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Using a forward–backward stochastic differential equations (FBSDE) associated to a transmutation process driven
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quasilinear parabolic partial differential equations (PDEs). The novetly is that the linear second order differential
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INTRODUCTION

In this paper, we are interested in the problem of providing a stochastic representation of the

solutions of the following system of quasilinear parabolic partial differential equations (PDEs)

ðEÞ

;ðt; xÞ [ ½0; T� £ Rd; ;i [ K
›ui

›t
ðt; xÞ þ Liuiðt; xÞ þ �fiðt; x; uðt; xÞ; 7xuiðt; xÞsiðt; x; uiðt; xÞÞÞ ¼ 0

uiðT ; xÞ ¼ hiðxÞ

8>><
>>:

where the coefficients �b; �f; s and h are given from above, the second order differential

operator L is defined by

;ðt; x; yÞ [ ½0; T� £ Rd £ R; Liuiðt; xÞ ¼
1

2

Xd

j;m¼1
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þ
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and for i [ K;;ðt; x; yÞ [ ½0; T� £ Rd £ R; the matrix aiðt; x; yÞ ¼ ðsi s
*
i Þðt; x; yÞ is supposed

to be uniformly elliptic. Moreover, we give sufficient conditions which ensures existence and

uniqueness of a solution of the system of forward–backward stochastic differential equations

(FBSDE, E 0,j) [see Eq. (2.1)] whatever the time duration T may be.

It is well known that backward stochastic differential equations (BSDEs) are closely

connected to PDEs. This link between PDEs and BSDEs has been used in two ways. In the

first case, regularity results for solutions of PDEs have been used in the study of solutions of

BSDEs and there have recently appeared some probabilistic methods for systems of PDEs.

and an essential tool in this new method is the Malliavin Calculus. For example, Pardoux and

Peng [7] prove that BSDEs provide a probabilistic formula for solutions of certain classes of

quasilinear parabolic PDEs.

BSDEs with Poisson Process were first discussed by Tang and Li [12] and Wu [13]. Studying

such equations, Barles et al. [1] generalized the result of Pardoux–Peng [7], and obtained

a probabilistic interpretation of a solution of a parabolic integral-partial differential equation.

Soon after appeared fully coupled FBSDEs. This motivation comes originally from

stochastic optimal control theory. In his Ph.D. Thesis Antonelli obtained the first result on the

solvability of a FBSDE over a small time duration. Using the strong link between the

FBSDEs and a quasilinear parabolic PDE, Ma et al. [5,6,11] in their so called “four step

scheme” prove successfully an existence and uniqueness result for a FBSDE. But they

require non-degeneracy assumption on the diffusion of the forward equation, non-

randomness and rather stringent smoothness of the coefficients.

Recently in the same spirit, Delarue [2] proved a similar result under rather weaker

assumptions than those required in the “four step scheme” and provided in a probabilistic

manner a solution of a non-degenerate system of quasilinear parabolic PDEs. The key device

of his method based on an iterative scheme is an efficient control of the length of the interval

on which the result on small time duration holds, which ensures existence and uniqueness of

solutions on arbitrary time intervals. For this to be true, the non-degeneracy of the forward

diffusion coefficient is crucial.

All those systems of PDEs studied so far have the same linear second order differential

operator on each line. Pardoux et al. [9] removed this restriction in the case of BSDEs and

provided a stochastic representation of a viscosity solution of a system of semilinear

parabolic PDEs with a different second order differential operator from one line to another.

This is done by coupling the forward diffusion with a transmutation process driven by a finite

sequence of Poisson Processes. We aim in this work to get a similar result in the case of non-

degenerate parabolic quasilinear systems through the study of a corresponding system of

FBSDEs following the method developed by Delarue [2].

The paper is organized as follows. In “FBSDE with poisson process in small time duration”

section, we prove the existence and uniqueness of a solution of a system of FBSDE with respect

to a Brownian motion and a finite sequence of Poisson Processes for a small time duration. We

also present some properties of the solutions before extending this result to the case of random

coefficients. Studying the case of smooth coefficients, we establish by a stochastic method our

main result (existence and uniqueness under the non-degeneracy assumption) of the solution of

the system of PDEs. Finally in “Global solution of the system of FBSDE” section, we extend

the local solution of the FBSDE (E 0,j) obtained in the previous section to a global one.
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FBSDE WITH POISSON PROCESS IN SMALL TIME DURATION

;Q [ N* ; j·j stands for the Euclidian norm in RQ.

Let k $ 2 be an integer and K ¼ {1; 2; . . .; k}; L ¼ K2 {k}:

We consider a filtered complete probability space ðV;F ; ðF tÞ0#t#T ;PÞ such that the

filtration ðF tÞ0#t#T is generated by two mutually independent processes:

† a d-dimensional Brownian motion ðBtÞ0#t#T ::

† a Poisson random measure N on Rþ £ L where L is the set of marks equipped with the

field L of all subsets of L such that Mð½0; t� £ AÞ ¼ Nðð0; tÞ £ AÞ2 tl card A is an Ft-

martingale for all A , L and some fixed l . 0:

Moreover, we consider a filtration ðGtÞ0#t#T satisfying the usual conditions such that

ðBtÞ0#t#T still a (Gt)-Brownian motion and the filtration ðG0
t Þ0#t#T defined by ;t [

½0; T�G0
t ¼ G0 _ F t:

For 0 # t , s # T; i [ K and l [ L; we define

Ns ¼ Nðð0; s� £ LÞ; NsðlÞ ¼ Nðð0; s� £ {l}Þ; MsðlÞ ¼ NsðlÞ2 ls

We define the Markov process Nt;i
s by

Nt;i
s ¼ i þ

Xk21

l¼1

lNððt; s� £ {l}Þ mod½k� and let N0;i
s ¼ Ni

s

Let P denote the s-algebra of Gt-predictable subsets of V £ ½0; T�:

For each i [ K; we are given �bi [ Cð½0; T� £ Rd £ Rk £ Rd;RdÞ; �fi [ Cð½0; T� £ Rd

£Rk £ Rd;RÞ; si [ Cð½0; T� £ Rd £ R;Rd £ RdÞ and hi [ CðRd;RÞ:

We define the following continuous functions on their domains

�b : ½0; T� £ Rd £ Rk £ Rd £K ! Rd

�f : ½0; T� £ Rd £ Rk £ Rd £K ! R

s : ½0; T� £ Rd £ R £K ! Rd £ Rd

h : Rd £K ! R

by putting ;ðt; x; y; u; z; iÞ [ ½0; T� £ Rd £ R £ Rk £ Rd £K; dðx; u; z; iÞ ¼ diðx; u; zÞ for

d ¼ �b; �f and sðresp hÞðt; x; y; iÞ ¼ siðt; x; yÞðresp hiðxÞÞ:

Let i [ K; we define the functions bi, fi and ~fi [ Cð½0;T� £ Rd £ R £ Rk21 £ RdÞ such that

;ðt; xÞ [ ½0; T� £ Rd; ;u [ Rk;

�fiðt; x; u1; u2; . . .; uk; zÞ ¼ ~fiðt; x; ui; hi; zÞ ¼ f iðt; x; ui; h
i; zÞ þ l

l[L

P
hiðlÞ

�biðt; x; u1; u2; . . .; uk; zÞ ¼ biðt; x; ui; hi; zÞ

where hi
j ¼

uiþj 2 ui 1 # j # k 2 i

uiþj2k 2 ui k 2 i þ 1 # j # k 2 1

(
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For i [ K and j [ Rd a G0-measurable random vector satisfying Eðjjj
2
Þ , 1; we intend

to find a Gt-progressively measurable quartet of processes ðQ0;j;i
s Þ0#s#T W

ðX0;j;i
s ; Y0;j;i

s ; H0;j;i
s ; Z0;j;i

s Þ0#s#T with values in Rd £ R £ Rk21 £ Rd solution of the problem

ðE 0;jÞ

;s [ ½0;T�

X0;j;i
s ¼ jþ

Ð s

0
bðr;Q0;j;i

r ; Ni
rÞdr þ

Ð s

0
sðr;X0;j;i

r ; Y0;j;i
r ; Ni

rÞdBr

Y0;j;i
s ¼ hNi

T
ðX

0;j;i
T Þþ

Ð T

s
f ðr;Q0;j;i

r ; Ni
rÞdr2

Ð T

s
Z0;j;i

r dBr 2
Ð T

s
l[L

P
H0;j;i

r ðlÞdMrðlÞ

E
Ð T

0
ðjX

0;j;i
t j

2
þjY

0;j;i
t j

2
þjZ

0;j;i
t j

2
þjH

0;j;i
t j

2
Þdt ,1

8>>>>>>><
>>>>>>>:

ð2:1Þ

where ;s [ ½0;T�; H0;j;i
s ¼ ðH0;j;i

s ð1Þ; H0;j;i
s ð2Þ; . . .;H0;j;i

s ðk2 1ÞÞ:

The superscript 0, j, i indicates the dependence of the solution on the initial date (0,j, i)

and will often be omitted for notational simplicity.

This section is devoted to the study of (E 0, j) in small time duration. In all of what follows,

we assume that T # 1:

The Case of Non-smooth Coefficients

Existence and Uniqueness of Solutions

Let us first prove existence and uniqueness of solutions. The idea is based on a fixed point

argument on a suitable space in the spirit of the method developed by Delarue [2],

Théorème 1.1.

We say that the functions b, f, h and s satisfy assumption (H1), if there exist two constants

K and L such that

ðH1:1Þ;t [ ½0; T�; ;ðx; y; u; zÞ [ Rd £ R £ Rk21 £ Rd; ;i [ K and ;ðx0; y0; u0; z0Þ [

Rd £ R £ Rk21 £ Rd;

jbiðt; x; y; u; zÞ2 biðt; x; y0; u0; z0Þj # Kðjy 2 y0j þ jz 2 z0j þ ju 2 u0jÞ

j f iðt; x; y; u; zÞ2 f iðt; x0; y; u0; z0Þj # Kðjx 2 x0j þ jz 2 z0j þ ju 2 u0jÞ

jsiðt; x; yÞ2 siðt; x0; y0Þj
2

# K 2ðjx 2 x0j
2
þ jy 2 y0j

2
Þ

jhiðxÞ2 hiðx
0Þj # Kjx 2 x0j

ðH1:2Þ;t [ ½0; T�; ;ðx; y; u; zÞ [ Rd £ R £ Rk21 £ Rd; ;i [ K et ;ðx0; y0Þ [ Rd £ R;

kx 2 x0; biðt; x; y; u; zÞ2 biðt; x0; y; u; zÞl # Kjx 2 x0j
2

ðy 2 y0Þðf iðt; x; y; u; zÞ2 f iðt; x; y0; u; zÞÞ # Kjy 2 y0j
2

ðH1:3Þ;t [ ½0; T�; ;ðx; y; u; zÞ [ Rd £ R £ Rk21 £ Rd; ;i [ K;

jbiðt; x; y; u; zÞj þ j f iðt; x; y; u; zÞj þ jsiðt; x; yÞj þ jhiðxÞj # L

Theorem 2.1 Assume that (H1) holds and let i [ K: Then for every G0-measurable

random vector j satisfying Ejjj
2
, 1; a solution of (E 0, j) satisfies
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(i) ðXsÞ0#s#T is continuous and ðYsÞ0#s#T has a càdlàg version.

(ii) E
	

0#t#T
sup jXtj

2
þ

0#t#T
sup jYtj

2


, 1:

Moreover, there exists a constant Cði1Þ
K;l . 0 depending on K and l such that for every

T # Cði1Þ
K;l; the problem (E 0, j) admits a unique solution.

Proof As explained, our aim is to construct a contraction in a suitable space. To this end for

T . 0 and Q [ N; we consider the following sets

. H2
T ðR

QÞ the space of {G0
t } progressively measurable processes

C : ½0; T� £V! RQ; kCk
2
¼ E

ðT

0

jCtj
2
dt , 1

. S2
T ðR

QÞ the space of continuous {G0
t } adapted processes

C : ½0; T� £V! RQ; kCk
2
2 ¼ E

	
0#t#T
sup jCtj

2


, 1

. S2
T ðR

QÞ the space of {G0
t } adapted càdlàg processes

C : ½0; T� £V! RQ; kCk
2
2 ¼ E

	
0#t#T
sup jCtj

2


, 1

. ½L2ðP^LÞ�k21 the space of mappings H : V £ ½0; T� £ L ! R which are P^L-

measurable such that

kHk
2
½L 2ðP^LÞ�k21 ¼ E

l[L

XðT

0

ðHtðlÞÞ
2dt , 1

. ;p $ 1; B2p
½0;T� the space S2

T ðR
dÞ £ S2

T ðRÞ £ ½L2ðP^LÞ�k21 £ H2
T ðR

dÞ endowed with the

norm

kðXs;Ys;Hs;ZsÞkB2p

½0;T�
¼ E

0#s#T
sup jXsj

2p

 ! 1
2p

þ E
0#s#T
sup jYsj

2p

 ! 1
2p

þ E

ðT

0 l[L

X
ðHsðlÞÞ

2ds

0
@

1
A

1
2

2
664

3
775

p0
BB@

1
CCA

1
p

þ E

ðT

0

jZsj
2
ds

� �1
2

2
4

3
5

p0
@

1
A

1
p

Notice that B2p
½0;T� endowed with this norm is a Banach space.

We define a map w on B2
½0;T� into itself as follows

B2
½0;T� ! B2

½0;T�

ðX; Y;H; ZÞ ! ð �X0;j;i; �Y0;j;i; �H0;j;i; �Z0;j;iÞ
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where the quartet ð �Q
0;j;i
s Þ0#s#T W ð �X

0;j;i
s ; �Y

0;j;i
s ; �H

0;j;i
s ; �Z

0;j;i
s Þ0#s#T is defined by

;t [ ½0; T�

�X
0;j;i
t ¼ jþ

Ð t

0
bðs; �X

0;j;i
s ; Ys;Hs; Zs;Ni

sÞds þ
Ð t

0
sðs; �X

0;j;i
s ; Ys;Ni

sÞdBs

8<
: ð2:2Þ

and

;t [ ½0; T�

�Y
0;j;i
t ¼ hNi

T
ð �X

0;j;i
T Þ þ

Ð T

t
f ðs; �Q

0;j;i
s ; Ni

sÞds 2
Ð T

t
�Z

0;j;i
s dBs 2

Ð T

t
l[L

P
�H

0;j;i
s ðlÞdMsðlÞ

8><
>: ð2:3Þ

Note that the process �X
0;j;i
s is a solution of a SDE with initial time 0 and initial values (j, i)

(i initial value of the process N0;i
s ), whereas the triplet ð �Y

0;j;i
s ; �H

0;j;i
s ; �Z

0;j;i
s Þ solves a BSDE with

Poisson process.

In the sequel of the proof, we denote

wðX; Y ;H; ZÞ ¼ ð �Xs; �Ys; �Hs; �ZsÞ ¼ �Qs; wðU;V;G;WÞ ¼ ð �Us; �Vs; �Gs; �WsÞ ¼ �Q0
s

Using Itô’s formula, we get

j �Xs 2 �Usj
2
¼ 2

ðs

0

k �Xr 2 �Ur; bðr; �Xr;Yr; Zr;Hr;N
i
rÞ2 bðr; �Ur;Vr;Wr;Gr;Ni

rÞldr

þ 2

ðs

0

k �Xr 2 �Ur; ðsðr; �Xr; Yr;Ni
rÞ2 sðr; �Ur;Vr;Ni

rÞÞdBrl

þ

ðs

0

jsðr; �Xr; Yr;Ni
rÞ2 sðr; �Ur;Vr;Ni

rÞj
2
dr

Applying the Burkhölder–Davis–Gundy inequality and assumption (H1.1), we find d . 0

such that

E
0#t#T
sup j �Xt 2 �Utj

2
# 2KE

ðT

0

j �Xr 2 �Urj j �Xr 2 �Urj þ jYr 2 Vrj þ jZr 2 Wrj þ jHr 2 Grj
� �

dr

þ 2dKE

ðT

0

j �Xr 2 �Urj
2
ðj �Xr 2 �Urj

2
þ jYr 2 Vrj

2
Þdr

� �1
2

þ K 2E

ðT

0

j �Xr 2 �Urj
2
þ jYr 2 Vrj

2
	 


dr

so using standard estimates, we prove the existence of a constant gK depending on K such that

E
0#t#T
sup j �Xt2 �Utj

2
#gKT 1=2 E

0#t#T
sup j �Xt2 �Utj

2
þE

0#t#T
sup jYt2Vtj

2
þE

ðT

0

jZr2Wrj
2
dr

"

þE
l[L

XðT

0

ððHr2GrÞðlÞÞ
2dr

3
5
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which implies

ð12gKT 1=2ÞE
0#t#T
sup j �Xt2 �Utj

2
#gKT 1=2 E

0#t#T
sup jYt2Vtj

2
þE

ðT

0

jZr2Wrj
2
dr

"

þ E
l[L

XðT

0

ððHr2GrÞðlÞÞ
2dr

3
5 ð2:4Þ

Moreover, Itô’s formula yields from Eq. (2.3), for all t [ ½0; T�

j �Yt 2 �Vtj
2
þ

ðT

t

j �Zs 2 �Wsj
2
ds þ l

ðT

t l[L

X
ðð �Hs 2 �GsÞðlÞÞ

2ds þ
t,s#T

X
ðDð �Ys 2 �VsÞÞ

2

¼ hNi
T
ð �XT Þ2 hNi

T
ð �UT Þ

!!! !!!2þ2

ðT

t

ð �Ys 2 �VsÞðf ðs; �Qs;Ni
sÞ2 f ðs; �Q0

s; Ni
sÞÞds

2 2

ðT

t

ð �Ys 2 �VsÞð �Zs 2 �WsÞdBs 2 2

ðT

t l[L

X
ð �Ys2 2 �Vs2 Þð �Hs 2 �GsÞðlÞdMsðlÞ ð2:5Þ

Applying (H1.1) and (H1.2), we deduce

E

ðT

0

j �Zs 2 �Wsj
2
ds þ lE

ðT

0 l[L

X
ðð �Hs 2 �GsÞðlÞÞ

2ds # K 2E
0#t#T
sup j �Xt 2 �Utj

2

þ 2K E

ðT

0

j �Ys 2 �Vsj j �Xs 2 �Usjds þ E

ðT

0

j �Ys 2 �Vsj
2
ds

�

þE

ðT

0

j �Ys 2 �Vsj j �Zs 2 �Wsjds þ E

ðT

0

j �Ys 2 �Vsj j �Hs 2 �Gsjds

�

Hence using standard estimates, we find a constant gðK;lÞ depending on K and l such that

E

ðT

0

j �Zs 2 �Wsj
2
ds þ lE

ðT

0 l[L

X
ðð �Hs 2 �GsÞðlÞÞ

2ds

# gðK;lÞ ð1 þ TÞE
0#t#T
sup j �Xt 2 �Utj

2
þ TE

0#t#T
sup j �Yt 2 �Vtj

2

" #
ð2:6Þ

Furthermore, using Eq. (2.5) we obtain

E
0#t#T
sup j �Yt 2 �Vtj

2
# EðjhNi

T
ð �XT Þ2 hNi

T
ð �UT Þj

2
Þ

þ 2E
0#t#T
sup

ðT

t

ð �Ys 2 �VsÞðf ðs; �Qs; Ni
sÞ2 f ðs; �Q0

s; Ni
sÞÞds

� �

þ 2E
0#t#T
sup

ðT

t

ð �Ys 2 �VsÞð �Zs 2 �WsÞdBs

!!!!
!!!!

þ 2E
0#t#T
sup

ðT

t l[L

X
ð �Ys2 2 �Vs2Þð �Hs 2 �GsÞðlÞdMsðlÞ

!!!!!!
!!!!!! ð2:7Þ
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From the Burkhölder–Davis–Gundy inequality, there exists a constant C . 0 which can

change from line to line such that

2E
0#t#T
sup

ðT

t

ð �Ys 2 �VsÞð �Zs 2 �WsÞdBs

!!!!
!!!! # CE

ðT

0

j �Ys 2 �Vsj
2
j �Zs 2 �Wsj

2

� �1
2

#
1

4
E

0#s#T
sup j �Ys 2 �Vsj

2
þ 4C 2E

ðT

0

j �Zs 2 �Wsj
2
ds

Similarly, using again the Burkhölder–Davis–Gundy inequality for discontinuous

processes and standard estimates where

M̂tðlÞ ¼ ð �Ys2 2 �Vs2 Þð �Hs 2 �GsÞðlÞdMsðlÞ;

there exists another constant which we note C again changing from line to line such that

2E
0#t#T
sup

ðT

t l[L

X
ð �Ys2 2 �Vs2 Þð �Hs 2 �GsÞðlÞdMsðlÞ

!!!!!!
!!!!!!

# C E
X

DM̂tðlÞ
2

	 
1
2

" #
¼ C E

ðT

0 l[L

X
ð �Ys2 2 �Vs2 Þ2ðð �Hs 2 �GsÞðlÞÞ

2dNsðlÞ

2
4

3
5

1
2

#
1

4
E

0#s#T
sup j �Ys 2 �Vsj

2
þ C 2lE

l[L

XðT

0

ðð �Hs 2 �GsÞðlÞÞ
2ds

ð2:8Þ

Hence, combining these two previous inequalities with Eq. (2.6), we deduce from Eq. (2.7)

E
0#s#T
sup j �Ys 2 �Vsj

2
þ E

ðT

0

j �Zs 2 �Wsj
2
ds þ lE

ðT

0 l[L

X
ðð �Hs 2 �GsÞðlÞÞ

2ds

# 2KE

ðT

0

j �Ys 2 �Vsjðj �Xs 2 �Usj þ j �Ys 2 �Vsj þ j �Zs 2 �Wsj þ j �Hs 2 �GsjÞds

þ K 2E
0#s#T
sup j �Xt 2 �Utj

2
þ

1

2
E

0#s#T
sup j �Ys 2 �Vsj

2

þ CgðK;lÞ ð1 þ TÞE
0#s#T
sup j �Xs 2 �Usj

2
þ TE

0#s#T
sup j �Ys 2 �Vsj

2

" #

which implies using standard estimates and modifying gðK;lÞ

E
0#s#T
sup j �Ys 2 �Vsj

2
# 2gðK;lÞ ð1 þ TÞE

0#s#T
sup j �Xs 2 �Usj

2
þ TE

0#s#T
sup j �Ys 2 �Vsj

2

" #

þ CgðK;lÞ ð1 þ TÞE
0#s#T
sup j �Xs 2 �Usj

2
þ TE

0#s#T
sup j �Ys 2 �Vsj

2

" #

þ
1

2
E

0#s#T
sup j �Ys 2 �Vsj

2
ð2:9Þ
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hence putting dðK;lÞ ¼ 2ð2gðK;lÞ þ CgðK;lÞÞ; we get

ð1 2 dðK;lÞTÞE
0#s#T
sup j �Ys 2 �Vsj

2
# dðK;lÞð1 þ TÞE

0#s#T
sup j �Xs 2 �Usj

2
ð2:10Þ

and the following inequalities

E

ðT

0

j �Zs 2 �Wsj
2
ds þ E

l[L

XðT

0

ðð �Hs 2 �GsÞðlÞÞ
2ds

# gðK;lÞ ð1 þ TÞE
0#s#T
sup j �Xs 2 �Usj

2
þ TE

0#s#T
sup j �Ys 2 �Vsj

2

" #
ð2:11Þ

ð1 2 gKT 1=2ÞE
0#s#T
sup j �Xs 2 �Usj

2
# gKT 1=2 E

0#s#T
sup jYs 2 Vsj

2
þ E

ðT

0

jZs 2 Wsj
2
ds

"

þE
l[L

X ðT

0

ððHs 2 GsÞðlÞÞ
2ds

3
5 ð2:12Þ

This proves that there exists a constant Cði1Þ
ðK;lÞ . 0 depending on K and l such that for

T # Cði1Þ
ðK;lÞ; the map w is a contraction from B2

½0;T� into itself.

Consequently by the fixed point theorem, there exists a unique G0
t

# $
0#t#T

-progressively

measurable quartet of processes with values in ðRd;R;Rk21;RdÞ solution to (E 0, j).

Note that this solution is obviously Gt-progressively measurable. A

Remark This theorem shows that for every T # Cði1Þ
ðK;lÞ and for every x [ Rd the problem

(E 0,x) with x as initial value of the SDE admits a unique solution Q0;x;i
t W

ðX
0;x;i
t ; Y

0;x;i
t ; H

0;x;i
t ; Z

0;x;i
t Þ0#t#T which is a {F t}0#t#T -progressively measurable quartet of

processes. In particular the F0-progressively measurable random variable Y0 ¼ Y
0;x;i
0 is

deterministic.

Now, we establish some properties of the solution, which will be useful in the sequel.

A Priori Estimates

Theorem 2.2 Suppose that ðb; f ; h;sÞ and ð~b; ~f; ~h; ~sÞ are two quartets of functions

satisfying (H1) with the same constants K and L. For i [ K; let Q0;j;i
s ¼

ðX0;j;i
s ; Y0;j;i

s ; H0;j;i
s ; Z0;j;i

s Þð0#s#TÞ (resp ~Q
0;j;i

s ¼ ð ~X
0;j;i
s ; ~Y

0;j;i
s ; ~H

0;j;i
s ; ~Z

0;j;i
s Þð0#s#TÞÞ be the

associated solution to ðb; f ; h;sÞ (resp ð~b; ~f; ~H; ~sÞ) with initial condition ð0; j; iÞ (resp ð0; ~j; iÞ).

Then there exists two constants Cði2Þ
ðK;lÞ and b

ði1Þ
ðK;lÞ depending on K and l such that for

T # Cði2Þ
ðK;lÞ and for every A [ G0; the following estimate holds

E 1A
0#s#T
sup jXs 2 ~X0

sj
2

 !
þ E 1A

0#s#T
sup jYs 2 ~Ysj

2

 !
þ E

l[L

X ðT

0

1AððHs 2 ~HsÞðlÞÞ
2ds

þ E

ðT

0

1AjZs 2 ~Z0
sj

2
ds # b

ði1Þ
ðK;lÞ Eð1Ajj2 ~jj

2
Þ þ Eð1Ajðh 2 ~hÞðXT Þj

2
Þ

h

þ E

ðT

0

1Ajðs2 ~sÞðs;Xs; Ys;Ni
sÞj

2
ds þ E

ðT

0

1Aðjb 2 ~bj þ j f 2 ~fjÞðs;Q0;j;i
s ; Ni

sÞds

� �2
#ð2:13Þ
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Proof Let A [ G0: Using Itô’s formula we have

E 1A
0#s#T
sup jXs2 ~Xsj

2

 !
#Eð1Ajj2 ~jj

2
ÞþE

ðT

0

1AjsNi
s
ðs;Xs;YsÞ2 ~sNi

sðs; ~Xs; ~YsÞj
2
ds

þ2E
0#t#T
sup

ðt

0

1AkXs2 ~Xs;b s;Q0;j;i
s ;Ni

s

� �
2 ~b s; ~Q

0; ~j;i

s ;Ni
s

� �
lds

� �

þ2E
0#t#T
sup

ðt

0

1AkXs2 ~Xs;ðsNi
s
ðs;Xs;YsÞ2 ~sNi

s
ðs; ~Xs; ~YsÞÞdBsl

� �

Thanks to Burkhölder–Davis–Gundy inequalities, assumption (H1) and standard

estimates, there exists a constant gK depending on K such that

E 1A
0#s#T
sup j ~Xs 2 Xsj

2

 !
# gK Eð1Ajj2 ~jj

2
Þ þ E

ðT

0

1Aðj ~Xs 2 Xsj
2
þ j ~Ys 2 Ysj

2
Þds

�

þ E

ðT

0

1Aj ~Xs 2 Xsjðj ~Zs 2 Zsj þ j ~Hs 2 HsjÞds

þ E

ðT

0

1Ajð ~s2 sÞðs;Xs; Ys;Ni
sÞj

2
ds

þE

ðT

0

1Ajð~b 2 bÞ s;Q0;j;i
s ;Ni

s

� �
jds

� �2
#

ð2:14Þ

Furthermore, applying Itô’s formula to Eq. (2.3), we have ;t [ ½0; T�;

j ~Yt 2Ytj
2
þ

ðT

t

j ~Zs 2Zsj
2
dsþl

l[L

XðT

t

ðð ~Hs 2HsÞðlÞÞ
2dsþ

t,s#T

X
ðDð ~Ys 2YsÞÞ

2

¼ ~h ~XT ;N
i
T

� �
2h XT ;N

i
T

� �!! !!2þ2

ðT

t

~Ys 2Ys

� �
~f ðs; ~Q

0; ~j;i

s ; Ni
sÞ2 f ðs;Q0;j;i

s ;Ni
sÞ

� �
ds

22

ðT

t

ð ~Ys 2YsÞðð ~Zs 2ZsÞdBsÞ22

ðT

t l[L

X
ð ~Ys2 2Ys2 Þð ~HsðlÞ2HsðlÞÞdMsðlÞ ð2:15Þ

Hence, we deduce ;t [ ½0; T�;

E

ðT

t

1Aj ~Zs 2 Zsj
2
ds þ lE

l[L

XðT

t

1Aðð ~Hs 2 HsÞðlÞÞ
2ds

# E 1A
~h ~XT ;Ni

T

� �
2 h XT ;Ni

T

� �!! !!2	 


þ 2E

ðT

t

1Að ~Ys 2 YsÞ ~f ðs; ~Q
0; ~j;i

s ; Ni
sÞ2 f ðs;Q0;j;i

s ;Ni
sÞ

� �
ds ð2:16Þ
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Moreover from Burkhölder–Davis–Gundy inequalities, there exists g . 0; changing

from line to line such that

2E
0#t#T
sup

ðT

t

1Að ~Ys 2 YsÞðð ~Zs 2 ZsÞdBsÞ

!!!!
!!!! # 2gE

ðT

0

1Aj ~Ys 2 Ysj
2
j ~Zs 2 Zsj

2
ds

� �1
2

#
1

4
E 1A

0#s#T
sup j ~Ys 2 Ysj

2

 !
þ gE

ðT

0

1Aj ~Zs 2 Zsj
2
ds ð2:17Þ

and similarly to Eq. (2.9),

2E
0#t#T
sup

ðT

t l[L

X
1Að ~Ys2 2 Ys2 Þðð ~Hs 2 HsÞðlÞdMsðlÞÞ

!!!!!!
!!!!!!

#
1

4
E 1A

0#s#T
sup j ~Ys 2 Ysj

2

 !
þ lgE

l[L

XðT

0

1Aðð ~Hs 2 HsÞðlÞÞ
2ds ð2:18Þ

Hence combining Eqs. (2.16), (2.17) and (2.18), we find from Eq. (2.15) a constant b(K, l)

depending on l and K such that

E 1A
0#s#T
sup j ~Ys 2 Ysj

2

 !
þ E

ðT

0

1Aj ~Zs 2 Zsj
2
ds þ E

l[L

XðT

0

1Aðð ~Hs 2 HsÞðlÞÞ
2ds

# bðK;lÞ E 1A
~hNi

T
ð ~XT Þ2 hNi

T
ðXT Þ

!!! !!!2��

þE
0#t#T
sup

ðT

t

1Að ~Ys 2 YsÞ ~f ðs; ~Q
0; ~j;i

s ; Ni
sÞ2 f ðs;Q0;j;i

s ;Ni
sÞ

� �
ds

 !!#
ð2:19Þ

Using assumptions (H1.1), (H1.2) and standard estimates, there exists ~bK . 0 only

depending on K satisfying

2E
0#t#T
sup

ðT

t

1Að ~Ys 2 YsÞ ~f ðs; ~Q
0; ~j;i

s ; Ni
sÞ2 f ðs;Q0;j;i

s ;Ni
sÞ

� �
ds

 !

# ~bK E

ðT

0

1Aj ~Xs 2 Xsj
2
ds þ E

ðT

0

1Aj ~Ys 2 Ysjðj ~Zs 2 Zsj þ j ~Hs 2 HsjÞds

�

þ E

ðT

0

1Aj ~Ys 2 Ysj
2
ds þ E

ðT

0

1A ð~f 2 f Þ s;Q0;j;i
s ;Ni

s

� �!! !!ds

� �2
#
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So, plugging this inequality into Eq. (2.19) and adding with Eq. (2.14), we obtain

modifying bðK;lÞ

E 1A
0#s#T
sup j ~Xs 2 Xsj

2

 !
þ E 1A

0#s#T
sup j ~Ys 2 Ysj

2

 !
þ E

l[L

XðT

0

1Aðð ~Hs 2 HsÞðlÞÞ
2ds

þ E

ðT

0

1Aj ~Zs 2 Zsj
2
ds # bðK;lÞ Eð1Aj ~j2 jj

2
Þ þ E 1A

~hNi
T ð
~XT Þ2 hNi

T
ðXT Þ

!!! !!!2� ��

þE

ðT

0

1Aðj ~Xs 2 Xsj
2
Þds þ E

ðT

0

1Aj ~Zs 2 Zsjðj ~Xs 2 Xsjds þ j ~Ys 2 YsjÞds

þE

ðT

0

1Aðj ~Ys 2 Ysj
2
Þds þ E

ðT

0

1Aj ~Hs 2 Hsjðj ~Xs 2 Xsj þ j ~Ys 2 YsjÞds

þE

ðT

0

1A ð ~s2 sÞ s;Xs; Ys;Ni
s

� �!! !!2ds þ E

ðT

0

1Aðj~b 2 bj þ j~f 2 f jÞ s;Q0;j;i
s ;Ni

s

� �
ds

� �2
#

Hence using once again standard estimates, we prove the existence of two constants bði1Þ
ðK;lÞ

and Cði2Þ
ðK;lÞ depending on K and l such that for T # Cði2Þ

ðK;lÞ;

E
0#s#T
sup 1Aj ~Xs 2 Xsj

2

 !
þ E

0#s#T
sup 1Aj ~Ys 2 Ysj

2

 !
þ E

l[L

XðT

0

1Aðð ~Hs 2 HsÞðlÞÞ
2ds

þ E

ðT

0

1Aj ~Zs 2 Zsj
2
ds # b

ði1Þ
ðK;lÞ Eð1Aj ~j2 jj

2
Þ þ Eð1Ajð~hNi

T 2 hNi
T
ÞðXT Þj

2
Þ

h i

þ E

ðT

0

1A j~b 2 bj þ j~f 2 f j
� �

s;Q0;j;i
s ;Ni

s

� �
ds

� �2

þE

ðT

0

1A ð ~s2 sÞ s;Xs; Ys;Ni
s

� �!! !!2ds

ð2:20Þ

A

Corollary 2.1 Assume that (H1) holds and T # Cði2Þ
ðK;lÞ: Then ;ðt; iÞ [ ½0; T� £K and for

every x [ Rd; the unique solution Qt;x;i
s ¼ ðXt;x;i

s ; Yt;x;i
s ; Ht;x;i

s ; Zt;x;i
s Þt#s#T of the problem

ðE t;xÞ extended on whole [0, T ] by putting ;s [ ½0; t�; Xt;x;i
s ¼ x; Yt;x;i

s ¼ Y
t;x;i
t ; Ht;x;i

s ¼

Zt;x;i
s ¼ 0 satisfies

(i) ’Cði1Þ
ðK;L;lÞ such that ;ðt; xÞ [ ½0; T� £ Rd;

E
0#s#T
sup Xt;x;i

s

!! !!2þE
0#s#T
sup Yt;x;i

s

!! !!2þE
l[L

XðT

0

Ht;x;i
s ðlÞ

� �2
ds

þ E

ðT

0

Zt;x;i
s

!! !!2ds # Cði1Þ
ðK;L;lÞð1 þ jxj

2
Þ ð2:21Þ
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(ii) ;ððt; xÞ; ðt0; x0ÞÞ [ ð½0; T� £ RdÞ2; ’Cði2Þ
ðK;L;lÞ such that

E
0#s#T
sup Xt;x;i

s 2 Xt0;x0;i
x

!!! !!!2þ E
0#s#T
sup Yt;x;i

s 2 Yt0;x0;i
s

!!! !!!2þE

ðT

0

Zt;x;i
s 2 Zt0;x0;i

s

!!! !!!2ds

þ E
l[L

XðT

0

Ht;x;i
s ðlÞ2 Ht0;x0;i

s ðlÞ
	 
2

ds # b
ði1Þ
ðK;lÞjx 2 x0j

2
þ Cði2Þ

ðK;L;lÞjt 2 t0j
ð2:22Þ

Proof (i) Let x [ Rd and assume T # Cði2Þ
ðK;lÞ: The process ðQt;x;i

s Þ0#s#T is a solution of the

problem

;s [ ½0; T�

Xt;x;i
s ¼ x þ

Ð s

0
1½t;T�ðrÞbðr;Q

t;x;i
r ;Nt;i

r Þdr þ
Ð s

0
1½t;T�ðrÞsðr;Xr;Yr;Nt;i

r ÞdBr

Yt;x;i
s ¼ hN

t;i
T
ðX

t;x;i
T Þ þ

Ð T

s
1½t;T�ðrÞf ðr;Q

t;x;i
r ;Nt;i

r Þdr 2
Ð T

s
ZrdBr 2

Ð T

s
l[L

P
HrðlÞdMrðlÞ

E
Ð T

0
ðjXrj

2
þ jYrj

2
þ jZrj

2
þ jHrj

2
Þdr , þ1

8>>>>>>><
>>>>>>>:

Applying Theorem 2.2 to the quartet of functions ð1½t;T�f N
t;i
s
; 1½t;T�gN

t;i
s
; 1½t;T�sN

t;i
s
; hN

t;i
T
Þ and

ð0; 0; 0; 0Þ; we have

E
0#s#T
sup Xt;x;i

s

!! !!2þE
0#s#T
sup Yt;x;i

s

!! !!2þ E

ðT

0

Zt;x;i
s

!! !!2ds

þ E
l[L

XðT

0

Ht;x;i
s ðlÞ

� �2
ds # b

ði1Þ
ðK;lÞ jxj

2
þ E hNi

T
ð0Þ

!!! !!!2� �
þ E

ðT

0

sNi
s
ðs; 0; 0Þ

!!! !!!2ds

�

þ E

ðT

0

bNi
s

!!! !!!þ f Ni
s

!!! !!!	 

ðs; 0; 0; 0; 0Þ

� �2�
applying assumption (H1.3), there exists a constant Cði1Þ

ðK;L;lÞ depending on K, L and l such

that

E
0#s#T
sup Xt;x;i

s

!! !!2þE
0#s#T
sup Yt;x;i

s

!! !!2þE

ðT

0

Zt;x;i
s

!! !!2dsþ E
l[L

XðT

0

Ht;x;i
s ðlÞ

� �2
ds#Cði1Þ

ðK;L;lÞ ð1þjxj
2
Þ

(ii) Let ðt; xÞ [ ½0; T� £ Rd and ðt0; x0Þ [ ½0; T� £ Rd; t0 , t:

Noting that the two quartets of functions ð1½t;T�b N
t;i
s
; 1½t;T�f N

t;i
s
; 1½t;T�sN

t;i
s
; hN

t;i
T
Þ and

ð1½t0;T�bN
t0 ;i
s
; 1½t0;T�f N

t0 ;i
s
; 1½t0;T�sN

t0 ;i
s
; h

N
t0 ;i
T

Þ; satisfy (H1), using of Theorem 2.2 we obtain

E
0#s#T
sup Xt;x;i

s 2 Xt0;x0;i
s

!!! !!!2þE
0#s#T
sup Yt;x;i

s 2 Yt0;x0;i
s

!!! !!!2þE

ðT

0

Zt;x;i
s 2 Zt0;x0;i

s

!!! !!!2ds

þ E
l[L

XðT

0

Ht;x;i
s ðlÞ2 Ht0;x0;i

s ðlÞ
	 
2

ds # b
ð1Þ
ðK;lÞ jx 2 x0j

2
þ E hN

t;i
T
2 h

N
t0 ;i
T

	 

ðXT Þ

!!! !!!2�

þ E

ðT

0

1½t0;T�sN
t0 ;i
r
2 1½t;T�sN

t;i
r

	 

r;Xt;x;i

r ; Yt;x;i
r

� �!!! !!!2dr

þ E

ðT

0

1½t0;T�bN
t0 ;i
r
2 1½t;T�bN

t;i
r

!!! !!!þ 1½t0;T� f
N

t0 ;i
r
2 1½t;T� f N

t;i
r

!!! !!!	 

r;Qt;x;i

r

� �
dr

� �2�
ð2:23Þ
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and from assumption (H1.3) there exists a constant CL;l depending only on L and l such that

E hN
t;i
T
2 h

N
t0 ;i
T

	 

ðXT Þ

!!! !!!2 ¼ E hN
t;i
T
2 h

N
t0 ;i
T

	 

ðXT Þ

!!! !!!21
N

t0 ;i
T
–N

t;i
T

# $
# E hN

t;i
T
2 h

N
t0 ;i
T

	 

ðXT Þ

!!! !!!21{nð�t0;t½Þ–0}

E hN
t;i
T
2 h

N
t0 ;i
T

	 

ðXT Þ

!!! !!!2
# 2L2Pðnð�t0; t½Þ – 0Þ # CL;ljt

0 2 tj

where n is the law of the first jump between t and t0.

So, using the same argument in the two last integrals and assumption (H1.3), we easily find

from Eq. (2.23) a constant Cði2Þ
ðK;L;lÞ such that

E
0#s#T
sup Xt;x;i

s 2 Xt0;x0;i
s

!!! !!!2þ E
0#s#T
sup Yt;x;i

s 2 Yt0;x0;i
s

!!! !!!2þ E

ðT

0

Zt;x;i
s 2 Zt0;x0;i

s

!!! !!!2ds

þ E
l[L

XðT

0

Ht;x;i
s ðlÞ2 Ht0;x0;i

s ðlÞ
	 
2

ds # b
ði1Þ
ðK;lÞjx 2 x0j

2
þ Cði2Þ

ðK;L;lÞjt 2 t0j

A

We deduce the following result which is an obvious consequence of the previous corollary.

Corollary 2.2 Assume that (H1) holds. Then there exists some constants

Cð1:1Þ
ðK;L;lÞ; Cð1:2Þ

ðK;L;lÞ; b
ð1Þ
ðK;lÞ and Cð2Þ

ðK;lÞ such that ;T # Cð2Þ
ðK;lÞ; the map

u : ½0; T� £ Rd £K ! R

ðt; x; iÞ ! Y
t;x;i
t

which defines also a mapping

u : ½0; T� £ Rd ! Rk

ðt; xÞ ! ðuðt; x; 1Þ; uðt; x; 2Þ; . . .; uðt; x; kÞÞ

satisfies

(i) ;ðt; xÞ [ ½0; T� £ Rd; ;ðt0; x0Þ [ ½0; T� £ Rd; ;i [ K;

juðt; x; iÞj
2
# Cð1:1Þ

ðK;L;lÞð1 þ jxj
2
Þ ð2:24Þ

juðt; x; iÞ2 uðt0; x0; iÞj
2
# b

ð1Þ
ðK;lÞjx 2 x0j

2
þ Cð1:2Þ

ðK;L;lÞjt 2 t0j ð2:25Þ

(ii) ;i [ K; ;ðt; xÞ [ ½0; T� £ Rd and for every Gt measurable random vector j with finite

second moment, there exists a P-null set G
t;j
Y such that ; s [ ½t; T�;

;v � G
t;j
Y uðs;Xt;j;i

s ðvÞ; Nt;i
s Þ ¼ Yt;j;i

s ðvÞ ð2:26Þ

A.B. SOW AND E. PARDOUX442

D
ow

nl
oa

de
d 

by
 [

A
ix

-M
ar

se
ill

e 
U

ni
ve

rs
ité

] 
at

 0
1:

54
 1

0 
A

pr
il 

20
13

 



;l [ L Ht;x;i
s ðlÞ ¼ u s;Xt;x;i

s ; Nt;i
s2 þ l

� �
2 u s;Xt;x;i

s ; Nt;i
s2

� �
ð2:27Þ

f N
t;i
s

s;Xt;x;i
s ; Yt;x;i

s ;Ht;x;i
s ; Zt;x;i

s

� �
¼ �fNt;i

s
s;Xt;x;i

s ; u s;Xt;x;i
s

� �
; Zt;x;i

s

� �
ð2:28Þ

bN
t;i
s

s;Xt;x;i
s ; Yt;x;i

s ; Ht;x;i
s ; Zt;x;i

s

� �
¼ �bN

t;i
s

s;Xt;x;i
s ; u s;Xt;x;i

s

� �
; Zt;x;i

s

� �
ð2:29Þ

Proof Putting

Cð1:1Þ
ðK;L;lÞ ¼

i¼1;...;k
max Cði1Þ

ðK;L;lÞ ; b
ð1Þ
ðK;lÞ ¼

i¼1;...;k
max b

ði1Þ
ðK;lÞ

Cð1:2Þ
ðK;L;lÞ ¼

i¼1;...;k
max Cði2Þ

ðK;L;lÞ ; Cð2Þ
ðK;lÞ ¼

i¼1;...;k
min Cði2Þ

ðK;lÞ

then we easily get Eqs. (2.24) and (2.5) as immediate consequences of the previous corollary.

Let us recall the proof of Eq. (2.26) which is an adaptation of one given in Ref. [2].

We nevertheless include a complete proof for the convenience of the reader.

Let ðt; xÞ [ ½0; T� £ Rd; i [ K and j a Gt measurable random vector with finite second

moment. Applying Theorem 2.2 (using the same coefficients and different initial values),

we have

; s [ ½t; T�; ;1 . 0 E 1{jj2xj,1} Yt;x;i
s 2 Yt;j;i

s

!! !!2	 

# b

ði1Þ
ðK;lÞ E 1{jj2xj,1}jj2 xj

2
	 


Hence

; 1 . 0 E 1{jj2xj,1} uðt; x; iÞ2 Yt;j;i
t

!! !!2	 

# b

ð1Þ
ðK;lÞ E 1{jj2xj,1}jj2 xj

2
	 


Furthermore, we have

E 1{jj2xj,1} uðt; j; iÞ2 Yt;j;i
t

!! !!2	 


# 2 E 1{jj2xj,1}juðt; j; iÞ2 uðt; x; iÞj
2
þ Eð1{jj2xj,1} uðt; x; iÞ2 Yt;j;i

t

!! !!2	 
h i
Using the Lipschitz property, Eq. (2.25), we obtain

Eð1{jj2xj,1}juðt; j; iÞ2 uðt; x; iÞj
2
Þ # b

ð1Þ
ðK;lÞ Eð1{jj2xj,1}jj2 xj

2
Þ

Hence

;i ¼ 1; . . .; k E 1{jj2xj,1} uðt; j; iÞ2 Yt;j;i
t

!! !!2	 

# 4bð1Þ

ðK;lÞ Eð1{jj2xj,1}jj2 xj
2
Þ:

Choosing 1 ¼ ð1=mÞ; x ¼ ðp=mÞ; p [ Zd; we have

;m [ N
p[Zd

X
E 1{jj2ðp=mÞj,1} uðt; j; iÞ2 Yt;j;i

t

!! !!2	 

#

4

m2
b
ð1Þ
ðK;lÞ

p[Zd

X
E 1{jj2ðp=mÞj1,ð1=mÞ}

� �
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therefore

E uðt; j; iÞ2 Yt;j;i
t

!! !!2	 

#

2dþ2

m2
b
ð1Þ
ðK;lÞ ;i ¼ 1; . . .; k; ;m [ N

We deduce

p:s uðt; j; iÞ ¼ Yt;j;i
t ;i ¼ 1; . . .; k ð2:30Þ

Elsewhere ;s [ ½t; T�; ðQt;j;i
u Þs#u#T W Xt;j;i

u ; Yt;j;i
u ; Ht;j;i

u ; Zt;j;i
u

� �
s#u#T

is solution of the

problem

;s [ ½t; T�

Xt;j;i
u ¼ Xt;j;i

s þ
Ð u

s
b r;Qt;j;i

r ; Ns;Nt;i
s

r

	 

dr þ

Ð u

s
s r;Xr; Yr;Ns;N

t;i
s

r

	 

dBr

Yt;j;i
u ¼ h

N
s;N

t;i
s

T

ðX
t;j;i
T Þ þ

Ð T

u
f r;Qt;j;i

r ; Ns;Nt;i
s

r

	 

dr 2

Ð T

u
ZrdBr 2

Ð T

u
l[L

P
HrðlÞdMrðlÞ

E
Ð T

s
ðjXrj

2
þ jYrj

2
þ jZrj

2
þ jHrj

2
Þdr , þ1

8>>>>>>>>><
>>>>>>>>>:

hence using Eq. (2.30) and uniqueness of solutions of our system, we obtain

;s [ ½t; T�; u s;Xt;j;i
s ; Nt;i

s

� �
¼ Ys;Xt;j;i

s ;Nt;i
s

s ¼ Yt;j;i
s p:s

Using Ref. [9], lemma 2.2 we get Eqs. (2.27), (2.28) and (2.29). A

In the next section, we extend our results to the case of random coefficients in order to get

some regularity properties of the map u given in the previous corollary.

However, the proofs being the same as in the previous section, we only give the statments

of the results.

Extension to the Random Coefficients Case

We assume ; i [ K the functions bi; f i;si and hi are, respectively, P^BðRdÞ^BðRÞ^

BðRk21Þ^BðRdÞ=BðRdÞ;P^BðRdÞ^BðRÞ^BðRk21Þ^BðRdÞÞ=BðRÞ;P^BðRdÞ^BðRÞ=B
ðRd£dÞ and G0

T^Rd=BðRdÞ measurable.

Theorem 2.3 (SOLUTION IN SMALL TIME DURATION) Let i [ K and assume that the

coefficients satisfy assumption (H1). Then for every G0 measurable random vector j with

finite second moment a solution of (E 0,j) satisfies

(i) ðXsÞ0#s#T is continuous and ðYsÞ0#s#T has a càdlàg version.

(ii) E ð
0#t#T
sup jXtj

2
þ

0#t#T
sup jYtj

2
Þ , 1:

Moreover, there exists a constant ~C
ði1Þ

ðK;lÞ depending on K and l such that for T # ~C
ði1Þ

ðK;lÞ; the

problem (E 0,j) admits a unique solution.

Theorem 2.4 (A PRIORI ESTIMATES). Let i [ K; (b, f, h, s) and ð~b; ~f; ~h; ~sÞ two quartets of

functions satisfying assumption (H1) with the same constants K and L.
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Let ðQ0;j;i
s Þð0#s#TÞ (resp ð ~Q

0; ~j;i

s Þð0#s#TÞ the associated solution to (b, f, h, s)

(resp ð~b; ~f; ~h; ~sÞ) with initial condition (0, j, i) (resp ð0; ~j; iÞÞ.

There exists two constants ~C
ði2Þ

ðK;lÞ #
~C
ði1Þ

ðK;lÞ and ~b
ði1Þ

ðK;lÞ depending on K and l such that for

every T # ~C
ði2Þ

ðK;lÞ and for every A [ G0; the following holds

Eð1A
0#s#T
sup jXs 2 ~Xsj

2
Þ þ Eð1A

0#s#T
sup jYs 2 ~Ysj

2
Þ þ E

l[L

XðT

0

1AjðHs 2 ~HsÞðlÞj
2
ds

þ E

ðT

0

1AjZs 2 ~Zsj
2
ds # ~b

ði1Þ

ðK;lÞ Eð1Ajj2 ~jj
2
Þ þ Eð1Ajðh 2 ~hÞðXT Þj

2
Þ

h

þ E

ðT

0

1Ajðs2 ~sÞðs;Xs; Ys; Ni
sÞj

2
ds þ E

ðT

0

1Aðjb 2 ~bj þ j f 2 ~fjÞ s;Q0;j;i
s ; Ni

s

� �
ds

� �2�

Corollary 2.3 ; T # ~C
ði2Þ

ðK;lÞ; ; ðt; iÞ [ ½0; T� £K under the assumption (H1), for every

x [ Rd we define the process ðQt;x;i
s Þt#s#T as the unique solution of the problem

; s [ ½t; T�

Xt;x;i
s ¼ x þ

Ð s

t
b r;Qt;x;i

r ; Nt;i
r

� �
dr þ

Ð s

t
s r;Xr; Yr;Nt;i

r

� �
dBr

Yt;x;i
s ¼ hN

t;i
T

X
t;x;i
T

� �
þ
Ð T

s
f r;Qt;x;i

r ; Nt;i
r

� �
dr 2

Ð T

s
Zt;x;i

r dBr 2
Ð T

s
l[L

P
Ht;x;i

r ðlÞdMrðlÞ

E
Ð T

t
ðjXrj

2
þ jYrj

2
þ jHrj

2
þ jZrj

2
Þdr , þ1

8>>>>>>><
>>>>>>>:

extended on [0,T ] by putting

; s [ ½0; t�; Xt;x;i
s ¼ x; Yt;x;i

s ¼ E Y
t;x;i
t =Gs

� �
Y

t;x;i
t ¼ Y

t;x;i
0 þ

Ð t

0
Zt;x;i

s dBu þ
Ð t

0
l[L

P
Ht;x;i

r ðlÞdMrðlÞ

8><
>:

then

(i) ’ ~C
ði1Þ

ðK;L;lÞ such that ; ðt; xÞ [ ½0; T� £ Rd;

E
0#s#T
sup jXt;x;i

s j
2
þ E

0#s#T
sup Yt;x;i

s

!! !!2þE
l[L

XðT

0

Ht;x;i
s ðlÞ

� �2
ds þ E

ðT

0

Zt;x;i
s

!! !!2ds

# ~C
ði1Þ

ðK;L;lÞð1 þ jxj
2
Þ

(ii) ; ððt; xÞ; ðt0; x0ÞÞ [ ð½0; T� £ RdÞ2; ’ ~C
ði2Þ

ðK;L;lÞ such that

E
0#s#T
sup Xt;x;i

s 2 Xt0;x0;i
s

!!! !!!2þ E
0#s#T
sup Yt;x;i

s 2 Yt0;x0;i
s

!!! !!!2þ E
l[L

XðT

0

Ht;x;i
s ðlÞ2 Ht0;x0;i

s ðlÞ
	 
2

ds

þ E

ðT

0

Zt;x;i
s 2 Zt0;x0;i

s

!!! !!!2ds # ~b
ði1Þ

ðK;lÞjx 2 x0j
2
þ ~C

ði2Þ

ðK;L;lÞjt 2 t0j
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Theorem 2.5 ; i [ K; ; p $ 1 there exists two constants b
ðiÞ
ðp;K;l;LÞ and b

ðiÞ
ðp;K;lÞ such that

; T # ~C
ði2Þ

ðK;lÞ; and for every G0-measurable random vector j such that Ejjj
2p

, 1;

(i) the process Q0;j;i
s

� �
0#s#T

solution of (E 0, j) satisfies

E
0#s#T
sup X0;j;i

s

!! !!2p
þ E

0#s#T
sup Y0;j;i

s

!! !!2p
þ E

ðT

0 l[L

X
H0;j;i

s ðlÞ
� �2

ds

0
@

1
A

p

þ E

ðT

0

Z0;j;i
s

!! !!2ds

� �p

# b
ðiÞ
ðp;K;l;LÞð1 þ Ejjj

2p
Þ ð2:31Þ

(ii) For every quartet ð~b; ~f; ~s; ~hÞ [resp (b, f, s, h)] satisfying (H1) with the constants K, L,

for every A [ G0 and for every random vector ~j (resp j) with finite 2pth moment

we have

E 1A
0#s#T
sup j ~Xs 2 Xsj

2p

 !
þ E 1A

0#s#T
sup j ~Ys 2 Ysj

2p

 !

þ E 1A

ðT

0

j ~Zsj
2
ds

� �p

þE 1A

ðT

0 l[L

X
ðð ~Hs 2 HsÞðlÞÞ

2ds

0
@

1
A

p

# b
ðiÞ
ðp;K;lÞE 1A j ~j2 jj

2p
þ ~hNi

T 2 hNi
T

	 

ðXT Þ

!!! !!!2p
��

þ

ðT

0

j ~s2 sj
2

s;Xs; Ys;Ni
s

� �
ds

� �p

þ

ðT

0

j~b 2 bj þ j~f 2 f j s;Qs;Ni
s

� �
ds

� �2p
!#ð2:32Þ

where ð ~Xs; ~Ys; ~Hs; ~ZsÞ (resp ðXs; Ys;Hs; ZsÞ) is the solution of ðE 0; ~jÞ [resp ðE 0;jÞ]

associated to ð~b; ~f; ~s; ~hÞ [resp ðb; f ;s; hÞ] and with initial values ð0; ~j; iÞ [resp (0,j,i ].

Proof Let us recall that we assume T # 1: Using the same technique developed in Ref. [2],

we suppose in a first step that the processes ðQ0;j;i
s Þ0#s#T and ð ~Q

0; ~j;i

s Þ0#s#T satisfy

p-integrability conditions defined below

ðLpÞ E
0#s#T
sup jX0;j;i

s j
2p
þ E

0#s#T
sup jY0;j;i

s j
2p
þ E

ðT

0 l[L

X
ðH0;j;i

s ðlÞÞ2ds

0
@

1
A

p

þE

ðT

0

jZ0;j;i
s j

2
ds

� �p

,1

ð ~LpÞ E
0#s#T
sup j ~X

0; ~j;i
s j

2p
þ E

0#s#T
sup j ~Y

0; ~j;i
s j

2p
þ E

ðT

0 l[L

X
ð ~H

0; ~j;i
s ðlÞÞ2ds

0
@

1
A

p

þE

ðT

0

j ~Z
0; ~j;i
s j

2
ds

� �p

,1
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Let us prove the existence of a constant ~Cðp;K; lÞ such that for every T # ~Cðp;K; lÞ

inequality Eq. (2.32) holds. For convenience in the proof, we omit the superscript

0,j,i and 0,j̃,i

Let A [ G0: Thanks to Itô’s formula with the function wpðxÞ ¼ x 2p; p $ 1; we have

;t [ ½0; T�;

E 1A
0#s#T
sup j ~Xs 2 Xsj

2p

 !
# Eð1Aj ~j2 jj

2p
Þ þ 2pE

0#t#T
sup

ðt

0

1Aj ~Xs 2 Xsj
2p21

ð~bðs; ~Qs;Ni
sÞ

�

2 bðs;Qs;Ni
sÞÞds

!
þ 2pE

0#t#T
sup

ðt

0

1Aj ~Xs 2 Xsj
2p21

ð ~sðs; ~Xs; ~Ys;Ni
sÞ

�

2 sðs;Xs; Ys;Ni
sÞÞdBs

�
þ pð2p 2 1ÞE

ðT

0

1Aj ~Xs 2 Xsj
2p22

£ j ~sðs; ~Xs; ~Ys;Ni
sÞ2 sðs;Xs; Ys;Ni

sÞj
2
ds

Using Burkholder–Davis–Gundy inequalities and assumption (H1.1)–(H1.2), we obtain

(with g . 0)

E 1A
0#s#T
sup j ~Xs 2 Xsj

2p

 !
# Eð1Aj ~j2 jj

2p
Þ

þ 2pKE

ðT

0

1Aj ~Xs 2 Xsj
2p21

jð~b 2 bÞ s;Qs;Ni
s

� �
jds

� �

þ

ðT

0

1Aj ~Xs 2 Xsj
2p21

ðj ~Xs 2 Xsj þ j ~Ys 2 Ysj

þ j ~Hs 2 Hsj þ j ~Zs 2 ZsjÞds

þ 2pgE

ðT

0

1Aj ~Xs 2 Xsj
4p22

j ~s s; ~Xs; ~Ys;Ni
s

� ��

2s s;Xs; Ys;Ni
s

� �
j
2
ds

1

2

þ pð2p 2 1ÞE

ðT

0

1Aj ~Xs 2 Xsj
2p22

j ~s s; ~Xs; ~Ys;Ni
s

� �

2s s;Xs; Ys;Ni
s

� �
j
2
ds
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Hence there exists a constant c( p,K) depending on p and K such that

E 1A
0#s#T
sup j ~Xs 2 Xsj

2p

 !
# cðp;KÞ Eð1Aj ~j2 jj

2p
Þ

h

þ E

ðT

0

1Aj ~Xs 2 Xsj
2p21

jð~b 2 bÞ s;Qs;Ni
s

� �
jds

þ E

ðT

0

1Aj ~Xs 2 Xsj
2p21

ðj ~Xs 2 Xsj

þ j ~Ys 2 Ysj þ j ~Hs 2 Hsj þ j ~Zs 2 ZsjÞds

þ E

ðT

0

1Aj ~Xs 2 Xsj
4p22

jð ~s2 sÞ s;Xs; Ys;Ni
s

� �
j
2
ds

� �1
2

þE

ðT

0

1Aj ~Xs 2 Xsj
2p22

jð ~s2 sÞ s;Xs; Ys;Ni
s

� �
j
2
ds

� ��

which implies using Young inequalities and modifying c( p,K)

E 1A
0#s#T
sup j ~Xs 2Xsj

2p
Þ# cðp;KÞ Eð1Aj ~j2jj

2p
Þþ E

ðT

0

1Aðj ~Xs2Xsj
2p
þj ~Ys2Ysj

2p
Þds

� 

þT pE

ðT

0

1Aj ~Zs 2Zsj
2
ds

� �p

þT pE
l[L

XðT

0

1Að ~HsðlÞ2HsðlÞÞ
2ds

0
@

1
A

p

þ E

ðT

0

1Ajð~b2bÞ s;Qs;N
i
s

� �
jds

� �2p

þE

ðT

0

1Ajð ~s2sÞ s;Xs;Ys;N
i
s

� �
j
2
ds

� �p�
ð2:33Þ

Furthermore using the same function, from Itô’s formula for discontinuous processes

we have

j ~Yt 2Ytj
2p
¼ j ~YT 2YT j

2p
þ2p

ðT

t

ð ~Ys2 2Ys2 Þ2p21 ~fðs; ~Qs;N
i
sÞ2 f ðs;Qs;N

i
sÞ

� �
ds

2pð2p21Þ

ðT

t

ð ~Ys2 2Ys2Þ2p22j ~Zs 2Zsj
2
ds

22p

ðT

t

ð ~Ys2 2Ys2 Þ2p21ð ~Zs 2ZsÞdBs

22p

ðT

t l[L

X
ð ~Ys2 2Ys2 Þ2p21ð ~HsðlÞ2HsðlÞÞdMsðlÞ

2
t,s#T

X
j ~Ys 2Ysj

2p
2 j ~Ys2 2Ys2 j

2p
22pð ~Ys2 2Ys2 Þ2p21Dð ~Ys 2YsÞ

h i
ð2:34Þ
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Putting Vs ¼ j ~Ys 2 Ysj
2
2 j ~Ys2 2 Ys2 j

2
¼ ð2ð ~Ys2 2 Ys2 Þ þ ð ~Hs 2 HsÞÞð ~Hs 2 HsÞ, we

deduce

j ~Ys 2 Ysj
2p
2 j ~Ys2 2 Ys2 j

2p
2 2pð ~Ys2 2 Ys2 Þ2p21Dð ~Ys 2 YsÞ

¼ j ~Ys2 2 Ys2 j
2
þ Vs

	 
p

2 j ~Ys2 2 Ys2 j
2

	 
p

22pð ~Ys2 2 Ys2 Þ2p21ð ~HsðlÞ2 HsðlÞÞ

¼ j ~Ys2 2 Ys2 j
2
þ Vs

	 
p

2 j ~Ys2 2 Ys2 j
2

	 
p

2p j ~Ys2 2 Ys2 j
2

	 
p21

Vs

þ pð ~Ys2 2 Ys2 Þ2ðp21Þð ~Hs 2 HsÞ
2

Hence substituting the last sum in Eq. (2.34) by the quantity

t,s#T

X
j ~Ys2 2 Ys2 j

2
þ Vs

	 
p

2 j ~Ys2 2 Ys2 j
2

	 
p

2p j ~Ys2 2 Ys2 j
2

	 
p21

Vs

� �

þ p
t,s#T

X
ð ~Ys2 2 Ys2 Þ2ðp21ÞðDð ~Ys 2 YsÞÞ

2 þ lp

ðT

t

ð ~Ys2 2 Ys2 Þ2ðp21Þj ~Hs 2 Hsj
2
ds

we obtain ;t [ ½0; T� and A [ G0,

1Aj ~Yt 2 Ytj
2p
þ pð2p 2 1Þ

ðT

t

1Að ~Ys2 2 Ys2 Þ2p22j ~Zs 2 Zsj
2
ds

þ p
t,s#T

X
1Að ~Ys2 2 Ys2 Þ2ðp21ÞðDð ~Ys 2 YsÞÞ

2 þ lp

ðT

t

1Að ~Ys2 2 Ys2 Þ2ðp21Þj ~Hs 2 Hsj
2
ds

¼ j ~YT 2 YT j
2p
þ 2p

ðT

t

1Að ~Ys2 2 Ys2 Þ2p21 ~f s; ~Qs;Ni
s

� �
2 f s;Qs;Ni

s

� �� �
ds

2 2p

ðT

t

1Að ~Ys2 2 Ys2Þ2p21ð ~Zs 2 ZsÞdBs

2 2p

ðT

t l[L

X
1Að ~Ys2 2 Ys2 Þ2p21ð ~HsðlÞ2 HsðlÞÞdMsðlÞ

2
t,s#T

X
1A j ~Ys2 2 Ys2 j

2
þ Vs

	 
p

2 j ~Ys2 2 Ys2 j
2

	 
p

2p j ~Ys2 2 Ys2 j
2

	 
p21

Vs

� �

Using the convexity property of wp, we prove that the last sum of the right hand side is

positive. Therefore, there exists cp . 0 such that ;t [ ½0; T�,

Eð1Aj ~Yt 2 Ytj
2p
Þ þ E

ðT

t

1Aj ~Ys 2 Ysj
2ðp21Þ

ðj ~Zs 2 Zsj
2
þ lj ~Hs 2 Hsj

2
Þds

# cp E

ðT

t

1Að ~Ys 2 YsÞ
2p21 ~f s; ~Qs;Ni

s

� �
2 f ðs;Qs;Ni

s

� �
ds þ E1Aj ~YT 2 YT j

2p

� �
ð2:35Þ

Moreover since w
00

p . 0 by the same argument, the last sum in Eq. (2.34) is positive.
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Using the Burkhölder–Davis–Gundy inequalities, we find a constant ~cp only depending

on p which can change line to line such that

E
0#t#T
sup

ðT

t l[L

X
1Að ~Ys2 2Ys2 Þ2p21ð ~HsðlÞ2HsðlÞÞÞdMsðlÞ

!!!!!!
!!!!!!

#
1

4
E 1A

0#s#T
sup j ~Ys 2Ysj

2p

 !
þl~cpE

ðT

t l[L

X
1Að ~Ys2 2Ys2 Þ2ðp21Þð ~HsðlÞ2HsðlÞÞ

2ds

E
0#t#T
sup

ðT

t

1Að ~Ys2 2Ys2 Þ2p21ð ~Zs 2ZsÞdBs

!!!!
!!!!# 1

4
E 1A

0#s#T
sup j ~Ys 2Ysj

2p

 !

þ ~cpE

ðT

t

1Að ~Ys2 2Ys2 Þ2ðp21Þj ~Zs 2Zsj
2
ds

Hence using these two inequalities and modifying ~cp if necessary we deduce from Eq. (2.34)

E 1A
0#s#T
sup j ~Ys 2 Ysj

2p

 !
# ~cp Eð1Aj ~YT 2 YT j

2p
Þ

h

þ E

ðT

0

1Aj ~Ys 2 Ysj
2ðp21Þ

ðj ~Zs 2 Zsj
2
þ lj ~Hs 2 Hsj

2
Þds

þ

ðT

0

1Aj ~Ys 2 Ysj
2p21 ~f s; ~Qs;Ni

s

� �
2 f s;Qs;Ni

s

� �� �
ds� ð2:36Þ

Combining Eqs. (2.35), (2.36) and using assumptions (H1.1)–(H1.2), we find a constant

c( p,K) depending on p and K satisfying

E 1A
0#s#T
sup j ~Ys 2 Ysj

2p

 !
þ E

ðT

0

1Aj ~Ys 2 Ysj
2ðp21Þ

j ~Zs 2 Zsj
2
þ lj ~Hs 2 Hsj

2
ds

	

# cðp;KÞ Eð1Aj ~YT 2 YT j
2p
Þ þ E

ðT

0

1Aðj ~Xs 2 Xsj
2p
þ j ~Ys 2 Ysj

2p
Þds

�

þ E

ðT

0

1Aj ~Ys 2 Ysj
2p21

j ~Zs 2 Zsj þ j ~Hs 2 Hsj
� �

ds þ E

ðT

0

1Ajð~f 2 f Þðs;Qs;Ni
sÞjds

� �p�

so, using standard estimates, we find c( p,K,,l) depending on p, l and K such that

E 1A
0#s#T
sup j ~Ys 2 Ysj

2p

 !
þ

1

2
E

ðT

0

1Aj ~Ys 2 Ysj
2ðp21Þ

j ~Zs 2 Zsj
2
þ lj ~Hs 2 Hsj

2
ds

	

# cðp;K;lÞ Eð1Aj ~YT 2 YT j
2p
Þ þ E

ðT

0

1A j ~Xs 2 Xsj
2p
þ j ~Ys 2 Ysj

2p
	 


ds

� �

þ E

ðT

0

1Aj~f 2 f jðs;Qs;Ni
sÞds

� �2p
!

ð2:37Þ
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Furthermore, ;s [ ½0; T�,ðT

s

ð ~Zr 2 ZrÞdBr þ

ðT

s l[L

X
ð ~HrðlÞ2 HrðlÞÞdMrðlÞ

¼ ð ~YT 2 YT Þ2 ð ~Ys 2 YsÞ þ

ðT

s

~f r; ~Qr;Ni
r

� �
2 f r;Qr;Ni

r

� �� �
dr

The Burkhölder–Davis–Gundy inequality gives us a constant ap;l depending on p and l

such that

E

ðT

0

ðj ~Zs 2 Zsj
2
þ j ~Hs 2 Hsj

2
Þdr

� �p

# ap;l 2E
0#s#T
sup j ~Ys 2 Ysj

2p

"

þ E

ðT

0

j~f r; ~Qr;Ni
r

� �
2 f r;Qr;Ni

r

� �
jdr

�2p
 #

Thanks to assumptions (H1.1)–(H1.2), there exists a constant aðp;K;lÞ depending on p, l

and K such that

E 1A

ðT

0

ðj ~Zs2Zsj
2
þj ~Hs2Hsj

2
Þdr

� �p

#aðp;K;lÞ E

ðT

0

1A j ~Xs2Xsj
2p
þj ~Ys2Ysj

2p
	 


ds

�

þE

ðT

0

1A ð~f2f Þ s;Qs;N
i
s

� �!! !!ds

� �2p

þT pE

ðT

0

1Aðj ~Zs2Zsj
2
þj ~Hs2Hsj

2
Þdr

� �p�
ð2:38Þ

Hence using Eqs. (2.33), (2.37) and (2.38), we prove the existence of two constants ~Cðp;K;lÞ

and b
ðiÞ
ðp;K;lÞ depending on p, K and l such that for T # ~Cðp;K;lÞ; we have

E 1A
0#s#T
sup j ~Xs 2Xsj

2p

 !
þ E 1A

0#s#T
sup j ~Ys 2Ysj

2p

 !

þ E

ðT

0 l[L

X
1Að ~HsðlÞ2HsðlÞÞ

2ds

0
@

1
A

p

þE

ðT

0

1Aj ~Zs 2Zsj
2
ds

� �p

# b
ðiÞ
ðp;K;lÞE 1A j ~j2 jj

2p
þjð~hNi

T
2 hNi

T
Þð ~XT Þj

2p
þ

ðT

0

ðj ~s2sj
2
ðs;Xs;Ys;N

i
sÞds

� �p��

þ

ðT

0

ðj~b2 bjþ j~f2 f jÞðs;Xs;Ys;Hs;Zs;N
i
sÞds

� �2p
!#

ð2:39Þ
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For every process ðQsÞ0#s#T and ð ~QsÞ0#s#T satisfying (Lp) and ð ~LpÞ; thanks to theorem 2.3,

the iterated scheme

Xnþ1
s ¼ jþ

Ð s

0
b r;Xnþ1

r ; Yn
r ;Hn

r ; Zn
r ;Ni

r

� �
dr þ

Ð s

0
s r;Xnþ1

r ; Yn
r ;Ni

r

� �
dBr

Ynþ1
s ¼ hNi

T
ðXnþ1

T Þ þ
Ð T

s
f r;Qnþ1

r ;Ni
r

� �
dr 2

Ð T

s
Znþ1

r dBr 2
Ð T

s
l[L

P
Hnþ1

r ðlÞdMrðlÞ

8><
>:

9>=
>;

satisfies kQn
r 2QrkB2 ! 0 as n ! 1.

Hence choosing a quartet ðX0
s ; Y0

s ;H0
s ; Z0

s Þ satisfying (Lp) conditions and using Pardoux–

Buckdahn [8] we prove that the process ðQn
s Þ0#s#T verifies (Lp).

Let us prove the existence of a constant g( p,K,l) such that for T # gðp;K;lÞ the sequence

ðQn
s Þs[½0;T�;n[N satisfies

kQn
r 2Qm

r kB2p

½0;T�
! 0 whenever m; n !1

We assume T # ~Cðp;K;lÞ and let n [ N be fixed. Applying Eq. (2.39) to the previous

iterated scheme, we obtain

E
0#s#T
sup jXnþ2

s 2 Xnþ1
s j

2p

 !
þ E

0#s#T
sup jYnþ2

s 2 Ynþ1
s j

2p

 !

þ E

ðT

0 l[L

X
ðHnþ2

s ðlÞÞ2 Hnþ1
s ðlÞÞ2ds

0
@

1
A

p

þE

ðT

0

Znþ2
s 2 Znþ1

s

!! !!2ds

� �p

# b
ðiÞ
ðp;K;lÞE

ðT

0

js s;Xnþ1
s ; Ynþ1

s ;Ni
s

� �
2 s s;Xnþ1

s ; Yn
s ;Ni

s

� �
j
2
ds

� �p� �

þ

ðT

0

jbðs;Xnþ1
s ; Ynþ1

s ;Hnþ1
s ; Znþ1

s ;Ni
sÞ2 bðs;Xnþ1

s ; Yn
s ;Hn

s ; Zn
s ;Ni

sÞjds
� �2p

� �

and with Schwarz’ inequality, we deduce

E
0#s#T
sup Xnþ2

s 2 Xnþ1
s

!! !!2p

 !
þ E

0#s#T
sup Ynþ2

s 2 Ynþ1
s

!! !!2p

 !

þ E

ðT

0 l[L

X
Hnþ2

s ðlÞ2 Hnþ1
s ðlÞ

� �2
ds

0
@

1
A

p

þE

ðT

0

Znþ2
s 2 Znþ1

s

!! !!2ds

� �p

# K 2pðT p þ T 2pÞb
ðiÞ
ðp;K;lÞE

0#s#T
sup Ynþ1

s 2 Yn
s

!! !!2p
þ

ðT

0

Znþ1
s 2 Zn

s

!! !!2ds

� �p
"

þ

ðT

0 l[L

X
Hnþ1

s ðlÞ2 Hn
s ðlÞ

� �2
ds

0
@

1
A

p
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Therefore with a backward induction, there exists a constant g( p,K,l) such that the

following series

E
0#s#T
sup Xnþ1

s 2 Xn
s

!! !!2p

 ! 1
2p

þ E
0#s#T
sup Ynþ1

s 2 Yn
s

!! !!2p

 ! 1
2p

þ E

ðT

0

Znþ1
s 2 Zn

s

!! !!2ds

� �p� � 1
2p

þ E

ðT

0 l[L

X
Hnþ1

s ðlÞ2 Hn
s ðlÞ

� �2
ds

0
@

1
A

p0
@

1
A

1
2p

converges if T # gðp;K;lÞ, which is enough to conclude.

Hence applying Eq. (2.32) to the quartet (Xs, Ys,Hs, Zs) and (0, 0, 0, 0), we obtain

E
0#s#T
sup X0;j;i

s

!! !!2p
þE

0#s#T
sup Y0;j;i

s

!! !!2p
þE

ðT

0 l[L

X
H0;j;i

s ðlÞ
� �2

ds

0
@

1
A

p

þE

ðT

0

Z0;j;i
s

!! !!2ds

� �p

# b
ðiÞ
ðp;K;lÞE jjj

2p
þ jhð0Þj

2p
þ

ðT

0

s s; 0; 0;Ni
s

� �!! !!2ds

� �p�

þ

ðT

0

b s; 0; 0; 0; 0;Ni
s

� �!! !!þ f s; 0; 0; 0; 0;Ni
s

� �!! !!ds

� �2p
#

and with the help of assumption (H1.3), we find a constant bðiÞ
ðp;K;l;LÞ such that for every

T # gðp;K;lÞ;

E
0#s#T
sup X0;j;i

s

!! !!2p
þE

0#s#T
sup Y0;j;i

s

!! !!2p
þE

l[L

X
H0;j;i

s ðlÞ
� �2

ds

0
@

1
A

p

þE

ðT

0

Z0;j;i
s

!! !!2ds

� �p

# b
ðiÞ
ðp;K;l;LÞEð1 þ jjj

2p
Þ

Using the same method as in Ref. [2] theorem 4.5, we extend this result to T # ~C
ði2Þ

ðK;lÞ: A

Taking a deterministic initial value, we get the following

Corollary 2.4 ;i [ K; p $ 1, there exists a constant ~c
k;L;i
p;l depending on K;L; l; and p

such that for every T # ~C
ði2Þ

ðK;lÞ, we have

(i) For every ðt; xÞ [ ½0; T� £ Rd

E
0#s#T
sup Xt;x;i

s

!! !!2p
þE

0#s#T
sup Yt;x;i

s

!! !!2p
þE

ðT

0 l[L

X
Ht;x;i

s ðlÞ
� �2

ds

0
@

1
A

p

þE

ðT

0

Zt;x;i
s

!! !!2 ds

� �p

# b
ðiÞ
ðp;K;l;LÞ ð1 þ jxj

2p
Þ

ð2:40Þ
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(ii) For every ððt; xÞ; ðt0; x0ÞÞ [ ð½0; T� £ RdÞ2

E
0#s#T
sup Xt;x;i

s 2 Xt0;x0;i
s

!!! !!!2p

þE
0#s#T
sup Yt;x;i

s 2 Yt0;x0;i
s

!!! !!!2p

þ E

ðT

0 l[L

X
Ht;x;i

s 2 Ht0;x0;i
s

	 

ðlÞ

	 
2

ds

0
@

1
A

p

þE

ðT

0

Zt;x;i
s 2 Zt0;x0;i

s

!!! !!!2 ds

� �p

# b
ðiÞ
ðp;K;lÞjx 2 x0j

2p
þ ~c

K;L;i
p;l jt 2 t0j

p
ð2:41Þ

A

In the sequel to this section, for all i [ K; we consider the following system for the use of

Malliavin Calculus.

ðE* Þ

;s [ ½0; T�

Xs ¼ js þ
Ð s

0
b r;Q0;jt ;i

r ;Ni
r

� �
dr þ

Ð s

0
s r;Xr; Yr;Ni

r

� �
dBr

Ys ¼ hNi
T

X
t;x;i
T

� �
þ
Ð T

s
f r;Q0;jt ;i

r ;Ni
r

� �
dr 2

Ð T

s
Zr dBr 2

Ð T

s
l[L

P
HrðlÞ dMrðlÞ

E
Ð T

0
ðjXtj

2
þ jYtj

2
þ jHtj

2
þ jZtj

2
Þ dt , 1

8>>>>>>><
>>>>>>>:

where ðjsÞ0#s#T is continuous and G0
s -adapted process.

Then we have the following

Theorem 2.6 Assume that (H1) holds. Then ;i [ K, there exists a constant C
* ;i
ðK;lÞ

depending on K and l such that ;T # C
* ;i
ðK;lÞ;, and for every G0

s -adapted process ðjsÞ0#s#T

such that E
0#s#T
sup jjsj

2
, 1; (E*) admits a unique solution ðQsÞ0#s#T ¼ ðXs; Ys;Hs; ZsÞ0#s#T

in B2 satisfying

(i) ðXsÞ0#s#T is continuous and ðYsÞ0#s#T has a càdlàg version.

(ii) Eð
0#s#T
sup jXsj

2
þ

0#s#T
sup jYsj

2
Þ , 1:

Moreover for every p $ 1 there exists two constants C
* ;i
ðp;K;lÞ # C

* ;i
ðK;lÞ and b

* ;i
ðp;K;lÞ

depending on p, l and K such that for every T # C
* ;i
ðp;K;lÞ and for every G0

s adapted process

ðjsÞ0#s#T such that E
0#s#T
sup jjsj

2p
, 1 the unique solution of (E*) satisfies

E
0#s#T
sup jXsj

2p
þ E

0#s#T
sup jYsj

2p
þ E

ðT

0 l[L

X
ðHsðlÞÞ

2 ds

0
@

1
A

p

þE

ðT

0

jZsj
2

ds

� �p

# b
* ;i
ðp;K;lÞ 1 þ E

0#s#T
sup jjsj

2p

 !
ð2:42Þ
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(ii) For every quartet ð~b; ~f; ~s; ~hÞ satisfying (H1) with the same constants K;L and for every

G0
s adapted process ð ~jsÞ0#s#T such that E

0#s#T
sup j ~jsj

2p
, 1 we have

E
0#s#T
sup j ~Xs 2 Xsj

2p
þ E

0#s#T
sup j ~Ys 2 Ysj

2p

þ E

ðT

0 l[L

X
ðð ~Hs 2 HsÞðlÞÞ

2 ds

0
@

1
A

p

þE

ðT

0

j ~Zs 2 Zsj
2

ds

� �p

# b
* ;i
ðp;K;lÞE

0#s#T
sup j ~js 2 jsj

2p
þ jð~hNi

T
2 hNi

T
ÞðXT Þj

2p

"

þ

ðT

0

j ~s2 sj
2

s;Xs; Ys;Ni
s

� �
ds

� �p

þ

ðT

0

j~b 2 bj þ j~f 2 f j s;Qs;Ni
s

� �
ds

� �2p
#

ð2:43Þ

where ð ~Xs; ~Ys; ~Hs; ~ZsÞ is the solution of (E*) associated to ð~b; ~f; ~s; ~hÞ with initial values

ð0; ~js; iÞ:

Proof The proof is the same as in theorem 2.5 with some alterations to the forward

equation.

We suppose that the processes ðQsÞ and ð ~QsÞ are solutions of (E*) and satisfy the (L p)

conditions.

The process defined by ;s [ ½0; T�; X*
s ¼ Xs 2 js solves the SDE

X*
s ¼

ðs

0

b* r;X*
r ; Yr;Hr; Zr;Ni

r

	 

dr þ

ðs

0

s r;Xr; Yr;Ni
r

� �
dBr

where the function b* defined by

;ðt; x; y; u; zÞ [ ½0; T� £ Rd £ R £ Rk21 £ Rd;

;i [ K b*
i ðt; x; y; u; zÞ ¼ biðt; x þ js; y; u; zÞ

satisfies assumption (H1). Then using the same technique as in the proof of Eq. (2.33), we

find a constant aðp;KÞ depending on p and K such that

E
0#s#T
sup ~X

*
s 2X*

s

!!! !!!2p
 !

# aðp;KÞ E

ðT

0

1A j ~X
*
s 2X*

s j
2p
þ j ~Ys 2 Ysj

2p
	 


ds

�

þT pE

ðT

0

1Aj ~Zs 2 Zsj
2

ds

� �p

þT pE
l[L

X ðT

0

1Að ~HsðlÞ2HsðlÞÞ
2 ds

0
@

1
A

p

þE

ðT

0

1A ð~b2 b* Þ s;X*
s ;Ys;Hs;Zs;N

i
s

	 
!!! !!!ds

� �2p

þE

ðT

0

1A ð ~s2sÞ s;Xs;Ys;N
i
s

� �!! !!2 ds

� �p
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Using standard computations and modifying aðp;KÞ, we deduce

E
0#s#T
sup j ~Xs 2 Xsj

2p
# ap;K E

0#s#T
sup j ~js 2 jsj

2p
þ TE

0#s#T
sup j ~Xs 2 Xsj

2p
þ

0#s#T
sup j ~Ys 2 Ysj

2p

 !" #

þ T pE

ðT

0 l[L

X
ðð ~Hs 2 HsÞðlÞÞ

2 ds

0
@

1
A

p

þT pE

ðT

0

j ~Zs 2 Zsj
2

ds

� �p

þ E

ðT

0

j~b 2 bjðs;Qs;Ni
sÞ ds

� �2p

þE

ðT

0

jð ~s2 sÞðs;Qs;Ni
sÞj

2
ds

� �p�

Similarly to the proof of theorem 2.5, we find for any i [ K a constant C
* ;i
ðp;K;lÞ such that for

T # C
* ;i
ðp;K;lÞ, inequality Eq. (2.43) holds.

Therefore for an i [ K fixed, applying this inequality with p ¼ 1 to the following iterated

procedure

;s [ ½0; T�;

Xnþ1
s ¼ js þ

Ð s

0
bðr;Xnþ1

r ; Yn
r ;Hn

r ; Zn
r ;Ni

rÞ dr þ
Ð s

0
sðr;Xnþ1

r ; Yn
r ;Ni

rÞ dBr

Ynþ1
s ¼ hNi

T
ðXnþ1

T Þ þ
Ð T

s
f ðr;Qnþ1

r ;Ni
rÞ dr 2

Ð T

s
Znþ1

r dBr 2
Ð T

s
l[L

P
Hnþ1

r ðlÞ dMrðlÞ

8>>>><
>>>>:

we prove existence and uniqueness of solution to (E*) in a small time duration. Similarly to

theorem 2.5, we show the two last inequalities.

The Case of Smooth Coefficients

In what follows we reinforce our assumptions on the deterministic coefficients of the problem

(E 0,x) in order to establish some differentiability properties of the map u defined in corollary 2.2.

Regularity of Q

We introduce D : L2ðVÞ! L2ðV £ ½0; T�;RdÞ the Malliavin derivative operator with respect

to the Brownian motion and the following space

D1;2 ¼ j [ L2ðVÞ=Eðjjj
2
Þ þ E

ðT

0

jDrjj
2

dr , 1

* +

For a differentiable function in RQ g, g0
x stand for its partial derivative with respect to x.

We say that the coefficients b, f, s and h satisfy assumption (H2) if

(H2.1) (H1.3) holds.

(H2.2) All the functions are twice continuously differentiable with respect to x,y,u and z.

(H2.2) All the functions and their derivatives up to order two are K Lipschitz with respect

to x,y,u and z.
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We claim the following

Theorem 2.7 Assume that (H2) holds. Then for all i [ K there exists a constant C
* ;i
ðK;lÞ

such that ;T # C
* ;i
ðK;lÞ; ;ðt; xÞ [ ½0; T� £ Rd the process ðQt;x;i

s Þt#s#T solution of ðE t;xÞ

satisfies

(i) ;s [ ½t; T�; Xt;x;i
s [ ðD1;2Þd; Yt;x;i

s [ D1;2; Ht;x;i
s [ ðD1;2Þk21; Zt;x;i

s [ ðD1;2Þd

(ii) ;r [ ½0; T� \ ðt; s�; DrX
t;x;i
s ¼ DrY

t;x;i
s ¼ DrH

t;x;i
s ¼ DrZ

t;x;i
s ¼ 0

(iii) ;j [ {1; . . .; d}, the process ðDj
rQ

t;x;i
s Þr#s#T W ðDj

rX
t;x;i
s ;Dj

rY
t;x;i
s ;Dj

rH
t;x;i
s ;Dj

rZ
t;x;i
s Þr#s#T

is the unique solution of the problem

Dj
rXs ¼ s ðjÞðr;Xr; Yr;Nt;i

r Þ þ
Ð s

r
Bt;x;i u;Dj

rXu;Dj
rYu;Dj

rHu;Dj
rZu;Nt;i

u

� �
du

þ
Ð s

r
S

t;x;i
u;Dj

rXu;Dj
rYu;Nt;i

u

� �
dBu

Dj
rYs ¼ Ht;x;i Dj

rXT ;N
t;i
T

� �
2
Ð T

s
F t;x;i u;Dj

rXu;Dj
rYu;Dj

rHu;Dj
rZu;Nt;i

u

� �
du

2
Ð T

s
Dj

rZu dBu 2
Ð T

s
l[L

P
Dj

rHuðlÞ dMuðlÞ

E
Ð T

r
Dj

rXu

!! !!2þ Dj
rYu

!! !!2þ Dj
rHu

!! !!2þ Dj
rZu

!! !!2	 

du , 1

8>>>>>>>>>>>><
>>>>>>>>>>>>:

where the functions Bt;x;i; St;x;i; F t;x;i and Ht;x;i are defined by

;ðr; ~x; v;w; qÞ [ ½0; T� £ Rd £ R £ Rk21 £ Rd

Bt;x;i r; ~x; v;w; q;Nt;i
r

� �
¼ b0

x r;Qt;x;i
r ;Nt;i

r

� �
~x þ b0

y r;Qt;x;i
r ;Nt;i

r

� �
v þ b0

u r;Qt;x;i
r ;Nt;i

r

� �
w

þ b0
z r;Qt;x;i

r ;Nt;i
r

� �
q

F t;x;i r; ~x; v;w; q;Nt;i
r

� �
¼ f 0x r;Qt;x;i

r ;Nt;i
r

� �
~x þ f 0y r;Qt;x;i

r ;Nt;i
r

� �
v þ f 0u r;Qt;x;i

r ;Nt;i
r

� �
w

þ f 0z r;Qt;x;i
r ;Nt;i

r

� �
q

S
t;x;i

r; ~x; v;Nt;i
r

� �
¼ s0

x r;Xt;x;i
r ; Yt;x;i

r ;Nt;i
r

� �
~x þ s0

y r;Xt;x;i
r ; Yt;x;i

r ;Nt;i
r

� �
v

Ht;x;i ~x;N
t;i
T

� �
¼ h0 X

t;x;i
T ;N

t;i
T

� �
~x

and s ðjÞ is the j-th column of the matrix s.

(iv) ;j ¼ 1; . . .; d; the process {Dj
sY

t;x;i
s ; s [ ½t; T�} is a version of {ðZt;x;i

s Þj; t # s # T}.

Proof Let i [ K be fixed. Thanks to Theorem 2.5, there exists a constant ~C
i;3
K;l such that for

T # ~C
i;3
K;l the sequence (we omit the superscript “t, x, i” for a sake of simplicity) defined by

;s [ ½t;T�

Xnþ1
s ¼ x þ

Ð s

t
b r;Xnþ1

r ; Yn
r ;Hn

r ; Zn
r ;Nt;i

r

� �
dr þ

Ð s

t
s r;Xnþ1

r ; Yn
r ;Nt;i

r

� �
dBr

Ynþ1
s ¼ hNi

T
Xnþ1

T

� �
þ
Ð T

s
f r;Qnþ1

r ;Nt;i
r

� �
dr 2

Ð T

s
Znþ1

r dBr 2
Ð T

s
l[L

P
Hnþ1

r dMrðlÞ

8>>>><
>>>>:
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satisfies

n[N
sup E

t#s#T
sup Xn

s

!! !!4þE
t#s#T
sup Xn

s

!! !!4þE

ðT

t

Zn
s

!! !!2ds

� �2

þE

ðT

t l[L

X
Hn

s ðlÞ
� �2

ds

0
@

1
A

22
4

3
5 , 1

and

E
t#s#T
sup Xm

s 2 Xn
s

!! !!4þE
t#s#T
sup Ym

s 2 Yn
s

!! !!4þE

ðT

t

Zm
s 2 Zn

s

!! !!2ds

� �2

þ E

ðT

t l[L

X
Hm

s ðlÞ2 Hn
s ðlÞ

� �2
ds

0
@

1
A

2

! 0

whenever n;m !1:

ð2:44Þ

For n [ N; we consider the following property ðPnÞ

ðPnÞ :

;s [ ½t; T�;Xn
s [ ðD1;2Þd; Yn

s [ D1;2;Hn
s [ L2ð½t; T�; ðD1;2Þk21Þ;

Zn
s [ L2ð½t; T�; ðD1;2ÞdÞ

There exists a version of ðDrQ
n
s Þ ¼ ðDrX

n
s ;DrY

n
s ;DrH

n
s ;DrZ

n
s Þ0#r#T ; t#s#T such that

0#r#T
sup E

t#s#T
sup DrX

n
s

!! !!2þ DrY
n
s

!! !!2	 
"

þE
Ð T

t
l[L

P
DrH

n
s ðlÞ

!! !!2ds

 !2

þE
Ð T

t
DrZ

n
s

!! !!2ds
	 
2

� , 1

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

Using Pardoux–Pradeilles–Rao [9], Proposition 3.1, we prove ðPnÞ ) ðPnþ1Þ.

Therefore choosing a quartet ðX 0; Y 0;H 0; Z 0Þ satisfying ðP0Þ then ;n [ N; ðPnÞ holds.

Moreover,

;r [ ½0; T�ðt; s�; DrX
n
s ¼ 0; DrY

n
s ¼ 0; DrH

n
s ¼ 0; DrZ

n
s ¼ 0:

and ;r [ ½t; T�; ðDrQ
t;x;nþ1
s Þr#s#T is solution of the system, ; j ¼ 1; . . .; d

Dj
rX

nþ1
s ¼ s ðjÞ r;Xnþ1

r ; Yn
r ;Nt;i

r

� �
þ
Ð s

r
Bn;i u;Dj

rX
nþ1
u ;Dj

rY
n
u;Dj

rH
n
u;Dj

rZ
n
u;Nt;i

u

� �
du

þ
Ð s

r
S

n;i
u;Dj

rX
nþ1
u ;Dj

rY
n
u;Nt;i

u

� �
dBu

Dj
rY

nþ1
s ¼ Hn;i Dj

rX
nþ1
T ;N

t;i
T

� �
2
Ð T

s
F n;i u;Dj

rQ
nþ1
u ;Nt;i

u

� �
du

2
Ð T

s
Dj

rZ
nþ1
u dBu 2

Ð T

s
l[L

P
Dj

rH
nþ1
u ðlÞdMuðlÞ

8>>>>>>>><
>>>>>>>>:
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where for n [ N; Bn,i, F n,i, Sn,i and Hn;i are defined by ;ðr; ~x; v;w; qÞ [ ½0; T� £ Rd;£ R £

Rk21 £ Rd

Bn;i r; ~x; v;w; q;Nt;i
r

� �
¼ b0

x r;Xnþ1
r ; Yn

r ;Hn
r ; Zn

r ;Nt;i
r

� �
~x þ b0

y r; xnþ1
r ; Yn

r ;Hn
r ; Zn

r ;Nt;i
r

� �
v

þ b0
u r;Xnþ1

r ; Yn
r ;Hn

r ; Zn
r ;Nt;i

r

� �
w þ b0

z r;Xnþ1
r ; Yn

r ;Hn
r ; Zn

r ;Nt;i
r

� �
q

F n;i r; ~x; v;w; q;Nt;i
r

� �
¼ f 0x r;Qnþ1

r ;Nt;i
r

� �
~x þ f 0y r;Qnþ1

r ;Nt;i
r

� �
v þ f 0u r;Qnþ1

r ;Nt;i
r

� �
w

þ f 0z r;Qnþ1
r ;Nt;i

r

� �
q

S
n;i

r; ~x; v;Nt;i
r

� �
¼ s0

x r;Xnþ1
r ; Yn

r ;Nt;i
r

� �
~x þ s0

y r;Xnþ1
r ; Yn

r ;Nt;i
r

� �
v

Hn;i ~x;N
t;i
T

� �
¼ h0 Xnþ1

T ;N
t;i
T

� �
~x

Noting that the functions Bn,i, F n,i, Sn,i and Hn;i are K-Lipschitz with respect to

ðr; ~x; v;w; qÞ, thanks to Theorem 2.6, there exists two constants which we note again ~C
i;3
ðK;lÞ

and ~b
i

ðK;lÞ such that for T # ~C
i;3
ðK;lÞ; ;r [ ½t; T�;

E
r#s#T
sup Dj

rX
nþ1
s

!! !!4þ E
r#s#T
sup Dj

rY
nþ1
s

!! !!4þ E

ðT

r l[L

X
Dj

rH
nþ1
s ðlÞ

� �2
ds

0
@

1
A

2

þ E

ðT

r

Dj
rZ

nþ1
s

!! !!2ds

� �2

# ~b
i

ðK;lÞ E
r#s#T
sup s ðjÞ r;Xnþ1

r ; Yn
r ;Nt;i

r

� �!! !!4"

þE

ðT

r

S
n;i

u; 0;Dj
rY

n
u;Nt;i

u

� �
2 S

n;i
u; 0; 0;Nt;i

u

� �!! !!2du

� �2

þE

ðT

r

Bn;i u; 0;Dj
rY

n
u;Dj

rH
n
u;Dj

rZ
n
u;Nt;i

u

� �
2 Bn;i u; 0; 0; 0; 0;Nt;i

u

� �!! !!du

� �4
#

Using the Lipschitz property of the coefficients and (H1.3), we deduce ;r [ ½t; T�

E
r#s#T
sup Dj

rX
nþ1
s

!! !!4þE
r#s#T
sup Dj

rY
nþ1
s

!! !!4þE

ðT

r l[L

X
Dj

rH
nþ1
s ðlÞ

� �2
ds

0
@

1
A

2

þ E

ðT

r

Dj
rZ

nþ1
s

!! !!2ds

� �2

# ~b
i

ðK;lÞ L4 þ K 4T 2E
r#s#T
sup Dj

rY
n
s

!! !!4"

þK 4T 2 E
r#s#T
sup Dj

rY
n
s

!! !!4þE

ðT

r l[L

X
Dj

rH
n
s ðlÞ

� �2
ds

0
@

1
A

2

þE

ðT

r

Dj
rZ

n
s

!! !!2ds

� �2
0
@

1
A
3
5
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Hence applying an induction and modifying ~C
i;3
ðK;lÞ we show that for T # ~C

i;3
ðK;lÞ; the

following series

0#r#T
sup E

r#s#T
sup Dj

rX
n
s

!! !!4þ
0#r#T
sup E

r#s#T
sup Dj

rY
n
s

!! !!4þ
0#r#T
sup E

ðT

r l[L

X
Dj

rH
n
s ðlÞ

� �2
ds

0
@

1
A

2

þ
0#r#T
sup E

ðT

r

Dj
rZ

n
s

!! !!2ds

� �2

converges. Which implies for T # ~C
i;3
ðK;lÞ;

n[N
sup

0#r#T
sup E

r#s#T
sup Dj

rX
n
s

!! !!4þ
0#r#T
sup E

r#s#T
sup Dj

rY
n
s

!! !!4"

þ
0#r#T
sup E

ðT

r l[L

X
Dj

rH
n
s ðlÞ

� �2
ds

0
@

1
A

2

þ
0#r#T
sup E

ðT

r

Dj
rZ

n
s

!! !!2ds

� �2
3
5 , 1

Similarly since the derivatives of functions are K-Lipschitz and Eq. (2.44) holds, we

deduce using again theorem 2.6, for all T # ~C
i;3
ðK;lÞ (modifying ~C

i;3
ðK;lÞ if necessary)

0#r#T
sup E

r#s#T
sup Dj

rX
n
s 2 Dj

rX
m
s

!! !!4þ
0#r#T
sup E

r#s#T
sup Dj

rY
n
s 2 Dj

rY
m
s

!! !!4

þ
0#r#T
sup E

ðT

r l[L

X
Dj

rH
n
s ðlÞ2 Dj

rH
m
s ðlÞ

� �2
ds

0
@

1
A

2

þ
0#r#T
sup E

ðT

r

Dj
rZ

n
s 2 Dj

rZ
m
s

!! !!2ds

� �2

! 0

whenever m; n !1

Hence we deduce (i), (ii) and (iii).

Furthermore (iv) is proved using Proposition 3.1 of Pardoux–Pradeilles–Rao [9]. A

Elsewhere since the functions Bt,x,i, F t,x,i, St,x,i and Ht;x;i are K-Lipschitz with respect to

~x; v;w; q; the following result can be proved analogously to Theorem 2.3.

Theorem 2.8 Assume that (H2) holds and let i [ K. Then ;T # ~C
ði2Þ

ðK;lÞ; ;ðt; xÞ [

½0; T� £ Rd; ;j [ {1; . . .; d}; the system

;s[ ½t;T�

›jXt;x;i
s ¼ ej þ

Ð s

t
Bt;x;i u;›jXu;›

jYu;›
jHu;›

jZu;N
t;i
u

� �
duþ

Ð s

t
S

t;x;i
u;›jXu;›

jYu;N
t;i
u

� �
dBu

›jYt;x;i
s ¼Ht;x;i ›jXT ;N

t;i
T

� �
2
Ð T

s
F t;x;i u;›jXu;›

jYu;›
jHu;›

jZu;N
t;i
u

� �
du2

Ð T

s
›jZudBu

2
Ð T

s
l[L

P
›jHuðlÞdMuðlÞ

E
Ð T

t
j›jXuj

2
þj›jYuj

2
þj›jHuj

2
þj›jZuj

2
	 


du,1
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admits a unique solution ð›Qt;x;i
s Þt#s#T W ð›Xt;x;i

s ;›Yt;x;i
s ;›Ht;x;i

s ;›Zt;x;i
s Þt#s#T where ej is the j th

vector of the canonical basis of Rd.

From uniqueness of solutions of this system we deduce the following

Corollary 2.5 Assume that (H2) holds. Let i [ K and T # ~C
ði2Þ

ðK;lÞ:. Then ;ðt; xÞ [

½0; T� £ Rd; ;t # r # s # T ; we have

DrX
t;x;i
s ¼ ›Xt;x;i

s

� �
›Xt;x;i

r

� �21
s r;Xt;x;i

r ; Yt;x;i
r ;Nt;i

r

� �
DrY

t;x;i
s ¼ ›Yt;x;i

s

� �
›Xt;x;i

r

� �21
s r;Xt;x;i

r ; Yt;x;i
r ;Nt;i

r

� �
DrH

t;x;i
s ¼ ›Ht;x;i

s

� �
›Xt;x;i

r

� �21
s r;Xt;x;i

r ; Yt;x;i
r ;Nt;i

r

� �
DrZ

t;x;i
s ¼ ›Zt;x;i

s

� �
›Xt;x;i

r

� �21
s r;Xt;x;i

r ; Yt;x;i
r ;Nt;i

r

� �
:

If ~h is a function of x [ Rd; for r [ R 2 {0}; let

Dj
r
~hðxÞ ¼

1

r
ð~hðx þ rejÞ2 ~hðxÞÞ; 1 # j # d

Proposition 2.1 Assume (H2) holds and i [ K be fixed. For T # ~C
ði2Þ

ðK;lÞ; ðt; xÞ [

½0; T� £ Rd we consider the processes ðQt;x;i
s Þðt#s#TÞ and ð›Qt;x;i

s Þðt#s#TÞ extended on [0,T ] as

in corollary 2.3.

Then ;p $ 1; ;j ¼ 1; . . .; d;

(i) There exists a constant gði1Þðp;K;lÞ depending on p, K and l such that ;ðt; xÞ [ ½0; T� £ Rd

E
0#s#T
sup Dj

rXt;x;i
s

!!! !!!2p

þ ›jXt;x;i
s

!! !!2p
� �

þ E
0#s#T
sup Dj

rY
t;x;i
s

!!! !!!2p

þ ›jYt;x;i
s

!! !!2p
� �

þ E
l[L

X ðT

0

Dj
rH

t;x;i
s

!!! !!!2þ ›jHt;x;i
s

!! !!2� �
ðlÞds

0
@

1
A

p

þ E

ðT

0

Dj
rZ

t;x;i
s

!!! !!!2þ ›jZt;x;i
s

!! !!2� �
ds

� �p

# g
ði1Þ
ðp;K;lÞ ð2:45Þ

(ii) There exists a constant l
ði2Þ
ðp;K;lÞ depending on p, K and l such that ;ðt; x; rÞ [

½0; T� £ Rd £ R*

E
0#s#T
sup Dj

rXt;x;i
s 2 ›jXt;x;i

s

!!! !!!2p

þ E
0#s#T
sup Dj

rY
t;x;i
s 2 ›jYt;x;i

s

!!! !!!2p

þ E
l[L

X ðT

0

Dj
rH

t;x;i
s 2 ›jHt;x;i

s

	 

ðlÞ

	 

ds

0
@

1
A

p

þE

ðT

0

Dj
rZt;x;i

s 2 ›jZt;x;i
s

!!! !!!2ds

� �p

# g
ði2Þ
ðp;K;lÞjrj

2p
ð2:46Þ
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(iii) There exists two constants gði3Þðp;K;lÞ depending on p, K, l and g
ði4Þ
ðp;K;l;LÞ depending on p, K,

l and L such that ;ððt; xÞ; ðt0; x0ÞÞ [ ð½0; T� £ RdÞ2

E
0#s#T
sup ›jXt;x;i

s 2 ›jXt0;x0;i
s

!!! !!!2p

þE
0#s#T
sup ›jYt;x;i

s 2 ›jYt0;x0;i
s

!!! !!!2p

þ E
l[L

X ðT

0

›jHt;x;i
s 2 ›jHt0;x0;i

s

	 

ðlÞ

	 
2

ds

0
@

1
A

p

þ E

ðT

0

›jZt;x;i
s 2 ›jZt0;x0;i

s

!!! !!!2ds

� �p

# g
ði3Þ
ðp;K;lÞjx 2 x0j

2p
þ g

ði4Þ
ðp;K;lÞjt 2 t0j

p ð2:47Þ

Proof : Let i [ K and T # ~C
ði2Þ

ðK;lÞ:

We consider the following functions defined for all ðr; ~x; v;w; qÞ [ ½0; T� £ Rd £ R £

Rk21 £ Rd by

Bt;x;r r;~x;v;w;q;Nt;i
r

� �
¼

ð1

0

b0
x zt;x;r

r;a

	 

~xþb0

y zt;x;r
r;a

	 

vþb0

u zt;x;r
r;a

	 

wþb0

z zt;x;r
r;a

	 

q

	 

da

F t;x;r r;~x;v;w;q;Nt;i
r

� �
¼

ð1

0

f 0x zt;x;r
r;a

	 

~xþf 0y zt;x;r

r;a

	 

vþf 0u zt;x;r

r;a

	 

wþf 0z zt;x;r

r;a

	 

q

	 

da

Xt;x;r
r;~x;v;Nt;i

r

� �
¼

ð1

0

s0
x

~z
t;x;r

r;a

	 

~xþs0

y
~z
t;x;r

r;a

	 

v

	 

da

Ht;x;r ~x;Nt;i
T

� �
¼

ð1

0

h0 X
t;x;i
T þarDj

rX
t;x;i
T ;Nt;i

T

	 

~x

	 

da

where zt;x;r
r;a ¼ r;XrþarDj

rX
t;x;i
r ;YrþarDj

rY
t;x;i
r ;HrþarDj

rHt;x;i
r ;ZrþarDj

rZ
t;x;i
r ;Nt;i

r

	 

~z
t;x;r

r;a ¼ r;XrþarDj
rX

t;x;i
r ;YrþarDj

rY
t;x;i
r ;Nt;i

r

	 

Note that for all ðt; x; r; iÞ [ ½0; T� £ Rd £ R* £K; ;j ¼ 1; . . .; d; the quartet of processes

Dj
rQ

t;x;i
r

	 

ð0#s#TÞ

W Dj
rX

t;x;i
s ;Dj

rY
t;x;i
s ;Dj

rH
t;x;i
s ;Dj

rZt;x;i
s

	 

ð0#s#TÞ

is solution of the system

Dj
rXt;x;i

s ¼ ej þ
Ð s

0
1½t;T�ðrÞBt;x;r r;Dj

rXr;D
j
rYr;D

j
rHr;D

j
rZr;Nt;i

r

	 

dr

þ
Ð s

0
1½t;T�ðrÞ

Pt;x;r
r;Dj

rXr;D
j
rYr;Nt;i

r

	 

dBr

Dj
rY

t;x;i
s ¼ Ht;x;r Dj

rXT ;N
t;i
T

	 

þ
Ð T

s
1½t;T�ðrÞF

t;x;r r;Dj
rXr;D

j
rYr;D

j
rHr;D

j
rZr;Nt;i

r

	 

dr

2
Ð T

s
Dj
rZrdBr 2

Ð T

s
l[L

P
Dj
rHrðlÞdMrðlÞ

E
Ð T

0
Dj
rXr

!!! !!!2þ Dj
rYr

!!! !!!2þ Dj
rHr

!!! !!!2þ Dj
rZr

!!! !!!2� �
dr , 1
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and the two quartets of functions ð1½t;T�ðrÞBt;x;r; 1½t;T�ðrÞF
t;x;r; 1½t;T�ðrÞ

Pt;x;r;Ht;x;rÞ and

ðBt;x;i; F t;x;i;
Pt;x;i; Ht;x;iÞ satisfy assumption (H2), then applying Eq. (2.31) to the associated

solutions, we easily deduce Eq. (2.45).

Furthermore, using once again theorem 2.5, we obtain ;p $ 1;

E
0#s#T
sup Dj

rXt;x;i
s 2›jXt;x;i

s

!!! !!!2p

þE
0#s#T
sup Dj

rY
t;x;i
s 2›jYt;x;i

s

!!! !!!2p

þ E
l[L

X ðT

0

Dj
rH

t;x;i
s 2›jHt;x;i

s

	 

ðlÞ

	 
2

ds

0
@

1
A

p

þE

ðT

0

Dj
rZ

t;x;i
s 2›jZt;x;i

s

!!! !!!2ds

� �p

#b
ðiÞ
ðp;K;lÞ E Ht;x;r2Ht;x;i

� �
›jXT ;N

t;i
T

� �!! !!2p
þE

ðT

t

Xt;x;r
2
Xt;x;i

!!! !!!2 s;›jXs;›
jYs;N

t;i
s

� �
ds

� �p�

þE

ðT

t

Bt;x;r2Bt;x;i
!! !!þ F t;x;r2F t;x;i

!! !!� �
s;›jXs;›

jYs;›
jHs;›

jZs;N
t;i
s

� �
ds

� �2p
#

Since ;i [ K; h0ð·; iÞ is K-Lipschitz, there exists a constant cp depending on p such that

Ht;x;r 2Ht;x;i
� �

›jXT ;N
t;i
T

� �!! !!2p
¼ ›jXT

ð1

0

h0 XT þ arDj
rXT ;N

t;i
T

	 

2 h0 XT ;N

t;i
T

� �	 

da

� �!!!!
!!!!
2p

# cpK 2pjrj
2p

Dj
rXT

!!! !!!j›jXT j
	 
2p

Using the same argument in the two last integrals, we prove the existence of a constant

g
ðiÞ
ðp;K;lÞ depending on p, l and K satisfying

E
0#s#T
sup Dj

rXt;x;i
s 2›jXt;x;i

s

!!! !!!2p

þE
0#s#T
sup Dj

rY
t;x;i
s 2›jYt;x;i

s

!!! !!!2p

þ E
l[L

X ðT

0

Dj
rHt;x;i

s 2›jHt;x;i
s

	 

ðlÞ2ds

0
@

1
A

p

þE

ðT

0

Dj
rZt;x;i

s 2›jZt;x;i
s

!!! !!!2ds

� �p

# g
ðiÞ
ðp;K;lÞjrj

2p
E Dj

rXT

!!! !!! ›jXT

!! !!	 
2p

þE

ðT

0

Dj
rXs

!!! !!!2þ Dj
rYs

!!! !!!2� �
j›jXsj

2
þj›jYsj

2
	 


ds

� �2p
"

þE

ðT

0

Dj
rXs

!!! !!!þ Dj
rYs

!!! !!!þ Dj
rHs

!!! !!!þ Dj
rZs

!!! !!!	 

£ j›jXsjþ j›jYsjþ j›jHsjþ j›jZsj
� �

ds

� �2p
#

Whence thanks to standard estimates and inequality Eq. (2.31), we deduce Eq. (2.46).
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Using once again theorem 2.5, we have ;ððt; xÞ; ðt0; x0ÞÞ [ ð½0; T� £ RdÞ2;j ¼ 1; . . .; d

E
0#s#T
sup ›jXt;x;i

s 2 ›jXt0;x0;i
s

!!! !!!2p

þE
0#s#T
sup ›jYt;x;i

s 2 ›jYt0;x0;i
s

!!! !!!2p

þ E
l[L

X ðT

0

›jHt;x;i
s 2 ›jHt0;x0;i

s

	 

ðlÞ

	 
2

ds

0
@

1
A

p

þE

ðT

0

›jZt;x;i
s 2 ›jZt0;x0;i

s

!!! !!!2ds

� �p

# b
ðiÞ
ðp;K;lÞ jt 2 t0j

p
þ E X

t;x
T 2 X

t0;x0

T

!!! !!!j›jXT j
	 
2p

�

þE

ðT

t0
Xt;x

s 2 Xt0;x0

s

!!! !!!2þ Yt;x
s 2 Yt0;x0

s

!!! !!!2� �
›jXt;x

s

!! !!2þ ›jYt;x
s

!! !!2	 

ds

� �p

þE

ðT

t0
Xt;x

s 2 Xt0;x0

s

!!! !!!þ Yt;x
s 2 Yt0;x0

s

!!! !!!þ Ht;x
s 2 Ht0;x0

s

!!! !!!þ Zt;x
s 2 Zt0;x0

s

!!! !!!	 
�

£ ›jXt;x
s

!! !!þ ›jYt;x
s

!! !!þ ›jHt;x
s

!! !!þ ›jZt;x
s

!! !!� �
ds

2p

Thanks to standard estimates and corollary 2.3, we find two constants gði3Þðp;K;lÞ and ~g
ði4Þ
ðp;K;l;LÞ

satisfying Eq. (2.47). A

Corollary 2.6 Assume that (H2) holds and let i [ K be fixed. Then for every T # ~C
ði2Þ

ðK;lÞ;

the map u is twice differentiable with respect to x and for j ¼ 1; . . .; d; the functions u,

ð›u=›xjÞj and ð›u=›xm›xjÞm;j are continuous on ½0; T� £ Rd:

Proof : Let i [ K; T # ~C
ði2Þ

ðK;lÞ and ðt; xÞ [ ½0; T� £ Rd: Inequality Eq. (2.25) implies u is

Lipschitz continuous with respect to x and we easily deduce from Eq. (2.46)

;j ¼ 1; . . .; d;
r!0
lim Dj

rYt;x;i
t ¼ ›jYt;x;i

t

hence u (t,·,i) is differentiable with respect to x and its partial derivatives are defined by

;j ¼ 1; . . .; d;
›u

›xj

ðt; x; iÞ ¼ ›jYt;x;i
t

Moreover, using Eq. (2.47), we deduce ›u=›xjðt; ·; iÞ ¼ ›jY
t;·;i
t is continuous and g

ði3Þ
p;K;l

Lipschitz.

With assumptions (H2), applying the same method as Ref. [3], corollary 5.4 to the

derivatives of the functions, we can prove that for T # ~C
ði2Þ

ðK;lÞ and ;j ¼ 1; . . .; d; ›uðt; ·; iÞ=›xj

is continuously differentiable with respect to x. A

Corollary 2.7 Let i [ K and T # ~C
ði2Þ

ðK;lÞ: Then ;ðt; xÞ [ ½0; T� £ Rd; ;t # s # T ;

Zt;x;i
s ¼ 7xuN

t;i
s

s;Xt;x;i
s

� �
~sN

t;i
s

s;Xt;x;i
s

� �
with ~sN

t;i
s

s;Xt;x;i
s

� �
¼ sN

t;i
s

s;Xt;x;i
s ; uN

t;i
s

s;Xt;x;i
s

� �	 

:

Proof : It is an obvious consequence of corollary 2.5 and theorem 2.7. A
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We are now in position to prove our main result.

Solution of a Parabolic System of PDEs

In this section, we are interested in the system of PDEs (E ) and we need to specify the

Lipschitz constant of s and h.

We say that the coefficients b, s, f and h satisfy assumption (H3) if (H2) holds with ~k as

Lipschitz constant ofs and h and moreover, the following non-degeneracy condition is satisfied

(H3.1) ’d . 0 such that ;i [ K; ;v [ Rd; ;ðt; x; yÞ [ ½0; T� £ Rd £ R; ,

v; aiðt; x; yÞv .$ djvj
2
:

Let us recall that

uðt; xÞ ¼ ðuðt; x; 1Þ; uðt; x; 2Þ; . . .; uðt; x; kÞÞ; ðt; xÞ [ ½0; T� £ Rd ð2:48Þ

We claim the following

Proposition 2.2 Assume (H3) is in force. Then there exists a constant ~C
ð2Þ

ðK;lÞ such that for

all T # ~C
ð2Þ

ðK;lÞ; the map u [ C1;2ð½0;T� £ Rd;RkÞ and is solution to (1).

Moreover, there exists some constants C (depending on L and T) and G (depending on L,

k̃, d, d and T) such that

ðt;xÞ[½0;T�£Rd

sup juðt; xÞj # C ð2:49Þ

ðt;xÞ[½0;T�£Rd

sup j7xuðt; xÞj # G: ð2:50Þ

Proof Let us define ~C
ð2Þ

ðK;lÞ ¼ mini[K ~C
ði2Þ

ðK;lÞ and we assume that T # ~C
ð2Þ

ðK;lÞ: For some

t [ ½0; T� we have ;s [ ½t;T� and i [ K;

uðs; x; iÞ2 uðt; x; iÞ ¼ uðs; x; iÞ2 uðs;Xt;x;i
s ;Nt;i

s Þ þ uðs;Xt;x;i
s ;Nt;i

s Þ2 uðt; x; iÞ

Applying Itô’s formula to the function uðs; ·; ·Þ; and putting uðs; x; iÞ ¼ uiðs; xÞ we obtain

;s [ ½t; T�;

uN
t;i
s

s;Xt;x;i
s

� �
¼ uiðs; xÞ þ

ðs

t

7xuN
t;i
r
ðs;XrÞb r;Qt;x;i

r ;Nt;i
r

� �
dr

þ

ðs

t

7xuN
t;i
r
ðs;XrÞs r;Xr; Yr;Nt;i

r

� �
dBr

þ
1

2

ðs

t

Tr ›2
xxuN

t;i
r
ðs;XrÞ

	 

ðss* Þ r;Xr; Yr;Nt;i

r

� �
dr

þ

ðs

t l[L

X
uN

t;i
r 2

þl 2 uN
t;i
r 2

	 

s;Xt;x;i

r

� �h i
dNrðlÞ

Furthermore, we have ;s [ ½t; T�;

uN
t;i
s

s;Xt;x;i
s

� �
2 uiðt; xÞ ¼ Yt;x;i

s 2 Yt;x;i
t

¼ 2

ðs

t

f r;Qt;x;i
r ;Nt;i

r

� �
dr þ

ðs

t

Zt;x;i
r dBr þ

ðs

t l[L

X
Ht;x;i

r ðlÞ dMrðlÞ
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Hence we deduce ;s [ ½t; T�

uiðs; xÞ2 uiðt; xÞ ¼ 2

ðs

t

1

2
Tr ›2

xxuN
t;i
r
ðs;XrÞ

	 

ðss* Þ r;Xr;Yr;Nt;i

r

� ��

þ 7xuN
t;i
r
ðs;XrÞb r;Qt;x;i

r ;Nt;i
r

� �
þ f r;Qt;x;i

r ;Nt;i
r

� �
þ l

l[L

X
uN

t;i
r 2þl 2 uN

t;i
r 2

	 

s;Xt;x;i

r

� �	 

dr

þ

ðs

t

Zt;x;i
r 2 7xuN

t;i
r
ðs;XrÞs r;Xr; Yr;Nt;i

r

� �	 

dBr

þ

ðs

t l[L

X
Ht;x;i

r ðlÞ2 uN
t;i
r 2

þl 2 uN
t;i
r 2

	 

s;Xt;x;i

r

� �h i
dMrðlÞ

So, considering a subdivision t ¼ t0 , t1 , . . . , tn ¼ T of ½t; T�; we deduce

uiðT ; xÞ2 uiðt; xÞ ¼
Xn21

j¼0

uiðtjþ1; xÞ2 uiðtj; xÞ

¼ 2
Xn21

j¼0

ðtjþ1

tj

1

2
Tr ›2

xx uN
tj ;i

r

tjþ1;Xtj;x;i
r

� �	 

ðss* Þ r;Xtj;x;i

r ; Ytj;x;i
r ;Ntj;i

r

� ��

þ7xuN
t;i
r
ðtjþ1;Xtj;x;i

r Þ b r;Qtj;x;i
r ;Ntj;i

r

� �

þ f r;Qtj;x;i
r ;Ntj;i

r

� �
þ l

l[L

X
u

N
tj ;i

r 2þl
2 u

N
tj ;i

r 2

	 

tjþ1;Xtj;x;i

r

� ��
dr

þ
Xn21

j¼0

ðtjþ1

tj

7xuN
tj ;i

r

ðr;XrÞ2 7xuN
tj ;i

r

ðtjþ1;XrÞ
	 


s r;Xtj;x;i
r ; Ytj;x;i

r ;Ntj;i
r

� �
dBr

þ
Xn21

j¼0

ðtjþ1

tj l[L

X
u

N
tj ;i

r 2þl
2 u

N
tj ;i

r 2

	 

r;Xtj;x;i

r

� �h

2 u
N

tj ;i

r 2
þl

2 u
N

tj ;i

r 2

	 

tjþ1;Xtj;x;i

r

� �i
dMrðlÞ

Since for i [ K; ðXt;x;i
s Þ0#t#T ;0#s#T ;x[R d is continuous and ðYt;x;i

s Þ0#t#T ;0#s#T ;x[R d is a

càdlàg process, hence choosing a subdivision {tn
0; tn

1; . . .; tn
n}n[N of ½t; T� such that

limn!1 sup0#j#n21 ðt
n
jþ1 2 tn

j Þ ¼ 0; we obtain from corollary 2.2 and corollary 2.7

uðt; x; iÞ ¼ hiðxÞ þ

ðT

t

L iuiðr; xÞ þ �fiðr; x; uðr; xÞ;7xuiðr; xÞsiðr; x; uiðr; xÞÞ
� �

dr

This is enough to conclude that u is solution of (E). Consequently, considering each line of

the system of PDEs (E) we note that ;i [ K; uð·; ·; iÞ solves the parabolic quasilinear
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equations

ð ~EÞ

;ðt; xÞ [ ½0; T� £ Rd;

›~u
›t
ðt; xÞ þ Lð1Þ

i ~uðt; xÞ þ �f
ð1Þ

i ðt; x; ~uðt; xÞ;7x ~uðt; xÞsiðt; x; ~uðt; xÞÞÞ ¼ 0

~uðT ; xÞ ¼ hiðxÞ

8>><
>>:

where �b
ð1Þ
i and �f

ð1Þ
i are defined by ;ðt; x; y; zÞ [ ½0; T� £ Rd £ R £ Rd

�f
ð1Þ
i ðt; x; y; zÞ ¼ �fiðt; x; u1ðt; xÞ; u2ðt; xÞ; . . .; ui21ðt; xÞ; y; uiþ1ðt; xÞ; . . .; ukðt; xÞ; zÞ

�b
ð1Þ
i ðt; x; y; zÞ ¼ biðt; x; u1ðt; xÞ; u2ðt; xÞ; . . .; ui21ðt; xÞ; y; uiþ1ðt; xÞ; . . .; ukðt; xÞ; zÞ

and Lð1Þ
i is defined from L i by substituting �bi by �b

ð1Þ
i : Using theorem 7.1, chapter VII of

Ladyzenskaja et al. [4] théorème 7.1, under assumptions (H3) the quasilinear parabolic PDEs

ð ~EÞ have a unique bounded solution ~u [ C1;2ð½0; T� £ Rd;RÞ with bounded derivatives.

Therefore ;i [ K;

;j;m [ {1; . . .; d}2;
›ui

›xj

and
›2ui

›xj ›xm

are bounded on Rd:

Let us prove Eqs. (2.49) and (2.50). For i [ K; we define for ðt; xÞ [ ½0; T� £ Rd

~Biðt; xÞ ¼ ~Bðt; x; iÞ ¼ �biðt; x; uðt; xÞ;7xuiðt; xÞsiðt; x; uiðt; xÞÞÞ

Siðt; xÞ ¼ Sðt; x; iÞ ¼ siðt; x; uiðt; xÞÞ

Let i [ K and j be a Gt measurable random vector with finite second moment. We

consider Xt;j;i
s the diffusion process defined by ;s [ ½t; T�;

Xt;j;i
s ¼ jþ

ðs

t

~B r;Xr;N
t;i
r

� �
dr þ

ðs

t

S r;Xr;Nt;i
r

� �
dBr

and the following processes ;s [ ½t; T�;

Yt;j;i
s ¼ uN

t;i
s

s;Xt;j;i
s

� �
; Zt;j;i

s ¼ 7xuN
t;i
s

s;Xt;j;i
s

� �
sN

t;i
s

s;Xt;j;i
s ; Yt;j;i

s

� �
;l [ L; Ht;j;i

s ðlÞ ¼ uN
t;i
s 2þl 2 uN

t;i
s 2

	 

s;Xt;j;i

s

� �

Since uN
t;i
s
[ C1;2ð½0; T� £ Rd;RÞ; Itô’s formula yields for all s [ ½t; T�;

uN
t;i
s

s;Xt;j;i
s

� �
¼uN

t;i
T

T ;Xt;j;i
T

	 

2

ðT

s

›

›t
uN

t;i
r

r;Xt;j;i
r

� �
dr2

ðT

s

7xuN
t;i
r
ðr;XrÞ ~B r;Xr;N

t;i
r

� �
dr

2

ðT

s

7xuN
t;i
r
ðr;XrÞS r;Xr;N

t;i
r

� �
dBr2

1

2

ðT

s

Tr ›2
xxuN

t;i
r
ðr;XrÞ

	 

ðSS*Þ r;Xr;N

t;i
r

� �
dr

2

ðT

s l[L

X
uN

t;i
r 2þl2uN

t;i
r 2

	 

r;Xt;j;i

r

� �h i
dNrðlÞ
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which implies ;s[½t;T�

uN
t;i
s

s;Xt;j;i
s

� �
¼uN

t;i
T

T ;Xt;j;i
T

	 

2

ðT

s

›

›t
uN

t;i
r

r;Xt;j;i
r

� �
þLN

t;i
r uN

t;i
r

r;Xt;j;i
r

� �� �
dr

2

ðT

s

Zt;j;i
r dBr2

ðT

s l[L

X
uN

t;i
r 2þl2uN

t;i
r 2

	 

r;Xt;j;i

r

� �h i
dNrðlÞ

Hence using (E) we deduce,;s [ ½t; T�

Yt;j;i
s ¼ hN

t;i
T

X
t;j;i
T

	 

þ

ðT

s

�fNt;i
r
ðr;Xr; uðr;XrÞ; ZrÞ þ l

l[L

X
Ht;j;i

r ðlÞ

0
@

1
A dr

2

ðT

s

Zt;j;i
r dBr 2

ðT

s l[L

X
Ht;j;i

r ðlÞ dMrðlÞ

Therefore, the Gs-progressively measurable quartet of processes

ðXt;j;i
s ;Yt;j;i

s ;Ht;j;i
s ; Zt;j;i

s Þðt#s#TÞ with values in Rd £ R £ Rk21 £ Rd solves the FBSDE with

transmutation associated to f ; b;s; h:

For some a [ R; applying Itô’s formula for discontinuous processes to the semimartingale

ðeasjYsj
2
Þt#s#T ; we obtain ;s [ ½t; T�

easjYsj
2
þ

ðT

s

earjZrj
2

dr þ l

ðT

s

earjHrj
2

dr þ
s,r#T

X
earðDYrÞ

2 # eaT jYT j
2

2 a

ðT

s

earjYrj
2

dr þ 2

ðT

s

earYrf r;Qr;Nt;i
r

� �
dr

2 2

ðT

s

earYrZr dBr 2 2

ðT

s l[L

X
earYrHrðlÞ dMrðlÞ

Using assumption (H1.3), we deduce ;s [ ½t; T�

easjYsj
2
þ

ðT

s

earjZrj
2

dr þ l

ðT

s

earjHrj
2

dr # eaT jYT j
2
þ

ðT

s

ear
h
Lþ ðL2 aÞjYrj

2
i

dr

2 2

ðT

s

earYrZr dBr 2 2

ðT

s l[L

X
earYrHrðlÞ dMrðlÞ

Choosing a ¼ L and taking the conditional expectation given Gt, for such i [ K we find a

constant Ci, only depending on L and T, such that

;ðt; xÞ [ ½0; T� £ Rd juiðt; xÞj # Ci

Using the same argument as in Delarue [3], lemma 2.1, we prove the existence of a

constant Gi depending only on Ci; ~k; d;L and d such that

;ðt; xÞ [ ½0; T� £ Rd j7xuiðt; xÞj # Gi

We have established the proposition with C ¼
i¼1;...;k
max Ci and G ¼

i¼1;...;k
max Gi A
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In the following, we build a regular solution of the system of PDEs (E) whatever the time

duration T may be.

Let g ¼ ~C
ð2Þ

ðK;lÞ; m ¼ EðT=gÞ þ 1 and the partition ðtjÞ0#j#m of ½0; T� defined by

t0 ¼ 0; ;j $ 1; tj ¼ T 2 ðm 2 jÞg

Corollary 2.8 Assume that (H3) holds. Then ;T . 0 the system of PDEs (E) admits a

unique solution ~u and there exists two constants ~C (depending on L and T) and ~G (depending

on L; ~k; d; d and T) such that

ðt;xÞ[½0;T�£Rd

sup j~uðt; xÞj # ~C ð2:51Þ

ðt;xÞ[½0;T�£Rd

sup j7x ~uðt; xÞj # ~G ð2:52Þ

Proof Using proposition 2.2, we build ~u : ½T 2 g; T� £ Rd ! Rk solution of the system

ðEÞ

;ðt; xÞ [ ½T 2 g; T� £ Rd; ;i [ K
›ui

›t
ðt; xÞ þ Liuiðt; xÞ þ �fiðt; x; uðt; xÞ;7xuiðt; xÞsiðt; x; uiðt; xÞÞÞ ¼ 0

uiðT ; xÞ ¼ hiðxÞ

8>><
>>:

and there exists two constants ~C (depending on L and T) and ~G (depending on L; ~k; d; d and T)

such that

ðt;xÞ[½0;T�£Rd

sup j~uðt; xÞj # ~C and
ðt;xÞ[½0;T�£Rd

sup j7x ~uðt; xÞj # ~G

Moreover, the first and second derivatives of ~u with respect to x are Lipschitz and the

function ~uðT 2 g; ·Þ is ~G Lipschitz.

Considering the system

ðEÞ

;ðt; xÞ [ ½T 2 2g; T 2 g� £ Rd; ;i [ K
›ui

›t
ðt; xÞ þ Liuiðt; xÞ þ �fiðt; x; uðt; xÞ;7xuiðt; xÞsiðt; x; uiðt; xÞÞÞ ¼ 0

uiðT ; xÞ ¼ ~uðT 2 g; xÞ

8>><
>>:

we can build another solution satisfying the same properties as ~u with two constants which

we note again ~C and ~G:

Therefore, we can extend ~u on ½T 2 2g; T�; so by induction we construct a bounded

solution of (E) whose gradient is uniformly bounded on ½0; T� £ Rd:

For the proof of uniqueness we consider v another solution of (E) satisfying Eqs. (2.51) and

(2.52).

We associate to v a family of solutions ðXv;t;x;i
s Þðt;xÞ[½0;T�£Rd of the SDE

Xv;t;x;i
s ¼ x þ

ðs

t

�b r;Xr; vðr;XrÞ; ð7xvsÞ r;Xr; Yr;Nt;i
r

� �
;Nt;i

r

� �
dr

þ

ðs

t

s r;Xr; v r;Xr;Nt;i
r

� �
;Nt;i

r

� �
dBr
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Considering the processes

; s [ ½t; T�; Yv;t;x;i
s ¼ vN

t;i
s

s;Xv;t;x;i
s

� �
; Zv;t;x;i

s ¼ 7xvN
t;i
s

s;Xv;t;x;i
s

� �
sN

t;i
s

s;Xv;t;x;i
s ; Yv;t;x;i

s

� �
; l [ L; Hv;t;x;i

s ðlÞ ¼ vN
t;i
s 2þl 2 vN

t;i
s 2

	 

s;Xv;t;x;i

s

� �
we deduce thanks to Itô’s formula,

; s [ ½t; T�;

Yv;t;x;i
s ¼ hN t;i X

v;t;x;i
T

� �
þ

ðT

s

f r;Xv;t;x;i
r ; Yv;t;x;i

r ;Hv;t;x;i
r ; Zv;t;x;i

r ;Nt;i
r

� �
dr 2

ðT

s

Zv;t;x;i
r dBr

2

ðT

s l[L

X
Hv;t;x;i

r ðlÞdMrðlÞ

Therefore, the quartet ðXv;t;x;i
r ; Yv;t;x;i

r ;Hv;t;x;i
r ; Zv;t;x;i

r Þ solves the FBSDE with transmutation

process (E t,x) with initial values t,x,i. Hence thanks to Theorem 2.1 we have

; ðt; xÞ [ ½T 2 g; T� ~uðt; xÞ ¼ vðt; xÞ

Then using again an induction we prove ~u ¼ v sur ½0; T� £ Rd: A

Comment: The previous corollary gives us a regular solution of our non-degenerate system

of quasilinear parabolic PDEs whose gradient is uniformly bounded by a quantity which is

independent of the Lipschitz constant of the drifts of the FBSDE (E 0,j).

Thanks to this result, we have a control on the Lipschitz constant of ui, i [ K: Indeed ui

plays the role of hi in the latter application of Theorem 2.1 on a appropriate subdivision of

[0,T ] in order to extended the solution in small time duration to a global one. This is what we

do in the next section.

GLOBAL SOLUTION OF THE SYSTEM OF FBSDE

In order to extend the local solution of the FBSDE, we remove regularity required in the

previous section and assume that the coefficients satisfy the following assumptions (H4):

(H4.1) b and f satisfy (H1).

(H4.2) s and h satisfy (H1.3) and there exists a constant ~k . 0 such that

; i [ K; ; t [ ½0; T�; ; ððx; yÞ; ðx0; y0ÞÞ [ ðRd £ RÞ2

jsiðt; x; yÞ2 siðt; x0; y0Þj
2
# ~k 2ðjx 2 x0j

2
þ jy 2 y0j

2
Þ

jhiðxÞ2 hiðx
0Þj # ~kjx 2 x0j

(H4.3) The function s satisfies (H3.1).

We have the following

Proposition 3.1 Assume that (H4) hold and T # ~C
ð2Þ

ðK;lÞ: Then there exists a sequence of

bounded C1 functions ð�b ðnÞ; �f ðnÞ;s ðnÞ; h ðnÞÞn[N with bounded derivatives of every order such
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that

; ðt; x; u; zÞ [ ½0;T� £ Rd £ Rk £ Rd;

ð�b ðnÞ; �f ðnÞ;s ðnÞ; h ðnÞÞðt; x; u; zÞ
n!þ1
������! ð�b; �f;s; hÞðt; x; u; zÞ

Moreover, if ðXt;n;x;i
s ; Yt;n;x;i

s ;Ht;n;x;i
s ; Zt;n;x;i

s Þ0#s#T stands for the solution of (E 0,x) associated

to ðb ðnÞ; f ðnÞ;s ðnÞ; h ðnÞÞ; the map un defined by

un : ½0; T� £ Rd £K ! R

ðt; x; iÞ ! Y
t;n;x;i
t

also define a function un : ½0; T� £ Rd ! Rk : solution of the system of PDEs

; ðt; xÞ [ ½0; T� £ Rd; ; i [ K
›ui

›t
ðt; xÞ þ Li

nuiðt; xÞ þ �f
ðnÞ

i ðt; x; uðt; xÞ;7xuiðt; xÞsðnÞ
i ðt; x; uiðt; xÞÞÞ ¼ 0

uiðT; xÞ ¼ hðnÞ
i ðxÞ

8>>><
>>>:

ð3:1Þ

satisfying ; n [ N;

ðt;xÞ[½0;T�£Rd

sup junðt; xÞj # ~C ð3:1Þ

ðt;xÞ[½0;T�£Rd

sup j7xunðt; xÞj # ~G ð3:3Þ

Moreover,

un ! u as n !þ1 ð3:4Þ

where u is the map defined in Corollary 2.2.

Proof There exists a regularization sequence of bounded C1 functions

ð�b ðnÞ; �f ðnÞ;s ðnÞ; h ðnÞÞn[N with bounded derivatives such that for every n [ N; the quartet

ðb ðnÞ; f ðnÞ;s ðnÞ; h ðnÞÞ satisfies (H4) with the constants K þ 4L; ~k; 2L and ðd=2Þ (we refer to

Ref. [3], proposition 2.2).

Moreover, since ðb ðnÞ; f ðnÞ;s ðnÞ; h ðnÞÞ satisfy also (H3), by virtue of Proposition 2.2, there

exist two constants still noted ~C and ~G and not depending on n such that for all n [ N; the

map un is a solution of Eq. (3.1) which satisfies Eqs. (3.2) and (3.3).

Furthermore applying Theorem 2.2 to the two quartets of functions ðb ðnÞ; f ðnÞ;s ðnÞ; h ðnÞÞ and

(b,f,s,h), we deduce from the Lebesgue dominated convergence theorem un ! u as n !þ1:A

Let ~K ¼ maxð~k;L; ~GÞ; g ¼ ~C
ð2Þ

ð ~K;lÞ: For any arbitrary T . 0; let m ¼ EðT=gÞ þ 1 and

consider the subdivision ðtjÞ0#j#m of [0, T ] defined by

t0 ¼ 0; ; j $ 1; tj ¼ T 2 ðm 2 jÞg
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Proposition 3.2 Assume that (H4) holds. Then ; T . 0; there exists a map u :

½0; T� £ Rd £K! R satisfying

(i) ; ðt; x; iÞ [ ½0; T� £ Rd £K; juðt; x; iÞj # ~C

(ii) ; ðt; iÞ [ ½0; T� £K; ; ðx; x0Þ [ ðRdÞ2; juðt; x; iÞ2 uðt; x0; iÞj # ~Gjx 2 x0j

(iii) ; x [ Rd; ; i [ K; uðT; x; iÞ ¼ hiðxÞ

(iv) ; j [ 0; . . .;m 2 1; ; t [ ½tj; tjþ1�; ; i [ K; for every Gt-measurable random vector j

with finite second moment, the problem

; s [ ½t; tjþ1�;

Xs ¼ jþ
Ð s

t
b r;QðjÞ

r ;Nt;i
r

� �
dr þ

Ð s

t
s r;Xr; Yr;Nt;i

r

� �
dBr

Ys ¼ u tjþ1;Xtjþ1
;N

t;i
tjþ1

	 

þ
Ð tjþ1

s
f r;QðjÞ

r ;Nt;i
r

� �
dr 2

Ð tjþ1

s
Zr dBr 2

Ð tjþ1

s
l[L

P
HrðlÞ dMrðlÞ

8>>>><
>>>>:

has a unique solution QðjÞ
s ¼ ðXðjÞ

s ; Y ðjÞ
s ;HðjÞ

s ; ZðjÞ
s Þt#s#tjþ1

in B2
½t;tjþ1�

such that ; s [

½t; tjþ1�;

Y ðjÞ
s ¼ u s;XðjÞ

s ;Nt;i
s

� �
ð3:5Þ

; l [ L; HðjÞ
s ðlÞ ¼ u s;XðjÞ

s ;Nt;i
s2 þ l

� �
2 u s;XðjÞ

s ;Nt;i
s2

� �
ð3:6Þ

ZðjÞ
s ¼ 7xu s;XðjÞ

s ;Nt;i
s

� �
s s;XðjÞ

s ; Y ðjÞ
s ;Nt;i

s

� �
ð3:7Þ

Proof We build u by a backward induction.

; t [ ½tm21; T�; thanks to Theorem 2.1, ; i [ K; the problem

; s [ ½t; T�;

Xs ¼ jþ
Ð s

t
b r;Qðm21Þ

r ;Nt;i
r

� �
dr þ

Ð s

t
s r;Xr; Yr;Nt;i

r

� �
dBr

Ys ¼ hN
t;i
T
ðXT Þ þ

Ð T

s
f r;Qðm21Þ

r ;Nt;i
r

� �
dr 2

Ð T

s
ZrdBr 2

Ð T

s
l[L

P
HrðlÞ dMrðlÞ

8>>>><
>>>>:

ð3:8Þ

has a unique solution ðQðm22Þ
s Þtm21#s#T W ðXðm21Þ

s ; Y ðm21Þ
s ;Hðm21Þ

s ; Zðm21Þ
s Þtm21#s#T in B2

½tm21;T�

and applying Corollary 2.2, the map u defined by

u : ½tm21; T� £ Rd £K! R

ðt; x; iÞ! Y
t;x;i
t

satisfies the following equalities for all t [ ½tm21; T�;

uðT; x; iÞ ¼ hiðxÞ ð3:9Þ

; s [ ½t; T�; Y ðm21Þ
s ¼ u s;Xðm21Þ

s ;Nt;i
s

� �
ð3:10Þ

; l [ L; Hðm21Þ
s ðlÞ ¼ u s;Xðm21Þ

s ;Nt;i
s2 þ l

� �
2 u s;Xðm21Þ

s ;Nt;i
s2

� �
ð3:11Þ
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Furthermore using the previous Proposition, the map

un : ½tm21; T� £ Rd £K! R

ðt; x; iÞ! Y
t;n;x;i
t

defines a function un [ C1;2ð½tm21; T� £ Rd;RkÞ; a solution of Eq. (3.1) and which satisfies

ðt;xÞ[½tm21;T�£Rd

sup junðt; xÞj # ~C ð3:12Þ

ðt;xÞ[½tm21;T�£Rd

sup j7xunðt; xÞj # ~G ð3:13Þ

Let n !þ1; we deduce easily (i) and (ii). Therefore the proposition holds on [tm21,T ].

; t [ ½tm22; tm21�;; i [ K; using once again Theorem 2.1, for every Gt—measurable

random vector j with finite second moment, the problem

; s [ ½t; tm21�;

Xs ¼ jþ
Ð s

t
b r;Qðm22Þ

r ;Nt;i
r

� �
dr þ

Ð s

t
s r;Xr;Yr;N

t;i
r

� �
dBr

Ys ¼ u tm21;X
ðm22Þ
tm21

;Nt;i
tm21

� �
þ
Ð tm21

s
f r;Qðm22Þ

r ;Nt;i
r

� �
dr 2

Ð tm21

s
ZrdBr 2

Ð tm21

s
l[L

P
HrðlÞdMrðlÞ

8>>>><
>>>>:
admits a unique solution Qðm22Þ

s

� �
W Xðm22Þ

s ;Y ðm22Þ
s ;Hðm22Þ

s ;Zðm22Þ
s

� �
tm22#s#tm21

in B2
½tm22;tm21�

:

Hence using the same method, there exists a map which we note again u

u : ½tm22; tm21�£Rd £K!R

ðt;x; iÞ! Y
t;x;i
t

satisfying for all t [ ½tm22; tm21�;

juðt;x; iÞ2 uðt;x0; iÞj# ~Gjx2 x0j ð3:14Þ

juðt;x; iÞj# ~C ð3:15Þ

; s [ ½t;T�; Y ðm21Þ
s ¼ u s;Xðm21Þ

s ;Nt;i
s

� �
ð3:16Þ

; l [ L; Hðm21Þ
s ðlÞ ¼ u s;Xðm21Þ

s ;Nt;i
s2 þ l

� �
2 u s;Xðm21Þ

s ;Nt;i
s2

� �
ð3:17Þ

So, we can define u on ½tm22; T� £ Rd £K! R:

Therefore using an induction we build u : ½0; T� £ Rd £K: A

Corollary 3.1 Under the assumptions (H4) and the statements of proposition 3.2, for

every ðt; iÞ [ ½0; T� £K and j aGt—measurable random vector with finite second moment,

every solution Qt;j;i
s

� �
ðt#s#TÞ

of the problem ðE t;jÞ satisfies

; n # j # m 2 1;

E
~tj#s#~tjþ1

sup Xt;j;i
s 2 X

~tj;X~tj
;Nt;i

~tj
s

!!!!
!!!!
2

¼ E
~tj#s#~tjþ1

sup Yt;j;i
s 2 Y

~tj;X~tj
;Nt;i

~tj
s

!!!!
!!!!
2

¼ E

ð~tjþ1

~tj

Zt;j;i
s 2 Z

~tj;X~tj
;Nt;i

~tj
s

!!!!
!!!!
2

ds

¼ E

ð~tjþ1

~tj l[L

X
Ht;j;i

s ðlÞ2 H
~tj;X~tj

;Nt;i
~tj

s ðlÞ

� �2

ds ¼ 0
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where n is the unique integer such that t [ [tn,tnþ1] and ð~tjÞn#j#m is the sequence defined by

~tj ¼ t si j ¼ n; ~tj ¼ tj si j . n

Proof If n ¼ m 2 1, using proposition 3.2 the result is an easy consequence of the

uniqueness of solution on [tm21, T ].

If n # m 2 2; and ðXs; Ys;Hs; ZsÞt#s#T is the unique solution of the problem, then

ðXs; Ys;Hs; ZsÞtm21#s#T is solution of the system

;s [ ½tm21; T�

Xt;j;i
s ¼ Xtm21

þ
Ð s

tm21
b r;Qt;j;i

r ;Ntm21;i1
r

� �
dr þ

Ð s

tm21
s r;Xr; Yr;Ntm21;i1

r

� �
dBr

Yt;j;i
s ¼ h

N
tm21 ;i1
T

ðXT Þ þ
Ð T

s
f r;Qt;j;i

r ;Ntm21;i1
r

� �
dr 2

Ð T

s
Zt;j;i

r dBr 2
Ð T

s
l[L

P
Ht;j;i

r ðlÞdMrðlÞ

E
Ð T

tm21
Xt;j;i

r

!! !!2þ Yt;j;i
r

!! !!2þ Ht;j;i
r

!! !!2þ Zt;j;i
r

!! !!2	 

dr , þ1

8>>>>>>>><
>>>>>>>>:

where i1 ¼ N
t;i
tm21

:

From uniqueness of solution and Proposition 3.2, we deduce

E
tm21#s#T

sup Xt;j;i
s 2 X

tm21;Xtm21
;i1

s

!!! !!!2 ¼ E
tm21#s#T

sup Ys 2 Y
tm21;Xtm21

;i1
s

!!! !!!2

¼ E
l[L

XðT

tm21

HsðlÞ2 H
tm21;Xtm21

;i1
s ðlÞ

	 
2

ds

¼ E

ðT

tm21

Zs 2 Z
tm21;Xtm21

;i1
s

!!! !!!2ds ¼ 0

and ;s [ ½tm21; T�; Ys ¼ u
N

tm21 ;i1
s

ðs;XsÞ; in particular

Ytm21
¼ ui1ðtm21;Xtm21

Þ ¼ uN
t;i
tm21

ðtm21;Xtm21
Þ

hence the process ðXs; Ys;Hs; ZsÞt#s#tm21
solves the system

;s [ ½t; tm21�

Xt;j;i
s ¼ jþ

Ð s

t
b r;Qt;j;i

r ;Nt;i
r

� �
dr þ

Ð s

t
s r;Xr; Yr;Nt;i

r

� �
dBr

Yt;j;i
s ¼ QN

t;i
tm21

ðtm21;Xtm21
Þ þ
Ð tm21

s
f r;Qt;j;i

r ;Nt;i
r

� �
dr 2

Ð tm21

s
Zt;j;i

r dBr

2
Ð tm21

s
l[L

P
Ht;j;i

r ðlÞdMrðlÞ

E
Ð tm21

t
Xt;j;i

r

!! !!2þ Yt;j;i
r

!! !!2þ Ht;j;i
r

!! !!2þ Zt;j;i
r

!! !!2	 

dr , þ1

8>>>>>>>>>>>><
>>>>>>>>>>>>:

analogously, we prove

E
tm22#s#tm21

sup Xt;j;i
s 2 X

tm22;Xtm22
;i2

s

!!! !!!2 ¼ E
tm22#s#tm21

sup Ys 2 Y
tm22;Xtm22

;i2
s

!!! !!!2

¼ E
l[L

Xðtm21

tm22

HsðlÞ2 H
tm22;Xtm22

;i2
s ðlÞ

	 
2

ds

¼ E

ðtm21

tm22

Zs 2 Z
tm22;Xtm22

;i2
s

!!! !!!2ds ¼ 0
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and in particular

Ytm22
¼ ui2 ðtm22;Xtm22

Þ ¼ u
N

t;i1
tm22

ðtm22;Xtm22
Þ where i2 ¼ Nt;i1

tm21
:

Applying an induction we get the desired result. A

Theorem 3.1 (Global Solution) Under the assumptions (H4), ;T . 0; ;i [ K; for

every G0-measurable random vector j with finite second moment the system ðE 0;jÞ has a

unique solution.

Proof Assume that (H4) holds and T . 0: Let i [ K be fixed and j a G0-measurable

random vector with finite second moment.

With the previous subdivision of [0, T ], we define jor all j [ {0; . . .;m 2 1};

n0 ¼ i; and ;1 # j # m; nj ¼ N
tj21;nj21

tj

Thanks to proposition 3.2, the system

;s [ ½0; t1�;

Xs ¼ jþ
Ð s

0
b r;Qð0Þ

r ;N0;i
r

� �
dr þ

Ð s

0
s r;Xr; Yr;N0;i

r

� �
dBr

Ys ¼ u t1;Xð0Þ
t1
;N0;i

t1

	 

þ
Ð t1

s
f r;Qð0Þ

r ;N0;i
r

� �
dr 2

Ð t1

s
Zr dBr 2

Ð t1

s
l[L

P
HrðlÞ dMrðlÞ

8>>>><
>>>>:

admits a unique solution ðQ0;j;i
s Þ ¼ ðXð0Þ

s ; Y ð0Þ
s ;Hð0Þ

s ; Zð0Þ
s Þ0#s#t1

in B2
½0;t1�

satisfying

Y ð0Þ
t1

¼ u ðt1;Xð0Þ
t1
;N0;i

t1
Þ

;l [ L; Hð0Þ
t1
ðlÞ ¼ u t1;Xð0Þ

t1
;N0;i

t12
þ l

	 

2 u t1;Xð0Þ

t1
;N0;i

t12

	 

Using the same result on [t1, t2], we know that the system

;s [ ½t1; t2�;

Xs ¼ Xð0Þ
t1

þ
Ð s

t1
b r;Qð1Þ

r ;Nt1;n1
r

� �
dr þ

Ð s

t1
s r;Xr; Yr;Nt1;n1

r

� �
dBr

Ys ¼ u t2;Xð1Þ
t2
;N

t1;n1
t2

� �
þ
Ð t2

s
f r;Qð1Þ

r ;Nt1;n1
r

� �
dr 2

Ð t2

s
Zr dBr 2

Ð t2

s
l[L

P
HrðlÞ dMrðlÞ

8>>>><
>>>>:

admits a unique solution ðQ
t1;X

ð0Þ
t1
;n1

s Þ W Xð1Þ
s ; Y ð1Þ

s ;Hð1Þ
s ; Zð1Þ

s

� �
t1#s#t2

in B2
½t1;t2�

and applying the

previous result, we have ;s [ ½t1; t2�;

Y ð1Þ
s ¼ u s;Xð1Þ

s ;Nt1;n1
s

� �
:

;l [ L; Hð1Þ
s ðlÞ ¼ u s;Xð1Þ

s ;N
t1;n1
s2 þ l

� �
2 u s;Xð1Þ

s ;N
t1;n1
s2

� �
:

Hence we can deduce

Xð1Þ
t1

¼ Xð0Þ
t1

Y ð1Þ
t1

¼ u t1;Xð1Þ
t1
; n1

� �
¼ u t1;Xð0Þ

t1
; n1

� �
¼ Y ð0Þ

t1
:

;l [ L; Hð1Þ
t1
ðlÞ ¼ u t1;Xð1Þ

t1
; n1 þ l

� �
2 u t1;Xð1Þ

t1
; n1

� �
¼ Hð0Þ

t1
ðlÞ
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So, applying again this argument on [t2, t3], the system

;s [ ½t2; t3�;

Xs ¼ Xð1Þ
t2

þ
Ð s

t2
b r;Qð2Þ

r ;Nt2;n2
r

� �
dr þ

Ð s

t1
s r;Xr; Yr;Nt2;n2

r

� �
dBr

Ys ¼ u t3;Xð2Þ
t3
;N

t2;n2
t3

� �
þ
Ð t3

s
f r;Qð2Þ

r ;Nt2;n2
r

� �
dr 2

Ð t3

s
Zr dBr 2

Ð t3

s
l[L

P
HrðlÞ dMrðlÞ

8>>>><
>>>>:

admits a unique solution ðQ
t2;X

ð1Þ
t2
;n2

s Þ ¼ Xð2Þ
s ; Y ð2Þ

s ;Hð2Þ
s ; Zð2Þ

s

� �
t2#s#t3

dans B2
½t2;t3�

and applying

again the previous result we get ;s [ ½t2; t3�; u s;Xð2Þ
s ;Nt2;n2

s

� �
¼ Y ð2Þ

s and we deduce

Xð2Þ
t2

¼ Xð1Þ
t2

Y ð2Þ
t2

¼ uðt2;Xð2Þ
t2
; n2Þ ¼ uðt2;Xð1Þ

t2
; n2Þ ¼ Y ð1Þ

t2
:

;l [ L; Hð2Þ
t2
ðlÞ ¼ uðt2;Xð2Þ

t2
; n2 þ lÞ2 uðt2;Xð1Þ

t2
; n2Þ ¼ Hð1Þ

t2
ðlÞ

Using an induction we are able to build a quartet QðjÞ
s

� �
¼

XðjÞ
s ; Y ðjÞ

s ;HðjÞ
s ; ZðjÞ

s

� �
j¼0;...;m21; s[½tj;tjþ1�

solution in B2
½tj;tjþ1�

of the system

ð ~EÞ

;s [ ½tj; tjþ1�;

Xs ¼ X
ðj21Þ
tj

þ
Ð s

tj
b r;QðjÞ

r ;N
tj;nj
r

� �
dr þ

Ð s

tj
s r;Xr; Yr;N

tj;nj
r

� �
dBr

Ys ¼ u tjþ1;X
ðjÞ
tjþ1

;N
tj;nj

tjþ1

	 

þ
Ð tjþ1

s
f r;QðjÞ

r ;N
tj;nj
r

� �
dr 2

Ð tjþ1

s
Zr dBr 2

Ð tjþ1

s
l[L

P
HrðlÞ dMrðlÞ

8>>>>><
>>>>>:

which satisfies

XðjÞ
tj
¼ Xðj21Þ

tj
; Y ðjÞ

tj
¼ u tj;Xðj21Þ

tj
; nj

	 

¼ Y ðj21Þ

tj
; HðjÞ

tj
¼ Hðj21Þ

tj
:

Therefore, the quartet of Gs-measurable process ðQsÞ0#s#T W ðXs; Ys;Hs; ZsÞ0#s#T defined

by putting

;j [ {0; . . .;m 2 1}; ;s [ ½tj; tjþ1�; Xs ¼ XðjÞ
s ; Ys ¼ Y ðjÞ

s ; Hs ¼ HðjÞ
s ; Zs ¼ ZðjÞ

s

is solution of ðE 0;jÞ:

For the proof of uniqueness, let us consider the process ð ~QsÞ0#s#T as another solution of

ðE 0;jÞ: Using Corollary 3.1, we have

E
0#s#t1

sup j ~Xs 2 Xsj
2
¼ E

0#s#t1

sup j ~Ys 2 Ysj
2
¼

ðt1

0 l[L

X
ð ~HsðlÞ2 HsðlÞÞ

2 ds ¼

ðt1

0

j ~Zs 2 Zsj
2

ds ¼ 0

Hence we deduce

~Xt1
¼ Xt1

:

Using a backward induction similarly to the construction of the solution ðQsÞ0#s#T ; we

prove that

;t [ ½0; T�; ~Xt ¼ Xt; ~Yt ¼ Yt; ~Ht ¼ Ht; ~Zt ¼ Zt

A
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Corollary 3.2 Assume that (H3) holds and for 1 # i # k; let Yt;x;i
s ; t # s # T

� �
be the

unique solution of (E t,x) given by Theorem 3.1. Then the map u defined by

uðt; xÞ ¼ Yt;x;1
t ; Yt;x;2

t ; . . .; Yt;x;k
t

� �
; ðt; xÞ [ ½0; T� £ Rd ð3:18Þ

coincides with the unique solution of the system of PDEs ðEÞ given by Corollary 2.8.

Proof Let us consider the previous subdivision of [0, T ] and u defined by Eq. (3.18). Let n

be the unique integer such that t [ [tn,tnþ1]. Thanks to the assumptions (H3) and Proposition

2.2, the function u is a solution of ðEÞ on [tn,tnþ1]. Then using Corollary 2.8, we deduce

;t [ ½tn; tnþ1�; uðt; xÞ ¼ ~uðt; xÞ:

Using an induction, we complete the proof. A

Moreover, we have the following result whose proof is an adaptation of the ones given in

Refs. [9,10]. However, for the notion of viscosity solution to make sense we need to assume

that b does not depend on z.

Corollary 3.3 Under the assumptions (H4) if moreover b does not depend on z, the map

u defined in the previous corollary provides a viscosity solution of the system of quasilinear

PDEs (E).
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