy is upper-bounded by the solution Y of:

aY, = adYdt + /Y1~ ¥)dBo(t) , Yo = o,

for which it is known that 0 is an absorbing value.
Step 1: proof of Lemma [5.5.2l Given k,¢,y,tv, choose t € (0,tv) sufficiently small such that:

mf{[@z (t<U§/;1) ‘xe Xy Vj<k—1, Zy} >1¢/2,

where Uj/_; =inf{s >0 ; 3j<k—-1, X;(s) <y/2}.

To ensure roughly the uniformity in such x, we can simply lower-bound X for j < k—1 by solutions
to the equation:

dY? = —(\ 4 aj) dt + /Yi(1 — Y;)dB(t) , Y{ =y,
and choose t such that Y7 stays above y/2 on the time-interval [0,t] with probability greater than

1—¢/(2k).

Let y1 := Ay/(4\ + 4a k). Then, for any s < U;j/_; AT

(aMi(s) — ak — X) Xi(s) + AXp—1(8) > Ay/2 — (ak + X)) y1 > Ay/4,
so that Xy is lower-bounded by the solution Y} of:
dYi(s) = Ay/4dt + /Y (1 = Y1)dB(t) , Y;(0) = 0.

Since 0 is an entrance boundary for this process, cf e.g. Subsection 3.3.3 in [I2], there exists
0 <y <wy1 A (y/2) such that:

P(supgo<yy Yi(s) <y') < ¢€/2.

y/2
the condition T;, < t A\ Ty is satisfied. This ends the proof of Lemma [5.5.2] 0

On the event {supsgt Yi(s) > y’} N {t < Ukil}, which occurs with probability greater than 1 — e,
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Step 2: concluding the proof of Proposition B.I.3l Given p > 0, let to := log(2)/p. We can
choose thanks to Lemma [E51] a certain yo € (0, 1) such that for any x = (;) satisfying zo < yo, it
holds:

P, (to < 7a) < exp[—p to]/2 = 1/4.
By the Markov property and an induction, for any k£ > 1:
Po(kto < 7o NTp) < Polkto < 7o, (k—1)to <TJ) < 1/4%,
sup E, exp|p (T;U A1)l <D >0 ePolbHI P (kty < 75 A T,)
< Zkzo 2F+1 4k — 4 < o0,

By the Markov property, Lemma [B.5.2] and by induction on 0 < k < d, there exists y; such that,
on the event {T,) < 75} and with ¢ = 1/16d:

P, —as P, (Tyfk < (IO + kto/d) Ao |ng0) >1— k/(16d). (5.2)
To deduce this induction, we set tv := to/d when we apply LemmaB5.2for 1 <k <d .

Then, for some large value of ¢t > 0, let V; := 719 A Tjd At, and consider
By := supy,y By exp[pVi] < oo.
For any x such that xg > yo (so that TyoU = 0 P,-a.s.), we deduce from the Markov property, with
\7,5 defined as V; for the Markov process X starting at time 0 from Xy,:
E. explpVi] < e (1+ B [Ex s,) expoVi] 5 to < Vi)
<2(1+ By x [1 = Po(TY, < to ATo)))
S 2 + Et/8a

where we exploited inequality (5:2)). On the other hand, for any general x:

E, exp[pVi] < E, (explp(Ty, A1o)l; Vi <T,)) +E, (eXp[pT,SO] Ex(rg ) explpVi] ; Ty, < Vt)
< (2+ E,/8) x E; (exp[p(Ty, A 70)])
S 8 + Et/Qa
where we exploited the previous estimate with the fact that XO(TZ?O) > 1. Taking the supremum
over x, and since F; < oo, we deduce: FE; < 16.

The limit where ¢ — oo ensures — sup, E, exp[p(T}, A 79)] < 16. This concludes the proof of
Proposition (1.3l 0

6 Proof of Proposition [2.3.2]

The proof of Proposition [2.3.2] relies on the two following propositions, handled uniformly over d.
The first states that descent from large values of the moment quickly occurs with probability close
to one; the second states that a too large increase of the moment is unlikely to occur.

Proposition 6.0.1. For any k,t,e,m > 0, there exists m’ > 0 such that for any d € N and initial
condition x© € Xy such that My(x) < m:

P, (supye; Mip(Xs) > m') <e
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Proposition 6.0.2. For any t >0 and k > 1, with T,(m) := inf{t >0 ; Mp(X:) < m}:

sup{]P’z (t <719 NTi(m)) dEN,:cGXd} — 0.

m—r oo

We shall first prove Proposition thanks to these two propositions, then Proposition
and finally prove Proposition [6.0.2] This last proof relies on 3 steps of descent, the last one being
iterated for each moment between 2 and k. The main result for each of these steps is given by the
three following lemmas, whose proofs are deferred at the end of Subsection

Lemma 6.0.3. For anyt > 0:
sup {PI (t <79) ’d eNjx € Xy, My(x) > 1,20 My(z) < 5} —+0asd—0.
Lemma 6.0.4. Given any t,yo > 0:

sup{]P’(zd)(tSTl(ml)/\Ta)’dEN,:ce)(d,zozyo} — 0.

mi— 00

Lemma 6.0.5. Given any k> 1 and t, my > 0:

sup {P&d) (t < Tgs1(mps1) A To) ‘d €N,z € Xy, My(x) < mk} mk:_)wO 0.
6.1 Proof of Proposition [2.3.2

First of all, we show that we have a uniform upper-bound on the extinction rate p((Jd) associated to

the system (1.1):(S@): SUPgeN p(()d) < 00. Indeed, whatever d € N, we can find z € Xy such that
2o > 1/2 so that Xy under Pgd) is lower-bounded by the solution Y to:

dY, = —Ads +/Ys (1 — Y4)dBy(s), Y(0)=1/2.

Note that the boundary y = 1 is entrance for this process so that it exits (0, 1) only through 0, cf e.g.

Subsection 3.3.3 in [I2]. The semi-group governing Y, with extinction at 77, corresponds exactly
i

to the system S@) withd=1,a=0, Xj) =Y and X| =1—Y. We know from Theorem 2.2]

that the semigroup displays QSC with extinction rate py. Denoting P}//Q the law of Y, we deduce

from the convergences of the survival capacities:

d A d N
p(() ) _ Jim. = logPi(Z) (t<T9) < Jim =1 1ogIP’¥/2(t <10 = py.
Thanks to Proposition [0.0.2] we can choose m such that Ty (m) satisfies:

sup sup ED exp[(py + 1) (Ti(m) A 75)] < C < oco.
d>1zeXy

In particular, it implies that for any ¢ > 0 and d € N:

PO (t < Tp(m) A7) < C exp[—(py + 1) 1. (6.1)
Then, for any € > 0, consider t := —log(e/(2 C)). Thanks to Proposition [B.0.1] we can choose a
certain m’ > 0 such that for any initial condition = such that My (z) < M:
P (sup Mp(Xs) > m’) < €/2 exp[—pv t]. (6.2)
s<t

18



Thus, for any d € N: (with the QSD vy)

va({My, > m'}) = explps? 8] PO (M. (X)) > m/ 5 t < 1)

< explpy t] (Pf,fli)(Tk(m) >ttt <T1y)

+E@ [n»gggw» (iliﬁ) M (X,) > m/) L Ti(m) < t A Ta] )

<Cxef(2C)+¢/2 <k,

by inequalities (G.Il), (622) and the definition of ¢. This concludes the proof of Proposition [Z3.2]
given Propositions and whose proofs follow. a

Remark 6.1.1. We deduce thanks to Lemma 612 that we are in fact able to bound any moment
with large probability under the QSD vq uniformly on d € N. These of course will extend to the
limiting QSD on XS.

6.2 Proof of Proposition

Let k,t > 0,m' > m, d € N and © € X; such that My(z) < m be fixed.
We consider the semi-martingale decomposition of My:

de(t) = Vk(t) dt + d./\/lk(ﬁ), (6.3)

where My, is a continuous martingale starting from 0, whose quadratic variation is

(M), = / (Mo (s) — My(s)?) ds.

and Vj is a bounded variation process defined as:

d—1
Vi o= a(My x My — Miyr) + XD (E+ )X, — XMy — d¥Xy). (6.4)
(=0

Thanks to the Holder inequality, considering a random variable Y such that Y = j with proba-
bility X;:

M, =E(Y) < EYFHYERD - A = B(YF) < E(YFHHROFR) thus My x My, < Myyq.
Exploiting also that (¢ + 1)¥ < 2% x (¥ for £ > 1, we deduce, with C' = C(k) = \(2¥ — 1):
Vi <C M+ A (6.5)

To obtain an upper-bound on the probability that sup,., Mx(s) is large, we want to exploit the
Doob inequality on a non-negative sub-martingale that is an upper-bound of M. It leads us to
consider the solution of the following equation:

My(t) := m + M + C [J My(s) ds + Ma(t), (6.6)

because classical results of comparison imply that for any ¢t > 0, ]\/4\;c (t) > My(t), see for instance
Proposition 3.12 in [2I]. The fact that M} is non-negative comes from the fact that M} is non-
negative. As a solution to equation (66), My, is clearly a sub-martingale. Since it is upper-bounded

19



by d*, we can also apply the Gromwall Lemma to deduce that for any initial condition = such that
My (z) < m:

SUP{5<4) E® [M\k(s)} < (m+ At) et (6.7)

By exploiting Doob’s inequality on ]\/Zk, then inequality ([G2) with Cpy := (1+ \t) e, we obtain:
B (sup oy Mi(s) > m') < B (sup oy M (5) > ')

L BEOML@] _ Cum

/

m /

This concludes the proof of Proposition [6.0.1] O

m

6.3 Proof of Proposition

Let t,e > 0. From Lemma [6.0.3] we can choose certain § > 0 and m} > 2 A/« such that:
sup {chd) (t <7p)|d €N,z € Xy, My(x) >my,xo My(x) < 5} <e. (6.8)

Recall Ty (mq) :=inf{t >0 ; M1(X;) <mi} < Ti(my) for any my > my. The value of my will
be fixed in ([612]), but we first need to prove that with a probability close to 1, X, has escaped from
the boundary xy = 0 provided that M; has not been small. Let:

Tp(6) :==inf{t >0 ; Xo(t) M1(X;) <6}, (6.9)
By the Markov property, we deduce from (G.8) that for any « € X; and d > 1:

P (T(8) <t < Ti(mY), 2t < 75) < e. (6.10)
Recalling my > 2 X/, t < Tp(d) ATi(my) ATy implies that for any s < t: (aMi(s) — M) Xo(s) >

ad/2. Thus, X is lower-bounded, a.s. on the event {t < Tp(8) ATi(mY) A Ta}, by the solution YV

to:
dYs =ad/2ds+/Ys (1 =Y,)dBy(s), Y(0)=0. (6.11)
Note that Y is independent of d and x and 0 is an entrance boundary for Y, cf e.g. Subsection

3.3.3in [12]. So we can choose yo > 0 such that: P(Y(¢) < yo) <e. This implies that for any d
and z:

PO (Xo(t) <o, t <Ta(my), 2t <79) <PI(Tp(5) <t < Ti(my), 2t < 7o)
+ ]P;d)(Y(ﬁ) <wyo,t< TB((S) A\ Tl(m\l/) A\ Ta)
< 2e.

Thanks to Lemma [6.0.4] we can choose a certain m; > m\{ associated to yg. We thus deduce,
with the Markov property at time ¢:

PP (2t < T1(ma) A o) <P (Xo(t) <o, t < Ti(my), 2t < 7)
+E@ []pg?zt) (t <Ti(ma) A1) 5 Xo(t) = yol
ae (6.12)

Thanks to Lemma [60.5 we can choose a certain my > 0 associated to m; (with Ta(msg) :=
inf{t > 0; My(X;) <ma}). and a certain msz > 0 associated to mso such that:

PD(3t < To(ma) ATo) <de, PB4t < Ty(mz)A79) <5e.
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More generally, we can prove inductively that there exists my such that:
PO ((k + 1)t < Ty(mi) Ao) < (k+2)e,

S0 as to treat any moment. Since ¢ is arbitrary, this concludes the proof of Proposition [6.0.2] given
Lemmas [6.0.3}5 whose proofs follow. O

6.4 Proof of Lemma

This proof is an extension of the one of Proposition 3.8 in [I]. W.l.o.g., we assume 6 < d := 1/(16 «v).
Consider an initial condition x such that there exists m; > Mj(x) A1 and xgmy < 0, where J is
to be fixed later. Thus, on the event {sup,; Xo(s) M1(s) < 25} N {sup,«; Xo(s) < 1/2}, we have
for any s <t, (aMi(s) — ) Xo(s) < 2ads < 1/4(1 — Xo(s)). Xo is thus upper-bounded on this
event by the solution Y to:

dY, = (1-Y,)/4ds + /Y, (1 =Y5)dBo(s), Y(0)=uyo:=39/m.

The main interest of this upper-bound is that it is explicitly given as:

t ¢
1-Y; 1-Y;
Y: :=yo exp —/ ds+/ 1/ dBy(s)
o 4Y; 0 Y,

which is an immediate consequence of 1td’s formula. We then define the time-change:

t 1— 5/; t 1-— Ys
pri= | ——2ds, W,:=M(p~}(t), where M, ::/ \/ dBo(s).
0o Vi o V. Ys
Y(p™H(1) 1= yo exp [—t/4+ W]

)

We can easily check from the quadratic variations that the martingale W is indeed a Brownian
Motion. Through conditions on the law of exp[—t/4 + W] (independent of the parameters), we
shall thus constrain Y, then Xj.

(P = optt) " = 1 ?ijfx[pf_/f/z ‘KV;]Vt] '

For any y > 0, let: 7Y :=inf{t >0 ; Y; = y} and remark that for any p > 0 :

Y
Yo exp [—r/4 + W,] dr}
1 —yo exp[—r/4+ W, ]

(i) =fr<on={< [

On the event {r;” < 7., ,}, for any t > 0: yoe /W < yo + 11, so that one can have an explicit
upper-bound of (1 — yoe*/4tWe)=1 On the event {r) ., < 70}, there must exist ¢ > 0 such that
yoe /4 We = yo + pu. From these, we deduce:

t(l—1yo— >
Py (t <70 <7)l,,)<P (% < / exp [—1/4 + W, ] dr> , (6.13)
0 0
Py < ) =P (04 1)/v0 < supexpl-r/a+ W] (6.14)

Let € > 0. Since W;/t t—) 0, we can define ¢1,co > 1 such that
— 00

P (01 < / exp [—r/4 + W,] dr) <e,P (C2 < supexp [—r/4 + WT]) <e.
0

r>0

21



Likewise, thanks to Lemma 3.2 in [I], we can choose a certain ¢z > 0 such that for any a:
Py (supgs<yy Mi(s) — M1(0) > At +c3) <.

This motivates: m}j :=mi+ At +c3, p:=0r/m].
We choose also 6 < §, sufficiently small to ensure, with mq > 1:

£(1—yo — t 0
(I —wo M)Zml x(1-22X) > ¢, Mzﬂzfx(l—i—)\t—i-%)_lzcz

Yo Y my Yo Yo
Thus, from equations (6.13) and (6.I4]) and the above definitions:

P,(A) >1—3e, where A:= {sule(s) < m’l} n{r < tATy)f)+M} .
s<t

To check the upper-bound by Y, let T := inf{s > 0 ; Xo(s) M1(s) > 20,}. Then, on the event A,
for any s <t ATp (recalling p/yo > co > 1, where p 1= d5/m}) :

Xo(s) <Ys <wyo+p <200 /myy Mi(s) <mj 50 Xo(s) Mi(s) < 26.

By continuity of Xy My, Tp < t is incompatible with A, so that we indeed have Vs < ¢, Xo(s) <Y,
thus 79 < t. In conclusion, for any x such that m; > 1 and xom; < 9:

P,(ry < 1) > Py(A) > 1 - 3e. O

6.5 Proof of Lemma [6.0.4]
On the event {inf<; Ml(XS(d)) > my}, Xo is lower-bounded on [0, ¢] by the solution Y to:

dYs, =r(m1)Ysds+ /Ys (1 —Y,)dBo(s), Y(0)=yo,

where r(mi):=am; — A — oo.
mi—>00

Since Mj(s) = 0 as soon as X = 1, this lower-bound cannot hold until 7Y :=inf{t >0 ; Y; > 1}.
We thus only have to prove that P(t < TY) — 0 as m; — oo.

Let €,¢; > 0. The quadratic variation of the martingale part My until time t; < t is upper-
bounded by t;, so that the Doob inequality implies:

Py, (sup,<y, [Ms| > y0/2) < 8t1/y3. (6.15)

By choosing ¢; sufficiently small, we can assume 8t1/y2 < e. On the event {supsgt1 | M| < y0/2}, it
is clear that Y stays above yo/2 on the time-interval [0, ¢1]. The drift term can thus be lower-bounded
by r(m1) syo/2 for any s < t; AT . Since it cannot exceed 1—yo/2 before T} , it necessarily implies
that for r(m;) sufficiently large (that is m; sufficiently large), we must have T} < t; on the event
{sup <y, [Ms] < yo/2}. With @I5) and ¢ < ¢, this clearly implies P(t < T} ) — 0 as m1 — oo and
concludes the proof of Lemma G.0.41 O

6.6 Proof of Lemma [6.0.5
For any £ > 1:

My () = o (My(8)Mi(t) — Mipa(8) dt + 3> ek M;(8)dt + dMy(b),
j<k—1

t
where My(t) is a continuous martingale, and (My); = / (Mo 1.(s) — Mg(s))? ds.
0
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For a certain mgk) to be defined later, depending on e, let Tl(k) =1inf{t >0 ; Mi(t) > mgk)} S0)

that, since My, is increasing with £ > 1:

t/\‘rl(k) t/\‘rl(k)
0 < Ey (Mt AT™) < My(2) — aE, </ Mii1(s) ds> + CE, </ Mi(s) ds>
0 0

t/\'rl(k) t/\‘rl(k)
E, / Myi1(s)ds | <my/a+ CLE, /
0 0

By immediate induction:

t/\'rl(k) t/\‘rl(k)
E, (/ Mps1(s) ds> < (k—1)mg/a+C, E, </ Ml(s)ds>
0 0

< (k= V)ymy/a+Cytm{".

My(s) ds) .

For any € > 0, we then exploit Lemma 3.2 in [I] together with M; () < my to choose mgk) such

that: PI(Tl(k) <t) <e forany x € Xy such that My(z) < my. Now that mgk),ﬁ(k) is clearly
defined, we can choose, by the Markov inequality, my; such that:

t/\Tl(k)
P, (/ My11(s)ds > tmk—i—l) <e
0

This concludes the proof of Lemma [6.0.5]

t/\Tl(k)
(ot zmafnfes ) e {
s< 0

With this, the proof of Proposition [6.0.2]is completed and by extension the one of Proposition 2.3.2]

Mpyi1(s)ds > tmk+1} . O

7 Proof of Theorem 2.3t the infinite dimensional case

As one can imagine, this final Section is much more technical than the previous ones. For instance,
there is no explicit reference measure that seems to be exploitable as (: the Lebesgue measure
cannot be extended on an infinite dimensional space ! Nonetheless, the core idea behind the proof
is still that the individuals carrying many mutations are actually wiped out very rapidly, implying
rapid shuffle of the last coordinates. Quite unexpectedly, the criteria we developed to deal with
jump events has proved to be very effective in this context. Notably, we could deal with moments
increasing too largely as exceptional events.

7.1 Main properties leading to the proof

The proof of Theorem 23 relies on the criteria stated in Subsection 2.2.1 of [26], as an extension to
those in Section 2.1 of [25]. We will treat both the case of large yet finite values of d and d = oo,
for which we recall that any = € X, := X% has a finite sixth moment.

For the purpose of Theorem 23] we replace the notation given in (B.]) by the following one:

Dy :={x € Xy ; Ms(z) <l mo€[(30)"1,1—(30)71}.

We prove Theorem 2.3l thanks to the following Theorems[Z.1}3, ordered by difficulty, and Lemmas
712 and [T We will see in Section [[I] how these Theorems together with Theorems 2.2 in [20]
imply Theorem [Z3] In the next subsections, we then prove Theorems [[.T}3 by order of appearance.
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Escape from the Transitory domain. The sets E that we shall consider next are defined
through three parameters mg, y > 0 as follow:

Ei={z e Xy; Ms(z) <ms, Vj<|ms/nl+1, z; >y} (7.1)
We recall the notation 75 as the entry time of E.
Theorem 7.1. For any t,e,n > 0, there exists mg, y > 0 such that, for any d € NU {co} :

sup  sup P, (t <719 ATR)<e
deNU{oo} m€X,

In particular, for any p,n > 0 we can choose such ms and y such that:

sup  sup E, (exp[p (1o A TE)]) < 2.
deNU{oo} z€Xy

Mixing property and accessibility. The two following theorems exploit a reference probability
measure ¢ on X;. This measure is chosen to be especially adapted for our arguments, in a way
that makes it actually complex to express. Its specific definition is given in (T22) by relying on the
notations introduced in Subsections [Z.4] and

Theorem 7.2. For any d € NU{oo}, the probability measure ¢ defined below in [[22)) satisfies the
following uniform mizing condition. For any ¢ > 1 and t > 0, there exists L > { and ¢ > 0 such
that for any d € NU {oco} and x € Dy, with Tp, the exit time out of Dy,:

P (X(t) €dr ; t < Tp, A7) > c((dx).

Remark 7.1.1. It can be noted that for any x € Dy, Tp, < Ty, so that the latter may be omitted in
the expression.

Absorption with failures. We will consider any E of the form prescribed by Theorem [Z.I] and
again the same probability measure (.

Theorem 7.3. Given any p,ms,n,y > 0 and any ¢ € (0, 1), there exists tv,ta,ca > 0 such that
for any d € NU {oo} and x € E, there exists a stopping time Ua such that for any x¢ € E:

{ro Nty U} ={Us =00} and Py(Ua =00, tv <T79) <e€exp(—ptv),
while P, (X(UA) cdy ;, Us< 7‘6) <cap PIC (X(tA) edy ; ta< TH) - (7.2)

Moreover, there exists a stopping time UZ° satisfying the following properties:

o U := Uy on the event {Ta ANUy < T}f}, where 7‘£1? =1inf{s > tv: X, € E}.

e On the event {7}, < 79} N{Ua = o0}, and conditionally on Fri, the law of UR — T4 coincides
with the one of ﬁf‘o for the shifted process ()Zt)tzo = (Xfr,{Jth)tZO-

For the proof of this Theorem, it is helpful to replace the initial condition ¢ by z, € E. Without
this issue of having an estimate uniform in d sufficiently large, we could simply impose additionally
in our choice of mg > 1 and y > 0 that ((E) > 1/2. A priori, there is no reason to expect that
it could not hold globally in d, yet we do not see how to justify it clearly. Instead, we exploit the
following Lemma, which is to be combined with the fact that the definition of ¢ in (Z22) makes it
supported on:

Xt = {zxecx?; zy>1/10}.

Lemma 7.1.2. There exists ms,y,c,t > 0 such that for any d and ¢ supported on X2, we have

Péd)(Xt € E) > c. In this expression, E is defined as [[l) in terms of ms,y with the arbitrary
choice of n:=1.
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Proof of Lemma[7.1.2l We have thanks to Theorem [Tl a uniform control on the time of coming

back to E, provided we can handle the survival starting from ¢. From (Z22) and the definition of
79, Since ( is supported on X%, we deduce that under Péd), whatever d, (Xo(s)) is lower-bounded

*

by the solution Y to the equation:

dY, = —\ds + /Y, (1 - Y,)dBy(s), Y(0)=1/10.

Thus, denoting ¢ := Py /19(Y;/2 > 0)/2 > 0 independent of d, we have uniformly:

P (t/2 < 19) > 2c. (7.3)

Thanks to Theorem [Tl with the arbitrary choice of n = 1, we then deduce ms,y > 0 such that for
any d and x € Xy:

Péd)(t/Q <T9NTE) < cC.
Combined with (Z3]), this concludes the proof of Lemma O

Lower-bound of the survival capacity. The sets (Dy) do not completely cover the state space,
yet:
nglpg =X;\ {60}, where {§}:=(1,0,0,...).

To deduce that h is positive on &g, we exploit the following Lemma:

Lemma 7.1.3. For any yo > 0 and uniformly in d € NU {co}, there exists t > 0, £ > 1 such that
the sets Hyg := {ax € Xy : w0 > yo} satisfy:

inf{le,CEGHd} ]P)m(T'Dg S tA 7'6) > 0.

In particular, there exists ¢ such that Ps,(7p, < 79) > 0. The proof of Lemma is a
straightforward adaptation of the one of Lemma [5.1.4] by replacing Proposition by Theorem
[[Il The reader will be spared further details. We note that the specific definition of the sets Dy,
which are different for the two lemmas, is actually not involved.

7.2 Proof of Theorem with Theorems [7.1}3 and Lemmas [7.1.2}3.

For this proof, we plan again to exploit Theorem 2.4 and ensure this time Assumption (AF).

First, it is clear that the sets D, satisfy assumption (A0g). From Theorem [[.2] assumption (A1)
holds true for the reference measure ¢ defined by ([Z.22)). This measure ¢ defines a value for pg From
Lemma 3.0.2 in [25] and (A1), we know that pg is upper-bounded by a certain value pg that only
depends on the constants involved in (Al). In order to satisfy p > pg, we set p := 2pg.

From Theorem [Tl and arbitrary imposing n = 1, we deduce mg,y > 0 such that assumption
(A2) holds for this value of p and E defined as ().

Since increasing ms and reducing y make the corresponding subset E increase, we assume without
restriction that these values are larger than the ones specified in Lemma Note that the
definition of ¢ given in (T22)) ensures that it is supported on X (because of the constraint £y, < 79).
It means that there exists t1,c; > 0 such that for any d, we have Péd) (X, €E) > .

For the proof of (A3r), we use this choice of ms,y,n and p and exploit Theorem for any
given € > 0 to define tv,t4,ca > 0 and to express U4 as a function of x. Note that we exploit the
Markov property to get the following inequality:

chd)(XUA edr’, Us < o0) <cr.ca IP’éd)(X(tl +ta) €dr’ ; t1+ta <To).
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This concludes that Assumption (AF) holds true. Exploiting Theorem [Z4] this concludes the proof
that the semi-group displays QSC and that the Q-process exists on H. Thanks to Proposition Z.5.3]
and Lemma [Z.1.3] we deduce the required positive lower-bounds of hs., notably implying H = X.
Since all the parameters can be chosen independently of d sufficiently large, this is also the case
of any parameter involved in the convergences. One can indeed check that there are intricate yet

explicit relations between all the parameters introduced in [26]. This concludes the proof of Theorem
O

7.3 Proof of Theorem [T.1]

The proof of Theorem [Z1] relies on the following Lemmas, easily adapted from the uniform escape
and the uniform descent of the moments in the finite dimensional systems.

Lemma 7.3.1. For anyt > 0:
sup {Pm (t <79) ‘d eENU{o0}, ze Xy, Mi(z) € (1,00) , 2o M1(z) < (5} tends to 0

as 0 tends to 0.

Lemma 7.3.2. Given any t,yo > 0, and recalling Ty(my) := inf{t >0 ; M;(X;) <mq}:
sup {Pm (t <Ty(m1) A 7o) ‘d eENU{o0},ze Xy, z9> yo} tends to 0 as mq tends to co.
Lemma 7.3.3. For any t,mq; > 0:
sup{Pm (t <79) ’dE NU{oo}, z € Xy, Mi(z) <my, xo < 5} tends to 0

as 0 tends to 0.

From the finite dimensional case, we adapt the definition, for any y > 0 and k > 0, of:

Ty :=inf{s >0; Vj<k, X;(s) >y}
Lemma 7.3.4. Given any k € N, and t, my,yo > 0:
sup {PI (t < T; /\Ta) ‘d € [k,o0]U{o0}, x € Xg, o > yo , Mi(z) < ml} tends to 0

as y' tends to 0.

Lemma 7.3.5. Given any k € N and t, my,y > 0:
sup {Pm (Fj <k, I3s<3t, X;(s) <y, 4t <79) ‘d € [k, o00[U{oc} , = € Xy,

Mi(z) <mq ; Vj<k, z, Zy}

tends to 0 as 3y’ tends to 0.

Lemma 7.3.6. Given any k € N and t, my, > 0:
sup {PI <12£Mk+1(XS) > mk+1> ‘d € [k,o00[U{o0} , z € Xy, Mag(z) < o0, Mi(z) < mk}
tends to 0 as myy1 tends to co.
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We let the reader check that the proofs of Lemmas [7.31] [[.32] [7.3.4] and can be adapted
mutatis mutandis from the ones of resp. Lemmas [(.0.3] (.0.4] and

As a generalization of Lemma .51 Lemma [[L33]is a consequence of the fact that X is upper-
bounded on the event {sup,—, M;(s) < m}} by the solution Y of:

dY; = am) Yy dt + /Y,(1 — Y)dBo(t) , Yo = 0,

for which it is known that 0 is an absorbing value. Thanks to Lemma 3.2 in [I], we know an
upper-bound going to 0 as m/ goes to oo of P, (sup,«, M1(s) > m}), uniform in z € X such that
M1 (.Z') S my. -

We begin with the remaining proof of Lemma[l.35] and then conclude the proof of Theorem [Tl

7.3.1 Step 1: proof of Lemma [7.3.5

Let k > 1, t,my,y > 0. For § > 0, that we shall choose sufficiently small, let: 75 := inf{t >
0; Xo(t) < ¢}. By Lemma 3.2 in [I], M;((3t) A 75) < m} with probability close to one for mj
sufficiently large and independently of §. Thus, thanks to Lemma[7.3.3] choosing ¢ sufficiently small
ensures that on the event {75 < 3t} extinction before 4 ¢ happens with a probability close to one.

We restrict ourselves in the following to the event {3t < 75}. Now, for 1 <4 <k, and y;—1 > 0,
let:

7 HNyimr) i=inf{t >0 5 35 <4, X;(t) <yi-1}.

The proof rglies on an induction over the coordinates 1 < ¢ < k that there exits 0 < y; < y;—1 such
that 3¢ < 7'(y;) with a probability close to 0 conditionally on the event {3t < 797! (y;_1)}.
On the event {3t < 771 (y;_1)}, we can observe:

dXi(t) > Nyi_1 dt — (ia+ N) Xi(t) dt + /Xi(t) (1 — Xi(t)) dB;(t),

for some Brownian Motion B; (these are clearly not independent for different values of 7). By some
comparison principle, for instance Proposition 3.12 in [2]], X; is lower-bounded (uniformly in z) by
the solution to the SDE:

dY;(t) = Ay dt — (ia+ N Yi(t) dt + /Yi(t) (1 = Yi(t)) dB;(t),

with Y;(0) = y and absorption at 1. Note that Y; cannot be absorbed at 1 before 7¢=!(y;_1) by the
definition of the latter and that Y; does not depend on d.

Now, for any 4, 0 is an entrance boundary for Y;, cf e.g. Subsection 3.3.3 in [12], so that there exists
0 < y; < yi_1 such that with a probability close to 1 conditionally on the event {3t < 70~ 1(y;_1)}:

info<; Yi(s) > v thus t < 7(y;).

More precisely, for any €, the above arguments shows by induction that there exists a decreasing
sequence (y;)1<i<k € (R%)*, with yo = 4, such that:

sup{]P’z (4t<7,9 |3t§7'790) ’z € Xg, Mi(z) <mq ; Vj<k, zj Zy} <e€/2,
sup {]P)z (T;i < 3t‘3t§ T;;ll) ‘:c € Xy, Mi(zx) <mq ; Vj<k, x; > y} <e/20

Now, since an immediate induction ensures that:

k
Po (% (yk) <3t, 4t < 719) <Py(4t <79 |75 < 3t>+Zﬂ”’z (Tii <3t|3t < T;jl),

Y -1
i=1

we can indeed conclude that the probability of {7%(yi) < 3t}N{4t < 75} is uniformly upper-bounded
by €. This ends the proof of Lemma [Z.3.5] a
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7.3.2 Step 2: final proof of Theorem [7.1]
With exactly the same reasoning as for Proposition [6.0.2] with Lemmas [[Z3.1] and instead of
and [6.0.4] we deduce that for any = € Xy, t > 0 and €, we can find m; such that:
P,(&1) <3¢, with & == {2t <Ti(m1) AT}
From Lemma [7.33] we can choose yg such that:
P.(&) <e  with & = {Xo(Ti(m1)) <yo}N{Ti(m1) <2t} N{3t <79}
Again with Lemma 3.2 in [I] and the Markov property, we choose mj > 0 such that:

P.(£4) <€, with & := {Ti(m1)+t < 19}
N{3s € [T1(m1), Ti(m1) +t], Mi(s) >m}}

Before we ensure that many components escape 0 during this time-interval [T3(mq), T1(m1) + ],
we need to know the number of components needed, which is given by the next step. Thus, thanks
to Lemma and again the Markov property at T7(mq) + ¢, we choose first a certain mg (with
an implicit step for the second moment) such that:

P, (56) <, with & := {Tl(ml) +t< Ta} n {Ml(Tl(ml) + t) < m'l}
N{T1(m1) 4 3t < Ts(ms)}

and Tvg(mg) = inf{s > Tl(ml) +1; Mg(S) < mg}
Now, we can define k := [ms/n| + 1 (n being an imposed parameter in the statement of Theorem
[C1)) and choose thanks to Lemma [[:34] a certain y such that:

P, (53) <, with &5 := {Tl(ml) < 7'6} N {Xo(Tl(ml)) > yo}
N{Ti(mq)+t< T;}
where T; =1inf{s > Ti(m1) ; Vj <k, X;(s) >y}

Finally, we choose thanks to Lemma [[.3.] a certain 3’ such that:

P, (&) <e,  with & = {T} +4t < 7o} N {M(TF) < m}
N{3se[TFTF+31, 35 <k, X;(s) <y}

Provided that we prove that the event £ := {6t < 79 A 7} (with ¢ instead of y in the definition
of 7g) is necessarily included in the union of the exceptional events we have just defined, this ensures:
Vee Xy, P.(6t<79ATE) <8¢ and concludes the proof since t and € have been arbitrary chosen.

On &€\ &1, we know Ty (mq) < 2t.

On &\ U2, &;, we deduce also Xo(T1(m1)) > yo.

OnE\UL & TF < Ti(my)+t < 3t.

On E\UL,E : Mi(TF)V Mi(Ti(ma) +t) < mi.

OnE\UL & Vse[TF,TF+31, Vj<k X;(s)>y.

On E\US_ & :  Ts(ms) < Ty(my)+3t<5t.

Since moreover T; < Ty(my) +t, while, by definition of T5(ms),

Ts(ms3) > Ty (m1) +t, we deduce: Ts(ms) € [T;, fi + 3t]. As a consequence:
Vi <k, Xj(fo,(mg)) > 9/. Then, it would imply 75 < Tvg(mg) < 5t, which contradicts the definition
of £&. Thus: & C U%_&;, and the conclusion of Theorem [Tl is proved. O
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Transformation of the system of SDEs

The changes in the description of the system specified in the next two sections will be crucial for both
the proofs of Theorems[[3and[[2l Up to a multiplicative constant in the probabilities, they makes
it possible to gather the last coordinates in one specific block while keeping a Markovian description.
Our aim is then to prove that the dependence in the initial values of these last coordinates vanishes
very quickly. We split the system of SDEs to distinguish the ”descendants” of these doomed lineages
from the unlucky newcomers that have acquired additional mutations (whose traits are predictable).

7.4 Aggregation of the last coordinates
In the following, for any d € NU {oo} and k < d, we denote by P(*:9 the law of the solution to:

Vi<d, dX;(t)=a(M® ) —iAk)Xt)dt+MNXi1(t) = 1peqy X,(t)) dt

+ /X (t) AW — Xy(t) dW; (7.4): (S*D)
where W, := = fot VX (s)dwi,
M (1) = S, AR Xi(t) = gy 1 Xa(0) + kLo Xalt),

with (W%);>¢ a family of mutually independent Brownian Motions.

For the following proposition, we shall exploit a control on moments of order § relying on the
stopping time:
70 = inf{s >0 ; Ms(s) > m}.

m

Proposition 7.4.1. Given any t,e > 0, § > 2, there exists Cp;,Cq > 0 for which the following
holds. For any m > 1, with m’ := Cyrxm, for any d € NU{oc}, k < d, and any x € X3 N X% such
that Ms(x) < m, there exists a coupling between PED and P9 such that:

5 dpg m
on the event {t < 1, }: ‘ log WI[M] ’ < CGW’

where m' is such that ]P’;@ (7‘;;/ < t) <e.

An analogous result holds for § := 2, except that the upper-bound on the log-ratio of densities is then
Caxm.

Remark 7.4.2. In practice, we shall exploit Proposition [T4.1] only for § = 3. Yet, the proof is
almost the same for any moment provided 0§ > 2, while we mentioned earlier that the requirement
that Mg(x) < oo could be replaced by the requirement Mas(z) < 0o. So we treat Proposition [74.1] in
this generality and let the interested reader extend the argument.

This transform is naturally associated to the following projection 7 from Xy to X%, given by:

=g, ifi<k—1,

d k—1
l. 75
() — S a=1-Yay, ifi=k, (7.5)
=k =0
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For the following proposition, we also define (X}F])ie[[k’dﬂ as the solution to:

X
X0 s= A 0y = X 4 AL O 2y Lo X0
(F] (7]
+ 7 (t) t[F]J_ 7 (t) dW[F] (76)
X (1) X (1)

t Wi
where Xgo(f) =1~ 37 Xi(t), X(k) Ok
i<k—1 z>k

where (WF ]vi)ie[[hd]] is a sequence of independent Brownian Motion that are mutually independent

from the (Wi)ie[[07d]]. X[FI shall play the role of the renormalized sequence of the last coordinates,
and F' stands for ”Final”.

Proposition 7.4.3. For any k > 1, m(X) is by itself a Markov process under any ]P’(zk’d), whose
law is independent of d € [k, oo[U{oc}. The vector X under the law P has the same law as the
vector (X;:0<i<k—1; Xq xXi[F] 11> k), where the X are defined in (6.

The control of the increase in the moments for Proposition [[LZ1] is obtained with the following
proposition as the first step of proof.

Proposition 7.4.4. For any t > 0, there exists C' > 1 such that for any m,m’, d € NU{oo} and
x € Xy such that Ms(z) < m,
Cm

7

(d) (-3
P (mo, < t) < -

Similarly, exploiting the decomposition in Proposition [.4.3] we define:
i>k
73 = inf{s >0 ; MY (s)>m}, m>o0. (7.8)
For clarity, we define F*) = ¢(W? :4 < k —1 ; W). Recall that the process Xi[F] is driven by
Brownian Motions (WFl% : i > k) that are independent of F®*). The inclusion o (mj(X)) € F* is

directly obtained through the autonomous set of equation verified by 7 (X). The following control
on Mg[,F] exploits the filtration ]-“t(k) = FR) v F.

Proposition 7.4.5. For any t > 0, there exists C > 1 such that for any m,m’, d € NU{oo} and
x € Xy such that M[F]( ) <m,

RO (o2 <t | FO) < cm

ml
7.4.1 Proof of Proposition [.4.7]

Step 1.  We first express the Girsanov transform that makes it possible to relate P(*:4) and P().
It is expressed in the following Lemma [(.4.6] in terms of the following processes:

RPW):= Y -k X)), RO =Y (i—k)?2Xi(t)

i>k+1 i>k+1

One can notice that they correspond to the expectation and variance of the vector (Z?:o Xi;
XkJrl; Xk+2; )
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Lemma 7.4.6. There exists a coupling between P*4) and P4 such that:

dl g (k) (k) 2 ! (k)
- =aR 0)—aR;’(t) +« / Mi(s)— k)R s)ds
g Ebd) |[O,t] 1 ( ) 1 ( ) 0 ( 1( ) ) 1 ( )

t t 2t
o? / ng)(s) ds +a A / Xy (s)ds — % / [Rék) (s) — ng)(s)2 ds.
0 0 0
Proof:  While applying the Girsanov formula, we consider the exponential martingale of:

=« Z 1 —k /\/—dWl—i—a/R

i>k+1

By this choice, we obtain the following equalities:

d(L®, Wi>s = a [Ml(s> <’“>( ' } VXi(s) ds,
d(LP W), = —a Z i—k ds+aR()()ds:O,
i>k+1
dL®), = —a S (i — k) VX dL® W), = [Rék) (t) — R (tﬂ
i>k+1

The coupling can thus indeed be given by the exponential martingale associated to L) i.e.:

dpy?
log ——— =—« (i—k [/ VXi(8)dW?! — / Xi( dW]

d
dP? [0, >k+1

2

- % /t [Rék) (s) — ng)(s)Q] ds.
0

By noting the following equality

dR{" () = a(Mi(s) = k) B" (s) ds + a RYV () + A Xy (s) ds

: pnlf vwm [ iom).

i>k+1

we can state the above expression as stated in Lemma in term of the solution to ]P’(zd).

Step 2: The aim is now to get uniform upper-bound on the expression given in Lemma [7.4.0
We note that:

0< R < k0D 3" @ X(1) < k0D, (7.9)
i>k+1
Likewise 0 < M;xR¥ < k= O~ 01« Ms_1 < k=02 Mg, (7.10)

where we exploited Hélder’s inequality to deduce: M; < M;/é and Ms_1 < Méé_l)/(s. Similarly,
0< Xy < k:*‘sM(;, 0< Rék) < k’(‘;’Q)M(; while (ng))2 < Rék) by the Cauchy-Schwarz inequality.
Thanks to Lemma [LZ6, this proves that on the event {t < 7°,}, for a certain constant C; only
depending on 0 and ¢ (also on « and \):

d]P’(k’d) /

m

BB 0 <Cigsg (7.11)
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For €, with the constant Cy coming from Proposition [[.4.4] to prove Pgd) (Tgl, < t) < e, it suffices
to choose C)y := Cy/e, where we recall m’ = Cpy xm. With Co = Cy xCy/e, we deduce then from
inequality (ZIT) that on the event {t < 7°,}:

dp? m
- < O ——.
ST 0| = T 52

The proof is quite the same for the case § = 2, except that we only require (k:\/Ml)ng) \/ng) < Mo.
This concludes the proof of Proposition [[.41] O

7.4.2 Proof of Proposition

By defining X()(t) := z@k Xi(t), we can remark that: Ml(k)(t) = EigkfliXi(t) + k X (1)
Moreover, under P(5:4).

dX(k)(t) = OZ(M(k)( X(k) Ydt + AXk—1(t) dt + \/X(k)(t) th(k) 7X(k)(t) AWy,
where W(k) /
; X(k)
Jj=
Wy 1= Z/ VXi(s)dwi= " / VXi(s)dW; +/ VX (5)dW ).
i<k—1

Here, W) indeed defines a Brownian Motion at least until 7, since the mutation term ensures
that X stays positive, as it has been stated in Lemmas [[.3.4] and (the way we may extend
it afterwards plays no role). The correlation between W) and the (W?%);<,_1 remains zero, while
they constitute a system of Brownian Motions under the same filtration. W®*) is thus independent
from o(W':i < k—1), so that the system of equations satisfied by 71 (X) is equivalent for any ng’d).
Concerning X!, we define:

_ X - v X
dxX[F(t) = A k(k)l(())(l{z w = X O)de A AXD Oz — X[ (0) de

i [F] ¢ [F]
Xt , Xt
3 () 1 2 ()

Xi® ' Xm®)

Then, we define X; as X; for i < k — 1 and as X X )_(i[F] for i > k. Next, we check by exploiting
the Ito formula that X; coincide with X; also for ¢ > k, in which case:

aw k).

dXi(t) = MXi—1(t) — Xi(t)) dt — A X1 (£) X, (8) dt + (M — k) Xi(t) dt + X\ Xp_1(t) Xi(t) dt

+ /X)W =\ Xy () X 0w /X @) /X (0w

— Xy (O)dW} + § d(MB) ML, (7.12)

where /\/lgk) and MLF]’i denote the martingale parts of resp. X(j)(t) and )_(Z-[F] (t). In fact, this
covariation vanishes because, from the definitions of (W7, j € Z, ) and W®*), we first deduce:

X aw, Wy, - X @aw®, w), =o. (7.13)

Concerning then the covariation with W and recalling dW; = 3=,y /X (£)dW7 () ++/ X 1) ) dw ) ()
since for any j € [0, k—1], (W?, W) = 0 and (W), W) = 0, we can conclude that d(M ) MIFLH), =
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0. After simplification and replacing th(k) by its expression involving (Xi)izk, the system of
equations (ZI2) satisfied by (X;)ie[o,q) coincide with the system satisfied by (Xi)icjo,q)- By the
uniqueness of the whole system, X; coincide with Xj;.
Now, we have exploited in the previous calculation that the martingale component of X Z-[F], for
i > k, has a quadratic co-variation with WW®*) that stays null. Since these semi-martingales are
also adapted to a common filtration (F;) and their increments after time ¢ is independent of F;, we
deduce from Theorem 2.1.8 in [9] that W®*) is actually independent of the martingale components
driving XF1. Moreover, o(W?® : i < k — 1) is by construction independent of o(W? : i > k). Thus,
considering o(W? :i < k — 1; W(k))7 for which W is measurable, we deduce that it is independent
of the family of martingale driving X¥]. We can thus replace the latter by the expression with a
system of independent copies W) as in Proposition [ZZ.3 without changing the law of the vector.
This ends the proof of Proposition [[.43
O

7.4.3 Proof of Proposition [7.4.4]

Let t >0, > 1, m' > m,d e NU{oo} and x € Xy such that Ms(z) < m be fixed. The proof
generalizes the one of Lemma [6.0.] in the case where the martingale part is a priori only local.
We again consider the semi-martingale decomposition of Ms:

dM;(t) = Vs(t) dt + dMs(t), (7.14)

where M is a continuous local martingale starting from 0, whose quadratic variation is

(M), = / (Mas(s) — Mj(s)?) ds,

and Vs is a bounded variation process. Thanks to Theorem 3 in [I], since Mas(z) < oo, we know
that (Mas(t))s>0 is a.s. finite. This expression for the quadratic variation is thus well-defined.

Step 1: We first control the expectation of Ms, by proving the following lemma.

Lemma 7.4.7. Let 6,t > 0 be given. There exists Cpy = C' > 0 such that for any m > 1, x € X?°
such that Ms(x) < m, there exists a sequence of positive sub-martingale Mék) stopped at times T},

where Ty, — 0o, such that for any s <t ATy, Ms(s) < ]/\Iék)(s), and such that:

E.[M® ()] < Carm.
Proof: The sequence T}, for £ > 1, is introduced to localize Ms and have an upper-bound on
M®.
Ty :=inf{s >0 ; (My)s >k, M (s) > k}.

Recalling Theorem 3 in [1], for the fact that (Mas(t))¢>0 is a.s. finite, we easily deduce that Ty — oo
as k — oo.

We wish to characterize M, ék) as the solution to the following equation, valid for s < ¢ A Tj:
FT® (5) = m + / (CV® (1) + Ndr + MP(s). (7.15)
0
We exploit Duhamel’s formula to first define what will be M\ék) (s)— Mék) (s) on the event {s < T} }:

E(s) = (m — My(x)) €€ + /O T emCT(C My (r) + A — Vi (r))dr-
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For any s < T}, E(s) is upper-bounded by a deterministic constant. Similarly as in Proposition [G.0.1]
and thanks to the Hélder inequality, there exists C' = C'(§) = A(2° — 1) such that: Vs < C Ms + .
E(s) is thus positive.

Let us check that M\ék) (s) := Mék)(s ATy)+ E(s ATy) is indeed solution to equation (ZI5]). Let
s < T}, and compute:

E(s) = e“* x (e"“*E(s)) = (m — Ms(x)) + /0S O x e (C M5 (r) + X — Vs(r))dr
+ /S CeC" x (e_CTE(r))dr

= (m — Ms(x)) + /0 [C(E(r) + Ms(r)) + X — Vs(r)]dr

= MM (0) — M5s(0) — /0 ’ Vs(r)dr + /0 5[0M§k>(r) + Ndr,

from which it is clear that M, ;k)(s) is indeed solution.

Recalling that E is positive, we immediately deduce that Mék)(s) > M;s(s) for any s < T},. Since
Ms is non-negative by definition, it is also the case for M ék). Because of (ZI3]), with the fact that
M ék) stays fixed after Ty, this proves that M ék) is a positive sub-martingale and that for any s < ¢:

770 ERnG
E.[Mg7 (5)] < (m+ At) + C/ E [Mg™ (r)]dr.
0
Recall that both Ms(s) and E(s), are upper-bounded for any s < ¢t A T}, by a uniform constant

depending on ¢ and k. This implies a similar upper-bound on E, []/\/[\ ék) (r)], that guaranties that we
are in conditions to apply Gromwall’s Lemma, see for instance Proposition 6.59 in [2I]. From this
we deduce: .

E,[M® ()] < (m + At) €.

This concludes the proof of Lemma [TZ7 with Cj := (1 + At) e“* (recalling m > 1).
Step 2: By exploiting Doob’s inequality on Mék), we obtain:
P,( sup Mjs(s) > m') < P,(sup Z/W\&(k)(s) >m')

s<tATy s<t

E,[M;" ()] _ Cum.

/

<

/

m m

We know let T, — oo and conclude the proof of Proposition [[.4.4] by showing that:

Cym

Po (1), <t) < ——

m

7.4.4 Proof of Proposition [7.4.5

Under P*4) | we exploit the It formula and distinguish the part involving the Brownian Motions.
MB[,F] is solution of:

aMF () = v yat + dmIT ), (7.16)
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where Vg[F] is a bounded variation process defined as:

Xk-1

Vi =
’ X(k)

(k% = M3 () + A3 0+ 12X - and, (7.17)
0>k

Note that whatever the values of ’“( )1 with the rough estimate (£ + 1) < 83 for £ > 1, we always
have Vg[ ) < 7)\M . On the other hand, ./\/l[ Vis defined as:

xFwy e X)) e
VISEIPSER P E Y i GO R dW[ . (7.18)
’ Zzzk X)) VX (1)

Relying on the same calculations as for Ms, ./\/lgF} is a continuous local martingale starting from 0

for the filtration ]-'t(k) whose quadratic variation is

iy = [ 20— G,
S)
The rest of the proof of Proposition can be easily adapted from the one of Proposition [[.4.4]
(with C' = exp[TAtg] V 1). O

Now that we have all the tools we need for the first transform, we can turn in the next subsection
to the second one.

7.5 Splitting of the solution
For any d € NU {oo} and k € [1,d], consider the solution to: Vi < d,

ax; () = a(M{? (1) —i A R) X[ (1) dt + MXE () — Ly X, 7 (1)) dt
n XEG](t) th[G],i _ [ ]( )th’ (e
where Xi[G] (0) := @ Lyicp—1y 3 =1- ZX[G

W, = Z/ VX (s)aw (6 /\/X[R )dWw Bl
M) = Yy A K) XIEU(E) + K X gy (1),

Here, the (W12 i > 0; WIE) defines a mutually independent family of standard Brownian Motions.
[G] stands for ” Generative” while [R] stands for ”"Rest”, with the idea that the [R] component shall

quickly get extinct. Notably, 0 is an absorbing state for X|zj, whose absorption time is denoted T}),R].

The following solutions are well-defined in the time interval [0, T[R] )-

XM o xP)
vi<d, dX") = X ) = 10 X @) dt + | L aw B - i A gyl
1 {i#£d} X[R] (t) t X[R] (t) t

R ._ [x1( R _ Til{i>g R
where W/ => / XY (s)dW] X, M0) = S o (SA)

>0
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Again, the (WIE?) define a mutually independent family of Brownian Motions, also mutually inde-
pendent from the family (W[¢1%) (and not from W of course). Let FI&! be the filtration generated
by the family (Wi >0 ; W),

Looking at the equations for X[¢]
deduce the following fact.

, we see that it describes an autonomous system. We thus

Fact 7.5.1. Considering two initial conditions x and a’ such that Vi <k—1, x; =af, X[C under
P, has the same law as X'C under P, .

Our model is implicitly exploiting the following lemma:

Lemma 7.5.2. For anyt, >, XJLR] (t) = 1. W as defined in S is a Brownian Motion, by con-

struction independent from the family (W[G]’i). We are thus allowed to choose this same Brownian
Motion in the coupling between the dynamics of X and X1C1,

Lemma 7.5.3. Xg] is solution to:

AX (1) (8) = o (M{® (£) = ) Xy (8) dt + [ Xy (8) (1= Xy (1) AW,

for a certain Brownian Motion WIE, Looking more precisely at the interactions with XG), it is
actually solution to:
dX gy (t) = a (M (£) — k) X1 (t) dt + 1/ Xgy () dWE = X1y (£) AW (7.19)

We see in the next lemma how these solutions are related to our initial problem.

Lemma 7.5.4. The (XZ-[G] + Xig) X X}R})igd defines a solution to (7.4):(S*4).

Moreover, an analogue of Proposition [[.4.4] can also be obtained in this setting. Let:

M) = 3 gy 2 X (1), (7.20)
7B = inf{s >0 ; M (s)>m}, m>o0. (7.21)

Lemma 7.5.5. For anyt > 0, there exists C > 1 such that for any m,m’, d € NU{oo} and z € Xy
such that x () >0 and MB[,F] () < m,

Bk (813 < 4| 1) < O
x m m/

The proof of this lemma relies on the same ingredient as the ones of Propositions[7.4.4] and
The main difference is that the sequence (T,£R]), i.e. the analogue to the sequence (T}) of Lemma
[CZ1 now satisfies limy_ o0 T,£R] > TéR] = inf{t > 0 ; X[g(t) = 0}. The reader will be spared
further details. Next we prove Lemmas to [L54l

Remark 7.5.6. e To define (Xi[R])izo, one can extend the well-defined solutions on [O,TJLR]] where
= inf{t >0 ; Xig(t) <27}

i[R](t) =0 for any t < TéR] and i < k—1.

o XI[H gathers all the information related to dependence in the initially large components. It is

doomed to disappear quickly when k is large, because it concerns only a very small fraction of the

population, and the source term has been driven towards X,[CG]. Note that Ml(k) (t) <k so that even
the drift term will not help.

e By construction, X

36



7.5.1 Proof of Lemma [(.5.2¢

The independence is clear and to prove that W is actually a Brownian Motion, we simply have
to check that for any t € [0,757), Y2, X}¥(t) = 1. Let ¥; := 1 — 3, X} (). By definition Y; = 0,
This process satisfies on the other hand

R
1-Yyea X0

R R R),j
AV = =5 ey AX (1) = - (S eay VX )aw ),

Xir)(t)
Y, —
= ! awi,
\/ X (t)-(1-Y3)
where Wt =3 {i<d} fo R, dW[R] " is a Brownian Motion. Classical methods as the ones
exploited in ﬂﬂﬂ for comparison principles makes it possible to prove for any m > 1 that Y; = 0 for
any t <inf{s >0 ; Xjgj(s) <1/m}. This thus holds true for any ¢ < 7‘[ Kl O

7.5.2 Proof of Lemma [T.5.3
We deduce equation [LI9 from (S[¢]) since > ica(@iz1 — Lpzaywi(t)) = 0 for any z € Xy and:

ST () - AR Xt = MP ) [ - X)) - Y6 AR X D)

k
=k X(r(t) = MV () Xy (8)

From this, we deduce:

AX () (1) = (M (1) = ) Xy (8) + /Xy (1) (1 = Xy (£) IV,

— x9N :

R i Gl,i

where dW;™ = 1gocryy | /1= Xim () AW =/ Xm (0) D T X@® -
i<d

+ 1{t2‘ra} th(e)’
is indeed a Brownian Motion for W(¢) a Brownian Motion, noting that 1 — Xr = XO[G] > (0 as soon
ast < 1p:=1inf{t >0 ; X[G]( t) =0}. O

7.5.3 Proof of Lemma [7.5.4
For i < d, denote X; = Xi[G] + X(g) X XZ-[R]. We deduce the system of equations it satisfies from the
It6 formula. Note that the martingale parts of X |z and X (%] have a zero covariation. The bounded
variation term in the equation of X, is thus:
k G G G
(M7 (1) ~i A k) f%ﬂ+A(}Kﬂ—h#aXf%»
k R
+a () =) X (0 X, + X O A (50 = Lz X 0)
= a(M;" (1) —i A ) x>++A< —1(0) = Ly Xa(D)).
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For the martingale part, we find:
AM;(t) ==/ X[ ) aw [ — x9N @) aw,

/X O |V awt = P awt®) 4 x|/ Xia vl - X0 @]

= /X&) a4 X 6) X ) aw - (X[ 8) + Xy (8) X () aw,

Here, we thus define the family Wl by

=3 Xy ¢ / XTRIG V"
7 Jo 0

Then, (X;) indeed defines solutions to since for any ¢ < d and decomposition
y=y" +y", we have: o] | — Lyzgyay (t) + o7 — Lzqyai (t) = w31 — Lzqy2i(t). In particular,
we have a.s. ZjX][-G]—i—XJ[-R] =1 O

With the tools for the two transforms given in the last two subsections, we are now in position
to prove Theorem and Theorem in the next two subsections.

7.6 Proof of Theorem
We recall the definition of D,:

Dyi={z€Xy; My(x) <L, 20 ((3),1-(3)7")}

The mixing will be achieved in two steps, with each step being completed after a time-interval of
length ty;. tpr is arbitrarily taken as tp; = 1. We will exploit upper-bounds of the third moments
given in Propositions and for the specific case where k = 1. In this proof, considering
second moments instead of third ones would have been sufficient. Yet, estimates of the third moment
shall be required for Theorem and we wish to emphasize the similarity between these proofs.

The proof of Theorem[Z.2is concluded by exploiting the two following lemmas, that we shall prove
as first steps. For certain m > ¢ and y < 1/(2¢) to be fixed later, and noting MB[,F] = Ms/(1 - Xy),
let:

TS = inf{t > 0 ; Ms(t) >m(1— Xo(t)}, T0 :==inf{t >0 ; Xo(t) ¢ (y,1—y)} < 7o.

Lemma 7.6.1. For any ¢ > 1 and tp; > 0, there exists m > ¢ such that for any y € (0,1/20) there
ezists ¢ > 0 such that for any x € Dy:

IP(zd)(Xo(tM) €dxy ; tm < 7_7[5],3 A Tyo) > Cl{moE(?y,:lny)} dzop.

For the following lemma, we base ourselves on the splitting presented in subsection with
k = 1. With these definitions of X (¢l and X, we also denote:

[R] =inf{t >0 ; Xp(t) =0}
T[G] S.=inf{t>0; M[G]( t)>ma}, 7'7[5'1]%’3 =inf{t >0 ; MPER](t) > mg},
where M?E I.— Zz>0 ng[ ] MP[)R] = Zz>0 i3 X[R]

Moreover, recalling that FI& is the filtration generated by the family (Wi i > 0 ; W), the

event {7'6 B <ty < 73 A 79} is FIC) measurable.
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Lemma 7.6.2. For any ty; > 0,there exists mg,c >0,y € (0,1/10), ¥ € (0,y), such that for any
x € Xy such that xg € (1 —3y,1—2y), with 7° mf{t >0 ; Xo(t) ¢ (1/10,1—4")}:

P(l d)( (R] <ty [GC];,S A 70) > ¢

Thanks to these two Lemmas and Lemma [Z5.5] we shall be able to prove Theorem [I.2] with the
following definition of {. In this formula, the values of y and m¢g are deduced thanks to Lemma
[7.6.2] with the (arbitrary) choice ¢y := 1.

1-2y
((dz) = l/ dro PO (X (tar) € d | 757 < tar < 71802 A 70), (7.22)
1

v )i_s,
where To 1= 1'050 + (1 — SC()) 51.
Remark 7.6.3. o As claimed in Subsection[7.Q while exploiting Lemma[7.1.2, the constraint tyr < o
indeed ensures that Xo > 1/10, (-a.s. The constant 1/10 is arbitrary chosen for convenience.
e For simplicity, we shall apply the cutting and the splitting for k = 1. The proof of Theorem[7.3]

will exploit a generalization of this result for k large, with the first step ensuring a lower-bounded
density of (Xi(tar) ; @ < k—1) on any Vi(y), where Yi(y) is defined for y € (0,1/k) by:

Vi(y) ={z € Xy ] (/\igk—l zi) A (1= Zigk—l ;) > y}.

7.6.1 Step 1: proof of Lemma [7.6.7]

Under P(M9 | X is solution to the following autonomous equation:

dXo(t) == aXo(t) (1 — Xo(t)) dt — AXo(t) dt + /Xo(t) (1 - Xo(1)) dW.

This property can be deduced as in Lemma [[.5.3] by identifying WO as a Brownian Motion that
satisfies for any t < 7p:

VXo(t) (1 = Xo(£) dW? = /Xo(t) dW? — Xo(t) dW,.

It is then classical for such an elliptic diffusion that Xg(¢ys) has a lower-bounded density on (2,1 —
2y) on the event {tp; < T} }, uniformly over any initial condition such that zo € (1/¢,1 —1/¢).

We apply Lemma [Z.5.5] with splitting generated for k = 1. Thus, we can choose a certain m > 0
such that for any = € Dy:

P (¢, < 7S |]:[G]) >1/2. (7.23)

Note that W is clearly FI&l-measurable

On the event {t); < 7 LR A T}, one has for any s <ty

sup{X(1y(s) ; Mi(s) ; R{(s) 5 RS (s)} < My(s) < m.

Applying Lemma [0 we thus deduce that there exists C' > 0 only depending on m and 5, such
that:

P (Xo(tar) € dwo § tay < TS ATY) > CPLD (Xo(tar) € dao § tar < 7S ATY).

Because of (.23]), this concludes the proof of Lemma [T.6.1] O
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7.6.2 Step 2: proof of Lemma [7.6.2

Thanks to the Harnack inequalities, recalling that the equation for Xy = X([,G]

can choose a certain ¢g > 0 such that for any x € X satistying x¢ € [1/2, 1]:

is autonomous, we

P (tar < 71j10) 2 co,  where 719 = inf{t > 0 ; Xo(t) < 1/10}. (7.24)

Likewise, X (1) being governed by an autonomous equation, we can choose a certain y sufficiently
small such that for any x € &’ satisfying xo € [1 —2y,1 —y] (i.e. X(1)(0) € [y,2y]):

P (1 < i) < /4. (7.25)

Since the border 1 is an entrance boundary for Xy, cf e.g. Subsection 3.3.3 in [12], there exists
y' € (0,y) (again independent of d because Xy is autonomous under P(#), such that for any z € X
satisfying zp € [1/2,1 — y]:

PD (13, < 70) > 3¢ /4. (7.26)
By Proposition [.44] there exists m¢ sufficiently large such that for any =z € A

P (IS < tap) = PO (7193 < ta) < eo/4, (7.27)

mg @ —

where we exploited that M3(Zy) < 1 because T has support on {0,1}.
Combining the inequalities (C26]), (Z28), (C27), we obtain the following inequality:

PO (7 <ty < 712 A 70) > o /2.

This concludes the proof of Lemma [{.6.2) O

7.6.3 Step 3: conclusion of the proof of Theorem

We first define mg, ce > 0, y € (0,1/10), v € (0,y) thanks to Lemma[Z.6.2 such that for any = € X,
such that 29 € (1 —3y,1—2y):

chl’d)(TgR] <ty < 77[,%’3 AT > cq. (7.28)
Given £ > 1, we then define mg, ¢y > 0 such that for any x € Dy:
Pgd)(Xo(tM) € dxg i < Tgll’s VAN Tyo) >y 1{106(173%1727;)} dxg. (729)
We define also mpg > 0 thanks to Lemma [T.5.5] so that:

PO (1 < 73| FIO) > 172, (7.30)

provided x satisfies MB[,R] (0) < 2mp (so in particular when zg > 1/2 and M3(z) < mp).
By choosing L sufficiently large, we ensure L > mp V (mg +mpg) V (1/y'). Recalling that Tp,

denotes the exit time out of Dy, and that M3 < Mz)EF] (here k = 1), it proves that {t); < TEA’BATS} C

{ta < Tp,}. Likewise, since My < M+ M {t5, < 2503 A 2[8 A 70}y € {tar < T, ).

By the Markov property:

PO (X (2ty) € da’ ; 2ta < Tp,) > / " Ve (d2)P (X (tyr) € da’ 5 tar < Tpy,),
X

where v, (dz) :== P (X (ty) € dz ; ty < 7'7[511’3 A Tyo).
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The previous r.h.s. is itself lower-bounded by
/ " VI(dZ)1{206(173%1727!)}]?2(1)(X(tM) e dx’ 5 TlgR] <ty < T,L?C]:’B ATYA T,Lﬁl’g).
X (d

Note that on the event {Té[,R] < tum}, we know thanks to Proposition that X (tp) =
X (tpr). Both XI(ty) and {T(gR] < tu} are Fllmeasurable. Moreover, on the event {t; <

T,L?G] A 70 /\T[R]B :

sup Ms(s) < sup M?[’G](S) + sup M?[’R](S) <mg+ mg.

s<tm s<tm S<t1\4/\TéR]

Using Lemma [[.4.0] with a uniform upper-bound on the exponential martingale (with & = 1) on the

event {T}),R] <tu < 7‘7[7?;]; SATOA T 5], 3} we deduce that there exists cg > 0 such that:

P(X(2tp) € da’ 5 2tp < Tp,)
>cp / Ve (d2)1 (pe -y -2y B D [PUD (0 < 7102 | FI9) 5 X19(10y) € da
X (d)
TéR] <ty < T,[,?G]’B A TO]

> (CE/Q)/@ Ve(d2)1(zpe1-3y.1-20 Bl [X19(tar) € da’ y 75 <ty < 7JG03 A 7]
X

where we exploited that both X[¢! and the event {7‘ 7] <ty < T[G] 5 A 79} are FlGl.measurable,
that they depend on z only through zp, and (30]). We thus have the same laws for initial condition
z and Zp. Thanks to (C28) and ([C.29), this concludes the proof of Theorem [I2]

O

7.7 Proof of Theorem
7.7.1 Choice of the parameters

We give ourselves p, m$,7",y° > 0 and fix arbitrarily tv = 1.

In the first time-interval of length ¢ty < tv to be fixed below, we couple the first k& coordinates
between two processes with different initial conditions. Then, we aggregate the last coordinates in
X(r) and impose that Xg) get extinct in the next time-interval of length tv while X [N evolves
independently.

In view of Lemma [[53.3, we wish to control extinction of an upper-bound of X{z of the form:

for ¢ Z ty, dZt = Zt (1 - Zt) th 9 Zt! =z, (731)
where W is a Brownian Motion. Namely, for any € > 0, we choose z in such a way that:
P.(tv/2 <718) <e, where 77 :=inf{t>0; Z; = 0}. (7.32)

Now, with the constants C, Cs appearing in Proposition [LZ1] for 6 = 3 and ¢ = tv, we choose
7 such that:

1< (2/Car) A/ (Ca)?) A, (7.33)
Given some p > 0, we can choose thanks to Theorem [l certain mg > m$ and y < y° such that:
Vo e Xy, Ey(explp(ro ATE)]) <2, (7.34)

where we recall:
E:={zxeXy; Ms(x) <ms, Vj<|ms/n]+1, z; >y} (7.35)
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Remark 7.7.1. The set E° defined through m3,nm°,vy° is included in this set E (depending on ).
Proving the inequalities for any x,z; € E clearly implies them for any x,z: € E°, as required.

Exploiting Proposition [Tl with m’ = Cyymg3, we deduce that for any = € E:

Cams
k

Recalling that k := |m3/n| + 1 and n < z/Cys, we deduce that on the event {tv < 73,}, for any
tg <tv:

P.(12, <tv) <

<e. (7.36)

Chrrxms
This provides the initialisation of X|gj, that we couple to the original process from time ¢y onward
thanks to the Markov property. Notably, X{z is upper-bounded by Z (see definition (Z.31))).

Note that for any x € E, recalling (7.0):

me(z) € Y(y) where Y(y) :={z € X} ; ( /\ xi) >y}

i[0,K]

on which the diffusion term for (S®), i.e. (1.1):(SD)) with d replaced by k, is uniformly elliptic.
In practice, we need a bit more space for the Harnack inequality to hold, so that we consider the
exit time:

Ty o= inf{t > 0 ; m(X (1) ¢ V(y/2)} < 5. (7.38)

The probability of such an escape is required to be very small, uniformly in x € F, according to the
following lemma.

Lemma 7.7.2. With the above definitions, and P*) the law of the system given by (S(k)):

sup ]Pgr]z.)(x)(TH <tyg)—0asty — 0.
el
Since the system (S(*)) is uniformly elliptic on J(y/3), and recalling Proposition [[Z3] Lemma
[7.7.2 is easily deduced from classical results as for instance Proposition V.2.3 in [4].
Thanks to Proposition [[Z43] we can thus choose ty < tv/2 sufficiently small such that:

sup PP (T < ty) < e. (7.39)
zelE

7.7.2 Definition of U, with a control of exceptional events

In this context, with the splitting starting at time ¢y, T(gR] =inf{t >ty ; Xip(t) = 0}.

In view of Theorem[[.3] we define U4 := tv on the event {ty < Ty }N{tv < T§”//\Ta}ﬂ{Té[,R] <tv},
and otherwise Uy := oo.

Exploiting Proposition [Z.Z1] and recalling the definition of E, m’ and tg, we deduce:

P, (Ua = 00, tv < 19) < 2PED (ty < Tyr) + 2PFD (ty < 757) 4 PO (Tgn' < t!) <5e.

For Theorem [T3] it means that the threshold is obtained with €’ such that € = ¢ x exp[—ptv]/5.
Since € is freely chosen, so is €.

It is technical but elementary that this definition of U4 gives rise to a stopping time U$° extending
it in the sense described in Theorem Rigorously, in the notations of this Subsection [.7 note
that E°, see (T.35)), takes the place of the set E in Theorem [73] which makes little difference in the
proof.
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7.7.3 Comparison of densities

Since the problem is reduced to a finite dimensional one, the Harnack inequality states, as in Sub-
section 4] that there exists Cy > 0 such that:

inf PD (4 (X)) € da’  ty < Tar A ’r(k) )
x5 m(2)EV(Y)

>Cu sup ]P’(z]f’d)(ﬂk (X{,)eds" , tg <19 N 'r(k) ) (7.40)
x5 mr(2)EV(y)

where 'rﬁf,m := inf {t >0; Z{z>0} (i ANE)3X(t) >m }
Let x, ¢ € E. Thanks to Proposition [.4.1}

P ( Xy, € dx’ , Ua < 00) <2PFD(X,, €da’, Us < c0)
= QE(k’d)[]P)(k’d)(X[G](tv — tH) e dx’ ; Té ] <tv—tg <T9NT, ) tg <Tgy /\ng’]

< QE(kd)[Pg?(?))(X[ lty —ty) e da’ ; Té[, l<tv—ty <Ta/\T[ WY sty < Ty /\T(k) 3
<20y ERI[P (’“(C”)(X[ Wty —ti) eda’ 5 T <ty —ty < 7o ATSD) 5ty < T A%,
(7.41)

because of (Z40) and Fact [C5]] noting that 79 and T(gR] are measurable with respect to o(X[C1).
To go back to P49, we shall exploit again Proposition [ZZ1l So we need to again ensure upper-
bounds on the third moments for the last components for which we lost the information.
For the time-interval [0,¢], in order to exploit independence as much as possible, we shall

exploit the representation given in Proposition[7.4.3l Since x; € E, we have Mz)EF] (0) < ms/y. From
Proposition [[Z0] we thus define my such that for any z¢ € E:

P (73 <ty | FO) <172, (7.42)

Note that MP[,R], as in Lemma [[.5.0] is initialized (at time ¢ty in this context) by M?[)R] (ty) =
MB[,F]( XB(ty)) < mpy. Depending on the context for the start of the splitting with X, the
definition of T7[n] @ may be adapted accordingly.

From Lemma [[55] with ¢t = tv — ty, we then define mp such that for any x € Xy such that
Mz)ER] (x) <mpy:

pk:d) (T,[f;f’ <tv—ty yf[GJ) <1/2. (7.43)
From these results, we can come back to (Z4I) and deduce first from (43 that, on the event
{tH < Ty /\T(k) 3}.

P(k(d) )(X[G](tv ftH) e dx’ 3 TéR] /\7'7[752{’3 <tv—tg < 7'3)

> (1/2) <P (Xt — t) € da’ 5 7Y <ty —ti < 79)
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Then more generally, since X !¢ is independent of what happens to X ] in the time-interval [0,tp]:

E;]Z’d) [Pg’;&;g)(X[G] (tv —ty) € d2’ ; TéR] <tv—tg<To A T,r[ng A T,[fllﬁ)
e < Ty A 7'7(:,)’3 A\ T,,[fjl’g]

> (1/2) ERDVPED (X (b — ty) € da’ 5 7)) <ty — trr < 7o ATS)
v tp < Ty N\ T7(nk,)’3 A\ 7_7[5;1,3]
> 1/ OEEIPEY (XOty —ty) eda’ 5 7Y <ty —ty <o nT

m

[G:],S) s te < T N T(k/)’3]

m

(7.44)

The upper-bound is then simplified, with the Markov property and the fact that M3 < Mz)EG] + MPER].
Then, we exploit again Proposition [[41] to state that there exists Cg > 0, independent of x, such
that:

ng?d) [P%&‘ZL)(X[G] (tv —tg) € da’ ; TéR] <tv—tg<To A 77[3]’3 A T,Lil’g)
v tp < Ty N 7‘,5:,)73 A\ Tr[an];B]
<PEDN(X(ty) € da’ 5 ty <To AT ymp)
< CoPW(X(ty) € da’ 5 tv < 79). (7.45)

Combining (ZA41)), (744) and (7.40) yields that, with C' :=8Cy Cg > 0, for any z,z. € E:
P (Xy, €da’y Ua < 00) < CaPLD(X(ty) € da’ 5 tv < 7).

This concludes the proof of Theorem O
The proof of Theorem is then finally concluded.
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