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The aim of this paper is to show that our earlier results in [9] can be extended to Hilbert spaces.
We then give examples of backward stochastic partial differential equations which can be solved
with our results.
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1. INTRODUCTION

A new class of stochastic differential equations — called “backward stochastic
differential equations”, and which consist in fact in solving a certain inverse
problem for a forward stochastic differential equation — has become recently
the subject of intense study, see in particular Pardoux, Peng [8], Pardoux [7]
and the references therein. The motivation from mathematical finance, as well
as the connections with stochastic control and nonlinear partial differential
equations, are largely responsible for the interest in BSDEs.

Recently, the authors have solved in [9] BSDEs involving the sub-
differential of a convex function in their coefficient. The aim of this note is to
show that those results can be readily extended to a Hilbert space setting,
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thus providing existence and uniqueness results for large classes of back-
ward stochastic partial differential equations. We illustrate the width of our
result by giving several examples of such BSPDEs.

Note that Ma, Yong {4, 5] have recently studied certain classes of BSPDEs
where the underlying Brownian motion is finite dimensional, while our is in-
finite dimensional.

A natural conjecture is that BSPDEs should be connected with infinite
dimensional PDEs, and stochastic control for SPDEs, hence probably with
partially observed stochastic control problems.

The paper is organized as follows. The problem and preliminary results
are formulated in Section 1. The existence and uniqueness result is stated at
the end of Section 1. Since the proof is identical to that in finite dimension
(see the proof of Theorem 1.1 in Pardoux, Rascanu [9]), we do not repeat it.
Finally, we give in Section 3 examples of BSPDEs which are covered by our
result.

2. FORMULATION OF THE PROBLEM
AND STATEMENT OF THE RESULT

Let H and K be two real separable Hilbert spaces, and (Q,F,P,(F,),5¢) @
probability space equipped with a filtration, such that:

Fi=0B,0<s<t,ie N )VN
where (B}, 1>0),_;, are mutually independent standard Brownian
motions, and A is the class of P-null sets of F. T will be throughout a
fixed positive real. For any Hilbert space H, let S%(H) denote the space

of continuous and F,-progressively measurable H-valued processes,
{X,;0<t< T}, satisfying

(s X ) <
0<t<T

M?*(H) denote the space of F-progressively measurable H-valued
processes {X,;0 <1< T}, satisfying

T
E/ I1X,|13,dt < .
0
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{e;;i=1,2, ...} being an arbitrary orthonormal basis of X, let {B,,t> 0}
be defined formally as:

X s
= E B;ei.
i=1

It is well known that this series does not converge in K, but rather in any
larger space K,K CK, which is such that the injection from K into K is
Hilbert—Schmidt. We will however not be concerned with K any further.
Rather, we introduce a class of processes with values in the space £L2(K,H )
of Hilbert—Schmidt operators from K into H, i.e., the space of linear
operators A which are such that

i AAN'ee)y

i=1

It is well known (see e.g., Métivier [6]) that to any element Z € M?
(L?(K,H)) one can associate an H-valued stochastic integral

t
{/ZSdBS, 0§1§T},
0

which is in particular the mean square limit as » — oo of the approximating

sequence:
n 1 .
Z / Ze:dB'.
-1 /0

This stochastic integral is a continuous F,-martingale, and the process
fol ZSst(fé ZSdBS)* - fot Z,Zyds,t>0 is also a martingale (with values in
L (H), the space of nuclear operators on H).

The particular choice of our filtration (F,) implies the following re-
presentation theorem, which extends to Hilbert spaces a well-known result
of Itd. We do not give the proof, since it is a word-to-word copy of the well
known finite dimensional analogous proof, see e.g., Revuz—Yor [10], proof
of Proposition 3.2.

THeOREM 2.1 Let £ € L*(Q, Fr, P;H). Then there exists a unique Z € M?
(L2(K;H)) such that

T
¢=E@)+ /0 Z,dB,.
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The second ingredient of the proofs ‘of existence-uniqueness for BSDEs is
1td’s formula. We recall a version of that formula in Hilbert space, following
Métivier [6].

ProPOSITION 2.2 Let {Y, t€[0, T} be an H-valued semimartingale which
is such that for some FE M*(H),Z € M*(L*(K;H)),

Y, =Y, + /thds—i— /tZSst.
0 0
Then for any v € C*(H),
W(¥) = (¥y) + / (0/(V,), Fy)ds + / (&'(¥,), Z,dB,)
(4} 0
1 ! " *
+5 /O Trp"(Y,)Z,Z *ds.

In particular, in the case Y(y) = ||yH§,, we have

t t 1 t
Y, = \Y0y2+/0 (YS,Fs)ds—FZ/O (YS./ZSdBS)#—z/O 1Z,)|3ds,

where |-\ = |-lm |- 1, =1 “52(K:H‘)~

We need to introduce one last object, which is the subdifferential of a
convex Ls.c. function from H into R. More precisely, let

p: H—]—oc,+x)]

be a proper (i.e., Z + oo) Ls.c. convex function. dy is a multivalued function
from H into itself (i.e., it maps H into subsets of H) which is defined as
follows.

For any ue H,

Oo(u) ={he H;(h,v—u) + p(u) <p(v), YveH}

we define Dom(0y) as the set of u € H such that dp(u) is not empty. We shall
write (i, v) € O to mean that u € Dom(9p) and v € dp(u).
In addition to the above we are given:

— a final condition & € L2(Q, Fr, P;H), s.t. Ep(£) < oc.

— acoefficient F: Q x [0,T] x H x £L2(K;H) — H, which is such that there
exista € R, 3,7 > O0and {n,, r€[0, T']} a progressively measurable process
satisfyingEfOTnfdt < oo,andsuchthatforally,y’ € H,z, z’ € L*(K; H),
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(1) F(-,y,z)is F,-progressively measurable;
(ii) y — F(¢,y,2) is continuous, dP x dt a.e.;
(i) (F@,y.2)—F(1,y",2),y =y ) <aly-y'l%
(V) [F(t,y,2) = F(t,3,2)| < Bllz— ||
W) [F(t,p,0) <me+9lyl

Formally, solving our BSDE in the Hilbert space H consists in finding a
pair (Y,Z) € S?(H) x M*(L*(K;H)) such that

{dY, + F(t,Y,,Z)dt € 0p(Y,)dt + Z,dB,, 0<t<T,
Yt - é-‘

More precisely, we are looking for a triple (Y,Z,U) € S*(H)xM?
(L%(K;H)) x M?(H) such that:

() Yi+ [T Uds =€+ [ F(s,Y,, Z)ds — [ Z,dB,, 0<1<T;
(ii) Y. Dom(8yp) and U, € dp(Y,), dP x di a.e.

Our basic result is the following theorem, whose proof is a copy of the
proof of the same result in finite dimension, see Theorem 1.1 in Pardoux,
Rascanu [9].

THEOREM 2.3 Under the above assumptions, in particular (1), (ii), (iii), (iv)
and (v), there exists a unique triple (Y,Z,U) € S*(H) x M?(L*(K;H))x
M*(H) which satisfies (j), (jj). Moreover, EfoT o(Y,)dt < oo.

3. EXAMPLES

Let D be an open and bounded subset of RY with a sufficiently smooth
boundary T. By H™(D), Hy'(D), W ;** (D) we will denote the usual Sobolev
spaces on D. The dual of Hj(D) is H™"(D). The canonical isomorphism
J:HY(D) — H™'(D)is J = — A. The space H (D) is a Hilbert space when
equipped with the inner product.

((u,v)) = (J " tu, vy Yu,ve HY(D),

where (-, -) is the usual paring between H (D) and H ‘(D).
We note that any Hilbert—Schmidt operator on L*(D) has a square
integrable kernel, so that £2(L?(D)) can be identified with Z*(D x D).
We shall choose first K = L*(D). This choice implies that dB,/dt is the
so-called “‘space-time white noise”, i.e., the generalized random field {(4, B),
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h e L*(Ry x D)} defined by

(1.8 = [ (hie.). B
is a zero mean Gaussian random field such that

E[(h7 B) (ka B)] = (hv k)LZ(R+ xD)*

Finally, let 3C R x R be a maximal monotone operator. One knows (see
[1], p. 60, or [2] p. 43) that there exists a proper convex lower-semicon-
tinuous function j: R — ] — oo, + oo] such that 3 = 9j.

Example 3.1 Let H= L*D) and ¢: H —]— oo, + o0] given by

(i) = 1, lgradu(x)| 2dx + [j(wydo, ifueHYD), j(u)eL'(T),
400, otherwise.

(3.1)
Then, from [1], p. 63, it follows that:

@ is a proper convex 1.s.c. function,

a)

b) Op(u) = —Au, Vuc Dom(dyp)

¢) Dom(dy) = {uec H*D): -9 € Bu)aec. onT} (32)
d)

el 2y < Crlju = Al 2y + €2, ¥ € Dom(dy).

where (0/0n) is the outward normal derivative and C;, C, are two constants
independent of u.

From Theorem 2.3, we deduce that:
PROPOSITION 3.2 If F satisfies (i)—(v) with H = K = L*(D),
£eLXQ,Fr,P;H' (D)), j(§) €L'(QxT),

then the boundary value backward stochastic problem

dy(t,x) + AY(: xX)dt + F (¢, Y(1), Z(t), x)dt

fDZ(Z VB(dt, dy) on Qx[0,T] x (3.3)

_ o %ﬂ( Y(1,%)) omQx[0,T]xQ,
Y(T x) &(x) on QxD

has a unigue solution (Y,Z)€ SHL*(D)NM>(H*D))x M*(L*D x D))
such that —(8Y(t,x)/0n) € B(Y(t, x)) a.e. on Q@ x]0, T[x .
Moreover, Y€ L0, T; LAQH'(D)), and j(Y) € L>(0, T; L'(Q x ).
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Example 3.3 Let H=L*D) and ¢: H —]—oo; + oc] given by

() = {%fD((gradu(X)fz +j(u(x)))dx, ifueHyD), ju)el(D),
400, otherwise.
(3.4)

Then, from [2], p. 203, it follows:

a) (isaproper convex l.s.c. function,
b) Domdy={ucHLD)NH?(D): :u(x) & Dom a.e. xeD}
¢) Op(u)={U€L*D):U(x) € Bu(x)) — Au(x) a.e. on D} V u € Dom(dyp),
d) ||ullg2p) S ClIU 2y Y(u,U) € B,
¢) Dom(dy)={ueL*D):u(x)€Domg, a.e. x €D},
(3.5)

and by Theorem 2.3, we have:

PrOPOSITION 3.4 Ler (i)—(v) be satisfied with H=K = L*(D). If
§ELY(Q Fr, PiH (D)), j(€) €L'(2x D),
then the boundary value backward stochastic problem

dy(t,x) + AY(t, x)dt + F (¢, Y(t), Z(t), x)dt € B(Y(¢,x))dt
+ [, Z(t,x,y)B(dt, dy) on Q@ x [0,T] x D

Y(t,x)=00n Q x [0,T] x T,

Y(T,x)=¢&(x) on Q x D,

(3.6)

has a unique solution (Y,Z) € S*(L*(D)) "M *(H {(D)NH?(D)) x M*(L?
(D x D)) such that Y(t) € H}(D) N H*(D)dP x dt a.e., Y(t,x) € Dom 3, dP x
dt x dx a.e., and

J(Y) € L>*(0,T; L' (Q x D)).
Example 3.5 Let H=L*D),r>2,¢0:H—]— 00, + 00| given by

L5 1w 0Ty, if we WD),
L,D(ll) _ { 2 =1 fD Ox; ‘ 0

~+o0, otherwise.
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and A: WL'(D) — W (D), where (1/r) + (1/r') = 1, given by

Auv /

Then, from [1], p. 204, it follows: ¢ is proper convex l.s.c. function, Dom
(8p) = {u € WL (D); Au € LE(D)} and dp(u) = Au = — S0, (|(8u/dx;)|
(Bu/0x;)), ¥ u € Dom(9y).

"2 Ou Bu

Ou
aYZ—ldxquW (D).

8x1

Now, by Theorem 2.3, we have:
PROPOSITION 3.6 Let (1)—(v) be satisfied with H= K= L*D). If r>2
and

¢e LY(Q, Fr, P;W (D)),

then the BSPDE:

dY (t,%) + S A (1857 82) (rx)de + F(1, Y (1), Z(1), x)di
—_—thxy (dt, dy), oan[O,T)xD, (3.7)
,x)=00n Qx[0,T) x
(Tx) &(x) on Q x D,

<=

has a unique solution (Y,Z) € S*(L*(D)) "M (W ;" (D)) x M*(L*(D x D)).

In the last example, we shall choose K = R so that {B, >0} is now a
d-dimensional Brownian motion.

Example 3.7 Assume j:R — R is continuous lim,_.(j(r)/|r]) = oo. Let

H=H7Y(D)and ¢: H —]— 00,4 o0} be given by

[pJju(x))dx, ifueL'(D),j(u)eL"(D)
p(u) =

~+o00, otherwise.
Then, from [1], p. 67, it follows that:

(a) ¢ is proper convex ls.c. on H~!(D), (3.8)
(b) Ue€dplu)y=Uec—-ABu). ‘
Hence

PROPOSITION 3.8 Let the assumptions (\)—(v) be satisfied with H= H "
(D), K=R% If ¢ LY (QxD)NL*Q, Fr,P;H),j(€)e L Qx D), then
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the BSPDE:

dy (2, x) + AB(Y (2, x)dt + F (1, Y(1), Z(£), x)dt %, Z'(1, x)dB!
on 1x[0,T] xD,

Y(T,x) =£&(x),on Q2 xD

B(Y(2,x)) 30, on wx]0,T [xT.

(3.9)

has a unique solution
(Y,Z)e S*(H (D)) x M*((H "(D))").

Moreover
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