Spatially dense stochastic epidemic models
with infection-age dependent infectivity

GUODONG PANG* AND ETIENNE PARDOUX'

ABSTRACT. We study an individual-based stochastic spatial epidemic model where the number of
locations and the number of individuals at each location both grow to infinity. Each individual
is associated with a random infection-age dependent infectivity function. Individuals are infected
through interactions across the locations with heterogeneous effects. The epidemic dynamics can
be described using a time-space representation for the the total force of infection, the number of
susceptible individuals, the number of infected individuals that are infected at each time and have
been infected for a certain amount of time, as well as the number of recovered individuals. We prove
a functional law of large numbers for these time-space processes, and in the limit, we obtain a set of
time-space integral equations. We then derive the PDE models from the limiting time-space integral
equations, in particular, the density (with respect to the infection age) of the time-age-space integral
equation for the number of infected individuals tracking the age of infection satisfies a linear PDE
in time and age with an integral boundary condition. These integral equation and PDE limits can
be regarded as dynamics on graphon under certain conditions.

1. INTRODUCTION

In order to capture the geographic heterogeneity, spatial epidemic models have been well developed,
both in discrete and continuous spaces. In discrete space, multi-patch epidemic models have been
studied in [27, 3, 1, 31, 5, 20] and recently by the authors [22], where each patch represents a
geographic location, and infection may occur within each patch and from the distance (for example,
due to short travels). See also the multi-patch multi-type epidemic models in [5, 11], as well as
relevant models in [4, 17, 18]. Some of these studies assume migration of individuals among different
patches [27, 1, 20, 22, 11], while others do not but assume interactions between patches to induce
infection [3, 5, 31, 17, 18]. In continuous space, various PDE models have been developed (see
the monographs [25, 19, 8] and a survey [26]). There are two well-known models without spatial
movement: Kendall’s spatial model [14, 15] and Diekmann-Thieme’s PDE model [9, 10, 28, 29].
Kendall’s spatial model is a system of ODEs with a spatial parameter (without spatial partial
derivative). It was proved to be the functional law of large numbers (FLLN) limit of the multitype
Markovian SIR model by Andersson and Djehiche [2], where both the number of types and the
population size go to infinity, and being “Markovian” refers to the case of exponentially distributed
infection durations. Diekmann-Thieme’s spatial PDE model (with partial derivatives with respect
to time and infection-age) has the infection rate depending on the age of infection, as in the PDE
model first proposed by Kermack and McKendrick in their 1932 paper [16]. Similar to Kendall’s
spatial model, there is no partial derivative with respect to the spatial parameter, since there is no
movement in space. The Diekmann-Thieme PDE model was not yet proved to be the FLLN limit
of a non-Markovian stochastic epidemic model (in which the infectious durations have a general
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distribution), and can be seen as is a special case of our FLLN limit, which is new. We should
also mention the spatial models in continuous space in [7] and [30], where the stochastic model
starts with a continuous process for the movement of individuals, in particular, it is assumed that
individual movements follow an It6 diffusion process, and the epidemic models are Markovian.

In this paper, we start with an individual-based stochastic SIR epidemic model at a finite number
of locations. The individuals in the each location are grouped into “Susceptible”, “Infected” and
“Recovered” compartments. Each susceptible individual at every location may be infected from
his or her own location or from other locations (see the infection rate function in equation (2.5)).
Note that individuals do not migrate from one location to another in our model. Each individual is
associated with a random infectivity function/process, independent from any other individual but
having the same law as all the other individuals. This random infectivity function also determines
the law of the infectious duration of each individual. Those random functions are i.i.d. for all
individuals. For each individual, we track the age of infection, that is, the elapsed time since the
individual was infected (for the initially infected individuals, this means we also know their infection
times before time zero). To describe the epidemic dynamics at each location, we use the aggregate
infectivity process of the population and a two-parameter (equivalently, measure-valued) process
tracking the number of individuals that have been infected for less than or equal to a certain amount
of time as well as the numbers of susceptible and recovered individuals. Such an individual-based
stochastic model with only one location has been studied by the authors in [21], where an FLLN
is established and the associated PDE model for the limit is derived. In our previous works of
large population scaling limits for stochastic epidemic models (see the survey [12]), most models
consider a homogeneous population with the two exceptions of a multi-patch (discrete space) model
[22, 11]. Our model in this paper starts from a dense discrete space model, while the limit as both
the size of the population and the number of patches/locations tend to infinity simultaneously
is a deterministic spatial model in continuous space. In particular, the PDE model includes the
Diekmann-Thieme spatial model as a special case (see Remarks 3.1 and 3.3).

We consider this stochastic epidemic model in a spatially dense setting, where the number of
locations increases to infinity while the number of individuals in each location (and the total
population) also goes to infinity. This has the same flavor as the asymptotic regime in [2] for the
multitype Markovian SIR model where the number of types goes to infinity while the population in
each type also go to infinity. It is worth mentioning the paper [3] in which a measure-valued limit is
proved for a multi-patch Markovian SIS epidemic model without migration in the asymptotic regime
with both the number of patches and the number of individuals in each patch going to infinity. This
is also in a similar fashion as the asymptotic regime of the Markovian SIR epidemic model with
migration on a refining spatial grid in R? (d = 1,2, 3), recently studied in [20], where the mesh of
the grid goes to zero and the population size at each site also goes to infinity. In the limit of that
model, a Laplace operator describes the spatial movement in the time-space dynamics. Unlike these
works under Markovian assumptions, our model is non-Markovian and has an infection process with
the infection-age dependent infectivity, which brings new mathematical challenges.

For this model, it is convenient to describe the epidemic dynamics at all locations using a time-
space representation of the vector-valued processes (for the number of infected individuals tracking
the age of infection, this in fact becomes a time-age-space process). We prove an FLLN (Theorem
2.1) for the scaled time-space processes under a set of regularity conditions on the initial conditions,
infection contact rates and random infectivity functions (Assumptions 2.1, 2.2 and 2.3). The limits
in the FLLN are described by a set of time-space integral equations. It is worth highlighting that the
heterogeneity of interaction effects between different locations is represented by a function 5(x,y)
for z,y € [0, 1] (which resembles the kernel function of a graphon, see further discussions below).

For the weak convergence of the time-space processes, we introduce new weak convergence
criteria for these time-space processes (Theorems 4.1 and 4.2), which involves the L; norm for the
spatial component. To verify these criteria, we establish moment estimates for the increments of
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these processes, which is challenging due to the interactions among the individuals at the different
locations. In particular, the interactions introduce nontrivial dependence in various components of
the time-space processes. We first study the joint time-space dynamics of the susceptible population
and total force of infection (Section 5). This involves the existence and uniqueness of solution to
a set of time-space Volterra-type integral equations (see equations (5.8)-(5.9)), and the moment
estimates associated with the increments involving the varying infectivity functions together with
their interactions (in order to use Theorem 4.1). Given this convergence, we then establish the
convergence of the time-age-space process tracking the infection ages of individuals (Section 6). In
order to employ Theorem 4.2, we need to establish the moment estimates for the increments with
respect to both time and infection-age parameters, for which the dependence due to interactions
also brings additional challenges.

From the limit tracking the rescaled number of infected individuals with a given age of infection,
we derive a PDE model with partial derivatives with respect to time and the age of infection (not
with respect to the spatial variable, since there is no migration among locations). It is a linear PDE
model with an integral boundary condition. It may be seen as an extension of the PDE models in
[21], with the addition of a spatial component. We then discuss how the PDE model is related to
the well-known Diekmann-Thieme PDE model and how it reduces to Kendall’s PDE model in the
Markovian case (see Remarks 3.1 and 3.3). Note that our PDE model is more general since we do
not require any condition on the distribution function of the infectious periods.

Our work also contributes to the recent studies of stochastic dynamics on graphon. Keliger et al.
[13] consider a finite-state Markov chain with local density-dependence on a discretized graph of a
graphon, and then prove an FLLN for the Markovian time-space dynamics. Their model includes a
Markovian SIS model on graphon, and since each individual is a node on the sampled graph and
naturally there is no spatial movement, the limit is in fact a system of ODEs without spatial partial
derivative. There is some resemblance between that limit and our PDE model for the Markovian
SIS model, see further discussions in Remark 3.4, although it is important to note that in our
stochastic multi-patch model, the number of individuals in each patch also goes to infinity while in
the stochastic model on the sampled graph from a graphon in [13], there is only one individual in
each node of the graph. Petit et al. [23] consider a random walk on graphon and prove an LLN
limit for the Markovian time-space dynamics, which is again a system of ODEs without spatial
partial derivative. However, we start with a non-Markovian multi-patch epidemic dynamics, and the
limiting integral equations in Theorem 2.1 and the PDE models in Proposition 3.1 and Corollaries
3.1 and 3.2 can be regarded as dynamics on graphon, when the kernel function §(z,y) is symmetric
and takes values in [0, 1] (see further discussions in Remark 2.2).

1.1. Organization of the paper. The paper is organized as follows. In Section 2.1, we provide
the detailed model description. We then present the scaled processes and assumptions and state the
FLLN result in Section 2.2. We derive the PDE models from the FLLN limits and discuss how they
are related to the already known spatial PDE models in Section 3. The proofs of the FLLN are
given in Sections 5 and 6 after some technical preliminaries in Section 4.

1.2. Notation. All random variables and processes are defined on a common complete probability
space (2, F,IP). Throughout the paper, N denotes the set of natural numbers, and Rk(Rﬁ) denotes
the space of k-dimensional vectors with real (nonnegative) coordinates, with R(R,) for &k = 1. Let
D = D(R4;R) denote the space of R—valued cadlag functions defined on R. Here, convergence in
D means convergence in the Skorohod J; topology, see Chapter 3 of [6]. Let C be the subset of D
consisting of continuous functions. Let Dp = D(R4; D(R;R)) be the D-valued D space, and the
convergence in the space Dp means that both D spaces are endowed with the Skorohod J; topology.
For any nondecreasing and bounded cadlag function G(-) : Ry — R, abusing notation, we write
G(dx) by treating G(-) as the positive (finite) measure on Ry whose distribution function is G.
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For any R-valued cadlag function ¢(-) on Ry, the integral fab ¢(x)G(dx) represents [, (0] ¢(z)G(dx)
for a < b. We use 1y, for the indicator function. For z,y € R, we denote z Ay = min{z, y} and
xVy=max{z,y}.

We use || - |1 to denote the L'(]0,1]) norm. For time-space processes Z(t,z) and Z(t, s, z), for
each x, we regard them in the spaces D and Dp, respectively. For the weak convergence of the
time-space processes ZV (t,z) to Z(t,x) as N — oo, we use the Skorohod topology for the processes
in D with the L'([0, 1]) norm with respect to x. Similarly, for the weak convergence of the time-space
processes ZN(t, s,x) to Z(t,s,x) as N — oo, we use the Skorohod topology for the processes in
Dp with the L'([0,1]) norm with respect to z. We write these spaces as D(R, L'(]0,1])) and
D(R;,D(R,, L*([0,1])), or D(R,, L') and D(R,,D(R., L')) for short. See the weak convergence
criteria in Theorems 4.1 and 4.2.

2. MobpEL AND FLLN

2.1. Model Description. We consider a population of fixed size N distributed in K locations in
some bounded domain S in R? (d > 1). To be specific, we choose S = [0, 1]. The arguments in the
paper would remain the same for any such a domain S since we do not consider migration among
locations. Also let K depend on N, denoted as K. Let the KV locations be at x,]cv, k=1,..., KN
in [0,1] such that 0 < z¥ <2l < ... < .TI]\((N < 1. For notational convenience, let Iiv, k=1,..., KN
be a partition of [0, 1] such that z) € I and |IY|= (KV)~! for all 1 < k < K. In each location,
individuals are categorized into three groups: susceptible, infected (possibly including both exposed
and infectious) and recovered. We assume that individuals do not move among the different locations,
and susceptible individuals in each location can be infected from their own location as well as from
other locations (as explained below). Suppose that there are B,iv individuals at location xfy , such
that BV + .- + B% ~ = N. (For example, there is an equal number of individuals in each path,
that is, BYY = N/K" for all k.) We assume that

N
both K — 0o and KN 00 as N — . (2.1)

Notation: Whenever not causing any confusion, we drop the superscript NV in xév , Iév , KN and Bliv .
For any vector z = (21, ..., 2K), we write z(z) = Zle 2y (z) where 1I§€v(-) denotes the indicator
function of the set IY. For a process Z(t) = (Z1(t), ..., Zk(t)), we write Z(t,z) = Zszl Zk(t)llkzv(x)
fort >0,z € [0, 1].

Let SN (t), IN(t) and RY (t) be the numbers of susceptible, infected and recovered individuals
in location zj at time ¢t > 0. We clearly have BY = SN(t) + IV (t) + RY (t) for each t > 0. We
can also write the vectors SN (t) = (SIV(¢),...,SX(®)), IN(t) = (IN(t),...,I¥(t)) and RN (¢) =
(RN (t), ..., RN(t)), as the following time-space processes SN (t,z) = S5, SN, (z), IV (t,x) =
Zszl IN(#)11,(z) and RN (t,z) = Z,I::l RN (t)11, (), respectively. Note that SN (t) = SN (¢, x),
and so on.

To each infected individual is attached a random infectivity function. Individual j in location xj
has a random infectivity function A; (). We assume that A, ;(t) = 0 a.s. for t < 0, for all j € Z\{0},
k=1,..., K, and that each \;; has paths in D. We assume that the sequence {\;, : j € Z\{0}, k =
1,...,K} is iid., with 7 > 1 indexing newly infected individuals after time 0 and j < —1 indexing
the initially infected ones at time 0 (that is, those infected before time 0). We use A(-) as a generic
function to denote them. Let A(t) = E[A(t)] and v(t) = Var(A(t)) = E[(A(t) — X(t))ﬁ for t > 0.

Define n; = sup{t > 0 : A\;x(t) > 0}, which represents the duration of the infected period
for individual j. Note that this may include both the exposed and infectious periods for which
the function \; (t) start with being zero in the exposed period. Under the above assumption on
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{\jx}, the variables {n;} are also i.i.d. Let F(t) = P(n;r < t) for j € Z\{0} and k =1,... K,
representing the cumulative distribution function (c.d.f.) for the duration of the infected period.
Define FC =1-—F.

Let {71 % 17 € Z\ {0}} be the associated infection times for each individual. Evidently, 7; N >0
for j > 1 and ]\; < 0 for j < —1. Let 7' k= —TJ{Vk > 0 for j < —1, which denotes the time
elapsed since 1nfect10n i.e. the infection age at time O for the initially infected individuals. The
counting process A{CV (t) = max{j > 1: TJ{\L < t} represents the number of newly infected individuals
in location k over (0,t]. Some initially infected individuals may have recovered by time 0, that
is, if ;i < %]{\L for j < —1, then the individual j is in the compartment of the removed, RY (0).
However, if n; > %]% for 7 < —1, then the individual j remains infected at time 0 and belongs to
the compartment of the infected, Z}Y (0). Then we have R} (0) = |RY (0)|, IN(0) = |Z}¥(0)| and
SN(0) = BY — 1Y (0) — RY(0) for each k. Let 7,V (0) = Z¥ (0) URY (0). The process

TO.0 = > 1w o (2.2)
3:=J€TY(0)

represents the number of initially infected individuals with an infection age less than or equal to
a at time 0, which include those that remain infected and those that are recovered. We assume
that for each £ = 1,..., K, the sequence {Tivjk D —j € 7}€N } is independent of the sequence
{Ajr:—je€ 77€N} We remark that this independence assumption may not be natural, since the
future event times may depend on the value of A_; ;; however, this assumption is essential for the
proofs, and the sources of initial infections may differ from the new infections (such as migration).
Let 77?,1: =sup{t > 0: \;j(7j,x +1) > 0} be the associated remaining infected period. It is clear that
n?,k =Nk — %ﬁc' Then, for j < —1, the conditional distribution of ”?,k given that n; > 7:]-]7\;9 =s5>0
is
Fe(t +s)

Fe(s)
Note that conditional on {7;}, the n?,k’s are independent but not identically distributed.

The total force of infection of the infected individuals in location k is given by

IP’(n] k> t‘nj E>T k = s) = ]P’(17j7;C - 7:]{\; > t‘nj,k > 71]{\2 = s) = for t,s>0. (2.3)

W= D> AaENi+n+ Z)\]k ), t>0. (2.4)

3 =3€TN(0)
Note that since A;x(t) = 0 for ¢ > 7, those that are initially infected but recovered do not
contribute to the total force of infection. Then the first summation is equal to the summation over

7 such that —j € Z,]fv (0). We similarly write the time-space process for the total force of infection
in the population:

ng (t)11, (2

The rate of infection for individuals in locatlon k is given by

N SN() 1
Ty (t) = By KNZBW&/ t), t>0. (2.5)
k'=1

Here the factor B,]CV w reflects the effect of infection of individuals from location A&’ upon those in
location k. It also represents the heterogeneity of the effects of the interactions among different
locations.
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The number of newly infected individuals in location k by time ¢, AkN (t), can be expressed as

t 00
- / / 1u§TkN(s)Qk(dSa du), (2.6)
0o Jo

where {Qg(ds,du), 1 <k < K} are mutually independent standard (i.e., with mean measure the
Lebesgue measure) Poisson random measures (PRMs) on R2. Recall that {AN(¢) : t > 0} has the
event times {T]{\Z,j > 1}

Let 3% (¢,a) be the number of infected individuals in location k that are infected at time ¢ and
have been infected for less than or equal to a. Then we can write

AY ()
NN
Jk: (t, Cl) = Z 1,,7(1J k>t1 k<(a t) + Z 1T;Yk+n.7¢k>t . (27)
J:—J€Z}Y (0) J=AY ((t—a)*)+1

Note that I (0, a) (the first term on the right hand side) differs from T2 (0, a) since it only counts
the initially infected individuals that remain infected at time 0. It is also clear that for all ¢ > 0,
I{ (t) = 37 (t, 00).

To account for the location, we also write the time—age—space process

N(t,a, ) ijtallk x).

Note that for each z, the process 3V (¢, a, ) has paths in Dp. The quantity 3V (0, a, ), corresponding

to ’J,]fv (0, a), represents the infection-age distribution of the initially infected individuals at the different

locations. It is given as input data for our model, satisfying the condition in Assumption 2.1 below.
The dynamics of S (t), I (¢) and RY (t) can be expressed as

(t
S;iv()zb’k() AR (),

AN (1)
N
L (1) = Z 1n9j,k>t+ Z 1erk+nj,k>t7
Ji—J€IN(0) Jj=1
AN ()
Ry =Ry O+ Y Lot > 1 g
Ji—j€IN (0) Jj=1
2.2. FLLN. We recall that
N = Z SN(t) 4+ IN(t) + RY (1) ZBk : (2.8)
and observe that
L N N N N
/O(S (t,z) + IV (t,z) + RN (t,x))d KNZSk )+ I ( t)+ Ry (1) = o5 - (2.9)

It is then reasonable to introduce the scaling of the processes by N/K™, that is, for any process
ZN h ,jkN,TfCV,A{CV,S,iV,I,iV,R}CV, we define ZN = (N/KN)*IZ,]CV. We then define the scaled
tlme space processes

ZN(ta) =) ZY (O (2),  ZY =800 AY S I RY
k=1
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and
KN

N(t,a,x) Z (t,a)1r, (2).

In addition, define the scaled population size at each location
=> BY15,(z), with BY = (N/KV)'BY.

Hence, from (2.9) and the scaling, we obtain

1 1
/ (SN(t,z) + IN(t,z) + RN (t, z))dx = / BN(z)dz =1.
0 0

We make the following assumption on the initial condition.

Assumption 2.1. There exist nonnegative deterministic functions (5(0,z),%(0,a,z), R(0,z)) such
that for each x, T(0,-,z) is in C, and for each a € [0, 00|,

HSN(Ov) _S(Oﬂ‘)Hl —0, H(EN(O,CL, ) _i(()? a?')”l — 0, HRN(O,) _R(()?')”l —0 (2‘10)
in probability as N — co. This implies that |3V (0,a,-) — 3(0,a,-)|1 — 0 in probability as N — oo,
where J3(0,da, z) = T(0,da, x)F°(a); see Lemma 2.1 below. In addition, letting 1(0,x) = J(0, 00, x),
we have

/1(5(0, z) + I(0,2) + R(0,z))dx = 1. (2.11)
0
There exists B(x) such that

IBY () = B()ll = . BN (z) — B(x)| =0, (212)

where for some constants 0 < cg < Cp < o0,
B(z) € [ep,CB] Vz €0,1], (2.13)

1
/ B(x)dz = 1.
0
Moreover, the following identity holds:
B(x) = 5(0,2) + I(0,2) + R(0,z), Vz € 0,1]. (2.14)

Note that, thanks to (2.12) and (2.13), we may and do assume that c¢g and C'p have been chosen
in such a way that for some N,

BN(x) € [eg,Cp] YN > Ny, z € [0,1]. (2.15)
Under the assumption in (2.10), it follows that
17Y(0,-) = 1(0,-) 1 = 0

and

in probability as N — oo.

Lemma 2.1. Under the assumption in (2.10), [|3V(0,a,-)=3(0,a,-)[l1 — 0 in probability as N — oo,
where 3(0,da, z) = T(0,da, x) F(a).
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Proof. By (2.2),
TN(0, da, ) = KTZ S G (da)ie, (@),

By (2.7),

KN c
P 2 Py (doly ()

=3(0,da, z) +3Y(0,da, z) .

By the convergence ||‘ZN(0 a,-) —%(0,a,-)||1 — 0 in probability, and for each z, T(0,-,z) is in C,
we immediately have the convergence |3V (0, a,-) — J(0,a,-)[l1 — 0 in probability as N — oco. It is
easy to show that [|J)(0,a,-)|l1 — 0 in probability by the independence of the sequences {%ivj k)i
and {A_;1}; for each k (see a similar argument in the proof of Lemma 5.4 below). O

We introduce for each z,z" € [0 1]
=Y Bl (@)1, (@) . (2.16)
k. k!
Assumption 2.2. There exists a constant Cg > 0 such that for all N > 1, x € [0,1],

1 1
/ BN (2, ) dy / BN (y, 2)dy < Cj. (2.17)
0 0

There exists a function B : [0,1] x [0,1] — R4 such that for any bounded measurable function
¢:[0,1] —» R,

=0. (2.18)
1

1
i BN (- y) = B, y)o(y)dy

Remark 2.1. Concerning condition (2.17), let us first note that, if B2, = B , (symmetric) for
all N > 1, 1 <k, kK < K, the boundedness of fol BN (z,y)dy is equivalent to that of fol BN (y, z)dy.

Clearly (2.18) implies that (2.17) is satisfied with B~ replaced by 5. We note that this assumption
allows in particular B(xz,y) to explode on the diagonal x =y, for example, B(x,y) = \/ﬁ for
z—y

some ¢ > 0, meaning that infectious interactions between “close by” individuals are much more
frequent than between distant ones. See further discussions in Remark 2.2.

We make the following assumption on the random function A.

Assumption 2.3. Let A\(-) be a process having the same law of {\;(-)};. Assume that there exists
a constant X* such that supycp, A(t) < A* almost surely. Assume that there exist an integer K, a

random sequence 0 = (0 < ¢! < ... < (" < o0 and associated random functions \* € C(R,; [0, \*]),
1 < /¢ <k, such that

Z/\ (£)1 et ¢e) (1) (2.19)
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We write Fy for the c.d.f. of ¢, £ =1, ..., k. In addition, we assume that there exists a deterministic
nondecreasing function ¢ € C(Ry;Ry) with ¢(0) = 0 such that |N\(t) — N(s)| < @(t — s) almost
surely for all t, s > 0 and for all £ > 1.

We next state the main result of the paper. In several formulas, whenever F“(a) appears in the
denominator, it is only possibly equal to zero if the corresponding numerator is also equal to zero,
and in that case, we use the convention that % =0.

Theorem 2.1. Under Assumptions 2.1, 2.2 and 2.3,
IF¥ () =t =0, 1SN, ) =S )h =0, IRV, ) = R(t, )1 =0,
13Nt a,-) = 3(t,a, )|y = 0 (2.20)

in probability as N — oo, locally uniformly in t and a, where the limits are given by the unique
solution to the following set of integral equations. The limit (S(t,x),§(t,z)) is a unique solution to
the system of integral equations: for t >0 and x € [0, 1],

S(t,2) = 5(0,2) — / T(s,2)ds, (2.21)
S‘HﬁoClux /At—s ,z)ds, (2.22)

where
Y(t,z) J(t,2)dz’ = T4(t,0,2), (2.23)

with J4(t, a,z) being the derivative of J(t a, x) with respect to the infection age a. Given S(t,z) and
J(t, ), the limits J(t,a,z) and R(t,z) are given by

_ (a=t)" pe _ t _
J(t,a,z) = /0 WJ(O, da',x) + /(ta)+ Fe(t —s)Y(s,x)ds, (2.24)
R(t,r) = R(0,z) + /000 (1 — W)j(o,dal,x) +/0 F(t—s)Y(s,z)ds. (2.25)

In addition,
1Y (2, ) = I(t, )] = 0

locally uniformly in t in probability as N — oo, where

I(t,2) = /0 h Wﬁ(o,da',xH /O Fe(t — 5)T(s,2)ds (2.26)

For each x, the limits S(t,x), §(t,z), I(t,a,2), I[(t,z) and R(t,z) are continuous in t and a.

Remark 2.2. Our model can be regarded in some sense as non-Markovian epidemics dynamics
on graphon. In particular, the function 5(x,x’) can be regarded as the graphon kernel function,
representing the inhomogeneity in the connectivity. However, the kernel function is often assumed
to take values in [0,1] and to be symmetric in the graphon literature. In our model, B(x,z’) does
not necessarily take values in [0, 1] although it can be rescaled to [0,1] in case it is bounded, and the
function B(z,x") may not be necessarily symmetric. In the prelimit (the N system), the locations
{1V}). can be regarded as a discretization of the unit interval [0,1] and the infection rate functions
between different locations B,]C\fk, in (2.16) can then be regarded as the corresponding discretization of
the function B(x,x"). We refer the readers to [13] and [23] for Markov dynamics on graphon and
the corresponding ODE approzimations with a spatial parameter (no spatial partial derivative). See
also Remark 3.4 for further discussions on how our PDE model relates to the ODE limit with a
spatial parameter for the Markovian SIS model on graphon in [13].
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Remark 2.3. One could adapt the methods we use for a spatial SIS model, in which infected
individuals becomes susceptible mght after recovery For the spatial SIS model, we have the identity

BY = SN(t) + IN(t) and K BN = TN (N(1) +1N( )) N for each t > 0. In the limit,
B(z) = S(t,x) + I(t,x) for each t > 0,z € [0,1] andfo dm—fo (t,x) + I(t,z))dz = 1
for each t > 0. We use two processes gN(t x) and IN(t,a,z) to describe the epidemic dynamics,
and can show that ||V (t,-) —F(t, )|t = 0 and ||IV(t,a,-) — I(t,a,-)||1 = 0 in probability locally
uniformly in t and a as N — oo, where

G 1
S(t,x) / Aa +1)Z(0,da, z) + /)\t—s lg ))/ Bz, ") (s,2')dz'ds (2.27)
0
and
jt _ (ait)ﬁ_ Fc(a/+t)j 0 d/ ! FC t 7(5737) ! Y- /d /d
(,a,x)—/o W (0, a,x)+/(ta)+ (t—s) B() /0 Bz, ") (s, x")dx (5, |
2.28

with S(t,x) satisfying
1
/ (S(t,x) +3(t,00,z))dxr = 1. (2.29)
0

Using 1(t,x) = J(t,00,2), we can write the last equation as fo S(t,z) + I(t,x))dx = 1, and the
limit I(t, ) is given by

c( t Q s.x 1 B
I(tz) = /0 WJ(O,da/,x)—i— /0 Fe(t - s) é(;; )) /O Bz, a')§(s, 2 )da'ds

3. PDE MODELS

In this section we derive the PDE models associated with the limits from the FLLN. For each ¢, the
limits S(¢,z), (¢, x), I(t,x), R(t,z) can be regarded as the densities of the quantities, susceptibles,
aggregate infectivity, infected and recovered, distributed over the location = € [0, 1], and for each
t and a, the function J(¢,a,z) can be also regarded as the density of the proportion of infected
individuals at time ¢ with infection age less than or equal to a, over the location = € [0,1]. In
addition, for each fixed ¢ and x, J(¢, a,z) is increasing in a, and can be regarded as a “distribution”
over the infection ages. If J(¢, a, x) is absolutely continuous in a, we let i(t, a,2) = J4(¢, a, z) be the
density function of J(¢, a,x) with respect to the infection age a.

In the following we will consider the dynamics of S(¢,z),§(t, x), I(t,z), R(t,z),3(t,a,z) in t and
a, as a PDE model. Since there is no movement of individuals between locations, no derivative with
respect to x will appear. However, the interaction among individuals in different locations will be
captured in these dynamics, in particular, in the expression of Y(t,z) in (2.23).

In this section, we restrict ourselves to F' being a continuous distribution.

Proposition 3.1. §'uppose that for each x, 3(0,a, ) is absolutely continuous with respect to a with
density i(0,a,z) = J4(0,a,z). Then for t,a >0 and x € [0,1], the function J(t,a,x) is absolutely
continuous in t and a, and its density i(t,a,z) = Jo(t, a,x) with respect to a satisfies
Oi(t,a,z)  Oi(t,a,z) - F(da)
= —i(t
o ' oa it 7) Tergy
(t,a,z) in (0,00)? x [0, 1], with the initial condition i(0,a,x) = J4(0,a,x) for (a,z) € (0,00) x [0,1],
and the boundary condition

(3.1)

(t,x X)) -, )
Bl /5” (/0 Fc<a'>‘(t’“’”d“>dm- (3.2)

i(t,0,7) =
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The function S(t,r) satisfies
0S(t,x)

e —i(t,0,2), (3.3)

with S(0,z) satisfying (2.14).
Moreover, the PDE (3.1)-(3.2) has a unique non-negative solution which is given as follows: for
a>tandx € [0,1],

i(t,a,2) = mi(o, a—t ), (3.4)
and fort > a and x € [0,1],
i(t,a,2) = F(a)i(t — a,0,2), (3.5)

and the boundary function is the unique non-negative solution to the integral equation

i(.0.2) = (B)) " (S0.2) - /0 t{(s,o,x)ds)
X /01 Bz, 2" </OOO Ma+t) i(OF’CC;’;;I)da + /Ot At — 5)i(s,0, m')ds) da’ . (3.6)

Given the PDE solution i(¢,a,z) and Y(t,2) = i(t,0,x), the functions I(¢,z) and R(t,z) are
given by

B o pe(qy! B t _
I(t,z) = / Fla+t) i(0,d',x)da’ + / Fe(t —s)i(s,0,x)ds,
o Fea) 0

_ _ o0 Fe(d +t)\-,. , / ! =
R(t,z) = R(0,) +/0 (1 - W) {0, ', 2)da +/0 F(t - )i(s,0,z)ds.

Also, by definition,
I(t,z) =3(t,00,2) = / i(t,a, z)da.
0

Proof. Using the expression of Y(s,z) = J4(s,0,7) in (2.23) and with F¢, we can equivalently
rewrite (2.24) as

3 (a—t)T Fe(a + 1) - t _
St 0, z) = / F@+D5 0, )dd + / Pt — 5)3a(s,0,0)ds.  (3.7)
0 Fe(a’) (t—a)*

Exploiting the fact that % + % of a function of ¢ — a vanishes, we deduce from (3.7) that

_ i R N ,
Ji(t,a,z) + Jo(t,a,x :—/ ——TJ4(0,a",2)F(t + da
o) 3utaa) == [ A0 i)
t
+§a(t,0,x)—/ Fa(s,0,2)F (L — ds)
(t-a)*

avi 1 B , ,
= —/t‘ mJa(o, a —t, [I?)F(da )
At

a
+3a(t,0,x)—/ Ja(t — 5,0, 2)F(ds) .
0

We then take derivative with respect to a on both sides of this equation (denoting Jta(t,a,z) and
Ja,a(t, a,z) as the derivatives of J.(t, a, ) and J4(¢, a, z) with respect to a) and obtain the following:

F(da) =

jt,a(t, a, 33) + jma(t, a, .'E) = —1a2tmja(o, a— t, .'17) — 1t>uF(da)§a(t — a, 0, .'E) .
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Rewriting M = Jos(t,a,7) = Ty 4(t,a,2) and M = Jua(t,a,z), we obtain the PDE:
Oi (t, a,z)  Oi(t,a,z) F(da) - -
5 T aa 2t Felg — 1) i(0,a —t,2) — 145qF(da)i(t — a,0, ) (3.8)

In order to see that the right hand side coincides with that in (3.1), we first establish (3.4) and
(3.5). Fora>t,0<s<tandzx€[0,1],

di(s,a dst+s,x) _ _F(Fac(at+tc)ls) (0,a—t.2),

and for t > a, 0 < s <aand z € [0, 1],
di(t —a+s,s,x)

ds

From these, by integration and simple calculations, we obtain (3.4) and (3.5). Now (3.1) follows
from (3.8), (3.4) and (3.5).
Then using (3.4) and (3.5), by (2.22) and the second equality in (2.23), we obtain

= —F(ds)i(t — a,0, ).

S(t,x) /)\ + 1) Oawd +/)\ )i(s,0,z)ds . (3.9)

The expression for the boundary condition in (3.6) then follows directly from (2.23) using this
expression of §(t,r). Again, using (3.4) and (3.5), we see that the boundary condition (3.6) is
equivalent to (3.2).

We now sketch the proof of existence and uniqueness of a non-negative solution to (3.6). Note
that, thanks to (3.4) and (3.5), existence and uniqueness of a non-negative solution to the PDE
(3.1)-(3.2) will follow from that result. First of all, let us rewrite that equation as

u(t, z) = (B(z))~" (f(z)—/ot > / Bz, < (t x’)+/tX(t—s)u(s,x')ds> da,

where 0 < f(z) < B(z) and 0 < g(t,z) < A\*B(z) are given from the initial conditions. Any
nonnegative solution satisfies

u(t,x) < /01 B(z,x") <g(t, z') + /Ot)\(t — s)u(s,x’)ds) dx’, hence

t
futt, lloe < CX° (CB + [ uts, ~)Hoods>
< CyA\*Cpelst.

Here [[u(t, -)|lco = supyejoq [u(t, z)|. Let now u and v be two non negative solutions. Then,

lu(t, ) — v(t, )| < (B (/ Bz, ) { ’)—i—/t)\(t—s) (sx)ds]dx)/ (s, 3) — v(s, 3)|ds
~|—(B(ac))_1<f() / s:vds)/ﬁ:tx /)\t—s|uszv) o(s, 2| dsda’ .

Integrating over dz, exploiting the previous a priori estimate and (2.17), we deduce the uniqueness
from Gronwall’s Lemma. Finally, the existence of a nonnegative L!([0, 1])-valued solution can be
established using a Picard iteration argument. Note that in the previous lines we have used the two
distinct inequalities contained in (2.17). O

If F is absolutely continuous, with density f, we denote by h(a) the hazard rate function, i.e.,

h(a) = Pfc((g) for all a > 0. We obtain the following corollary in this case.
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Corollary 3.1. Under the assumptions of Proposition 3.1, if F' is absolutely continuous with density
f, then the PDE in (3.1) becomes
Oi(t,a,z)  0Oi(t,a,z)
ot * Oa
with the initial condition (0, a, z) = Ja(0,a,z) for (a,z) € (0,00) x [0,1] and the boundary condition
(3.2). The function S(t,x) satisfies (3.3), and the PDE (3.10) has a unique solution which is given
by (3.4) and (3.5), and the boundary function is the unique solution of (3.6).

= —h(a)i(t,a,z), (3.10)

When the infectious periods are deterministic, using an approximation of the Dirac measure by
continuous distributions, we obtain the following corollary.

Corollary 3.2. Suppose that the infectious periods are deterministic and equal to t;, that is,
F(t) = 14>¢,. Then the PDE in (3.1) becomes

di(t,a, ) N di(t, a, )
ot Oa

with &,(da) being the Dirac measure at t;, with the initial condition i(0,a,7) = J4(0,a,2) for
(a,z) € (0,t;) x [0,1], and the boundary condition

i(t,0,2 t v / B(z (/ A ')i(t,a’,x’)da’) do’ (3.12)

The PDE (3.11) has a unique solution which is given as follows: fort < a <t; and x € [0,1],
i(t,a,2) =i(0,a — t, ), (3.13)

= —6&,(a)i(t,a,7), (3.11)

and for a <tAt; and x € [0, 1],

i(t,a,2) =i(t — a,0,7), (3.14)
and for a > t; and t >0, i(t,a,x) = 0. The boundary function is the unique solution to the integral
equation: for 0 <t <t;,

i(t,0,2) = B(z)"! (S(O,x) - /Oti(s,o,a;)ds>
x/ol,B(x,x') </tt )\(a)i(O,a—t,x')da+/0t)\(t—s)i(s,O,x’)ds) d,  (3.15)

and for t > t;,

t 1 ti _ -
i(t,0,2) = B(a:)_1<5'(0,x) —/ f(s,O,a:)ds) x/ B(m,x’)/ At —s)i(s,0,2")dsdx’ . (3.16)
0 0 0
Remark 3.1. In the special case when \i(t) = AN(t)1y<y, for a deterministic function \(t), the
boundary condition (3.2) becomes

i(t,0,2 ”/5 (/ Aa)i(t, o m)da)dm’. (3.17)

This is because A(t) = \(t)F°(t). This boundary condition resembles that given in the Diekmann
PDE model 9] (without B(z) in the denominator). See further discussions in Remark 3.3. We
remark that the PDE model first proposed by Kermack and McKendrick in [16] also corresponds to
this special infectivity function \;(t) = S\(t)lt<m ; see further discussions on the PDE models with
infection-age dependent infectivity in Remarks 3.3 and 3.4 of [21].
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Remark 3.2. By using the solution expressions in (3.4) and (3.5) together with the second identity
T(t,x) = Jq(t,0,2) in (2.23), we can rewrite §(t,x) in (2.22) as

S(t,x) = /000 Ma+1) %da—l— /Ot At — s)i(s,0,7)ds

oo 1 _ t 1 _
= /0 Aa+ t)m i(t,t +a,z)da + /0 A(a) Fela) i(t,a,z)da

© 1
:/0 Foa) M) (4.0 )i (3.18)

a

In the special case when \;(t) = X(t)le as described in the previous remark, we obtain

S(t,z) = /0 b Aa)i(t,a,z)da, (3.19)

which further gives

T(t,z B( / B(x,z') / Aa)i(t,a,z")dads’
S

/ / B(z,2')A(a) i(t, a, 2')da' da. (3.20)

Remark 3.3. In Diekmann [9], the spatzal-tempoml deterministic model is specified as follows. The
function 1(t,x) is written as an integral of the function i(t,a,x):

I(tz) = /O Tt 0, 2)da.

The infectivity function is given by

Tt 2) = 8(t, 2) / - / it a2 Ala, 2. 2')do'da (3.21)
0 0

where A(a,x,x') is the infectivity at x due to the infected individual with the infection age a at

(Note the difference of Y(t,x) in (3.21) from our limit Y(t,z) in (3.20) with B(x) in the
denominator, and abusing notation we use the same symbols in this remark). Therefore, in order to
match the model by Diekmann [9], we can take

A(a,z,2") = Bz, 2 )M(a). (3.22)
By (3.3) and (3.6), we obtain
Sé = t x / / B(z, 2" )A(a +1)i(0,a,2')dz'da
t x / / B, 2" )Mt — 5)i(s,0,2")dz’ds
_é (//mmX S(a ) da'da — hit, )), (3.23)
where

h(t,x) //Bzx +1)i(0,a,2")dx'da .

Then integrating (3.23) with respect to t, we can calculate u(t,x) = —1In SS((SZ)) If one were to assume
B(x)=1 in the denominator of (3.23), then we would obtain

u(t,z) = —In // (1—e” t”))5’(0,x’)ﬁ(w,x’)A(a)da:’da+/Oth(s,x)ds,

tm
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and next using (3.22), we would then obtain the specification of u(t,x) in [9].
Moreover, if the infection rale is the constant X and the infectious periods are exponential of rate
W, we have §(t,z) = M (t,z), and as a result, the infectivity function of Diekmann in (3.21) becomes

— — 1 _
Tt 2) = S(t. 2) /0 Bla, VIt 2 )da . (3.24)

Because of the memoryless property of exponential periods, it is adequate to use the process I(t,x) to
describe the dynamics instead of J(t,a,x). In this case, we obtain Kendall’s spatial model [14, 15],
in which given the limit Y (t,x) in (3.24),
85(82;, x) _ (), 0I(t,x) _ Tt x) — pl(t 3), OR(t, z)

Remark 3.4. Recall the spatial SIS model in Remark 2.3. We obtain the same PDE in (3.1) with
the boundary condition in (3.2), in which S(t,x) is the solution to (3.3) with S(0,z) satisfying
fo (0,2) + 1(0,2))dx = 1 and S(0,z) = B(z) — I(0,x). The solution to the PDE is also given by
(3.4) (3 5) with the boundary condition in (3.2), with S(0,x) mentioned above. Similarly, we also
obtain the expression of F(t,r) in (3.18).

In the Markovian case with a constant infection rate A and recovery rate p, our model reduces to
the following ODE with a spatial parameter:

8]g§t1‘ =\S(t,z / B(x,z)I(t,z")da" — pl(t, ) (3.26)
with S(t,x) satisfying fO (t,z) + I(t,x))dz =1 B(z) = S(t,z) + I(t,z) for each t > 0. (This can
be also seen from (3.25) and (3.24).) This resembles the ODE limit with a spatial parameter as
established by Keliger et al. [13] for the finite-state Markov SIS model on a sampled graph from
graphon (since there is only one individual at each node of the graph, S(t,x) in (3.26) is replaced by
1—I(t,x), see equation (10) in that paper).

Returning to the integral limit for the spatial SIS model in Remark 2.3, we assume that

=pl(t,z). (3.25)

limy o0 J(t, 0, %) exists and the limit is denoted as J*(a,x), and let I*(x) = limy o0 I(t,2) =
J*(00, ). Also let S*(x) = limy—s00 S(t, z). Note that
1
/ (5*(2) + I*(2))da = 1. (3.27)
0
Let 71 = [(¥ F¢(a)da and F.(a) = 8 [ F°(s

By (2.28) and (3.18), we obtam

a 1 00
J*(a, ) :/0 Fc(s)dsg*(x)/o ﬁ(w,x’)/o Fcta/))\(a’)j*(da',a:’)da:’

B 1 o] 1 _ _
:B_lFe(a)S*(x)/ B(x,x')/ ——=A(a")J"(dd’, 2")dz" . (3.28)
0 o Fe(a)
By letting a — oo on the both sides, we obtain
** —1 gx*
I*(z) S*( / B(z,x / FC J*(do’, 2")dz’ . (3.29)

This implies

7 (a,z) = Fe(a)*(z),
which then gives

;;j*(a, r) = BF(a)I*(z).
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Thus,

1 0
5(a,2) = B Fu(0)S* () /0 B(z,7) /O Fcta/))\(a’)ﬁFC(a’)I_*(w’)da’dw’

- Fe(a)< /O h Aa)de') §* () / lﬁ(zv,x’)l_*(a:/)daz/

Define A = fO t)dt. By letting a — oo again on both sides, we obtain that the equilibrium I*(x)
must satisfy

— — — — 1 —
I"(z) = A(B(z) — I*(a:))/o B(x, 2"\ [*(2")dx', =z €[0,1].

This equation has a solution I*(x) = 0, which is the disease-free equilibrium. Let us now discuss the
existence of an endemic equilibrium. First, observe that if B(x) = B and B(x,y) = 3 are constant,
then the equation reduces to I* = A(B — I*)BI*, which has a positive solution if and only if ABS > 1.
Next, we give a sufficient condition under which the integral equation (below k(x,y) = AB(x,y))

1
u() = (B(x) — u(x)) /0 ke, y)uly)dy

has a non zero solution. The condition reads:

1
inf B(:c)/ k(x,y)dy > 1. (3.30)
xz€(0,1] 0

We first note that condition (3.30) implies that there exists § > 0 such that

1
B(:U)/ k(x,y)dy > 1+, Vo €[0,1].
0

From this and the assumption that sup, fol k(z,y)dy < 0o, we deduce that there exists 6§ > 0 such
that

1
(B(x) - 9)/ k(z,y)dy > 1, Vo € [0,1].
0
Let us now remark that u : [0,1] — Ry is a solution of our integml equation iff

u = ®(u), where ®(u)(x) = B(x) fO y)dy
L+ fo ( )dy

The mapping ® has the three following properties (below 6(x) := 9).

®0) >0, ®B)<B andu<v= ®(u) < d0).
We deduce readily from those properties that

< ®0) <dB)<B.
Ezploiting the third property of ®, we can iterate our argument, and deduce that
< PH) <--- <P (h) < 3(0) < P°(B) < " D(B) < ... < B(B) < B.

Hence both sequences ®°™(0) and ®°"(B) have a limit, which are positive solutions of our integral
equations. We conjecture that one should be able to establish uniqueness of a non zero solution,
possible under slightly different conditions.
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4. SOME TECHNICAL PRELIMINARIES

We will use the following convergence criteria for the processes: a) X™V(¢,z) in D(Ry, L') and
b) XN(t,s,2) in D(R.,D(R,, L')). They extend the convergence criterion for the processes in D
(the Corollary on page 83 of [6]) and in Dp ([21, Theorem 4.1]). The proof is a straightforward
extension of those results (in [6] it is noted that with very little change, the theory can be extended
to functions taking values in metric spaces that are separable and complete). We remark that one
may also replace the L norm || - || by the Ly norm in the following results.

Theorem 4.1. Let {XN(t,z) : N > 1} be a sequence of random elements such that X~ is in
D(R., LY). If the following two conditions are satisfied: for any T > 0,

(i) for any e >0, sup;cjo 1] P(| XN (¢, )1 >€) =0 as N — oo, and

(ii) for any e >0, as 6 — 0,

1
limsup sup IP’< sup || XN (t4u,-) — XN (¢, )| > e> — 0,
N €01 0 u€(0,]

then || XN (t,-)||1 — 0 in probability, locally uniformly int, as N — oco.

Theorem 4.2. Let {XV : N > 1} be a sequence of random elements such that XN is in
D(R,,D(R,, LY)). If the following two conditions are satisfied: for any T, S > 0,

(i) for any € > 0, sup;c(o 7] SUPsefo,9] P(| XN (¢, s,)]1 >€) =0 as N — oo, and

(ii) for any e >0, as 6 — 0,

1
limsup sup IP’( sup sup HXN(t—Fu,s, )= XN(t,s, N > 6> — 0,
N t€[0,1)] 0 u€l0,d] s€[0,5]

1
limsup sup IF’( sup sup || XN(t,s+wv,) = XN (t,s, )| > e> — 0,
N se[0,519 \vef0,8) tef0,T]

then | XN (t,s,-)|l1 — 0 in probability, locally uniformly in t and s, as N — oo.

We shall also need the following Lemma.

Lemma 4.1. For each N > 1, let fy : Ry x [0,1] — Ry be measurable and such that t — fn(t,x)
is non—decreasing for each x € [0,1]. Assume that there exists f : Ry x [0,1] — R4 such that
t— f(t,x) is continuous for each x € [0,1], and for allt >0, as N — oo,

HfN(t7')_f(t7')||1_>0- (41)
Let g € D(R;R,) be such that there exists C > 0 with g(t) < C for all t > 0. Define

hov(t, ) = /0 o(s)fn(ds,z),  hit,z) = /0 o(s)f(ds, z) .

Then for any t > 0, ||hn(t,-) — h(t,-)||1 = 0 as N — oco. In addition, fol hn(t,x)dx — fol h(t,x)dx
locally uniformly in t, as N — oo.

Moreover, if for each N > 1, fn is random and the convergence (4.1) holds in probability, then
the conclusion holds in probability as well.

Proof. Fix T > 0. Let {s,, n > 1} be a countable dense subset of [0, T]. By successive extraction
of subsequences we can extract a subsequence from the original sequence {fy, N > 1}, which
by an abuse of notation we still denote as the original sequence, and which is such that there
exists a subset N C [0, 1] with zero Lebesgue measure, such that for all n > 1 and = € [0, 1]\,
fn(sn,z) — f(sp,x). Since for all N and z, s — fn(s,z) is nondecreasing and s — f(s,z) is
continuous, we deduce that for all s € [0,7] and z € [0,1]\N, fn(s,z) — f(s,z). Consequently,
for all z € [0,1]\V, the sequence of measures fy(ds,z) on [0,T] converges weakly to the measure
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f(ds,z). Since the set of points of discontinuity of g on [0, 7] is at most countable and s — f(s, x)
is continuous, that set is of zero f(ds,x) measure. Hence a slight extension of the Portmanteau
theorem (see Theorem 1.2.1 in [6]) yields that for all = € [0,1\N, hn(t,2) — h(t,z). Moreover,
0 < hyn(t,z) < Cfn(t,z), and the upper bound converges in L([0, 1]), hence the sequence hy (t, )
is uniformly integrable and converges in L'([0,1]) towards h(t,x). Now all converging subsequences
have the same limit, so the the whole sequence converges.

The “locally uniform in ¢” convergence of the integrals follows from the second Dini theorem (see,
e.g., Problem 127 on pages 81 and 270 in [24]). Indeed the convergence fol hy(t,x)dz — fol h(t,x)dz
for each t follows from the above arguments, for each N > 1, ¢t — fol hy(t, z)dx is non—decreasing

and the limit ¢ — fol h(t,x)dz is continuous.

The case of random fy is treated similarly. The extraction of subsequences is done in such a way
that for each n, fn(sn,z) converges as N — oo on a subset of 2 x [0, 1] of full dP ® dx measure.
We conclude that from any subsequence of the original sequence {hy(t,-), N > 1}, we can extract
a further subsequence which converges a.s. in L!([0,1]), hence the convergence in probability in
L(]0,1]), as claimed. O

5. PROOF OF THE CONVERGENCE OF SV (t,2) aND FV (¢, )

In this section we prove the convergence of S™(t,z) and §V(¢,z) to S(t,x) and F(t, ) given by
the set of equations (2.21) and (2.22) together with (2.23). We first write S (t) = SY(0) — AN (t)
as follows by (2.6):

t [ee)
SN(t) = SN (0) — /0 /O 1< (5)Qk(ds, du),

and recall FY (¢) in (2.4). Then, we have

KN 0o
S’N(tx)ng(Ox)—ZK—N t 1, v~ Qr(ds,du) 11, ()
) ) N o Jo u<T? (s) k ) Ik

k=1

¢
= SN0, x) — /0 TN (s, z)ds — MY (t, ), (5.1)
where Q. (ds, du) = Qi (ds, du) — dsdu and
N KN KN t roo -
3 (a) = Y [T Ly @t ) 11, ). (5.2)
k=1
We then write
t
V(t,x) = @év(t, x) + / At — )TN (s, 2)ds + A{\fl (t,z) + AJI\’IQ(t, x), (5.3)
0
where
_ KN g
5Vt x) = ~ > Ak + 01, (), (5.4)
k=1 3:—=J€TN(0)
N SRy 0 Ny _ X N
Al,l(tv T) = Z N Z (Aj,k(t - Tj,k) — At - Tj,k)) 11, (z), (5.5)
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and
KN KN t 00 .
Al =32 L 3=9) [ ey Qulds.an) 11, 0). (56)
Observe that
N N(

TN(m—ng Zﬂ S (9)1r, ()
) _k—l N BIJCV KN k' S k! 1,\%
KN
-2

k'=1

1Ik /Zﬁkk’gk’ s)1z,, (2')dz

k'=1

SN (s
k7
B

_¢ NLEIE/_NSIL‘/ :E/ .
= S [ a3 s (57)

where 8V (z,2’) is defined in (2.16).

Before proceeding to prove the convergence of S™(t,z) and FV(¢,z), we describe the proof
strategy as follows. In the expressions of SV (¢,2) and FV(¢,z) in (5.1) and (5.3), the stochastic
terms MY (¢, z), A{Yl(t, x) and AJIYQ(t, x) will converge to zero in probability as N — oo, which are
proved in Lemmas 5.5 and 5.6. The term ) (¢,-) will converge to a limit Fo(¢,-) (in the || - ||; norm
in probability), which is proved in Lemma 5.4. Thus, the proof for the convergence of S(¢,z) and
FV(t,x) can be carried out by studying the set of integral equations (5.1) and (5.3) together with
the expression of Y/ (s, ) above, given the convergence of the terms S™ (0, ), §5'(t,-), MY (¢, z),
AV, (t,7) and A{YQ(t, x). In the following we will first provide this argument in Proposition 5.1 and
then provide the proofs for the convergence of the required individual terms.

The following Lemma follows readily from (2.9) and (2.4), and the conditions on B (x) in (2.15).

Lemma 5.1. The processes SN (t,x) and FV (t, ) are nonnegative and satisfy the following a priori
bounds: - B

sup  sup SN(t,2) <Cp and sup sup FV(t,z) < NCp a.s.

N >0, z€[0,1] N t>0, z€[0,1]

Next, recall the set of the limiting equations

S(t,x) = 8(0,z) — S5(s,y)dyds,
. (5.8)
3(t,x) = Fo(t,z) +/0 /_\(t —s) / B(z,y)F(s,y)dyds
where _
[ Aatt)
Solt a) = /0 ey 300, da.) (5.9)

We have the following lemmas on the solution properties to this set of equations, and also the
existence and uniqueness of its solution.

Lemma 5.2. Under Assumptions 2.1 and 2.3, any (L*°([0,1]))?~valued solution (S(t,x),J(t,z)) of
equation (5.8) is nonnegative, and satisfies sup;~q S(t,z) < S(0,z2) < Cp and for any T > 0, there
exists Cp > 0 such that -
sup  §(t,x) <Cr.
0<t<T,z€[0,1]

Proof. The non-negativity of S follows from that of the initial condition and the linearity of the
equation. For the second statement, we first note that T(0,00,2) < Cp, hence from (5.9) and
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z) < \*Cp. Hence from the second line of (5.8) and (2.17) and from the

Assumption 2.3, 0 < Fo(t,
) > cp > 0 for each = € [0, 1] in (2.13), we obtain

assumption that B(
I3 )l < X°C + 2X°C / 13 (5, ) loods.

Thus, the second statement with C'r = A*Cg exp ( Cs )\*C'BT) follows from Gronwall’s lemma. We
next show that F(t,z) > 0. Suppose that F(t,z) = SJr(t r) — §_(t,7). Then we have

t q s 1 _
5t < A= 970) [ a5 (s

and by a similar argument as above using Gronwall’s Lemma, we deduce that ||F_(¢,)||c = 0,
hence the result. Finally it follows readily from Assumption 2.1 that S(0,z) < supy SV (0,z) < Cp
for all x. From the first line of (5.8), since S and § are nonnegative, S(t,z) < S(0,z), hence the
first statement. O

Lemma 5.3. Under Assumptions 2.1 and 2.3, equation (5.8) has a unique (L*°([0,1]))?-valued
solution.

Proof. We already know that any solution is nonnegative and locally bounded. Uniqueness is then
easy to deduce from the following estimate. Consider two solutions (S, §) and (S’,§), and define

Y(t, ) Bixx)) fo 3(t,y)dy, Y'(t,x) similarly, replacing (S, ) by (5, 3).

~ Since from (2.13) B( ) > cp, and from Lemma 5.2 S(t,r) < Cp and for 0 < t < T,z € [0, 1],
§(t,z) < Cr, we obtain

i} - S(t,a /
T t7' —T t,‘ oog D, t
IT(t, ) = T'(¢,)] s B( B(x, )3 (t,y)d
+ sup B / B(z,y) ]S(t Y) — ’(t,y)]dy
z€(0,1]
< 50 = 86w sup / B, 1)§
z€[0,1]
L GsC -,
. B\m ) =3t ) oo

SZSCTHg(t,-)—S’(tw)Hoo BCBHS( )=t ) e

From this inequality, we see that uniqueness follows from Gronwall s Lemma. The same estimate
can be used repeatedly for proving convergence in L*°(]0,1]) of the Picard iteration procedure,
which establishes existence. ]

We can now prove the main result of this section. Let us first introduce a notation. We let
5év(t,:r) = A{\fl (t,z) + AfQ(t,x) and

1 1 1
\I’N(t) ::/0 lg’év(t,x)—ﬁo(t,x)]dx—}—/o |]\7I£7(t,x)\dx—|—/0 |5év(t,1:)|dx.

Proposition 5.1. Let T' > 0 be arbitrary. Given that fol |SN(0,2) — S(0,z)|dx — 0 in Assumption
2.1, and assuming that supy<;<p TN (t) — 0 in probability as N — oo, we have

sup ([SY(t,) = St )l + I8Vt ) = §(t,)ll) =0

0<t<T

in probability as N — oo.
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Proof. Referring to the notations in Lemmas 5.1 and 5.2, let us assume that A\* < Cp. We first
upper bound the following difference

t:x j/ B(z, )3

=<l§t:§ Siv >/5wa%N(ty)

° </Bwy (t,y)dy — /BN:vy)SN(ty)dy>

<
l’ N
o(t2) S / BY (@, ) (3t y) — 3V (1 y))dy

(2, )" (¢, y)dy

B(x) BN

1
T / (Bla,y) — B (2, 9))3 (1, y)dy.
0

Note that by (2.13) and (2.15),
S(t,x) 75’N(t,x) |S(t,x) - SN(t,z) | on . 1 1
T el e e (50 - )|
< ¢5'18(t,2) — SV (t,2)] + c52CulBY (@) - B(a).
Consequently,

(t") ! = B
H B() /0 B(,y)T(t,y)dy NIV (L, y)dy 1

< CsCreg'||S(t,) = SV (8, )l + CaCreg*CulBY () = BO)|

<sup/ ,BN (x,y dm) 1§(t,-) — ( Il

1 1
N
+/0 /0 (B(w,y) = B (2, )3 (t, y)d

We can now estimate the norm ||S(t, -)—SN (¢, ) || and ||§(¢, )=V (¢, -)||1- Let C := max{Cps, C5Crcy",
C5Crcz*Cp}. We now deduce from (5.1), (5.8) and the last computation that

15(6,) = SN (8, ) < 1150, ) = SV (0, ) + 1N (4, )|
t 1 1
+/ / / (B(a.y) — BN (2,9))3 (s, y)da

+c/ 15 (s, s,)1ds + CIIBY(-) = B()|h

dy .

dyds

+C / I5(s,5) = 8 (s, s,
Next from (5.3) and ( 8), we get
(2, ) =3t )l < ISt ( M+ 1572,

BN(JU y)S (s, y)dz| dyds

+c/ 15 (s, 5, )lrds + CIBN () = B()|
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e /0 13(5.) — 3 (5. llads.

Adding those two inequalities, the result follows from our assumptions, the fact that (2.18) in
Assumption 2.2 implies that

/ot /01 /01(5(3%1/) — BN (2, 9))3 (s, y)da

and the following variant of Gronwall’ Lemma: if f(¢) and ¢(¢) are nonnegative real-valued functions
of t and satisfy f(¢ ) ) + cfo s)ds for all 0 < t < T and for some ¢ > 0, then for those ¢,

F(O) < glt) +cfye ()ds O

It remains to show that supy<;<p UN(t) — 0 in probability, which follows from the next three

lemmas, where we establish the convergence of SV (t,-) to Fo(t, ), and that the stochastic terms
MY (t,x), Af{l(t,x) and A{YQ(t,x) of (5.2), (5.5) and (5.6) tend to O in probability, as N — oo.

dyds -0 as N — oo,

Lemma 5.4. Under Assumptions 2.1 and 2.3,
I8 (£, -) = So(t, )l = 0 (5.10)
in probability, locally uniformly in t, as N — oo, where §o(t,x) is defined in (5.9).
Proof. We apply Theorem 4.1. First, we have
30 (t. @) — Jo(t,x) = Ap, on(t,x) + Aé\;(t, ),

where
KN KN B
At =Y S Y (e - AE )15 (@),
k=1 §:—=3i€TN(0)
KN KN <N a B
M) =Y Y M 1) - / Aa -+ (0, da, 7)
=L e () ’
a
Ma+1)[ZN(0, da, 2) — F(0, da, x)] .
0
We now verify condition (i) of Theorem 4.1. For the first term Agy N (t, ), we have
188l < Z > (a0 = A+ 0)
F=J €T (0)

Here the summands over k are independent, and for each k, conditional on {%ivjk} j» the summands
over j are also independent and centered. Using Jensen’s inequality for the sum over k, and the

conditional independence for the sum over j, we deduce
2

KN

1 KN 3 _

E ﬁ W Z (/\,j,k(TiVng + t) A( 7] k + t))
k=1 =T (0)

1 KX N
< KNZ a+t Oda) —0 as N — oo,
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since under Assumption 2.1, thanks to Lemma 4.1,

KN _ _
1 a _ 1 pra _
KNE:/ v(a+t)${f(0,da)—>/ / o(a+1)%(0, da, )dz
—Jo 0o Jo

in probability and KTN — 0 as N — oo. Recall that v(t) is the variance of the random function A(t)
in Assumption 2.3, which is bounded.
The fact that HA 5l[i = 0 in probability follows again from Lemma 4.1 and Assumption 2.1.

Now to check condltlon (ii) of Theorem 4.1, we first have for ¢,u > 0,
Aé\fl(t +u,z) — Aé\fl(t,x)

KN KN Ny N
—2. N > (Ljvk(T—j,k Fttu) = A R(To + t)) 1, (x)
k=1 3:=3€TY (0)
KN
KN - -
DIEDY <>‘( Pttt u) = —]k+t))1lk(x)‘
k=1 j:—i€TN (0)

Observe that

KN N N
N > ()‘—J}k(T—ch +itu) = A jR(To + 75)) 11, (z)

k=1 ji—j€TN(0) 1
KN
1 KN N 8
< ﬁ T ‘)\_j7k(7'ivj7k+t+u) —/\_j7]€(7'£vj7k+t) s
k=1 J:=3 €T (0)

and similarly for the second term. Thus,

KN
1 KN N 8
IA83 ) = A < ox T 2 Pt b = A+ 1)

k=1 3:=3€TN(0)
1 KLKN _ _
k=1 TN (0)

= 201, u>+A01 ().
By Assumption 2.3, using the expression of A(¢) in (2.19), that is, A_; x(¢) = > 7, )\e_j L)1 1t k)(t)
’ 3k?> =3,

we obtain

Agit, 3 G.11)
1 K - l ~N
N TZT D | At e o (F )
k= ji—jeTN(0) ' =1

~N
_Z)\_]k ]k:+t) [Cz—glkvc—y k)( _]7k+t)‘

N

IN

KN 1 ~N
1 N Z7':1\7( ); ’)\_3 k _J7k Ftu) = A (7 + t)}1CZ_§,1kSfi\rj,kﬁgl—vj,k”*“ﬂl—j,k
Ji—ieTN (0

MN

1
KN

B
Il
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. 1 KN
+)‘72 N Z ZlN ot <CE  <FN

k=1 3= €T (0) £=
R
< @(U)ﬁ (IY(0) + Ry (0 KN Z Z Zl PN <G SFN L (5.12)
k=1

Since both terms in

Ji—jETN(0) =1

the right hand side are increasing in u, we obtain

1 _
sup A1, u) < 0(0) 22y D (I (0) + By (0))
u€[0,0] =1
K KN
. 1 KN
FND RN Dn L asct <, s (5.13)
= — i eTN () 7, 7, s
Note that
1 5
WZ(IK (0) + RY(0) —>/ (0,z) + R(0,x))dz as N — oo
k=1
under Assumption 2.1. For the second term in (5.13), we have

K KN

1 KN
Z KN Z N Z 1%ivj,k+tS<£j,kS%ivj,k+t+6
t=1 k=1 J:=3€TN(0)

K 1 KN KN N N
=> w2 v [1%ﬁgk+ts<£jksﬂvjk+t+s - (FZ(T—j,k F140) = Fo(72 + t)ﬂ
(=17 k=1 GijerNo) S
K 1 KN KN N N
=D IS (FK(%,jyk +1406) = BN, +t)) . (5.14)
Gt k=1 =3 €T (0)

In the first expression, for each k, conditional on {7' k,}J, the summands over j are independent.

We have
2
1 KN i )
E KN N Z [1%I_Vj’k+t§§f_j’k§%i\’j7k+t+5 — (Fg(TﬁLk +t+9)— Fé(T,j,k + t))]
k=1 ji—Ge€TN (0)
<E|-x Z (T) Z [1fivj,k+t§C’ij,k§fiVj,k+t+6 - (Fg(T_j’k 4 6) — Fy(7N, + t))]
L AL ji—jeTN (0)
_ o
1 KN\2 N N )
=E KN < N ) Z [1;§jyk+t§<£j,k§%§j‘k+t+5 - (Fg(T_j7k Ft+0) — (7N, + t))]
- k=1 §:i—J€TN(0)
1 K7 KN\2
=E| (N> > [(Fz( At 0) — (iVj,kH))
k=1

Ji—i€TN (0)

X (1 - (FZ(%iVj,k +t+0) = Fu(7h, +t)>>]]
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1 KRN
< w2 (57) WO +RrY0);
k=1
11 N2 1 KN
< (F) V=1

—0 as N — .

Hence, the first term in (5.14) converges to zero in probability as N — oco. For the second term in
(5.14), we have

in probability as N — oco. For each ¢ = 1,...,k, the function § — fol foi <Fg(a +t+0)— Fyla+

t))j(O, da, z)dz is continuous and equal to zero at 6 = 0. Thus we have shown that for any € > 0,
there exists & > 0 small enough such that

1

limsup sup =P ( sup Ay 1( )(t u) > e/2> (5.15)
N—oo t€[0,T] 0<u<s
Note that
AN (1, u) / / R+t +u) — Aa+ )] 30, da, 2)dz (5.16)
By similar calculations leading to (5.13), we obtain for any small enough ¢ > 0,
KN
N,(2)
sup A t,u) < @(0 ny
ue[o 6] O 1 ( ) KN ; k

K 1 KN KN

+A) el > ~ > (Fg(%iVj,k +t40) — F(7Y + t)) .
=1 k=1 3:—J€TN (0)

Thus, by the same arguments for these two terms as in the proof for (5.15), we obtain that (5.15)

holds for Aé\f ’1(2) (t,u). Thus, combining these two results, we obtain that for any € > 0, for 6 > 0
small enough,

1
limsup sup IP’( sup HAO 1t +u,x) — Aé\’/l(t,:c)Hl > e) =0. (5.17)
N—oo t€[0,T] 0<u<sé

Now for Aé\g(t x), we have for t,u > 0,
IAG (t + u, ) — Af(t, @)1

/ / IMa+t+u) — Ma+t)|[3V(0,da, z) + 3(0, da, z)]dz,
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which is treated exactly as Aé\f’lm(t,u), see formula (5.16). This completes the proof of the
lemma. U

Lemma 5.5. Under Assumptions 2.1, 2.2 and 2.3, for all T > 0,

SN EATSTHE (5.18)
t b
and thus,
t
HAN(t, ) —/ TN (s, -)ds| =0 (5.19)
0
in probability, locally uniformly in t.
In addition, there exists Cp > 0 such that for all N > 1,
E |sup [[AN(t, )1 ]| < Cr. (5.20)
t<T

Proof. Recall the expressions of AY (¢) in (2.6) and Y7 (¢) in (2.5). By (2.4), under Assumption 2.3
that A(t) < A*, under the condition on B(z) in (2.13), and (2.15), we have FV (t,x) < \*Cp and
thus, under Assumption 2.2, YV (¢, z) < A*CpCg, where we have used (2.17). Hence

TN (L, )l < A*CpCg, (5.21)

and

H / (7 / T (r ,-)drHl < N CpCa(t—s) . (5.22)
For each k, we can write .
A0 = [ T s+ 0
where
MAk / / u<TN(s )Qk(ds du)

with Qy(ds, du) = Qy(ds, du) — dsdu bemg the compensated PRM associated with Q. We have
the representation:

AN(t, ) = /t TN (r, x)dr + MY (t,2). (5.23)
0

It is clear that for each k, {MY p(t) 1t > 0} is a square-integrable martingale with respect to the
filtration F = {fév(t) :t > 0} where

FA @) :=a{I0), 7 :i=1,... . ;)(0),k=1,.... K} Vo{\x(), j € Z\ {0}, k=1,...,K}

t' oo
\/U{/ / 1u<Yg(S)Qk(ds,du):Ogt'gt,kzl,...,K},
0 0 -

and has the quadratic variation

_ KN
a0 =5 [ sas, 10
; N 0
Then,
1 KN 1 KN B
Hmmi/Z%mhkﬁﬁWZWMW (5:24)
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By Doob’s inequality for submartingales,

N

T_ K
/ T (s)ds} < AN CpCpT—-.
0

KN

E| sup [MY( )|2] < 4E[| MY (D)) :4IE[N

te[0,T]

Since KT — 0 as N — oo, the last inequality entails that as N — oo,

sup E[ sup ‘MAk )‘2] — 0.
1<k<KN  Lte[0,T]

This combined with (5.24) implies that (5.18) holds.
Note that the above computations, combined with (5.23) and (5.21), yield (5.20).
Finally (5.19) follows directly from (5.23) and (5.18). O

We finally show that A{YI (t,-) and A%(t, -) tend to 0.

Lemma 5.6. Under Assumptions 2.1, 2.2 and 2.3, as N — oo, both A{\fl(t, -) and A{\{Q(t, -) defined
n (5.5) and (5.6) converge to zero in L'([0,1]) in probability, locally uniformly in t.

Proof. We apply Theorem 4.1. We first consider A{\f 1(t,z). To verify condition (i) of Theorem 4.1,
we have
K Ay (1)
N 3 N
N (Mgt = 75%) = At = 75))
j=1

Recall the expression of AY(¢) in (2.6) and the associated Y (¢) in (2.5). It is clear that the
summands over k are not independent due to the interactions among individuals in different locations
in the infection process. Using first Jensen’s inequality, and then the fact that for each k, conditional
on the arrivals {; k}j, the summands over j are independent and centered, we have

=z

MN

1
1At <

£
Il
—

KN AN (1) ?
B | e S5 (st = - 720)
k=1 Jj=1
[ K NAch(t) B ?
<E RZ(I]{V Tf,vk)—A(t—Tf,\Z))
k=1 Jj=1
1 K7 KN N < INNE
_E wZ(W) ] Nt =75 = At = 7%
£ :
[ KN RN
_E KN;(N)/O oft — $)dAY (s)

KN
<onE | e S B A

_ o2 BN e
= (W) FEATE ] =0 as N — oo,

where we used v(t) < (A*)? under Assumption 2.3, and the convergence follows from the assumption
that K—]\]fv — 0 as N — oo, and (5.20) in Lemma 5.5.
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We next check condition (ii) in Theorem 4.1 for A{Vl (t,x). We have

AY(®)
KN
A]l\fl(t—f—u,x) All (t,z) Z Z ( ikt +u— T%)—Ajvk(t—Tﬁg)>1Ik(l‘)

KN KN AkN(t) - -

-y ~ > (A(t +u—Ti) — At - rﬁ)) 11, (z)
k=1 j=1

3 Y (st ru— ) - A u— )1, (0),
k=1 J=AY (H)+1

and
N AT @)

AN (4, 2) - An(t:c)nl_KNZ Z}mwu M) = Nialt = 7%

1 ZKNZ‘)\IHLUT - At TJJ\;C)‘

KN
1 N Ak (t+u) B
+WZT Z ’/\j,k(t—ku—rﬁg) )\(t—i-u—Tk)’
J=AN(t)+1

= AVt u) + AP () + AN ()

Similar to Aé\f’l(l)(t,u) in (5.11), we have

N,(1) . | KN N AO x
sup AN (t) < 00) [ AV (a4 N g YT Ly et i
u€[0,4] 0 KN; N ; /=1 =

We note that
1 1t 1
/ AN (t, z)dx :/ / TN(s,x)dsdx—i—/ MY (t,z)dx
0 o Jo 0
1
< XN*CgCpt +/ MY (t,z)dz .
0
Hence, we deduce from (5.18) that as soon as 6 > 0 is small enough such that ¢(§)A\*CpCpt < €/6,

lim sup %]P’ <¢(5) /01 AN (t, z)dx > e/6> =0. (5.25)

N
For the second term, we have

noop BN N
E ZKNZ Z 1t 75 k<<‘Z <t+6— ‘r %

(=1

” 1 KN t+6—s
< 28 KNZ L by @uetas.rao
(=1

2

2
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2
K

KN 0Nt
+2E ZKlN;I]{V/O <Fg(t—|—6—s)—Fg(t—s)>T{€V(s)ds

(=1

where Qy ¢(ds, dr,d¢) is a PRM on R3 with mean measure dsdrFy(d¢) whose projection on the first
two coordinates is )y, and @M(ds, dr,d() is the corresponding compensated PRM. Observe that

2
K

KN _
1 KN t roo ptt+d—s L
E ; KN z:: N /0 /0 /ts Ly (s-) @k e(ds, dr, dC)

ST e Bt o)

(KT) [/ (Felt+5-5) - Fg(t—s))T]kV(s)ds]

K KN
< )\*CBC'/B %Z / (Fg t+d—s)— Fg(t—s)>ds
k=1

KN
<X“CBC5/~€ 5—%0 as N — oo,

N‘H

< HiE
/=1
KN

"1
_”Z?

M

k=1

where we have used the mequahty

t t+6 t
OS/O[Fg(s—i—(S)—Fg(s)]dsg/O Fg(s)ds—/o Fu(s)ds <4, (5.26)

and

2
K

L [](V/ Filt+ — ) — it — 5) ) T} (s)ds
K [ Ki

;IN /(Fg(t+5—s)—Fg(t—s)>Tf€V(s)ds>2]
k(A C5Cp) Z(/ [Fy(s +6) — (s)]ds>2

=1
< (KT 03055) .
This combined with (5.25) shows that

ol

1
limsup sup ~P| sup A} ’( )(t,u) >¢€¢/3] -0 as J—0. (5.27)
N—oo te[0,T] 0<u<s
Next, similar to Aé\f’l(l)(t, u) in (5.11), we have
AN
N2 1 KN 1 KNKN k@ v v
sup A7 (tu) Sﬁp((s)ﬁzfl (t) + A KN 2N (Fﬁ(t‘f‘fs— j,k)—FE(t—Tj,k>> .
u€[0,0] k=1 k=1 j=1 (=1

: . . N,(2
Then using the same arguments leading to (5.27), we obtain that (5.27) holds for Al,l( )(t, u).



30 GUODONG PANG AND ETIENNE PARDOUX

Finally, for Aﬁ(g) (t,u), we have

KN
* 1 1 1
sup Ay (1 u) < Xy DAY (1 +8) - AY (@)

0<u<s 1
1 pt4d
= /\*/ / AN(ds, x)dx .
o Jt

IP’( sup Ajl\?l(g)(t?u) S 6/3> < 18(6)2\*)2 {IE (/01 /tt+6 TN(S,x)dsdx> 2]

0<u<o
VR[5 — T )IE] }

So

and from (5.18) and (5.21),

1 18 )\* 4 C 202
limsup sup P( sup Aivi(s)(tau) > f/3> < ) (2 d %5
Nooo tef0,7] 0 \o<u<s €

—0, as §—0.

Consequently (5.27) holds for Aif’l@) (t,u).
Thus combining the three last results, we obtain

1
limsup sup SP ( sup HAjl\jl(t +u, ) — A{\jl(t,x)Hl > e) —0, as d—0. (5.28)
N—oo t€[0,T) 0<u<s

Thus we have shown that A]l\{ 1(t,-) = 0in L([0,1]) in probability, locally uniformly in ¢, as N — co.
We now consider A{\ZQ (t,z). To check condition (i) in Theorem 4.1, we have for each t < T,

| 1 K KN gt oo 2
N 2 - B
E[AY, ()] <E KN;N/O /0 A(t = $) L, < (o) @k (ds, du)
- o 2
1 KN\2 t poo B
=ElEy 2 Uy Alt = s)1 ds, d
- o
1 KNy2 ft_
RN Gy gt
L k=1 0
KN
* K 1 t
<WPIE | w3 [ T (s
k=1
KN
< (A*)?’CBOﬁTT 0

as N — oo. To check condition (ii) in Theorem 4.1, we have

A{YQ(t +u,x) — A{YQ(t, x)

KN KN ttu oo _ —
=25 /0 /0 (At +u = 8) = At = )1, <5 () Qi(ds, dr) Ly, (@)
k=1
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t+u
=S / 1, v @ ds, dr) 1, (2)
k=1

Thus,
HA{VQ(HH ) = Afa(t, )

1 t+u _ o
< KN Z / / t+u—s) )\(t—s))lTSTsz(s)Qk(dsad"”)

from which we obtain

sup HA12(t+U ) = A{\,[2(t7‘)H1
0<u<d

K

Klim /t+6/ +)\*e 1(Fg(t+6s)Fg(t5))}1r<TkN(S)Qk(ds,dr)

K

+ KlNi [ﬁv/ow [ OEESY (Fg(t F6—s)— Fyt — s))}T]kV(s)ds
k=1

/=1

1 KN KN t+6 poo
+ N Z / /0 )‘(t - S)lrngN(s)Qk(dsv dr)
k=1 ¢

K ‘N
KN t+5
1 KN N
+ KN 2N /t At — s)Yy (s)ds
For the first term, we have
1 t+6 ” ?
:1

K

2
(KNZKN /t+6 / 5+ 2y (Fg(t—i—és)Fg(ts))}lKTkN(s)Qk(ds,dr)) ]

(=1
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+2F % 3 IJ(\;V /Hé [@(5) TN Z (Fg(t Yo —8)— Fyt — s))} TV (s)ds
k=1 0 =1
N t [e%s) K 2
< 2E % jl ([f\;v/o M 0 [go(é) A ; (Fg(t b6 —s)— Fyt — s))] 1T<le€v(5)Qk(ds,dr)>
Lo % S <Ij\jv /W [0(5) +x° Z (Futt+6—5) — Filt - s))]rﬁ(s)ds>2
k=1 0 =1
<9F % § I;V /Hg [(p(é) + A i (Fe(t Y 8)— Fy(t — s))} TN (5)ds
k=1 0 (=1
1 KX t+6 K - 2
+2E | ¢ (/ [@(5) Ay (Fg(t +6—s)— Fyt — s))] T,Qv(s)ds>
k=1 0 =1

K

< 215\?)\*0305 /t+6 {@(5) + X\ Z (Fg(t +d—35)— Fy(t — s))rds
0 =1

K 2
+2(\*CpCj)° (/Ot+6 [w(a) Ay (Fz(t F6—s)— Fyt— s))} ds) :

(=1
Since the integral terms can be made arbitrarily small by choosing § > 0 small enough, we have that

limsup sup P [ sup Aiv’(l)(t,u) >e/d| =0
N—oo t€[0,T] 0<u<s

for § > 0 small enough. The second term is already treated above as the second component in the

upper bound. The other two terms can be treated in a similar but simpler way. Thus we have

shown that

1

limsup sup <P [ sup [[AN,(t+u,z) — AN,(t,z)|1 >€e| =0, as & — 0. (5.29)
N—oo te[0,7]0  \0<u<s ' '

Thus we have shown that A{YQ(t, -) — 0in L([0, 1]) in probability, locally uniformly in ¢, as N — oo.

The proof for the lemma is complete. O

We now deduce the following Corollary from the results in Proposition 5.1 and Lemmas 5.5, 5.4
and 5.6.

Corollary 5.1. Under Assumptions 2.1, 2.2 and 2.3, we have that TN, ) — T(t, )1 — 0
in_probability, locally uniformly in t, as N — oo where Y(t,z) is given in (2.23), and thus,
|AN(t,-) — A(t,-)||1 — 0 in probability, locally uniformly in t, as N — oo, where

tS(g p) [ ~ ¢
fl(t,x)—/o Sé(’x))/o B(x,:c')%(s,x')dx’ds—/o Y(s,z)ds. (5.30)

Proof. Combining the results in Lemmas 5.5, 5.4 and 5.6 we have shown that supg<;<p UV () — 0
in probability as N — co. Thus by Proposition 5.1, we can conclude the convergence of SV (¢, -) and
FV(t,-) in L'([0,1]) in probability, locally uniformly in ¢. By the expression of YV (¢,z) in (5.7),
we immediately obtain the convergence of TN (¢,-). Then by the expression of AN (¢, ) in (5.23),
we obtain the convergence in probability of AV (¢,-) to A(t,-) given in (5.30), as announced. The
uniformity in ¢ follows from the second Dini theorem. g
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6. PROOF FOR THE CONVERGENCE OF JV (¢, a, )

In this section, we prove the convergence of 3V (t,a,z) to J(¢,a,z) as stated in Proposition 6.1
below. Recall 3% (t,a) in (2.7). We write the two decomposed processes:

B KN N 37 (0,(a=t)™)
IV (t a,x) = ~ > Lo sy caprln(e Z ¥ Z Lo siln (@),
k=1 Ji—J€TN(0) Jj=1
(6.1)

and

~ KN KN AY ()

Wtan)=> = > Ly dn(). (6.2)

k=1 J=AN((t—a)t)+1

Lemma 6.1. Under Assumptions 2.1 and 2.3,
135" (¢ 0. ) = Jo(t a, )|l =0 (6.3)
in probability, locally uniformly in t and a, as N — oo, where
Jo(t,a,2) := /0( ) F;(S;;)t)j((), da',x). (6.4)
Proof. We first write
ﬁév(t, a,r) = 56\7[1(75, a,z) + 56\52(75, a,x)

where

KN 37 (0,(a=t) %) _

B KN 7k FC( k+t) (a—t)t Fc(a —|—t)

Joatax) =) —— — 1 (x):/ — >IN0, dd’ z), (6.5)
k=1 N ; F( jk) * 0 F( )
KN I3 (0,(a=t)T)

. v P+ )

Jé\’g(tv a)l‘) = T Z (1 0 k>t F‘C(])> 1Ik (fL‘) . (66)
k=1 j=1 Jik

We apply Theorem 4.2. We first consider the process 3071(15, a,z) and show that
||§évl (t,a,-) — Jo(t,a,-)||1 — 0, in probability, locally uniformly in ¢ and a, (6.7)
as N — oo. We first check condition (i) of Theorem 4.2. we have
- - (=0T pe(q/ 4¢) =
jé\yfl (ta a, :E) - jO(tv a, .T}) - /0 F(,c(:/_) ) [jN(O; da/, Z') — 3(0, da’, l’)] .
Condition (i) of Theorem 4.2 follows from Lemma 4.1 and Assumption 2.1.
Next, we check condition (ii) of Theorem 4.2 for the processes Jé\f 1(t,a,2) — TJo(t, a,x). We verify
the condition for ’36\,’ 1(t,a,7) in detail below, since the similar calculations can be done for Jy(t, a, z).
Namely, we show that for any € > 0, and for any T,a’ > 0, as § — 0,

1 _ _
limsup sup IP’( sup  sup || (t +u,a,-) — T (¢, a,)|]1 > e> —0, (6.8)
N te01]9 \uc0)acf0o0] ’
1 _
limsup sup IP< sup sup ||J0 (ta+v,) =3t a, )] > €> —0. (6.9)
N agl0,00] O\ vel0,6] te[0,7T] ’

To prove (6.8), we have

jg)vl(t + u, a, l‘) - 3(])\,[1 (t7 a, 33')

)
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(a—t—u)T e/ 4/ B (a—t)T pc( B
— / MjN(O’ da’, ) — / MJN(()? da’, ),
0 0

Fe(a) Fe(a)
and
- - Loplat= pe(a! 4 t) — FE(a + ¢+ u)
Hjé\fl(t_}'ua aa') —jéYl(t, a?')Hl S/ / Fc(a/) NN(O da l‘)d
t
/ / J,r )”N(o dd',z)dz .
(a—t—u)t )
Thus,
_ L=t pe(q 4 4) — Fe(a' +t +6)
sup sup H‘JOI t+’LL a ) j(]]\,ll(t’ a’.)Hl S/ / (a + )Fc /(a + + )jN(O,dﬂ,,ﬂf)dCC
u€0,8] a€[0,00/] (a/)
(a7 pe(q! —|—t)
sup / / . N0, dd’, z)dz .
aEOoo’] —t—6)* F a’)

Thanks to Lemma 4.1 and Assumption 2.1, the first term on the right converges in probability as

N — 00 to - o+
oo/ —t / /
F° t) — F¢ t+0)=
/ / (@48 = FU+ 4 9) 50 g, w)de,
0o Jo Fe(a’)
which converges to zero as § — 0. It follows from the uniform convergence established in Lemma 4.1
that the second term on the right converges in probability as N — oo, to

Fe(a +1) 5 (a=t)*
sup / / ———J(0,dd’, z)dx < sup / / 3(0,dd’, x)dzx .
a€(0,00’] (a—t—6)* F Cl ) a€(0,00'] (a—t=48)*

Under Assumption 2.1, it is clear that the upper bound converges to zero at § — 0. Thus we have
shown that for € > 0, if § > 0 is small enough,

limsup sup JP’( sup  sup HJOl(t+u a,-) — jé\fl(t,a,-)||1 >€> =0.
N tel0,1) u€[0,8] a€l0,00]

To prove (6.9), we have

(a+v— t
t
(ta—H}x) JOltax // +) N0, dd, x)dz
(a— ﬂ’)
and
_ (a+5 t + t)
sup sup HJ01 (t,a+wv,-) =3 (ta, )1 < sup / / — — 23N, dd’, z)dx .
vel0,6] te[0,T] ’ te[0,T] —t)+ F (a')
In order to show that the sup, on the above right hand side converges in probability, as N — oo, to
(a+6—t)+ —|—t) (at+5—t)t
sup / / ———J(0,dd’, z)dx < sup / / 3(0,do’, z)dz , (6.10)
t€[0,T] (a F (a) t€[0,T] —t)+

(a+6—t)T Fe(a’+1) ~N

it suffices to show that the convergence of fo f (a—t)+ Fe(@) JV(0,dd’, z)dz is uniform in ¢. Indeed,

we note that

(Cl+6 t FC a + t)
do’, x)dx
/ /( Fe( a’) (0 )

(a+6—t)T (a—t)t ¢
/ / FC ;)t)"N(o do', z)d /0 Flati)s ;S(;)t>~N(o do', z)da .
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This right hand side is the difference of two non—increasing functions of ¢ which converge pointwise
to their limit in probability, as N — oo, and both limits are continuous in ¢. Hence the uniform
convergence follows from the second Dini theorem, exactly as in the proof of Lemma 4.1. Going
back to (6.10), we note that, under Assumption 2.1, the right hand side converges to zero at § — 0.
Thus we have shown that for € > 0, if § > 0 is small enough,

limsup sup P( sup sup HJ01(t a-+uv, )—56\{1(15,(1,-)”1 >e> =0.
N ag(0,00] ve(0,0] t€[0,T]

Thus we have verified condition (ii) of Theorem 4.2 for the processes ﬁé\f 1(t,a,2), and with a similar

argument for Jo(t, a,z), and thus, for the difference ’36\”1 (t,a,2) — Jo(t,a,z). Therefore, the claim
on the convergence of jé\f 1(t,a,x) in (6.7) is proved.
We next prove the convergence of 56\772 (t,a,z):

||J0 o(t,a,-)|li = 0, in probability, locally uniformly in ¢ and a, as N — oo. (6.11)
To check condition (i) of Theorem 4.2, we have
3R (0,(a=t)")

c ~N
KN Z (10 >t_F(Jk+t>> .
N-jk FC( i k)

Jj=1

1
1305 (¢, a, )

We deduce from Jensen’s 1nequahty that
37 (0,(a=t)™)

(N + 1) )2]
1.0 >t %
(KN YL (et
1 KN (a—t)T Fe(d Fe(d B .
S KN 2N E[/ ;2;)0 (1- fSSJ)t))jiV(O’d“)]’ (6.12)

where we have used the fact that the n% ik ’s are conditionally independent, given the 7V ik ’s. Note
that under Assumption 2.1, thanks to Lemma 4.1, as N — o0, in probability,

1 KX /(“—” FC(a’+t)< CF(d 1)

KN Fela) ) )3 (0, da’)
(=0 Fe(d’ +t) Fe(a' +t)\= /
/ / S Fe(d) (1 - W)JN(O,da ,x)dz

%/ /a N FFa ;)t) (1— }W>’J(O,da’,w)d:c.

Thus, the upper bound in (6.12) converges to zero as N — oo. This implies that for any € > 0,

k=

sup  sup ]P(||J0 ot a, )1 >€) -0 as N — oo,
te[0,T] a€[0,00] '

Next, to check condition (ii) of Theorem 4.2, we show that for any ¢ > 0, and for any T,a’ > 0, as
6 —0,

1 _
limsup sup IP’( sup  sup HJ02 (t+u,a,-) — T (t, OL,-)H1 > €> — 0, (6.13)
N t€[0,T] u€[0,6] a€[0,00] ’

1 _
limsup sup ]P’( sup sup HJ02 tia+o,-) =3¢ a, )Hl > e) —0. (6.14)
N a€l0,o0] 0\ we0,5] te0,7] '
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36
To prove (6.13), we have
év (t+ u,a,x) ’:Té\fz(t,a,x)
L pen RO FC(%iVj,wt)ch(ﬂVj,HHu) 1
= 2 W ]Zl < t<17 wSttu Fc( N k) ) Ik (fL‘)
N _
KN KN 35 (0,(a Ht) Fc(~i\fjk+t)
>N > bt T TGN ) 11, (),
k=1 5=V (0,(a—t—u)+)+1 =ik
and
1302 (¢ + u,a,-) = 3y (t, a,9)]],
N —t—a)t
1 KN | o T (O (atmu)T) ) Fe(FN 4 1) — F(FN 4+t +u)
Sy lw 2 (lemsn FeY )
k=1 j=1 Tk
~N _
1 KN KN I (0,(a t)+) FC(%,jk+t)
PG D CPIREES = S
k=1 §=IN(0,(a—t—u)+)+1 s
| EY ey 0w
SEN 2N ) Licnp ; p<tru
k=1 J=1
N 4T
L1 %KN%(O’(“ SOV RN ) - PN )
KVig N j=1 Fe(7lix)
1 &
+ =% (:rkN(o, (a—t)") — 3N, (a—t—u)+)). (6.15)
k=1
For the first term on the right, we have
) KN KN IN(0,(a—t—u)™)
(o eSS L o)
k=1 J=1
KN 3R (0,(c0" =) %)
1 KN ¢
= P<KNZN Licn  strs > 6)
k=1 j=1
N _H)t+
(1 KN oy T (000=t)) ) FC(%ﬁ7k+t)—FC(~$,k+t+5) )
= W Z W t<n ESTHO T Fc( ) > 6/
k=1 j=1 —J:k
KN 33 (0,(c0—1) ™)
1 KN F Fe(FN 1) — FE(7FN, 1 49) >
+P . >¢/2 . (6.16)
EO > P

Here using Jensen s inequality and the fact that the summands over j are independent, conditionally

upon the 7V i S, the first probability is bounded by
FO(FN 1) = FO(FN  + 4 0)\ | 2
)

33 (0,(c0—1)F)

4 ( 1 KX g (
—E E 1
2 N t<77 <t+6 ~N

[ KN e N =1 Fe(7h ),
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K4 (co=t)™ Fe(d +1t)— F(a —i—t—i—cS)NN
E/ / ) 580, do’, z)da. (6.17)

Now under Assumptlon 2.1, it follows from Lemma 4.1 that

Lo pe(al 4 t) — Fo(ad +t+8) =y, o,
// Fe(a) 37(0,dd’, z)dx
o) pe(q) 4 t) — Fo(d! +t +6) ,
—>/ / Fe(a) 3(0,dd’, z)dx

in probability as N — oo. Hence the upper bound in (6.17) converges to zero, as N — oo. Inside
the second probability in (6.16), we have

)+
. i N R (Z DD FeEN, A t) = FE(7N, 4 t+ 6)
k=1 j=1 Fe(7 7],14)

(o=" pe(a’ + ) — F( ti+0)sy
// Fe(a) IN(0,dd’, z)dx

(co—t)T pe c B
_}// Fe( H)Fcf ga +t+5)3(0,da’,x)dx

in probability as N — 0o, again from Lemma 4.1, and the limit converges to zero as 6 — 0. Hence
for any € > 0, if § > 0 is small enough, lim sup, of the second term in the right hand side of (6.16)
is zero.

For the second term on the right of (6.15), we have

Jk (0,(a—t— ’LL) )Fc( k+t) FC(,?:i\;,k_'_t_'_u)

1 BN
sup  sup Z Z e (%N. )

u€[0,8] ag[0,00’] K j=1 —Jk

(=0T pe(o/ ) — F(a' +t + 0) ~
< ~N /
< / / Fea) JY(0,da’, x)dx

which, thanks to Lemma 4.1 and Assumption 2.1, converges in probability as N — oo, to

(o= pe(a 4 t) — F(o! +t+0)5
// Fe(w) (0, de',z)da.

This expression will also converge to zero as 6 — 0. For the third term on the right of (6.15), we
have

sup /1 (ﬁN(o,(a—t)+,x)—§N(o (a—t—u)t, ))da:

u€(0,8] JO
1 _ -
< / (3¥0. (2~ 1)) = 3V(0.(a — t — 8)".2) )
0
which converges in probability to
1
/ (300.(a 1) 2) = 30, (a — t — 8)*.2) ) da
0

as N — oo. Since JV(0,-,2) and J(0,-,2) are nondecreasing and the limit is continuous, the
convergence also holds uniformly over a € [0, 00’]. Moreover, we also have that

sup }/01 (’3(0, (a—t)",2) =300, (a —t — 6)+,$)>daz — 0,

a€(0,00
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as § — 0. Combining the results on the three terms on the right of (6.15), we have shown that
(6.13) holds.
We next prove (6.14). We have

KN N IN(0(atv—t)h) c(zN
Jé\jQ(tva"f'Uax) _Jé\jZ(tvavx) = ZW Z <1n9j,k>t+u_ ch(]))llk(w)a
=1 =N (0. (amt)t ok
and
KN ijV(O7(a+U,t)+) Fc(~N
_ _ + 1)
~ ~ k
HJ(])\,[2(ta a+v,-)— J{)YQ(tv a,)[l < Z Z <1n0j‘k>t+u - FC()> ‘
k=1 3=37 (0,(a—t) T +1 gk
(e
WZ\J{J (a+v—t)") =30, (a—t)F|.
k=1
Thus,

sup sup HJOQt a+uv,-)— 510\7/2@7&_)”1
v€[0,] t€[0,T]

KN

o LS

te[0,7 K =1

/N

30,0+ 6 - )~ 30, (a ")

= sup /1 (5N(0, (a+d—t)",z) =3V, (a - t)+,x))dx

tef0, 7] Jo
and we claim that the right hand side converges in probability as N — oo, to

sup} /01 (3(0, (a+86—t)",2) —3(0, (a— t)+,:n))dx.

tel0,T

Indeed, the convergence without the sup, follows from Assumption 2.1, and both ¢ — fol N0, (a+

§ —t)",x)dr and t — fol 3N(0, (a — t)T, 2)dx are non-increasing, while the limits are continuous.
Hence again an application of the second Dini theorem implies that the convergence is locally
uniform in ¢, hence the claim. The limit then converges to zero as 6 — 0. Thus we have shown

(6.14). This completes the proof of the lemma. O
Lemma 6.2. Under Assumptions 2.1, 2.2 and 2.3,
13Y (¢, a,-) = Ji(t,a,)[[1 — O (6.18)
in probability, locally uniformly in t and a, as N — oo, where
3t 0 z) = / C P ) A(ds. ), (6.19)
(t—a)t

where A(t,x) is given in (5.30).
Proof. We first write - - -
3 (t o, @) = 301 (8 0, 2) + 5 (¢, 0, 2)
where
AR (1)

it a,z) = ZW > Fe(t — )11, (z) = /( t Fe(t —s)AN(ds,z) ,  (6.20)

k=1 J=AY (t—a)+)+1 ey
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) KY oy AYO
Wltan) =3 % Y (175”%9,5 _ Rt — Tj%)) 11, (2) . (6.21)
k=1 AN ((t—a)t)+1

We apply Theorem 4.2. We start with the process 511\77 1(t,a,z) and show that
HJl (ta,) —T1(t, a, )Hl — 0, in probability, locally uniformly in ¢ and a, (6.22)

as N — oo. Slnce

IV (ta,2) — Ji(ta,2) —/

(t—a)t

t Fe(t —s) </_1N(ds, r) — A(ds, m)),

condition (i) of Theorem 4.2 follows from Lemma 4.1 and Corollary 5.1. In other words, we have
that for each t and a, and for any € > 0,
IP’(H’:T{\fl(t, a,)) —Ji(t,a, )1 >€) -0 as N — oo

We next want to check (ii) of Theorem 4.2 for the processes 511\771 (t,a,2) — J1(t,a,z). We will
verify the following conditions for 511\771 (t,a,z): for any € > 0, and for any T,a’ > 0, as § — 0,

1 _ _
limsup sup 5IP’< sup  sup ||3{\{1(t +u,a,-) — 3{\{1(25, a,-)||1 > 6) —0, (6.23)
N te[0,T] w€[0,5] a€0,00']
1 _
limsup sup 6IF’< sup sup ||J1 (ta+v,-)— ng(t, a, )|l > 6) — 0. (6.24)
N ag0,00'] ve[0,8] te[0,T)

It will be clear that the same results hold (and are simpler to prove) for J1(t, a,-). To prove (6.23),
we have

j]1\[1 (t +u,a, [E) - ji\jl(ta a, LIC‘)

)

t+u t
= / Fé(t+u— s)AN (ds, x) — / Fe(t — 5)AN (ds, x)
(

t+u—a)t (t—a)*

= /(t+u <Fc(t +u—s)— F(t— s))[lN(ds,:c)

t—a)t
(t+u—a) _ t+u _
- / Fe(t +u—s)AN (ds,z) + / Fe(t — s)AN (ds, x),
(t—a)t t
and

HJ11 t—l—u a, ﬁivl(t,a,-)Hl

(t+u—a)t t+u
+ / F(t 4+ u — s)AN (ds, z)dx + / Fe(t — s)AN (ds, x)dx . (6.25)
(t t

—a)+

Here the first term on the right satisfies

t+u
sup  sup // Fct—s) Fc(t—f—u—s))/_lN(ds,x)da:

u€[0,8] a€(0,00]

t+5
// Fct—s) Fc(t—l—é—s))le(ds,x)dx

t+5
_>/ / FC (t—s)— F%t%—d—s))fl(ds,m)dw
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in probability as N — oo by Lemma 5.5 and Corollary 5.1, and the limit converges to zero as § — 0
The second term on the right side of (6.25) satisfies

(t+u— a)Jr
sup  sup // Fé(t +u — 5)AN (ds, z)dx
u€[0,6] ag[0,00’] t—
< s [ (@50 - A a0
ac[0,00’] JO

in probability as N — oo by Corollary 5.1 and the second Dini theorem, and the limit converges to
zero as § — 0. The third term on the right side of (6.25) does not depend on a and satisfies

t+u
sup / / F(t — 5)AN (ds, x)dx
u€[0,4]

g/ (At + 6.2) — AV (1.) dx—>/ At +8.2) — A(t,x))da
0

in probability as N — oo by Corollary 5.1, and the limit converges to zero as § — 0. Thus we have
shown that for small enough § > 0, for any € > 0, and for any T',a" > 0

limsup sup IP’< sup  sup ||§{Yl(t+u, a,-) —j{\{l(t, a, )| > e> =0.
N t€[0,T] u€(0,8] ag[0,00']
To prove (6.24), we have

_ _ (t—a)* _
ji\fl(t,a—kv,x)—j{\fl(t,a,x):/ Fc(t—s)AN(ds,x),

(t—a—v)t
and
Bt tas 0 -3ttt = [ [ -9 A e,
Hence,
sup sup HJllta-i—U ) - jjl\,fl(t7a7')|‘1
ve(0,8] te[0,T]

1
AN ((t — z)— AN((t —a— x))dz
< s (@00 AN a0y )

— tes[lé%} /01 (A((t —a)t,z) - A((t —a— 5)+,5L‘)>d$

in probability as N — oo by Corollary 5.1 and again the second Dini theorem. Moreover, the limit
converges to zero as § — 0. Thus we have shown that for small enough § > 0, for any € > 0, and for
any T,a > 0,

limsup sup IP’< sup sup ||J1 (ta+o,) =3V (a0 >e> =0.
N a€0,00'] ve[0,8] te[0,T) ’

Therefore, combining the above, we have proved the convergence of 3%, (¢, a,z) as stated in (6.22)
We next consider the process 511\772 (t,a,z) and show that
HJl o(t, a, ”1 — 0, in probability, locally uniformly in ¢ and a, as N — oo (6.26)
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To check condition (i) of Theorem 4.2, we have
AR (1)

KN N
N Z (17Nk+n e (e Tj,k))
J=AN((t—a)t)+1

KN
- 1
33560, 90l = 2 >

k=1

and

J=AY (t—a)T)+1

_ n )
~N 2 1 K7 KN k() . N
Etee ] =Bl (x| T X (e FE=m0)
- (t—a
Nt

B 1 KN KN A () 2
c N
<Elww (N > (l‘rNkJrn >t~ F (t%))> ]
k=1 J=AN((t—a)t)+1

AF (1)

e
_E %Z(%)Q S FE- )FC(t—T{V)]

j=AN((t—a)t)+1

/ /t | F P ) AN s ) ] .

By Corollary 5.1 and Lemma 4.1, we obtain the convergence

1t 1 et
~F(t — $\AN (ds. 2)dx COF(t— VAlds. 2\
/0 /(ta)+ F(t —s)F(t — s)A7 (ds, 2)d —>/O /(ta)+ F(t — s)F(t — s) A(ds, z)d

in probability as N — oo. This implies that for any ¢ > 0,

<—IE

sup  sup P(Hj{VQ(t, a, )i >€) >0 as N — oc.
t€[0,T] ag[0,00'] ’

Next, to check condition (ii) of Theorem 4.2, we need to show that for any ¢ > 0, and for any
T,a’ >0,as d — 0,

1 _ _
limsup sup 5IP’< sup  sup ||3]1YQ(15 +u,a,-) — 3]1\7[2(15, a,-)|[1 > 6> -0, (6.27)
N telo,T] u€(0,8] agl0,00’]
1 _
limsup sup IP’< sup sup [TV o(t,a+v,-) — Nyt a, )|l > e> — 0. (6.28)
N a€l0,00] ve[0,8] te[0,T) ’

To prove (6.27), we have
j{\,}Q(t +u,a, :E) - j{\fQ(t’ a, :L‘)

Z (ITJ{VﬁW,PHu —Ftru—T k)) Ly (@)
k=1 J=AN ((t+u—a)t)+1

AR ()

KN KN
D IE D D o A ) REAC)
k=1

J=AY ((t—a)T)+1
AN (t+u)

N KN v
—~ (L s — P+ 0= 7150 )15, ()

ol

=1 J=AN((t—a)t)+1
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K oy AV ()

XF X (Mg Fl e ) 1n@)
k=1 J=AY ((t—a)F)+1

KN KN AN (t+u)

B Z W Z (17—;Yk+77j7k>t - Fc(t - T;};)) 1Ik (J))

k=1 AN (t—at)+1

N
T2 N > (lff,vﬁm,m — Fe(t - Tj,k:)) 11, (z)

= J=AN(t)+1
N KN AN (t+u)
==Y % X (e — (F =) = P+ u— 1) )1n, (@)
k=1 J=AN((t—a)*)+1
KN N AN ((t+u—a) T At)
- N Z (1rjﬁk+nj7k>t+u —F(t+u— T]{\]Z))) 1y, (z)
k=1 J=AN((t—a)*)+1
KN N Ay (u)
X (1T]gyk+nj,k>t ~ Rt — Tﬁf)) 11, (2).
k=1 J=AN(t)+1

. KN KN AN (t+u)
N N
S %N N Z <1t<7'£]k+7]j,k§t+u — (F(t = 7jp) = F(t +u— TM»)‘
k=1 J=AN((t—a)t)+1
) KN KN AN ((t+u—a)t
N
L S T )]
k=1 J=AN((t—a)tAt)+1
) KN KN AN ((t+u)TAL)
N
<05 D DR PR O Tf”“)”
k=1 J=AN(t)+1
| KN e AR (t4u)
< e N Z 1t<rj}’k+nj,k§t+u
k=1 J=AN((t—a)t)+1
KN N AN (t+uw)

1 K
+ —ZT (Fe(t — 1) — Fe(t +u—71})
k=1

KN KN

b (AN () — AY0) + gy (AN u—a)) — AV (- a) ).

k=1 k=1
For the first term on the right, we have

) KN KN AN (t+u) 2
( sup ~ sup WZW Z 1t<’7'ﬁ7k+77j,k§t+u> ]

u€0,8] a€[0,00] k=1 j=AN((t—a)t)+1

E

(6.29)
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AY (t49)

- KN 2_
1 KN
=F (KN PIE DY 1t<z%+w§”‘5>
i k=1 J=AY ((t—00")+)+1 -
AN (t+6)

r KN 21
1 KN
<E KN Z (N Z 1t<Tij+nj,k§t+6>
L k=1 |

=AY ((t—o00')+)+1

KN it t1o—s B )

KN Z ( / / /t T<TN(8*)Qk,z(d8,dr, dz)) ]
1 KN o N !
KN o (N /(t—oo’)+<F(t +0—s) = F(t —s))Ty, (S)dS) ]

KN
g L /(+6 (F(t+5—s)—F(t—s))rfy(s)ds]

N KN k:l t—OOI)+
1 KN t+6 _ 2
49 / (F(t+6—s) — F(t— )TN (s)ds
KN =1 (t_ool)+
K t+6
<NCpCy (F(t+6—s)— F(t — s))ds
(100}

t+o 2
42\ CpCs)? (/( (F(t+6—5)— F(t - s))ds) ,

t—oo! )t

where Q. ¢(ds, dr, dz) is the PRM on R3 with mean measure dsdrF(dz) already introduced in the
proof of Lemma 5.6, and @W(ds, dr,dz) is the corresponding compensated PRM, and we have used

the bound Y (¢) < A*CpCp. The first term on the right goes to zero as N — oo, and the integral
in the second is bounded from above by

t
/ (F(s + 8) — F(s))ds < 5,

0
as in (5.26) above. Thus we obtain that for any € > 0, as 6 — 0,

AN (t+u)

1 1 S~ KV
limsup sup 6IP’< sup sup, N ZW Z 1t<7fk+nj,k§t+u > e) — 0.
N tel0,T] u€[0,8] agl0,00’] =1 J=AN (—a)H)+1

For the second term on the right side of (6.29), we have

I e
k=1

u€[0,8] a€[0,00'] ko j—AN ((t—a)t)+1

E

AN (t+9)

[ LS e e )
- KNk::l N J:k j.k

J=A ((t=oe') )41

t4-0

=2k [KN > (KN) (/(t_oo,)+ (Fe(t—s) — F(t+6 — s))de\Yk(s)>2]



44 GUODONG PANG AND ETIENNE PARDOUX

1 KN 46 N 2
T2 N ; </(t—oo/)+ (F(t =) = FE(t 40 =) Ts (S)d8>
t+6 2
—2)\*0305 / (FC(t—s)— F°(t+6—s))"ds
N oo’)+

t 2
+ Q(A*0305)2</(t+6 . (Fe(t—s)— F(t+0— s))ds> .

It is clear that the first term converge to zero locally uniformly in ¢, and the second term can be
treated in the same way above. The third and fourth terms on the right side of (6.29) can be also
treated similarly as the last two terms in (6.25). Thus, we have shown that (6.27) holds.

To prove (6.28), we have

) KN oy AN ()
y(ta+0,2) = Ta(ta,w) = 30 (Lot = FEE =700 15, ()
k=1 J=AN ((t—a—v)T)+1
and
AV ((t=a)*)

N
Z <1T]ztlk+77j,k>t — Fe(t - Tj,k)) ‘

N
HJJI\’]Q(t,a"_’U,‘)_j{YQ(t,a ||]_

Then, we obtain

sup sup HJ12 (t,a+ v, )—5{\,72(t,a, I
v€[0,6] t€[0,T7

1
< sup / (A¥((t~ 0y o) — AV((t —a— 0)*,2))do-

tefo,1] Jo
Here the upper bound converges in probability to

1
sup / (A((t —a)t )~ A((t—a— 6)+,a:))dx
t€[0,7] J0

which converges to zero as § — 0, uniformly in a. Indeed, the convergence of the sup, follows from
the fact that the convergence in probability fo AN(t, z)dx — fo (t,z)dx is locally uniform in ¢,

thanks to Corollary 5.1. Thus we have proved (6.28) holds, and hence, the convergence of J1,2 (t,a,z)
n (6.26). This completes the proof of the lemma. O

By the two lemmas above, we can conclude the convergence of I3V (¢, a, ) to J(t,a, x).
Proposition 6.1. Under Assumptions 2.1, 2.2 and 2.3,
13N (t,a,) = 3(t,a,-)|l1 — O (6.30)
in probability, locally uniformly in t and a, as N — oo, where J(t,a,x) = Jo(t,a,z) + J1(t,a,2), Jo
and J1 being given respectively by (6.4) and (6.19).

Completing the proof of Theorem 2.1. Given the results in Propositions 5.1 and 6.1 and
Corollary 5.1, the convergence of R (t,x) and IV (¢, x) can be easily established and their limits
R(t,z) and I(t,z) follows directly. The second expression of Y(¢,z) in (2.23) is obtained from

J(t,a,) in (2.24), by noting that J,(¢,0,z) = lim,_o At.0.2)-3(t0.2)

a
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