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Summary. Let X be a forward diffusion and Y a backward diffusion, both
defined on [0,1], X, and Y* being respectively adapted to the past of a
Wiener process W(-), and to its future increments. We construct a “two-
sided” stochastic integral of the form.

f B(u, X, Y*) dW(u)

which generalizes the backward and forward Itd integrals simultaneously.
Our construction is quite intuitive, and leads to a generalized stochastic
calculus. It is also shown that for each fixed t, our integral coincides with
that defined by Skorohod in [18].

1. Introduction

The It integral defines a process

3
Xi=JodW, 20

0

where {W} is a standard real valued Wiener process defined on a probability
space with filtration (2, F, F,, P), and {¢,} satisfies

(i) ¢. is a measurable process and ¢, is an F-measurable random variable,
Vt=0.

T
(i) {pZdt<oo as, VT>0.
0
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Clearly, the second part of condition (i), which means that the process is
“adapted to {W}” or in other words “non anticipative” (i.e. ¢, is independent
of future increments of {W} after time ¢), is by far the most restrictive one.

It has been a challenging problem, and has become important for appli-
cations, to be able to relax condition (i), i.e. to define stochastic integrals with
anticipative integrands. There have been several important results in that
direction, using at least three different kinds of methods. The first method
consists of replacing {F,} by a larger filtration {G,}, with respect to which {W}
is no longer a Wiener process, but might still be a semi-martingale, i.c. in this
case the sum of a Wiener process and a process with bounded variation, which
still is a possible integrator. This idea was proposed by K. It6 himself in [6],
and it led to the theory of “grossissement d’une filtration™, of which a rather
complete account may be found in [7]. The second method allows the integra-
tion of a process of the type ¢,(X), where ¢,(x) is an adapted random field, and
X is an anticipative random vector. The idea is to consider the stochastic

t
integral | ¢, (x)dW,, which depends on the parameter x. Provided one can show
0

that it has a modification which is an a.s. continuous function of x, one can
then “evaluate it at x=2X". This kind of technique has been used in connection
with the theory of flows by Bismut [1]. The third method consists in expand-
ing the integrand into a series of multiple It6-Wiener integrals, and then
defining the integral through its series expansion. This last method has been
used by Skorohod [18], Berger-Mizel [2], Kuo-Russek [9], Rosinski [17].
A related approach is used by Ogawa [14]. For an account of Skorohod’s
integral and its relation to the Malliavin Calculus, we refer to Nualart-Zakai
[13]. The last method seems to be the most general, but apparently little is
known about the resulting integral.

The aim of the present paper is to construct via an elementary and very
intuitive method (i.e. a variation of It0’s original construction of the stochastic
integral) the integral of a particular class of anticipative integrands.

Suppose {X,, te[0,1]} and {Y*, ¢€[0, 1]} are real valued processes, which
solve respectively the following forward and backward stochastic differential
equations:

X, =%+ fb(Xs) ds+ j"a(Xs) AW(s),
0 0
Yi=j+ [c(Yo)ds+ }y(YS)dW(s)

where the last integral is a backward Itd integral (see the definition below in
§2). It then follows that at each instant ¢, X, is o(W(s), 0<s<t) measurable,
and Y' is a(W(s)—W(1), t=s<1) measurable, and we want to integrate with
respect to dW(t) a function of both X, and Y, say &(X,, Y*). Our aim is in fact
to get a stochastic calculus for C? functions of both X, and Y. Our chief
motivation was the pair of forward and backward stochastic PDEs that arise
in nonlinear filtering theory, see Pardoux [15]. Nevertheless, we will treat here
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only the case of a pair of finite dimensional SDEs, and we will give some
simple applications of our results in §6.

The paper is organized as follows. Section2 is concerned with prelimi-
naries, notations and a technical Lemma which will be very useful later. In
Sect. 3, we construct our two sided Itd integral as a limit of sums. In Sect. 4, we
prove the path continuity of our integral, and compute its quadratic variation.
In Sect. 5, we study the continuity of the integral with respect to the integrand.
In Sect. 6, we prove a chain rule of It6 type, define a two sided Stratonovich
integral and prove a Stratonovich version of the chain rule. In Sect.7, we
compare our results with the other approaches described above. In particular,
we check that our integral is a particular case of Skorohod’s integral as was
indicated to us by Nualart [12]. We also discuss possible extensions.

The authors wish to thank J. Jacod for indicating an error in the first version of this article, as
well as an anonymous referee for useful suggestions.

2. Notation and Preliminaries
2.1, Preliminaries

Let {W(r), te[0,1]} be a D-dimensional standard Wiener process satisfying
W(0o)=0, defined on a probability space (@2,F,P); ie W()
=(I/Vl(t)> WZ(t)a LR WD(t))/

To each t€[0, 1], we now associate two g-algebras

F=0(W(s), 0ss<1)
and
Fl=og(W(E) —W(1); t<s£1).

Then {F} is a forward filtration (ie. FT as t7), and {F'} is a backward
filtration (i.e. F*1 as t|). We will use the notation with subscript {X,} to denote
an F-adapted process, and the notation with superscript {Y*} to denote an F*-
adapted process. The reason for the notation {W(t)} is that {W(t), T} is an F,
Wiener process, and {W(t)—W(1),¢|} is an F* Wiener process, both having the
same differential dW().

Let us now recall the definitions of forward and backward stochastic
integrals. Below, w(t) stands for any of the W,(r) 1<i<D.Let {X,, te[0,1]} be
an F-adapted continuous process (i.e. with a.s. continuous paths) with values in
RY, and & C(RY). Let {n", neN} denote any sequence of partitions:

"={0=th<t]<..<th=1}.

Such that |z"|:= sup (ff ., —t;)—0 as n—oo. We will in fact write ¢, instead
0sk=n—1
of ¢, for notational convenience. Then the forward It6 integral of ®(X,) with

respect to dw(t) can be defined as

n—1

jt“ (X )dw(s): =P-lim Y &(X, ) (W(ty. 1 A1) —w(t, A1)

n—= o0 k=0
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and it is well known (see, e.g., [11]) that the resulting process is a continuous
forward F, local martingale.

Let now {Y?, te[0, 1]} be an F'-adapted continuous process with values in
RM, and e C(RM). Then the backward It6 integral of y(Y") with respect to
dw(t) can be defined as:

(Y (X5 dw(s):= P-limni YY)y (wit,, VI ~w(t, Vi)
t n=® k=0

and the resulting process is a continuous backward F' local martingale, as is
readily checked by reversing the usual construction and properties of the
forward integral. Note that the operation of backward It6 integration does
definitely differ from that of forward It6 integration, as well as their associated
chain rules (see Sect. 6). In fact, the backward It6 integral of ¥ (Y*) with respect
to W(s) may be understood as the forward integral of ¥(Y'~*) with respect to
W1 —s)—W(1).

We nevertheless avoid any specific distinct notation in order to avoid
complications, since we are using different notation for F, and F* adapted
Pprocesses.

Suppose now that {X,} is a forward continuous F, semi-martingale, and
{Y'} is a backward continuous F* semi-martingale. We moreover assume that
decCHRY), and P C'(RM). We can define the forward Stratonovich integral of
&(X,) with respect to dw(t) as:

fﬁp(Xs)°dW(S)= f‘l’(Xs)dW(S)-F%f¢’(Xs)-d<X, W),
0 0 0

t N 1t
(note that [@'(X)-d{X,w);:=Y [®,(X)d<{X,,w),, the . denoting scalar
0

i=10

product) or also as:

f B(X )odw(s) =P-limn§ X, )+ 2Ky, ) W(t, { A —W(t, A T))

i=0 2
n—1 fretticr g

=P-lim ) &(X 2 )Wt A —w(t, AL))
k=0

see [11]. Note that the validity of the second definition is restricted to integra-
tion with respect to a Wiener process. Similarly, we can define the backward
Stratonovich integral of ¥(Y*) with respect to dw(t) as

FPOP)odwls) = | WYY dwis)— 4 [ #/(Y)-d <Y,

where - as usual - {(Y,w), denotes the joint quadratic variation of ¥ and w
over the interval [0, ¢].
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Again, we also have:

Y(Y*)odw(s) :P-limnil P(Y™)+ P(Y™Y)

n>w k=0 2

-y b

(W(tk+1 Vi) =w(t, V1)

n—1 tetic+1
=Plim Y P(Y 2 )(w(t,,v)—w(t, vi)).

n— 0 k=0

Clearly, there is no need for a distinction between forward and backward
Stratonovich integration, and both associated chain rules coincide with the
usual one (see Sect. 6).

Let us introduce now some notation that we will be using constantly below.
If x is a vector, x; will denote its i-th component. If a is a matrix, a; will denote
its i-th row. Let f be a real-valued function. f] means the (partial) derivative of
f with respect to x whenever x is a real variable, or the gradient of f with
respect to x if x is a vector. If x varies in IRY, and f takes values in R*, f;

X

denotes the k x d matrix (%fi)

Let us finally indicate that J, will stand for the Dirac measure at ¢, and
< J0 ili%j
BT ifi=j.

2.2. Qur Framework and First Assumptions

Suppose we are given functions:

b: [0,1]x RM>R¥,

o: [0, 1] x RM >RM*P,

c: [0,1]xRY¥ -»RY,

y: [0,1] x R¥ - R¥*?,

We assume that each of these functions is measurable in (t,x) [resp. in

(t, y)]; that b(t,0), a(t,0), c(t,0) and y(t, 0) are bounded functions of ¢, t€[0, 17;
and that Vte[0, 1], x—(b(t, x), o(t,x)) and y—(c(t,y), y(t,y)) are functions of
class C!, each first order partial derivative being a bounded function of (z, x)
[resp. of (¢, y)].

Given xeRM and yeRY, we define {X,, te[0,1]} as the unique solution of
the It6 forward stochastic differential equation

X,=x+ [b(s, X,)ds+ [a(s, X,) dW(s)
0 0

and {Y', te[0,1]} as the unique solution of the Itd6 backward stochastic
differential equation

1 1
Y =7+ [c(s, Yo)ds+ [ y(s, Y*)dW(s).
t t
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Note that both E(|X,[P) and E(|Y*|?) are bounded functions of t€[0,1], for
any peN.

Associated with the above SDEs are two stochastic flows, one running
forward and the other backward. More precisely, for s <t, we denote by

(2.2.1) x—(t; s, x)

the mapping from R¥ into the set of M dimensional random vectors, which is
specified by the fact that for fixed s€[0, 1], {o(t; s, x), s<t =<1} solves the SDE:

X,=x+ [b(u,X,)du+ [ o(u, X,)dW(u).

We will also use the notation X~ for ¢(t; s, x).
Again for s <t, we denote by

(22.2) y-y(s;t,y)

the mapping from RY into the set of N dimensional random vectors, which is
specified by the fact that for fixed [0, 1], {¥/(s; ¢t, y), 0<s=t} solves the SDE

t t
Yo=y+ [c(u, Y)du+ [y(u, Y*)dW(u).

We will also use the notation Y}, for ¥/(s; ¢, y).

We are not going to use any of the recently discovered properties of
stochastic flows, and we do not make the corresponding hypotheses.

We will only use the following result:

Lemma 2.1. For any 0<s<t <1, the mappings
x—=o@(t;s,x) and y-y(s;t,y)

are mean-square differentiable and for any F, measurable M-dim random vector &
[resp. for any F' measurable N-dim random vector ] the norm of the M x M
matrix valued process @ (t;s,&) [resp. the N xN matrix valued process
Y, (s;t,n)] has a moment of order p which is bounded for 0<s<t<1, VpeN.
Finally, the processes @(t;s, X)) and Y (s;t,Y") are as. continuous in (s,t) on
0<sze <.

Proof. The mean-square differentiability is proved in Gihman-Skorohod ([4],
p. 59).

Let us write X3¢ for ¢(t;s,¢), and ZL, for ¢ (t;s,&). Then {Z.,, t=s}
solves

t D
Zy =et [0 Xy Zy  dut ) [(0)),(w, X55)- 2, dWi(u).
s j=1s
Where ¢; denotes the vector in RM™ whose i-th component is one, and the

ob,
others zero; b} is the matrix a—x—', and similarly for (o;),. The fact that all

i
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moments of Z: , are bounded follows from the boundedness of the derivative of
b and 6. The existence of a modification ¢.(t;s,X;) which is a.s. jointly
continuous in (s, t) follows from Kolmogorov’s and Gronwall’s Lemmas. [

We let
@: [0,1]xR™ xR" >R

be a measurable mapping such that V(, y)e[0, 1] xR¥, x> ®(t, x, y) is of class
C!, and V(t,x)e[0, 1] x RM, y> (¢, x, y) is of class C!, and moreover

HI) { @, 9, @, are continuous with
( respect to (x, y), uniformly in t€[0, 1]
and either

3K >0 and delN such that:
(H2) {19(5, x, )| +1Dy(t, x, )| +1D,(t, x, )| S KA+ x|+ |yl

v(t, x,y)e[0,1] x R™ x R¥
or
VC, 3K s.t.:

(H3) |2, x, )| ]9, (L, x, y)| +1D,(t, x, y) = K¢
V(x, y)eRY*V st x| C, [yl = C.

Our first goal is to define a “two sided It stochastic integral™.
t
[D(u, X, Y*)dW (1)

such that, when @ does not depend on y, we get the usual forward It integral,
and when @ does not depend on x, we get the backward It6 integral. We will
then study the properties of the above process, as a function of s and ¢, define
a two-sided Stratonovich integral, and establish chain rules. But before doing
that, let us establish a lemma, which will be a useful and practical tool in much
of what follows.

2.3. A Féllmer-Type Lemina

The main step in the classical proof of Itd’s formula consists in showing that if
{Z,} is an adapted continuous and bounded process, then we have the follow-
ing convergence in L*(€Q):

n—1 1
S Z,(t] ) — () — [ Z,dr
k=0 0

While the classical arguments use in a crucial way the adaptedness of {Z,},
Follmer [3] has remarked that the above convergence holds as., for any
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continuous process {Z,}, since the random measures:
n—1

o= Y, (w(t], ) —w(ED)* S,
k=0

converge a.s. weakly to Lebesgue measure on [0,1]. The latter follows easily
from the a.s. convergence: u,([0, t])—t, Vt<[0, 1].

Let us now generalise Follmer’s idea. We will consider random signed
measures on [0,1]%, with k=1 or 2. For t=(t,,...,)e[0,1]% we denote by
[0,¢] the set {s=(s;,...,5); 0=s,=¢,, i=1,...,k}. In the sequel, for any signed
measure g, |y} will denote the total variation of u.

Lemma 22. Let {u", neN} and pu be random signed measures on ([0,17%
B([0, 17%), such that

(i) u*([0,t])— u([0,t]) in probability, Vte[0, 17,
(i) sup P(u"| ([0, 11> M)—0, as M — + 0.

Then for any continuous process Z =(Z(t)),(0, 1> 1"(Z)—1(Z) in probability,
as n—o0; where p(Z):= | Z(t) u(dr).

[0, 17
Proof. Each partition =" (as defined in Sect. 2.1} induces the following partition
of [0, 17:
[0,5]1w]e, 5]u...ult_,, 1];
which in turn induces a partition 7" of [0, 17*.
We again assume that |z"| -0, as n—o0. Let ¢>0 be arbitrary. First choose

K>0s.t.
Sup P(|u”| ([0, 17%) + |l ([0, 1719 > K) L /2.

There exists peN and a random field (Z7(t)),o, 1« Such that

(a) Z*(t, w) remains constant, as ¢ remains in a partition element of 72,

& &
b) P{ Sup |Z°(t,w)—Z — ==
©) P ( Sup 1276 0) 20, 0)> 57 ) <5

Clearly p"(Z?)—u(Z?) in probability as n—o0, as a consequence of (i) and
(a). Moreover:

\(Z) — 1D S| w(Z) — w(Z0) + | (ZP) — " (ZP)| +|u™(Z7) = (Z))
S|WZn) = @0+ ?é”f,klz(t) —Z2@)) (lpl (L0, 119+ |w| ([0, 179)),

P(u(Z) -1 (2)| 2 8) = P(Iu(Z7) — 1" (Z7)| 2 ¢/2)

+P( ([0, 19 +141([0. 119> K) + P Sup 12°0)~Z(01>57 )

lim P(|p(Z) —p"(Z) 2 e) e

n— oo

And this last inequality holds Ve>0. []
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Lemma 2.3. Let {1", neIN; A}, {y™, meN; u} be random signed measures on
[0,17; {A4", neIN; A}, {@", meN; g} be random finite measures on [0, 1], such
that each of these four sets satisfy the hypotheses of Lemma 2.2 and moreover
<A as., | Eam as. If Axg(d)=0 as., where A denotes the diagonal of
[0,17%, then for any random field (Z(t)),¢(o, 12 Which is as. bounded and con-
tinuous on [0,11% — A, A" x y"™(Z)— A x u(Z) in probability as n,m— oo.

Proof. We first show that |A|<7; a similar proof shows that |u|<ji. Let #
denote the Borel o-field over [0,1]. It suffices to show that €={Aec%;
|A(A)| £ A(A)} equals 4. It follows from the hypotheses that % contains all in-
tervals of the form Js,t]; then it contains all finite unions of disjoint sub-
intervals of [0,1]. But € is a monotone class. Then ¥=4%. Let now h be any.
smooth function from IR? into [0, 1], which is zero on a neighborhood of 4.

P(2" x y™(Z) —Ax w(Z)| > e) S P(|A" x w™(Z(1 —h))| >¢/3)
FP(7 % g™(Zh) — A x w(Z B)| > ¢/3)+ P(I4 x w(Z(1 —h))| > &/3).

By Lemma 2.2 the middle term on the right side of the above inequality
tends to zero. We obtain

lim P(|A" x g™(Z) — A x w(Z)| > &) <lim P([sup|Z(@)|] 7" x (1 —h)>¢/3)

+P([sup |Z(#)[] 2 x A(1 —h)>¢/3) <2 P([sup |Z (O] X (1 —h) 2 &/3).

But since 4x fi(4)=0 as., we can choose h such that the last term is as
small as we want. [

3. Definition of the Two-Sided Integral

We first construct and characterize our two-sided Itd integral on the fixed
interval [0, 1]. For clarity, we first state and prove our result in the case D=1,
and then in the case D> 1.

Our first class of integrands, which we will denote by £2 is the set of
processes {®(t, X,, Y?), te[0, 1]}, where X and Y are given as in Sect. 2.2, and &
satisfies assumptions (H1) and (H?2).

Lemma 3.1. ¥? is a vector space, and for peL*(0, 1), if

X, =exp (fp (s)dW(s) — jp (s)ds) X. p(r)eF?

Proof. Let ¢(X,Y) and @(X Y)e#? Then, if we define X =(XX), Y=(YYy,
clearly @(X, Y)+<15(X Y)=¢(X, ), with &(X, V)eL? Xpe#? follows from
the fact that X, is the solution of the stochastic differential equation

~

=1+ X p(s)dW(s). O

0
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Proposition 3.2. Suppose D=1; {X,}, {Y'} and @ are defined as in Sect.2.2, and
@ satisfies assumptions (H1) and (H2).
Suppose moreover

(H4) @, &, and @, are jointly continuous in(t, x, y).

Let {n", neIN} be any refining sequence of partitions of the interval [0, 1],
such that |7"|—0, as n— + co. For any nelN, define:

E(B)= T O Xop, Y (WL, )~ WED)

Then {&,(®), nelN} is a Cauchy sequence in L*(Q).

Remark. Note that in case ¢ does not depend on Y, &,(P) converges to the
forward Itd integral; and in case ¢ does not depend on X, &,(®P) converges to
the backward It6 integral. [J

Before proceeding to the proof of Proposition 3.2 let us state its main
consequence.

We will use below the notations defined in (2.2.1) and (2.2.2). In the
following statement, as well as in all similar expressions below &, and &, are
understood as row vectors.

Theorem 3.3. There exists a unique linear mapping (X, Y)-E[D(X, Y)] from
F? into I}(Q, F,, P) such that

) ELE@)=0,
(i) E[E2(@)]=E [02(t, X,, Y dt
FOE[ [((5, X, Y)W, (53 1, YO 900, YY)
00
(P (t, X,, Y ol(t; s, X )o(s, X)) dsdt.

Moreover, if @ satisfies (H4), &(P) is the L*(Q)-limit of the sequence {&,(P),
nelN} defined in Proposition 3.1.

Proof of Proposition 3.2. We write A'W for W(t?, |} — W(t?), so that
n-—-1
E= 3 Ot X,,, Y ) AW,
i=0

The proposition will follow from

(*) lim E(,¢,)=x

where y is the right side of (ii).

Let us suppose without loss of generality that n<m; i.e. #” in a refinement
of n". Note that the hypothesis that {#"} be a refining sequence is not essential,
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but does simplify the proof. We will write ¢, for ¢} and ¢, for .

n—-1m-1
=3 Y o;nm);
i=0 4]
where = _ _
;(n, m=o(t;, X,, Y"*) ¢(tj, th, Yy A WA W
én Cvm:Anm+Bnm+ Cnm’
where

Anm = Z aij(na m)7

{i,jstj+1 2t}

Bnm= Z aij(ns m)9

{jstiStj<tj+1Sti+1}

Com= > oyn,m).

{.Jsti+1 515}

Let us first compute the limit of E(B,,). Conditioning upon F, v F“*, one
easily checks that

E(B,,)= ) E[o(t;, X, Y ) D(t, X, , YI) (¢

{tiStj<tjr1=ti+a)

j+1 J)]

It easily follows from the continuity of & that
1
E(B,)—E[®( X,, Ydt.
0

Let us next compute the limit of E(C
Consider E(a;), for ¢

nm)'

. With the notation introduced in Sect.2.2, we
can rewrite X, as (.4, :+1) and Y*** as Y(t;,;t;, YY). Suppose we
replace X, by X’ —cp(l, tiy1, X,,) [resp. Y¥+t by Y+t —lﬁ(tl+1, > YU*1)]; then
AW [resp A W] becomes mdependent of all other terms in the such modified
o

2]

It then follows that

t+1—

E(Oﬂij)=E{[CD(ti,Xm Yie) —d(t,, Xm thHl)]
X [(P(tj, th, Y4+ _¢(tj= Xtij, Y9+ ) A WA W),

Applying the mean value theorem twice, we obtain

B(o) = E{}(t, X, 700 (V' Y00
X qj;;( j2 tj’ Ytj+1)'(th_Xtij)AiWAjW}

where Y%*!(w) lies on the segment joining Y%*!(w) and Y/ (w) in RY It
follows from our hypotheses and the proof of the mean value theorem that one
can choose {Y"*!(w)} in such a way that Y“*! is an F, v F'** measurable
random vector. We could also argue e_xactly as we do below with the in-

troduction of the function f. Similarly, th is an F, v F"*' measurable random
vector, s.t. X (@) lies on the segment joining X, (cu) ‘and X! (o) In RM,
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We would like next to apply again the mean value theorem to

Yti+l _Y;nn :llb(ti-}—l; tj’ Ytj)—‘p(ti-f—l; tj’ Ytj+1)
and ‘
th _X:j:(P(tj; ti+1’X:H1)—(P(tj; L1 Xti)~

Unfortunately, under our standing assumptions, the flows are only mean-
square differentiable, so that the mean-value theorem cannot be applied di-
rectly. For s,te[0, 1], define

S, ) =E{®,(t;, X\, Y1) Yyt 13 1, Y9+ (Y571 — YY)
X @t X, , Y9 0t 1y, 1, X, +5(X,,,, ~X,) A WA W),

ti+y

Clearly
E(o;)=f(0,1)—f(1,1)—f(0,0)+ f(1, 0)

and fis C'int and f/ is C' in s.
Therefore, 3(u, v)e]0, I[X]O0, L[ such that
E(o)=—fy (u,v)
—E[(®y(t;, X, Y)Wty 45 15, VYA Y)Y AW
X (Pt X,y YO ) L1314, X) 4°X) A'W)]

|

where _ .
Y/ =YY +4u(Y9+ —YY), AY =YY"+ —YY,
X, =X,+v(X,, —-X) AX=X, -X,.
Now define
(%%) &;(n,my= —(D,(t;, X, Y)W (t;5 £, Y A YY) AW

X (Pt X, YO) @l (25 1, X, ) AT X) AW
It is easily seen that as n and m— o,
Elay;(n,m)—a,;(n, m)| =o([;, , —&1 [, , —1]']).

On the other hand, it follows from Lemma 3.4 below that

11t
Com— [ (@5, X, Y)Y, (551, YY) p(Y")
00
x (D, (t, X,, YY) 9L (t5 5, X,) o(X ) ds dt

in probability, as n and m—oco. Uniform integrability, and hence the con-

vergence of E(C, ,), follows from hypothesis (i) on ¢ and Lemma 2.1. Since

the fact that n <m has not been used in the computation of lim E(C, ), clearly
lim E(4,,)= lim E(C,k,) and (%) is proved. [

n,m-— oo n,m—

Lemma 34. For 0<s=<t<1, 1£k<M and 1LIXN define

Zy(5, )= (D, (55 X, Yy (s 8, Y, (DL(L, X, Y DL (85 5, XD
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Then
11t
Y @nmoY [ [ Zyls, 1) 0 (X) 3 (Y dsdt
(i, Js 08, St k100

in probability, as n and m— oo; where &;(n,m) has been defined by (x+) in the
preceding proof.

Proof. Define & (n,m)= —Z,,(t},1}) A' X, A/ WA'Y, A’ W and the signed measures

n—1
K=Y A X AWs,,
i=0
m—1 . .
wr=-7 A’Y,AJW(S,J,,..
j=0
Note that
<kl
Y A (nm)=— Y & (n, m)
G, st ST (i, js <<t o)

11

+ [ [ (s, ) Zyy(s, £) d22(s) dpn ()
00

with (s, t)=1 if s<t, and 0 otherwise.

It is easily seen that the first term in the right side of the last equality tends
to zero in LXQ).

Define A, (ds)=o,(s, X ) ds, u,(dt)=y,(t, Y")dt,

n—1

=13 (A4 X)*+(4 W4,
i=0
m—1

B=% Y (4 %2 +(A W)16,,.
j=0

Ads)=3(1+0l(s, X)) ds, G (d)=%(1+y(t, Y")dt
It is easily seen that we can apply Lemma 2.3, which yields
A X U (A Z) > 2o X (3 Z)

in probability, as n,m—oco. [J

Proof of Theorem 3.3

(a) Existence. Suppose first that (H4) holds. Using Proposition 3.1, we then
define

E(P) =17 —limit & (D).
But obviously E& (9)=0, Vn, and we have shown in the proof of Proposition

3.1 that E[¢2(®)]—x where x denotes the right side of (ii). It then follows that
E(P) satisfies (i) and (id).
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Suppose now ¢ satisfies {H1) and (H2), but not (H4). All we need to do is
find a sequence of @’s satisfying (H4), s.t.

(@) {&(D,), neN} is Cauchy in L),

(B) the right side of (ii), converges to the right side of (ii).

() being checked by applying (i) to &(®,—®,)=E(P,)—~E(S,,), only (f)
needs to be proved.

Let {p,, neIN} be a sequence of smooth functions from R into R, such that

1
0,20, { p,()dt=1 and supp(p,) < [—;, ;] We define

@, (£, X, ) =(p,* B(-, X, )) (1
for (¢, x, y)e[0, 17 x R™ x R", where:

&, x,y)  if te[0,1]
d(t,x,y)=1 (0, x,y) if t<0
&d(1,x,y) if t>1.

It is easy to check that @, is jointly continuous, and to verify () with this
sequence. )
We note that the linearity of & follows immediately from the construction.

(b) Uniqueness. Choose pel(0,1), {X,, 0<t <1} solution of the SDE

X,

14 ] X, p(s) dWS),
4]

Y=0, and &(t,x,y)=p(t)x. Then &X,Y)e¥? - see Lemma 3.l.

t

})fsp(s)dW(s), which is a forward It6 integral, coincides with E(B(X,Y)), and
0
E(E(®(X, V) X,)=E((®)) + E[E(®) ¢(P)].
But E(é(9))=0 and
E[E(®) (@) =1[E(*(@+P)) —E(EX(®) ~ E(E*(D)].
Using (ii), we obtain

1
E(é(d)(Xﬁ Y))afl):Ej¢(t’ Xp Y:)P(t)}?tdt
0

11t

+E[ (@) X, ¥)¥yls: 1. Y)v(t, Y) X, p(6) p(s)dsdt.

Thus E({(P(X, Y)) X ) is completely determined, VpeL*(0, 1). But as p varies in
L*(0, 1), X, describes a total set in L*(Q, F;, P). [J

We have already proved a particular case of the following immediate.
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Corollary 3.5. Let D=1; &(X,Y), (X, Y)e£>2. Then
1

E[E(@(X, V) E(@X, V)]=E[ O X,, Y) b(t, X, V) dr
0

+E | [(By(s, X, Y)lss £, Y)y(t, YDyt X,, Y @,(65 5, X)) 6(5, X)) ds dt

+E[ [(®(s, X, Yy (s58, Y 3(t, Y) (Lt X,, Y @L(t; 5, X ) a(s, X)) dsde. [

O ey bt O ey
Oty . O ey

\d\[

We now generalize the above results in the case D>1. We only state the
results, since the proofs are obvious variations of the above ones.

Theorem 3.6. There exists a unique linear mapping &(X, Y)—~¢[D(X, Y)] from
F?into LH(Q, F,, P; RP) such that

(i) EfE(#)]=0,
(i) E[E(®)E[(@)]=3, Ej"qﬁ"'tX YY) dt

(
+E[ [(®y(s, X,, Y)Y, (558, YY) 3,8, )

Q)

x (P, X,, Y) ol (t;5,X) (s, X)) dsdt
1t
+E[ [(®(s, X, Y)Y, (58, YY) y,(t, YY)
00
(P, (t, X, Y) o (t; 5, X)) 0,(5, X)) ds dt.

Moreover, if ¢ satisfies (H4). {#"} is a refining sequence of partitions of [0, 1]
such that |z"|—0 as n— oo, and if

@)= T B X,y YT (WL, )~ WiED)

then ¢ (@) E(®) in [H(Q, F,, P; RP), as n—co.
Corollary 3.7. Let ®(X,Y), ®(X, Y)e #2. Then

E[&(®) ¢((P)]=6,,E } ot, X,; Y)O(t, X, Y')dt
0
+EH(¢/(S, X, YO P (s; 8, Y 3,8 YN (DLt X,, YY) @,(t5 5, X) 6(s, X)) ds dt
00
+E}j ®i(s, X,, V) (s; £, YO 7t Y@L X, Y @l(t;5, X ) o(s, X ) dsde. O

Let us finally construct the integral in case @ satisfies (H1) and (H3). We
denote by .# the set of processes {®(t, X,, Y*), te[0,1]}, where X and Y are
given as in Sect. 2.2, and & satisfies (H1) and (H3).

Let fe C*(R™*") have compact support, and satisfy f(x,y)=1 on the set

{(x,y); |x]£1 and |y|<1}. For any kelN*, we define fk(x,y):=f(z k) If
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O(X, Y)e?, we define for each keN* @,(X, Y)eZL? by:
D.(t, X,,YN):=d(t, X,, Y") fL(X,, ")
Finally, we denote

Q,:={w; sup |X,(@)| <k sup V(@) <k},

te[0, 1] te[0, 1]

Theorem 3.8. There exists a unique linear mapping: ®(X, Y)—E(D) from &L into
the set of classes of a.s. equal F,-measurable random vectors s.t. YkeIN* £(d)
={(Py) as. on Q.

Proof. Since | ) 2,=Q as,, it suffices to check that for I>k, ¢(®)) coincides a.s.
%

with &(®,) on £,, which follows easily from the comnstructions of &(¢,) and
¢@) O

It is worthwhile to verify the following uniqueness result.

Proposition 3.9. Suppose (X, Y., and moreover
&, X,,Y)=0 dtxdP ae
1
Then [ &(t,X,, Y)dW(t)=0 a.s.
0

Proof. In view of Theorem 3.6(ii), it suffices to show that Yi< D, either

(*) D(s, X, Y)Y (556, V) 7,6, Y)=0 1, ,dsdtdP ae.
or else
(%) DLt X, Y)o.(t;5,X)0,(5, X])=0 ls<ndsdtdP ae.

Let us for instance establish (#%). The proof of () would be analogous. Let
{X;, 0<t <1} be the solution of

Xi=x+ [[blu, X +1;,_, g oy(u, X)) du+ [o(u, XE)dW(w).
0 0

It follows from Girsanov’s Lemma that the laws of X,* and X, are equiva-
lent. Since each of these random vectors is independent of Y?, it follows from
the hypothesis that

&, X5, Y)=0 dtdP ae.
Moreover, Xf=¢(t;s,X?), and X:=X + [ o,(u,X,)du+n, with 5, given
by (s—g)*
n.= j [b(u> X;‘)jl‘o-i(ua X:)—b(ua Xu)—.oi(ua Xu)] du

s—¢g)*

+ 5 [o(u, X2)—o(u, X,)]1dW(u).

(s—-8)*
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. 1
It is easy to show that —[|57,{ 129, —0. We then have
€

1 s
- [@ (t, ) (t; s, X;+ | o, Xu)du—i-ns), Y‘) -9, X,, Y’)] =0
s—g)*

lycydsdtdP ace.

(xx) then follows by taking the limit in probability along a particular sequence
&,—0, provided we show that for almost all se[0, 1],

1 s
— f o,(u, X,)du—ao,(s, X))

in probability, for a certain sequence g,—0. This will follow if we show that
1

|E

1 s
; j‘ ai(u, Xu)du _ai(S! Xs)

S—¢&

ds—0.

But

1 s
B { o,(u, X,)du—o,(s, X,)

§—&

ds—0 a.s.

1
:
and this last sequence is uniformly integrable with respect to dP. [

Remark 3.10. It is easily seen that the converse of Proposition 3.9 is not true.
Choose

X, —exp (W(t) —-zt—) Yt =exp (W(l)—W(t)—%).

X —Ye#?, from Lemma 3.1; and X,~Y'+0 dP xdt ae. But, from both the
forward and the backward It6 calculus, we have

}(Xt —Y)dW()=0 as. [
0

4. The Two-Sided Integral as a Process
Let now 0Zs<t<1. If (X, Y)eZ, we can define
t
@Y =¢(l) @)= [ P(u, X, Y*) dW(u).

Proposition 4.1. Let (X, Y) and (X, Y)e %2
We then have
(i) EF¥"[E(P)]=0,
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t
(i) EFF[E(P) ELPY]=0,E YT [D(u, X,, Y*)D(u, X,, Y*)du

FEFF (@0, X, YO (03 0, Y*) 3y V¥ (140, K, 7) 3 0, X,
H x G,(0, X,) dv du
FERVE (@0, K, T Tlos P70 T9) (@), X, ¥4 @l 1, X,)
T xo,(v, X,)dodu. []

Remark 4.2. Under additional regularity assumptions on @ and the coefficients
b, 0, c,y, it is possible to obtain an estimate of the form

d

t
Then from Kolmogorov’s Lemma the process {jdﬁdW; 0s<t= 1} possesses a
continuous modification. s

We will now prove, however, this result in greater generality with a less
tedious method.

Theorem 4.3. Let (X, Y)e&. Then the process {E(P), 0<s=<t=1} possesses a
modification which is almost surely continuous.

[ @, X,, Y dW) 4) <c(t—s).

Proof. In order to simplify the notation, we restrict ourself to the case D=1.
From the argument in Theorem 3.8, it is enough to prove the theorem in case
&(X, Y)e#?, which we now assume. On the other hand, it suffices to show
that {£(f):=¢&(P)?, 0<t<1} has an as. continuous modification. This will
follow if we show that

*) {Hc, >0, >0 such that VO<sZt <1,
*

PO —L()>(t—s)=Clt—9)' "™
Indeed, one way of proving Kolmogorov’s Lemma consists in first establishing
(*) and then showing that the existence of an a.s. continuous modification

follows from (%) (see, e.g., Loéve [10]).
We now prove (*)

S(@)—&(s)=0+m,

where
t
0= j [P, X,, Y*)—D(u, X, Y)]dW(u)

n= j D(u, X,, Y)dW (u).

Since (X,,Y") is independent of {W(v)—W(u); s<u,v=t} # is in fact a usual
It6-Wiener integral. It then follows from (H2) and the bounds on all moments
of |X| and |Y?| that J¢, s.t.

E(*)<cy(t—).
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One easily sees that (i1) of Proposition 4.1 makes it possible to compute
E(6?), yielding

t
=E([[®(u, X, Y)—D(u, X,, Y)]* du

tu

+2E{ §(®y(v, X, Y)Y, (v, u, Y*) p(u, Y*)
x (@ (u, X, Y o (u;v, X))o (v, X)) dv du.

Clearly, the second term on the right side is bounded by c,(t—s)*>. On the
other hand from the mean value theorem,

t
Ef[®u,X,, ")~ b, X,, Y)]*du
t pa—, —
=E{[®,u,X,, ¥ (X,—X)+P,u,X,, Y (Y*-Y)]*du

=6 j [EIX, —X ) +(EIY" - YH"*] du
<&(t—s)n

Finally, for y€(0, 1/4),

2
é(t—s)“E(e )+*‘_L97;E(’7 )

(t
Se(t—s)> %

where ¢ does not depend on s, t, and () follows. []

Henceforth, {&(@);, 0<s <t =<1} stands for its a.s. continuous modification.
It follows readily from the continuity and Proposition 4.1.

Proposition 4.4. Let @ satisfy (H1) and (H2).
Then {&(), 0=s=t=1} is the unique continuous process such that
Vpel*(0,1;R?), VO<s<t<1,Vi<D,

L& (@)K, ]=E [Xzf Bl X, 7,0 X, |

+ ZE[X‘”(D’(@ Xg, YO U (85 u, Y 9,1, Y*) p,() X, p; (a)dedu]

j=1

where szexp{jp(u)-dW(u)—%ﬂp(u)!zdu}, X,=X° O
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We could have given another formula in Proposition 4.4, had we consid-
ered X} as a backward diffusion.
We now compute the quadratic variation of the process £(¢).

Theorem 4.5. VO<s<tZ1, let {n", neIN} be a sequence of partitions of [s,t], of

the form
— pa—s —
o' ={s=th <t} <...<th=t}

where |n"|= max (t§,, —t)—0, as n—>co. Then, if ®(X,Y)eZ,
0sksn_1

Z Lulti ) =& IE(5 ) —¢; (t)]—6; jgb (u, X, Y*)du

in probability, as n— 0.
In other words, we can associate to {&(t); 0<t =<1} its quadratic variation as
a d x d matrix valued process {{EY(t), 0Lt =1} which is given by

<<é>>(t)=( g (s, X, Y) ds) 1.

Proof. Again, it suffices to establish the result in case & satisfies (H1) and (H2),
which we suppose from now on. The proof is split into two steps.

(a) First suppose that @ satisfies (H4). It follows from Lemma 2.2 that

Zq>2(tk, X, , Y1) AW, 45 W, 0, jcbz(u,X“,Y“)du
k=

in probability, as n— co.
It then suffices to show that

t+1 te+1
=y | Dy dW(u) | ®(u)dW,(u)— ZID"‘A"WA"W—>0
k tx 78

in probability, as n— co; where

P(u):=D(u, X, Y"),
ék: = (p(tk’ th, Y[kﬂ)’

20,=F | (@) =B AW, | (B)+B)dW,
3 @ - %)thkf @)+ B AW,

Using Schwarz’s inequality, we then get

2z ([ oa-ovan) | (o (o asan) )
+ (; E[(t’} l(cb(u)—d?k)dW/J) ])1/2 (Z [(tkf @)+ )dVK) ])1/2.
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It then suffices to show

(1) ;E[(lkfl(@ (u) — d)k)dW> ]——»0, as n— oo,

(i) Je st ZE[(T 1(<I>(u)+d5k)dW) ]<c, V.

5%

Let us prove (i), (ii) being proved exactly in the same way. By the formula
already used to compute E(6?) in the proof of Theorem 4.3, we obtain

gE[(tijil(cziu) cD)dW)] ;Eij:@(u)—@k[zczu

tu

+2Y Ef{g.(v,u) ®,(v) l//J;(v; u, Y*)p,(Y") @.(u) 0. (u; v, X,) 0,(X,)dvdu
k sS

where )
(0,u) = 1 iff=vsust,,
0 otherwise.

Boths terms of the above right side tend to zero as n—co: for the first term,
use the continuity of @; for the second, use the fact that

n—1

Y g (v,u)>0 dv-du ae.

k=0

(b) We now suppose that & satisfies only (H1) and (H2). We associate to & the
sequence {®,, peIN} defined in the proof of Theorem 3.3 (where the index n
was used instead of p). Define

te+ 1 te+1 te+1 te+t )

i3 (T owaw{ owam =" 00w | a,00m

It follows from arguments very similar to those used in the proof of E|ex,|—0
that

E|pi|—0, as p—oo, uniformly in n.

g

On the other hand, V&>0,

te+1 te+1

Y | dwdw, | gb(u)dwg—aiijﬁ(u)du

Pl
kot

<P (ztkjﬂgp () thkf@ )dW,— 5Uf(152(u )du >s/3>
k tre 1
+P(B5>¢/3)+P ( f[@z(u)—qs;(u)] du >s/3>.

Let us fix p such that each of the two last terms in the above right hand
side is less than ¢/3, VneN. We can then find, using the result of Part (a), n, s.t.
Vnzn,, the first term of the right hand side is less than &/3.
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We have shown that Ve, 3n, s.t. Vazn,,

fe+1 tie+1 t
P(Z | ®wydw, | o(u)dW,—o,;{®*(u)du >a)§s.
k tx ti s

The result follows. [

Corollary 4.6. Let {A(t), te[0, 11} be a process of bounded variation, and suppose
YVeel0,1], A@®)+ (ji D(s, X, Y)dW,(5)=0 as.
Then A(t)=0 a.s., Yte[0, 1], and
P (EIte[O, 1, st [0, X,, Ys)dWi(s)=;=0) 0.
0

Proof. It follows from the assumed identity that {A(¢)} possess an a.s. con-

tinuous modification. Since it is of bounded variation, its quadratic variation is

zero, as well as the joint quadratic variation of A(-) and f®(s, X, Y*)dW(s).
0

We then infer from the assumed identity and Theorem 4.5

1
[@*(t,X,, Y)dt=0 as.

0

The result then follows from Proposition 3.9 (whose conclusion holds as well

t
for { ®(u, X,, Y*)d W(u)) and Theorem 4.3. []

5. Continuity of the Two-Sided Integral with Respect to its Integrand

We have already established a convergence result of the type &(@,)—&(P) in
the proof of Theorem 3.3. Here we want to have the coefficients b, o, ¢,y of
Sect. 2.2 varying as well, which of course means the forward and backward
diffusion X and Y will vary also. We will restrict ourselves to establishing a
convergence result in I*(2). However, this result can clearly be “localized”.

Let {x", "; ncIN} be a sequence of initial conditions, and {"b, "s, "c,"y; ne
IN} sequences of coefficients, while all possess the same regularity properties as
b, o, c,7. We assume

(HS5) x*—»x and V-,
(H6)  sup {|"b'(z, 0) +1"bL(t, X)| + "0 (2, O)} + "o (2, X)|
n,t,x,y
+["e(t, O) + "¢ (2, y) 1" (2, O) + ™Yy (2, I} < o0.
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For almost all te[0, 1], and all K>0,
sup {["b(t, x) —b(z, x)| +["bL(t, x) — (¢, x)|
x| <K
+ |na(t7 x) _O'(t, X)! + ’no.;(t’ X) "*O';C(t, x)l} -0 asn—-o0

lslu<pK{|"C(t, yY=c(t, »l+1"c,(t, y) — (e, y)l
) +M(t, x) = (LX) + 78 X) — 7,3} =0 as n—oo,

(H7)

Let {"X,} and {"Y*} be the solutions of
’ t t
"X,=X"+ ["b(s,"X)ds+ ["o(s,"X ) dW(s),
0 0
1 1
"Y =34 ["e(s, "YS)ds + ["y(s, "YS) dW(s).
t t

We then have
Lemma 5.1. Under (H5), (H6) and (H7), YpeN, as n— o

sup E["X, — X, -0,

te[0, 1]
sup E|"Y,~Y}P—>0,
te[0, 1]
Vse[0, 1], sup El"o.(t;s,"X ) — @L(¢t; 5, X )P -0,
tels, 11
Vte[oa 1]5 sup E|nlp;(S, L, nYt) _w;(s7 L Yt)lp—>0
s5€[0, 1]

where ¢ and W are the flows defined by (2.2.1) and (2.2.2).
Proof. We only prove the result concerning {"X} and {"¢.}, the other proofs
being similar. It suffices to prove the result for p=2.

(a) Convergence of {"X}. Using the decompositions

b(X) ="b("X)=b(X) —"b(X)+"b(X) —"b("X),
o(X)—"0("X)=0(X)—~"0(X)}+"0(X)—-"0("X)

and (HY), it is easy to establish

t
E(X,—"X,)<C,0,+C, [ E(X,—"X,?) ds
with °

t 1
6,=E[|b(s, X,)—"b(s, X )| ds+ Eflo(s, X,)—"a(s, X )P ds.

0 0
It follows from (H6) that §,—0. The result then follows using Gronwall’s
Lemma.
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(b) Convergence of {"¢.}. We fix se[0, 1], and define
Z::: (p;i(t; S, Xs), "Zti:z"(p;i(t; S, "Xs).

We have
t
(+) ZionZim gt [ (4, "X ) (ZE—"Z5) du
D t ' .
+ X ("o, "X,) (Z,—"ZL) dW{u)
j=1s
where y
t
&= [ [b(u,"X,) =", (u, "X )] Z. du
D '
+ Y (o), X,)— ("o, (u, "X Y] ZL dW(u)
j=1s
from

b (u, X,) —"b(u, "X )| Z|b(u, X,) =B (u, "X )| +|b(u, "X ) =" (u," X )|

and a similar decomposition for (s;),, one gets, using (H7) and the first part of

th f
©proo sup E(¢,—&7)—0, as n—co.

te[0,1)

The result then follows from (*), using (H6) and Gronwall’s Lemma. []

Let now {"®; neIN} be a sequence of mappings from [0, 1] x R™ x R¥ into
R, each one having the same regularity as & and satisfying (H1). We suppose
moreover

1K >0 and deNN such that:

(H3) {l"fp(t, X, Y+ POt x, Y+ 1P, (¢, x, YIS KL+ [x]7+1y1%)

Y(t, x, y)e[0, 1] x R™M xR¥, VneN.
For all t€[0,1], and all K>0, as n—>0

(H9) { sup {|n¢(t9 X, y)'—@(ta X, J’)|+|n¢;(t= X, y)—Q_;(t, X, J’)I

[xI, [yt=K

+1"®; (¢, x, y) — By (t, X, y)I} 0.
We finally define
1
&P = P(u, X,, Y*)dW(u),

t
ECD) = ["D(u,"X,,"Y") AW (u).
Theorem 5.2. Suppose ®(X, Y)e#?, and moreover that (HS), (H6), (H7), (HS)
and (H9) hold. Then
sup E(IE(P); —¢("@);1) -0, as n—w.

Oss<tgl
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Proof. To simplify the notation, we suppose that D=1. Considering that ¢ and

X
"® are functions of both the 2M dimensional forward diffusion (n Xt) and the
t

Yt
2N dimensional backward diffusion (n Y‘)’ the expression for E(&(P)

—&("®)5|?) is given by Proposition 4.1, and all we have to show is that the
following goes to zero as n— oo

1
Ef|®(t,X,, Y)—-"®(t,"X,,"Y")|* dt
0

11:
+2E [ [I1®)(s, X, Y, (s5 8, Y p(r, YY)
00
=" (s, "X, "Y*) " (55 £, "Y) "y (8, " YY)
x |DL(t, X, YY) @, (t; s, Xs) a(s, Xs)
=" (t,"X,, "Y) " (t; 5,"X,) "o (s,"X )| ds dt.

In other words, we need only check

®  "0"X,"Y)-®( X, Y) in (didP),

() RS, "X, Y)Y (s 1,7 ) "y (6 1Y) > By, X, Y (s; 1, Y y(5, YY)
in I2(1,<,dsdtdP),

(#x%)  "BL(L, "X, "Y) "L (t; 5, "X,) "0 (5, "X,) > BL(L, X,, Y) 0L(t3 5, X ) o(s, X,)
in I2(1,.,dsdidP).

These follow easily from Lemma 5.1, (H8) and (H9). Note that we use
Lemma 5.3 below to take the limit in probability of "®(-), "®,(-) and "®;(+);
and (H8) plus Lemma 5.1 to get the uniform integrability. [

Lemma 5.3. Let {Z,, neIN; Z} be k-dimensional random variables, and {f,, ne
N; f}cCRY. If Z,—~Z in probability, and f,— f uniformly on compact sets,
then f(Z,)— f(Z) in probability.

Proof. Since convergence in probability of a sequence of r.v. is equivalent to
the fact that from any subsequence one can extract a further subsequence
which converges a.s., it is in fact sufficient to show that Z —-Z as.
= [ (Z,)— f(Z) a.s. This follow from the decomposition

@)1 Z)=1(2)-f(Z,)+f(Z,)-1.(Z,)
and the fact that

{Z,(w)} converges = {Z,(w) remains in a compact subset of R*}. [
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6. Differential Calculus
6.1. A Chain Rule of Ité Type

Theorem 6.1. Let &: [0,1]x R xIR¥ IR be once continuously differentiable
with respect to t, and twice continuously differentiable with respect both to x and
toy, @ @, o, P, D, and D, being jointly continuous in (t, x, y). We then have

xx>

V0<s<t£l,

t t
D6, X, Y)=0(s, X, Y+ [ (u, X, Y)du+ [ ®L(u, X, Y*) b(u, X,)du
t t
+ (@, X,, Y o (u, X,)dW(u)+5 [ Tr [P, (u, X,, Y*)o0*(u, X,)] du
t t
—f@;(u, X, Y, Y)du— jdi;(u, X, Y¥)y(u, Y dW(uw)

y

t
— 25T (u, X, Y yy*(u, Y)]du  as.
which we also write in more concise form as

T t
O(t, X, Y)=0(s, X, Y)+ [ D(u, X, Y)du+ [ D, (u, X,, Y)dX,
t t
+3 [ Te[ @ (u, X,, Y)Y oo*(u, X )] du+ [ D, (u, X, Y*)dY*

t
—3 T (u, X, Y py*(u, Y] du  as.
Proof. We first remark that the formula makes sense, in particular since the
coefficients of the two-sided stochastic integrals belong zo %

Since it suffices to show the formula on each Q:={w; |X,/(w)|Zn,
Y ()] £n, Vte[0, 1]}, we assume without loss of generality that @, &;, ¢, &,
@, and &) are bounded.

Since by Theorem 5.2 we can approximate ¢ and y by sequences of jointly
continuous coefficients in such a way that we can take the limits in all the
terms of the formula to be proved, we further assume that o, y, ¢, and y, are
jointly continuous in (¢, x) [resp. (¢, y)]. Also, we will prove the case N=M =D
=1, its multidimensional version being exactly the same, except for vector and
matrix notation.

Let {rn", neIN} be a refining sequence of partitions of [s, ], of the form

n'={s=1{<ti<..<th=t}

and such that |z"|= sup (! ;—t})—0, as n— 0. As usual, we write ¢, instead
of 0<isn—1
.
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n-1
®(t: Xt: Yt)_@(s7 Xs: YS)= Z [¢(ti+1: Xti+1’ Yti+1)_@(tia Xtia Yti):l

i= 0
n—1
= Z [cD(tHl,XtiH, Yti+1)_¢(ti’X[i+1’ Y4+
i=0
n—1
+ Z [QP(IL-,XHH’ Yti+1)_.¢(ti, Xti, Y'i1)]
i=0

n—1
+ > [D(1;, X, Y ) —d(t;, X, , Y)]=A4,+B,+C,.
i=0

Now

n—11t;+1

A - Z J‘ @ t1+17 YtiJrl)dS:

and it follows easily from the continuity of &, with respect to x and y and from
the continuity of the paths of {X,} and {Y*} that:

t
A,- [P, (u, X,, Y)du as., as n—oo.

n—1 n—1

B,= ¥ Bulte X Y*) (X, = X)+3 T, 00, X, Y (X

ti+1
i=0

_Xti)z

tit+y

where X, is a random intermediate point between X, and X, .

B,=B,+B;+3B},
with
n—1 ti+1

Bl=Y &1, X,, V") | b(u, X,)du
i=0 t;

n—1 ti+1
Z @1, X, Y1) | olu, X,) dW(w),
i= ti
n—1 _

Bi= 3 @[ (t;, X;, Yo ) (X

ti+ 1 _Xti)z'
i=0
One easily checks that
t
Bl [(®,(u, X,, Y b(u, X,)du as., as n—oo.
On the other hand, if we define

n—1

lun: z (Xti+1 _Xti)2 5ti
i=0
it follows easily from Lemma 2.2

Zqﬁ” t, X, YO (X

tivr

j@" X,, Yo (u, X,)du
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in probability, as n— co. But, from uniform continuity,

n—1
IBr? _Er?lésup lé;c,x(ti’Xb Yti+1)_¢;c/x(ti>Xti’ Yti)l ( Z |Xti+1 _Xtilz)

i=0

and the latter tends to zero a.s., as n— 0.
From Proposition 3.2, we know that
n—-1
Y DL, X, Y a(t, X, ) (W,

i=0

t
i+ VVI;)_) j Q&;(u, Xu! Y“) O-(ua Xu) dW(u)
in probability, as n— co.
To establish the desired convergence of the sequence B,, it remains to.show
that

tit1

Z (1, X,, Y1) | [o(uw, X,)—0(t;, X, )]1dW(w)—0

i= ti

in probability, as n— c0. We use again Lemma 2.2. Indeed, let

= 3 (1 ot X0 —o(t, X,)14WG) 6,

i=0 13

{u,, ncIN} satisfies the hypotheses of Lemma 2.2, with 0 as its limit.
The sequence C, is treated in exactly the same way as B,. [

Example 6.2. We suppose here that M=N. Let 4, B,, ..., B, be M x M matrices
(which might as well depend on ¢), and let {X,}, {Y*} be the solutions of:

D

X_x+jAX ds+ Y [ B, X dWs),
i=10
D 1

Y= y+jA* Yids+ Y [BrYSdWj(s).
i=1t1

It is known (for the corresponding result for stochastic PDES, see Pardoux
[15], Krylov and Rozovskii [8]) that the scalar valued process {(X,,Y?,
te[0, 1]} is a.s. constant. With the aid of our Itd formula, we can prove it
directly.

(X, Y =(X,, Ys)+j(AXu, YY) du+2j (B, X,, Y*) dWi(u)

is

—j(X A* Y*) du— ZjX BF Y9 dW,(w)=(X,, Y*).

We have used the linearity of the two-sided stochastic integral. [
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6.2. A Chain Rule of Stratonovich Type

We begin by defining the two-sided Stratonovich integral.
Let first ¢ denote a functional which satisfies (H1) and (H3), and does not
depend on t. {#"} again denotes a refining sequence of partitions of [0, 1].
Consider the sequence

n—1
UREDY %[@D(X,i, YN+ o(X, , , Yir] AW,
i=0

+1?

n—1 n—1
M= 3 OX,, Y)Y A WL [O(X, Vi)~ (X, Y ) AW
i 0 -

i i=0
n—1
+3 2 [O(X,, Y- D(X,,, Y+ )] 4 W.
i=0
Using again the mean value theorem and Lemma 2.2, we obtain
1 1
n,~ [ (X, Y)AW(s)+L[(D.(s, X, YO ols, X )*ds
0 0
1
+3(D)(s, X, YO) p(s, Y9)*ds
0
in probability, as n— oo; where * denotes transpose. Note that the sequence

"X X, Yi4 Y

/:= iwy
= Lo (2 ;)

also converges to the same limit as {7,}.
Motivated by these considerations, we give the following

Definition 6.3. Let @ satisfy (H1) and (H3), and 0<s <t < 1. We define the two-
sided Stratonovich stochastic integral of &(u, X,, Y*) with respect to dW(u)
over the interval [s,t] as

[ @, X, Y)odW(u): = [ ®(u, X,, Y*) dW(u)
t t
+3 (0w, X, Y) o, X ) du+ 5 [(D)(u, X, Y y(u, Y)*du. O

Using the connection between the It6 forward [resp. backward] and the
Stratonovich forward [resp. backward] integrals, we can rewrite the equations
for {X,} and {Y’} in Stratonovich form as follows

t
X,=5%+ [b(s,X)ds+ [ (s, X)odW(s)
o]

I
Oty =
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D
where b(s, x)=b(s,x) =% Y [(,), 6] (5, X), (5,), denoting the N x N matrix whose

i=1

i
0x,

1
Yi=F+ [&(s, Y)ds+ [ y(s, Y¥)edW(s)
t

ladhn W

where (s, y)=c(s,y)—% Z [y, v (s, »)-

i=1

Theorem 6.4. Let @: [0,1TxRM xR¥ IR be once continuously differentiable
with respect to t, twice continuously differentiable with respect to (x,y), ®, &,
o, 9., B, ), and P, being jointly continuous with respect to (t,x, y). We then

xx?

have

VO<s<t<1,
t t
O, X, Y)=0(s, X,, Y+ fdi,;(u, X, Y)du+ j(D;(u, X, Y. b(u, X,)du
t
+ [ PL(u, X, Y o (u, X, )odW(u) jdi (u, X,, Y- E(u, Y*)du
t
— @D (u, X,, Y)y(u, Y)odW () a.s.
which we also write in more concise form as
t t
o, X, Y)=0(s, X,, Y) + [ ®(u, X, Y)du+ [ D,(u, X, Y*)odX,
t .
+ [P (u, X, Y)edY" a.s.
Proof. From Theorem 6.1, it suffices to show that:
t D
H(@L(u, X, Y*) o (u, X,)od W (u)) %Z f @i, X, Y)-[(a)), 0,1 (u, X,) du
t ) D t
~ (@) X, V)0 VoW @) +4 T [0 X, Y- [0, ] (. Y du
t
= [(P,(u, X, Y o(u, X,) AW (u))+ ZjTr[di” u, X,, Y oo*(u, X,)]du
t
— (P, X, Y*) y(u, Y“)dW(u))——fTr[cD” u, X, Y yy*(u, Y*)] du.

But this equality follows from Definition 6.3. [

Example 6.5. Let A(t), B,(t),...,Bp(t) again denote M xM matrix valued
bounded and measurable functions of t. We consider the following stochastic
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differential equation written in Stratonovich form

b
dX,=A@t) X,dt+ Y B;(t) X,cdW,(1).

i=1

We associate to this equation its fundamental solution, ie. the process &(t,s)
which takes values in the set of M x M matrices, and solves, Vs fixed

(+) Ad(t, s)= A(t) B(t, s) dt + f B,(t) ®(t, s)odW,(1)

=1

together with the boundary condition (s, s)=1. We can consider (*) either as a
forward SDE for t=s, or as a backward SDE for t<s, so that ¢(z,s) is defined
for all 5,teR. We want to prove that

&(t, s)=P (s, 1) as., Vs, telR

which is in fact a particular case of general results on stochastic flows, and a
generalization of a well-known fact on O.D.Es. Let us choose s<t, and
consider the following process

{D(u, 1)~  D(u, s), uels,t]}.

It is a function of both the forward diffusion

D(u, s)=1 + fA(e) ®(0,5)d0+ Y, fBi(e) ®(6, s)odW,(0),
(s=u<p)

and the backward diffusion

t t
& Hu,t)y=1+ j@‘l(O, t)A(B)dG-{-Z Iqﬁ‘l(ﬂ, t) B(0) dW,(0),
(sZuxy).
It now follows from Theorem 6.4 that

d,[D(u, t) ! D(u, s)]=0.
Hence &(t,s)=®(s, 1)~ as. [

7. Comparison with Other Approaches and Possible Extensions
7.1. Comparison with the Filtration Enlargment Approach
It is not hard to show that Y* is F,v¢ (Y°-measurable. Therefore we now

define: G,=F,vo(Y?. The filtration {G,} is obtained from {F,} by an initial
enlargment, ie. we enlarge F, to G,=F,v a(Y°), and then define G,=F v G,,.
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The question now is whether or not W(¢) is a G,-semi-martingale. It follows
from the result in Pardoux [16] that, provided in addition to the hypotheses in
Sect. 2.2
(i) Vi<1, the law of Y* has a density p(t, *) and there exists
(H10) keN s.t. p(t, -)e 2(RY; (1+|x[f)~'dx),
0% (vy*), .
i) 207 hic o0, 1r x RY)
0x,; 0x;

then {W(t), te[0, 1[} is a G, semi-martingale. It then follows that Vte]0, 1[, we
can define the forward It6 integral of the process {®(t, X,, Y")}, which is G,-
adapted, with respect to the semi-martingale W(t)

f &(s, X, Y°)- dW(s).
¢
If in addition @ satisfies (H4), then the above integral is the limit of
Y o, Xy, YO (WL, )~ W) il 7 =0=y <t <...<ii=t,
i=0
and |7"]—0. It follows that
t

t
(s, X,, Y*)-dW(s)= [ (s, X,, Y)dW(s) + fq');(s, X,, Y)y(s, Y¥)ds.
0 0

O ey

Clearly, the filtration enlargment approach is feasible only under additional
restrictions. Of course, we could interchange the roles of X and Y. In any case,
the symmetry of the two-sided integral is lost.

7.2. Comparison with the “Random Field Approach”

Suppose the coefficients ¢ and y are continuous in (¢, y). Then Y(s;t,y) has a
modification which is a.s. continuous in (s, t, y), and such that moreover

y—=(s;t,y)

is a.s. an onto homeomorphism. Denote by ¥} its inverse. The process to be
integrated can be written as

B(t, X, Y5 (Y.

Let yeRR™, then the process &(t, Xt,tlz,j(}(y)) is F-adapted, and we can define
the forward It6 integral

1
I)=[ D¢, X,, 5 (1) AW ().
0
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Let p>0. It follows from Burkholder-Davis-Gundy’s inequality (see Ikeda and
Watanabe [5]) that

E(In-1(2))=C g (1D(t, X, ¥, o 0) — Ot X, Yo (2)P) dt.

The existence of an a.s. continuous modification of {I(y), yeR™} will follow
from Kolmogorov’s Lemma if we can estimate the above quantity by C|x —y|?,
provided that p> M. Such an estimate can be obtained under slightly more
restrictive conditions than our conditions in Sect. 2.2. Provided I(y) is as.
continuous, we can define I(Y?), and we have again

1 1
I(Y%)=[&(t, X, YYdW()+ [ &,(t, X,, Y y(t, Y')dt.
0 0

In addition to the fact that it does break the symmetry with respect to time
reversal, the present approach is not extendable to infinite dimensional si-
tuations. Indeed Kolmogorov’'s Lemma would not apply. Moreover if we
replace the SDEs for X and Y by stochastic partial differential equations of
parabolic type, then the associated flows do not possess smooth inverses.

7.3. Comparison with Skorohod’s Integral

In [18] Skorohod defined a stochastic integral of a large class of anticipative
integrands with respect to a Wiener process, over a fixed time-interval. Unfor-
tunately, this work seems not be well known. Only at the very end of our
research did we learn about it. We would like to thank D. Nualart and M.
Zakai as well as E. Wong, who drew our attention to Skorohod’s integral. We
now prove a result, which was first suggested to us by E. Wong, and elab-
orated upon by D. Nualart [12] (we restrict ourself for simplicity to the case D
=1).

Theorem 7.1. Suppose that the hypotheses of Sect.2.2 are in force, and in
particular that & satisfies (H1) and (H2). Then the Skorohod integral of
&(t, X,, YY) over the interval [0,1] exists and coincides with the two-sided in-
tegral

(=R W

o(t, X,, Y')dW/(2).

Proof. The result is a direct consequence of Proposition 3.1 in Nualart and
Zakai [13]. Indeed, from Theorem 3.3, all we need to show is that any element
in #? is integrable in the sense of Skorohod, and that the Skorohod integral is
linear and satisfies (i) and (ii) in Theorem 3.3.

On the other hand, Proposition 3.1 in [13] says that any measurable
process u such that

1 11
Efu*(®)dt+E{ [|Du(®)*dsdt< oo
0 00
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is Skorohod integrable, its Skorohod integral has mean zero and variance
equal to
1 11
Efu*(tydt+E[ [ D,u(t) D,u(s)dsdt
00

0

where {D u(t), 0=s=1} denotes the Malliavin derivative of the random vari-
able u(t). Let us compute the latter in our case. We use well-known facts about
Malliavin derivatives, which can be found e.g. in [13].

D,&(1, X,, Y)=&,(t, X,, Y) D, X, + ®,(t, X,, YD, Y,
DSXI = l{sgz} @D;(t, S, Xs) O'(S, Xs))
D Y'= Le<o ¥, &5, Yo (s, YO).

The result follows immediately. [

The same result would be true for integrals over the interval [s,t],
VO0=<s=<r=<1. Note that there exists up to now no result concerning the general
Skorohod integral as a process.

7.4. Possible Extensions

Clearly, our approach could be adapted to the case of a pair of diffusion
processes with values in an infinite dimensional space, e.g. to the case of a pair
of stochastic partial differential equations. It could also be adapted to the case
of “diffusions with jumps”.

In fact, the comparison with Skorohod’s integral suggest that it might be
possible to adapt our results to a pair of forward and backward semi-mar-
tingales, which would not necessarily be Markov processes.
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