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Functional Limit Theorems for Non-Markovian Epidemic Models

GUODONG PANG AND ETIENNE PARDOUX

ABSTRACT. We study non-Markovian stochastic epidemic models (SIS, SIR, SIRS, and SEIR), in
which the infectious (and latent/exposing, immune) periods have a general distribution. We provide
a representation of the evolution dynamics using the time epochs of infection (and latency/exposure,
immunity). Taking the limit as the size of the population tends to infinity, we prove both a functional
law of large number (FLLN) and a functional central limit theorem (FCLT) for the processes of
interest in these models. In the FLLN, the limits are a unique solution to a system of deterministic
Volterra integral equations, while in the FCLT, the limit processes are multidimensional Gaussian
solutions of linear Volterra stochastic integral equations. In the proof of the FCLT, we provide an
important Poisson random measures representation of the diffusion-scaled processes converging to
Gaussian components driving the limit process.

1. INTRODUCTION

There have been extensive studies of Markovian epidemic models, including the SIS, SIR, SIRS
and SEIR models, see, e.g., [1L 28] for an overview. Limited work has been done for non-Markovian
epidemic models, with general infectious periods, exposing and/or immune periods, etc. Chapter
3 of [§] provides a good review of the existing literature on the non-Markovian closed epidemic
models. There is a lack of functional law of large numbers (FLLN) and functional central limit
theorems (FCLT) for non-Markovian epidemic models.

In this paper we study some well known non-Markovian epidemic models, including SIR, SIS,
SEIR and SIRS models. In all these models, the process counting the cumulative number of
individuals becoming infectious is Poisson as usual with a rate depending on the susceptible and
infectious populations. In the SIR and SIS models, the infectious periods are assumed to be
i.i.d. with a general distribution, including deterministic, exponential, and many non-exponential
distributions (see the conditions imposed on the distribution in Assumption 2I)). In the SEIR
model, the exposing (latent) and infectious periods are assumed to be i.i.d. random vectors with
a general joint distribution (correlation between these two periods for each individual is allowed),
see Assumption 3.1 The same conditions are imposed for the infectious and recovered (immune)
periods in the SIRS model.

We provide a general representation of the evolution dynamics in these epidemic models, by
tracking the time epochs that each individual experiences. In the SIR model, each individual has
two time epochs, times of becoming infectious and immune (recovered). In the SEIR model, each
individual has three time epochs, times of becoming exposed (latent), infectious and immune (re-
covered). Then the process counting the number of infectious individuals can be simply represented
by using these time epochs. Similarly for the other models of interest.

With these representations, we proceed to prove the FLLN and FCLT for these non-Markovian
epidemic models. The results for the SIS model directly follow from those of the SIR model, and
similarly, the results for the SIRS model follow from those of the SEIR model, so we focus on the
studies of the SIR and SEIR models, and the results of the SIS and SIRS are stated without proofs.
The fluid limits for these non-Markovian models are given as the unique deterministic solution to
a system of Volterra integral equations. The limits in the FCLT are solutions of multidimensional
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linear Volterra stochastic integral equations driven by continuous Gaussian processes. These pro-
cesses are, of course, non-Markovian, but if the initial quantities converge to Gaussian random
variables, then the limit processes are jointly Gaussian. The Gaussian driving force comes from
two independent components. One corresponds to the initial quantities: in the SIR model, these
are initially infected individuals and in the SEIR model, these are initially exposed and infected
individuals. The other corresponds to the newly infected individuals in the SIR model, and the
newly exposed individuals in the SEIR model. These are written as functionals of a white noise
with two time dimensions (which can be also regarded as space-time white noise). Although the
limit processes appear very different in the Markovian case, they are equivalent to the It6 diffusion
limit driven by Brownian motions, see, e.g., the proof of Proposition 2.1] for the SIS model.

In the proof of the FCLT for the SIR model, we construct a Poisson random measure (PRM) with
mean measure depending on the distribution of the infectious periods, such that the diffusion-scaled
processes corresponding to the Gaussian process driving the limit can be represented via integrals
of white noises. This helps to establish tightness of these diffusion-scaled processes. For the SEIR
model, the PRM has mean measure depending on the joint distribution of the exposing (latent) and
infectious periods. It is worth observing the correspondence between the diffusion-scaled processes
represented via the PRM and the functionals of the white noise mentioned above. The PRMs are
also used to prove tightness in the FLLNs. These PRM representations may turn out to be useful
for other studies in future work.

1.1. Literature review. One common approach to study non-Markovian epidemic models is by
Sellke [21]. He provided a construction to define the epidemic outbreak in continuous time using two
sets of i.i.d. random variables, with which one can find the distribution of the number of remaining
uninfected individuals in an epidemic affecting a large population. Reinert [20] generalized Sellke’s
construction, and proved a deterministic limit (LLN) for the empirical measure describing the
system dynamics of the SIR model, using Stein’s method. From her result, we can derive the fluid
model dynamics in Theorem 2.} however, no FCLTs have been establish using her approach.

Ball [3] provided a unified approach to derive the distribution of the total size and total area under
the trajectory of infectives using a Wald’s identity for the epidemic process. This was extended
to multi-type epidemic models in [4]. See also the LLN and CLT results for the final size of the
epidemic in [8]. Barbour [5] proved limit theorems for the distribution of the time between the first
infection and the last removal in the closed stochastic epidemic. See also Section 3.4 in [§].

Clancy [9] recently proposed to view the non-Markovian SIR model as a piecewise Markov de-
terministic process, and derived the joint distribution of the number of survivors of the epidemic
and the area under the trajectory of infectives using martingales constructed from the piecewise
deterministic Markov process. Gémez-Corral and Lépez-Garcia [13] further study the piecewise de-
terministic Markov process in [9] and analyze the population transmission number and the infection
probability of a given susceptible individual.

For the SIS model with general infectious periods, without proving an FLLN, the Volterra integral
equation was developed to describe the proportion of infectious population, see, e.g., [7, 10, [12] 14
22].

It may be worth mentioning the connection with the infinite-server queueing literature. It may
appear that the infectious process in the SIS or SIR model can be regarded as an infinite-server
queue with a state-dependent arrival rate, and the infectious process in the SIRS or SEIR model can
be regarded as a tandem infinite-server queue with a state-dependent arrival rate; however there
are also delicate differences. See detailed discussions in Remark 2-T]and Section Bl We refer to the
study of G/GI /oo queues with general i.i.d. service times in [15], [I1], [I8] and [19]. Although the
representation of the epidemic evolution dynamics resembles those in [I5], our methods to prove
the FLLN and FCLT are new by taking into account the distinct characteristics of the epidemic
models.
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1.2. Organization of the paper. In Section 2, we first describe the SIR model in detail, state
the FLLN and the FCLT for the SIR model, and then state the results for the SIS model. This is
followed by the studies of the SEIR and SIRS models in Section Bl The proofs of the FLLN and
FCLT of the SIR model are given in Sections Ml and [ respectively. Those for the SEIR model are
then given in Sections [6] and [l In the Appendix, we state the auxiliary result of a system of two
linear Volterra equations, and also prove Proposition 211

1.3. Notation. Throughout the paper, N denotes the set of natural numbers, and }Rk(}Rﬁ) denotes
the space of k-dimensional vectors with real (nonnegative) coordinates, with R(R, ) for & = 1. For
x,y € R, denote x A y = min{z,y} and = V y = max{x,y}. Let D = D([0,T],R) denote the space
of R—valued cadlag functions defined on [0,7]. Throughout the paper, convergence in D means
convergence in the Skorohod .J; topology, see chapter 3 of [6]. Also, D* stands for the k-fold product
equipped with the product topology. Let C' be the subset of D consisting of continuous functions.
Let C! consist of all differentiable functions whose derivative is continuous. For any function x € D,
we use ||z[|7 = sup,epo ) [2(t)]. For two functions x,y € D, we use x o y(t) = z(y(t)) denote their
composition. All random variables and processes are defined in a common complete probability
space (2, F,P). The notation = means convergence in distribution. We use 1(-) for indicator
function. We use small-o notation for real-valued functions f and non-zero g: f(z) = o(g(z)) if

limsup,, ., [f(x)/g(x)] = 0.

2. SIR AND SIS MODELS WITH GENERAL INFECTIOUS PERIOD DISTRIBUTIONS

2.1. SIR Model with general infectious periods. In the SIR model, the population consists
of susceptible, infectious and recovered (immune) individuals, where susceptible individuals get
infected through interaction with infectious ones, and then experience an infectious period until
becoming immune (no longer subject to infection). Let n be the population size. Let S™(t), I™(t)
and R"™(t) represent the susceptible, infectious and recovered individuals, respectively, at time
t > 0. (The processes and random quantities are indexed by n and we let n — oo in the asymptotic
analysis.) WLOG, assume that I"(0) > 0, S"(0) = n—1I"(0) and R™(0) = 0, that is, each individual
is either infectious or susceptible at time 0.

An individual ¢ going through the susceptible-infectious-recovered (SIR) process has the following
time epochs: 7" and 7" +n;, representing the times of becoming infected and immune, respectively.
Here we assume that the infectious period distribution is independent of the population size. For
the individuals 1™(0) that are infectious at time 0, let 77 be the remaining infectious period. Assume
that the 7;’s are i.i.d. with c.d.f. F, and 7 are also i.i.d. with c.d.f. Fy. Let F¢ =1— F and
F§ =1 — Fy. Let X be the rate at which infectious individuals infect susceptible ones.

We make the following assumption on F'.

Assumption 2.1. The c.d.f. F can be written as F = Iy + F», where Fy(t) = >, a;1(t > t;) for a
finite or countable number of positive numbers a; and the corresponding t; such that Y, a; <1 and
to <t1 < ...t < ..., and Fy is Holder continuous with exponent % + 0 for some 6 > 0, that is,

Fy(t +6) — Fy(t) < 6?10 for some ¢ > 0.

Let A™(t) be the cumulative process of individuals that become infected by time t. Then we can

express it as A0 i, (M /Ot Sn_(s)jn(s)d8> (2.1)

n n

where A, is a unit rate Poisson process. The process A" (t) has event times 7.°, i € N. Assume that
A, I(0), {nY} and {n;} are mutually independent.
We first observe the following balance equations:

n = S"(t) + I"(t) + R™(t),
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S™(t) =8"(0) — A"(t) =n —1"(0) — A"(t),
I"(t) =1"(0) + A" (t) — R"(t),

for each ¢ > 0. The dynamics of I"(t) is given by

1"(0) An(t)
"t)y=> 1 >t)+ > Ul +m >t), t>0. (2.2)
j=1 i=1

Here the first term counts the number of individuals that are initially infected at time 0 and remain
infected at time ¢, and the second term counts the number of individuals that get infected between
time 0 and time ¢, and remain infected at time ¢. R™(¢) counts the number of recovered individuals,
and can be represented as

1"(0) A" (t)
R't)= > 1(n) <t)+ Lt +m <t), t>0.
j=1 =1

Remark 2.1. We remark that the dynamics of I"(t) resembles that of an M/GI /oo queue with

a “state-dependent” Poisson arrival process A™(t) and i.i.d. service times {n;} under the initial

condition (I™(0), {77] }). However, the “state-dependent” arrival rate An2its) (S)IT(S) not only depends

on the infection (“queueing”) state I™(t), but also upon the susceptible state S™(t). On the other
hand, S™(t) = n — I"(0) — A™(t), so the “state-dependent” arrival rate is “self-exciting” in some
sense.

Assumption 2.2. There exists a deterministic constant I(0) € (0,1) such that I"(0) — I(0) in
probability in Ry as n — oo.

Define the fluid-scaled process X" := n~' X" for any process X".
Theorem 2.1. Under Assumptions[21] and [23, the processes
(5", 1" R™) = (S,1,R) in D
in probability as n — oo, where the limit process (S, I, R) is the unique solution to the system of
deterministic equations

S(t)=1-1(0)— A\ /t S(s)I(s)ds, (2.3)
I(t) = I(0)F§(t) +>\/ Fe(t — 5)S(s)I(s)ds (2.4)

R(t) = T0)Fo () +)\/ Ft— $)5(s)I(s)ds (2.5)

fort>0. 8 isin C. If Fy is continuous, then I and R are in C; otherwise they are in D.

Remark 2.2. We remark that the conditions on the c.d.f. F' in Assumption[21is required to prove
tightness in D, see Lemma[f-3. Without these conditions, we can prove the convergence of S™ in
D, but of I and R™ only in L*(0,T), see Remark [[-1] below, and thus in LP([0,T]) for any p > 0
since the processes take values in [0,1]. Similarly for the FLLN in the SIS, SEIR, SIRS models,
which we omit for brevity.

Remark 2.3. (the Markovian case) The ODE 23)) for S(t) is the same as in the Markovian case:
S'(t) = =AS(t)I(t), with S(0)=1-I(0).
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When F(t) = Fo(t) = 1 — e ", that is, the infectious period is exponentially distributed with

parameter u > 0 (mean pu~'), we have
t
I(t) = I(0)e M + )\/ e =3 5(s)I(s)ds,
0
and by taking derivatives,

I'(t) = —pI(0)e ™ + AS(t)I(t) — A\ / t e M=) S () (s)ds
0

= ANS(t)I(t) — pul(t) = pl(t) (%S‘(t) — 1> :

This is the well-known ODE for I(t) in the Markovian case. Similarly, we have
t
R(t) = I(0)(1 — e™#t) + A / (1 — e #t=3))S(s)I(s)ds,
0

and its ODE representation reads B B
R'(t)=pl(t), t=>0.
These ODEs of (S,1, R) are referred to as the Kermack-McKendrick equations [I, §].

Define the diffusion-scaled processes
S™(t) == v/n (S™(t) — S(t)) = vn <§"(t) — <1 —I(0) — X /0 §(s)f(s)ds>> :
() = v (I'(t) — T(1)) = v (f”(t) - TOF® - A [ Fo(e- s>5<s>f<s>ds) ,

These represent the fluctuations around the fluid dynamics. Observe that
SP(t) 4+ I"(t) + R™(t) =0, ¢>0.

Assumption 2.3. There exist a deterministic constant I1(0) € (0,1) and a random variable I(0)
such that 1"(0) := /n(I"(0) — I(0)) = I(0) in R as n — oco. In addition, sup, E[I"(0)?] < co and

thus by Fatou’s lemma, E[f(O)z] < 00.
Theorem 2.2. Under Assumptions[21) and [Z.3, we have
(8" 1" R") = (S,I,R) in D> as n— oo.
The limit process S s
S(t) = —1(0) — A(t)
t
— _7(0) - A / (S(5)1() + S()1()) ds — NLa(t), 10,

0

where S(t) and I(t) are the fluid limits given in Theorem 2. The limit process I is
I(t)=-S(t)— R(t), t>0,

which can be represented by

i(t) = T(0)FE(t) + X /0 t Fe(t — s) (S(s)i(s) + S(S)f(s)) ds + Io(t) + I1(t), t>0,

(2.7)

(2.8)

(2.9)
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where fo(t) is a continuous mean-zero Gaussian process with the covariance function
Cov(lo(), To()) = I(O)(FS (¢ v ¥) — FSOFS(E)), .8 > 0.
The limit process R is

A

R(t) = 1(0)Fy(t) + A /0 t F(t—s) (S(s)f(s) n S(s)f(s)) ds+ Ro(t) + Ri(t), t>0, (2.10)

where Rg is a continuous mean-zero Gaussian process with covariance function
Cov(Ro(t), Ro(t")) = 1(0)(Fo(t At') — Fo(t)Fo(t)), 1" >0,
and has the covariance function with Iy:
Cov(Ip(t), Ro(t") = (F(t') — FW))1(t' > t) — ES() Fo(t), t,t' > 0.

The limit processes (M A, fl, Rl) are a continuous three-dimensional Gaussian process, independent
of (In, Ro, I1(0)), and have the representation

MA(t) = WF([O’t] X [0,00)),
fl(t) = WF([O’t] X [t,OO)),

Rl(t) = WF([O’t] X [Ovt])7

where Wg is a Gaussian white noise process on Ri with mean zero and

b
E [We((a,b] x (c,d])?] = )\/ (F(d—s) — F(c—5))S(s)I(s)ds,

for0<a<band0<c<d.

The limit process S has continuous sample paths and I and R have cadlag sample paths. If the
c.d.f. Fy is continuous, then I and R have continuous sample paths. If f(O) is a Gaussian random
variable, then (S,1, R) is a Gaussian process.

A~

Remark 2.4. The processes (S(t),1(t), R(t)) in @), @) and @I0) can be regarded as the solu-

tion of a three-dimensional system of Gaussian-driven linear Volterra stochastic integral equations.
The existence and uniqueness of a solution is not hard to establish. From the representation of the

limit processes (M A,fl,Rl) using the white noise Wr, we easily obtain their covariance functions:
for fort,t' >0,

Cov(Na(t), () = A /0 S(s)I(s)ds,

tAL

Cov(I,(t), I () = A i Fe(tvt —s)S(s)I(s)ds,
Cov(Ry(t), Ri(t) = A wa F(t At — $)S(s)I(s)ds,
Cov(Ma(t), I; (') = A OW Fe(t' — 5)S(s)I(s)ds,

Cov(Ma(t), Ry () = A OW F(t' —5)S(s)I(s)ds,

Cov(L(t), Ba(#)) = A /0 (F(£' = 5) = F(t — $))1(t' > £)S(s)I(s)ds.
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In addition, if the processes My and Ry are treated individually, we can also use Brownian
motions to represent them, that is,

Nia(t) = B (A /O t S(s)](s)ds) ,
Ru(t) = B <)\ /0 R s)§(s)f(s)ds> ,

where B is a standard Brownian motion.

Remark 2.5. For the FCLT, the reqularity conditions in Assumption[21 are required in our proof
of the weak convergence (see Lemmas and [5.7). Without that assumption, we would be able to
establish weak convergence in D x (L2(0,T))? of the triple (S™,I", R"), see Remark 5.1l below. The
same remark applies to the other models below : SIS, SEIR and SIRS. We will however not repeat
this remark, for the sake of brevity.

Remark 2.6. When the infectious periods have an exponential distribution of parameter pu, the
process I™(t) can be represented as

t
I"(t) =1"(0) + A™(t) — L. </ u["(s)ds) , t>0,
0
and I(t) as
t t
T(8) = 1(0) + A / (1= I(s)I(s)ds — / T(s)ds.
0 0
By martingale convergence theory, we can show that under Assumption [2.3,
(S™(), I"(t)) = (S(t),1(t)) in (D?.J1) as n— oo,

where

+ By <A /O tS(s)I(s)ds) _B (u O/Ot I(S)ds> ,

where B4 and By are independent Brownian motions. These diffusion processes are analyzed in [8,
Section 2.3]. In comparison with the limits (S, f) for the SIR model with general infectious periods,
the Gaussian-driven Volterra linear stochastic integral equation reduces to the linear SDFEs driven
by Brownian motion. The proof of their equivalence in distribution follows a similar argument as
in the proof of Proposition [2.1.

Remark 2.7. The approach in this paper can be slightly modified to allow the rate \ to be non-
stationary \(t). In epidemic models, a non-stationary A(t) can represent seasonal effects. The

process A" is written as
T,
s ).

A"(t):A*<n/0t)\(s) L

For the SIR model, the fluid equation for I becomes

T(t) = T(0)FE(t) + /0 M) F(t — 5)S(s)T(s)ds,
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and the FCLT limit I becomes
i(t) = 1(0)Fet) + /O t A(s)Fe(t — s) (S(s)f(s) + S(s)f(s)> ds + Io(t) + L1(t), t>0,
where fo(t) is the same as in the stationary case, and I, (t) has covariance function
Cov(I,(t),1,(t)) = /Ot/\t/ As)Fe(t Vvt —5)S(s)I(s)ds, t,t>0.

The same applies to the other processes, and the study of other models.

2.2. SIS Model with general infectious periods. In the SIS model, individuals become suscep-
tible immediately after they go through the infectious periods. With a population of size n, we have
S™(t)+ I"™(t) = n for all t > 0. The cumulative infectious process A™ has the same expression (2.1])
as in the SIR model. Suppose that there are initially I"™(0) infectious individuals whose remaining
infectious times are 77?, j=1,...,1"(0), and each individual that become infectious after time 0
has infectious periods 7;, corresponding to the infectious time 7;* of A™. We use Fj and F for the
distributions of n? and n;, respectively. Then the dynamics of I" has the same representation (2.2))
as in the SIR model. The only difference is that S™(0) = n — I"(0) and S™(t) = n — I"(t) so that
the dynamics of (S™,I") is determined by the one-dimensional process I"™. Thus we will focus on
the process I™ alone. We will impose the same conditions as in Assumptions 2.2H2.1Jl Define the
fluid-scaled process I" = n~ 11",

Theorem 2.3. Under Assumptions 21l and[2.3, the processes
" —1T
i probability as n — oo, where

() = [(0)F, ()+)\/0 Fe(t — s)(1 — I(s))[(s)ds, t>0. (2.11)

I € D; if Fy is continuous, then I € C.
Remark 2.8. In the Markovian setting, assuming that Fy(t) = F(t) = 1 —e #, we have the ODE

I'(t) = M1 = L) I(t) — pl(t).
Indeed, it is easy to check that by (ZI1]), we have

T(t) = T0)ue ™" + (1 — T())I(t) — pA /O P9 (1 — F(s))I(s)ds

=M1 —I()I(t) — ul(t).
Note that the ODE has two equilibria, I* =0 or I* =1 —p/X\ if u < \. For a general distributions
F, if Fy is the equilibrium (stationary excess) distribution of F (F has mean p~'), that is,

Fu(t) :== ffOFC /F (2.12)

an equilibrium I* must satisfy
I =l /Oo Fe(s)ds + AT*(1 — I /Ot Fe(s)ds,
¢
hence either I* = 0, or else by differentiating the last expression we find again I* =1 — pu/\.
Define the diffusion-scaled process I"™ = /n(I"™ — I). Then we have the following FCLT.
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Theorem 2.4. Under Assumptions 21 and [Z.3, we have
I"=1 in D as n— oo,
where

I(t) = I(0)F§(t) + A /0 t Fe(t — s)(1 — 21(s))1(s)ds + Io(t) + I1(t), t >0, (2.13)

where fo(t) is a continuous mean-zero Gaussian process with the covariance function
Cov(lo(t), To(t')) = IO)(F§(t v ') — F§(OFS(H')), .8 >0,

and fl(t) i a continuous mean-zero Gaussian process with covariance function
A
Cov(I1(t),L(t")) = )\/ Fe(tvt —s)(1—1I(s)I(s)ds, t,t'>0.
0

1(0), Io(t) and Iy(t) are mutually independent. I has cadlag sample paths; if Fy is continuous,
then I has continuous sample paths. If 1(0) is a Gaussian random variable, then I is a Gaussian
process.

Remark 2.9. The limit process I (t) is the solution of a one-dimensional Gaussian-driven linear
Volterra SDE. In the Markovian case with exponential infectious periods of rate u, we get

i) = 1(0) + /0 t <A(1 —21(s)) — ,u)f(s))ds

+ Ba <>\ /0 ‘1 I(s))](s)ds) _B (M /0 t I(s)ds> , (2.14)

where By and By are independent Brownian motions. This is the well known linear SDE driven
by Brownian motion for the SIS model. In the next proposition, we show that the two expressions
of I(t) are equivalent in the Markovian case.

Proposition 2.1. The expressions of 1(t) in ZI3) and @I4) for the SIS model are equivalent in
distribution.

Remark 2.10. Suppose the system starts from the equilibrium, that is, I"(0) = nI* = n(1 — p/\)
for uw < X\, and Fy(t) = Fe(t) as discussed in Remark[2.8. Then the diffusion-scaled process I"™ can
be defined by I" = \/n(I" — I*). The FCLT holds with the limit process

t
1(8) = A(1 — 27 / Fe(t— )I(s)ds + To(t) + Ty (), >0,
0
where fo(t) and fl(t) have covariance functions

Cov(Io(t), Io(t")) = I*(F§(t V') — FS(t)EFE(H)), t,t' >0,

and I1(t) is a continuous mean-zero Gaussian process with covariance function

tAL
Cov(1(t), 11 (t') = u(1 — p/\) Fetve —s)ds, tt >0.
0

In the Markovian case, we have the limiting diffusion
¢
1) = (u =) [ 1(s)ds+ (2u(1 = u/N)2BC0), 120,
0

where B is a standard Brownian motion.
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Remark 2.11. When the infectious periods are deterministic, that is, 1; is equal to a positive
constant n with probability one, the dynamics of I"(t) can be written as

1"(0)

"ty =Y 1) >t)+ A"(t) - A"((t—n)t), t=0.
j=1
We assume that 77]0- ~ Ul[0,n], that is, Fo(t) = t/n fort € [0,n], which is the equilibrium (stationary
excess) distribution of F(t) = 1(t > n), t > 0. The fluid equation I(t) becomes
t
I(t) = I1(0)(1 —t/n)" + X (1—1(s))I(s)ds
(t=m*

which gives
I'(t) = —%1(0)1(75 <)+ AL = I()I(t) = AL(t = n)(L = I(t —n))I(t —n).

It is clear that the nontrivial equilibrium is I* =1 — /\Ln

In the FCLT, we have
I(t) =1(0)(1 —t/n)* + )\/(t ) (1 —2I(s))I(s)ds + Io(t) + I, (t), t >0, (2.15)
t—m)t

where fo(t), t €10,m], is a continuous mean-zero Gaussian process with the covariance function
Cov(lo(t), fo(t') = T(0)(1 = (EAt)/n— (L—t/n)(1 =t /n), .t €[0,7),
and fl(t), t >0, is a continuous mean-zero Gaussian process with the covariance function

Cov(I(t), I, (t) = A/OW 1t vt —s<n)(1—1I(s)I(s)ds, tt >0.

Note that the eﬁecé of the initial quantities vanish after time n, that is, in the stochastic integral
equation (ZIB) of I(t), the components Io(t) and 1(0)(1 —t/n)" vanish after 7.
If, in addition, the system starts with the equilibrium I"™(0) = nI*, then the limit process becomes
t
(6 = A1 — 21*)/ P(s)ds + Io(t) + Ta(t), t>0,
(t=m)*
where Iy(t) has the same covariance function as above with I(0) = I*, and I,(t) has covariance

function

Cov(I(t), I, (1) = % <1 - %) At — @Vt =gttt >0.

3. NoN-MARKOVIAN SEIR AND SIRS MODELS

3.1. SEIR Model with general exposing and infectious periods. The SEIR model is de-
scribed as follows. There are four groups in the population: Susceptible, Exposed, Infectious and
Recovered (Immune). Susceptible individuals get infected through interactions with infectious ones.
After getting infected, they become exposed and remain so during a latent period of time, and then
transit to the infectious period. Afterwards, these individuals become recovered and immune, and
will not be susceptible or infected in the future.

Let n be the population size. Let S™(t), E™(t), I"(t) and R"™(t) represent the susceptible, exposed,
infectious and recovered individuals, respectively, at time ¢. Assume that I"(0) > 0, E™(0) > 0,
R™(0) =0, and S™(0) =n — I"(0) — E™(0). An individual i going through the S-E-I-R process has
the following time epochs: 7', 7' +&;, 7' + & + s, representing the times of becoming exposed,
infectious and recovered (immune), respectively; namely, & is the exposure period and 7; is the
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infectious period. (It is reasonable to assume that &; and 7; are independent of the population size
n.) For the individuals I™(0) that are infectious at time 0, let 7]? be the remaining infectious period.
For the individuals E™(0) that are exposed at time 0, let 55-) be the remaining exposure time.
Assume that (§;,7;)’s are i.i.d. bivariate random vectors with a joint distribution H (du,dv),
which has marginal c.d.f.’s G and F for §; and n;, respectively, and a conditional c.d.f. of n;, F/(-|u)
given that {; = u. Assume that ( ;-), n;j)’s are i.i.d. bivariate random vectors with a joint distribution
Hoy(du, dv), which has marginal c.d.f.’s G and F for £ and 1;, respectively, and a conditional c.d.f.
of nj, Fy(-|u) given that 55-) = u. (Note that the pair (55-), n;) is the remaining exposing time and the
subsequent infectious period for the i*" individual initially being exposed.) In addition, we assume
that (&;,n;) and (€2, 7;) are independent for each 4, and they are also independent of {77?} (that is,
the remaining infectious times of the initially infected individuals are independent of all the other

exposing and infectious times). We use the notation G° = 1 — G, and similarly for G§j, F'“ and Fj.
Define

Bo(t) = /O O_UHo(du,dv) _ /0 O_UFo(dv\u)dGo(u), (3.1)
\Ifo(t) = /Ot t(_)O Ho(du,d’l)) = /Ot /t(_)O Fo(d’l)’u)dGo(u) = Go(t) — (I)()(t), (32)
and
(1) = /0 /0 H(du, dv) = /0 /0 Fldv|u)dG (), (3.3)
U(t) = /0 [ H(aud - /0 [ Paswacu) = 6o - (). (3.4)

Note that in the case of independent &; and 7;, letting F'(dv) = F(dv|u), we have

B(t) = /0 Ft —w)dG(u), U(t)= /0 Fe(t — w)dG(u) = G(t) — D(t). (3.5)

Similarly, with independent 5? and 7, letting Fy(dv) = Fo(dv|u) = F(dv), we have

t t
Bot) = [ Flt—u)dGo(u), Wo(t) = [ Flt - u)dGolw) = Golt) = @o(t).  (30)
0 0
We make the following assumptions on G and F'(-|u).

Assumption 3.1. The marginal c.d.f. G, and the conditional c.d.f. F(-|u) (uniformly in u) satisfy
the conditions in Assumption [21], in particular, Fs(-|u) is Holder continuous with exponent % +0
for some 6 > 0 uniformly in v > 0, that is, Fo(t + 6|u) — Fy(t|u) < 6>t for some ¢ > 0 and
0 > 0 uniformly for all u > 0.

Let A™(t) be the cumulative process of individuals that become exposed between time 0 and
time £. Let A be the rate of susceptible patients that become exposed. Then we can express it as

An(t) = A, ()\n /O t Sn—(s)*’”“)ds) (3.7)

n n

where A, is a unit rate Poisson process. (This has the same expression as the cumulative process
A™ in (2ZJ) of individuals becoming infectious in the SIR model.) The process A™(t) has event

i € N. Assume that the quantities A,, {(¢9,70)}, {(&,7:)}, and the initial quantities

times 7 j

7 )

(E™(0),1™(0)) are mutually independent.
We represent the dynamics of (S™, E™, I"™, R"™) as follows: for ¢t > 0,

S™(t) = S™(0) — A™(t) = n — I"(0) — E"(0) — A"(¢), (3.8)
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E"(0) An(t)
=D LY+ > 1+ > ), (3.9)
j=1 i=1
1"(0) E™(0)
=) 1) >t + 10 < H)1(&) +m; > ¢)
=1 j=1
An(2)
+ ) AU+ &GS OU + &+ > b), (3.10)
i=1
1(0) E™(0) AP (¢)
R'(t)=> 1) <t)+ > L& +n<t)+ > 1 +&+m <t). (3.11)
j=1 j=1 i=1

Note that we are abusing notation of 7; and 7; in the second and third terms of I™(t) and R"(t).
The variables n; (more precisely, n]E ) in the second term of I"(t) correspond to the infectious periods
of initially exposed individuals that have become infectious by time ¢, while the variables 7; (more
precisely, 77{4) in the third term correspond to the infectious periods of individuals that has become
exposed and infectious after time 0 and before time t. We drop the superscripts £/ and A, since it
should not cause any confusion.

We also let L™ be the cumulative process that counts individuals that have become infectious by
time t. Then its dynamics can be represented by

E"(0) An ()
:Zngt A +&<t), t=0.
j=1 i=1

We have the following balance equations: for each ¢ > 0,
n=S"(t)+ E"(t)+ I"(t) + R"(t),
E"™(t) = E™(0) + A™(t) — L"(t),
I'(t) =1"(0) + L"(t) — R"(¢).

Observe that the dynamics of the exposure process E™(t) is similar to the infectious process I"(t)
in (22]) in the SIR model. The dynamics of the infectious process I"(t) resembles the dynamics of
the second service station of a tandem infinite-server queue G/GI /oo — GI /oo, where the arrival
process is A", and the first station has initial customers E™(0) with remaining service times {50}
and the second station has the initial customers I™(0) with remaining service times {77]} The
processes L™ and R™ correspond to the departure processes from the first and second stations
(service completions), respectively. Similar to the SIR model, the arrival process is Poisson with a
“state-dependent” arrival rate An>t2) (s) I (S) , which depends not only on the state of I"(s) (state of
the second “station” in the tandem queuemg model), but also on the state of susceptible individuals,
S™(s) =n—1I"(0)—E™(0)—A™(t). However it is independent of the state of the exposure individuals
E"(t).

Assumption 3.2. There exist deterministic constants 1(0) € (0,1) and E(0) € (0,1) such that
I(0) + E(0) < 1 and (I"(0), E™(0)) — (1(0), £(0)) € R? in probability as n — oc.

Define the fluid-scaled processes as in the SIR model. We have the following FLLN for the
fluid-scaled processes (S™, E™, I, R™).

Theorem 3.1. Under Assumptions[31 and [3.3, we have
(s",E",I",R") — (S,E,I,R) (3.12)
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in probability as n — oo, where the limit process (S, E, I, R) is the unique solution to the system of
deterministic equations: for each t > 0,
ﬂwzl—ﬂm—Emy—Xﬂ:l—ﬂm—Emy—{fﬁwﬁ@mg (3.13)
0
E(t) = E(0)G§(t) +)\/ G°(t — 5)S(s)I(s)ds (3.14)
I(t) = T(O)FE(t) + B / (t — $)5(s)T(s)ds (3.15)
RO = TO R0 + BO@0(0) + 3 [ (¢~ 9)S(:)T(5)ds (3.16)

The limit S is in C and E, I and R are in D. If Gy and Fy are continuous, then they are in C.

We remark that given the input data I(0) and E(0) and the distribution functions, the solution
to the set of equations above can be determined by the two equations 3I3]) and ([BI5) for S and
I, which is a 2-dim system of linear Volterra integral equations. It is easy to check that we have
the balance equation for the FLLN limits:

1=8()+ E@)+ I(t)+ R(t),
As consequence, we have the joint convergence with
(A", I") = (A, L)

in probability as n — oo, where

In particular, we have

Remark 3.1. In the Markovian case with independent & and n; for each i, and independent 55-)
and 77]0- for each j, assuming that Go(t) = G(t) =1 —e 7 and Fy(t) = F(t) = 1 — e ", we obtain

E(t) = E(0)e™ " + X /t e =9 (5)I(s)ds,
0

and

t
I(t) = I(0)e " + E(O)/ e M=) e 73 s
0

t t—s
+ )\/ / e M= =Wy = 1y S () (5)ds,
0o Jo

which lead to
Bt) = —7e_VtE(0) B+ A / Je= =3 §(5)T(s)ds
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and

t
I'(t) = —pe " I(0) + E(0)ye " + E(O)/ (—p)e M=) ye ™75 s

0
t t pt—s
—i—)\/ ’ye_”(t_s)g(s)j:(s)ds—k)\/ / (—p)e M=y e =1 gy S (5)1(s)ds
0 0 Jo

— E(t) - uT(0)
Together with S'(t) = —AS(t)I(t), these ODEs of (S,E,I,R) are the well-known result for the
Markovian SEIR model.

Define the diffusion-scaled processes:

(1) = V7 (5() — (1)) = V7 <sm> L T0) A /O t S(S)I(s)ds> | (3.17)
B (1) = i (B (1) — B(1) = v (E"(t) ~ BO)GE(E) — A /0 Gelt s)S(s)I(s)ds> ,
() = i () — T(1)) = v/ (f”(t) - HORS(0) ~ EO)wa(t) - [ 9t - s>5<s>f<s>ds>,

t
R™(t) :=v/n (R"(t) — R(t)) = \/E<R”(t) — 1(0)Fy(t) — E(0)®q(t) — )\/ Dt — s)S(s)f(s)ds>.
0
It is clear that R R . .
S"™(t)+ E"(t)+1"(t)+ R"(t) =0, t>0.
We will establish a FCLT for the diffusion-scaled processes (A",S",E",I:",f ",R") For that

purpose, we make the following assumption on the initial condition and on the law of the exposure
/ infectious periods.

Assumption 3.3. There exist deterministic constants 1(0) € (0,1) and E(0) € (0,1) and random
variables 1(0) and E(0) such that I(0) + E(0) < 1 and

(Vn(I™(0) — 1(0)),v/n(E™(0) — E(0))) = (1(0), E(0)) in R* as n— .

In addition, suan[E"(0)2] < o0 and Suan[f"(O)z] < 00, and thus by Fatou’s lemma, E[E(0)2] <
oo and suan[f"(0)2] < 00.

Theorem 3.2. Under Assumptions[3.1l and [3.3, we have
(8" E",I",R") = (S,E,I,R) in D* as n— . (3.18)
The limit process S is
t
S(t) = —1(0) - )\/ (S()I(s) + 5(s)0(5)) ds — Ma(t), >0, (3.19)
0
where S(t) and I(t) are the fluid limit given in Theorem 3. The limit process E is

E(t) = B0)GS(t) + A /O t Ge(t — s) <§(s)f(s) + S(s)f(s)) ds + Eo(t) + B (t), (3.20)

where Ey(t) is a continuous mean-zero Gaussian process with the covariance function

Cov(Eo(t), Eo(t')) = BO)(Gy(t v ¥') — Go(OG5 (), L.t > 0.
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The limit process I is given by
I(t) = I(0)F§(t) + E(0)®o(t) + o1 (t) + To2(t) + T (t)

+ A /0 t U(t— s) (S(s)f(s) + S(s)f(s)) ds, (3.21)

where Io1(t) and Ipa(t) are independent continuous mean-zero Gaussian processes: Io1(t) has the
covariance function
Cov(Ip1(t), Ioa(t') = T(O)(F§(t V') — FS()EE(H)), t,t >0,
and jo,g(t) has the covariance function
Cov(loa(t), loa(t)) = E(0) (Wo(t At') — Wo(t)Wo(t)), t,t' > 0.
The limit process R is given by

~

R(t) = 1(0)Fy(t) + E(0)® ( ) + Ro1(t) + Roa(t) + Ra(t)
A / (t — 5) (S(s)I(s) + S(s)1(s) ) s, (3.22)

where Ro,l(t) and Ro,g(t) are independent continuous mean-zero Gaussian processes: ]%071(t) has
the covariance function

Cov(Ro 1 (t), Ro1(t") = T(0)(Fo(t At)) — Fo(t)Fo(t)), t,s >0,
and Roa(t) has the covariance function
Cov(Roa(t), Roa(t')) = E(0) (®o(t At') — Do(t)Do(t)), t,t' > 0.

The limit processes of the initial quantities have the following covariance functions: for t,t' >0,

Cov(lo (1), Ro () = IO) ((Fo(t)) = Fy(®)1(t' > 1) = F()Ro(t) ),

Cov(Ey(t), Ioa(t") = E(0) ( /t t 1(t' > t)ES( — s]s)dGo(s) — Gg(t)\llo(t’)> :

Il
ey

COV(EAQ(t),ROQ(t/)) (0) ( tt Fo(t' — s|s)dGo(s) — GS(t)CI)O(t/)>

AL
COV(IQQ(t), R072(t/)) = E(O) (/ (Fo(t/ — S’S) — Fo(t — S’S))dGo(S) — Wo(t)@o(ﬂ)) . (323)
0
The other pairs of limit processes for the initial quantities, (Eo, Io1), (Eo(t), Ro1), (Ioa(t), Ro1)
are independent.
The limit processes (M A,El,Il,Rl) are a four-dimensional continuous Gaussian process, inde-
pendent of Ej, Io 1, Io 2, Ro 1, R02 and I( ), and can be written as

Ma(t) = Wi ([0,1] x [0,00) x [0,00)),
Ey(t) = Wi ([0,1] x [t, 00) x [0,00)),
Li(t) = Wa([0,1] % [0,1) x [t,0)),
Ru(t) = Wr([0,1] x [0,2) x [0,1)).

where Wi is a continuous Gaussian white noise process on ]R:j’r with mean zero and

E Wi ([s,1) x [a,0) x [¢,d))?]
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.\ / (/ Fd—y = sly) = Fle—y — sh)G(d) ) S)I(s)ds (3.24)

for0<s<t,0<a<band0<c<d.

The limit process S has continuous sample paths and E1, Il and Ry have cadlag sample paths.
If the c.d.f.’s Gy and Fy are continuous, then E1, Il and Ry have continuous sample paths. If
(1(0), E(0)) is a Gaussian random vector, then (S, E,I,R) is a Gaussian process.

Remark 3.2. The processes (S(t), E(t),1(t),R(t)) in BI9), B20), B21) and B2Z) can be

regarded as the solution of a four-dimensional Gaussian-driven linear Volterra stochastic integral
equation. The existence and uniqueness of solution can be easily verified. From the representations
of the limit processes (MA,El,fl,ﬁl) using the white noise Wy, we easily obtain the covariance
functions: fort,t’ >0,

Cov(Na(t), Na(t) = A /0 " (s T(s)ds
CodBA(0, Bt = A [ GV e — 9)8(9)T(s)ds,
Cov(fy(t) ~ ) / e BV E — 5)5(s)I(5)ds,
Cov(By(t), By () = A /0 M At $)5(s)(s)ds,

Cov(My(t), By (1) = A i G(t' — 5)S(s)I(s)ds,

)\/0 Ut — 5)S(s)I(s)ds,

Il
~i

Cov(Ma(t), I (t'))

Cov(Na(t), Bi(#)) = A /0 B( — $)5(s)I(s)ds,

Cov(E1(t), (1)) = X /0 (GC(t — s) — W(t' — s))1(t' > 1)S(s)I(s)ds,
Cov(E1(t), Ri(t')) = A / o (G(t — s) — B — 8))1(t' > 1)S(s)I(s)ds,

0
Cov(I1(t), Ri(t') = A ; /0 C(F( — s —yly) — F(t— s — yly)1(E > 0AG(y)S(s)I(s)ds

Remark 3.3. We remark that the exposing and infectious periods are allowed to be dependent, and
the effect of such dependence is exhibited in the covariances of the functions of the limit processes
(MA,El,Il,Rl) and in the drift of I and R. Of course, the dependence also affects the fluid
equations for (S, ).

Remark 3.4. We now recall the Markovian SEIR model, assuming that the exposure and infection
periods are exponentially distributed with parameters v and p and independent. The processes A™
and S™ remain the same as in B1) and [B.38]), respectively. The processes E™ and I™(t) can be

described by
E"(t)=E"(0)+ A™(t ( / E"(s >
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"(t) = I"(0) + K. <7 /0 t E"(s)ds) L <u /0 t I"(s)ds> ,

where K, and L, are independent rate-one Poisson processes. It is easy to see the fluid limit ODE
from these equations:

S'(t) = —AS(t)I(t),
E'(t) = AS(t)I(t) — 7 E'(1),
I'(t) =~E'(t) — ul'(t). (3.25)

We can show that under Assumption [3.3,
(8" E™ 1"y = (S,E,I) in D> as n— oo,

where S is as gwen in Theorem [3.3, in particular,
t t
S(t) = —1(0) — A / (S(s)I(s) + S(s)I(s))ds — Ba <)\ / 5'(3)f(s)ds> , (3.26)
0 0

and the limit processes E and I are given by
t t
E(t)=FE0)+ X | (S(s)I(s)+ S(s)I(s))ds —~ | E(s)ds
0 0

+Ba (A /0 t S(s)](s)ds) By (v OtE(s)ds> , (3.27)

and 1;
(] E<s>ﬁ;> o[ o). 2

where B4, Bi and By, are independent Brownian motions. Given the solution to the fluid equation
in B.28), the three equations B.26), B.217) and B28)) form a three-dimensional linear SDE driven
by Brownian Motions. This is well known for the Markovian SEIR model, see [8]. It can be shown,
similarly to the proof of Proposition[21l, that the Volterra stochastic integral equations are equivalent
to these linear SDFEs in distribution.

f(t):f(O)—i-’y/O E(s)ds—u/ I(s)ds

3.2. SIRS model with general infectious and immune periods. In the SIRS model, there are
three groups in the population: Susceptible, Infectious, Recovered (Immune). Susceptible individu-
als get infected through interactions with infectious ones, and they become infectious immediately
(no exposure period like in the SEIR model). The infectious individuals become recovered and im-
mune, and after the immune periods, they become susceptible. This has a lot of resemblance with
the SEIR model, where the exposure and infectious periods in the SEIR model correspond to the
infectious and immune periods in the SIRS model, respectively. We let S™(t), I"™(t), R"(t) represent
the susceptible, infectious and immune individuals, respectively at each time ¢ in the SIRS model.
Note that I"™(t) (resp. R"™(t)) in the SIRS model corresponds to E™(t) (resp. I"™(t)) in the SEIR
model, and S™(¢) in the SIRS model satisfies the balance equation:

n=S"(t) + I"(t) + R"(t), t>0.

Since S™(t) = n — I"(t) — R™(t), it suffices to only study the dynamics of the two processes
(I™, R™). We use the variables ;,n; represent the infectious and immune periods, respectively, in
the SIRS model, and similarly for the initial quantities 5?,7“. We also use the same distribution
functions associated with these variables as in the SEIR model. We impose the same conditions
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in Assumptions B.IH3.2, where the quantities E"(0) and I"(0) are replaced by I™(0) and R"™(0),
respectively. To distinguish the differences, we refer to these as Assumptions B.I7-B.2I.
We first obtain the following FLLN for the fluid-scaled processes (I", R™).

Theorem 3.3. Under Assumptions 31’ and T2, we have
(I",R") — (I,R) (3.29)

in probability in D as n — oo, where the limit process (I, R) € D? is the unique solution to the
system of deterministic equations: for each t > 0,

I(t) = T(0)GS (1) + A /0 Ge(t — s)(1— I(s) — R(s))I(s)ds, (3.30)

R(t) = R(O)ES(t) + I(0)¥o(t) + A /t U(t—s)(1—I(s)— R(s))I(s)ds. (3.31)
0
If Gy and Fy are continuous, then I and R are in C.

Remark 3.5. In the case of independent infectious and immune times, assuming E[¢&1] = ~y~! and

E[m] = p~! satisfy X > v, if Go(t) = Ge(t) := yfot G(s)ds and Fy(t) = F.(t) :== ,uf(f F<(s)ds, the
corresponding equilibrium distributions of G and F (see also (212]) in Remark[2.8), there exists a
unique nontrivial equilibrium, given by

_ 1 _
g polmaA g gl
A L4+/p I

It is the same as the nontrivial equilibrium in the Markovian setting, using the ODE:

I'(t) = M1 —I(t) = R(t)I(t) — ~I(t),

R(t) = ~I(t) — pR(t),
and 1 = S(t)+1(t)+R(t). From the ODE, it is straightforward to see that the equilibrium (S*, I*, R*)
satisfies the two equations

I (3.32)

A1 —T"—R") =7, (3.33)
pR* = ~T*. (3.34)

We now verify that these two identities are also satisfied in the general non-Markovian setting
assuming Go = Ge and Fo = F.. This implies that the equilibrium quantities satisfy

00 t
I = fyf*/ G(s)ds + N\[*(1 — T* — R*)/ G°(s)ds,
¢ 0
00 t
R = MR*/ Fo(s)ds + I*Uo(t) + A(1 — I* — R*)f*/ U(s)ds.
t 0

This system has the trivial solution I = R* = 0. We now look for another solution. Dividing the
first identity by I* and differentiating, we recover [B33), and the second identity becomes

0 t
R = R / Fe(s)ds + T Wo(t) + A I* / (s)ds .
t 0

B34) now follows from the identity v~ Wq(t) + fg U(s)ds = fg F¢(s)ds. To wverify this, first note
that from the definitions of Vg in the independent case, and of Gy,

L (1) = /0 Fe(t — u)Ge(u)du = /0 Fe(s)ds — /0 Fe(t — u)G(u)du.
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It remains to note that by integration by parts and interchange of orders of integration

/Ot Fo(t —u)G(u)du = /Ot /Ot—u Fe(v)dvdG(u)

= /Ot /ut Fe(v —u)dvdG(u)
_ /0 t /0 " P — u)dG(u)dv = /0 " p(s)ds

We define the diffusion-scaled processes I"™ and R™ as in the SEIR model, but replacing S =
1-1—-R.

Theorem 3.4. Under Assumptions[31" and [Z3, we have
(I",R")= (I,R) in D* as n— . (3.35)

where

i) = 1(0)GS(t) + X /0 Ge(t — s) (—f(s)R(s) +(1—I(s) - 21?2(8))1%(5)) ds + Io(t) + 11 (£), (3.36)

R(t) = R(O)FE(t) + 1(0)o(t) + A /0 U(t - s) (—f(s)R(s) +(1—I(s) - 21%(3))1%(3)) ds

+ Ro1(t) + Roa(t) + Ra(t), (3.37)

where Io(t), I1(t), Ro1(t) and Roa(t) are as given as Eo(t), E1(t), Io1(t) and Ioa(t), respectively,
in Theorem [3.3. If the c.d.f. ’sAGO apd Fy are continuous, then the limit processes Iy and Ry have
continuous sample paths. If (1(0), R(0)) is a Gaussian random vector, then (I, R) is a Gaussian
process.

Remark 3.6. If the system starts from the equilibrium as discussed in Remark [3.0, then we can
define the diffusion-scaled processes I = /n(I"™ — I*) and R™ = \/n(R"™ — R*) and the FCLT holds
with the limit processes I and R as given in the above theorem where the fluid limits I and R are
replaced by I* and R*.

Remark 3.7. In the Markovian case, with independent infectious and immune exponential periods
with parameters v and p, respectively, we obtain diffusion limits as in Remark for the SEIR
model. We do not repeat them for brevity. If the system starts from the equilibrium, then the FCLT
holds as in Remark[3.8 with the limit processes I and R given by

I(t) = I(0) — (AR* +~) /0 t I(s)ds + \(S* — R*) /0 t R(s)ds + Ba (AS*R*t) — B (vI*t),

and

¢ ¢
R(t) = R(0) + ’y/ I(s)ds — u/ R(s)ds + Bk (vI*t) — B, (nR*t),
0 0
where Ba, Bx and By, are independent Brownian motions, and I* and R* are given in (3.32).

Remark 3.8. Suppose both the infectious and immune times are deterministic, taking values &
and n, respectively. The remaining infectious and immune times of the initially infected and im-
mune individuals at time 0, é’jo- and 77]0-, have uniform distributions on the intervals [0,&] and [0,7],
respectively. That is, G(t) = 1(t > &), F(t) = 1(t > n), fort > 0, Go(t) = t/§ for t € [0,£] and
Fo(t) = t/n fort € [0,n]. Thus we have Wy(t) = 1 fg 1(t—u<n)du=EHt—(t—n)T), and
U(t)=1¢ <t<&+n) fort>0.
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We can write
I7(0)
=) & > )+ A™(E) - AM((t - ©)T),
1

Jj=

R"(0) Im(0)
B=> 10>+ > 1t-nt <<
7j=1 7j=1

+AN (=T - AM((t—E—m)T).
In the FLLN, we have the fluid equations

T(t) = T(0)(1 — t/€)* + A /( RS OBV DM

R(t) = R(0 )(1—t/?7)++f(0)§_1(t—(t—ﬂ)+)+>\/(( e }(1—1(3)—R(3))f(3)d3-
t—&—n)t,t=&)*

From the equation of R(t), we easily see that their equilibrium satisfies R* = I*n/¢, and then from
1-1/(X¢)
I4n/¢ *

the equation of I(t), we obtain I* =
In the FCLT, we obtain

1) = (0)(1 — 1/8)* + A /( reyey (CTORG)+ (1= T(6) = 2RE)R(S)) ds +ofe) + )

R(t)

R(O)(1 —t/m)* +1(0)(t— (t—n)F)
A —I(s)R(s 1—I(s) —2R(s))R(s)) ds
o[ (HORE T - 2R6)A)

+ Ro1(t) + Roa(t) + Ry (t), (3.38)

where T and R are the fluid equations given above, and Iy(t), I,(t), Ro1(t), Roa(t) and Ry(t) have
the covariance functions: for t,t' >0,

Cov(lo(t), Io(t)) = TO)((1 =t VH'/E)F = (1 =t/ (1 = '/&)*),

" 1t Vvt —s< &)1 —1(s) — R(s))I(s)ds,

Cov(Ro1(t), Roa(t) = RO)((1 =t v ' /m)™ — (1 —t/m)"(1—#/n)T),

Cov(Roa(t), Roa(t) = IOtV — (v —m)F) = (t = (E=m) ) = (' —n)P)],

Cov(Ry(t), R (') = A/O : 1E<tvt —s<&+n)(1—1I(s)— R(s))I(s)ds,

and similarly for the covariances between them. If, in addition, the system starts from the equilib-
rium, I"(0) = nI* and R™(0) = nR*, then the limit processes above will have the fluid quantities
I(t) and R(t) replaced by I* and R*, respectively.

A

Cov(I;(t), 1, (t") = A

S~

4. PrROOF OF THE FLLN FOR THE SIR MODEL

In this section we prove Theorem 211
We write the process A™ as

A™M(t) = —=M%(t) + A1), (4.1)
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where .
A™(t) = )\/ S™(s)I"(s)ds,
0
and

MY(t) := —= (Ax (nA™(t)) — nA"™(t)) . (4.2)

b
vn
The process {M7}(t) : t > 0} is a square-integrable martingale with respect to the filtration {F7 :
t > 0} defined by

Fi =0 {I"(0), As (nA"(u)) : 0 < u < t},

with the predictable quadratic variation

(M%)(t) = A™(t), t>0. (4.3)
These properties are straightforward to verify; see, e.g. [I7] or [§]. Note that by the simple bound
Sty <1, I'(t)<1, Vt>0, (4.4)

we have, w.p.1., for 0 < s <'t,
0 < A™(t) — A"(s) < At — s). (4.5)

Lemma 4.1. The sequence {(A™,S8") : n > 1} is tight in D?.

Proof. By ([@.3), we have (MX)(t) < At, w.p.1. Thus, by [I7, Lemma 5.8], the martingale {Mﬁ(t) :
t > 0} is stochastically bounded in D. Then by [I7, Lemma 5.8], we have

1 .

%Mﬁ =0 in D as n— oo. (4.6)
Then, by @I), the tightness of the sequence {A" : n > 1} follows directly by ([@Z). Since 5" =
1 —1(0) — A", we obtain the tightness of {S™ : n > 1} in D immediately. O

We work with a convergent subsequence of (A”,S’"_). We denote the limit of A" along the
subsequence by A. It is clear from (4] that the limit A satisfies

A= lim A" = lim A" = lim X\ [ S™(s)I"(s)ds. (4.7)

n— o0 n— oo n— oo 0

and for 0 < s <t, w.p.1.,

0 < A(t) — A(s) < A\t — s). (4.8)
By definition and Assumption 2.2 we have
S"=1-T1"0)-A"=S=1-10)—A in D, as n— cc. (4.9)
We next consider the process I". Recall the expression of I" in ([2.2)). Let
nI™(0)
n 0
Ig(t) = — ; 1(n) >t), t>0
We clearly have
1 nl(0) 1 n(I"(0)VI(0))
Iyt -~ 1(nj > 1) <~ 1(n) >t), t=>0. (4.10)
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Note that by Assumption 2.2] the right-hand side satisfies
1 n(I™*(0)VI(0)) - -
El~ > 100>0|F| < B0 - 10) -0
J=n(I"(0)AI(0))
in probability as n — oo. Thus, by the FLLN of empirical processes, we obtain

IV =Ty =I(0)F§(-) in D as n— oo. (4.11)
Let _
nA™(t)
1
= Z (/' +m > t), t>0,

and its conditional expectation
1 nA"(t)

I7(t) == E[I7(t)| FM = > FC(t—T,."):/O Fe(t — s)dA™(s), t>0.
i=1

By integration by parts, we have
t
) = ane) — / A (s)dF°(t — 5).
0

Here dF¢(t — s) is the differential of the map s — F°(t — s). By the continuous mapping theorem,

I'=1, in D as n— oo, (4.12)
where
Ii(t) = A(t) — / A(s)dFe(t — s) = / Fe(t —s)dA(s), t>0.
0 0
Let _
B 1 nA"(t)
V() = T — 1) = Z >0,
where -

Xi () = 17" +m; > 1) = F(t = 7]").
We next show the following lemma.

Lemma 4.2. For any € > 0,

P ( sup |V"(t)| > e) =0 as n— oo. (4.13)
te€[0,7

Proof. Note that by partitioning [0, 7] into intervals of length ¢, that is, [t;,t;41), ¢ = 0,...,[T/d]
with ¢ty = 0, we have

sup |V*(t)| < sup |[V™(t)|+ sup  sup |[V"(t; +u) — V"™ (t;)]. (4.14)
t€[0,7] i=1,...[T/3] i=1,...,[T/8] u€[0,0]

It is easy to check that
EDG@[F =0, Vi EDG@Ox;@OIF =0, Vi#j.
Thus, we have
A (t)

A"(2)
[V 0717 = 5 3 B0 = o 3 - )

i=1
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n

— #/0 F(t—s)F°(t — s)dMX(s) + %/0 F(t — s)F°(t — S)d[&"(s)

1 t c AT
= _/0 F(t —s)F(t — s)dA"(s)

I . - At
< | F(t—s)F(t — $)dN(s) + 2
w372
where the inequality follows from ([&4]) and ([&3H]). Thus

E(V™(#)?) < % (4.15)

and for any ¢ > 0,
. At
P(|V"(t)] >6)§@_>0’ as n — 00.

We now consider V"(t 4+ u) — V"™(t) for t,u > 0. By definition, we have

| A LA
VPt +u) =Vl = |~ Z:: Xi (¢ +u) = Z:: i
LA A (t+u)
= Z(X?(tJrU)—x?(t))Jr; Y Xt tuw
i=1 i=An(t)

A™(t) u
1 _
— 1t<TZ-"+m§t+u)+/ (F(t—s) — F(t+u—s))dA"(s)
n 0
i=1
1 A™(t+u)
- Y i+l
i=A"(t)
Observing that the first and second terms on the right hand are increasing in u, and that |x7'(t)| <1,
we obtain
1AM
sup |[V"™(t 4 u) — —Z (t<7'+mn <t+0)
u€[0,0] n i1
t+8 )
+/ (F(t —s) = F(t+6—s))dA™(s)
0
+ A"t + ) — A" (). (4.16)

Thus, for any € > 0,

P ( sup [V™(t+u) — V" ()| > e>

u€(0,4]

A" (t)
1
< — n <
]P’(n g 1(t < 7] +nzt+5)>e/3)

i=1

t+9
+P (/ (F(t — 5) — F°(t + 0 — s))dA"(s) > e/3> +P (At + 0) — A(t) > €/3)
0

0 LA 2
<SE|| = Wt <7 +m <t+0)
n

(]

i=1
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2

9
+SE

: + E%E [(A"(t +6) — fl"(t))z} - (417)

(/Ot+6(FC(t ) - Fe(t 45— s))dA"(s)>

We need the following definition to treat the first term on the right hand side of (4.I7).

Definition 4.1. Let M(ds,dz,du) denote a Poisson random measure (PRM) on [0,T] x Ry x Ry
with mean measure v(ds,dz,du) = dsF(dz)du, and M (ds,dz,du) denote the associated compensated
1

PRM.
We have
K :
1(u < AnS™(s)I"(s))M (ds, dz, du)
GLLT i
<iﬂ /ot /tt+5 s /ooo L(u < AnS"™(s)I"(s))M (ds, dz,du)> 2]

</0t(FC(t — )=~ F(t+6 — s))dz‘xn(s)>2]

t)

—~

S|

2
1t<n-"+m<t+5)) ]

.
Il

Bll—‘

<2E

+2E

_2g Uot(FC(t —s) = F(t+6— S))df_\"(S)}

n

</0t(FC(t — )~ F(t+6 — s))dz‘xn(s)>2]

49
A/Hé Fe(t— ) — Fo(t+ 6 — 5))ds
2
42 <A / (Fo(t— s) — FC(t +0 — s))ds> (4.18)
0

The last inequality follows from ([@35]). The first term on the right hand converges to zero as n — oo,

and for the second term, as will be shown below in Lemma [43] by Assumption 21l we have
2

%</0t(Fc(t—s)—Fc(t—i—é—s))ds) 50 as §—0. (4.19)

For the second term on the right hand side of ([@I7), by ([@.I]), we have
t+6 - 2
E </ (F(t—s)— F(t+0 — s))dA"(s)>
0

<i /0 T Ee s P s))sz(s)>2]

n

</Ot+6(Fc(t — )~ F(t+6— s))dz‘x"(s)>2] .

By (46), the first term converges to zero as n — co. By (&3H), the second term is bounded by
2

2 (A /Ot+5(FC(t ) = F(t 45— s))ds> .

< 2E

+2E
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to which (£I9) again applies.
By (@) and (&), we have
_ _ 1 N N
A"t +0) — A"t) < —=(M"(t+0) — M™(¢ Ad.
(t+9) ()_\/ﬁ( (t+9) (t) +
Thus, for the third term on the right hand side of ([£.IT), we have
E[(4"(t+0) - A"(1)*] <28

Lo _ A ? 252
(ﬁ(M (t+0)—M (t))> +2X%2. (4.20)

Again, by (4.6]), the first term converges to zero as n — oo.
By (@I4]), we have for § > 0,

P sup [V"(t)] >e€| < [Z} sup P(|[V"™(t)| >¢€) + [Z} sup P sup |[V*"(t+wu)—V"(t)] > ¢
t€[0,T] 0 | tefo,1) tel0,7]  \uel0,0]
(4.21)

The first term converges to zero as n — oo by ([{I5). By (@I7)-(20) and the above arguments,
we obtain

T
lim lim sup [—} sup P( sup [V*(t+u)—V"(t)|>e] =0.
50 nooo [0 ] 4ef0,1) u€0,0]

Therefore, we have shown that (£I3]) holds. O
It remains to establish the following technical Lemma.
Lemma 4.3. The convergence in [@I9) follows from Assumption 2l

Proof. Recalling the notations in Assumption 1] it suffices to prove ([@I9]) in both cases F = F}
and F' = Fy. Consider first the case F' = F. We have
2

</0t(Fc(t )~ Fe(t 46— s))ds) - </0t(F(r +6) - F(r))dr)

¢ 2
= <Za,/ (1(7‘4—(52&;)—1(7’2@))617‘)
i 0
<47,

since ), a; < 1, from which ([£I9) follows. In the case F' = F5, we have
2

t
< / (F(r +6) — F(r))dr) < 2251+
0
from which again (£19]) follows. O
By the convergence of I} in (EIZ) and Lemma &2 we obtain

2

j:{L(t)ifl(t):/oth(t—s)dA(s) in D as n— oo

Combining this with (£IT]), we have

"= 4 10— Ti= Ty + I = TO)FS() + / Fe( — 5)dA(s)
0
in D asn— oco.

We now show the joint convergence
(8", I")= (5,I) in D? as n — oco. (4.22)
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We first have the joint convergence of 1"(0), and the two terms in the expression of I7(t) in ([EI0)
since I"(0) and the first term are independent and the second term converges to zero. We then have
the joint Convergence of A" and f , since we can apply the continuous mapping theorem applied to
the map z € D — (z,z — [; 2( dFC —s)) € D% Then the claim in {#22) holds by independence
of these two groups of processes, comblned with (ZI3).

Thus we obtain

/. S™(s)I"(s)ds = / S(s)I(s)ds in D as n—oo. (4.23)
0 0

By (1)) and (@6, this implies that
A" = A= )\/ S(s)I(s)ds in D as n— oo.
0

Therefore, the limits S and I satisfy the integral equations given in (23) and (24]).

We next prove uniqueness of the solution to the system of equations (23] and ([24]). The two
equations (23] and (2.4]) can be regarded as Volterra integral equations of the second kind for two
functions. For uniqueness, suppose there are two solutions (S, I1) and (Ss, I5). Then we have

51(0) = $a(t) = = [ (($1(6) = Sa()/ i) + Sal5)(Ta(5) = () ).

n(t) )\/ Fe( t—s 51( ) — Sa(s)) 1(8)+§2(s)(f1(s)—fg(s)))ds.

Hence,

51(0) = 2] + 110~ 2] <22 [ (151(5) = Sa(s)| + s(s) = Fao)]) s,

where we use the simple bounds S;(s) < 1 and I;(s) < 1. The uniqueness follows from applying
Gronwall’s inequality.

Since the system of integral equations (233) and (Z7]) has a unique deterministic solution (exis-
tence is easily established by a standard Picard iteration argument, identical to the classical one
for Lipschitz ODEs), the whole sequence converges, and we have convergence in probability.

Remark 4.1. Convergence in L?(0,T) Here we reconsider the above proof, without requiring
Assumption [21, which has been used in the proof of Lemmal[4.3, i.e., it was necessary only for the
proof of Lemma[{.2. We first note that Lemma [{.1] still holds true, hence S™ = S in D, at least
along a subsequence. We now consider I™.
It clearly follows from (EIR) that
VP =0 in L*[0,T]xQ) as n— occ.
This, together with [EII) and @I2), implies that
I"=T in L*0,T) as n— oo,

since convergence in law in D implies convergence in law in 1;2(0,T). The joint convergence of
(S™,I™), and that of the whole sequence of the triplets (S™,I", R"™) as stated in Remark[2.2 is then
easily established, following some of the arguments from the above proof.
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5. PrRooF oF THE FCLT FOR THE SIR MODEL

X InAthi§ section we prove Theorem Recall the definitions of the diffusion-scaled processes
(S™,I", R") in (26l), and M’} defined in ([@.2)). We also define

An(t) := Vi (A"(t) — A(t)) = Vn <A"(t) —A /0 S(S)I(S)dS) .

Note that under Assumption 23] we have I"(0) = I(0) in R as n — oo, and thus the convergence
of the fluid-scaled processes holds in Theorem 21l This is taken as given in the proceeding proof
of the FCLT.
By the definitions of the diffusion-scaled processes in (2.6]), we have
t

AM(t) = MR(t) + A i (S™(s)I™(s) + S(s)I™(s))ds, (5.1)
S™(t) = —I™(0) — A™(t)
— fn0) — NIR(E) - A /0 (S™ ()1 (s) + S(s) 1" (s))ds, (5.2)
IM(t) = I"(0)Fg (8) + 15/ (t) + 17(1)
FA [ F ) (S"(s)f"(s) + §(s)i"(s)) ds, (5.3)
and
R™M(t) = I"(0)Fo(t) + Ry (1) + Ry (1)
+A ; F(t —s)(S™(s)I"(s) + S(s)I"(s))ds, (5.4)
where
R 1 nI™(0)
Ig(t) = —= > (1) > t) - Fs(1)), (5.5)
j=1
1 nA"(t) t B
I(t) == - 1 +m >t)— A\/n ; Fe(t —8)S™(s)I"(s)ds, (5.6)
=1
and
R 1 nI™(0)
Ry(t) = —= > (M) <t) - Fo(t)), (5.7)
j=1
PN 1 g n ! an mn
RY(t) == N ; (" 4+ <t) — )\\/ﬁ/o F(t—s)S™(s)I"(s)ds. (5.8)

We first establish the following joint convergence of the initial quantities.
Lemma 5.1. Under Assumption[2.3, we have
(" (O)F5 (), 1" ) Fo ), I, 1) = (1O)F§ (), 10V Fo (), To, Ro ) (5.9)

in D* as n — oo, where the limit processes Iy and Ry are as defined in Theorem [2.2,
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Proof. We define
nI(0)

Ig(t) : \FZ - Fg(1),

nI(0)

R : T] <t)— Fy(t)

0 \/’ Z J )

By the FCLT for empirical processes, see, e.g., [0, Theorem 14.3], we have the joint convergence
(O FS(), 'OV Fo (), Ty Bg) = (1(0)E§(), 1(0)Fo (), o, Bo)

in D* as n — oco. The claim then follows by showmg that I r— I Y = 0in D as n — oo, and
R” Rl = 0in D asn — oo. V\/'efocuson[0 I3 = 0. We have for each ¢ > 0, E[IO( )—I3(t)] =0
and

E[| 15 (t) — I5 (1)*) = F5 () Fo (D E[1"(0) = I(0)[] = 0 as n — oo,
where the convergence follows from Assumption 2.3 It then suffices to show that {I} — I} : n > 1}
is tight. We have
n(I™(0)VI(0)

> >0 - F5e)
j=n(I"(0)AI(0)
| mImOvI0)

_|7n 0
= [1"(0)[Fo(t) — 7 Z 1(n; <t).

j=n(I"(0)AI(0)

sign(1(0) — I"™(0)) (fg(t) - jSL(t)) B

5-

By Assumption 2.3] the first term on the right hand side is tight. Denoting the second term by
Of (t), since it is increasing in ¢, by the Corollary on page 83 in [6], see also the use of ([AI4) in the
proof of Lemma, above, its tightness will follow from the fact that for any € > 0,

hmsup P(|05(t+6) —OF(t)] >€) -0 as §—0.

n—oo

This is immediate since by Assumptlon 23
E U@g(t +9) — @8(15)‘2} = E[|I"(0) — I(0)[]| Fo(t + 6) — Fo(t)] = 0 as n — oo.
This completes the proof. O
Recall the PRM M (ds, dz, du) and the compensated PRM M (ds, dz, du) in Definition E1l

Definition 5.1. Let My (ds, dz, du) be the PRM on [0, T] xR xR with mean measure v(ds,dz, du) =
dsFs(dz)du, where Fs((a,b]) = F((a + s,b+ s|). Denote the associated compensated PRM by
M(ds,dz,du).

We can rewrite the processes I7" and R} a:

I \/_//ts/ ©on(s,u)M (ds,dz, du) \/,// / on(s,u)M dsdzdu)
R \/_//ts/ ©on(s,u)M (ds,dz, du) /// on(s,u)M dsdzdu)

where
on(s,u) =1 (u <nAS™(s)["(s)) .
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We also observe that the process MX can also be represented by the same PRMs:

A \/,// / ©n(s,u)M (ds,dz,du) \/_// / on(s,u)M dsdzdu)

and that A A .
My(t) = I7(t) + R} (t), t>0.
We define the auxiliary processes f ™ and E{‘ by

It \/_// / B (s,u)M (ds, dz, du),
Ri(t) = = / / / G5, u) M (ds, dz, du),
M%(t) \/_// / Bn(s,u)M(ds, dz, du),

Pn(s,u) =1 (u < nAS(s)I(s)) .
Note that in the definitions of I7(¢) and E{‘(Q, we have replaced S™(s) and I"(s) in the integrands
©n(s,u) by the deterministic fluid functions S(s) and I(s). Also, it is clear that

M(t) = T7'(t) + Ry(1), > 0.
We first prove the following result.

where

Lemma 5.2.

sup sup E[|S™(t)]?] < oo, sup sup E[[I"(t)]}] < oo, sup sup E[R™(t)*] < co.
n tel0,T] n tel0,T] n te[0,T]
Proof. We have

sup E[M%(t)%] < AT.
te[0,7

It is clear that there exists a constant C such that for all n > 1,

sup E[(I"(0)F5(t))%] < E[I"(0)%] < C,
te[0,7

sup E[([§(1))%] = sup E[I"(0)]Fo(t)Fg(t) < E[I"(0)] < C,
t€[0,7] t€[0,7]
and ,
sup E[(I1(t))?] = sup )\/ Fe(t — 5)S"(s)I"(s)ds < AT.
te[0,7 te[0,T 0

Then by taking the square of the representations of S™(t) in (2) and I"™(t) in (54), then using
Cauchy-Schwartz inequality and the simple bounds I"(¢) < 1 and S(¢) < 1, we can apply Gronwall’s
inequality to conclude the claim. O

We next show that the differences of the processes Mz, ; T, I ¥ with their corresponding ]\72, N{‘, f{‘
are asymptotically negligible, stated in the next Lemma.

Lemma 5.3. Under Assumptions and [2]),
(M} — M3, Ry — Ry, I —17) =0 in D¥ as n— oo
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Proof. 1t suffices to prove the convergence of each coordinate separately. We focus on the conver-
gence | R" R" = 0, since the convergence M7 i —Mn s follows Slmllarly, and then the convergence

I — I = 0 follows by the facts that M7R(t) = IM(t) + R}(t) and MA( ) = I7(t) + R%(t), for each
t>0.
Let " := R? — R?. It is easy to see that for each ¢ > 0, E[Z7(¢)] = 0, and

E [E"(t)Q] - / F(t—s)E US‘"(s)f"(s) — 5*(3)1:(3)\] ds—0 as n — oo,
0

where the convergence holds by Theorem 2.I] and the dominated convergence theorem. Then
it suffices to show that the sequence {H : n > 1} is tight. Note that =" can be written as
2N (t) = E7(t) — Z5(t), where

A(S™(s)I™(s)VS(s)I(s)) B _ B B
20 (t) = \/_/ / / sign(S™(s)I"(s) — S(s)I(s))Mi(ds,dz, du),

A(S™ ()™ (s)AS(s)I(s))
t) = )\\/ﬁ/ F(t—s) (gn(s)f"(s) — S(s)I(s))ds.

Both processes Z7'(t) and Z =5(t) are differences of two processes, each increasing in ¢, that is,

MG (VE)I(s) -
= / / / (S (s)IM(s) — S(s)I(s) > 0)Mi(ds, dz, du)
G Al nSaT)
(s)I(s))

n)\(S” )m S_ B _ _ _
/ / / 15" ()" (s) — S(s)I(s) < 0)Mi(ds, dz, du),

(S (s)I(s)AS(s)I(s))

and
= )\\/ﬁ/o F(t—s)(S8™(s)I"(s) — 5(3)f(s))+ds — )\\/ﬁ/o F(t—s)(S™(s)I™(s) — g(s)f(s))+ds.

Define =} and =5 by

/ / /M(S" 5)VS(s)I(s)) My (ds, d=. du)
=) = 1as; az, au),
NG RA(S™ ()T (s)AS (s)1(s))

W /0 F(t — 5)|5(s)T"(s) — 5(s)T(s)|ds.

Tightness of Z(¢) and Z5(¢) implies tightness of the four components in the above expressions of
=7(t) and =5 (). By the increasing property of Z7(¢) and =5(t), we only need to verify the following
(see the Corollary on page 83 in [6] or the use of ([ZI4]) in the proof of Lemma [2)): for any € > 0,
and i =1, 2,

and

lliﬂ_}Solcl)p 5]P(| Ft+06) —Ert) =€) >0 as 0. (5.10)

For the process =5(t), we have

E[|Z5(t + 6) — E5(t) ]
t+9 t 2
</ Ft+6 — s)A™(s )ds+/ (F(t+5—s)—F(t—s))A"(s)ds> ]
t 0

(/tt F(t+ 06— 5)A"(s)ds ﬂ
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t 2
+ONE [(/0 (F(t—i—é—s)—F(t—s))A”(s)ds> ] (5.11)

where

= V|8 (s)I"(s) = S()I(s)| = |S™(s)T"(5) + S()I"(s)| < [S™(s)| + [T"(s)].  (5.12)
For the first term on the right hand side of (B.I1]), by Cauchy-Schwartz inequality, we have

t+6 2 i+0
(/ F(t+0— s)A"(s)ds) ] < 5/ E[A"(s)%]ds < 6% sup E[A"(s)?].

s€[0,T

E

For the second term, we need

t 2
Jimn sup %E [(/0 (F(t+6—s) — Ft s))A"(s)ds> ] 0 as 50, (5.13)

n—o0

This is implied by Assumption 2J] Lemma [(.2] and (5.12]), as we now show, by an argument which
slightly extends that in Lemma 3]l If FF = F;, we have

E [</Ot(F(t b —s)— F(t— s))A"(s)ds) 2]
< ZaiE < t_é At — r)dr>2]
< 62% [/

l

n(t—r1) dr} < 6% sup E[A"(s)%].
s€[0,T]

If FF = F5,, we have

</0t(F(t +6—s)— F(t— s))A"(s)ds) 2]

<K [ / (Plt46—s)— F(t— s))zA"(8)2d8] < T25+% sup E[A(s)?].
0 s€[0,T

E

Thus, (5.10) holds for Z5(¢).

For the process Z7(t), we have

E[|Z7(t+ 6) — Z7(t)|
A(S™(s)I™ (s)VS(s)I(s))
/ / M (ds,dz,du)
¢ A(S™ (s)I7 (5)AS(s)I(s))

1
. <%
nA(S™ (s)I™ (s)VS(s)I(5)) 2
M (ds,dz, du)

% / nA(S™(s)I" (s)AS(s)1(s))

PA(S™ ()7 (s)VS(5)I(s)) 2
/ M, (ds,dz, du)
nA(S™ (s s)NS(s)I(s))

+2E

< / A(S™(s)I" (s)VS(s)I(s))

2
Ml(ds,dz,du)> ]
(s)AS()I(s))

1+ By.
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Note that we can write

t+0  pt+0 (S™(s)I™(s)VS(s)I(s))
M (ds,dz,du)
NG / / /n)\ Sn(s)In(s /\S(s) I(s))

VI (
/t+6 /t+6 /nA(S s)VS(s)I(s)) __
M(ds,dz,du)
\/_ nA(S7 (s)I7 (s)AS(s)I(s))

t+0
—I—)\/ F(t+ 6 —s)A"(s)ds.
t

Thus, we have the following bound

t48  ptrd (ST ()M (s)VS(s)I(s)) 2
B} <2E / / / M(ds,dz,du)
S"(S [n )

t+6
+2E (A F(t+ 06— s)A™(s)
t

t40
<2\ F(t+6—s)E[|S"(s)["(s) — (s)]] ds

+2X%6% sup E[A™(s)]?].
s€[0,7T

Similarly, we have

46 mAS () (s)VS(s)I(s)) 2
B} <2E / / / dM (ds,dz, du)
\/_ (S (s)In(s (s)I(s))

(A/O( (40— s)— F(t—s))A”(s)ds>2]

<2 /0 (F(t+6— s)— F(t — s)E[|5"(s)I"(s) — §(s)(s)]] ds

</0t(F(t b8 F(t— s))A”(s)ds) 2] .

+2E

+ 2)°E

(5.14)

(5.15)

It is straightforward that the first terms on the right hand sides of (5.I14) and (EI3]) converges
to zero as n — oo since E [|S™(s)I"(s) — S(s)I(s)|] — 0 as n — oo by Theorem 1] and by the
dominated convergence theorem. Thus, by (5.I3]), we have shown (G.I0) for =7 (¢). This completes

the proof.

Let
G ::U{M([o,u] xRi):ogugt}, t>0,

and
Gl ::a{M([o,u] % [0, 1] ><]R+):O§u§t}, t>0.

Then ]\72 is a {G{* : t > 0}-martingale with quadratic variation

_ ) /0 S(s)I(s)ds, t>0,

0
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and R? is a {GF : t > 0}-martingale, with quadratic variation
/Ft—sS (s)I(s)ds, t>0.

Note that we do not have a martingale property for Im. Tt is important to observe that the joint
process (]\72, E{‘) is not a martingale with respect to a common filtration, and therefore we cannot
prove the joint convergence of them using FCLT of martingales. However, they play the role of
establishing tightness of the processes {MX}, {17}, and {R?}. Moreover, while {Mﬁ} is a F'
martingale, {R}} is not a martingale, the point being that the intensity An.S™(t)I"(t) is not GF—
adapted In fact, for the sake of establishing tightness, one can exploit the martmgale property of
{M 1}, so that the introduction of M is not necessary. And since the tightness of I "t follows from

those of both M" 4 and R 1, only R" really needs to be introduced for proving tightness. However,
in the proof of Lemma [5.4] we shall now need the full strength of Lemma

Lemma 5.4. Under Assumptions and [2])

(M3, 17, RY) = (My, I",R1) in D*® as n— oo,
where (MA,fl,Rl) are given in Theorem [2.2.
Proof. In view of Lemma[5.3] all we need to show is that

(M%, 17, R") = (Ma,I1,R)) in D® as n— oo.
Exploiting the martingale property of both M;{ and ]5;?, we can show that each of these two processes
is tight in D. Since moreover any limit of a converging subsequence of either of these processes is
continuous, the difference I7(t) = M{(t) — R} (t) is also tight. Thus, by Lemma B3], {M7}}, {I7},
and {R7} are tight. It remains to show (i) convergence of finite dimensional distributions and (ii)
the limits are continuous.

To prove the convergence of finite dimensional distributions, by the independence of the restric-
tions of a PRM to disjoint subsets, it suffices to show that for 0 < ¢ <t and 0 < a <b < o0,

nh_)n;oE |:exp< /t’ / / B (s, u)dM (ds, dz du))]

~exp (—%AL( (b—8) — Fa— ))5(s)I(s)d > (5.16)

Recall that for a compensated PRM N with mean measure v and a deterministic function ¢, we
have
E [exp(i9N(¢))] = e~ (@) exp (V(ewqb — 1)) , (5.17)

where v(¢) := [ ¢dv. As a consequence, the left hand side of (5.10]) is equal to
exp <—z— / (b—s)—F(a— 8))/\nS(s)I(s)d8>
t/
X exp <( WiV ) / (F(b—s)— F(a— s))AnS(s)I(s)ds) .
t/

Then the claim (B.16) is immediate by applying Taylor expansion.
Given the consistent finite dimensional distributions of R;, to show that the limit process R
have a continuous version in C, it suffices to show that

E [(ﬁl(t +6) — Rit)t] < est. (5.18)
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This is immediate since as a consequence of (516,

E [(Rl(t +6)— Rl(t)))ﬂ =3 <E {(Rl(f +0) - 17'?1(1t)))2]>2

t+8 B t o
:3<)\/t F(t+06—5)S(s)I(s )ds—l—)\/o( (t—i—é—s)—F(t—s))S(s)I(s)ds)

t 2
< 62 + 6 (/ (F(t+6—s)—F(t— 8))S(s)l(s)d8> .
0

Then the claim follows from Assumption 21 This property holds analogously for the processes
M4 and I. This completes the proof. ]

Completing the proof of Theorem[2.2. By Lemmas 5.1l and [£.4], we first obtain the joint convergence
(jn(O)Fg()7 fn(O)FO()7 f87 Rgv MX) IA{Lv R?) = <f(0)FOc()7 f(O)FO()v va RO) MA7 jly Rl)

in D7 as n — oo. Since the limit processes Iy, Ro, M4, I1, Ry are continuous, we have the conver-
gence:

(=I5, FP(O)F§ () I+ 17, () Fo () + R+ RY) = (=M, F(O)FS () + Do+, FO)FE () + o+ F),
in D3 as n — oo. It follows from (5.3), (5.4), Theorem 21, Lemma 5.1 B2 and B4 that (I, R™)

is tight in D2, and any limit of a converging subsequence satisfies (2.9) and (Z.10), where we may

replace S by — — R, since S" = —]" — R™ for all n. From Lemma Bl this characterizes uniquely
the limit, hence the whole sequence converges, and finally [27), (Z8]) follow readily from the above,

and again the fact that S = —I" — R" for all n. O

Remark 5.1. We now justify the claim stated in Remark [2.0. We reconsider the above proof,
without requiring Assumption [2.1. Note that this Assumption has been used only in the proof of
Lemma 5.3 An mspectwn of [B2) reveals that the tightness of S" i D follows readily from the
martmgale property of M™ t together with [A3), @3), and LemmaliZ From the identity Sn 4 I 4

R™ =0, we note that it suffices to consider the tightness of R™. R” 18 not a pmblem We need to
consider R". As argued at the beginning of the proof of Lemmal[5.4), tightness ofR in D is not hard
to establish. The argument where we made use of Assumption [2.1] is the convergence of R{‘ — Rv{‘

to 0 in D. The fifth line of the proof of Lemma [5.3] establishes that E[(R?(t) — R™(t))2] — 0. The
same argument shows that the integral from t = 0 tot =T of this last quantity goes to zero as

n — 0o, hence in particular R} — R — 0 in L*(0,T) in probability, and R" is tight in L*(0,T). It
is mow easy to conclude the pmof of the claim stated in Remark [2

6. PrRoOF OoF THE FLLN rFOR THE SEIR MODEL

In this section we prove Theorem Bl The expressions and claims in (ZI)-(9) hold by the
same arguments, which we assume from now on. By slightly modifying the argument as for the
process I" in the SIR model, we obtain that

B"() = EO)G3() + [ G7(-~ 5)di(s)
0
in D asn— oco.
Recall I"(t) in (BI0). Define
1m(0)

_ 1
I, (t) = - Z 1(77]0' > 1),

j=1
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E"(0)

> UE <UL +my > 1),

7=1

An ()

DA &G SO + &+ > 1),

i=1

_ 1
Igo(t) == -

S

By the FLLN of empirical processes, and by Assumption 3.2l we have
(f&l,f&2) = (j071,j072) in D2 as n — oQ,
where
Ioa = I(0)G§(), Ioa:= E(0)Wg(-).
For the study of the process I}, we first consider
} ) LA . 7
() = BT @] = —~ PR :/0 U(t— s)dA™(s)
i=1
— t p—
_ A — / A(s)dU(t — s).
0
Applying the continuous mapping theorem, we obtain
I'=1, in D as n— .

where .

t
I(t) :== A(t) — / A(s)d¥(t — s) = / U(t—s)dA(s), t=>0.
0 0
We now consider the difference

A" (1)
n n in 1 n
V) = T - I = S A),
i=1
where
ri () = (7" + & <O + & +mi > 1) — ¥ — 7).
We next show the following lemma.

Lemma 6.1. For any € > 0,

P sup |V"(t)|>€] =0 as n— oc.
t€[0,T

35

(6.1)

(6.2)

(6.3)

(6.4)

Proof. We partition [0, 7] into intervals of length § > 0, and have the bound for sup,c(o 7y [V"(?)]

as in (A.I4).

First, we have

E[r] () FP] =0, Vi; E[RPRFEIF] =0, Vi
Thus
AP (t)
E[V"(t)*|F) = -3 > B[k ()17

i=1

=— Ut —r")(1—=-T(t—1") = 1 / U(t—s)(1—U(t—s))dA™(s)
, 0
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I “n I .
:—/0 \If(t—s)(l—\l’(t—s))dMA(s)—|—E/O B(t—5) (1— (¢ — 5)) dA"(s)

<3 [ W= (=W - ) axye) + 5

where the inequality follows from (4.4]) and (4.5]). Thus

At At
E[V™(#)?] <=, P(V™( <= .
VA< S, PV > 9 < 5 (6.5)
Next we have
[Vt +u) = V" (u)]
) A" (t+u) 1 A (1)
= |- m(t n(t
- EZ: +u) - — ; RE(t)
) A (1) ) AP (L)
e R G R A (3) I A ()
L A
LA
== D (U & St wI(E Gt > b w) = 1+ & SO+ & > 1)
=1
t A" (t4u)
AT 1 n
4 / (W(t+u—s)—U(t— ) dA(s)| +~ S |50t +uw)
0 " Zan
LA
< ST+ G <t ) A + &+ m > 1) — 1+ &+ > t+ )
i=1

Fo S A G St ) 1 & SO 4 &b > 1)

N /O t Z /0 T F( = s — vlo) — Pt u—s v|v>>dc<v>) dA"(s)
A" (t+u)

+/Ot </tt_s+uFC(t—s—v|v)dG(v)> EUCRENS ]

-5 i=A" (1)
Observing that the first four terms on the right hand side are all increasing in u, and that |s]'(t)| < 1
for all ¢,4,n, we obtain that
sup [V™(t+u)—V"(u)l

u€[0,0]
LA
SE 1+ & <t+0) (A" +&+m >t) =L + &+ > t+0))
i=1
TR
+E (TP +&<t+0)— 17+ &<t + & +m > t)

z:l

“

¢ </Ot s+6 (Fo(t— 5 — vlv) — F(t+06— s — v\p))dG(U)) dA"(s)
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! /ot </:+5 Fle-s- ”|”>dG<v>> dA™(5) + (A" (t +8) — A"(2)). (6.6)
Thus, for any € > 0,
P < sup [V"(t+u) —V"™(u)| > e) (6.7)
u€[0,0]

3|}—‘

" (1)
<P ( Z (r' +& <t+0)01 (t<7f+£i+m<t+5)>e/5)

A’!L(t
( Ut <+ & <t+0)1 (Tn+§i+?7i>t)>e/5)
=1

S

L P < (/t s — o) - Pt 6 s v\v))dG(v)) dA"(s) > e/5>

0

< 0 </: T (t_s_”'”)dG(”)> A3 > e/ 5) +P (A"t +8) — A"(1) > ¢/5).

s

We need the following definition to treat the first two terms on the right hand side of (6.7))

Definition 6.1. Define a PRM M (ds,dy,dz,du) on [0,T] x Ry x Ry x Ry with mean measure
v(ds,dy,dz,du) = dsH (dy,dz)du. Denote the compensated PRM by M (ds,dy, dz, du).

For the first term on the right hand side of (6.1]), we have

n 2
E lAi(:t)l(r’urg-<t+<$)1(t< P&+ <t+0)
n i > i i TS

i=1
1 t+6—s pt+d—s—y nAS™(s)I"(s) ?
=F / / / / M (ds,dy,dz, du)
n t
t+0—s pt+d—s—y rnAS™(s)I"(s) 2
<9E / / / / M (ds, dy, dz, du)
¢

(/0 </Ot s+5(FC(t—s—v|v)—Fc(t+5—s—v|v))dG(v)> dA"(s)>2]

_2g M </Ot_s+6(Fc(t Cs— o) — Fe(t+5—s— v|v))dG(v)> dA"(s)}

(/Ot </0t_s+5(Fc(t Cs— ) — Fe(t+5—s— v|v))dG(v)> dA"(s)>2]

< %A /t </Ot_S+6(Fc(t s wv) = Pt 6 —s— v|v))dG(v)> ds

2 (A /t </Ot_s+6(Fc(t s o) — F(t 46— — v|v))dG(v)> ds>
= %)\/OH(S </0t_v+5(Fc(t —s—vlv) = F(t+0—s— v[v))ds) dG(v)

2

_l_
o
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2

42 (A /OM (/Ot_v+6(FC(t s — )= P+ 6—s— v|v))ds> dG(v)> . (6.8)

Here the second inequality uses ([@5]). The first term on the right hand side of (G.8]) converges to
zero as n — 0o. By Assumption Bl we have

% (/OM (/()t_v+6(Fc(t Cs—wfy) — F(t4+6—s5— v|v))ds> dG(v)>2 0 as 550 (6.9)

Indeed, in the case F' = [}, the left hand side is equal to

A0

i
since ), a; < 1. In the case F' = F3, the left hand side is bounded by

% </t+5 ((361/2+9(t — v+ 5)) dG(v)>2 < 25%(t + 6)2G(t + ).
0

It is then clear that in both cases (69) holds.
Similarly, for the second term on the right hand side of (6.1]), we have

2
A’!L(t)

E K DAt <TG <t+OLT + &+ >t)) ]
=1

( 1 t+0—s poo nAS™(s)I™(s) 2
/ / / / M(ds,dy,dz, du)
n t t—s—y JO
t+o—s nAS™ ()T (s 2
< 2E < // / / M (ds,dy,dz, du))
t t—s—y

([ ([ - w<s>>1
2a[[ ([ s e ave)
( / t < /t tM Fo(t—s— U|U>dc:<v)> dA”(s)>2]
[ ([ F s o) i
([ ([T e s o) a) (610

Again, here the second inequality uses (ABl). The first term on the right hand side of (6.10])
converges to zero as n — 0o. By Assumption Bl we have

! ()\ /Ot </:+6 Fe(t— s — v|v)dG(v)> d8>2 0 as 60, (6.11)

2
ai(lt—s—v<t;)—1t+do—s—v< ti))ds> dG(v)) < 6G(t + 6)?,

S|

=E

1

+2E
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For the third term on the right hand side of (G.7)), by (@Il), we have

(/Ot </0t_s+6(Fc(t —s—vlv) = F(t+0—s— vlv))dG(v>> dA”<S)>2]
<9E [<% /Ot </Ot_s+6(Fc(t —s—olv) - F(t+06—s— v\v))dG(v)> dJ\ZfX(S)>2]

(/Ot (/Ot_s+5(Fc(t —s—vfv) = F(t+6 —5— v|v))dG(v)> dA"(s)>2] . (6.12)

Then by (£0) the first term converges to zero as n — oo, and the second term can be treated
similarly as the second term in (6.8]). The fourth term in (€1 can be treated similarly. The last
term in (6.7) is the same as in (£20). Therefore, by combining the above arguments and (G.7])—

(612), we obtain

T

lim lim sup [—} sup P | sup [V"(t+u)—V"(t)|>e€] =0.
60 nooo | 0] o<t<t  \uelo,g]

Then by ([£2I)) and (65, we conclude that (6.4]) holds. O

By (62]) and (64), we have

E

+ 2K

I'=1 in D as n— .

Combining this with the convergences of (f&l, j:&Q) in (6.1), by independence of (f&l, j:&Q) and I7,
we have - B - - o B -
I :Ig’l+[&2+[?=>I:[071+Io,2+[1 in D as n— oo.
Similar to the SIR model, we can show the joint convergence
(8", 1"y = (5,I) in D? as n— oco.
Thus, using a similar argument as in the SIR model, we have shown that the limits (S, I) of (S™, I™)
satisfy the integral equations (B.I3) and ([B.I5). Similarly to the SIR model, these two equations
have a unique solution. Once the solutions of (S,) are uniquely determined, the other limits

A, E. L, R are also uniquely determined by the corresponding integral equations. This proves the
convergence in probability. Therefore the proof of Theorem Bl is complete.

7. PrRooF oF THE FCLT ror THE SEIR MODEL

In this section we prove Theorem [3.2] for the diffusion-scaled processes (5‘ " E", I " ]A%") defined in
BI7). Similarly to the SIR model, under Assumption B3] we have (I"(0), E™(0)) = (I(0), E(0)) €
Ri as n — oo, and thus the FLLN Theorem [B.1] holds, which will be taken as given in the proof
below. Recall the martingale MX defined in (£2).

We have the following representation of the diffusion-scaled processes. We have the same rep-
resentation of $" in (B2) for the SIR model. For the ease of exposition, we repeat the following
expression for the process S

S™(t) = —I™(0) — NI2(t) — A /0 (Sn(s)f"(s) + S(s)f"(s)) ds.

For the process E",
E"(t) = E"(0)G§(t) + Eg (t) + 7 (t)

+ A /O t Ge(t — s) (S"(S)f"(s) + S(s)f"(s)) ds,
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where

(1(&F > 1) - G§(1)),

1 n( i C Qn T
-+ g (746> 0 = Vir [ 6= 95 (I (5

For the process I "
I"(t) = I"(0)F§ )+E”(0)‘I’ (t) + g1 () + I () + I (¢)

—l-/\/ (t —s) I"(s) + S(s)I ())ds,
where 1 o)
[01():_n ((77]>t) Fo())
i=1
| o) '
I§o(t) nz (L&) < O1E) +nj > t) — Wo(1))
j=1
and

A (t)
i \}Z TG <O + & +m > 1) — Af/ (¢ = 5)S™(s)I"(s)ds

For the process R”,
R™(t) = I"(0)Fy(t) + E™(0)Do(t) + R 1 (t) + REo(t) + RY(2)

+)\/0 0t — 5) (5"(5)17(s) + S()"(5)) s,

where o)
Rja() = —= > (1068 <)~ Folt).
1 E‘”(OJ):1
Bia(0) = 7= 3 (U6 +35 50— 80(0).
and "

An(t)

Bt Z b < 1) A\/_/ (t — $)8"(s)T" (5)ds.
’\/7
To facilitate the proof, we also define the process L™ (recall that L™(t) = I™(t) + R™(t) — I"(0)) :

in(t) = v (L") — () = v (L”(t) _ <E(0)G0(t) +a /0 Gl — s)S(s)I(s)ds>> |
It has the following representation:

L"(t) = E"(0)Go(t) + L (t) + L7 (t)

+ A /0 t G(t — s) (S"(s)f”(s) + g(s)f"(s)) ds,
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where
. 1 nE™(0)
Ly (t) = NG (L&) <t) = Go(t)),
j=1
X 1 nA"(t) t B )
B0 = = Y A6 <) - \/HA/O Gt — )57 (s)T"(5)ds.
i=1

We have the following joint convergence for the initial quantities similar to Lemma B.1] for the
SIR model. Its proof is omitted for brevity.

Lemma 7.1. Under Assumption[3.3, we have
(E"()GE(), Eg, E(0)Go (), Lg, " (O)F§ (), B (0)Wo (), I8y, Iita, I (0) Fo(-), E™(0)®o (), Ry, B )
= (BOG§(), Eo, EO)Go(), Lo, [O)F5(), EO)¥o(), lo, Doz [O)Fo(-), EO)Po (), Ro,r, Foyz)

in D12 as n — oo, where the limit processes Ey, Iy, o2, Ro1 and R are given in Theorem [Z2,
and Lg is a continuous mean-zero Gaussian process with the covariance function

Cov(ﬁo(t), ﬁg(s)) = E(0)(Go(t A s) — Go(t)Go(s)), t,s>0.
In addition,
Cov(Eo(t), Lo(t'))

10) ((Go(t) = R = 1) = G5 Go(t)),

E(0) (/t 1(t' > t)Fo(t' — s]s)dGo(s) — Go(t)‘lfo(t/)> ;

Cov(Lo(t), Ipa(t'))

E(0) (/tt Fo(t" — s|s)dGo(s) — Go(t)q)o(t/)> ;

Cov(Lo(t), 1:20,2(75/))

and Lo is independent with the other limit processes of the initial quantities.

Recall the definition of PRM M (ds,dy,dz,du) and its compensated PRM in Definition [6.1]
Definition 7.1. Let M (ds,dy,dz,du) be a PRM on [0,T] x Ry x Ry x Ry with mean measure
v(ds,dy,dz,du) = dsH(dy,dz)du such that the first marginal of Hs is Gs((a,b]) = G((a+s,b+ s])
and the conditional distribution Fs((a,bl|ly) = F((a + s+ y,b+ s+ ylly). Denote the compensated
PRM by M (ds,dy,dz,du).

We use again the notation ¢n(s,u) =1 (u < nAS"(s)I"(s)). We can rewrite the processes Mﬁ,
E‘{‘, ﬁ?, f{‘ and 1:2? as

M7%(t) = % /Ot /000 /000 /000 ©on(s,u)M (ds, dy, dz, du)
= % /Ot /000 /000 /000 cpn(s,u)M(ds,dy,dz,du),

En(t) = % /Ot /:Z /000 /000 ©on(s,u)M (ds, dy, dz, du)
= %/Ot /too /OOO /OOO on(s,u)M(ds, dy, dz, du),

i) = % /0 t /O o /0 h /O " o (5, u) M (ds, dy, dz, du)
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B %/t /t/oo /Oo on(s,u) M (ds, dy, dz, du),
//ts/ts y/ n(s,u)M(ds, dy, dz, du)
/ / / (s, u) M (ds, dy, dz, du),

iy
7//ts/tsy/ on(s,u)M (ds,dy,dz, du)
7/ / /0 /0 on(s,u)M(ds, dy, dz, du).
Observe that R X
MR(t) = ER(t) + LY(t), t>0, (7.1)
e L7(t) = A"(t) + R(t), t>0. (7.2)

We define the auxiliary processes M7 I " ’f, T{L and ]5;? by replacing ¢, (s, u) by
cpn(s,u) =1 (u <nAS(s)I(s)),

in the corresponding processes using the compensated PRM M (ds,dy,dz,du). Then we have
MA(t) = Ep(t) + Li(t), t>0, (7.3)

and _ _ _
Lne) = To(e) + Ry, ¢ >0, (7.4)
Similar to Lemma for the SIR model, we have the following result. We omit its proof for
brevity.

Lemma 7.2.

sup E[|S™(t)]] < oo, sup E[[E"(t)]’] <oo, sup E[[I"(t)]’] <oo, sup E[R"(t)]*] < oo,
t€[0,T] t€[0,T] t€[0,T] te[0,T]

Then, following an analogous argument as in the proof of Lemma [5.3], we obtain the following.
Lemma 7.3. Under Assumption[2.3,
(M} — M3 Er—E} LY — L0 I — 1P R —RY) =0 in D° as n— .
Proof By the same argument as in the proof for the SIR model, we obtain the convergence M7 n—
MA = 0, and L7 — L" = 0, and thus, by (IE[I) and (Z.3), we have E} — E" = 0. We then show

that R? — R} = 0, which will imply /7 — I7" = 0 by (Z.2) and (Z4). On the other hand, the proof

of R? — E{‘ = 0 follows essentially the same argument as that in the SIR model, if we replace the
infectious periods by the sum of the exposing and infectious periods. In the analysis we simply
replace the distribution function I by the convolution of F" and G. In particular, the difference
process E" = R? — R". has E[Z7(t)] = 0, and

E[=(1)?] = % /O B(t — $)E [|57(s)I"(s) — 5(s)I(s)[] ds,

for each ¢t > 0. To show that the sequence {Z" : n > 1} is tight, as in the proof of the SIR model,
it suffices to show the tightness of the processes Z7'(t) and =5(t):

= ////M(S"(s " (s)VS()I(s)) sy
= 1 s, ay,az,au),
1 \/_ A(S7(s)I(s)AS(s)I(s))
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=0(8) = AV /O B(t — )[5"(5)I"(s) — 5(s)I(s)|ds.

It suffices to show that (5.10]) holds for each process. Both processes Zf(¢) and Z5(t) are increasing
in ¢t. The proof then follows step by step and it requires the condition:
1 ! ?
lim sup —E (/ (P(t+0—5)— Pt — 8))A"(s)d8> ] —0 (7.5)
0

n—oo 0

as 0 — 0. We observe that
D(t+6—35)—P(t—s)
t—s

t+5—s
_ /0 F(t+6 =5 —ufu)dGlu) — | Pt =~ ufu)dGlu)

t+6—s t—s
= /t F(t+0 — s —ulu)dG(u) —i—/o (F(t+06—s—ulu) — F(t —s — ulu))dG(u).

—S

Thus, we have

E [(/Ot(fb(t b s)— Bt — s))A"(s)ds>2]

</0t /ti?—s Ft+6—s— u’u)dG(u)A”(s)ds> 2]

(/Ot /Ot_S(F(t +6—s—ulu) - Ft—s— u!u))dG(u)A"(s)ds> 2] .
The first term can be bounded by
oF [(/Ot(G(t 46— )~ Gl — s))A”(s)ds> 2]

which can be dealt with in the same way as the SIR model. For the second term, by interchanging
the order of integration and using Jensen’s inequality, we have

</0t /ot_S(F(t +6—s—ulu) - F(t—s— u!U))A"(S)dsdG(u)>1

<2E

+2E

E

2

<E [/Ot </Ot_u(F(t +d—s—uju)— F(t—s— u\u))A"(s)ds) dG(u)] .

Then given the assumptions satisfied by the conditional distribution function F'(-|u), we can show
that this term is at most of the order of 0(d) as in the SIR model. This completes the proof. [

Let
G ::U{M([o,u] xRi):ogugt}, t>0,

gL ::a{M’([o,u] % [0, 4] xRi);ogugt}, >0,

and

GE = o { D0, 4] % [0,u] % [0,u] x Ry ) : 0 gugt}, t>0.

=

It is clear that ]\72 is a {g;“ ™.t > 0}-martingale with quadratic variation

() (£) = A /0 S(s)I(s)ds, t>0,
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L"is a {gf ™t > 0}-martingale with quadratic variation
~ t — —
(E)(8) = A / Gt — $)S(s)I(s)ds, ¢ >0,
0
and E{‘ is a {gﬁ ™.t > 0}-martingale with quadratic variation

(RIY(8) = A /0 Bt — 5)S(s)I(s)ds, t>0,

Note that we do not have a martingale property for E™ nor I "™ and like in the SIR model, it
is important to observe that the joint process (M I8 R") is not a martingale with respect to a
common filtration, and we only use their individual martlngale property to conclude their tightness.

Lemma 7.4. Under Assumptions and [31),
(M3, ER LY I RY) = (My, By, Ly, I Ry) in D as n— oo,
where (MA,El,fl,I%l) are given in Theorem [2.2, and Ly is a continuous Gaussian process with

covariance function: for t,t' >0,
tAE

Cov(Li(t), L1(t)) = A i GtV — 5)S(s)I(s)ds,

and it has covariance functions with the other processes: for t,t' >0,
AL

Cov(Ma(t), Li(t') = X i G(t' — 5)5(s)I(s)ds,

Cov(Ey (1), L1(t) = A /0 (Gt — s) — G(t — s)1(t' > 1)S(s)I(s)ds,
Cov(Li(t), 11 () = A /O (Gt —s) — Ut — )1t > t)S(s)I(s)ds,

Cov(L1(t), Ir(t") = A /O (G(t — 5) — D(t' — s))L(t' > t)S(s)I(s)ds.

Proof. In view of Lemma [(.3], it suffices to prove that
(M3, Bl LY I RY) = (Ma, By, Ly, I, Ry) in DY as no— oo

Using the martingale property of M;{, E? and ]Aé?, we establish tightness of each of these processes
in D. Moreover each of the possible limit being continuous, the differences T{L(t) = E?(t) - E{L(t),
and E7(t) = Mﬁ(t) — L}(t) are tight. Lemma[Z3 now implies that (M7}, {E%}, , {I}}, and {R}}
are tight. We next show (i) convergence of finite dimensional distributions and (ii) the limits are
continuous.

To prove the convergence of finite dimensional distributions, by the independence of the restric-
tions of a PRM to disjoint subsets, it suffices to show that for 0 < ¢ < ¢, 0 < a < b < oo and

0<c<d< o0,
Tim E[exp< /t / / / N (ds, dy, dz, du)ﬂ
—exp<——)\/tl </ / . dy,dz> S(s) (s )d) (7.6)

/ / L, (dy, dz) = / Py~ sly) = Fle—y— sly)Gldy).

where
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By (G.I7), the left hand side of (Z.6]) is equal to

exp <—z—/t/ (/ / . dy,dz))\nS( VI(s)d )
X exp ((ew/\/ﬁ .y /t ( / / ﬁs(dy,dz)> AnS‘(s)f(s)ds) .

Then the claim in (5.10) is immediate by applying Taylor expansion.
We next show that there exists a continuous version of the limit processes M4, F1, I1 and Ry in
C. Taking R; as an example, we need to show (B.I8)) holds. By (.4]), we have

E[(Ra(t+0) — Ra(1))!] =3 (B [(Ra(t+9) - Rl(t)))2]>2
:3<)\/tt+6(1>(t+6—s)5’( V(s )ds+)\/0t(¢>(t+5—3)—<I>(t—8))5( )(s)d )2
2

< 6% 46X </t(®(t +6—58)— Dt — s))S(s)f‘(s)ds> .
0

This implies that (5.I8]) holds thanks to Assumption Bl see the computations for the proof of (7.0))
above. This completes the proof. O

Completing the proof of Theorem[2.2. By Lemmas [(.1] and [[.4], we first obtain the joint convergence
(= 1"(0) = V13, E™(0)G5 () + B + BY, I"(O)F§ () + E"(0)Wo (") + Ity + Iy + T,
() Fo(-) + E™(0)@0(") + Ry + Ry + BY)
= (= 1(0) = N4, BQ)GE() + Eo + Er, HO)F5() + BEO)¥o() + fo + fo2 + I,
1(0)Fo () + E(O)®o() + Ro + Roz + B )

in D* as n — co. Then by Lemma [§] and the continuous mapping theorem, we obtain ([B.I18). O
As a consequence of the above proof, we also obtain the convergence L"= Lin D asn — o0,
jointly with the processes in ([B.I8]), where

L(t) = BO0)Go(t) + Lo(t) + L (¢)

+ )\/Ot G(t—s) (S’(s)f(s) + g(s)f(s)) ds, t>0.

8. APPENDIX

8.1. A system of two linear Volterra integral equations. Define the mappingT": (a,z,y,2) —
(¢,1) define by the integral equations:

o) = a+a(t) + /0 (6(5)2(5) + w(s)(s))ds

£+ /0 K(t — 5)(6(s)2(s) + w(s)(s))ds, (8.1)

where (a,2,y,2) € Rx D3 and ¢ > 0 and w € C. (Here c and w are given and fixed.) We study the
existence and uniqueness of its solution and the continuity property in the Skorohod J; topology.



46 GUODONG PANG AND ETIENNE PARDOUX

Lemma 8.1. Assume that K(0) = 0 and K(-) is measurable, bounded and continuous, and let ¢ > 0
and w € C be given. There exist a unique solution (¢,1) € D? to the integral equations 8I). The
mapping I is continuous in the Skorohod topology, that is, if a™ — a in R and (z™,y", 2") — (x,y, 2)
in D3 asn — oo with (,2) € C? and y € D, then (¢™, ™) — (¢,9) in D? as n — oo. In addition,
if y € C, then (¢,v) € C?, and the mapping is continuous uniformly on compact sets in [0,T).

Proof. By Theorems 1.2 and 2.3 in Chapter II of [16], if z,y € C, we have existence and uniqueness
of a solution (¢,1)) € C? to the integral equations (8I]). The proof can be easily extended to the
case where x,y € D by applying the Schauder-Tychonoff fixed point theorem.

We next show the continuity in the Skorohod .J; topology. Note that the functions in D are
necessarily bounded. For the given (z,2) € C? and y € D, let the interval right end point 7" be a
continuity point of y. Since (z, z) € C?, the convergence (2", y", 2") — (x,y, z) in D? in the product
J1 topology is equivalent to convergence (x",y", z") — (z,y,2) in D([0,T],R?) in the strong .J;
topology. Then there exist increasing homeomorphisms A" on [0,7] such that [|[\" — e|]lp — 0,
|l — 2z o N"||p = 0, [|[y" —yo A"[|7 — 0, and ||z" — z 0 \*||7 — 0, as n — oo. Here e(t) := ¢ for all
t > 0. Moreover, it suffices to consider homeomorphisms A" that are absolutely continuous with
resect to the Lebesgue measure on [0, 7] having derivatives A" satisfying ||A" — 1|7 — 0 as n — co.
Let supycpo 77 [ K (t)] < ck.

We have

6"(t) — oA (1)) < [a” —af + [l2" —z 0 X"z

t A" (t)
j/ (6" (5)2"(5) + w(s)y" (s))ds — j/ (6(5)2(s) + w(s)(s))ds
0 0

<la® —af + 2" —z o A7

+c

e jﬁ (6" (5)2"(5) + w(s)¥" (5))ds

—/0 (G(A"(5))2(A"(8)) + w(X" ()b (A"(5))) A" (s)ds

<la® —af + 2" —z o A7

. T
+4M"—WTA 16(5)2(5) + w(s)w(s)|ds

e [(166) = o DI )]+ 160 6] (5) 20 ()
0
+wls) = w7 (5)] + o\ () 7 (5) — $(A" (5))] ) ds

and similarly,
[ (#) = A" @) < ly" —y o X'z

+c/1awwxw@VW@+w@WW@Ms
0

A" (1)
_ /0 K(t—5)(p(s)z(s) + w(s)p(s))ds

. T
Sy —yo X lr +ex e[|\ - 1IIT/O |6(s)2(s) +w(s)i(s)|ds
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+ex CK/O (|¢"(8) — ¢ ())[z" ()] + [#(A" (8))]|2" (5) — 2(A"(s))]
+ |w(s) — wA ()" (s)] + [w(X* (s))[[¢" (s) — (A" (s ))!)ds

By first applying Gronwall’s inequality and then using the convergence of a” — a in R and
(2™, y™, 2") — (x,y,2) in D3, and w € C, we obtain

|¢g" — po N7 + [[W" — o A*||7 =0 as n — oo.

This completes the proof of the continuity property in the Skorohod .J; topology. If y € C, the
continuity property is straightforward. ]

8.2. Proof of Proposition 2.1
Proof of Proposition [Z1. Recall that the unique solution of the linear differential equation: x(t) =
0)+a fo s)ds+y(t) with y(0) = 0, is given by the formula x( ) = ea( —i—fo ae®t=5)y(s)ds+y(t),
fortzO,andlnyCl,wehavex()—ex +ft o(t=9)y(s)ds.
Let X;(t) = I(0)e . We have
t
X1(8) = —p / X, (s)ds + 1(0). (8.2)
0
Let ,
Xo(t) = A / e MI=8) (1 — 21(s))I(s)ds.
0
We have . .
Xo(t) = —p | Xo(s)ds + A / (1 — 21(s))i(s)ds. (8.3)
0 0
For Iy(t), its covariance is
Cov(Io(t), Io(t") = I(0)(e M) — g=ite=ity - ¢ ¢ > 0.
It is easy to verify that
t
Io(t) = = [ Io(s)ds+ Wo(®) (3.4)
0

Where WO( ) =1(0 )1/ 2By(1 — e~#) for a standard Brownian motion By. We can represent Wy (t) =
1/ 2 fo \/ ue NSdBO ) for another Brownian motion By, and thus write

Io(t) = 1:(0)1/2/ e M=) Sue=msdBy(s), t >0,
0

which gives the same covariance as above by [t0’s isometry property.
For I, its covariance is

tAY
Cov(Iy(t), I (t') = A / e MVE=8)(1 _ [(s))I(s)ds, t,t' > 0. (8.5)
0
We next show that .
L) = —p / Lu(s)ds + WA (1) (8.6)
0
where Wi (t) is a continuous Gaussian process, independent of Wy(t), with the covariance function
tAt
Cov(Wi(t), Wi (t") :/ O(r)dr
0

where
O(r) .= X1 —I(r)I(r) + pI(r) — I(0)pue .
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We have .
L) = —u / e HEIW, (s)ds + W (1), = 0.
0

We compute the covariance Cov(I;(t), I1(s)) using this expression: for ¢ > s,

Cov(I1(t),I1(s)) = E Wy (t)Wi(s)] — uE [Wl(t) /0 ) e_“(S_T)Wl(r)dr]

R [Wl(s) /0 t e_“(t_r)Wl(r)dr]

t s
+ 1R {/ </ e M) e Y (1YW (r')dr/> dr)] :
0 \Jo

E [Wy ()W (s)] = /0 " 0(u)du.

The first term is

The second term is

L /O =R (W ()W ()] dr = —p /0 T emnlsr) ( /O ' 9(u)du> dr

. / (1 — =)0 (r)dr.
0
The third term is

. /0 R [T ()W ()] di

= —p /0 I < /0 ! 0(u)du> dr — p / it < /0 S 9(u)du> dr

_ _emnlt9) / (1= e P = N0(r)dr — (1 — e—h=9) / 0(u)du
0 0

- / 8(1 — e PN () dr
0

The fourth term is

t s
,u2/ </ e_“(t_r)e_“(s_w)E[Wl(T)Wl(r')]dr') dr
0o \Jo
t s
= 2/ </ e_“(t_r)e_“(s_rl)E[Wl(T)Wl(r')]dr') dr

0

+,u2/ </ e_“(t_r)e_“(s_rl)E[Wl(T)Wl(r/)]dr’> dr
0

0

t s r’
= ,u2/ </ e~ HlEmm) gmpls=r") (/ 0(u)du> dr') dr
s 0 0
+ 2#2/ (/ e M=) gmils=r) </ 9(u)du> dr') dr
0 0 0

= (1 — e Ht=3)) /S(l — e PETNG(r)dr
0

4 e Hlt=s) / (1-— 2e M=) 4 6_2M(S_T))9(T)d7‘
0
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_ / "1 = =) gmm(t=) | mnl=n) a1 ) ().
0
Combining the four terms, we obtain

e H(t=s) /s 6_2“(S_T)9(r)dr.
0

Now we check that this is equal to the covariance of I;(t) in (85). Taking the difference between
the last expression and the right-hand side of ([8X]) with ¢ = s < ¢, we obtain

e H(t=9) / 6_2“(8—’")9(7*)0% — )\/ e_”(t_r)(l — I(r))I(r)dr
0 0

=) [ = H)I() + pI(r)dr = e ) [T eI @ T )ar
0 0

—e_”(t_s)/ eI T(0) e dr- (8.7)
0

Observe that the fluid equation for I(t) can be written as
T'(t) = —ul(t) + AL(1)(1 - (1))
and B - - B B
I'(t) = —2ul(t) + M (t)(1 — I(t)) + pl(t).
These two equations give the following representations of I(t):

I(t) = I(0)e ™" + A / T e F(r) (1 — T(r))dr,
0

and

I(t) = 1(0)6_2”8 + /S e~ 21(s=7) ()\f(r)(l —1I(r)) + ,LJ(T)) dr.
0

Also notice that fos e 2(5=T) e Hr gy = ¢S — ¢=215 | Using these equations, we verify that B is
equal to zero, and thus the equation for I in ([BQ) is established. Therefore, by combining (8.2I),
®3) [B4) and (B.Q), we obtain the equivalence of the non-Markovian and Markovian representations
of I for the SIS model. O
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