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Multi-patch epidemic models with general exposed and infectious periods

GUODONG PANG AND ETIENNE PARDOUX

ABSTRACT. We study multi-patch epidemic models where individuals may migrate from one patch
to another in either of the susceptible, exposed/latent, infectious and recovered states. We assume
that infections occur both locally with a rate that depends on the patch as well as “from distance”
from all the other patches. The exposed and infectious periods have general distributions, and are
not affected by the possible migrations of the individuals. The migration processes in either of the
three states are assumed to be Markovian, and independent of the exposed and infectious periods.
We establish a functional law of large number (FLLN) and a function central limit theorem (FCLT)
for the susceptible, exposed/latent, infectious and recovered processes. In the FLLN, the limit is
determined by a set of Volterra integral equations. In the special case of deterministic exposed and
infectious periods, the limit becomes a system of ODEs with delays. In the FCLT, the limit is given
by a set of stochastic Volterra integral equations driven by a sum of independent Brownian motions
and continuous Gaussian processes with an explicit covariance structure.

1. INTRODUCTION

Multi-patch epidemic models have been used to study various infectious diseases, for example,
nosocomial infection [22], vector-borne diseases [21], HIV/AIDS transmission [20], SARS epidemic
[24], and so on. They are often used to capture the heterogeneity between different geographic
locations, for example, a densely populated city and a less populated rural area. It also helps
to study the effect of migrations or lock-down measures among different population groups or
locations. In the Covid-19 pandemic, it has been observed that the infectivity in different regions
may vary and is impacted by various social-distance and lock-down measures [29, 31].

ODE models are often used to study the dynamics of such multi-patch epidemic models. It is well
known that the ODE dynamics arises from the Markovian assumptions in the stochastic multi-patch
epidemic model, that is, the infection process is Poisson, the infectious (and/or exposed/latent)
periods are exponentially distributed and the migration processes are also Markovian [1, 8, 23, 24,
4, 21]. Some ODE/PDE models are also used to study their dynamics when the infection rates are
age-dependent (depending on how long the population has been infected), see, for example, [22, 12].
These models also assume exponentially distributed infectious periods and Markovian migration
processes.

In this paper, we study multi-patch SEIR models, in which the exposed/latent and infectious
periods have a general joint distribution (possibly correlated), while the migration processes are
Markovian. The infection is assumed to be both local, and from distance. That is, the infection
rate in a given patch depends on the susceptible population in that patch, and on the infectious
population in all the patches. Individuals may migrate from one patch to another in each of the
Susceptible, Exposed (Latent), Infected and Recovered stages. The reason for infection at distance
is twofold. First, if we set some of the migration rates to 0, we could consider some of the patches
as substructures of the population, like age classes, which infect each other. Second, some of the
movements of the population should not be considered as migrations, but visits from one patch to
another, during a week—end or holiday, with a return at home at the end of a short period. Such
movements may produce infection of a susceptible individual in patch ¢ by an infectious individual
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from patch ¢ # i. Those displacements would be very complicated to model as such. We think
that infection at distance is a reasonable way to model infections due to such movements.

If the exposed and infectious periods were independent and exponentially distributed, one could
derive the deterministic approximations described by ODEs for the epidemic dynamics (see, for
example, those used in [31]). As for the one-patch SEIR models with general exposed and infectious
periods (possibly correlated), we have to use Volterra integral equations (involving the distribution
function of the exposed and infectious periods) as deterministic approximations for the epidemic
dynamics [28]. In particular, the LLN limiting models are models with memory.

We describe the evolution dynamics by tracking the time epochs of becoming exposed and/or
infectious and the location of an individual at these event times. Specifically, in the multi-patch
SEIR model, each individual tracks the time epochs of becoming exposed, infected and recovered,
and is associated with two Markov chains that are used to track their movement starting when the
individual becomes exposed and infectious, respectively. For the initially exposed and/or infected
individuals, we also assume that their remaining exposing and/or infectious periods have general
distributions, which may be different from those of the newly exposed/infected individuals. For
these initially exposed/infectious individuals, we also track their movement among the patches
using Markov chains while being exposed /infectious.

Given the representations with these time epochs and location processes, we show a functional
law of large numbers (FLLN) and a functional central limit theorem (FCLT) for the associated
counting processes in the multi-patch SEIR model. The FLLN limits are determined by a set of
Volterra integral equations. When the infectious (and exposed/latent) periods are deterministic, we
can write the fluid integral equations as a set of ODEs with delay (Remark 2.1). The limit processes
in the FCLT are determined by a set of stochastic Volterra integral equations, driven by a sum
of independent Brownian motions and continuous Gaussian processes with a certain covariance
structure. When the infectious (and exposed/latent) periods are deterministic, the limits become
stochastic differential equations with linear drifts and delay (Remark 2.3). We discuss how the
results simplify in the SIR model as a special case, and also how the approach and results can be
extended to study multi-patch SIS and SIRS models (Section 2.4).

In the proofs of these results, we employ Poisson random measures (PRMs) that are constructed
as the sums of the Dirac masses at the time epochs of becoming exposed and infectious, the
infectious and exposing periods and the Markov chain starting from the location of each individual
at those epochs. While to the Markov migration process are naturally associated martingales,
which are easily proved to be tight in the appropriate path space, the non—-Markovian nature of
the epidemic process does not produce obvious martingales. However, as in our previous work [28],
we are able to find various martingales attached to various and non—standard filtrations, which are
constructed from our representation of the epidemic by integrals with respect to Poisson Random
Measures. We use the martingale properties and convergence theorems as critical tools in the
proofs. For the single-patch SIR and SEIR models with general infectious and exposing periods,
an approach using PRMs that are constructed at the time epochs of becoming infectious (and/or
exposed), was developed in [28]. The approach is further developed in this paper for multi-patch
SIR and SEIR models, to track the locations of each individual at each event epoch. Incorporating
infection from distance in addition to local infections in the model also brings in new technical
challenges in the proofs of both the FLLN and FCLT.

This paper contributes to the limited literature on stochastic epidemic models with general
infectious periods. We refer the readers to the overview in Chapter 3.4 of [8] on the common
approaches to study non-Markovian epidemic models and LLN and CLT for the final sizes of the
epidemic; see also the recent method using piecewise Markov deterministic processes in [10] and [17]
for the SIR model. FLLNs and FCLT's are proved for some age and density dependent population
models in [33, 34, 35], which includes the SIR model with the infection rate depending on the
number of infectious individuals as a special case. Reinert [30] proves an FLLN for the empirical
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measure of the SIR epidemic dynamics using Stein’s method, while no FCLT has been proved with
that approach. In [28], both FLLN and FCLT were established for the epidemic dynamics in the
classical models (SIR, SIS, SEIR, SIRS) where the PRM representations of the dynamics plays a
fundamental role in the proofs. The FCLT limit for the SIR model in [28] is similar to that in
[33, 34, 35], however, the proof approaches are completely different; in addition, the distribution
function of the infectious periods is assumed to be continuously differentiable in [33, 34, 35] while
no condition is imposed in [28]. We highlight that the distribution functions of the exposed and
infectious periods in this paper are general without requiring any conditions. The integral equations
for the SEIR model in [28] are also used to estimate the state of the Covid-19 epidemic in [16]. For
SIR and SEIR models with varying infectivity, where each individual is associated with an i.i.d.
random infectivity, which is a function of the time elapsed since infection, FLLN and FCLT have
recently been established in [15, 27]. Although Volterra integral equations were used to describe
the proportion of infectious population in the SIS, SIR or SEIR model without proving an FLLN
(see [6, 7, 11, 13, 19, 32]), as far as we know no Volterra integral equations have been proposed so
far for multi-patch epidemic models with general infectious (and/or exposed) periods. Our work
shows both FLLN and FCLT for non-Markovian multi-patch models, and identify (stochastic)
multidimensional Volterra integral equations as their limits.

It is also worth mentioning the multi-type epidemic models where the population splits up into
multiple groups of individuals and each group may infect any other group in addition to itself (no
migration), see Chapters 6.1 and 6.2 in [1] and [2, 3]. The special case of our model with zero
migration rates covers that situation. In those models, proportionate mixing taking into account
control measures like social distance or lockdowns can also be incorporated.

1.1. Notation. Throughout the paper, N denotes the set of natural numbers, and Rk(Rﬁ) denotes
the space of k-dimensional vectors with real (nonnegative) coordinates, with R(R;) for & = 1.
For z,y € R, denote z A y = min{z,y} and z Vy = max{z,y}. For x € R, let 27 = 2 vV 0 and
x~ = —(x AN0). Let D = D([0,T],R) denote the space of R—valued cadlag functions defined on
[0,T]. Throughout the paper, convergence in D means convergence in the Skorohod .J; topology,
see chapter 3 of [5]. Also, D* stands for the k-fold product equipped with the product topology. Let
C be the subset of D consisting of continuous functions. Let C' consist of differentiable functions
whose derivative is continuous. For any function z € D, we use the notation ||z = sup,c(o 11 |2(t)]-
For two functions =,y € D, we use zoy(t) = xz(y(t)) denote their composition. All random variables
and processes are defined on a common complete probability space (€2, F,P). The notation = means
convergence in distribution. We use 1.3 for indicator function, and occasionally we shall write 1{.}
in case the first notation is not readable enough. We use small-o notation for real-valued functions
f and non-zero g: f(z) = o(g(z)) if limsup,_, . |f(x)/g(x)] = 0. We use 7 to denote the unit
imaginary number.

2. MODEL AND RESULTS

2.1. Model description. We consider a multi-patch epidemic model, where individuals in each
patch experience the Susceptible-Exposed (Latent)-Infectious—Recovered (SEIR) process. The
patches may refer to populations in different locations, for example, a densely populated city and
a less populated rural area. As explained in the introduction, susceptible individuals in each patch
are infected both locally, by infectious individuals located in the same patch, and at distance, by
infectious individuals from other patches. The rate of infection is different in each patch (because
of the differences in the density of population or in the type of available public transportations),
while the law of the infectious period is the same (due to the same illness).

Let N be the total population size and L be the number of patches. The set of patches will
be denoted £ = {1,...,L}. (We use indices i,4,¢,¢ for elements in £, and occasionally ", ¢".)
For each patch i € £, let SN (¢), EN(t), I (t), RN (t) count the numbers of individuals that are
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susceptible, exposed (latent), infectious and recovered in patch i at time ¢, respectively. We have
the balance equation:

L
N =Y (SY®) +EN@®) + 1Y@t + RY(t), t>0. (2.1)

i=1
Assume that S¥(0) > 0, Zlel(EZN(O) + IN(0)) > 0 and RN(0) = 0 for each i € L.
Let \; be the infection rate of patch ¢ € L. Define the following processes, for some 0 < v <1,

S (1) Sy il (1)
N/ (SN + BN () + IV () + RY (1)

TN () = ieLl, (2.2)
where k;; = 1 and k;y > 0 for ¢ # £ represent the infectivity from distance. The rate of new infections
in patch i at time ¢ is \; TV (¢). Let us explain the role of the parameter . Let &; := Zle ki and
R = maX;cr K;.

In the homogeneous population, where L = 1, (2.1) tells us that in the unique patch, SV (¢) +
EN(@#)+ 1V (t)+ RN (t) = N, hence YN (t) is the same, irrespective of the value of y. The rationale
of this form of the infection rate is as follows. Each infectious individual meets others at rate 3. If
the individual who is met is susceptible, which happens with probability equal to the proportion of
susceptible individuals, i.e., S (t)/N , then the encounter results in a new infection with probability
p. If we let A = 8 x p, we find the above formula for the rate of infection in case L = 1. Now,
consider the case L > 1. We do not factorize A into 5 X p anymore, or equivalently do asif p = 1. In
the case v = 1, the rate of encounters of individuals in patch ¢ by a given infectious is fixed, equal to
\; for an infectious of the same patch, and equal to \;x;» for an infectious from patch ', whatever
the total population in patch ¢ at time ¢ may be. In case v = 0, the same rate is proportional to
the total population of patch i at time t. In the intermediate cases, the rate lies between those
two extremes. The case 7 = 1 seems to be used in most spatial epidemics models. The values of
Ai’s can correct for the different densities of population of the various patches, resulting in more
or less encounters. However, especially in the stochastic model, the population size in each patch
may fluctuate significantly, which is a motivation for using a model with v < 1.

We shall prove the FLLN for any value of v € [0,1], and the FCLT only for v € [0,1) in the
general case, and for all v € [0, 1] in the case that infections are only local, i.e., kjy = 0 for i # £.
The reason for this restriction is that in the case v = 1 and ), 2 Kie > 0, we are not able to
establish the estimate (4.18) in Lemma 4.3 below.

1=y
Note that TN () < (%) S keI N (), so that in the case v < 1, TN (¢) = 0 whenever

SN(t) + IN(t) + RN(t) = 0. By convention, we shall assume that the same holds in case v = 1,
ie., 8 = 0. )\,TZN(t) is the rate of new infections in patch 7 at time ¢. It is of course 0 if patch i is
empty.

Let AN(t) be the cumulative counting process of individuals in patch i that get infected on
the time interval (0,¢]. Then we can give a representation of the process AN (¢) via the standard
Poisson random measure (PRM) @Q; on R% (with mean measure dsda), the various {Q;, i € L}
being mutually independent,

t o7}
A0 = [ [Tromo@sd. >0, (23

Equivalently, we could write

AN() = Pas (Ai /0 “pw (s)ds) >0, (2.4)
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where P4 ; is a unit-rate Poisson process, and independent from each other for < € £. But the first
description will be more useful for us. We let {T]{V;, j > 1} denote the successive jump times of the
process AZN, fori e L.

The EZN (0) initially exposed individuals experience the exposed and infectious periods before
recovery. Let {77272. :k=1,...,EN(0)} be the remaining exposed periods of the initially exposed
individuals in patch . After the exposed period, let {¢(_y;: k=1,... ,EZN(O)} be the durations of
their infectious periods. The IV (0) initially infected individuals experience a remaining infectious
period before recovery, and let C,g’i, k=1,... ,IZ-N (0), denote their remaining infectious periods.
The Aﬁv (t) newly infected individuals in patch i experience the exposed and infectious periods. Let
{n;i:j € N} and {¢;,; : j € N} be the associated exposing and infectious periods.

Assume that {Clg,i}v {(7727i,C_k7,~)} and {(nj4,(j4)} are all i.i.d. sequences of random variables
having distribution functions Fy, Hy(du,dv) and H (du, dv), respectively, and they are also mutually
independent. Note that (;; is defined for j € Z and ¢ € £ (those with j < 0 code the infectious
periods of the initially exposed individuals, while those with j > 0 code the infectious periods of
the newly exposed individuals). Let Gy and F' be the marginals of Hy for 77271' and (_j4, and G
and F' be the marginals of H for 7 ; and (;, respectively. (It is reasonable to assume that the
marginal distributions of (_j; and (j; are the same.) Also let Fy(-|u) and F'(-|u) be the conditional
c.d.f’s of (_j; and (j 4, given that 7712,2’ = u and 7y ; = u, respectively. Let Gj = 1—Gp, G° =1-G,
Fy=1—-Fyand F¢=1-F.

Individuals may migrate from patch £ to ¢ in any of the four epidemic stages, with rates vg g ¢,
Vg, Ve and vg g ¢ for the susceptible, exposed, infectious and recovered ones, respectively. For
each individual, the times between migrations in each of the stages are exponentially distributed.

In order to track the location/patch of the individual 7 who gets exposed at time Tj{\; in patch £,

we first use the Markov process Xg , taking values in £, associated with the rates vg ¢ for ¢’ € L.
It takes effect from the time Tj]’\; of becoming exposed, until the time Tj{\; +n;,¢ when this individual

becomes infectious. Given that this individual has migrated to patch ¢ at the end of the exposed
period (shg/he may have done several migrations to other patches during the exposed period),

that is, XZ (nj,¢) = ¢', we then use another Markov process YZJ, to track the location/patch of the
individual during the infectious period (j ¢, associated with rates vy g for ¢ € L. This process

Yg only takes effect from the time of becoming infectious Tj{\; + 1,0, until the time of recovery
Tj]’\; + 050+ G Suppose that the individual has migrated to patch i at the end of the infectious
period, that is, Y} (¢j) = i. The individual will then belong to the compartment of recovered
individuals, and will migrate among patches according to the rates vg; ;s for i € £. Similarly we

use X g * and Yg,_k for the initially exposed individuals k£ =1, ... ,Eév (0) that have been exposed at
time 0 in patch £. They are again associated with the rates vg ¢ for ¢ € L, and vy g v for " € L,

respectively. In addition, we also use Yzo’k for the initially infectious individuals k = 1,..., 1 év (0)
that have been infectious at time 0 in patch £. It is again associated with the rates vy g for ¢/ € L.

We assume that for each j, XZ and YZJ, are independent for ¢,/ € L, and for each k, X?’k and
Yz,_k are independent for ¢, ¢ € £. We also assume that all these Markov processes {Xg, Yzj Yt
{X?’k, Yg_k}u and {Ygo’k}u are mutually independent.

Let pro(t) = P(X](t) = £|X](0) = ¢) and qgp(t) = P(Y](t) = ¢'|Y{(0) =€) for £,4' € L, j > 1
and t > 0. For each ¢, the processes {X?’k}k have the same transition function (pge(-))rec as
{Xg}j, and the processes {Y[k}k and {Yeo’k}k have the same transition function (ge e (-))eer as

{v71;.
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The multi-patch SEIR epidemic evolution dynamics can be described as follows:

t t
550 = SYO - a0+ S (P (vsas [ SF0s) - Poae (vse [ 88019 )
(=10 0 0
(2.5)
L EN0) L AY@®)
Nipy _ _
EN({t) = ; ; 1t<ng,llxg,k(t):i+; > L% 4y ot =i (2.6)
= = = ‘]:
L 1) L E}0)
Nipy —
L) = Z 1t<§2,zlyzo’k(t)=i +Z 77k (St <Zl f’lnk s kl’>t1 (t—"g,z):i)
(=1 k=1 (=1 k=1 v=1
L AY() L
+; Aot <ZZ L) (g0 Loty o o>t )i ) ’ 27)
= j: =1
L 1;'(0) L E](0)
Ny —
Ri'(t) = Z lfg,zgtlno'k(Cg,z)=i+Z <Z lXOk(n =t ”kz"‘c kl’<t1Y (Ck,z/):i>
(=1 k=1 =1 k=1 \i—
L AY()
+3 3 (3 twoneenersesdvion)
=1 j=1 \e=1
t
+ Z <PREZ <VRM/ R} (s > — Pr,iy <VR,M/ Rfv(s)de) >, (2.8)
0

(=1, (i

where Ps; ¢, Pri¢ , 1,{ € L, are mutually independent unit-rate Poisson processes, which are
globally independent of the Q;’s. For the dynamics of EN(¢), the first term represents the number
of initially exposed individuals from patch ¢ that remain exposed and are in patch i at time ¢,
and the second term represents the number of newly exposed individuals from patch ¢ that remain
exposed and are in patch 7 at time ¢. In the expression for IiN (t), the first term counts the number
of initially infectious individuals from all the patches that remain infectious and are in patch 7 at
time ¢, and the second term counts the numbers of initially exposed individuals from all the patches
that have become infectious and are in patch i at time ¢ (for tracking purposes, the location at
the epochs of becoming infectious is recorded). Also note that we use the Markov process Ygo’k to
indicate that these are for the initially exposed individuals. The third term counts the number of
newly exposed individuals at all patches that have become infectious and are in patch ¢ at time
t, and we also track the patch in which each individual has become infectious. In the expression
for RZN (t), the first term represents the number of initially infectious individuals from patch ¢ that
have recovered by time t and were in patch ¢ at the time of recovery, the second term represents
the number of initially exposed individuals from patch ¢ that have recovered by time t, and were
in patch 7 at the time of recovery, while becoming infectious in patch ¢, the third term represents
the number of newly exposed individuals from patch ¢ that have recovered by time ¢, and were in
patch 7 at the time of recovery while becoming infectious in patch #'.

It is not easy to take the limit as N — oo in the formulas of EZN and IZ-N above. We now derive
the following representations, which will be very helpful in the proofs of our results.

Lemma 2.1. We have

L L
N _ N N )
EY(t) = E'(0) =) Ly <t x0k (0 oy + AT () - > LN vnge<ilxi (0=



t
+ ZPE,Z,Z' <VE,é,i/0 > ZPE,z,é <VE,Z,5/ EN(s > (2.9)

01 123
L 1Y(0)
N
I’i (t) ; i 1<Ig,l§tlylo’k(<2’[):i
L EY(© L ENO) /L
+Z 1770 <t1X2’k(n2,L,)=i_Z (Z 1X2’k(?725) 5’1772,5"‘(k,e’<t1YZ/k(Ck,zl)=i>
/=1 k=1 /=1 k=1 =1
L AN(t) AN /L
+£§; 1 1T]%+nj’lgt1XZ(nj,£):i_; - (;:1 lXj(ngé) é/lq— l+77]l+cje/<t lj}(cjl/):i)
=1 j= =1 j= =

_l’_

~
™

t t
P[’gﬂ' <I/[7g’i/ [f(s)ds) - ZP[’Z"[ <I/[7i7g/ [ZN(S)d8> . (2.10)

where Pg ;o and Pr;q, 1,0 € L, are all unit-rate Poisson processes, mutually independent, and also
independent of Pa;, Ps;e and Pr .

Before turning to the proof, let us comment on these formulas. In the expression of EZN (t), the
first and third term count the number of initially exposed individuals in patch ¢, and the number
of those whose became exposed in patch i on the time interval [0,¢]. The second and fourth terms
subtract the numbers of initially and newly exposed individuals in any patch who have become
infectious before time ¢ in patch i. Finally the last two term count the numbers of migrations of
exposed individuals to and from patch i. The expression of IZ-N (t) is similar, except that the second
term subtracts the number of initially infectious individuals in any patch who have recovered before
time t in patch i, and the fourth and sixth terms subtract the numbers of initially and newly exposed
individuals in any patch who have recovered before time ¢ in patch ¢, where the patch in which
they became infectious is also tracked.

Proof. In the representation of EX (), we observe that

EN(0) EN(0)
Z 1t<770 1X0k (t)=i .= E™0 Z 1OZ§t X0F(y ZVZJZO
i
and for ¢ # i,
EN(0) E(0)
Z 1t<170 1X0’k(t):i = ng’\if’o(t) — Z 17]275951)(?*(172’2):2'
k=1 k=1

where Vizzao (t) is the number of initially exposed individuals from patch i that are in patch ¢ at the
time ¢ A 79 pfork=1,... , EN(0). We also observe that

AN (1) AN ()
Z N>t XJ(t TN)=i T AN Z N+njb<t X7 (n;,0)= ZV,{X
= j=1 0#i
and for £ # 1,
AN (1) AP (1)
Loty et X (=)= = Vi) - Lo o<t xi () )=

J=1 J=1
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where VZ]X (t) denotes the number of individuals who became exposed at time T € (0,t) in patch
i, and are in patch £ at time t A (75, Tyt mye) for j=1,... JAN ().
It is clear that

STVA® - VA + D VN -> v

(i i i i

5 s (s BY194) 5 P (v [ 0 00)

j#i t#i

Thus, using the above identities, we obtain the expression in (2.9). A similar argument gives the
expression in (2.10). O

Note that some of the key components in the dynamics above can be represented via PRMs.
The infection process AN has the same representation in (2.3) using the PRM Qg Define a PRM

Qu(ds, da, du,df) on R3 x £, which is the sum of the Dirac masses at the points (77, 0 Q%, .05 Xg (M5e))

with mean measure ds x da x G(du) x pX (u, df), where for each u > 0, X (u, {€'}) = pgo(u), and
an infection occurs at time T]{\; if and only if Qlj-\fg < AN (T]{\;). We can then write for ¢,¢ € L,

t—s
1 N+77]Z<t X] 77]2 / / / /Z/ Cl<)\(TN Qf(ds da du d@) (211)

We denote the corresponding compensated PRM Q,(ds, da, du, df) = Qg(ds, da,du,df) — ds x da x
G(du) x pi< (u,df) for £,0' € L.

Define another PRM Qg(ds da, du, df, dv,dd) on RY x £, which is the sum of the Dirac masses at
the points (7; Z,Qlj 030 Gt (77) g) YZJ,(CJ ) with mean measure dsx dax H (du, dv) x i\ (u, df) x
py (v, dY), where for each u > 0, p; (u, {¢'}) = pew(u), and for each v > 0, ) (v,{¢'}) = qoo(v),
and again an infection occurs at time Tj{\; if and only if ?2% < ATV ((TJJ\Q)_) We can then write
for £,i € L,

AP (1)

j=1

AP () L

=1

/ / /t s/t - u/ /Z a<A TN (s Qi(ds, da, du, dv,df, dv) . (2.12)

We denote the corresponding compensated PRM @g(ds, da, du, dv,df, dv) = Qg(ds, da, du, dv,
df,dd) — ds x da x H(du,dv) x X (u,dd) x p} (v,dd) for £,i € L.

2.2. FLLN. For any process ZV, let ZVN := N~1ZN,

L;(0) < 1 with
(0),I]¥(0), i €

Assumption 2.1. There exist constants 0 < S;(0) < 1,0 < E; (0) <
S [Ei(0) + L;(0)] > 0 such that Y"1 (Si(0) + E;(0) + L;(0)) = 1 and (
L) — (S:(0), EN(0),I;(0), i € L) in probability in R3L as N — oo

1,0 <
5N (0), E:

The following FLLN is proved in Section 3.
Theorem 2.1. Under Assumption 2.1,

(SN ENIN RN, ieL) —» (S, Ei,Ij,R;,ie L) in D¥ as N - oo, (2.13)
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in probability, locally uniformly on [0,T], where (S;(t), E;(t), I;(t), Ri(t), i € L) € C* is the unique
solution of the following system of deterministic integral equations:

Sz(t) = SZ(O) — )\i /0 Ti(s)ds + Z:%#i/o (Vsj,ng(S) — Vg7i7gsi(8))d8 N (2.14)
L t t
Bi(t) = Ei(0)~ Y Bi0) | pea(w)dGou) + X [ Tis)ds
=1 0 0
L t—g B L t _ _
- ; Az/o /0 pei(w)dG(u)Yy(s)ds + g}g:#/o (VEeiEi(s) —vE,ieEi(s))ds, (2.15)
~ B L t L t
o) = 10) = 3 1) [ aestsyarts) + > 50 ([ ratwaca - a3,00)

/=1
L ‘ ) )
+ Z /(VI,é,iIé(s)_VI,i,éIi(S))dsa (2.16)
0=1,0#i"0
and
) L ‘ L L ‘ B
Rit) = 3 710) / Gi(5)dFo(s) + 3 B0)80,(5) + 3 Ad / By i(t — ) To(s)ds
=1 0 =1 =1 70
L + B -
b3 [ neiRels) — v Ri(s))ds. (217)
0=1,0£i 70
with
_ S, L kLt
SO () 2 (G I ors)
(Si(t) + Ei(t) + Li(t) + Ri(t))"
t L t—u
@g’i(t) = / mef(u)/ qei(v)Ho(du, dv) , (2.19)
0 élzl 0
and
t L t—u
Bt) = [ o) [ o) Hldudo). (2:20)
0 =1 0
Note that if the exposed and infectious periods are independent for each individual, we have
t [ L t—u
@272-(15) ::/ mef(u)/ qei(v)F(dv) | Go(du), (2.21)
0 =1 0

and

Qyi(t) = /0 (Zpe,z'(u)/o_u%z‘(v)F(dv)) G(du) . (2.22)
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Remark 2.1. Suppose the exposed and infectious periods are deterministic, taking values of to > 0
and t, > 0. Also, assume that the remaining exposed and infectious periods of the initially exposed
and infectious are uniformly distributed over (0,t.) and (0,t,), respectively. This means that they
are the corresponding stationary excess (or equilibrium) distributions of the determz'm'stz’c ones.

Recall that for any c.d.f. F onRy, the stationary excess (equilibrium ) distribution Fe( fo (1—
t))dt/ fo (1 — F(t))dt for x > 0. Then the FLLN equations of E;, I;, R; become
_ _ Lo 1 gt t
E;(t) = E;(0) — ZEE(O)—/ pei(u)du + )\i/ Ts(s)ds
—1 le 0 0
L t—te B
- Z/\Zpé,i(te)/ s)ds + Z / vEiBi(s) — vpicEi(s))ds
=1 0 0=1,0i
B - Lo 1 gt L 1 t t—t, L
B0 = L0 -3 kO / aohds + 3 00 ( [ peatori— WZ_lm,y(s)q@ﬂ-ao)ds)
L t—te B t—te—to
+ 3 Ne| pralte) / s)ds — Z peer(te)qei( / Tz(s)d8>
=1 0 =1 0
L t
+ ) /(VMJ@( ) = vrieli(s))ds,
o=1,0£i 70
and
L 1 1 [tte &
Ri(t) = I i(s)d Ey( / ' i(to)d
R() ;:1 Z(O)to/ QZ S-i-z z te/() ;:leg,z(s)(u,( ) S
L t— te—to ~ _
Z sz o (te)qes( / s)ds + Z / (vriRe(s) — vrieRi(s))ds .
=1 =1 (=1,0#i

It is easy to see that we obtain a set of ODFEs with delay after taking derivative.

2.3. FCLT. For any process ZN | let ZN .= /N (ZN — 7) be the diffusion-scaled process where
ZN .= N71ZN and Z is its limit.
Assumption 2.2. There exist constants 0 < S;(0) < 1,0 < E;(0) < 1,0 < L;(0) < 1 with
Zf B (0) + 1;(0)] > 0 such that S (8;(0) + E;(0) + I;(0)) = 1, and random variables S;(0),
E;(0) and I;(0), i € L, such that (SN(0), EN(0),IN(0), i € £) = (5;(0), E;(0), 1;(0), i € L) in R3L
as N — co. In addition, supy E[(ZV(0))?] < oo for ZN(0) = SN (0), EN(0), 1) (0), RN (0), i € L.
Theorem 2.2. Under Assumption 2.2, if Fy and Gy are continuous, in the two cases (i) v € [0,1)
or (ii) v € [0,1] and >, ,; kij =0,

(SN ENIN RN ie L) — (Si(t),Ei, L;(t),Ri(t),ie L) in D* as N oo, (2.23)
where the limit is the unique solution of the following system of stochastic Volterra integral equations
driven by continuous Gaussian processes:

Si(t) = Si(0) =\ th(s)ds—ir t(z/ 0:50(8) — vs.:.05i(s))ds
/ g:%#/o S,0,i00 S,il
L
— My q(t) + Z (MS,é,i(t) — Mg, (1)), (2.24)
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L t t L t pt—s .
Ei(t) = Ei(0) (1 > [ uits )Go(ds))+/\ / Ti(shds = 3 o [ [ et

=170 0

L . ) A L
+ > /0 (vreiEe(s) = viieEi(s))ds =Y (B () + Eri(t))

(=107 (=1

L
+Mai(t)+ Y (Mpeilt) — Mp 1)), (2.25)

L

L t t
Ii(t) = I;(0) <1—Z§::1 /O qg,i(s)Fo(ds)> +Ei(0)) < /O pe.i(s)Go(ds) —<I>2Z-(t)>

(=1

> N /Ot (/Ot_s pe,i(u)G(du) + P4t — 3)> To(s)ds

L

L
+ 3 (B0 + Ena(h) - (fZ’il(t) +102(1) + f“(t)) , (2.26)

+
-
>
<
O\éL
N
O\éL
J
=
~
Q
QU
£
+
KA
(’\
=<
|
=
N———
=
(’\
Q.
)

+
\
T
)
~
=
|
N
=
=
=
\\:/
Q.

i
L L
37 (Mralt) = Mnge(t)) + 3 (170) + 170 + fﬁ@)) . (2.27)
=1 =1
Here, with the notation Ij;)(t) = Ze L kielo(t),
) 1 _ _ _ _ _ )
10 = GuTEmT IO TR (0 D80 + B+ L0 + RO 0)5(0)
S + Ei(t) + Ii(t) + Ri(t)) — vSi(t) Ly (OHi(t) — vS:(0) Iy (1) [Ei(2) + Rz(t)]>

Mp;(t) = Briy <VR,2‘,Z/ Ri(s)ds> . iAL,

with Bai, Bsi¢, Beie, Brie, Brig bemg mutually independent standard Brownian motions,
and with the deterministic functions S;, FE;, I;, R; being the limits in Theorem 2.1. The processes
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E?,Z(t), Eit), fg’gl (1), fgf (t), 1;.4(t) are continuous Gaussian processes, independent of the Brownian
motions above, with mean zero and covariance functions:

. . B tAY t %
Cov(E2(t), BV (t)) = Ez-<o>< [ eticatas) — [ wietsicatas) [ pz-,z<s>Go<ds>) |
0 0 0
COV(E?’Z(Z?),EASJ/(#)) =0, for i#4, and for i=1i 0+,

tAL t t
Cov (1% (1), 1) (') = fi<o>< / 4i.e(s) Folds) — / 4i.e(5)Fo(ds) / qi,As)Fo(ds)) ,
0 0 0
Cov(fio”zl(t),fg’é,(t')) =0, for i#4, and for i=1i 0+,

Cov(I7(t). I77 () = Ej0)00,(t At') — Ei(0)BL ()80, (),
Cov(I)7(t), Ip%(t)) = 0, for i#d, andfor i=i (£,

. A ptAt —s _
Cov(Eu(t),Ei,g(t’)) = )\i/ / pie(u)G(du)Y;(s)ds,
0 0

Cov(Eie(t), By o(t')) = 0, for i#4, and for i=1i, 0+,

At
COV(ILg(t), Ii7g(t,)) = >\z/ q)ij(t At — S)Ti(s)ds,
0
COV(IAi7g(t),ji/7gl(t,)) =0, for i#4i,and for i=4d, 04/,
The processes (E?’Z(t),fgf(t)), (fg’él(t)), and (EA'i,g(t),fM(t)) are independent from each other, and

R N _ t t'—u t
Cov(Egg(t),IS’;(t/)) = E,(O)</0 pi,e(u)/o qe(v)Ho(du, dv) —/0 pi,g(s)Go(ds)tI)gé,(t/)),
Cov(ED(t), Iy (1)) = 0, for i#1i,

and

. . tAt ptAt —s t'—s—u _
Cov(Eio(t), Lip(t)) = N\ / / pie(u) / qe,e(0)H (du, dv)Y;(s)ds
0 0 0

A ptAE —s _
— N / / pu(u)G(du)CI)i,g(t/ —s)Yi(s)ds,
0 0
COV(Ei,Z(t)a ji’,@’ (t,)) = 07 fOT’ i 7é i

Remark 2.2. The continuity of Fy and Gy will be important in our proofs of the FCLT, in particu-
lar for the convergence of the processes associated with the initially exposed and infectious individuals
i Lemma 4.2. It is not needed for the FLLN. Note that this assumption is not really restrictive, in
the sense that even when F or G is a Dirac measure (deterministic duration), the time in the past
when the initially exposed (or infectious) individuals have been infected (or have become infectious)
would most naturally be assumed to follow a uniform distribution on some interval dictated by F
or G as discussed in Remark 2.1.

Remark 2.3. Suppose that the c.d.f.’s Fy, Go, ', G have the same conditions in Remark 2.1. Then
the limits in Theorem 2.2 become stochastic differential equations with linear drifts and delay. In
particular,

L t pt—s . L t—te
> /0 /0 PaGET(o)is = 3 peir) /0 To(s)ds,
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t—te—to R
ZM/ Dy i(t —s)To(s ZMZPM' )qeri( /0 Ty(s)ds .

=1 =1
2.4. On the multi—patch SIR, SIS and SIRS models.

2.4.1. Multi—patch SIR model. The multi-patch SEIR model includes the mulit-patch SIR model
as a special case, without the exposed periods and the associated Markov chain X. The infectious
process I}V (t) becomes

L I (0) L AY(®)

N _

B0 = 3 A oyt S g e 029)
(=1 k=1 (=1 j=1

t t
— ZPI,Z,K <V17,7g/ IZ-N(S)dS> +ZPL€J (VI,Z,Z' Iév(s)d8> , (2.30)

123
The process YTV (¢) in (2.2) becomes

B SN () S kil (1) '
TN(t) = NI (SN (1) JfI;lV(t)iR,N(if))7 e

In the FLLN, we obtain

Sz(t) = SZ(O) i / d8+ Z / VSZZSZ —VSZgS( )) (2.31)

(=101

Li(t) = /OZ_:IZ )qe.i(s) Fo(ds) +/\/
/OZL:</t S(M,i( )F (du)> M Yo(s ds—l—Z/ vieidi(s) —vrieli(s))ds,  (2.32)

=1 01

/ > TdO)ar(s)Fulds) + + [ z( [ s Fld) ) A Ta(s)ds

L ¢
Z / VReiRi(s) — v, oRi(s)) ds, (2.33)

with Y; defined by

Ti(t) = = '_7' . (2.34)

In the FCLT, we obtain

$ilt) = Si(0) — \ / $)ds + Z | seisis) = vs.Sits)as
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L
— Mai(t)+ > (Mgg(t) — Mse(t)) (2.35)

L tZ:1 A A L
+ > / (vreile(s) = vraeli(s))ds = > (I0,(t) + Lr.(1))
t=1,04i"0 =1
L
+ MAJ'(Z?) + Z (MLg z( ) M[ i g( )) (236)
(=104
(1) = (0 z/ 0.4(5) Folds) +De/ [ wiwrtisas
L " A A
+ ézgﬁ/o (VRe,iRe(s) — VR Ri(s))ds
L A L A A
Y (O + Ia) + > (Mpei(t) — Mpit)) . (2.37)
=1 (=100
Here, with the notation I(;)(t) = >, kiele(t),
X 1 _ _ _ R
Tz(t) = (Sz(t)-l- —i(t)_i_Rl(t))(l_i_,y) ([(1 - V)Si(t)_‘_lz(t)+R2(t)]l(z)(t) z(t)
+ [SZ (t)(gl (t) +1; (t)+Rz (t)) _’Ygi (t) _(z) (t)] Az (t) _’Ygz (t)f(z) (t)Rz (t)>
Si(t) ZZ;AZ ’fzéfé(t)

t t
My i(t) = Bay (/ /\iTi(S)d8> , Mge(t) = Bsy (Vs,i,z Si(s)d3> ,
0 0

t t
My ;e(t) = Bryg (Vl,i,é/ Iz(s)d8> , Mpg;i(t) = Briy (VR,Z',Z Ri(S)d«S) , 1FE ],
0 0

with Ba;, Bsie, Brie, Bris belng mutually independent standard Brownian motions, and with

the deterministic functions S;, I;, R; given above. The processes I Oé and IZ ¢ are continuous Gaussian
processes with mean zero and covariance functions:

Cov(I{(t), Iy p (1) = {

0, otherwise,

A fm EAE s ¢i;j(WF(du)Y;(s)ds, if i=i, (=1,
0, otherwise.

COU([AZ‘,E(ZL/), j—i/l/ (t,)) = {

In addition, IAZ-OZ and IAM are independent, and also independent of the Brownian terms.

L(O)( (;t/\t/ QZZ( )FO dS fo QM FO dS f(] QM FO(dS)) ) if i= Z.,vg = €/7
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2.4.2. Multi-patch SIS model. The analysis of the multi-patch SIR model can be easily extended
to the multi-patch SIS model, where the population in each patch has susceptible and infectious
groups, and when infectious individuals recover, they become susceptible immediately. The epi-
demic evolution dynamics is described as

L I( L AN(t
N Nt
SN(t) = SNO) - AN (B + > Z g celyor it 20 D Todagestlyiie, i
=1 k=1 =1 j=1
L
- Z Ps iy (VS,Z,Z/ SN (s > Z Psy; <Vsu/ va(s)d8> ; (2.39)
(=1,0#i 0=1,0#i
L I¥(0) L AN @)
SDID IR I WYL DI D S N)=i (2.40)
=1 k=1 =1 j=1
where A" is given as in (2.3) with TN (¢) = (é])\%:)ﬁr}]\,l(g) ®) , for ¢ € £. Thus, in the FLLN, we

obtain the same limit [; in (2.32) as in the multi-patch SIR model, and the limit S;(¢):

Si(t) = / ds/ th )Fo(ds) + / Z </ Qz,i(u)F(du)> AT (s)ds
+ Z / vs,0:97(s) — vs,:,05i(s)) ds ,

0=1,0+#1

where T;(t) := W Similarly in the FCLT, we obtain the same limit I; as in (2.36) for

the multi-patch SIR model, and the limit S;(#):

Si(t) = 8;(0) — N\ s)ds + > A - (W) F (du)Yy(s)ds 19, Iy,

/ Z g// s @ T e + 3 (400 + Fs0)

L . L
+ 2 [ siSus)  vsasSils)ds — Mast) + S (Vsgalt) = Vi)
=10 =104

where
. 1 _ _ . _ _ _ . .
Tz(t) = (52(752 f( ))(1_1_,” {[(1 7)Sz(t) +Iz(t)] (2) (t) z(t) ‘|‘[ z(t)( z(t) + Iz(t)) - z(t)l(z)(t)] Z(t)}

2.4.3. Multi-patch SIRS model. The analysis for the multi-patch SEIR model can be easily extended
to multi-patch SIRS model, where in each patch, the population is grouped into susceptible, infec-
tious, and recovered individuals and individuals become susceptible after experiencing a recovery
period. In this model, the infectious and recovered processes IZ-N , RZN correspond to the exposed and
infectious processes EZN ,IZ-N in the SEIR model. In the description of the epidemic dynamics, we
need to change the dynamics of SiN in (2.5) by adding the individuals that have become susceptible
after recovery, i.e., the first three terms in R in (2.8). This is similar to the susceptible process
SN in (2.39) for the SIS model. Then it is straightforward to write down the limit processes in the
FLLN and FCLT for the processes (S¥, IV, RN,i € L) (corresponding to (SN, EN IV i € £) in
the SEIR model).
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3. ProOF OF THE FLLN

In this section we prove Theorem 2.1. We first provide a representation of the processes Afv (t)
using the PRM Q;(ds, da). Let Q;(ds,da) = Q;(ds, da) — dsda be the compensated PRM. Then for
each i € L,

t

AN@) = )\i/ YN (s)ds + My,(t), t=>0, (3.1)

0
where
t 00

M0 = [ [ e @ids.do). (3.2
The process {M 1{‘\{ ,(t) : t > 0} is a square-integrable martingale with respect to the filtration
{fév’i(t) :t > 0}, defined by

]:év,i(t) = U{va(O),IZ-N(O),Z' €L} \/J{Aﬁv(s) :0<s<t}, t>0.

It has the predictable quadratic variation:

<M,£1V2>(t) =\ /Ot TN(s)ds, t>0.

Lemma 3.1. The sequence {(fl]lv, e ,Ag) N > 1} is tight in D*. The limit of each convergent
subsequence of {(fl]lv, e ,A]LV)}, denoted as (fll, e ,AL), satisfies

A; = lim AN = lim N7\ / TN (s)ds,
N—oo 0

N—oo

and
0 < A;(t)— Ai(s) < NRi(t—s), for 0<s<t, wp.l.

Proof. First, since
t
/ TN (u)du < NRi(t—s), wpl. t>s5>0, (3.3)

and
— N i [fan
(My ) (t) < m/ T3 (u)du,

it follows readily from Doob’s inequality that, as N — oo,

M AV, ; — 0 in probability, locally uniformly in ¢. (3.4)

Tightness of {(AY,...,AN)} in D% then follows from the representation in (3.1) and the two

properties in (3.3) and (3.4). O
In the following we consider a convergent subsequence of {(AY,..., AM)}.

Lemma 3.2. With the limit (fll, e ,AL) of the convergent subsequence of { (fljlv, . ,Ag) }, under
Assumption 2.1,

(SN, ...,8N) = (S1,...,81) in DY as N -
where the limit (S, ...,SL) is the unique solution to the ODEs: for each i € L,

Si(t) = S0 - A+ / (vs.0:56(5) — vseSi(s)) ds, 2 0. (3.5)
¢#£i V0



17

Proof. We can rewrite the processes S'N as

S¥() = SN0+ / (5005 () — vs.065N (5)) ds — AN (8)),
£

_ 1 t t
Mév\fm(t) = <PS,“ <1/574,Z-/0 Sév(s)ds> —1/57471-/0 Sév(s)d.s) .

The processes M év /; are square integrable martingales with respect to the filtration {F év (t):t >0},
defined by

where

F(t \/]:Az VO’{RS‘M(SM/ Sy (u du> 0<s<tliel, é;«éz}, t>0.

=1
They have the predictable quadratic variation:

_ 1 t_
<Mé\,7£,i>(t) = NVS,Z,Z‘/ SZ-N(s)ds —0 as n— oo.
0
Thus, as N — oo, )
(Mé\f“( ), £,i € L, #1i) — 0 locally uniformly in t,

and under Assumption 2.1, for 1 < i < L, the processes SV (0) — AV jointly converge weakly to
S(0) — A; in D. Hence it follows from the continuous mapping theorem that

(SN,....8M)=(S,...,5) in DL,

where (S(t),...,SL(t)) is the unique solution of the system of ODEs (3.5). O
For 0,1 € L, let

EY(0)

14
D Lyg<lxorg i
k=1
AN ()
N . .
Eé,i(t) = z:l ]'TJ!YZ'F??j,lSthz(nj,l):i’
]:
N,0,1 L
L7 (@) = Z Lo <tlyok(co =i o o

N,0,2 L
IZ,Z (t) T Z 1 9 oSt (Z 1X0k z+§ k£’<t Y, (e k0! )=l ) ’

0=1
AY (t)

Ny .
Liy(t) = 1 TNt <t <Z 1XJ(17 0) z'lr et e tG, g/<t1Y;,(ije/):i> :
j=1

We first treat the components associated with the initial quantities.
Lemma 3.3. Under Assumption 2.1,
=N,0 *N,O,l NO 2 =0 70,1 702 , . , 12
(Eé,i Ay , 01 € E) (Egi, I 1y li e £) in D? as N — oo,
i probability, um’formly i t, where for £,i € L and t >0,

BO(t) == Be(0) /0 pea(s)Go(ds), I0M(t) = L(0) /0 404(5) Fo(ds) (3.7)



18 GUODONG PANG AND ETIENNE PARDOUX

and
I)2(t) = Eo0)00,(t), (3.8)

with ®27i(t) defined in (2.19).

Proof. We define ENO INO1 and 1:2;’0’2 similarly as EéNlo, INO1 and f%’og, but with EY(0) and
IN(0) replaced by [N Ey(0 )] and [N1;(0)] respectively. As a consequence of Assumption 2.1, the
differences E‘Z’O(t) - E‘Z’O(t), fﬁ’o’l(t) - fé\[’i’o’l(t) and fﬁ’o’z(t) - fé\[’i’w(t) are easily shown to tend
to 0 in probability, locally uniformly in ¢, as N — oc.

The convergence of {Eﬁ.’o} follows the same argument as that of {I, évi’o’l}, so we establish the
convergence of {1, N’O’l}

We first focus on [;’ [0 1( t). Note that, since (271 and Ylo’k are independent,

t t
E 142,1St1Y10’k(C2,1)=1] =E [/0 1Y1°’k(s):1dF0(3)} :/0 q11(s)Fo(ds),

where the expectation is taken under the condition that Ylo’k(O) = 1. Note that the pairs (C,g’l, Ylo’k(-))
are independent over k, and have the same distributions. Thus, by the LLN of i.i.d. random vari-
ables, we obtain that for each t > 0, as N — oo,

jzf\fl’o(t) — j:gl(t) in probability.

In order to establish locally uniform convergence in t, is suffices to establish tightness in D, which
(see the Corollary of Theorem 7.4 in [5]) will follow from the fact that

1 -
limsup sup =P ( sup |IN0 Yt +u) — val’o’l(t)| > z—:) — 0, asd — 0. (3.9)
N—oo 0<t<T 0<u<s ’

By the independence of the pairs {(Cgl, Ylo’k(C,gl)), k> 1},

Nfl(O)
P sup [IVONs) =IOt >e| =P (N 1,_.0 10k > e
<t<s<t+5‘ 1,1 ( ) 1,1 ( )‘ ; t<< 1 <t+0 Y (<k1)

NI (0

t+0
-1 Z [ t<Cg’1St+51Y10,k(Cg,1):1 —/t q171(u)F0(du)} > €/2

+ 1{ /t " ) Fo(du) > ¢/21, (0)}

NIl s
62E -1 Z [ t<<gvlgt+51Y1°’k(C81)=1_/t q171(u)F0(du)]

2

+ 1{ /t " () Fo(du) > ¢/2T, (0)}
_ 45;](3) /t " (5 Folds) [1 _ /t " ql,l(s)Fo(ds)}

+ 1{ /t " () Fo(du) > ¢/2T, (0)}

o 1{ /tm g1 () Fo(du) > 6/211(0)}, as N = oo
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Finally the last term vanishes for 6 > 0 small enough, uniformly w.r.t. ¢ € [0,7]. Hence, (3.9)
follows. The convergence of the other processes I, i follows similarly.
~N0 % since it follows similar steps as that of

We next sketch the proof for the convergence of I,
{Iﬁ.o 1. We have
_ &0
K )= )] = (),

I [1 0 <t <Z 1X2k( 0 )= éllnkﬁé u/<t1
=1

which implies by the LLN of i.i.d. variables that for each ¢t > 0, IZO 2(t) = f§’2( ) as N — oo. The
convergence of finite dimensional distribution is a straightforward extension. For tightness we use

the same approach as above. We start with
1 g 0) L
=N,0,2 =N,0, 2
‘Ié,i (t+s)— If,i N Z 11‘/<770 <t+s <Z lx?k( 0 )= Z’lnk T ke’<t+51Y (C_per)=i )
=1

E;V(o
St ZlXOk ()=t t<”kz+c M’<t+51Y (C_ker)

21
=1

We next note that each of the two terms on the right hand side is increasing in s, so that

P < sup [T (¢ +5) = 17" (1)] > e>
0<s<d
LG ;
S]P’(N kZ:l 1t<n“<t+6<;1xgk("u) é’lnu-iré M/<t+61Y o)t > >6/2>
EN(0) I
( Z L, <t<;llx?k( p0)= —oLi<n? ¢ H/<t+51 B(C_pe)=i > >6/2>
1 B0 L
P<N ]; [1t<nw<t+5<;llxoxc(nu) ol e ke'<t+51Y Crr)m >

t+6 L t+6—u
[T e | qé',i(U)Ho(dU,dv)] > e/4>
t =1 0

wf [ S st / T g a(0) Hodu,dv) > /1E(0)]

=1
1 E}Y(0)
+P<N ; [ n”q(;lx‘?k 0 V—p t<nu+< H,<t+61 B )= >
t L t+6—u
[ et [ it t(anan| > a)
0 p—q t—u
t L t+6—u B
cof [ pet) [ anstotlan,ao) > /150)
0 p—q t—u
16E,(0 t+9 L t+5—u
25\(7 )/ pe,z'(u)/ qe i(v) Ho(du, dv)
€ A 0
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X <1 - /:Jr& zL:pu/(U) /Ot+5—u QZ’J(U)Ho(dU,dU))

=1

16Eg(0) /t+6—u
T TaN /OZPM’(U) ) qe ;i (v)Ho(du, dv)

—u

< <1— /0 S pee(u) /:f_u qur5(0) Ho(du, dv)>

=1
t L

s 3

=1

-f | S / T i) Ho (o) > /1E0)]

=1
t L

R

=1

t+o—u
pg’g/(u)/t-i_ Qg/’i(’l))Ho(du, d?}) > 6/4E_g(0)}

—u

—Uu

t+o—u
o) T () Holdu, dv) > 6/4@(0)},

as N — oo. And the two terms in the limit both vanish for small enough §. Thus, for any € > 0,

T - -
lim limsup — sup P | sup |Iévi’0’2(s) —Iévi’oz(tﬂ >e| — 0.
020 Nooo O te[0,T] t<s<t+s§ ’

Therefore, we can conclude that I, (V02 j:? ’Z.2 in probability, uniformly in ¢, as N — oco. Then, since

G is continuous, we can verify the continuity of the covariance function, and thus the continuity
of the limit processes ° 672' . This completes the proof. ]

In the next proof, we will make use of the following result, which is Lemma 4.4 in [15], which we
repeat here of the convenience of the reader. In the next statement, Dy(R) (resp. Cy(Ry)) denotes
the set of real-valued nondecreasing function on R4, which belong to D(R4) (resp. C(Ry)).

Lemma 3.4. Let f € D(R;) and {gn}n>1 be a sequence of elements of Dy(Ry) which is such
that gy — g locally uniformly as N — oo, where g € C+(Ry). Then, for anyt >0, as N — oo,

f(s)gn(ds) = [ f(s)g(ds).
[0,t] [0,¢]
Proof. The assumption implies that the sequence of measures gy (ds) converges weakly, as N — oo,
towards the measure g(ds). Since, moreover, f is bounded and the set of discontinuities of f is of
g(ds) measure 0, the convergence is essentially a minor improvement of the Portmanteau theorem,
see Theorem 2.1 in [5]. O

We next prove the convergence of E‘é}; and I, é}; for £,7 € L. Define the auxiliary processes: for
lieLl,

Ep(t) = B[EN®IFA, 0], IN(¢) = E[INOIFA0], t>0.

We first prove these processes converge to the desired limits in the following lemma, and then show
that these processes are asymptotically equivalent to Eévi and [ évi, LieL.



Lemma 3.5. With the limit (fll, e ,AL) of the convergent subsequence of { (le, LA

Assumption 2.1,

21

]LV) }, under

(EN,IN, tie L) = (Bu(t), I, tyi € £) in D as N — o, (3.10)
in probability, where for £,1 € L and t > 0,
t t—s
Ep(t) = / </ pg,i(u)G(du)> dAy(s), (3.11)
0 0
and
— t —
Toa(t) == [ @it = 5)dA(s), (3.12)
0
with ®;; defined in (2.20).
Proof. Observe that for £,i € L,
AN(t)
ER(t) = E [EN@)IFY ()] = Z E (15 4y i L oy 0 70Y)
( t— N ( t—
1 3, 1 TM
et 45 P
t t—s B
- [ ([ pstwrr <du>) 4AY (s), (313)
and
AN () L
iN -1 } _ N
I“ Z - [ l+77j,lft (;_1 lxg(nj,e):éflrj!j’z+nj,l+cj,e,gtlylﬂl(gﬂ,):,-) ‘Tj,Z]
o t )
=N"" ) |Phigi(t —77y) :/ Dy i(t — s)dAY (s). (3.14)
j=1 0
Then the convergence follows by applying Lemma 3.4. O
Lemma 3.6. Under the assumptions of Lemma 3.5, for £,i € L, and for any ¢ > 0,
P sup |EN(t)—EN(t)]>e] =0 as N — oo, (3.15)
te[0,T)] ’
and
P( sup m]\;(t) —févi(t)‘ > e) —0 as N — oo. (3.16)
telo, 7] '

Proof. We first consider Eévi. We have

t
_ o 1<
Eév,i(t) - Eﬁ(t) =N Z X;,Ve(t)
j=1
where

t—T7;
N (4) , "
Xje(t) = 1rjffl+nﬂgtlxg(nj,e):i - /0 qei(u) F(du).
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Let
t
Goalt) == / qa(w)F(du), for 4ic L. (3.17)
0

Then it is clear that for each j, E[X;\’fz(t)hﬁ] =0, and E[X%(t)ﬂﬁm = G&i(t—Tj]’\;)(l—G&i(t T]{V))

¢
And by the independence of the pairs ({M, YZJ()) and (Cj/,g, ng/(-)), we have E [X%(t)xyg(t) |}'X£(t)]
0, for j # j'. Thus, we obtain

= - 2
E[(EN(t) — Epy(t) 7| FA ot N2 Z [XNe ()21
AN(t
/G“ W)(1 = Goslt —u))dAN (u) < ZN(),
E[(EN(t) — EN®)?] < NAW £,
which implies that for any ¢ > 0 and € > 0,
_ o 1
Ny — EN < _M\)R .
P <‘Ez7l(t) Eg’l(t)‘ > e) < N62)\mgt —0, as N — o0
Next, for ¢,u > 0,
(BNt +w) — ERi(t + ) — (EN(t) — EN(t)]
1 AN (t+u) 1 AN (@)
= N X]Z(t—i_u __ZX]Z
Jj=1 j=1
1 AN (t) 1 AN (t+u)
=N Z (X;\,[z(t +u) — Xj'\,[z(t)) ¥ Z X;\,]z(t + u)
J=1 J=AN(t)+1
1 AY @) t ptu—s N
SF X Lenpimesendmon t [ [ a@F@AY
j=1 -
+ | AP (¢ +u) — A) (2)]. (3.18)

Observe that the three terms on the right hand side are nondecreasing in u. Thus we obtain

P ( Sel[lopé] I( EM (t+u)— Eévz(t +u)) — (E_évz(t) - Eévz(t)ﬂ > 6)

AN
1 (t)

S Z 1t<7' Z+77] £<t+51XJ (mj,e > 6/3

t+6—s
+]P’</ /t 40.(0)F (dv)dAY () > e/3> P (AN (E+0) — AV @) > ¢/3).  (3.19)

Using the PRM Qy(ds, da, du, df) and its compensated PRM Q,(ds, da, du, df), we have

Ao ?

N Z 1t<TJg}rg+77j,Z§t+61XZ(7]j’g)=i
j=1

E
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t+5—s ) 9
- // / /}1asxﬂf(s)Qe(d8,da,du,de)

t i

t+d—s B 9
<9E / / / / e, 30 Qelds, da, du, d6)

t Z} —

t+0—s 2
</ / le du))\gTZ ( )d >
¢
9 t+6—s 1+6—s 2
- Zs| / [ it raon sas] +2m | / / s F (AT (5)d5)
t t
t+6—s t+5—s 2
< —)\gﬁg/ / qri(u)F(du)ds + 2 <)\g/<;g/ / qe,i(w)F(du)ds >
¢ ¢

The first term converges to zero as N — oo, and the second term satisfies

(AW/ /;M s F(du)ds )2 < % (Am /Ot(F(H—cS—S) —F(t—s))ds>2

< %()\mz)z </tt+6F(u)du - /()6F(u)du>2

5()\4/45) —0 as J—0. (3.20)

The second term on the right hand side of (3.19) can be treated similarly as the second term
right above. Now for the third term, using (3.1),

+2E

A

E[|AY (0 +6) — AY ()] < 2 |02t + 8) - 1Y, (0)] + 28 “/\ZN_l /tm Tév(s)dsﬂ .
(3.21)

By (3.4), the first term converges to zero as N — oo. The second term is bounded by Z(Ag/%gé)z
by (3.3).
Thus, combining the above, we obtain

T . — “
lim lim sup [—] sup P | sup |( E“ (t4u) — E(t +u)) — (EN(t) — EZNZ(t))‘ >e]| =0.
60 Nooo [0 seio, ] \wel0,6] ’ ’ ’

Therefore, we have proved (3.15)

We next show (3.16), which follows from similar steps as above. We highlight the main differences
below.
For each t > 0, we have

AN(t
[ﬁ(t) Iéz Z X]ZZ

where

L
N — , — P, (t— 7N
X],Z,Z(t) = 17—]%4—17]‘7(St (ZIZ ]-Xz (nj )= Z’]'T Z+773 Z+CJ o<t YJ (CJ Z’) ) ¢Z,Z(t Tj,f)‘

It is clear that E[X;\fé ST é] =0 and E[X] ’ Z(t)z\Tj]?;] = (I)g7i(t—7'j]7\2)(1 — CI)g,Z‘(t—Tj{\Q)) where @ ;(t)
is defined in (2.20). Moreover E[X],Z,Z( )X],7£’Z(t)|]:£{£(t)] = 0 due to the independence of the pairs
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(> s X7 (), Y2()) and (njrg, Gror, X <> Y; (-)). Thus, we obtain

E[(IN(t) — I8()) | FX (0] sz [xei(®)?|77]

— ARt
= N/o Pyt —u)(1— Dy (t — w))dAY (u) < N
which implies that for any € > 0,

L
- o 1
N N
P (‘I&i(t) —Ip5(t)| > e) < ?<)\g E "M’) t—0, as N — oo.

=1
Next, for ¢,s > 0, we have

|[(T05(t + ) = I (t + ) = (I5(t) — T}5(1))

1 AN (@) 1 AN (t+s)
N N N
= |+ Z (Gt +8) = XGea(t) + Xjei(t+s)
N N
j=1 J=AN(t)+1
1 AY () L
=N 1 Licrlinjastes (;3 Li .=t Vel oG o<t s Ly (¢ ) =i )
j= =1
1 AY () L
+ N Z; ]'TJ%'i-??j,eSt <ZZ:1 ng(ﬂj,Z):f'1t<T 0T 15,0C 0 Stts YJ (G er)=i >
Jj= =
1 Aé\r(t) t4s— T]Ve L t+s—7]%—u
+= Y / > pre(u) / qe.i(v)H (du, dv)
N Jj=1 t_TJ{VZ =1 0
1 Aé\r(t) t— TN L t+s— le u
+ Z / Z peer( / qe i (v)H (du, dv)
j=1 0 =1 t T e—u

+ A (t+s) — A (1))

Observe that each of the five terms on the right hand side is increasing in s. Thus, we have

P ( sup |(INN(t+s) — Iyt +s)) — (I05(t) — I)N(8))| > e)

5€[0,0]
Z Licr by o<tts <Z X3 (ny.0)=0 LNy et o<t Ly ¢, )= ) > €f5
] =1

AN (t)

Z Loy TNyt <Z 1X] (n5.0) t<'r Non5,0+C; z’<t+51YJ(C )= > >€/b

=1

t+6—s L t+6—s—u _
+P / / > peelu )/ qei(v) H (du, dv)d A7 (s) > 6/5)
¢ o 0
t
+P

L

s t+5—s—u B
PM'(U)/ qe i (v)H (du, dv)d A} (s) > €/5>
t

—S—u
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+P (|A) (t+0) — A) (t)] > €/5) . (3.22)

The last term is treated in the same way as the last term in (3.18) using the bound in (3.21). For
the first two terms, we use the PRM representation in (2.12). We have

2
E Z 1t<7‘ e St+o Z lXJ 7 (nj,0)=t T e""b e+, Z’<t+61YJ (G )=t
=1
t+0—s pt+d—s—u ~ ?
t— 0 L J{i}

L

+2E ( / ( /tt” s /0t+6—s_u;::1
/ </t+5 8/0t+6—8—uEL:Z)&Z’(U)QZ’,i(U)H(dU,d’U)) /\eTéV(s)ds]

! =1
+2E </ (/:M ) /OH(;_S_UZpe,z'(u)w,i(v)}[(du, dv)) )\gTéV(S)dS>2

2 t+6—s pt+d—s—u L
AM@ (/ / > pee(w)qe i(v)H(du, dv) | ds
t 0 =1

t+d—s t+0—s—u L 2
2<Am / ( / /0 ;::lpz,é'(u)%,i(v)H(d%d”)) ds) -

It is clear that the first term converges to zero as N — oo, and the second term without the
constant 2(\,k¢)? satisfies

1 t+o—s pt+d—s—u L 2
5 </ </t /0 ;pz,ef(u)qy,i(v)ﬂ(d%d”)) dS)
SS< //:Jrés F(t+0—s—ulu)G(d )ds>2

<1

5<L/(G(t+5—s) G(t—s))ds>2—>0 as 50,

2
pee(w)qe i(v)H (du, dv)) Ang(s)ds)

2 |

where the last step follows from the same argument as in (3.20).
Similarly, for the second term on the right hand side of (3.22), we have

1 AP (1) L
E — E 1 E 1., 1 1, )
N — Tf}’[""ﬁj,lgt et Xg(nj,[):Z/ t<TJ{Vl+77j,Z+Cj’llSt+5 )/[J/(le/):z

j= =

2)\ R t—s t+0—s—u L
Z £ (/ / pe,z'(U)QZ/,i(U)H(dU,dU) ds
t V—1
t—s t+0—s—u L 2
2 )\mg/ / / pg’g/(u)q€/7i('l))H(dU,d'l)) ds | .
t



26 GUODONG PANG AND ETIENNE PARDOUX

Here it is clear that the first term converges to zero as N — oo, and the second term without the
constant 2(\sk¢)? satisfies

! ( [ ( [ i > pee (g (o) H (. dv)) ds>2

% < / /t ) F(t+d6—s—uu) — (t—s—u!u))G(du)dS>2
:%< //t B -t b - slu) - (t—u—s|u))dsG(du)>2
<L/ </t+5—u F(s \u)ds—/o_u F(s]u)ds) G(du)>2
% < / /;M ' F(s|u) dsG(du)>2

<L?§ =0, as 6—0. (3.23)
Now for the third and fourth terms on the right hand side of (3.22), we have

t+0—s pi+d—s—u L )
(/ (/ / > b (’LL)QZ’,i(’U)H(du,d’U)> dAéV(s)>
t 0 —
t+0—s t15—s—u L )
< <)\w2/ </t * /0+ Zpf,é’(u)QZ’,i(U)H(du,dv)) ds) 7

=1

t—s pt+o—s—u L 2
(/ (/ /t pZ,Z’(U)QZ’,i(U)H(du,d’u)) dAéV(S)>
< <>\4R5/ </t 8/:+5 o ,i pe,z'(u)qgr,i(v)H(du, dv)) ds>2,

These two terms are bounded by a constant times §2. Thus we have shown that

| =

and

T o _ v
lim lim sup [ ] sup P | sup [( IM (t+s)— I%(t—l—s))—(]%(t)—[évi(t))‘ >e| =0.
650 Nosoo L0 ]tefo,1]  \s€[0.6] ’ ’ ’

Therefore, we have shown that (3.16) holds. O
By the above two lemmas we have shown the following result.

Lemma 3.7. With the limit ([11, . ,AL) of the convergent subsequence of { ([liv, . ,flg) }, under
Assumption 2.1,

(EN,IN, tie L) = (Ey(t), [y, tyi € £) in D as N — o, (3.24)
in probability, where Ey;(t) and I;;(t) are given in (3.11) and (3.12), respectively.

We are now ready to prove the convergence of (EN N RN )

R ]

Lemma 3.8. With the limit (fll, e ,AL) of the convergent subsequence of {(A{V, e ,A]LV)}, under
Assumption 2.1,

(EZN,IZN,RN ZGE) (Ei,E,Ri,ieﬁ) in D as N — o,
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where the limits are the unique solution to the systems of ODEs: fori e L,
L

El(t) = EZ(O) + z‘_lz(t) - (EZZ( ) + Egz Z / VEZZEZ — I/EZgE ( ))ds, (325)
=1 0=1,0+i
L L
L(t) = Ti0) + Y (BL(t) + Bealt) = 3 (1040 + 20 + Ta(t))

Lf=1 t (=1

+ Z / (reile(s) — viiedi(s))ds, (3.26)
t=1,04i"0
L

Rift) = 3 (T8 0) + I02(0) + La(0) +§j/ (v iBuls) — vmisRi(s)) ds, (3.27)

with ng I ,72‘ and I 2 being given in (3.7) and (3.8), and with Ey; and Iy; being defined in (3.11)
and (3.12), respectwely

Proof. The proof for the process EN(t) is similar to that of IV (t), so we focus on IV (t). By the
representations of IV () in (2.10), we have

L L
N = IV O) + Y (B0 + BN0) = Y (T 0 + I 0 + ) + Z A1)
(=1 /=1
L ~ B t B B
+ ) (MY () — MF (1) + / (viei ) (s) — viielN (s)) ds, (3.28)
=1 ¢4 70
where
AN () = IDN() — I)5(), (3.29)
and for ¢ # i,
_ 1 t t
M7 () = v (PW (Wvg,i / Iy (s)d8> — Vi / Iy (s)d8> . (3.30)
0 0

As in the proof of Lemma 3.2 for the convergence of (Mé\,]&i’ bie L, b+ i), we obtain that for any
Lie L, l#14, as N — o0,

M %7i(t) — 0 in probability, locally uniformly in ¢. (3.31)
From Assumption 2.1 and Lemma 3.3,

ZINO /Zfz )qei(s)Fo(ds)

0 y—1

in probability, locally un1formly in t. Moreover, from Lemma 3.6 and the last arguments,

L
ZAI,ZZ +Z MIZZ MIZZ( ))_>0
=1

in probability, locally uniformly in ¢. Hence, it follows from (3.2§) and the continuous map-
ping theorem that, along any subsequence along which (AV,... AN = (Ay,...,AL) in DL,
(I{V, e ,I}JV) = (Il, e ,IL), where the limit is the unique solution of the system of ODEs.
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We next prove the convergence of (RY,..., RY). Similar to (2.10), we obtain the following
representations for the process R (¢):
1N (0) L EN(0)
- Z 1 oSt YOk(CO it Z Z 1 R <t (Z 1X0k 77k Z+Ck,z/<tlyyk(Ck,e/)=i>
=1 k=1 =1 k=1 =1
L AY(®) L
1530 SRR ) S I S <>)
=1 j=1 =1
t t
+ ZPL&Z’ <I/[7g’i/ [f(s)ds) - ZP[’Z"[ <V[’i’g/ [ZN(S)d8> . (332)
lF£i 0 0£i 0

Thus, we can represent the processes R. (t) by

L L
RY(t) =) (jﬁ’o’l( )+1N02( ) + Ipy(t ) +ZAIZZ )+ (MR,i(t) — ME, (1))
=1 =1

(=1
+Z/ VReiRi(s) — vricRi(s)) ds, (3.33)
01

where A?{M(t) is given (3.29), and for ¢ # i,

TN 1 LN LN

MR,é,i(t) == N PR%,' VR i RZ (S)dS — VR0 RZ (S)dS . (3.34)

0 0

Arguments very similar to the proof above allow us to conclude. O

From the above arguments, since we have the joint convergence in Lemmas 3.3 and 3.7, we can
conclude the joint convergence of (SN EZN ,IZN ,RN i € L£). However, we have not yet quite ex-

plicited the limiting equations, since we have not expressed A;(t) in terms of (S;(t), E;(t), 1;(t), Ri(t),
Iy(t), € #1). It seems easy to do that since we know that

TN(f) = — vaft) Eﬁ:lﬁiéjzgv(t)i
Z (SY(8) + EY () + IV (8) + RY ()7
However, there is a difficulty in the case where both v = 1 and Z#i kie 7 0. Define the function

U(s,e i, ru) = % on [0, 1]* x[0, &]. If either 0 < v < 1 or sup;, ZZ# ke = 0, 1) is continuous.
However, if both v = 1 and sup; Zj# kij > 0, then v is not continuous at any point of the form
(0,0,0,0,u), with u > 0. Hence, if we want to include that case in our model, we need to prove
that for any ¢ € £ and T > 0, info<;<7(Si(t) + Ei(t) + Li(t) + R;(t)) > 0. Fortunately, we can
prove such an estimate, although we do not have yet established the exact system of equations of
the (5:(t), B+ (1), I,(t), Ri(t)), i € L.

Lemma 3.9. Let (Si(t ) Ei(t),fi(t) Ri(t),i € L), 0 <t <T, be any weak limit as N — oo of

(SN@),EN®),IN(t),RN(t),i € £). For any i € L and T > 0, there exists a constant C;r > 0
which is such that for 0 <t< T

Si(t) + Ei(t) + Li(t) + Ri(t) > Cir. (3.35)
Proof. Let U;(t) := S;(t) + E;(t) + L;i(t) + R;(t) fori € L and 0 <t < T. For any i,/ € L, let

 JvsieVUEieVUrieV VRie, ifi# L,
ifi=1¢.
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We know that (S;(t), E;(t), I;(t), Ri(t)) is a solution of (3.5), (3.25), (3.26) and (3.27). Then we
have
Ui(t) = U;(0) — / (D7) Tils)ds + [ Vics)ds, (3.36)
0o N 0
where
Vi(t) = Z (v5,0,i50(t) + vE0iEo(t) + vieilo(t) + vReiRe(t))
Fi
+ Z (73,0 — vs,0] Si(t) + [7i0 — vead Ei(t) + P50 — v i) + [Pie — v Ri(1)) -
£

Differentiating equation (3.36) and exploiting the inequality W;(¢) > 0 for all ¢ > 0, we deduce that
Ti(t) > U;(0)e~Ciz1 70t > {7,(0)e~ e T = ¢ 1,
forany 0 <t <T. O

We can now explicit the processes A;(t).

), Ri(t),i € L), 0 <t <T be any weak limit as N — oo

Lemma 3.10. Let( A;(t), Si(t), 7(75),[7(
(t i€ L). Then for anyi € L and 0 <t <T,

of (AN (1), 8 (t), B (t), Y (1), R (¢),

where
To(t) = S Sy riele(t)
(Si(t) + E(t) + Li(t) + Ri(t))
Proof. Let D* denote the set of cadlag functions from Ry into [0,1]* x [0,%]. For any v € [0,1],
the function ¥(s,e,i,r,u) = %
D* which is such that for any T' > 0, info<i<7{s(t) + e(t) +i(t) + r(t)} > 0. Thus, we deduce from
the joint convergence

is continuous for the Skorohod topology, on the subset of

(AN SN EN TN RN i€ ﬁ) (AZ',SZ',EZ',IZ',RZ', 1€ ﬁ)

T 771 )

and Lemma 3.9 that

Consequently,

(AY, .. AY) = (Ay,..., A) = <)\1/ Tl(s)ds,...,)\L/ TL(s)ds> in DY as N — .
0 0
Therefore, any limit satisfies the system of integral equations given in Theorem 2.1. O

The uniqueness of solutions to the set of integral equations in Theorem 2.1 follows from the
next Lemma, from which we deduce that the whole sequence converges, and since the limit is
deterministic, the convergence is in probability. This completes the proof of Theorem 2.1.

Lemma 3.11. The system of equations (2.31), (2.32), (2.33), together with (2.34), has at most
one solution.
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Proof. In view of Lemma 3.9, if we take the difference between two solutions, any convex combi-
nation of those two solutions satisfies the lower bound (3.35). Since

nm:wQMmmeMmexzymMﬁ)
(+i
and at each time ¢ € [0,7T], the derivatives of ¢ with respect to each of its variables is bounded

in absolute value by the supremum of 1 and /%Z-Ui_'y(t) < RZ-C’Z-T 7, we can now apply a standard
argument based upon Gronwall’s Lemma in order to deduce uniqueness. ]

4. PrRooOF oF THE FCLT

In this section, we prove Theorem 2.2. We first give the following representations of the diffusion-
scaled processes. The process Aﬁv (t) can be decomposed as:

t
AN(@t) = )\i/ TN (s)ds + MY,(t), t>0, (4.1)
0
where
TN () = VN(TY () - Ta(®), (4.2)
and
~ N 1 t oo _
MY.(t) = — ey v Qi(ds, da). 4.3
M=o [ Lo Qitas.da (4.3
For the process S'ZN (t), we have
~ ~ t A L t ~ ~
SNy = SN©) - N\ / TN (s)ds+ / (vs.0:SP () — vs.i.0SY (s))ds
0 t=1,04i "0
~ L ~ ~
— Mai(t)+ > (Msuilt) — Ms,e(t)), (4.4)

where

. 1 t t
Mg&i(t) = \/—N <PS,M <1/57g,i/0 Sév(s)d.s) — 1/57“/0 Sév(s)ds) )

For the process EN (t), by the representation in (2.9), using the definitions of Eévi’o(t) and Eév’i(t)
in (3.6), we obtain

L ¢ t L t pt—s
ANy _ PN _ (s s . YN (s)ds — (u w)TY (s)ds
E@—E@G;AWAWMO+&AL(M ;MAA pri(u)G(du) T (s)d

L t L
+ Y / (E0iBp (s) — vpi BN (s))ds — > (E7°(t) + EN (1))
0=1,0£i 70 =1
L
+ MY+ D (ME () — ME, (1)), (4.5)
(=104
where for /,i € L,
N0 1 O !

EZ,; (t) - —N <1770 <t1XOk( Ol) B _/0 p&i(S)Go(dS)) ’ (4 6)
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A0 . )
' 1 N Z<t1XJ(n =i N)\g/o </0 pm(u)G(du)) TV (s)ds |, (4.7)

7=1
and for £ # 1,

- 1
MJEV,&i(t): \/N <PEM<VEM/ Eg >—I/Eg,/ EZ > .

For the process IV (t), we obtain

IN@t)y =1IN(0 (1—2/ qei(s)Fo(ds) > +EN0)Y </tp£z (s)Go(ds) — <I>?,Z-(t)>
+Z)\g/0 /Ot_sp“(u) (du)TY (s ds—Z)\g/ Dy i(t —5)TN (s)ds
3 [ (rasl) = el )ds+Z(Mm,i<t>—M}§,z<t>)
(=1

Epy(t) =

==

£

L
BN @ + ENW) = 3 (15 @0 + 12w + 150) (438)
(=1 /=1

1¥(0)
1S t
~N,0,1
Ié,z (t) = —N kz_:l <lcg,e<tlyeo’k@2,e):i_/0 qZ,i(S)Fo(dS)> s (4.9)
1 EN(0) /L
ENL0,20 0\ 0
Ie,z‘ (t) := —N e (;_:llxé)’k(”gl)— 1 Mo+ M,<t1 M )=t ‘I)e,i(t)> ) (4.10)
AY(®) L :
) = — 1, 1 1, Nx [ @ T (s)d
e’i(t) TN\ < f ;:1 X7 ()= TN 3,0+ C o SETYS (G )=t ¢ 0 ¢i(t = 8)Tg (s)ds |,
Jj=1 t=
(4.11)
and for £ # i
R 1 t t
MIN,Z,z'(t) \/_ ( 70 (1/17472-/0 Iév(s)ds> - 1/[757,-/0 If(s)ds) . (4.12)
For the process RN (t), we have
. L + L
BY 0 = 1Y O) Y [ anits)Folds) + B 0) Y 88,0
=170 =1
L t t
+Z)\g/ Oy i(t— )Yy (s)ds—i—Z/ (VR,MRZ (s) —vricR; (s)> ds
=1 0 ¢4 70
L L
> 0 N,0,1 N,0,2
3 (N ga(t) = 8 (1)) + 30 (IN 0 + N0 + 1) (4.13)
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where for £,i € L, and £ # i,

R 1 t t
Mgu(t) = \/—N <PR,M <I/R7g’i/0 Rf(s)ds) — VR747Z-/0 Rf(s)ds) . (4.14)

We establish the convergence of some key components in these representations in Lemmas 4.1,
4.2 and 4.6.

Lemma 4.1. Under Assumption 2.2,

(MY, ME o, MY 3, MYy o, ME 5, €5 € £,0F#7)

= (MA,i7ME,Z,i7MS,Z,Z'7MI,Z,Z'7MR,€,Z'7 bie L, l+# z) in DLTALE=D 46 N 0,
where the limits are as given in Theorem 2.2.

Proof. This follows from a standard martingale convergence argument, see, e.g., Theorem 1.4 in
Chapter 7 of [14]. The main step consists in proving that the quadratic variations converge (in-
volving the convergence of fluid-scaled processes). We omit the details for brevity. O

Lemma 4.2. Under Assumption 2.2,
(B0, INOV 102 ¢ e py o (B9, 1% %2 tiie£) in D as N oo
where the limits are as given in Theorem 2.2.

Proof. Since the proofs for the convergence of (Eévi’o,f,i € E) and (févi’o’l,f,i € E) follow from the
same argument, we only prove the convergence of (févi’o’l,f,i € E) = (fg’il,f,i € E) in DL*. Define
fév’i’o’l(t) by replacing I}Y(0) with NI,(0) in (4.9) for £,i € L.

Let us consider the convergence of If\’fl’o’l. Observe that the pairs (gkvl’ Ylo’k(-)) and ((k/J, Ylo’k ())
are independent and have the same law. Thus, its proof follows in a similar approach for empirical

processes, see, e.g., Theorem 14.3 in [5]. There are some differences due to the Markov process

Ylo’k, which we highlight below. So, we apply Theorem 13.5 in [5].
For each t > 0 and a € R, we have

NT1(0) ‘
. FNO1 o1
E [exp (zaILl (t))] =E kl:Il exp <za\/—N <1<2’1<tlylo,k(<%1):1 - /0 ql,l(s)Fo(ds)>>

NI (0

) t
1
= kl;Il E [exp <za\/—N <1C2’1<t1Y10,k(<2Y1):1 —/0 q171(s)F0(ds)>>}

a2 ¢ 2 Nfl(o)
. o . -1
= <1 2NE [ <1Cg71St1Y10,k(<—l(€)’l):l /0 ql,l(S)FO(dS)> + O(N ))

_ <1 _ % Ot a11(5) Fo(ds) <1 - /O t ql,l(s)Fo(ds)> + o(N—1)> o

2

- o2 . t t .
A0 exp (—711(0)/ q1,1(s)Fp(ds) <1 —/ ql,l(s)Fo(ds)>> =E [exp (za[ﬁ’%(t))] .
0 0
Similarly, it can be also shown that for any 0 < s < ¢,

E [exp (ia (j:fl’o’l(t) - 1:{\’/1,0,1(8)))} —E [exp (ia (f?ll(t) - f?ll(s)))} as N — oo.

Thus, for the convergence of finite dimensional distributions, with ¢t} < to < -+ <t and «ay, £ =
1,...,k, we can write Zlgzl iaglfl’o’l(tg) using the increments I{Yl’07l(tg) - If\fl’o’l(tg_l), which have

covariances equal to zero over disjoint intervals.
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Next, to prove tightness, we employ Theorem 13.5 and verify condition (13.14) in [5]. We show
that for r < s <t and for N > 1,

E[|1) = L [R5 (1) = B ()] < C6ls) = o) (6(t) = (s)) < C(6(t) = 6(r))?

for some constant C' and ¢(t) fo ¢1,1(uw)Fy(du) which is a nonnegative, nondecreasing and con-
tinuous function. Recall that Fp is assumed to be continuous. This will enforce condition (13.14)
in [5], which according to Theorem 13.5 implies tightness in D. Let

s
Alﬁ,s = 1T<C2’1§81Y10’k(ﬁg 1)=1 B / qu(u)FO(du)’
; r
and .
Alkt = 15<<—O <t1Y0 k(CO )_ / QI,I(U)FO(du)'
s

Note that E[AI,’?,S] =0, E[Alf,t] =0,

Blart) = [ aaia) (1- [ aawm).
and
Blark ) - [ g1 () () (-] t () Fo(d)).

By direct calculations, following similar steps in the proof of (14.9) in [5], we obtain

[N (0) 2INL(O 1
E Z AIF Z AT, | = NL(OE[AIZ AL + NL(0)(NI1(0) — 1)E[ATZJE[ALZ]
+ 2N (0)(NT;(0) — 1)(E[AL (Al 4])?,
[| NI, (0) 2INL(0 7] s ¢
N~E Z ING Z Arh | < [ quu)Fo(du) / g1.1(u) Py (du)

7N,0,1

20,1 .
Thus we have shown the convergence I ;" = I}’ in D.

For the joint convergence (I é\;o 1, bi=1,... L), since the variables and processes associated
with patch ¢ and patch ¢ are independent, it suffices to show the joint convergences (j: évi’o’l, 1€ ﬁ)

for different ¢’s separately. For the joint convergence (févi’o’l, 1€ E), we obtain tightness from
that of each process as established above, so it suffices to show the joint convergence of their finite
dimensional distributions. Take ¢ = 1,7 = 1,2 as an example. For 0 < t; < t5 and aq, as € R,

E [exp <ia1]~f\7[1’0’1(t1) + iagff\’g’o’l(tg))}
NT1(0)

N 1 t1
:E|: ]!;Il exp <2a1\/—N(142,1<t11Y10’k(C271)=1_/0 q171(8)F0(d3)>
0 ! 1 1 " Fn(d
+Za2\/—ﬁ( RSty (e =2~ f q1.2() Fo S))
t1
<1 o ﬁEKal (1C271St11Y10’k(<2’1):1 _/0 Q1,1(S)Fo(ds))

to 2
+ ag (142’1§t21Y10,k(<2’1):2 —/0 ql,g(S)Fo(dS))> :| + O(N—l)>

Nfl(())
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_ ( - % 0t1 q1,1(s) Fo(ds) <1 _ /Ot (I1,1(8)F0(d3)> |
_ % Otz q1,2(s)Fo(ds) < /t gr(s )Fo(ds)> >N11(o)

N—o0 04% = f
——exp| — > 1(0)/ q11(8)Fo(ds) | 1 — Q11 s)Fp(ds)
0

2 t2
- %11(0)/ q1,2(s)Fo(ds) (1 Q12 Fo(d3)>>
0

=K [eXP (20‘111 p(t) + ZOQIl 2 (t2)>]

This calculation can be extended to the computation of finite dimensional distributions of (

J! IN 0, 1)
1,1 )
and then that of ( N0t , 1€ E) Therefore, we can conclude the joint convergence of ( Mo 1 1€ E).

NOl INOI

Next, to prove the convergence of N i 0.1 , it suffices to show that I = 0 in D for each

£, € L. We consider the convergence I{Ylo - I{Ylo '~ 0in D. We have

sign(1(0) = NL(0) (15" (1) — I} (1))

| HOVNL() ( .
N Z oo <y lyok 0 vy — q11(8)F0(d8)>
Co Sty R0 =1 / ;
\/_k IN(0)ANT; (0) BT DR 0
1 IN(0)VNI; (0)
T VN Z Lo <t1YOk(§0 VA ‘/ q1,1(s)Fo(ds) . (4.15)

k=IN(0)ANI; (0)

It is clear that by Assumption 2.2,

E[(iin(t) —fin(t))2] :/ q1,1(s) Fo(ds) (1 —/0 ql,l(s)Fo(ds)> E[|I¥(0) — I,(0)]] — 0

as N — oo. To show that {INO - INO l}N is tight, by Assumption 2.2 and (4.15), it suffices to

prove the tightness of the first term on the right hand side of (4.15), which we denote as Aff’lo’l(t).
By the Corollary of Theorem 7.4 in [5], it suffices to show that for all € > 0,

1
limsup sup —]P’( sup |AN01 t+u)— Aiv’lo’l(t)‘ > e) —0, as 06—0. (4.16)
N 0<t<T 0<u<s '

. N,0,1 . . .
Since Ay} (t 4+ u) is increasing in u, we only need to consider

t+0
E[| AT (¢t +06) — Aﬁo’l(t)ﬁ = E[|IN(0) — [1(0)]] /t ’ q1,1(s)Fo(ds) < E[|IY(0) — I1(0)]]6

whose limsupy is equal to zero under Assumption 2.2, and thus we conclude that (4.16) holds.
Therefore we have shown I; N 01_7 fv 1’0’1

( ZOI,E,Z € E) (Igil,f,z € £) in DI*. To prove that the limit processes (f?’il,f,i € £) are
continuous when Fjy is continuous, since they are Gaussian, it suffices to show continuity in the
quadratic mean [18], that is, for all ¢ > 0, lim,_; E[!Ig’il (t) — I?’Z.l(s)|2] = 0. This is easily checked
from the continuity of the covariance functions.

We next focus on the processes (fé\;’o’z, (,i € L). Define j:évi’o’2(t) by replacing EX (0) with N E,(0)
in the expression of j:évi’o’2(t) in (4.10). We first prove the joint convergence (févi’o’2,€,z' €EL) =

— 0in D in probability, and conclude the joint convergence
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(f?’f,@,z’ € E) in DL* as N — co. We again apply Theorem 13.5 in [5]. By direct calculations, we
obtain for ¢ > 0,

E [exp (zoJNO 2(25))] Moo R [exp <iaf2’iz(t))} = exp ( - %2Eg(0)<1>2i(t)(1 - <I>2’i(t))>
and for t >t/ > 0,

E [exp <io¢ <1cév7i’0’2(t) Iﬁo 2t )))}
T E Jewp (i (107(0) ~ 17(1)) )| = exo ( ~ CEO)@400) - @2,2-@))) -

Hence, we can establish the convergence of finite dimensional distributions of I Z’OQ similarly as
that of j:f\fl’o’l(t) above. For tightness, we obtain for t' <t < t” and for N > 1,

B (|12 ) = I @P 1) - fév-’°<t>|2} < O(9(t) — 9(E))(#(t") = #(1)) < C(t") = $(1))’

where ¢(t) fo S pew( fo qr i(v)F(dv|u)Go(du). Note that since Gy is continuous, this
function ¢(t) is a nonnegative, nondecreasmg and continuous function. This proves the convergence
fIN’0’2 10’2 in D as N — oo.

2

For the joint convergence of I ’02 and Iéy(,] , we can follow a similar argument as the joint
convergence (Ié\;o 1, li=1,... L) above. Thus we have shown the joint convergence (fé\;’o’z, NS
ﬁ) = (f?f,&i € ﬁ) in DL*. To conclude (févi’o’2,€,i € ﬁ) = (fg’f,ﬁ,z’ € ﬁ) in DLZ, it remains to

’ FNO2 _ FN02 ’ ’

A ¥}

show that I, — 0 in D in probability for each ¢,7 € £L. We have

E[(fgv°v2(t) - igYiva?(t))z} — @0,(1)(1 — Y, ()E[|EN(0) — By(0)|]] = 0 as N — oo,

under Assumption 2.2. To prove tightness of {I [N02 Ty N 0.2 } N

sign(EY (0) — NEy(0) (17%2(t) — 17" (1))
EN(0)VNE,(0)

:\/—N Z ZlXt(z)k(ke =t nk€+< kl’<t Y, (e k0! )=1 _|EZ ‘<1>ZZ ’

k=EN(0)ANE¢(0) ¢'=1

observing that

it suffices, applying the Corollary of Theorem 7.4 in [5] to the first term, denoted by Aévi’o’2(t), to
show that

limsup sup E]I”( sup |ANO2 t+u)— Aé\;’m(t)‘ > e) —0, as 0—0. (4.17)
N = 0<t<T 0<u<s
Since it is increasing in t, we consider for § > 0,
E[|AR" (¢ +0) = AR (0[] = E[|EN (0) — Ee(0)]] (20,(t +8) — 20,(1)).

The limsup of the above is equal to zero by Assumption 2.2, so it is clear that (4.17) holds. Thus
we have shown ( N0 NNRS E) (Igf,ﬁ 1€ E) in DL”.

For the joint convergence of ( éVZO’ I NO ! féVi,OQ £ i€ £) by the independence of the variables
associated with I¥ (0) and E (0), it Sufﬁces to show the joint convergence of ( 1\’720 I%O 2 0ie L).
We define Eévi’o( t) by replacing £V (0) with N E(0) in the expression of E“ O(t) in (4.6). Similar to

NO _ENO

the proof above, we have E,; — 0 in D in probability. It then suffices to show the joint

convergence of ( éVZO, 1 é\io 2 € 1€ ﬁ) and moreover, since they are tight individually, it suffices to
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show the convergence of their joint finite dimensional distributions. Note that Eévi’o (t) and I, éy ;.0’2(75’ )
are independent for ¢ # ¢. We calculate that for o,/ € R and t,t' > 0,

E[exp (iaEéVi’O(t) + ia/févi’,oz(t/))}

= e (=SB0 [ peaaGn(s)) + e (— LB, 000 - 1))

+exp (—aaEio)( [ pealw) / " g (o) ol do) — / t G881 ) ).

This can be extended easily to finite dimensional distributions of (Eévi’o(tl), . ,ENéVZ.’O (tr), I Z’,O’z(tl),
e ,févl.’,o’2(tk), INNS E) fort; <ty < --- < tg, k> 1. Therefore we have shown the joint convergence

of (Eévi’o,f %’0’2, {1 € £). Finally for the continuity of the limit processes, it suffices to show the
continuity in the quadratic mean [18], which follows from the continuity of the covariance functions.
This completes the proof of the lemma. O

For the next lemma on the moment estimates, we shall need the following technical result.

Lemma 4.3. In the two cases vy € [0,1) and Z#u kie = 0, there exists a constant C such that for
any 0 <t<T,1<:1<L,

Y@< 0 (18X O+ BN @+ N0+ RN O) + 3 sl I (1) (4.18)
04

Proof. We consider again the map 1 : [0, 1]* x [0, &] — R,

, B s(i 4 u)
visednu) = e
We have
ng;(8767i7T7u):((1—7)3+e—|‘—z+r)(z+u)S /<;‘ 7
(s+e+i+r)ty (s+e+i+r)

(stet+i+r)tr = (s+e+i+r)’
s(s+e+i+r)—ys(i+u)
(s+e+i+r)ty

s(i +u) R

>
Ttetritr) = (stetitr)
S

(s+e+i+r)
Moreover, if we define for 0 < a <1, g(a) = ¢(s+a(s’' — s),e +ale’ —e),i +a(i’ —i),r + a(r’ —
r),u+ a(u — u)), we have

K
(s++e+i+r)r’

wg(saeai7r7u) = ’ ’1/12(37672‘,7’,11,)’ S

0> Y.(s,ed,r,u) = —

~—

0 <l (s,ei,ru) = 1.

IN

W(s' e i r'u) — (s, e i, r u) = /01 g (a)da
— </01 Pi(s+a(s' —s),e+ale —e)i+a(i’ —i),r+alr’ —r),u+alu — u))da) s — s]
+ </01 Yo(s+al(s'—s),e+ale —e),i+ali’ —i),r+alr’ —r),u+au — u))da> [¢/ — e

+ </01 Pi(s+a(s' —s),e+ale —e)i+a(i —i),r+alr’ —r),u+alu — u))da) [i" — ]
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+ </01 Ur(s+a(s' —s),e+ale —e),i+a(i’ —i),r+alr' —r),u+alu — u))da> [r' — 7]

1
# ([ vl bals = et ale e bald = i)+l )kt~ w)da ) [~
0
We have

TN() = w(sﬁv (1), BN (0.1 (1), BN (), S Y (t)), Ti(t) = w(sm,Ei(t),u<t>,Ri<t>, Zw) |
Fi Fi

Suppose first that v < 1. Clearly, the result will follow from the last formulas, if we prove that
there exists C' > 0 such that for all ¢ € [0,T], N > 1,

/01((1—a)5i(t)+aS{V(t)+(1—a)E,~(t)+aE{V(t)+(1—a)Ii(t)+aIZN(t)+(1—a)R,~(t)+aR£V(t))—7da <C.
We have
/0 1 (1= @)8i(t) +aSN (1) + (1 = @) Es(t) + aBN (1) + (1 = a)T,(t) + aT (1)
+(1— a)Ri(t) + aRN (1)) da

< (Si(t) + Ei(t) + Li(t) + R(t)) " 'da

o a’
_ (Sit) + Bi()) + L)) + Ri(t) " _ Cip
1—7 “1l—x

for any 0 <t < T, where we have used Lemma 3.9 for the last inequality.
It is easy to check that in the case where the variable u disappear from the above formulas, the

derivatives of f are bounded on [0, 1], and the result holds in the case v = 1 as well. O

)

We will now prove the following estimate.

Lemma 4.4. For each i € L,

supE[ sup ‘va(tﬂz < 0. (4.19)
N t€[0,7]
Proof. We first show that for each i € L,

sup sup E [!va(t)|2 < 00. (4.20)

N t€[0,T]

We shall use (4.18). In the representations of SN (¢), EN(t), IN(t) and RN(t) in (4.4), (4.5), (4.8)
and (4.13), respectively, the following hold: there exists a constant C' > 0 such that for each i,/ € L,

supEHgiN(O)m < C, supEHEAZ-N(O)m <C, supE[‘ffV(O)‘z] <C, supEH]A%ZN(O)m < C,
N N N N

T
sup sup E[(Mévl(t))z] < )\i/ sup TN (s)ds < \i;T, sup sup E[(quvié(t))ﬂ < Cuvg; T,
N t€[0,T] ’ 0 N N t€[0,T) v

sup sup E[(M]{;V,é(t))z] < Cvg,; /I, sup sup E[(vazé(t))ﬂ < Cvg,; T,
N te[0,T] N te[0,T]

sup sup E[(M}]%\{M(t))z] < Cvg;T. (4.21)
N te0,1]



38 GUODONG PANG AND ETIENNE PARDOUX

Thus, by taking squares of the processes SN (t), EN(t), IN(t) and RN (t) in (4.4), (4.5), (4.8) and
(4.13), we can apply Cauchy-Schwartz inequality and Gronwall’s inequality to conclude that

sup sup E US’ZN(t)ﬂ < oo, sup sup E “EN ‘ ] < o9,

N te0,T] N t€0,T]
sup sup E UIAZN(t)ﬂ < oo, sup sup E URN ‘ ] < 00, (4.22)
N te0,T] N t€[0,T]

and thus (4.20) holds.
We next prove (4.19). By (4.21) and Doob’s inequality, we obtain the martingale terms satisfy

supB | sup (V0] < oo, supB| sup (0] < oo, supE| sup (1 (0)°| <o

N Ltefo,1] N Lelo,T] N Lelo,T]
SupE[ sup (MINZZ(t)V] < 00, supE[ sup (Mﬁw(t))ﬂ < 0. (4.23)
N Lteo,T N Lteo,T

Then, by the expression of SN(t) in (4.4), the bounds in (4.18) and (4.22), we easily obtain that
the property in (4.19) holds for SN (¢).

For EN(t), given the bounds in (4.18), (4.22) and (4.23), it suffices to show that the property
in (4.19) holds for Eévi’o(t) and Eévl(t) Similarly, for IN(t), it suffices to show that the property in
(4.19) holds for févi’o’l(t), févi’o’2(t) and fZNZ(t) We will first treat the processes associated with the
initial quantities Eévi’o(t), f%’o’l(t) and févi’o’2(t). The processes Eévi’o(t), f%’o’l(t) can be treated in

) ] ) AN70’71 ’ )
the same way, so we will only prove 1,77 (t).

Recall the expression of I é\;’o’l(t) in (4.9). Also recall the process I évi’o’l(t) by defined in the proof
of Lemma 4.2, that is, replacing I¥ (0) in (4.9) with NI;(0), so that fé\;’o’l(t) = févi’o’l(t)—i—(fé\;’o’l(t)—
fév’i’o’l(t)). The process fﬁ.’o’l(t) is driven by the sequence of two dimensional r.v.’s (CB,@ Yf”“(ggl)),
k > 1. We add a sequence of i.i.d. r.v.’s, globally independent of the above sequence, Uy, k > 1,
which all have the uniform distribution on the interval [T,T + 1]. We define a sequence of r.v.’s
Cl(f),ﬂ’ k > 1, as follows

We have that for all t € [0, T,

o <t
and
t
E[1a,q) :/ qei(s)Fo(ds).
k0 — 0
By writing
1 NI, (0)
~N,0,1
%Im (t) = W Z Ckz<t ng,ZSt])’

we apply the Dvoretsky—Kiefer—Wolfowitz inequality (with Massart’s optimal constant [25]) and
obtain

——E| sup VO 2} < 2/ e 2dy = 1.
1,(0) ogth(g’Z ®) 0
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On the other hand,
NI (0)vI{ (0)
~N,0,1 #N,0,1
Iy (t) - 1 (t) = \/— Z (152195 - E[lé}gyegt])v
k=NTI,(0 /\IN(O)—i-l

sup | 1,571 (t) — 17" ()] < VNT(0) — IV (0)| = |I¥(0)]

>0
hence from Assumption 2.2,

sup E | sup (INO Yt) - févi’o’l(t))2] < 00.
N >0 ’

Combining the above, we have shown that the property in (4.19) holds for févi’o’l(t).
For the process I %’0’2@), we can extend the approach above as follows. Define I %’0’2@) by replac-
ing E (0) with N E,(0) in the definition of 1,7%%(¢) in (4.10). Write 1,7%%(t) = I,°°%(t)+ 1" (t) -
fé\f’i’o’z (t). For fixed ¢, ¢', we have a sequence of i.i.d. random vectors (1727@ X?’k(n%é), ke, YZ’_k(C—kvf’))kzl‘

We also add a sequence of i.i.d. r.v.’s globally independent of the previous sequence, Uy, k > 1,
uniformly distributed on [T',T + 1]. Define

. 0,k _ .
go — ”7]?;72 + C—k),f'a lf X£7 (77](3;7£) = E,, and }/ﬁ’ k(C—k}f’) =1,
ST et e+ Ui XPROR) A or Y (G £
Then we have

1 1 =1
X?’k(ﬁgg) e tC M’<t Y/ (€ er)=t gg,z,zlgt’

and

k(l’

E[l 0 <t] = /Otpuf (u) /Ot—u qei(V)Ho(du, dv) .

Note that <I>0 ;(t) is the sum of the right hand side of the above equation over ¢’ € L, as given in
(2.19). Then we can write

L
_ 1 _
N,0,2/,\ _ Z Z N0, 2
IN (t) = /N — <1<g,e,y <t £ [ <k oS } ) IZ vy ’

'—1 =1

where

- 1
N,0,2 -
Lo (t) = VN kz_l <1<g,z,e'ﬁ E[lggze'<t]>
INO 2

We can apply the Dvoretsky—Kiefer-Wolfowitz inequality to obtain the desired estimate for I, Ve (t)
for each fixed ¢, ¢, that is,

E[ sup (IZNZ,O?( ) ] < Ey(0).
0<t<T
Hence,
E{ sup (févi’o’2(t))2] < 2LE,(0).
0<t<T
The difference fg’og(t) — j:ﬁ.’o’z(t) is again easy to treat. So we obtain the estimate for IN0 2(t).

We next consider the processes associated with the newly infected individuals EM( ) and T, %(t)

Recall the expression of EAévl(t) and [ éyi(t) in (4.7) and (4.11), respectively. Recall the expressions in
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(2.11) using the PRM Qe(ds, du, dy,df) and (2.12) using the PRM C?g(ds,du, dy,dz,d¥,df). Also
recall that Q, and @, are the corresponding compensated PRMs. Thus we can write

t—s

EN(t =N / / / / Loca,x (s ) Qelds, da, du, db), (4.24)

and
t—s t—s—u

Define

. 1 t 0 t—s o

Bo-—=[["] /{,} Locn, vy @e(ds, da du, d6). (4.26)
and

“ (t) \/_/ / /t S/t . u//{} a<A NTo(s Qg(ds da, du, dv,df, d?), (4.27)

where T(t) is given in (2.34) and is deterministic. It is not hard to check that EM(t) (resp. j:ZNZ(t))
is a martingale w.r.t. the filtration FF (resp. F/), where FF is generated by the restriction of Q
to the set of (s, a,u,d) which are such that s +u < ¢, and F/ is generated by the restriction of Q to

the set of (s, a,u,v,0,9) which are such that s + u + v < ¢t. Those martingales have the quadratic
variations

(BN (1) = A / /”qu Fldu)Ty(s)ds, (F5)() = A /Ot@,i(t—sm(s)ds. (428)

Then by Doob’s inequality, we obtain

T—s
supE[ sup (E%(t))ﬂ gsup4E[(E“ —4)\g/ / qei(w)F(du)Y(s)ds < oo,
N Lo<t<T N

supE[ sup (fé\;(t))ﬂ < sup4E[(fé7Z(T)) | = 4/\5/ Dy (T — 5)Ty(s)ds < 0.
N lo<i<T N 0
We next show that

~

. 2 . . 2
Eéyi(t) - EZNZ(t)‘ ] < oo, supE [ sup ‘Ié};(t) - Iﬁ-(t)‘ ] < o00. (4.29)
N |0<i<T

suplE
N

sup
0<t<T

Let us establish the first estimate in (4.29). The second can be obtained by the exact same
argument. We will use below the identity

1 /°°
— 1
VN Jo
We have

t—s
Eévﬂ( ) Eéz \/—/ / / / Cl<)\[TN( -) - 1ﬂ<>\lNTz(S > Qg(ds dCl du d@)
and

(N N
sup |5 (6) — EN(0)
0<t<T

<l L e

a<A TN (57) ~ La<aNTo(s)

a< Y (s7) T Lo, Nry(s) = Ag‘“fév(s_)‘ .

T
Qg(ds,da,du, d9)+/ )\Z‘Tév(t”dt
0
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T
Q,(ds, da, du, d6)+2/ Xe| TP (2)]dt .
0

a<A TN (s7) ~ LaANT(s)

Gl L

Thus we obtain
~ B 9 T B T ~ 9
E | sup ‘E%-(t) —Eﬁ.(t)( < w/ E[T) (t) —Tg(t)\dt+4)\§T/ E [\Tév(t)\ ]dt,
0<t<T 0 0

hence the first part of (4.29), thanks to (4.20). Plugging the above estimates in (4.4), (4.5), (4.8)
and (4.13), using (4.18) and Gronwall’s Lemma we finally establish (4.19). O

In the next Lemma, we shall need the following well-known result on integrals with respect to a
PRM, which follows rather easily from Theorem VI.2.9 in [9].

Lemma 4.5. Let Q be a PRM on some measurable space (E,E), with mean measure v, and @
the associated compensated measure. Let f : E — C be measurable and such that el —1 — f is v

integrable. Then
E [exp < /E f(x)@(dx)ﬂ ~—exp ( /E [/ 1~ f(@)] V(dx)> .

We are now ready to prove the convergence of the components associated with the newly exposed
individuals.

Lemma 4.6. Under Assumption 2.2,
(BN, IN, tie L) = (B dog, i€ L) in D*° as N — oo, (4.30)
where the limits are as given in Theorem 2.2.

Proof. Recall the processes EN%- and T é}; defined in (4.26) and (4.27) using the compensated PRMs

Q, and @g, respectively. Each of these processes being a martingale, they are easily shown to be
tight. We now establish their joint final dimensional convergence. By their definitions of the two
PRMs, we can regard Qg (resp. Q) as the image of @, (resp. Q) by the projection II from R% x £2
onto ]R:j’r x L, defined by II(s,a,u,v,0,9) = (s,a,u,0). In other words, we can write, together with

(4.27),
= 7 1 t 00 t—s 00 o
E).(t) = — 1 s ds,da, du, dv,dd, d?).
6,2( ) \/N/O /0 /0 /0 /{z}/ﬁ a<A¢gNY,( )Qé( )

Consequently, for any ap,ar, oy, of € R, and for each ¢,i,7' € £ and ¢, > 0,

apE(t) + arlpy(t) + g ERy () + o Iy ()

// /ts/ // [fn(s,a,u,0,0,9) + fa(s,a,u,v,0,9)] Qy(ds,da, du, dv, db, dv),

1
In(s,a,u,0,0,9) = \/—Nlag)\gNTe(s)l[O,t](3)1[0,1&—8} (u) (apdgn (dO) + ol sy (0)dg (dD))

1
In(s,a,u,0,0,9) = \/—NlaSAgNTe(s)l[O,t’}(3)1[0,t’—s} (u) (/g0 (dO) + Lo sy (V) gy (dD)) .

where

By Lemma 4.5, we have

E [exp {iaEE%(t) + ioql:é?;/ (t) + iabE%(t/) + ia}fﬁ-,(t')”

:exp</0t/0w/0t_s/ooo/ﬁ/ﬁ<ei[ff\’+fm—1—i[fN+f]/v]> (s,0,u,0,0,9)
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dsdaH (du, dv)p; (u, df)u} (v, d19)>
s exp <— %/0 )\ng(s){aE/_;“( )G(du) + a3yt — s)
+204E0q/t s/t spgul ) g ( )H(du,dv)}ds
-3/ Am<s>{<a'E>2 | pratwGlan) + @t =)
+2aEaI/ _/ _spgul w)qi it (v )H(du,dv)}ds

tAt tAL —s
- / AeYo(s) aEaE/ pei(w)G(du) + ara; ey (E AT —s)
0

Nt —s pt’'—s—u
—i—aEaI/ / pei(w)gi i (v)H (du, dv)

tAL — t—s—u
+aIaE/ / pfz QH )H(du,dv) ds

=K [exp {ZA()(EEAg’Z'(t) + ZAOq[Ag’Z'/(t) + ia’EEM(t') + ia}jgﬂ'/(t/)}] .

Would we consider more distinct times, we would clearly deduce that the whole vector converges to a
Gaussian random vector. The only point which requests a detailed computation is the determination
of the covariances, which can de deduced from the above formula, and obvious similar formulas.
In particular, it is easily seen for £ # ¢/, that the covariance of Ey;(t) and (Ep g (t'), Iy i (t")) is
zero. Similarly, for i’ # i, the covariances of Ey i(t) and Eg o (t), of I, i(t) and I ¢ (t') are zero. The

formulas for the covariances of the pair (E I ) in the statement of Theorem 2.2 are easy to deduce
from the above computation.

It then remains to show that, for each ¢,i € L, as N — oo, E%(t) - E%(t) — 0 and fé\i(t) -
I N(t) = 0 in probability, locally uniformly in ¢.
We focus on the process EA% — Eévi. It is clear that

E[E(t) - BN(1)] =0,
E[(Eévl() EM —)\ZE// sqgl (du)|TéV(s)—Tg(s)‘ds—>O as N — oo,

where the convergence holds by Theorem 2.1 and the dominated convergence theorem. We next
show that the sequence {EévZ - Eév} N is tight. Observe that

~ AeN (YN (5)VY4(5)) t—s B 3
EN(6) — BN() / / [ [ sienT3 ) = Tole))utas. do s o
VN AN(TY (s)A T (s)) (i}

—)\e/ /qu“ F(du)Y} (s)ds.

We can decompose sign(TY (s) — Yy(s)) = 150 ()= To(s)>0 — 17N (s)-Ty(s)<0> and write TV(s) =

TV (s)* — TN (s)~, such that each of these will induce a process that is nondecreasing in t. Tt is
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also clear that tightness of these processes will be implied by the tightness of the following processes:

N AeN(YN(s)VT(s)) pt—s .
Qe(ds, da, du, dd),
-1 \/—//)\ZN(TN(S )ATe(s)) /0 {i} ( )
t—s
=y Ae// 4ri(u) F(du) T (5)]ds.

Since these two processes are nondecreasing in t, it suffices to show that for any € > 0, and t = 1, 2,

[1]

lim sup %]P’ {E3 Nt +6) - (t)‘ >¢) =0 as §—0. (4.31)

N—oo

For the process = (t), we have

=<>|]

E|[EN(+0) -2
M N(TY (s)VYy(s))  pt+d—s 5
/ / Qe(ds, da, du, db)
A 0 {i}

d) —
|:< / e IN( TN /\T((s
AeN(TN(s)VT (s t+0—s 2
/ / Qg (ds,da, du d0)> }
/\T( t
)\@N(TN VT[(S t+6 s . 2
[ / / / Qe(ds, da, du,d0)> ]
)\eN(TN(S /\Te(s 0 {’l}
AeIN( TN VT[(S)) t+d—s . 2
+2E| [ —= ds, da, du, do
K\/_/ AN(TN (5)ATo(s)) /t—s (i} O )> ]

eN(TN VT[(S ) t+0—s o 2
< 4E[< / / / Q,(ds, da, du,d9)> ]
eN(T (S /\Te(s 0 {’l}

ﬂ\

t+d—s R 2
+4E < / q&,.(u)F(du)\TgV (s)|ds>
)\@N VT[(S ) t+0—s o 2
+4EK / / / 0 ds,da,du,d0> ]
VN ANV (ATo(s) Jios {0} ol )

+4E

</\z/ /tt+5 ) qe.i(u (du)!ff(s)‘ds) 2]

t+5  t+o—s . - - N2
< 4)\4/ / qe,i(u)F(du)E HTZ (s) — Tg(S)H ds +4X;6° sup E UTZ (s)| }

s€[0,7T7
t4+6—s
+ 4)\g/ /t . qri(u)F(du)E H'Tév(s) —Yy(s)|] ds

</\z / /t " squ (du)mv(s)\ds)Q]. (4.32)

It is clear that E[|T}(s) —Te(s)|] — 0 as N — oo by the convergence Y)Y = T, and the
dominated convergence theorem. Thus, the first and third terms converge to zero as N — oo.
Thanks to (4.20), §~! times the second term converges to zero as § — 0, which is exactly what we

+4E
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wish. Thus, in order to prove (4.31) for Z(¢), it suffices to show that

(Az / /t " sqg, F(du)| T (s)|ds>2] =0. (4.33)

2

lim lim sup
=0 N0

The expectation is bounded by

= s 2] (o [ wsoriane)

Hence we obtain (4.33) by the same argument as in (3.20), and the bound in Lemma 4.4.
For the process =5 (t), we have

E[ Y (t+06)— =) ()!2] < 2E [</\e /tt+5 /Hé_s qg,i(u)F(du)|TéV(s)|ds>2]
<)\g/ /tt+6 sqgl (du)|'fév(s)‘ds>2]
<)\z/ /;M sqg, (du)‘Yf(s)‘ds)zl .

The argument for these two terms follow from that for the second and fourth terms above for = (t).
We next prove that as N — oo, [, é’v’i(t) —1 éyi(t) — 0 in probability, locally uniformly in ¢ for each
£,i € L. Tt follows a similar argument so we only highlight differences below. It is clear that

E[1)(t) — I}5(t)] =0,

E[(f%(t) — jzﬁ-(t)f] =N /Ot Pyt — s)|TéV(s) —Ty(s)|ds -0 as N — oo,

+2E

< 4X\35°% sup E [‘Yév( +4E
s€[0,T

where the convergence holds by Theorem 2.1 and the dominated convergence theorem. To show
that the sequence {1 évi -1 ZNZ} is tight, we write

Iéz( ) Iéz(

t—s t—s—u
\/_/ / / / //Z} a<A TN () — LN Ta(e) )Qz(ds da, du, dv,df, dv) |

Y /O By i(t — 5)TY (s)ds,

and observe that it suffices to prove tightness of the following processes

M NN (s)VYe(s)) pt—s pt—s—u
N // / / / Q, (ds, da, du, dv,db, dv
NI AN (TN (5)AT (s © )

IN(t) = Ag/ Dyt — s)|TéV(s)\ds.
0
By the monotone property of these two processes in t, we then show that for any e > 0, and t = 1, 2,

hmsup (|IN t+0)— ILN(t)| >e) =0 as §—0. (4.34)

N—oo

Similar to the derivation in (4.32), we obtain

) t+4 -
E [|Z{V(t+5) — IV ()| } §4Ag/t Dp(t+6—s)E[|T)(s) — To(s)|] ds
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+ X% sup B || (s)[*] + 40 /t (@ea(t +6 — 5) — Byi(t — ) E[|TN (s) — Te(s)|] ds
s€[0,T) 0

+4E

¢ 2
<)\g/0 (Poi(t+06—5)— Dp;(t—s)) |Tév(s)‘ds> ] . (4.35)

The first and third terms converge to zero as N — oo by the convergence E HTéV (5) — Yo(s) H — 0
and applying the dominated convergence theorem. For the last term in (4.35), we have

t 2
E [<)\g/0 (Bri(t+0—5) — Ppi(t —s)) mv(s)\ds> ]
t t+6—s L t+d—s—u . 2
<2E <)\é/0 (/0 ZPM'(U) /t_s_u qeri(v)H (du, dv)) |17 (3)|d5)

=1

t+6—s pt+é—s—u L A 2
+2E [( / </t / ;::lpze'( w)qei(v )H(du,dv)) |Tév(s)|ds> ]

t+5—s L t+6—s—u ?
)\ ( ZP@,@/(U)/t qé'i(U)H(d%dU)) dS)

Vi —S—Uu

< =1
9 t+0—s t+6—s—u L 2
—I—QE[ sup TN ‘ } by, / / Zpuf(u)qgri(v)H(du,dv) ds
s€|0, T] t 0 =1

ng[ sup |TN(s ] AL //HM Flt+6— s — ulu) — (t—s—u|u))G(du)ds>2

<28

i
s€[0,T]

s€[0,T

+2E[ sup |TN (s)ﬂ ()\gL /O (G(t+6—s) —G(t—s))ds)z. (4.36)

s€[0,7T7

Then the first term is treated with the same argument as in (3.23) while the second as in (3.20).

We then consider
40 . 2
<)\g/ Ppi(t+0— s)|TéV(s)‘ds>
t

<)\£ /Ot(@e,i(t +6—s) — Dyt — s))ﬁév(s)!ds) 2] :

2

B[|Z5(+0) - ()] < 28

+2E

Here the first term is bounded by

QE[ sup |T{(s)] } <)\g /tm CI)z,i(t—i-é—s)ds)

< 2M26%E | sup ‘??(s)!z
s€[0,7] s€[0,T]

and the second term is treated as above in (4.36). This completes the proof of (4.34), and thus
I é};(t) -1 éyi(t) — 0 in probability, locally uniformly in ¢. This completes the proof. O

Completing the proof of Theorem 2.2. Let SN (t), EN(t), fl (t), RN (t) be defined as in (4.4),
(4.5), (4.8) and (4.13) correspondingly with SN (0) = SN(0), EN(0) = EN(0),IN(0) = IN(0) and
TN (t) being replaced by TN (t) defined by

( ) ¢s( 2 z Z K‘ZZIZ + we( j R Z KZZIZ

01 i
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+ i (Si(t) (), ) rielo(t) ) + 9 (Si(), Li(t), Ri(t), > waele(t)) RY
2= 044

+ 1 (Si(t) (1), kiele(t) > maelf (¢
i 01

and the other components remain unchanged. Then by Lemma 5.1 below (Wlth m = L), and by
the convergence results in Lemmas 4.1, 4.2 and 4.6, we obtain that (SN EN IN RN i€ L) =

(2Rt S

(Si, BN I;, R;,i € £) in D3L. Tt remains to show that (SN SN, EN EZN,IZN v, RN RN,ie
L) ~ 0. We have

~

520 -8 = [ (TN (s) = N (5))ds
0

Ly / (v5,64(S (5) = S (5)) = v (S (5) — SN (3)))ds

(=10
EN@) - A/ —TN(s ds—Z)\g/ /t Sph G(du) (T (s) — TN (s))ds
U% / i a (B () = BN (5)) — vis (BN (5) — B (s))ds,
N ZAE/ /t sph G(du) (T (s) = TN (s))ds

—er/ Delt — ) (T () = T (3))ds

Similarly for wé\’[a(t), w%(t), wﬁ\fa(t) and wi\fa(t). Also write 1)e,0(t), %io(t), ¥ro(t), Yu,o0(t), Yuo(t)
when a = 0 (noting that they no longer depend on N in this case). We then have

TV - TN ()

= VN (SN (1), BN (1), 1 (1), BY (1), 30 1Y (9) = F(5u(t), Bale), Ti(0), Rat), Y- 1ee))) = T (1)
043 043
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/w t)da(SN (t) /w tyda(EN (t) — /w Hda(IN(t) — IN (1))
/¢ ()da( R (¢) - /¢ #< NOREA0)
([ vt~ o) 350+ [ 00da = vea®) B0 + ([ k00— vi00) 70
([ viatota o) R¥O + [ ot~ vuaty );IZ

We can use the bounds in the proof of Lemma 4.3 to show that limsup x sup,e(o 7 fol wga(t)da < 00

and the same holds for ¢, (t), 1! a( ), 2, (t) and Y, (t). It is also clear that fol PN, () da—1hso(t) —
0 as N — oo, uniformly in ¢, and Slmllarly for the others. In addition, similarly as Lemma 4.3,

we can also show that supy supcp ) E U@N(t)ﬂ < oo and the same for E‘N( t), TN( t) and EN( t).
Then by Gronwall’s inequality, we conclude that (SN SN IN — I [N RN RN i € L) = 0. This

i 0T

completes the proof of the theorem. O

5. APPENDIX

We define a 4m-dimensional integral mapping F: given a;, b;, ¢;, d;, ¢i, Vi, i, Xi € D, some con-
stants o, 3;,7:, ki > 0 and functions Fy;, Gy; for £, =1,...,m, let z;,¥;, z;, w; be the solutions to
the following integral mapping:

x;(t) = x;(0) + ¢4(t) — /0 (ai(s)xi(s) + bi(s)yi(s) + ci(s)zi(s) + di(s)w;(s))ds

* Z /0(a&ixe(s)—ai,wi(s))ds,

(=100

yi(t) = y;(0) + 1;(t) +/0 (ai(s)xi(s) + bi(s)yi(s) + ci(s)zi(s) + di(s)w;(s))ds

-3 / Fralt — ) an(s)ee(s) + be()ye(s) + cols)ze(s) + do(s)wn(s))ds

+ Z / (Be,iye(s) — Biwyi(s))ds,

0=1,0+#1

a(0) =50 + a0 =3 /O Fya(t — 5)(ae()20(s) + be()ue(s) + ca(s)26(5) + da(s)we(s))ds

=1

-3 / Glalt — )(as()e(s) + bi(s)yel(s) + co(s)zels) + d(s)wy(s))ds

+ Z / (Veize(s) — viezi(s))ds,

0=1,0+#1

w;(t) = )+ xi(t) + Z/o Fyi(t ag(s)ze(s) + be(s)ye(s) + co(s)ze(s) + de(s)we(s))ds
=1
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m t
S / Gralt — s)(an(s)za(s) + be(s)ye(s) + co(s)ze(s) + de(s)we(s))ds
=10

+ Z '/0 (keiwe(s) — ki pwi(s))ds.

0=1,0+#1
The existence and uniqueness of its solution and the continuity property are stated in the fol-
lowing lemma.

Lemma 5.1. Assume that Fy; and Gy; , £,i = 1,...,m are measurable, bounded and continuous
functions satisfying Fy;(0) = 0 and G¢,;(0) = 0, and let the constants o, 5, i, ki > 0 and the func-
tions ¢;, s, pi, xi be given. There exists a unique solution (z;,v:, 2, w;, 1 = 1,...,m) € D¥ to

the set of integrable equations defining the mapping F . The mapping is continuous in the Skorohod
Jl topOZogy, that iS, Zf (CL?, b?) C?, d?v ¢£V7 ¢7,n7 (10?7 X?Z = 17 s 7m) — (aia bi7 Ci, di7 qbiv ¢i7 Pis Xis 1=

1,...,m) in D([0,T],R¥") as n — oo and (x7(0),y?(0), 22(0),w?(0), i = 1,...,m) — (z;(0), v:(0),

K3 7

2i(0),w;(0), i = 1,...,m), then (z,y, 2" wl, i = 1,....,m) — (2, yi, zi,wi, © = 1,...,m) in
D([0,T],R*) as n — oo. In addition, if ¢, Vi, i, X: are continuous, then (x;,y;, zi,w;i =
1,...,m) € C*™ and the mapping F is continuous uniformly on compact sets in [0,T).

Proof. For the existence and uniqueness of solutions, we can apply the Schauder-Tychonoff fixed
point theorem, and modify the proofs in Theorems 1.2 and 2.3 in Chapter II of [26] (where these
results are shown for Volterra integral equations with continuous functions). The continuity can
be proved similarly as Lemma 9.1 in [28]. O
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