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PDE MODEL FOR MULTI-PATCH EPIDEMIC MODELS WITH
MIGRATION AND INFECTION-AGE DEPENDENT
INFECTIVITY

GUODONG PANG* AND ETIENNE PARDOUX

ABSTRACT. We study a stochastic epidemic model with multiple patches (loca-
tions), where individuals in each patch are categorized into three compartments,
Susceptible, Infected and Recovered/Removed, and may migrate from one patch
to another in any of the compartments. Each individual is associated with a
random infectivity function which dictates the force of infection depending upon
the age of infection (elapsed time since infection). We prove a functional law of
large number for the epidemic evolution dynamics including the aggregate infec-
tivity process, the numbers of susceptible and recovered individuals as well as
the number of infected individuals at each time that have been infected for a
certain amount of time. From the limits, we derive a PDE model for the density
of the number of infected individuals with respect to the infection age, which is
a system of linear PDE equations with a boundary condition that is determined
by a set of integral equations.

1. INTRODUCTION

Multi-patch epidemic models have been used to study infectious disease dynamics
in different geographic areas [21, 1, 23, 2, 20, 9]. Most of the literature concerns
Markovian models and the associated ODEs. In [20], the authors study a non-
Markovian multi-patch model with general exposed and infectious distributions as
well as Markovian migration among the patches. That work extends the study of
the homogeneous stochastic epidemic models in [18]. However, both works assumed
a constant infection rate. In [8], a stochastic epidemic model is studied to take into
account varying infectivity, capturing the varying viral load phenomenon during in-
fection as observed in [11]. In fact, Kermack and McKendrick [14] already proposed
deterministic epidemic models to study varying infectivity, and the FLLN limit in
[8] coincides with the integral equations in [14]. By tracking the age of infection
(elapsed time since infection) in that model with varying infectivity, in [19], the
authors have studied the process counting the number of individuals at each time
that have been infected for less than a certain amount of time, and derived a PDE
model for the density of that process with respect to the infection age. The PDE
model is comparable with the well known PDE models introduced by Kermack and
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McKendrick [15]. This homogeneous model with varying infectivity in [8] is ex-
tended to a multi-patch multi-type model in [9], however, the processes do not take
into account the infection ages. We also refer to [7] and [10] for individual-based
stochastic epidemic models with contact-tracing and the associated PDE models as
large population limits.

In the present paper, we extend the study of epidemic models with infection-age
dependent infectivity in [19] to multi-patch models, and derive the associated PDE
models. Specifically, we consider an individual-based stochastic epidemic model
with multiple patches, where each individual is associated with a random infectivity
function of the same law, and can migrate from one patch to another in each of the
infection stages (susceptible, infected or recovered). The evolution dynamics at
each time is described by the total force of infection, the number of susceptible
individuals, the number of infected individuals that have been infected for less than
a certain amount of time, and the number of recovered individuals. We prove a
functional law of large numbers (FLLN) for these processes (Theorem 2.2), where
the limits are a set of Volterra-type integral equations. We then derive a PDE model
(Theorem 3.1) from the limit of the proportions of infected individuals tracking the
infection ages distribution, together with the other limits. We show that the PDE
model is characterized by a system of linear equations, with a boundary condition
also given by a set of Volterra-type integral equations. The PDE model is derived
under the assumption that the distribution of the infectious duration is absolutely
continuous; however, we also discuss the more general case in Remark 3.5.

Since the seminal work in [15], a few articles have used PDE models to describe
epidemic dynamics with infection-age dependent infectivity. See, for example, [12,
13, 24, 17, 4] and references therein. They all use the hazard rate function of
the infection durations as a way to model the dependence upon the infection ages.
For many scenarios, constructing the PDE models directly using the hazard rate
functions is feasible, and sometimes, it is a very convenient method. However, for
the multi-patch model with migration as we consider in this paper, it seems difficult
to directly construct the PDE model using hazard rate functions to describe the
dependence on the infection ages together with the migration dynamics. It is then
important that we start with an individual-based stochastic model and then derive
the PDE models as the scaling limits of the stochastic models. As a consequence,
we find that the PDE model also uses hazard rate function of the infectious duration
(see the PDE equation in (3.1)).

To prove the FLLN, we employ the weak convergence criterion for stochastic
processes taking values in the Dp space, see Theorem 5.1 (established in [19]). The
proof for the multi-patch model relies on an important observation that the process
tracking how long individuals have been infected has an integral representation
(Lemma 2.1 and (4.11)). The convergence criterion is used for three components in
the integral representation (Lemmas 4.3, 4.4 and 4.5), together with properties of
stochastic integrals with respect to the associated Poisson random measures.

Organization of the paper. The rest of the paper is organized as follows. In
Section 2, we describe the model in detail, and state the FLLN result. In Section 3,
we state the PDE model and its derivation, and prove the existence and uniqueness
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of its solution. The proof for the FLLN is given in Section 4. In the Appendix, we
recall two results on the weak convergence of stochastic processes used in the proof.

2. THE MoDEL AND FLLN

We consider a multi-patch epidemic model with infection-age dependent infectiv-
ity described as follows. Individuals in each patch belong to either of the susceptible,
infected or recovered /removed compartments, and may migrate from one patch to
another in any of the three compartments. Each individual is associated with a
random infectivity function, which depends on the age of infection (elapsed time
since infection).

Let N be the total population size and L be the number of patches. For each
e L:={1,...,L}, let SN(t), IN(t) and RY(t) denote the numbers of individuals
in patch ¢ that are susceptible, infectious and recovered at time ¢, respectively. Then
we have the balance equation:

L
N =) (SVe)+I@t)+RY (1)), t>0.
/=1

Assume that SN (0) > 0, 3302, IN(0) > 0 and RN (0) > 0, £ € £. Let BN (t) =
SN(#)+IN(t) + RY (t) for t > 0 and each £. In addition, let 32 (¢, a) be the number
of infected individuals in patch ¢ at time ¢ that have been infected for less than
or equal to a. Note that the initially infected individuals may or may not have
recovered by time 0. If recovered, they will be counted in Rév (0) and otherwise, in
IN(0), for some ¢ € L. The distribution of individuals in I} (0) according to their
infection ages is given by IV (0,a). Also, let A () be the number of newly infected
individuals in patch ¢ by time ¢ after time 0.

For each individual i that becomes infected in patch £, let ¢ : R, — R, be
the associated random infectivity function. Similarly, for each individual j that is
infected in patch ¢ at time zero, let /\?’z(t) be the associated infectivity function.

Assume that the random functions {\{(-)};, and {)\?’é(')}j’g are independent and
have the same law. This is reasonable since we model the same disease. We write
A(t) as the generic random functions for these sequences. Associated with the
infectivity functions, we let n¢ = sup{t > 0 : A{(¢) > 0} for i € N and nf =
sup{t > 0: )\?’g(t) >0} for j = 1,...,I)(0). By the i.i.d. assumption on {\{(-)};,
and {)\?’e(-)}jyg, the variables {n}};, and {nf}j,g are also i.i.d., and we let F' be the
associated c.d.f. and denote F'* =1 — F.

Let {Tf’N,z' € N} be the event times associated with the infection process AN (¢).
Assume that 0 < Tf’N < TQE’N < --- so that Aév(t) = max{i > 1 : Tf’N < t}
with A2 (0) = 0. For the initially infected individuals in patch £, we let {T]{’é\[, Jj=
1,...,IN(0)} be the times at which the initially infected individuals at time 0
became infected. Note that we label the initially infected individuals by the patch
where they are at time 0, irrespective of where they have been infected. We do not

follow the movements of the individuals before time 0. Then %f’év = —Tf’év , J =

1,...,I)(0), represent the amount of time that an initially infected individual has



866 G. PANG AND E. PARDOUX

been infected by time 0, that is, the age of infection at time 0. WLOG assume that
0> Tf:év > ngév > > T{@EO) , (or equivalently 0 < 7'1 0 < 7'2 0 << TZJ\]’\EO) o)
Moreover, we assume that the infection times {T RS N } are independent of the
random infectivity functions {\¢(- )}M, and similarly, {r! 30 j=1,...,IN(0)} are
also independent of {A?’g(-)}j 0. If 77] < 7 0 , then the individual j has recovered by
time 0 and belongs to R} (0). On the other hand, if nf > %f;év , then the individual
j is still infected at time 0 and belongs to I}¥(0), and we let n;)’é = sup {t >
0: )\M(JN +t) > O} be the remaining infected period for the individual. The

conditional distribution of 17] given that 77J eé\/ =s5>01is

IP’(T}] >t|77] ~Zé\f—s) ]P)(nj—%gév>t}77j ~€N—S)

Fe(t
= M, for t,s>0.
Fe(s)
For notational convenience, we let Fy(t|s) := 1 — F;(ctzsr )S ). In addition, define

IN(0,0) = max{1l < j < IN(0) : 7:%\[ < a}, which represents the number of
initially infected individuals in patch ¢ that remain infected and have been infected
for less or equal to a at time 0. Evidently, 3(0,0) = 0 and I}¥(0) = 3 (0, +o0)
a.s. for all £ € L.

Individuals may migrate from one patch to another in any of the S-I-R stages.
Assume that the migration rates depend on the patch and the stage of the epidemic
(S-I-R), that is, an individual in patch ¢ in stage S (resp. stages I and R), migrates
from patch ¢ to ¢ with rates v}, (resp. v!, and vf,). Note that for each ¢ €
L, Vgg = _sz;e';ée Vge/, and similarly, for Vt{ p and Vﬁ,. In order to follow the
movement of the infected individuals, let X{(¢) be the patch at time t of the i-th
newly infected individual that becomes infected in patch £. Then X¥(t) is a Markov
process associated with rates v/, ¢ € £, and let pyp(t) = P(XE(t) = /| X(0) = ¢)
for ¢,¢/ € £ and t > 0. Let X]Q’g(t) be the patch at time ¢ of the j-th initially
infected individual that was in patch ¢ at time 0. Assume that {X?’Z(t) };.¢ has the
same transition probability functions py e (-) as {X/(t)}; for each £ € L.

The aggregate infectivity in patch £ at time ¢ is given by

L 170
0, e
Z Z A )1X;)’[/(t):£
=1 j=1
L Ap®

(2.1) +3 Z Nt =1 X (N

=1 i=1

We consider the following instantaneous infection rate function:

22) 1V = S0 X A8 ) (Bév (t)>1 ! Se ®) Zﬁw% ,

N(BN () N (o) &~
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where the constants By > 0 represent the impact from patch ¢ upon patch ¢, and
v € 10,1]. Assume that By < * < co. When v = 0, an infected individual in patch
¢' encounters a susceptible individual from patch ¢ with a rate S} (¢)/N, and when

7 (1)
BN ON
two extreme scenarios. We also refer the readers to [20, 9] for further discussions
on such infection rate functions. Then we can write the counting process of newly

infected individuals at patch ¢ as

t [e%s)
(2.3) Aév(t):/D/O 1, <r N (s Qelds, du),

where @;’s are mutually independent standard Poisson random measures on R%r.
The number of susceptible individuals in patch £ at each time ¢ can be represented
by

~v = 1, that rate is equal to When v € (0, 1), the infection rate is a mix of the

S (t) =S¢ (0) — ZPEZ’ (VM'/ 57 (s )

=1
(2.4) +ZPZ, (W / SN (s >
=1

where P Ve ’s are mutually independent rate-1 Poisson processes.
The number of infected individuals in patch £ at each ¢ that have been infected
for less than or equal to a can be represented by

L 1))
~N
Wt =3 > 1 n2 et <oy Lo (g
/=1 j5=1
Z/(t)
(25) + Z Z 1Ti£/’N+'r]fl>t1Xf/(t—Tf/’N):€ '

U=Li=AJ((t-a)T)+1
The number of infected individuals in patch £ at each t is then equal to
IV (t) = 37 (t, 00).

The number of recovered/removed individuals in patch ¢ at each time ¢ can be
represented by

L 1)) L Ap®)
I IURD S5 SERVIFIUNVIINS b SF ORI
=1 j=1 =1 i=1
L
(26) —ZPEI}/ (Vfg// Rf ) ZPE, (Vg/ /Re/( )d),
=1 =1

where PZRE,’S are mutually independent rate-1 Poisson processes, independent of
P ’s.
Kl
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It is clear that the four processes S éV , Sév , Jév , Rév describe the epidemic evolution
dynamics of our model. We provide an alternative representation of jév (t,a) in the
following lemma.

Lemma 2.1. We have

W (ta) =300, (a-0H - ) R N

+ AT () = AN ()" Z Z Lo e Ixt )=
O=1i=AN((t-a)*)+1 '

/ i / "<V£w3”saf(tfs»Qief(dSadU)
el 1 Cl

(27) /t / ’U,Sl/[I, Zjé\f s af(tfs))Qé/,E(d& du) )
=1 o*

where Qié,(ds,du), 0,0 € L, are mutually independent standard PRMs on Ri,
independent of ng, and Pfe,, 00 e L.

Proof. Recall the expression of 37 (¢,a) in (2.5). For the first term, we have in the
summation over ¢, if ¢/ = ¢,

37(0,(a—t)™)

Z 1 oe>t1on() —jév((), (a—t)")

j=1
37(0,(a=t)™)
— Z 1”<t1X“ o) Z Ye]\é,ota
=1 e,
and if ¢/ #£ ¢,
357(0,(a=t)™) 37 (0,(a=t) %)

z; 1n§?’e'>t1X?*” ()=t YEZ’YéO(t’ a) — ; 1 2t <t1XO R CHS S

j= -

where Yzj,véo(t, a) is the number of the initially infected individuals in patch ¢ that
are in patch £ at time ¢ A n?’ﬁl, for j=1,...,30(0,(a —t)").
Next, for the second term, we have in the summation, if ¢ =
AN (1)
Z 1Tf’N+77£>t1Xf(t—Tf’N)=f
i=AN ((t—a)t)+1
AY ()

=AY - AN Y Lav e Y V()
i=AN ((t—a)T)+1 000



PDE MODEL FOR MULTI-PATCH EPIDEMIC MODELS 869
and if ¢/ # ¢,

A (t)

_ N
> Lo o Loy = Yiu(t,0)
i=AN ((t—a)*)+1

— Z 1Tfl’N+7']f,§t1Xf/(77f/):€ 3
i=AN ((t—a)*)+1

where Yg, (t,a) is the number of the newly infected individuals in patch ¢’ that are

in patch £ at time t A (7] T; +77¢ N, fori=AN((t—a)T)+1,..., AN (¢).
We then observe that

L
N,0 N,0
> (YM (1) + Y2 (t,0) = V)30 0) = Y (1,0))

=1

</t / usyy, 57 (s,0=(t=s)) gg’,f(ds’du)
=1 a)t
/t / usvy , 3 (s,0—(t—s) QMI(dS du))
Cl

The interpretation of the identity is as follows. The left hand side counts the total
number of individuals (initially and newly infected) that have migrated from all
patches ¢ into patch ¢, minus those out of patch ¢, but only the individuals with
an infection age less than or equal to (t — a)™ at time ¢, or recovered by time ¢.
The right hand side represents the same counts by using the processes TJéV (t,a), but
noting the I (s,a — (t — s)) inside the integral as the infection age evolves with s
changes from (¢t —a)™ to t.

Combining the above, we obtain the representation of J% (¢, a) in the lemma. O

Throughout the paper, let D = D(R,;R) denote the space of R—valued cadlag
functions defined on R;. Convergence in D means convergence in the Skorohod J;
topology, see Chapter 3 of [3]. Also, D¥ stands for the k-fold product equipped with
the product topology. Let C be the subset of D consisting of continuous functions.
Let Dp = D(R;; D(R4;R)) be the D-valued D space. In particular, the processes
JN(t,a) have sample paths in Dp.

We define the LLN scaled processes Z¥ = N~1ZN for any process Z. We first
impose the following conditions on the initial quantities.

Assumption 2.1. There exist deterministic continuous nondecreasing functions
J¢(0,-) on R4 with J,(0,0) = 0 and constants Sp(0), R¢(0) € [0, 1], £ € L, such that
(57°(0),30°(0,), B (0))eec — (S¢(0),3¢(0, ), Re(0))er.  in RY x D¥ x RY
in probability as N — oc. Let I,(0) = g(O oo) for each ¢ € L. Then the
convergence implies that (I)¥(0),¢ € £) — (I,(0),¢ € L) in Rf;_m probability as
N — co. In addition, assume that ., I(0) > 0, 3, (Se(0) + I, (0) + Re(0)) = 1,
and that the functions a — J,(0, a) satisfy the following assumptions: there exist
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constants C, a > 0 such that J,(0,a) — J(0,a —0) < C6* forall 1 < ¢ < L, a >0,
6> 0.

We then impose the following conditions on the random infectivity functions.
Recall that {)\?’Z(-)}M and {\¢(:)};, have the same law.

Assumption 2.2. Let A(-) be a process representing {)\?’Z(-)}M and {\(-)}i0 with
the same law. Assume that A(-) € D, and there exists a constant \* such that
sup;>o A(t) < A* a.s. Let A(t) = E[A(t)] for ¢ > 0.

Theorem 2.2. Under Assumptions 2.1 and 2.2,
(2.8) (S0, 8030, RY Veer — (86,0, Te, Re)eer

in probability, locally uniformly in t and a as N — oo, where the limits are the
unique continuous solution to the following set of integral equations, for t,a > 0,

(2.9) Se(t) = Se(0) — /T@ ds—l—Z/ VZ/[S@ Vgg,gg(s»ds,

=1
L 00
(2.10) %g(t) = Zpg/j(t)/ )\(Cl—l-t)jg/ (0, da) +Z/ (t—s pg/ (t— S)T (s)ds,
/=1 0 =1
B ~ L (a—t) t ~
o) =300 -3 [T (| pzf,z(U)Fo(dUIy)>34/(0,dy)
=1
t L t t—s
d _ / d T/ d
+/(t—a)+ s 4/221/“ / pere(u)F(du)Ye(s)
L . ) )
(2.11) —I—Z/Zl/(t o (Vé,’ﬂg/(s, a—(t—s)) — Vé@/jg(s, a—(t— s))>d.s,

Ry( +Z / < / Der s Fo(du|a)>§g/(0,da)

=1
t—s
/ / Do e du)Tg/( )d
=1
(212) + Z / Vg/ éRgl — I/g Z/RE( ))d
=1
and
i} S(t)
(2.13) To(t) Bj(t Zﬁze So(t

=1
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where By = Sy + Iy + Ry and Io(t) = Jy(t,00). In addition, (IN)e — (Ir)e in DL in
probability where

1) = 1,(0) - ;j [ /0 tpe/,e(u)Fo(dUW))je/(O, i)+ [ Tty
—;:1/ / per o (w)F(du)Yp(s)ds
(2.14) +Z/ vh o To(s) = v (s ))ds
=1

3. THE PDE MODEL

In this section we present the PDE model that is derived from the limiting integral
equations. We assume that the distribution function F' is absolutely continuous,
with a density f. For the extension of the results of this section to general F, see
Remark 3.5 below. Recall that {X/(¢)};, and {X]Q’Z(t) }.¢ are the Markov processes
representing the migrations of newly and initially infected individuals, and have the
same law, with transition probability functions py (-) and transition rates Vg{ p- For
notational convenience, we use the Markov process {X(t) : t > 0} to represent a
typical migration process in the infected compartment. Let @ = (Qg) denote the
infinitesimal generator of X (¢), that is,

S if 0 £ 0,
R (S P PR F )

Then the transition probability function satisfies pg (1) = (th)

78/_'
In case Jo(t, a) is absolutely continuous a, we write ip(t,a) = Qﬁ ¢(t,a) and con-
sider i(t,a) = (i¢(t,a))eers as a row vector. Let p(a) = f(a )/FC( ) be the hazard

rate function of the law of 7.

Theorem 3.1. Suppose that J¢(0,-) is absolutely continuous with density iz(0,-)
for each £ € L, and that F is absolutely continuous with density f. Then Jy(t,a) is
absolutely continuous in a and i(t,a) is the unique solution to the following PDE:

0 - 0 - - _

=it Zi(t,a) = —p(a)i(t it

O5(t.0) + 2t ) = —u(@) (1) + (1, 0)Q.

for (t,a) in (0,00)2, where the initial condition is given by i(0,a), and the boundary
condition reads

(3.1)

L 00 c _ A\t
(3.2) (t 0 (t Zl 4[// 1gl(t G)Wda’

with By(t) = Se(t) + I,(t) + Ry(t). Moreover, the PDE has a unique solution: for

o )

= ——/—i(0,a —t)e?
Fc(a—t) 1( a4 )6 )
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and fort > a,
(3.4) i(t,a) = F°(a)i(t — a,0)e%®

where the boundary condition i(t,0) is the first component of the unique solution to
the following set of integml equationS'

( Z per e ( / A(a +1)ig(0,a)da
Z’ 1 =1
+Z/)\t—8pg//glt—3)1g//(5 O)d>,

=1

(3.5)  i(t,0)

36)  S(t) = 8,0 )/0 (s, 0)ds + Z/ vE oo (s) — v Suls) ) ds

=1

Z/ </ e o(u f(;cz;;‘)du) ig,(o,a)da+/0tig(s,0)ds

=1

t—s
/ / pg/ du lg/(S O)d
=1

(37) + Z / I/@/ g]g/ V@I’g/jg(S))dS,

N
||
’N|

=1
f(u + a) T
Ry( +€/z:1/ (/ P o(u Wdu i (0,a)da
t—s

/ / Do du 1@/(8 O)d
=1

(38) + Z / Vyr ZRK/ Vfg/Rg(S))dS .
=1

Remark 3.2. Consider the particular case where @ = 0, i.e., Vt{ » =0 for all ¢,
where individuals (at least the infected individuals) do not move. In that case, the
PDE in (3.1) simplifies to
%ig(t, a) + aaaig(t, a) = —p(a)ig(t, a),

forall 1 < /¢ < L, where pu(a) = f(a)/F°(a) is the hazard rate function of the law of
n. The formulas (3.3) and (3.4) reduce to

(3.9)

_ e _ _ _
i(t,a) = F’C(Cl(i)t)ié(o’ a—t) ift<a, and i(t,a) = F(a)ig(t — a,0), ifa<t,

for all 1 < ¢ < L, which are exactly the formulas for the homogeneous model in our
previous work [19].
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Remark 3.3. In the special case where A(t) = A\(t)14<;, with a deterministic
function A(t), we have A(t) = E[X(t)] = A(t)F¢(t) for each ¢,4, and IE[/\?’Z( ) %fév =

a = A\t + a)F (t(+)a ) for each ¢ ,7. In this case, the boundary condition in (3.2)

becomes

(3.10) lg(t 0 Bie((tt) WZI,Bg g// 5\ 1@/ (t Cl)d

This is consistent with the formula in the homogeneous model (see Remark 3.3 in
[19]). It is also how the boundary conditions for some PDE epidemic models in the
literature are usually formulated (see, e.g., [13, 17, 10]).

Proof. We first derive the PDE model. Recall the expression of Jy(t,a) in (2.11).

Since both J4(0,-) (for each ¢) and F are absolutely continuous, then J,(¢,a) is
differentiable in ¢ and a, and we have

_ _ Lo et _ _
ajg(t, Cl) + ;je(t, Cl) = — ZIZI/O pglyg(t)]mjgl(o, dy) + Tg(t)
L t ~
(311) — Z/Z:l Ata)+ pg/j(t — S)f(t - S)Tg/(s)ds

L
+ Z [l/g/jjgl (t, Cl) — I/ég/j[(t, a)} .
=1
We also note that for 0 < a < t and a small, %jg(t, a) = Yy(t — a) + O(a), and
consequently, letting a — 0, we deduce that

(3.12) Yo(t) = i(t,0).

We differentiate (3.11) with respect to a, at least in the distributional sense, and
deduce the following identify from the fact that 2-2.3,(¢,a) = at 5a 973,(t,a):

Oa Ot
9+ 9 - fla) -
4 t — —1 / / —
atu( a) + (9Cl1£( ,a) t<a Z/E 1;0@ (1) Fea—1)" (0,a —t)

(3.13) — Lozt ZP@/ a)ip (t — a,0)
=1
L
+ > [V et a) = v pie(t,a)] -
=1
We next obtain a relation between i(t,a) and i(0,a —¢) or i(¢ — a,0), depending

upon whether ¢+ < a or a < t, which will lead to the expressions of i(t,a) in (3.3)
and (3.4). We start with the first case t < a. For 0 < s <, by (3.13),

d- g 0
Ew(s,a—t—ks)— <8t+8 )15(5 a—t+s)
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(3.14) = — Zpg/ atht)S)lgl(O,a—t) + (Z(S,Cl—t-FS)Q)g.
=1

The value at time s = t of the solution of this linear system of ODEs is given by
(3.3), that is,
F c(a)
t - 7
To see this, by letting p(t) = (pee(t)) = th, ys = ig(s,a—t+s), and v, =
the equation (3.14) can be written as

T(O, a—t)e%.

fla—t+s)
Fe(a—t)
Us = —Vsyop(s) +ysQ

= _PYsyOeSQ + Q.
By the Duhamel formula, we obtain the following solution to this linear ODE:

t
Y = yoe'? — yo/ 5" Pel2)9 s
0

t
= (1 - / Vsds)yﬂetQ
0
_ F(a) tQ
T Fe(a—t)
We then consider the case a < t. For 0 < s < a, by (3.13),

d - 0 0
St~ ats,5) = (at - )w(t—a+s )

= —Zpg/ 1g/ t—a 0) (1g(t—a+S,S)Q)g.
=1
The value at time s = a of the solution of this linear system of ODEs is given by
(3.4), that is,
i(t,a) = F(a)i(t — a,0)e?”

Thus, by (3.13) and these two identities, we obtain the PDE in (3.1).

We then derive the boundary condition. By (3.12) and (2.13), using (2.10), we
obtain the boundary condition expression (3.5) for is(¢,0):

i(t,0) = ZBM(ZP@H@/ /)\a+t i (0, a)da

=1 =1

+Z/ (t — s)per e (t — ) ipn (s, 0)d>

=1
We rewrite the first integral on the right (in vector form) as follows

/00 AMa +1)1(0,a)e?da = /00 Mw)i(0,u — t)e®du
0 t

:Amxwmuméﬁzjhm
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where in the second equality we have used (3.3). We rewrite the second integral as
follows

t t
/ At — )i(s,0)e9t)ds = / AMw)i(t — u, 0)eQtdu
0 0

b 1
= /0 Aw)i(t, u) Fo(w) du

where in the second equality we have used (3.4), and the fact that F© =1 on R_.
From these we obtain the boundary condition expression of is(t,0) in (3.2).

In addition, the expressions of Sy(t) in (3.6), Iy(t) in (3.7) and Ry(t) in (3.8), are
obtained from the equations in (2.9), (2.14) and (2.12) by replacing Y,(t) = i,(¢,0)
and using the density i,(0, a).

It is then clear that existence and uniqueness of the solution to (3.1) follows from
the existence and uniqueness of the solution to the system of equations satisfied
by the boundary condition, S, I and R (Lemma 3.4 below), as well as the explicit
expressions of the PDEs (3.1) in both cases a > t and a < ¢ in terms of the initial
conditions and boundary conditions in (3.3) and (3.4). O

We next show that there exists a unique solution to the boundary conditions
determined by the set of equations in (3.5)—(3.8).

Lemma 3.4. The system of integral equations (3.5), (3.6), (3.7) and (3.8) has a
unique solution in C(Ry;RAL).

Proof. We consider the cases of v = 0 and ~ € (0, 1] separately. When v = 0, the
set of equations reduces to the systems of linear Volterra equations of i,(¢,0) and
Sy(t), that is,

L L ~
{g(t, 0) = Sg(t) Z ﬁ&el ( Z Dert g1 (t) /0 S\(Cl + t) {g// (0, a)da

=1 =1
L t
3 [ A= o= )in(s,0)as )
=170

and

Su(t) = 5,(0) — /O (5, 0)ds + 3 /0 (v 50 (1) — V5 Sul0) ) ds.

=1

Thus, the existence and uniqueness of a solution follow from the well known theory
of linear Volterra integral equations (see, e.g., [5]).
We next consider the case v € (0, 1]. Define

) 1 <e< L, t>0.
Se(t)
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Let moreover

L 00
fe(t) = Z 5@,@/29@”,@/(75)/0 AMa+t)ig(0,a)da,

o 0r=1
L
R 00 t/uf(qua)uf,
o) = 100~ 32 [ ([ st e 0.av
o 00 t /uf(u+ﬂ)u7/
1o = a0+ 32 [ ([ et g io.

L
Heo () = > BrorA(t)peon(b),

g//:
L 1 "

Grao®) =Y [ pratu)f(da.
v=170

With these notations, the system of equations (3.5), (3.6), (3.7) and (3.8) can be
rewritten as

L t
Vi(t) = fo(t) + 12/21/0 Hyp(t — 8)( :SZI(((:))V Vor(s)ds,
& & Se(s) Eo s
Su(t) = 5,(0) — /O (BZ(S))VW(s)ds—l—yz:l /O (v 50 () — v Se(s) ) s,
o Su(s) - RV S o
1i0) = 0u)+ || i itots = 3 [ Guate o) i
L )
+WZ::1/0 (ng,efé'(s) -V effe(s))d&
Lot Sp(s) -
Rit) = he)+ 3 /0 Grlt = 8) o Vels)ds
L . )
+ @2/0 (1/@/ Re(s) — V&/Rg(s))ds

In order to deduce existence and uniqueness of a unique solution of this system
of 4L equations from standard results on integral equations (see, e.g., [5]), it suffices

S,(s) . . . . . .
to show that OO O bounded and uniformly Lipschitz function of its
three arguments.

By (3.6), (3.7) and (3.8), we have

L t
Bu(t) = Bi(0) + Y /D (V750 (1) — v Selt) ) ds

=1
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Lot
t Z/o (VKI’,KTZ’ (t) — Vzl,g/f_e(t))ds

=1

Lo
+ Z /0 (Vﬁ,ﬁéf’(t) - VE@R((i))ds

=1

L t
> Bg(O) + Z / <ZZ!7ZB€/ (t) — ﬂgﬁB@(f))dS
=179
L

Bu(0) — /Ot (Zw,g,)B@(t)dH ZL:/Otyg,,ng,(t)ds

=1 =1

where vy , = min{ygvg, vk, Vﬁ’e} and vy o = max{vj ,, v} ,, v ,}. From this we can
deduce that there exists a constant cr > 0 such that for each 0 <t<T, 1<(<LL,
By(t) > cr. Then the boundedness and uniform Lipschitz properties follow easily.
This completes the proof of the lemma. O

Remark 3.5. We can follow a similar argument as in [19] for the homogeneous
model to derive the PDE model when the distribution function F' is not necessar-
ily absolutely continuous. We replace f(x)dx by F(dx). Then the PDE in (3.1)

becomes
0~ 0 - B F(da)
(315) El(t, Cl) + %l(t, Cl) = Fc(af)

The boundary condition can be modified accordingly. We omit the details here.

i(t,a) +i(t,0)Q.

4. Proor oOF THE FLLN

4.1. Convergence of §Y. Recall the expression of A) in (2.3) and the instanta-
neous infectivity rate function T2 in (2.2). The process AY has the semimartingale
decomposition

t
(4.1) AN () = MY, (t) + / TV (s)ds,
0
where
t o0
(42) MO = [ lcryo@ulds.aw

and Q,(ds,du) = Q(ds,du) — dsdu is the compensated PRM associated with
Q¢(ds,du). Tt can be shown that {Mﬁg(t) : t > 0} is a square-integrable mar-

tingale with respect to the filtration {F} : ¢t > 0} where

]:tN = U{SZN(O),IéV(O),RéV(O%jéV((L ')a{Ag’é(')}jzla{Af(')}iZhg € E}

t' poo
v O'{/ / 1u<Tév(S_)Qg(ds,du) <t le E}.
o Jo -
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See, e.g., [6, Chapter VI|. The martingale M jl\{ ,(t) has a finite quadratic variation

t
Y (1) = / TV (s)ds, t>0,
0
which satisfies

t
(4.3) 0< / TN (uw)du < X*B*(t—s), wpl for 0<s<t.

Since <M1]4V,e>( y=N"! fo TN (s)ds < N~1A*B*¢t, from Doob’s inequality we deduce
that locally uniformly in ¢,

(4.4) MY, (t) =0
in probability as N — oo, and as a consequence, the following lemma holds (whose

proof is very similar to that of Lemma 4.1 in [8]).

Lemma 4.1. For each { € L, the sequence {AN : N € Nl is tight in D, and the
limit of each convergent subsequence of {Aév}, denoted by Ay, satisfies

— lim [ TV
o= Jim &Y = Jim [ T o)

and
(4.5) 0< Ag(t) — Ay(s) S N B*(t—s), wp.l for 0<s<t.

It clearly follows from the last inequality that for each £ € £, the measure whose
distribution function is the increasing function A,(t) is absolutely continuous with
respect to Lebesgue’s measure. In fact, since the sequence Tév is bounded in L2(0,7)
for any T' > 0, the above converging subsequence is such that Tév converges in law
in L2(0,T) equipped with its weak topology. But we do not know yet that its limit
is the function Y, given by (2.13).

Recall §¥(¢) in (2.1). Let
(0)

N0 —1 0.0 ~e Ny
(4.6) () ele le A +1)1 X0 ()=t
L Ap®
N1 e ’,N
(4.7) S (1) 1; z; i M er gty -
'=1 1

Lemma 4.2. Under Assumptions 2.1 and 2.2, along any convergent subsequence
of {ANY} with the limit {As} for each £ € L,

(80)see = (8e)ye, in D*
as N — 0o, where §y = @2 + @} with

(4.8) Zp@ / (a4 1)Jp(0,da), t>0,

=1
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and

(4.9) Z/ (t — 8)per o(t — s)dAy(s), t>0.

=1

Note that the limit §, is not yet the same as that given in (2.10) since Ay (ds)
in (4.9) remains to be identified as Yy (s)ds. So we are abusing the notation to use
T¢ in this lemma. The proof of this lemma follows from a slight modification of
the proof approach in [9] to take into account the difference in the initial condition,
which is omitted for brevity. The pointwise convergence is part of the proof of the
crucial Lemma 4.3 in [9], and the convergence in D’ is then obtained in the first
part of subsection 4.5. We remark that the approach in Section 4 of [9] uses an
argument adopted from the “propagation of chaos” for interacting particle systems
[22] which requires only the conditions A(-) € D a.s. and sup,~q A(t) < \*, instead
of the regularity conditions as stated in Assumption 2.1 in [8].

4.2. Convergence of (S*év , ﬁév , Rév )ecr. We first have the following representations
of the LLN-scaled processes, from (2. 1)7(2 7):

S () = 5N (0) - )+ Z M o(t) — ME, (1))
=1
(410) + Z <7/£/ / Se/ dS — l/g f’/ Sz >,
=1
IVt a) =370, (a—t)) = 300, a) + AN (1) — AV ((t—a)t) =50 (¢, a)
L
+ > (MY (t,a) = M3y (¢, a))
=1
t
(4.11) + Z(l/z/ / Jé\[(s,a— (t—s))ds—u@’@/ IV (s,a — (t—s))ds),
o'=1 t— Cl ’ (t—u)+
) ) ) L
RY(8) = Ry (0) + Ry (8) + Ry (1) + Y (ME g o(t) = MR p(1))
=1

(4.12) +Z (ug, / RY (s ds—yM// RY (s)ds )

=1
and
B
(1.13) 0 = > s,

where BN (t) = SN(t) + IN(t) + SN (¢) with I}V (t) = N (¢, 00), Mflv,e(t) is given in
(4.2),

B 1 t t
Mgg7£/(t) = N <P£§/ <V€Z7K//0 Zév(s)d8> — VZE/A ZéV(S)CLS) N Z = S, R,
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- N 1 t o0 s
My p(t ) = & /(t - /0 u<v! I (s.0—(t—s)) Qe (ds, du)
—a

t
—wf,w/ Jév(s,a—(t—s))(k’) ,
(t—a)*

= 1
~N,0 o
Ty (ta) = N Z Z 1 ” <t1XO (0 Y=g

J
L AY (1)

_ 1
N1 Z 2 :
Iy (t,a) N le/’wa/Sthf/ ()=t

U=1i=AN ((t—a)*)+1

1}7(0)
NO ~N,0
R, Z Z 1 ”’<t X0 0= = I (t,00),
K’ 1 j=1
L Ag/(t)
*Nl ~N,1
R, NZ Z 1 ‘ Nnt <t X‘/( =t Jy (t,00).
=1 i=1
Lemma 4.3. Under Assumptions 2.1 and 2.2, for each (,{' € L,
(4.14) (Mg (1), M3y oo, 0), MRy (1)) = 0

in probability, uniformly in t and a, as N — 0.

Proof. The process M év ¢ ¢ (t) is a square-integrable martingale with respect to the
filtration:

t/
FYt)=F v J{ng, (:@’4, S;V(s)ds) <t 00 € c},
0
with quadratic variation
<Mg€ 71/[ Nz / Sg dS < *l/g o Z Sg ,

el

which converges to zero in probability as N — oco. This implies that M éV o) =0
locally uniformly in t in probability as N — oco. Similarly for M g o — 0.

We next prove the convergence of Mévg »(t,a). We apply Theorem 5.1. First, for
each t,a >0,

_ 1 t _
IEMN,t,QZI/IE/ IV (s,a— (t — s5))ds.
((Be0)’] = e | (5.0 (¢ = 5)ds
Observe that by (2.7), for each ¢, and for each ¢,a > 0,
(415) 3t <3 (30, (=) + AY (@) - AY((t - a)h)) .

el



PDE MODEL FOR MULTI-PATCH EPIDEMIC MODELS 881

So for (t —a)™ < s < t, we have

3 (s, =t =) < Y (IO (=) + AN (s) - A ((t - a))).

el
Hence
2
E [ (350 (t,0))’]
L ! AN +
< SVEE 3 (J@, (0, (a —t)") + AN (s) — AN ((t — a) ))ds
(t-0)* it
1 =
< veaB Y (N0, (=) + AV (1) - A ((t - a)))
el
Lz/éé,a
- N

—0 as N —o00.
Thus by Markov’s inequality, for any € > 0,

sup sup }P’(‘Mj“, t,a)| >e) =0
t€[0,T] a€[0,77]

as N — oo.
Then, we check the two requirements of condition (ii) in Theorem 5.1. For the
first one, we show that for ¢ > 0, as § — 0,

1 _

(4.16) limsup sup 6IP’< sup  sup ‘Mjul (t+w,a) — MJN’M,(t, a)‘ > e> — 0.
N tel0,T] wel0,0] ac[0,77]

We have

’M?fu/ (t+w,a) — M, »(t, a)‘
1| prw oo y
=N /t /0 1 SVZ’,@/3?(s,u—(t+w—s))Qé,e'(d&du)
=

(t+w—a)t .
/ /0' 1“<V[ leN(S,a—(t—l-w—s))Qé,f’ (d87 du)

)+

_l’_

1
N

(4.17)

Al
/t " / 1 gé,j (t+w—s))<u<1/[e,JN(s,a—(t—s))QZ,Z’(dsvdu) .

The first term on the right of (4.17) satisfies

t+w ~
/ / uSVg ﬂN(s,u—(t+w—s))Q£,4f (ds, du)

1
N
t+w

/ u<vl 3N (s,a—(t+w—s)) Q@é’(ds du)

7‘;[/

t+w
+ug{gl/ TN (s,a— (t+w—s))ds.
t
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Hence, by the fact that ﬁév (s,a) is increasing in a and 3% (s, 00) < 1, we obtain

t+w

USVZIZJN s a—(t+w—s))Q£e’ (ds,du)

welo, 5] ae[o 7] N

agl0, 7"

t+0
~N
S N /t /0 1uSVl{,Z’j£f (5700)Qg7£/ (dS, du)

For the first term on the right hand side, we have
2
L g
) :| S NVE’K/(S.

1 t+5 oo
E[(N /t /0 1,< vl 3N (s Qfg/(ds du)

t+6
< SUP]N/ / u<l/€1”3 (s,a—(t— S)QM/(ds du)—{—y“,é

+ 21/[[,6’57

Thus,
1 t+w _
limsup sup =P ( sup N u<yz 3N (s a_(t+w_8))Q£7£, (ds,du)| > e)
N tel0,1) we[0,6],a€[0,77]
t+w

1
< e ?limsup SE ( sup N
N €[0,6],a€[0,77]

u<VZI£,3N s a—(t-&-w_s))QZ{’g/ (dS, du)

2)
21 L1 I 252
§ € hm sup 2 V@ @/5 + 8(7/£ Z/) 5
N 5 N ) B
= 6_28(1/57(/)257
which tends to 0 as § — 0, as required by (4.16).
For the second term on the right of (4.17), we have

(t+w—a)t oo L,
sup — / / 1ol AN (s ami—wrs) Qoo (ds, du)
w€[0,d],a€[0,77] N (t—a)t 0 = “/j (sa—t—wts)whe

1 (ttw—a)t  roo
< sup / 1
0

u<v! JN(s,u—t—w—i-s)Qt{,K’ (ds, du)

welodacfor N Ji—ay+ =Vew
(t+w—a)t _
+ sup / vl (s,a —t —w + s)ds
we(0,8],ae[0,77] J (t—a)* ’

(t+6 a) [e’s) ,
< sup / 1u vl 3N (s.00 Q /(ds,du)
a€l0,77] N (t—a)* 0 < Z,Z’jé (s,00) ¢t

(t+6—a)t _
+ sup / vl 3 (s,00)ds
ac[0,7] J (t—a)* ’

(t+o—a)t poo L
/(t )+ /0 1“9’5 e/jév(s,w)Qé,Z’ (ds, du)
—a s

(t+o—a)t
+2 sup / vl 3N (s, 00)ds
ac[0,77] J(t—a)* 7

1
< sup —

~aeo NV
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The second term on the last right hand side is bounded by 21/;’ #0, while the first
term is bounded by

(t—a)
aes[t)l,l;’] N u<u€ e,JN(s ~+00) QE Z/(ds du)
1 (t+6—a)t .

Each of the two terms in this sum is bounded by

sup u<1/I IV (s,400) Qe 4,(ds du)|,

e,

which is the sup of a square 1ntegrable martingale. It follows from Doob’s inequality
that

E ( sup / / Lucur 35 (s,4+00) Q10 (ds, du)
0<r<t+o6

2 4VI / t+0 _
> < g 3N (s, +00)ds

00! N 0
4Vz{e/
< =~ (t4+06).
< "1 4g)

Thus we obtain

1
limsup sup =P
N te€l0,T) 0

1
sup —
<we[0,5] aclo,7] NV

1,160
<e? limj\fup 5( N“ (T+6)+ 8(1@ o) 52>

= 6_28(VZI’€/)25,

(t+w—a)t  poo .
/(\ /0 1U<Vg Z/j (s,a—t—w+s) Qf,ﬁ’ (d87 du)

)+

)

which converges to 0 as § — 0, as required by (4.16).
We finally consider the third term on the right of (4.17). We have

welo, S]uae OT/]N (t—a)+ M (s,0—(tw—s))<usvy , I} (s,a—(t=5)) Qf o(ds, du)
I
= aes[t)lli)“’] N / / /Zl’ (s,a—(t+0— s))<u§u€ Z,JN(s,cJt—(t—s))Qf,é’ (dS’ du)
+ vl sup /(Je(, (t—s))—5?(3,0—(t+6—8)))d$
" aef0,77] Jo
< aes[l()ll;’ Vl{’e,3?{(s,a—(t+5—s))<u§u£[7£,3év(s,a—(t—s))Qié’ (ds) du)
t
(4.18) +21/“, sup / (3) (s,a—(t—s8)) =37 (s,a— (t+6 —s))) ds.
a€l0,77] JO
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Let us consider the second term. For that sake, we first upper bound the integrand
in the ds integral for each fixed s and a. If a > ¢ 4 J, then

:”Jév(s,a—(t—s))—5?7(5,a—(t+6—3))
<Z (a=8)") =370, (a—t—0)") .
If a < t, then
N (s,a—(t—s5)) =TV (s,a—(t+0—5))
<D (AP (E+5—a)) = AJ((t—a)h)) .

é/
Finally, if t < a <t + J, then

N (s,a—(t—s5)) =TV (s,a—(t+0—5))
<Z IO, (-t + A (t+5-a)T)),

which is upper bounded by the sum of the two above right hand sides. Finally, the
second term in the above upper bound is bounded from above by

2v/ yt sup { > (00, (a—t)") =30, (a—t —8)T)

ac[0,77]

(4.19) +3 (AN ((E+6—a)t) — AV ((t — a))) }

ZI

We first note that, from Assumption 2.1, for any p > 1, ¢, ¢ > 0,

limsup sup P | sup [3)(0,(a—4)T) =300, (a—t—0)"] >
N—oo t€[0,T) ae[0,77]

<P sup [Jp(0,(a—t)")=Tp(0,(a—t—0)%] >
a€[0,77]
cP
(4.20) < —6°P,
ep
so that it suffices to choose p > a~! in order for the last upper bound to be of the
form C7%, with § > 1.
Next, thanks to Lemma 4.1,

limsup sup P ( sup [x‘_lé\/]((t +0—a)t)— Aé\[((t - a)+)] > 6)
N—oo t€[0,T] a€l0,17]

<P ( sup [Av((t+0-0)") = A((t = a))] > )
ae0,7”
(4.21) =0,

as soon as \*3%0 < e.
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For the first term on the right hand side of (4.18), we observe that it is bounded

u<V N (s,a—(t—s))Qé,é’(dsvdu)

742/

ugu@ ﬂN(s,a—(tM—s))Qié' (ds,du)| .

Let
/ / u<VI IV (s,a—t+s) QM’(dS du) .

It then suffices to show that sup,c(o 1) |MN (a)| — 0 in probability, as N — oo, for

each fixed 0 <t <T.
We first note that

I
Z/M,t
N

E[|[MN(a)]?] < —0, as N — oo.

Let o' > a. We have
N N 1 t o] ~;
/
M7 (a') = M (a) = N /0 /0 11/5 037 (s,a—tts)<usv, , 37 (s, a’—t+s)Qé,€’(dS7 du),

1 [t [ I
|MN(a/) - MN(a)’ < N/O /0 42,3 (s,a— t+s)<u<u1 jN(s a’—t+s)Qé,€’(dS7du)

t
+V£I7£// [jéV(S’a/_t—l—S)—jév(s,a—t—{—s)] ds
0
Since the last right hand side is increasing in a’, for any p > 0,

sup  [MY (o) — M (a)

a<a’<a+p

I
SN / / (s,0—ts) <u<v! e,JN(s,aerftJrs)QZ,Z’(dsv du)
+Vg7gf/ [jév(s,a—i—p—t—l—s)—ﬁév(s,a—t—l—s)} ds
0
1 t 0 -,
=¥ /0 /0 11,&/3 (s,a—t+s)<usv] , 3 (5,a+p7t+s)Qg7gl(d5, du)

t
(4.22) +2U£5,/ [Jév(s,a+p—t+s)—Jév(s,a—t—i—s)] ds.
0
2]

We have

Al
UN/ / ” IN (s,a— t+s)<u<u 3?(s,a+p—t+s)Qe,w(d57du)

Vy pr _
< %E[/ ['Jév(s,a—kp—t—ks)—Tjév(s,a—t—ks)}ds]
0

1

Voo
<
< 7 Gt +pl,
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for some constant C'; where the last inequality follows from a similar argument for
the bound in (4.19) and then by Assumption 2.1 and (4.5) in Lemma 4.1, and the
second term on the right satisfies (we choose p > 1/a):

!

Finally, for any e, > 0,
4( p% 2P ( HoP
IP)( sup |MN(CI/)—MN(CL)’2€> SCT< (p +p)+ (:0 +pp)>

a<a’<a+p
pe p?
<Cr|—=5+—
= <N€2 )

for some constant C7 > 0, since @ < 1, and we shall choose below p < 1. Conse-
quently

t p
21/[{5,/ (3} (s,a+p—t+s) =) (s,a—t+s)|ds >§Ctp[p°‘p+pp].
0

1
—P( sup |[MN(d)—MN(a)>e€| <n,
P a<a’<a+p

1 a(p—1) o
if p= (27751;) apflj and N > Ny = (%) ap—1 % 672*1704771‘
It follows from this and the Corollary on page 83 in Billingsley [3] that for any
€, 7 > 0, there exists p > 0 and Ny such that for any N > Ny,

(4.23) P sup MY (a) = MY (d)| > €] <.
0<a<a’<T’, a’—a<p
Now we are in a position to prove that

sup |[MY(a)| — 0, in probability, as N — oo,
a€l0,77]

i.e., that for any €, n > 0, there exists N, such that for any N > N,

(4.24) P( sup |[MY(a)>e] <n.
ac[0,77]
From (4.23), we can first choose p and Ny such that
(4.25) P sup MY (@) - MV@) > <) <2,
0<a<a’<T’, a’—a<p 2 2

Next we consider the following finite number of sequences indexed by N: {M¥ (ipA
T"), 0 < i < (T'/p) + 1}. Since for each 0 < i < (T'/p) + 1, MN(ip AT') — 0 in
probability, as N — oo,

sup MY (ip AT")| = 0 in probability, as N — oco.
0<i<(T"/p)+1
Consequently, there exists N, > Ny such that
(4.26) P sup MY (ip AT")| > <.
0<i<(T" /p)+1

N
N3
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Now (4.24) follows from (4.25) and (4.26), since clearly

sip [MV(@)| < s MY(ip AT+ swp (MY (@) - MY ().
a€l0,77] 0<i<(T"/p)+1 0<a<a’<T’, a’—a<p

Therefore, combining the above, we obtain

1
limsup sup =P sup
N tel0,T] 0 we[0,6],a€[0,T7]

1
N

/t / [ 237 (s,a—(t+w— s))<u<l/Z o (s,af(t—s))Qé,Z’ (ds7 d’LL) > 6)
a)t

—0 asd— 0.

We have thus shown that (4.16) holds.

For the second requirement of condition (ii) in Theorem 5.1, we show that for
e>0,as 9 =0,

1 _
(4.27) limsup sup 5P < sup sup |M3M/(t a+v)— M;f\fg,e/(t, a)| > 6) — 0.
N t€[0,T] vel0,8] t€[0,T

We have

[N o0+ v) = M (8, a)|

L[ I
= | %7 ’ d ,d
N </(t—a—v)+/0 ugul e,jN(s,a—H}—(t—s))Q@,Z ( S u)
t
—l/“// JE, (s,a+v—(t—s))ds
t—a—v)
t 0o
/ / uv! 3N (s,a—(t—s) Qﬁé’(ds du)
t—a)t &t
—Vgg// JZ/ (S,Cl— (t—S))d8> ‘
©J(t—a)t

< N /t o) / eé’j (s,a—(t— s))<u§ul{£,3N(s,u+v—(t—s))Qf,é’(dsv du)

(t—a)* ;
/ u<uéf e,JN s af(tfs))Qé,é’ (dsa du)

tuv

(t—a)™
+Vl{£’/ JZ’(S a+'l)—(t—8))d$
(t

—a—v)t

Clearly, the same arguments used to verify condition (i) allow us to conclude con-
dition (ii) of Theorem 5.1. O
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We next prove the convergence of the processes jév’o(t, a) and jév’l(t, a). We will
only provide the detailed proof for the convergence of 5?’1(75, a) since the proof of
that of ”No(t, a) follows the same steps with some modifications.

Lemma 4.4. Under Assumptions 2.1 and 2.2, for each € L,
(4.28) IO, a) — 39(t, q)
in probability, uniformly in t and a, as N — oo, where
(a—t)*
(4.29) 30(t, a) Z / < / poe(u )Fo(du]y)>jg/(0,dy).
=1

Lemma 4.5. Under Assumptions 2.1 and 2.2, for each £ € L, along a convergent
subsequence of Aév with limit Ay, as N — oo,

(4.30) 30Nt a) = Th(t, )

for the topology of locally um'form convergence in t and a, where

t—s
(431) 3; t, Cl / / Dpe e du)dAg/( )
p=17t-0)F

In fact we have the joint convergence (A} (t),7, IVt a)) = (A1), JL(t,a)), for the
topology of locally uniform convergence in t and a.

Proof. Define

L L

:'N71 -—

3,7 (ta) == N E
O=1;=

A (t) N

/t—n pero(u) F(du)
0

— AN ((t—a)t)+1

(4.32) /t , / o o o(u)F(du)dAN (s) .

(Here the integral f: stands for f(a y-) By Lemma 5.2, for each ¢,a > 0,

(4.33) IVt a) = Th(t,a) as N — oco.

Then to show that the convergence jz (t,a) = J;(t, a) holds locally uniformly in
t and a, it suffices to show that for any € > 0, there exists § > 0 such that for any

t,a >0,
>5> =0.

This follows from the second representation in (4.32), and the convergence of AN
in Lemma 4.1.
Next we consider the difference

VN(ta) =30 (¢, a) = TN (¢, a)

(4.34) lim sup P ( sup J Ml a) — jév L, d)
N t<t'<t+06, a<a’<a+d
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Al () ¢ N

t—T;
= PIED S (PRI S )]

O=1i=AN ((t—a)*)+1
We apply Theorem 5.1 to show that
VNt a) =0

in probability in the topology of locally uniform convergence in ¢t and a as N — co.
For condition (i) in Theorem 5.1, we have

P(VN(t,a) > €)

< G%E[VN(t, a)?

gﬁvgxﬁs [ et (1= [ et ) asy
SezLNWiE [ +/Ot_sm/ (W (dum,(m]

sup P(VN(t,a) >€) -0 as N — oo.
t€[0,T7, a€[0,77]

We then check the tightness requirements in condition (ii) of Theorem 5.1. For
the first, we show that for € > 0, as § — 0,

1
(4.35) limsup sup =P | sup sup ‘VN(t +u,a) — VN(t, a)‘ — 0.
N te01] 0 \uel0,8] aclo,77]
We have
‘VN(t +u,a) — VY t,a)l

AY (t+u) AN

L t+u—r
1
= N Z Z <]— o N+nzl<t+u1X£ (né’) — /0 pg/’g(T)F(dT’)>
i+

O=1 =AY ((t+u—a)*)+1

AN (®) N

L t—T.
1 i
N Z Z <1T?’7N+ne’<tle’(m’) =~ /0 Pé',Z(T)F(dr)>‘
K 2

'=li=AN ((t—a)T)+1
A (

1L
N2

=1 i:Aé\[

N t+u) o N

t+u77'i
Z [<1Tf"N+nf’§t+u1Xf'(nf/)12 - /0 png(r)F(dr))
(t—a

_ )+)+1
N

t—7,
- <1rf/’N+nf'§t1Xf/(nf/)€_ /0 pee(r)F <dr>>}
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L L AY ((tHu—a)t) turt N
N Z Z <lr-‘”’N+n’?’<t+u1Xf/ ()=t~ / pﬁ've(T)F(dr))
PlimAY (ot N 0

L AN(t+u) _ N l

1 t—T;
+Nzl > (1Tf Nt <t Ixt (ot )_z—/o PK',E(T)F(dT))

/
t+u—7‘f N

Lcrt Nt cipu XY ()=~ /t oN pee(r)F(dr)

- AN ((t+u—a)™) ttu—rl N
+—Z Z 1, Nyt <y 1Xl’(ni’) / peo(r)F(dr)
U=1i=AN((t—a)*)+1 0
AJ (t4u) t—rt N
el Z Z [ sty [ pedorran

L L
+Z(A§Y(t+u—a) Ag,((t—a)Jr))+Z([lé\f(t+u)—flé\f(t)>.
r=1 r=1
Thus
P | sup sup |VN(t+u,a)—VN(t,a)‘ > €
u€[0,0] a€[0,17]
) I A (t+6)
=Pl 5 Z Z 1t<rf"N+nf’§t+51Xf’ ()=t > /3
U=1i= A7 ((t=T")+)+1
(t+5 t4+0— 7' N
Z Z / po (1) (dr) > €/3
Nz AN((t=T") )17
(4.36) +2]P>< sup ‘Ae/ (t+8)— AN )‘ > 6/6) .
0<t<T

For the first term, let {@g(ds,du, dr,df), 1 < ¢ < L} denote a collection of i.i.d.
PRM on R x £ with mean measure ds x du x F(dr) x p(r,df), where for each
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r >0, pe(r,{€'}) = pro(r). We denote by Q,(ds,du,dr,df) be the compensated
PRM associated to Qy, 1 < ¢ < L. We have

Al (t496)
Z 1t<rf”N+nf’§t+61Xf’ (né")=¢

i=AN((t=T"))+1
t+6 t+5—s _
/ / / / 1u<TN(sf)Qg/(dS,du,d7”, df) .
t (G

Thus, we have the first term

AN (t+6)

Z Z Lt eyt =0 > /3

Nz Li=AN (¢-T")*)+1

45 t+o—s 2
< 9e°E ( / / / / 1u<Tév(S_)C§g/(ds,du,dr,d@))
r=1 t 10
2
t+6 t+d—s
< 186_2E / / / /1u<TN(s_)Qf'(d5’du’ d'f', d9)
~1m)+Jo Jt @
2
5 t+6 t+d—s N
+18L€ E - pgf (dT)TZ (S)dS
t—1)+ Ji—
_ 18672E t+6 t+6—s d TN
pero(r)F(dr) Yy (s)ds
z' -1t i

t+6 t+5—s ) 2
+ 18Le °E / / pero(r)F(dr) Y (s)ds
=1 t

t+6 t+5—s
< 182N\ B — / /t pe o(r)F (dr)ds
é’ 1

t46 t+o—s 2
(4.37) 4+ 18Le 2(\*B* / / pero(r)F(dr)ds
t

=1
where the first term on the right hand converges to zero as N — oo. It remains
to consider the second term divided by 6. Each summand in the sum over ¢ is
bounded from above by (with F'(s) =0 for s < 0)
2

(/OtH[F(t sS4 0)— F(t— s)]ds> _ (/_tl [F(s+06) — F(s)]ds>2
_ ( /0 " Fyar - /0 tF(s)ds)

< 5.

I — |

2
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We have shown that this term satisfies (4.35). Now for the second term on the right
hand side of (4.36), we have

2
1 L (t+6) t+6— ‘r "N
SIESSs / o) F(dr)
U=Li=AN((t-T")*
L t+6 t+3—s . 2
< LE / / pe e (d?“)dA / (S)
;::1 oy i '
L 40 t+6—s ~ 2
< 2LE / / P o(r) F(dr)dMY o (s)
=1 ¢

t+6 t+5—s ) 2
+2LE / / pero(r)F(dr) YD (s)ds :
t

where the first term converges to zero as N — oo by the convergence M i\f #(8) =0
in mean square, locally uniformly in ¢, and the second is estimated as the second
term in (4.37). The third term on the right hand side of (4.36) satisfies (forgetting
the sum over ¢’ for notational simplicity)

P ( sup A (t46) — AN ()] > 6/>
0<t<T

2
1 t+6 3
< —wE sup / TN (s)ds+2 sup \Mj{‘,’g,(t)]
(¢') 0<t<T Jt 0<t<T+6

It follows readily from the bound on T?f and the properties of the sequence of
martingales M Jé o that

) ) ] C
lim sup S]P’ ( sup |Aé\[(t +9) — Aé\'](t” > 6/> < 0.
N 0<t<T €

Combining these results gives us the property in (4.35).
For the second condition in (ii) of Theorem 5.1, we show that for € > 0, as § — 0,

1
(4.38) limsup sup =P | sup sup ‘VN(t, a+ov)— VN(t, a)‘ >e| —0.
N aglo,7 9\ wel0,0] te[0,7]
We have
VN (t,a+v) — VN(t a)|

o (t=a)F) J.N

1 t—m;
Y (et [ setoran)

f’ Li=Al ((t—a—v)T)+1
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L

< STAN(( - a)) — AN (- a—v)")).

=1
Thus

P( sup sup ’VN(t,a+v) - VN(t,a)| > €
v€[0,6] ¢€[0,T)

L
<P( sup sup > (A)((t—a)") - AY((t—a—v)T)) >e
v€|0,6] t€[0,T] =1

L
< (s SS9 - A0 0= <)

te[0,T] j—

Then the claim in (4.38) follows the same argument as in the third term on the
right hand side of (4.36). O

As an immediate consequence of Lemma 4.5, we obtain the following convergence
results for (Rév’o(t), Rév’l(t)).

Corollary 4.6. Under Assumptions 2.1 and 2.2, along a convergent subsequence
of flév with limit Ay, for each { € L, Rév’o(t) — RY(t) in probability, uniformly in t,
and Rév’l(t) = R}(t) in D, as N — oo, where

139 IEE “€ OO é; 1/ </ p@ }0 d Yy )Jf 0 dy
( * ) 1(t) t S] / u) ,( ).
‘ 0= 1/ / s ¢

Proof of the convergence of (Sév ,54 ,RZ )Jeec. We first consider the convergence
provided with the convergent subsequence of (A Yeer with the limit (Ap)ees in
Lemma 4.1.

By (4.10), and by the convergence of (M Sz v 0,0 € L) — 0in Lemma 4.3 and that
of (SN(0),¢ € £) — (5¢(0),¢ € £) under Assumption 2.1, applying the continuous
mapping theorem, we obtain the convergence of (S'év,ﬁ € E) to (Sg, £ € £) in D* as
N — 00, where

(4.41) Se(t) = S )+ Z (ue, / Sp(s)ds — u”,/ Si(s )

=1

We want to show the convergence of (I (¢,a),¢ € L) to (Je(t,a),£ € L) locally
uniformly in ¢t and a as N — oo, where

Jo(t,a) =300, (a— 1)) = 30(t, a) + Ap(t) — Ag((t — a)™) — T} (¢, a)
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(4.42)

t t

Ju(s,a—(t—s))ds — uée, /

(t—a)t

N EL: <Wf,j ( Fu(s,a— (t— s))ds).

=1 t—a)t

We first deduce from (4.42) an explicit formula for Jy(¢,a) in terms of J;(0,-),
32(t, a), Ay, and TJ}(t, a). For that sake, we use again the matrix @) defined at the
start of section 3.

Lemma 4.7. The row vector {Jo(t,a), 1 < ¢ < L, t > 0,a > 0} is given by the

formula
J(t,a) =3(0,(a —t)") = 3%, a) + A(t) — A((t — a)") = 31(¢, q)
t 30, (a—t)") =3 s, a—t+s
(4.43) " /() [500.(a— 1)) = (s.a—t +3)

FAGs) — A((t—a)t) = F(s,a—t + s)}eQ(t_s>st .

Proof. Equation (4.42) for all ¢ > 0, a > 0 implies that for all (t —a)* < s <, we
have the following identity between row vectors
J(s,a—t+5)=30,(a—t)") =3%s,a—t+5)+ A(s) — A((t —a) ™)

—jl(s,a—t+s)+/ J(rya—t+47)Qdr.
(t—a)t

It follows that J(¢,a) is the value at time s = t of the solution to the system of
linear ODEs:

(4.44) z(s) = f(s) +/ x(r)Qdr,
(t—a)*
where, for 1 < /¢ < L,
fo(s) =300, (a—t)1) = 30(s,a —t +5) + Ag(s) — Ap((t —a) ") — Tj(s,a—t+s).
Formula (4.43) now follows readily from the explicit formula for the solution of the

linear ODE (4.44). 0

Comparing (4.11) and (4.42), we deduce that the row vector IV (¢, a) is given by
an analog of formula (4.43), namely

IV (t,a)
=3N0,(a—t)") =3V, a) + AN (t) — AN((t — a)h)

+ {390, (a=07) = (s, a— t+ ) + AV(s) - AV((t - a))

— 3N Ys,a—t+s)+ MV (s,a—t+ 5)}Q6Q(t_s)ds,

where
L

MY () =Y (Mévj,7€(t, a) — NI, o (¢, a)) .

=1
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Comparing (4.45) and (4.43), it now follows from Assumption 2.1, Lemma 4.1,
Lemma 4.3, Lemma 4.4 and Lemma 4.5 that 3V (¢,a) = J(¢, a) for the topology of
locally uniform convergence in ¢ and a.

As a consequence, letting Iy(t) = Jy(t,00), we also get the weak convergence of
(IN,t € L) to (I;,£ € L) locally uniformly in ¢ as N — oo, where

L t
(4.46) I_g(t) = jg(O) + Ay(t) — R?(t) — R% (t) + Z/O (Vézfgl(t) — Vi[/jz(t))ds-
=1

Then by (4.12), and by the convergence of (Mé\ie,zw 0,0 € £) — 0 in Lemma 4.3, of
(Rév’o, Rév’l,ﬁ € L) — (RY, R}, ¢ € L) in Corollary 4.6, and that of (R} (0),¢ € £) —
(R¢(0),£ € L) under Assumption 2.1, applying the continuous mapping theorem,
we obtain the convergence of (R}, ¢ € L) to (RY,¢ € £) in D as N — oo, where

L t t
(4.47) Ry(t) = Re(0) + RY(t) + Ry(t) + Z (Vﬁ,e/ Ry (s)ds — Vﬁzl / Rg(s)ds> .
=1 0 0
Next we identify the limit (A,,¢ € £) in terms of the limits (Fy, S¢, Iy, Ry, ¢ € L)
and let By = Sy + I; + Ry. Recall that we have shown in the proof of Lemma 3.4
that for each 0 <t < T, 1< /¢ < L, Sy(t) + I;(t) + Ry(t) > cr. The mapping from
(Se(t), Io(t), Ro(t), b, Ber 48er) to Ty(t) is continuous in the Skorohod topology
whenever Sy(t) + I,(t) + Ry(t) > 0. Then we obtain the convergence

N SN B S oo S BeaSe
VO=G o0+ 0r - YT o1 0+ k)

in D as N — co. Then by Lemma 4.1, we obtain the convergence of (A, ¢ € L) to
(Ap, £ € L) in DF, where

Ao = | Ty (s)ds,

with Yy(s) given above. Since all converging sub-sequences have the same limit,
which is deterministic, we have the convergence in probability of the whole sequence.
This completes the proof. O

5. APPENDIX

The following theorem was stated in Theorem 5.1 in [19]. It extends the Corol-
lary on page 83 of [3], and also Theorem 3.5.1 in Chapter 6 of [16] in the space
C([0, 1], R).

Theorem 5.1. Let {X" : N > 1} be a sequence of random elements in Dp. If the
following two conditions are satisfied: for any T,S > 0,
(i) for any € > 0, sup;c(o 7] SUPsefo,g] P(IXN(t,s)] >€) =0 as N — oo, and
(ii) for any e >0, as 6 — 0,

1
limsup sup IP’( sup sup | XN(t4u,s)— XN(t,s)| > e) — 0,
Nosoo te[0,7] 0 \ ue[0,6] s€[0,8]
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1
limsup sup P( sup sup |[XN(t,s+v)— XN(t,s)| > e) — 0,
N—oo 5€[0,5] 0\ ve[0,6] t€[0,7]

then XN (t,s) — 0 in probability, locally uniformly in t and s, as N — oo.

The following lemma was stated in Lemma 5.1 in [19]. The spaces Dy and Cy
are the subspaces of D and C of increasing functions.

Lemma 5.2. Let f € D and {gn}n>1 be a sequence of elements of Dy which is
such that gy — g locally uniformly, where g € Cy. Then for any T > 0,

f(t)gn(dt) — f(t)g(dt).

[0,T7] [0,77]
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