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Summary. We study a new class of backward stochastic di�erential
equations, which involves the integral with respect to a continuous
increasing process. This allows us to give a probabilistic formula for
solutions of semilinear partial di�erential equations with Neumann
boundary condition, where the boundary condition itself is nonlinear.
We consider both parabolic and elliptic equations.
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Introduction

Backward stochastic di�erential equations ± in short BSDEs ± have
been ®rst introduced by Pardoux, Peng [7]. They provide probabilistic
formulas for solutions of systems of semilinear partial di�erential
equations, both of parabolic and elliptic type, see among others Peng
[9], Pardoux, Peng [7], Hu [5], Pardoux, Pradeilles, Rao [8] and
Darling, Pardoux [4]. Most of these papers treat the case of parabolic
equations (or systems of equations in �0; T � �Rd�, also elliptic
equations with Dirichlet boundary condition have been treated in
Darling, Pardoux [4], and with a homogeneous Neumann boundary
condition in Hu [5]. The aim of the present paper is to treat the case
of a nonlinear Neumann boundary condition, i.e. to give a proba-
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bilistic formula for the solution of a system of elliptic PDEs of the
form:

Lui�x� � fi x; u�x�; �ruir��x�� � � 0; 1 � i � k; x 2 G

@ui

@n
�x� � gi�x; u�x�� � 0; 1 � i � k; x 2 @G ;

as well as for a similar parabolic system.
This requires the presence of a new term in the BSDE, namely an

integral with respect to a continuous increasing process, the local time
of the di�usion on the boundary.

In section 1, we study the BSDE

Yt � n �
Z T

t
f s; Ys; Zs� � ds�

Z T

t
g s; Ys� � dAs ÿ

Z T

t
Zs dBs ;

where fAt; 0 � t � Tg is a continuous real valued increasing pro-
cess. In section 2, we study the same BSDE, in the case where T � �1
and n � 0. In section 3, we introduce a class of re¯ected di�usion
processes, and study some of its properties. In section 4, we combine
the results in sections 1 and 3 and prove that a certain function of
�t; x�, de®ned through the solution of a system of forward±backward
SDE, is a viscosity solution of a certain system of parabolic PDEs. In
section 5, we prove the same kind of result for an elliptic PDE, by
combining the results of sections 2 and 3. Throughout this paper,
fBt; t � 0g will denote a d-dimensional Brownian motion, de®ned on a
probability space �X;F; P �. For t � 0, let Ft denote the r-algebra
r�Bs; 0 � s � t�, augmented with the P-null sets of F.fAt; t � 0g will
denote a continuous one-dimensional increasing Ft-progressively
measurable process satisfying A0 � 0.

1. Generalized BSDEs on a ®nite time interval

We are given a ®nal time T > 0, a ®nal condition

n 2 L2 X;FT ; P ; Rkÿ �
such that E�elAT jnj2� <1, for all l > 0, and two coe�cients:

f : X� �0; T � �Rk �Rk�d ! Rk and

g : X� �0; T � �Rk ! Rk ;

satisfying, for some constants a; b 2 R, K > 0, some adapted processes
fut;wt; 0 � t � Tg with values in �1;�1�, and all �t; y; z� 2 �0; T ��
Rk �Rk�d , l > 0,
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(i) f ��; y; z� and g��; y� are progressively measurable;
(ii) E�R T

0 elAtu2
t dt � R T

0 elAtw2
t dAt� <1;

(iii) hy ÿ y0; f �t; y; z� ÿ f �t; y0; z�i � ajy ÿ y0j2;
(iv) hy ÿ y0; g�t; y� ÿ g�t; y0�i � bjy ÿ y0j2;
(v) jf �t; y; z� ÿ f �t; y; z0�j � Kkzÿ z0k;
(vi) jf �t; y; z�j � ut � K jyj � kzk� �; jg�t; y�j � wt � K jyj � kzk� �;
(vii) y ! �f �t; y; z�; g�t; y�� is continuous for all z; �t;x� a:e:

A solution of the BSDE is a pair f�Yt; Zt�; 0 � t � Tg of progressively
measurable processes with values in Rk �Rk�d such that

(j) E�sup0<t�T jYtj2 �
R T
0 kZtk2 dt� <1

(jj) Yt � n� R T
t f �s; Ys; Zs� ds� R T

t g�s; Ys� dAs ÿ
R T

t Zs dBs; 0 � t � T

We shall assume from now on that:

(viii) b < 0

Remark 1 Whenever �Yt; Zt� satis®es (jj), ��Yt; �Zt� � �elAt Yt; e
lAt Zt� sat-

is®es an analogous BSDE, with f and g replaced by

�f �t; y; z� � elAt f t; eÿlAt y; eÿlAt z
ÿ �

�g�t; y� � elAt g t; eÿlAt y
ÿ �ÿ ly

Hence, if g satis®es (iv) with a possibly non negative b, we can always
choose l such that �g satis®es (iv) with a strictly negative �b. Conse-
quently, (viii) is not a severe restriction. However, in case it is violated,
the estimates below do not hold for the solution f�Yt;Zt�g of the
original equation, but for the solution f��Yt; �Zt�g of a transformed
equation.

Remark 2 Condition (j) implies that fR t
0 hYs; Zs dBsi; 0 � t � Tg is a

uniformly integrable martingale, which in particular has zero expec-
tation, a fact which will be used repeatedly below.

Remark 3 In case the r.v. AT is bounded, the condition

E sup
0�t�T

jYtj2
� �

<1

can be deduced from (jj) and E
R T
0 kZtk2 dt <1.

We ®rst establish an priori estimate on the solution.
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Proposition 1.1 Under the conditions �i� . . . �viii�, if f�Yt;Zt�; 0 � t� Tg
is a solution of �j�, �jj�, then there exists a constant C, which depends
only on a, b, K and T , such that:

E sup
0�t�T

jYtj2 �
Z T

0

jYtj2dAt �
Z T

0

kZtk2 dt
� �
� CE jnj2 �

Z T

0

jf �t; 0; 0�j2 dt �
Z T

0

jg�t; 0�j2 dAt

� �
Moreover, if f ~At; 0 � t � Tg is any continuous, increasing and pro-
gressively measurable R�-valued stochastic process such that

~A0 � 0; E�el ~AT � <1; 8 l > 0 ;

then for any l > 0, there exists a constant

C � C�l; a;b;K; T �
such that

E sup
0�t�T

el ~At jYtj2 �
Z T

0

el ~At jYtj2 d ~At �
Z T

0

el ~AtkZtk2 dt
� �
� CE el ~AT jnj2 �

Z T

0

el ~At jf �t; 0; 0�j2 dt �
Z T

0

el ~At jg�t; 0�j2 dAt

� �
Proof: From ItoÃ 's formula,

jYtj2 �
Z T

t
kZsk2 ds �jnj2 � 2

Z T

t
hYs; f s; Ys;Zs� �i ds

� 2

Z T

t
hYs; g s; Ys� �i dAs ÿ 2

Z T

t
hYs;Zs dBsi

But from (iii), (iv), and (v),

hy; f �s; y; z�i � ajyj2 � jyj � �jf s; 0; 0j � Kkzk� �;
hy; g�s; y�i � bjyj2 � jyj � jg�s; 0�j :

Consequently

jYtj2 � 1

2

Z T

0

kZsk2 ds� jbj
Z T

t
jYsj2 dAs

� jnj2 � c
Z T

t
jYsj2 ds� c

Z T

t
jf �s; 0; 0�j2 ds� c

Z T

t
jg�s; 0�j2 dAs

ÿ 2

Z T

t
hYs; Zs dBsi : �1�
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From (j), the stochastic integral term has zero expectation. Hence,
taking the expectation in (1), we deduce from Gronwall's lemma that

sup
0�t�T

E jYtj2 �
Z T

0

kZsk2 ds�
Z T

0

jYsj2 dAs

� �
� cE jnj2 �

Z T

0

jf �s; 0; 0�j2 ds�
Z T

0

jg�s; 0�j2dAs

� �
The ®rst result follows from this, (1) and the Davis±Burkholder±
Gundy inequality.

The second result is proved with similar arguments in case ~AT is a
bounded r.v. The general case then follows from Fatou's lemma. }

Let now �n; f ; g;A� and �n0; f 0; g0;A0� be two sets of data, each
satisfying the above assumptions (i), . . ., (viii). Let �Y ;Z� (resp.�Y 0;Z 0�)
denote a solution of the BSDE (j), (jj) with data �n; f ; g;A� (resp.
n0; f 0; g0;A0�). We shall need below the following

Proposition 1.2 De®ne ��Y ; �Z; �n; �f ; �g; �A� � �Y ÿ Y 0; Z ÿ Z 0; nÿ n0;
f ÿ f 0; gÿ g0;Aÿ A0�. Then, for any l > 0, there exists a constant C
such that

E sup
0�t�T

eljt j�Ytj2 �
Z T

0

eljtk�Ztk2 dt
� �
� CE eljT j�nj2 �

Z T

0

eljt jf �t; Yt;Zt� ÿ f 0�t; Yt;Zt�j2 dt
�

�
Z T

0

eljt jg�t; Yt� ÿ g0�t; Yt�j2 dA0t �
Z T

0

eljt jg�t; Yt�j2dk �Akt

�
;

where jt :� k �Akt � A0t, k �Akt denoting the total variation of the process
�A

on the interval �0; t�.
Proof: It su�ces to prove the result in the case where jT is a bounded
random variable, and then apply Fatou's lemma. From ItoÃ 's formula,

eljt j�Ytj2 � l
Z T

t
eljs j�Ysj2 djs �

Z T

t
eljsk�Zsk2 ds

� eljT j�nj2 � 2

Z T

t
eljs h�Ys; f �s; Ys; Zs� ÿ f 0�s; Y 0s ;Z 0s�i ds

� 2

Z T

t
eljs h�Ys ; g�s; Ys� ÿ g0 s; Y 0s

ÿ �i dA0s

� 2

Z T

t
eljs h�Ys; g�s; Ys�i d �As ÿ 2

Z T

t
eljsh�Ys; �Zs dBsi
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Exploiting the assumptions and using Schwarz's inequality, we deduce
that

eljt j�Ytj2 � 1

2

Z T

t
eljsk�Zsk2 ds

� eljT j�nj2 � c
Z T

t
eljs j�Ysj2 ds�

Z T

t
eljs jf s; Ys;Zs� � ÿ f 0 s; Ys;Zs� �j2 ds

� c
Z T

t
eljs jg s; Ys� � ÿ g0�s; Ys�j2 dA0s �

Z T

t
eljs jg s; Ys� �j2 dk �Aks

ÿ 2

Z T

t
eljsh�Ys; �Zs dBsi :

The result, without the supt inside the expectation, follows by taking
the expectation and using Gronwall's lemma. The result then follows
from the Burkholder±Davis±Gundy inequality. }

We deduce immediately from the last proposition the

Corollary 1.3 Under the above assumptions, the BSDE (j), (jj) has at
most one solution.

We next prove a comparison theorem in one dimension. Suppose
we are in the situation of proposition 1.2, in the particular case A � A0.

Theorem 1.4 We suppose now that k � 1, n � n0, f �t; y; z� � f 0�t; y; z�,
g�t; y� � g0�t; y�, for all �y; z� 2 Rk �Rk�d , dP � dt, a.s. Then Yt � Y 0t ,
0 � t � T , a.s..

Moreover, if Y0 � Y 00, then Yt � Y 0t , 0 � t � T , a.s. In particular, if in
addition either P�n < n0� > 0 or f �t; y; z� < f 0�t; y; z�, �y; z� 2 R�Rd ,
on a set of positive dt � dP measure, or g�t; y� < g0�t; y�, y 2 R, on a set
of positive dAt � dP measure, then Y0 < Y 00.

Proof: De®ne

at � Y 0t ÿ Yt
ÿ �ÿ1 f �t; Y 0t ; Zt� ÿ f �t; Yt;Zt�

ÿ �
if Yt 6� Y 0t ;

0 if Yt � Y 0t ;

�
the Rd-valued process fbt; 0 � t � Tg as follows. For 1 � i � d, let
Z�i�t denote the d-dimensional vector whose i ®rst components are
equal to those of Z 0t , and whose d ÿ i last components are equal to
those of Zt. With this notation, we de®ne for each 1 � i � d,

bi
t �

Z 0it ÿ Zi
t

ÿ �ÿ1 f t; Yt;Z
�i�
t

� �
ÿ f t; Yt; Z

�iÿ1�
t

� �� �
if Zi

t 6� Z 0it ;

0 if Zi
t � Z 0it ,

(
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and

ct � Y 0t ÿ Yt
ÿ �ÿ1 g�t; Y 0t � ÿ g�t; Yt�

ÿ �
if Yt 6� Y 0t ;

0 if Yt � Y 0t .

�
We note that fat; 0 � t � Tg, fbt; 0 � t � Tg and fct; 0 � t � Tg are
progressively measurable, at � a, jbj � K and ct � b.

For 0 � s � t � T , let

Cs;t � exp

Z t

s
�ar ÿ 1=2jbj2�dr �

Z t

s
cs dAs �

Z t

s
hbr; dBri

� �
:

De®ne �Y t;Zt� � �Y 0t ÿ Yt; Z 0t ÿ Zt�, �n � n0 ÿ n; Ut � f 0�t; Y 0t ; Z 0t�ÿ
f �t; Y 0t ;Z 0t�, Vt � g0�t; Y 0t � ÿ g�t; Y 0t �.

Then

Y t � �n�
Z T

t
asY s � hbs; Zsi
ÿ �

ds�
Z T

t
csY s dAs

�
Z T

t
Us ds� Vs dAs� � ÿ

Z T

t
Zs dBs :

It is not hard to see that for 0 � s � t � T ,

Y s � Cs;tY t �
Z t

s
Cs;r Ur dr � Vr dAr� � ÿ

Z t

s
Cs;r Zr � Y rbr

ÿ �
dBr

Y s � E Cs;tY t �
Z t

s
Cs;r Ur dr � Vr dAr� �=Fs

� �
:

The result follows from this formula and the positivity of �n, U and V .

Remark 1.5 Suppose that

Yt � n�
Z T

t
f s; Ys; Z� �s ds�

Z T

t
g s; Ys� � dAs ÿ

Z T

t
Zs dBs

Y 0t � n0 �
Z T

t
Us ds�

Z T

t
Vs dAs ÿ

Z T

t
Z 0s dBs ;

and n � n0, f �t; Y 0t ; Z 0t� � Ut, g�t; Y 0t � � Vt. Then we can apply theorem
1.4. Indeed, we can de®ne

f 0�t; y; z� � f �t; y; z� � Ut ÿ f 0 t; Y 0t ; Z
0
t

ÿ �ÿ �
g0�t; y� � g�t; y� � Vt ÿ g�t; Y 0t �

ÿ �
:

If moreover either f �t; Y 0t ;Z 0t� < Ut on a set of dt � dP positive mea-
sure, or g�t; Y 0t � < Vt on a set of dAt � dP positive measure, then
Y0 < Y 00. }
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We now prove a ®rst existence and uniqueness theorem, under an
additional assumption. Namely, we assume that f and g are Lipschitz
in y, i.e. there exists a constant K such that

(ix) jf �t; y; z� ÿ f �t; y0; z�j � jg�t; y� ÿ g�t; y0�j � Kjy ÿ y0j; t > 0; y;
y0 2 Rk; z 2 Rk�d , a.s.

Theorem 1.6 Under the assumptions (i), (ii), (v), (vi), (ix), the BSDE
(j), (jj) has a unique solution �Y ; Z�.

Proof: For l � 0, let M2
l�A� denote the set of progressively measurable

processes fXt; 0 � t � Tg, which are such that

E
Z T

0

elAt jXtj2 dt �
Z T

0

elAt jXtj2dAt

� �
<1 ;

and M2
l the same space without the second term. We de®ne

B2
l �4 M2

l�A�
� �k� M2

l

� �k�d

Let U be the mapping from B2
l into itself, which is de®ned as follows.

Given �U ; V � 2 B2
l, �Y ; Z� � U�U ; V � where

Yt � E n�
Z T

t
f s;Us; Vs� � ds�

Z T

t
g s;Us� � dAs=Ft

� �
; 0 � t � T ;

and fZt; 0 � t � Tg is given by ItoÃ 's representation theorem applied to
the square integrable r.v.

n�
Z T

0

f t;Ut; Vt� � dt �
Z T

0

g t;Ut� � dAt ;

i.e.

n�
Z T

0

f t;Ut; Vt� � dt �
Z T

0

g t;Ut� � dAt

� E n�
Z T

0

f t;Ut; Vt� � dt �
Z T

0

g t;Ut� � dAt

� �
�
Z T

0

Zt dBt :

Taking E��=Ft� of the last identity yields

Yt � n�
Z T

t
f s;Us; Vs� � ds�

Z T

t
g s;Us� � dAs ÿ

Z T

t
Zs dBs :

The fact that �Y ; Z� 2 B2
l follows from computations similar to those

in the proof of proposition 1.1, and we have that �Y ;Z� 2 B2
l solves

(jj) i� it is a ®xed point of U. We note also that whenever �U ; V � 2 B2
l

and �Y ; Z� � U�U ; V �,
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E sup
0�t�T

elAt jYtj2
� �

<1 ;

and fR t
0 e

lAshYs; Zs dBsi, 0 � t � Tg is a uniformly integrable martin-
gale. Let �U ; V �; �U 0; V 0� 2 B2

l, �Y ;Z� � U�U ; V �, �Y 0; Z 0� � U�U 0; V 0�,
� �U ; �V � � �U ÿ U 0; V ÿ V 0�, ��Y ; �Z� � �Y ÿ Y 0;Z ÿ Z 0�. For each c 2 R,
we have from ItoÃ 's formula that

E ect�lAt j�Ytj2
� �

� E
Z T

t
ecs�lAs cj�Ysj2 ds� lj�Ysj2dAs � k�Zsk2 ds

h i
� 2KE

Z T

t
ecs�lAs j�Ysj � j �Usj � k �Vsk� � ds� j�Ysj � j �Usj dAs� �

� E
Z T

t
ecs�lAs j�Ysj2 4K2 ds� 2K2 dAs

ÿ �
� 1

2
E
Z T

t
ecs�lAs j �Usj2 � k �Vsk2

� �
ds� j �Usj2 dAs

h i
:

We choose c � 1� 4K2, l � 1� 2K2, and deduce

E
Z T

0

ect�lAt j�Ytj2 � k�Ztk2
� �

dt � j�Ytj2 dAt

h i
� 1

2
E
Z T

0

ect�lAt j �Utj2 � k �Vtk2
� �

dt � j �Vtj2 dAt

h i
;

from which it follows that U is a strict contraction on B2
l equipped

with the norm

kj�Y ; Z�kjc;l � E
Z T

0

ect�lAt jYtj2 � kZtk2
� �

dt � jYtj2dAt

h i� �1
2

provided c � 1� 4K2, l � 1� 2K2. Hence U has a unique ®xed point.
}

We next prove existence and uniqueness for the BSDE (j), (jj),
under the conditions (i), (ii), (iii), (iv), (v), (vi), (vii), (viii).

Theorem 1.7 Under the conditions (i), (ii), (iii), (iv), (v), (vi), (vii), the
BSDE (j), (jj) has a unique solution.

Proof: Uniqueness has been established in corollary 1.4. For the proof
of existence, let us ®rst admit the (with the notation M2 �4 M2

0 �.

Proposition 1.8 Given V 2 �M2�k�d , there exists a unique pair of pro-
gressively measurable processes f�Yt;Zt�; 0 � t � Tg such that
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�j� E�sup0�t�T jYtj2 �
R T
0 kZtk2 dt� <1;

�jj0� Yt � n� R T
t f �s; Ys; Vs�ds� R T

t g�s; Ys�dAs ÿ
R T

t Zs dBs; 0 � t � T .

We shall use the notation B2 � �M2�k � �M2�k�d . With the help of
proposition 1.8, we construct a mapping U from B2 into itself, which
to �U ; V � 2 B2 associates �Y ;Z� � U�U ; V �, the solution of (j), (jj).
Although the ®rst component U of the pair �U ; V � is not needed in
order to construct �Y ; Z�, it is convenient to consider the mapping
�U ; V � ! �Y ;Z� in making a ®xed point argument. Let �U ; V �,
�U 0; V 0� 2 B2,

�Y ; Z� � U�U ; V �; �Y 0;Z 0� � U�U 0; V 0�;
� �U ; �V � � �U ÿ U 0; V ÿ V 0�; ��Y ; �Z� � �Y ÿ Y 0;Z ÿ Z 0� :

It follows from ItoÃ 's formula that

ectEj�Ytj2 � E
Z T

t
ecs cj�Ysj2 � k�Zsk2
� �

ds

� 2E
Z T

t
ecs aj�Ysj2 � Kj�Ysj � k �Vsk
� �

ds

� 1

2
E
Z T

t
ecs 4 a� K2

ÿ �j�Ysj2 � k �Vsk2
� �

ds :

Choosing c � 1� 2�a� K2�, we deduce that

E
Z T

0

ect j�Ytj2 � k�Ztk2
� �

dt � 1

2
E
Z T

t
ect

s j �Utj2 � k �Vtk2
� �

dt ;

and we have proved that U has a unique ®xed point, which satis®es (j),
(jj0).

Proof of proposition 1.8 We shall write f �s; y� for f �s; y; Vs�. Note that
f �s; y� satis®es

(ii0) E
R T
0 jf �t; 0�j2 dt <1

(iii0) hy ÿ y0; f �t; y� ÿ f �t; y0�i � ajy ÿ y0j2
(vi0) jf �t; y�j � u0t � Kjyj, where E

R T
0 elAt�u0t�2 dt <1

(vii0) y ÿ! f �t; y� is continuous, dP � dt a:e:

We de®ne

fn�t; y� �4 qn � f �t; ��� ��y�; gn�t; y� �4 qn � g�t; ��� ��y� ;
where qn : Rk ÿ! R� is a sequence of smooth functions which ap-
proximates the Dirac measure at 0 and satis®es
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Z
qn�z� dz � 1; sup

n

Z
jzjqn�z� dz <1 :

fn satis®es again (iii0), (vi0), and gn satis®es (iv), (vi), with the same
constants a, b and K and possibly larger (but uniform in n) u0t and wt.
For each n, fn and gn are Lipschitz in y, uniformly with respect to
�t;x�, hence from Theorem 1.6 the BSDE

Y n
t � n�

Z T

t
fn s; Y n

s

ÿ �
ds�

Z T

t
gn s; Y n

s

ÿ �
dAs ÿ

Z T

t
Zn

s dBs; 0 � t � T ;

has a unique solution which satis®es

E sup
0�t�T

jY n
t j2 �

Z T

0

kZn
t k2 dt

� �
<1 ;

from theorem 1.6. Moreover

jY n
t j2 �

Z T

t
kZn

s k2 ds � jnj2 � 2

Z T

t
hY n

s ; fn s; Y n
s

ÿ �i ds

� 2

Z T

t
hY n

s ; gn s; Y n
s

ÿ �i dAs

ÿ 2

Z T

t
hY n

s ; Z
n
s dBsi

EjY n
t j2 � E

Z T

t
kZn

s k2 ds �

Ejnj2 � 2E
Z T

t
hY n

s ; fn s; Y n
s

ÿ �i ds� 2E
Z T

t
hY n

s ; g s; Y n
s i

ÿ �i dAs

� Ejnj2 � 2aE
Z T

t
jY n

s j2 ds� 2E
Z T

t
jY n

s j � jfn�s; 0�j ds

� 2b
Z T

t
jY n

s j2dAs � 2E
Z T

t
jY n

s j � jgn�s; 0�j dAs ;

hence

EjY n
t j2 � E

Z T

t
kZn

s k2 ds� jbjE
Z T

t
jY n

s j2 dAs � C 1� E
Z T

t
jY n

s j2 ds
� �

;

and from this, Gronwall's lemma and the Burkholder inequality we
have that

sup
n

E sup
0�t�T

jY n
t j2 �

Z T

0

jY n
t j2 dAt �

Z T

0

kZn
t k2 dt

� �
<1
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Moreover, if we de®ne

Un
t �4 fn t; Y n

t

ÿ �
; V n

t �4 gn t; Y n
t

ÿ �
;

we have that

sup
n

E
Z T

0

jUn
t j2 dt �

Z T

0

jV n
t j2 dAt

� �
<1 :

Consequently, after extraction of a subsequence, we have that

Y n; Zn;Un� � ÿ! �Y ; Z;U�
weakly in

L2 X� �0; T �; dP � dt;Rk �Rk�d �Rkÿ �
and also

V n ÿ! V

weakly in L2�X� �0; T �; P �dx� � A�x; dt�; Rk�. It is then easy to
deduce that

Yt � n�
Z T

t
Us ds�

Z T

t
Vs dAs ÿ

Z T

t
Zs dBs; 0 � t � T :

It remains to show that Ut � f �t; Yt� and Vt � g�t; Yt�. For each n 2 N,
X ;X 0 progressively measurable k±dimensional processes such that

E
Z T

0

jXtj2 dt <1; E
Z T

0

jX 0t j2 dAt <1 ;

E
Z T

0

eathY n
t ÿ Xt; fn t; Y n

t

ÿ �ÿ fn�t;Xt� ÿ a�Y n
t ÿ Xt�i dt

� E
Z T

0

eathY n
t ÿ X 0t ; gn t; Y n

t

ÿ �ÿ gn�t;X 0t �i dAt � 0 :

Since, as n ! 1,

E
Z T

0

jfn�t;Xt� ÿ f �t;Xt�j2 dt �
Z T

0

jgn t;X 0t
ÿ �ÿ g t;X 0t

ÿ �j2 dAt

� �
! 0 ;

lim sup
n!1

E
Z T

0

eathY n
t ÿ Xt; fn t; Y n

t

ÿ �ÿ f �t;Xt� ÿ a Yt ÿ Xt� �i dt

� E
Z T

0

eathY n
t ÿ X 0t ; gn�t; Y n

t � ÿ g�t;X 0t �i dAt � 0 :

546 E. Pardoux, S. Zhang



Moreover

2E
Z T

0

eathY n
t ; fn�t; Y n

t � ÿ aY n
t i dt � 2E

Z T

0

eathY n
t ; gn t; Y n

t

ÿ �i dAt

� jY n
0 j2 ÿ eaT Ejnj2 � E

Z T

0

eatkZn
t k2 dt ;

Y n
0 ! Y0 in Rk, and the mapping

Z ÿ! E
Z T

0

eatkZtk2 dt

being convex and continuous for the strong topology of �M2�k�d , it is
weakly l.s.c., hence

lim inf
n!1 2E

Z T

0

eathY n
t ; fn�t; Y n

t � ÿ aY n
t i dt � 2E

Z T

0

eathY n
t ; gn t; Y n

t

ÿ �i dAt

� jY0j2 ÿ eaT Ejnj2 � E
Z T

0

eatkZtj2 dt

� E
Z T

0

eathYt;Ut ÿ aYti dt � E
Z T

0

eathYt; Vti dAt :

Combining this with weak convergence and the above inequality, we
deduce that

E
Z T

0

eathYt ÿ Xt;Ut ÿ f �t;Xt� � a�Yt ÿ Xt�i dt

� E
Z T

0

eathYt ÿ X 0t ; Vt ÿ g�t;X 0t �i dAt � 0 :

We ®nally choose Xt � Yt ÿ e�Ut ÿ f �t; Yt��, X 0t � Yt ÿ e�Vt ÿ g�t; Yt��,
e > 0, divide by e the resulting inequality, and let e ! 0, yielding

E
Z T

0

eatjUt ÿ f �t; Yt�j2 dt � E
Z T

0

eatjVt ÿ g�t; Yt�j2 dAt � 0 :

The result follows.

2. In®nite horizon generalized BSDEs

In this section, we want to solve the BSDE

(jj0) Yt �
R1

t f �s; Ys;Zs� ds� R1t g�s; Ys� dAs ÿ
R1

t Zs dBs;
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where essentially fYtg starts from 0 at time � 1. We shall assume that
f and g satisfy (i), (iii), (iv), (v), (vi) and (vii), and moreover that there
exists

(viii) k > 2a� K2, l > 2b,

such that

(ii00) E
R1
0 ekt�lAt�u2

t dt � w2
t dAt� <1:

We have the

Theorem 2.1 Under conditions �i�, �ii00�, �iii�, �iv�, �v�, �vi�, and �vii�,
there exists a unique progressively measurable process f�Yt;Zt�; t � 0g
with values in Rk �Rk�d such that

E sup
t
ekt�lAt jYtj2 �

Z 1
0

ekt�lAt jYtj2 � kZtk2
� �

dt � jYtj2 dAt

h i� �
<1 ;

�2�
and for any 0 � t � T ;

Yt � YT �
Z T

t
f s; Ys;Zs� � ds�

Z T

t
g�s; Ys;� dAs ÿ

Z T

t
Zs dBs : �3�

Proof: Proof of uniqueness: Let �Yt; Zt� and �Y 0t ;Z 0t� be two solutions of
(2), (3), and ��Yt; �Zt� � �Yt ÿ Y 0t ; Zt ÿ Z 0t�. It follows from ItoÃ 's formula,
the assumptions (iii), (iv) and (v) that

ekt�lAt j�Ytj2 �
Z T

t
eks�lAs kj�Ysj2 ds� lj�Ysj2dAs � k�Zsk2 ds

� �
� ekT�lAT j�YT j2 � 2

Z T

t
eks�lAs aj�Ysj2 � Kj�Ysj � k�Zsk

� �
ds

� 2b
Z T

t
eks�lAs j�Ysj2 dAs ÿ 2

Z T

t
eks�lAsh�Ys; �Zs dBsi :

Hence, with q < 1, �k � kÿ 2aÿ qÿ1K2 > 0, �l � lÿ 2b > 0,

Eekt�lAt j�Ytj2 � E
Z T

t
eks�lAs �kj�Ysj2 ds� �lj�Ysj2 dAs � �1ÿ q�k�Zsk2 ds

h i
� EekT�lAT j�YT j2 ;

and consequently

E ekt�lAt j�Ytj2
� �

� E ekT�lAT j�YT j2
� �

:
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The same result holds true with k replaced by k0 such that 2a� K2 <
k0 < k. Hence, from (2),

E ek0t�lAt j�Ytj2
� �

� Ce�k
0ÿk�T ;

and this tends to zero as T ! 1.
Proof of existence: For each n 2 N, let f�Y n

t ;Z
n
t � ; t � 0g denote

the solution of

Y n
t �

Z n

t
f s; Y n

s ; Z
n
s

ÿ �
ds�

Z n

t
g s; Y n

s

ÿ �
dAs ÿ

Z n

t
Zn

s dBs; 0 � t � n;

Y n
t � 0; Zn

t � 0; t > n;

given by theorem 1.7.
We ®rst prove that there exists a constant C such that for all s � 0,

E sup
t�s

ekt�lAt jY n
t j2 �

Z 1
s

ekt�lAt jY n
t j2 � kZn

t k2
� �

dt � jY n
t j2 dAt

h i� �
� CE

Z 1
s

ekt�lAt jf �t; 0; 0�j2 dt � jg�t; 0; 0�j2 dAt

h i
: �4�

We shall use the fact that for any arbitrarily small e > 0 and any q < 1
arbitrarily close to one, there exists a constant C such that for all
t > 0, y 2 Rk, z 2 Rk�d ,

2hy; f �t; y; z�i � 2a� qÿ1K2 � e
ÿ �jyj2 � qkzk2 � cjf �t; 0; 0�j2;

2hy; g�t; y; z�i � 2b� e� �jyj2 � cjg�t; 0�j2

From these and ItoÃ 's formula, we deduce that

ekt�lAt jY n
t j2 �

Z 1
t
eks�lAs �kjY n

s j2 � �qkZn
s k2

� �
ds� �ljY n

s j2dAs

h i
� c

Z 1
t
eks�lAs jf �s; 0; 0�j2 ds� jg�s; 0; 0�j2dAs

h i
ÿ 2

Z 1
t
eks�lAshY n

s ;Z
n
s dBsi ;

where �k � kÿ 2aÿ qÿ1K2 ÿ e, �q � 1ÿ q and �l � lÿ 2bÿ e. We as-
sume that e and q have been chosen in such a way that �k > 0, �q > 0
and �l > 0. (4) then follows from Burkholder's inequality. Let now
m > n. We have that

E ekn�lAn jY m
n j2

� �
� CE

Z m

n
ekt�lAt jf �t; 0; 0�j2 dt � jg�t; 0; 0�j2 dAt

� �
:

�5�
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We next de®ne DYt � Y m
t ÿ Y n

t , DZt � Zm
t ÿ Zn

t , and note that

DYt � Y m
n �

Z n

t
f �Y m

s ;Z
m
s � ÿ f Y n

s ;Z
n
s

ÿ �ÿ �
ds

�
Z n

t
�g�Y m

s � ÿ g�Y n
s �� dAs ÿ

Z n

t
DZs dBs; 0 � t � n :

We deduce from ItoÃ 's formula and a by now standard procedure that

ekt�lAt jDYtj2 �
Z n

t
eks�lAs �kjDYsj2 � �qkDZsk2

� �
ds� �ljDYsj2dAs

h i
� ekn�lAn jY m

n j2 ÿ 2

Z n

t
eks�lAshDYs;DZsdBsi :

From this and (5), we deduce that

E sup
t
ekt�lAt jDYtj2 �

Z 1
0

eks�lAs jDYsj2 � kDZsk2
� �

ds� jDYsj2dAs

h i� �
� CE

Z 1
n

ekt�lAt jf �t; 0; 0�j2dt � jg�t; 0�j2dAt

� �
:

Taking into account the assumption (ii), we deduce from this in-
equality that �Y n;Zn� is a Cauchy sequence for the norm whose square
appears in (2). Hence it converges to a limit �Y ; Z�, which clearly
satis®es (2) and (3).

3. A class of re¯ected di�usion process

We now introduce a class of re¯ected di�usion processes. Let G be an
open connected bounded subset of Rd , which is such that for a
function / 2 C2

b�Rd�, G � f/ > 0g, @G � f/ � 0g, and jr/�x�j � 1,
x 2 @G. Note that at any boundary point x 2 @G, r/�x� is a unit
normal vector to the boundary, pointing towards the interior of G.
Let b : Rd ÿ! Rd , r : Rd ÿ! Rd�d be coe�cients satisfying for some
K > 0, all x; y 2 Rd :

jb�x� ÿ b�y�j � kr�x� ÿ r�y�k � Kjxÿ yj
It follows from the results in Lions, Sznitman [6] (see also Saisho [10])
that for each x 2 �G there exists a unique pair of progressively mea-
surable continuous processes f�X x

t ;K
x
t �; t � 0g, with values in

�G�R�, such that
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X x
t � x�

Z t

0

b�X x
s � ds�

Z t

0

r�X x
s � dBs �

Z t

0

r/�X x
s � dKx

s ; t � 0;

Kx
t �

Z t

0

1fX x
s 2@Gg dKx

s ; Kx
� is increasing: �6�

It is not hard to see that the above assumptions imply that there exists
a constant a > 0 such that for any x 2 @G; x0 2 �G,

jxÿ x0j2 � ahx0 ÿ x;/�x�i � 0 : �7�
We have the

Proposition 3.1 For each T � 0, there exists a constant CT such that
for all x; x0 2 �G,

E sup
0�t�T

jX x
t ÿ X x0

t j4
� �

� CT jxÿ x0j4 :

Proof: As in Lions, Sznitman [6] page 524, we develop using ItoÃ 's
formula the semimartingale:

exp ÿ 1
a

/�X x
t � � /�X x0

t �
� �� �

� jX x
t ÿ X x0

t j2 ;

and exploit the inequality (7). We end up with

E sup
0�s�t

jX x
s ÿ X x0

s j4
� �

� C jxÿ x0j4 � E
Z t

0

X x
s ÿ X x0

s

�� ��4 ds
� �

:

The result then follows from Gronwall's lemma. }
It follows from ItoÃ 's formula that

Kx
t � /�X x

t � ÿ /�x� ÿ
Z t

0

L/�X x
s � dsÿ

Z t

0

r/�X x
s �r�X x

s � dBs ;

where L is the second order partial di�erential operator

L � 1

2

Xd

i;j�1
rr�� �ij�x�

@2

@xi@xj
�
X

i

bi�x� @
@xi

From this identity and proposition 3.1, we deduce easily the

Proposition 3.2 For each T > 0, there exists a constant CT such that
for all x; x0 2 G,

E sup
0�t�T

Kx
t ÿ Kx0

t

�� ��4� �
� CT jxÿ x0j4
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Moreover, for all p � 1, there exists a constant Cp such that for all
�t; x� 2 R� � �G,

E jKx
t jp

ÿ � � Cp�1� tp� ;
and for each l, t > 0, there exists C�l; t� such that for all x 2 �G,

E elKx
t

ÿ � � C�l; t� : }

Finally, for �t; x� 2 R� �Rd ,we de®ne f�X t;x
s Kt;x

s ; s � 0g as the
unique solution of:

X t;x
s � x�

Z t_s

t
b X t;x

r

ÿ �
ds�

Z t_s

t
r X t;x

r

ÿ �
dBr �

Z t_s

t
r/ X t;x

r

ÿ �
dKt;x

r ; s � 0;

Kt;x
s �

Z t_s

t
1fX t;x

r 2@Gg dKt;x
r ;K

t;x
� is increasing : �8�

The two above propositions extend trivially to this case.

4. Probabilistic formula for the solution of a system
of parabolic PDEs with nonlinear Neumann boundary condition

We ®x T > 0. For each �t; x� 2 �0; T � � �G, let f�X t;x
s ;Kt;x

s �; s � 0g de-
note the solution of the re¯ected SDE (8). Let h 2 C� �G; Rk�,
f 2 C��0; T � � �G�Rk �Rk�d ; Rk�, g 2 C��0; T � � �G�Rk; Rk� satis-
fy the assumptions

(4.iii) hy ÿ y0; f �t; x; y; z� ÿ f �t; x; y0; z�i � ajy ÿ y0j2
(4.iv) hy ÿ y0; g�t; x; y� ÿ g�t; x; y0�i � bjy ÿ y0j2
(4.v) jf �t; x; y; z� ÿ f �t; x; y; z0�j � Kkzÿ z0k
(4.vi) jf �t; x; y; z�j � jg�t; y�j � K�1� jyj � kzk�;
and for each �t; x� 2 �0; T � � �G, let f�Y t;x

s ; Zt;x
s �; t <� s � Tg be the

unique solution of the BSDE

(4.j) E�supt�s�T jY t;x
s j2 �

R T
t kZt;x

s k2 ds� <1
(4.jj) Y t;x

s � h�X t;x
T ��

R T
s f �r;X t;x

r ; Y t;x
r ;Zt;x

r � dr�R T
s g�r;X t;x

r ; Y t;x
r � dKt;x

r
ÿ R T

s Zt;x
r dBr; t � s � T :

Existence and uniqueness follow from theorem 1.7. We de®ne

u�t; x� �4 Y t;x
t ; �t; x� 2 �0; T � � �G ; �9�

which is clearly a deterministic quantity, since Y t;x
s is measurable with

respect to the r-algebra rfBr ÿ Bt; t � r � sg. Tedious but standard
estimates permit to deduce from proposition 1.1 and 1.2, 3.1 and 3.2 the
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Proposition 4.1

u 2 C �0; T � � �G; Rkÿ �
Let us now introduce the system of parabolic PDEs, of which u will be
a solution. First of all, we shall make one restriction, which is due to
the fact that we want to consider viscosity solutions of our system of
PDEs. We assume that for each 1 � i � k, fi; the i-th coordinate of f ,
depends only on the i-th row of the matrix z, and not on the other
rows of z. Consider the system of semi-linear PDE:

@ui

@t
�t; x� � Lui�t; x� � fi�t; x; u�t; x�; �ruir��t; x�� � 0;

1 � i � k; 0 < t < T ; x 2 G;

@ui

@n
�t; x� � gi�t; x; u�t; x�� � 0;

1 � i � k; 0 < t < T ; x 2 @G;

u�T ; x� � h�x�; x 2 �G;

�10�

where at a point x 2 @G

@

@n
�
Xd

i�1

@/
@xi
�x� @

@xi
:

We now explain what we mean by a viscosity solution of (10).

De®nition 4.2 �a� u 2 C��0; T � � �G;Rk� is called a viscosity subsolution
of (10) if ui�T ; x� � hi�x�, x 2 �G, 1 � i � k, and moreover for any
1 � i � k, u 2 C1;2�0; T � � �R�, whenever �t; x� 2 �0; T � � �G is a local
maximum of ui ÿ u, then

ÿ @u
@t
�t; x� ÿ Lu�t; x� ÿ fi�t; x; u�t; x�; �rur��t; x�� � 0; if x 2 G

min ÿ @u
@t
�t; x� ÿ Lu�t; x� ÿ fi�t; x; u�t; x�;rur�t; x��;

�
ÿ @u
@n
�t; x� ÿ gi�t; x; u�t; x��

�
� 0; if x 2 @G :

�b� u 2 C��0; T � � �G;Rk� is called a viscosity supersolution of �10� if
ui�T ; x� � hi�x�, x 2 �G, 1 � i � k, and moreover for any 1 � i � k,
u 2 C1;2��0; T � �Rd�, whenever �t; x� 2 �0; T � � �G is a local minimum of
ui ÿ u, then
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ÿ @u
@t
�t; x� ÿ Lu�t; x� ÿ fi�t; x; u�t; x�; �rur��t; x�� � 0; if x 2 G;

max ÿ @u
@t
�t; x� ÿ Lu�t; x� ÿ fi�t; x; u�t; x�; �rur��t; x��;

�
ÿ @u
@n
�t; x� ÿ gi�t; x; u�t; x��

�
� 0; if x 2 @G:

�c� u 2 C��0; T � � �G;Rk� is called a viscosity solution of �10� if it is
both a viscosity sub- and supersolution.

It can be deduced from the uniqueness theorem for BSDEs that

Y t;x
t�h � Y

t�h;X t;x
t�h

t�h ; h > 0 :

This implies that Y t;x
s � u�s;X t;x

s �, t � s � T .
We can now prove the

Theorem 4.3 u, de®ned by �9�, is a viscosity solution of the system of
parabolic PDEs �10�.

Proof: We note that clearly u�T ; x� � h�x�. We shall prove that u is a
viscosity subsolution. The property of being a supersolution can be
proved similarly. Take any 1 � i � k, u 2 C1;2��0; T � �Rd�, and
�t; x� 2 �0; T � � �G such that �t; x� is a local maximum of ui ÿ u, and
ui�t; x� � u�t; x�.

We ®rst consider the case x 2 G. We suppose that

@u
@t
� Lu

� �
�t; x� � fi�t; x; u�t; x�; �rur��t; x�� < 0 ;

and we will ®nd a contradiction.
Let 0 < a � T ÿ t be such that fy; jy ÿ xj � ag � G,

sup
t�s�t�a;jyÿxj�a

@u
@t
� Lu

� �
�s; y� � fi�s; y; u�s; y�; �rur��s; y�� < 0

ui�s; y� � u�s; y�; t � s � t � a; jy ÿ xj � a

and de®ne

s � inffs � t; jX t;x
s ÿ xj � ag ^ �t � a� :

Let now

Y s;Zs
ÿ � � Y t;x

s^s
ÿ �i

; 1�0;s��s� Zt;x
s

ÿ �i
� �

; t � s � t � a :

�Y ; Z� solves the one-dimensional BSDE
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Y s � ui s;X t;x
s

ÿ �� Z t�a

s
1�0;s��r�fi r;X t;x

r ; u�r;X t;x
r �; Zr

ÿ �
dr

ÿ
Z t�a

s
Zr dBr; t � s � t � a :

On the other hand, from ItoÃ 's formula,

bY s; bZs

� �
� �u�s;X t;x

s^s�; 1�0;s��s��rur��s;X t;x
s ��; t � s � t � a

solves the BSDE

bY s � u s;X t;x
s

ÿ �ÿ Z t�a

s
1�0;s��r� @u

@r
� Lu

� �
r;X t;x

r

ÿ �
dr

ÿ
Z t�a

s

bZr dBr; t � s � t � a :

From ui � u, and the choice of a and s, we deduce with the help of the
comparison theorem 1.4 that Y 0 < bY 0, i.e. ui�x� < u�x�, which is a
contradiction.

We now consider the case x 2 @G. We suppose that

max

��
@u
@t
� Lu

�
�t; x� � fi�t; x; u�t; x�; �rur��t; x��;

@u
@n
�t; x� � gi�t; x; u�t; x��

�
< 0 ;

and we will ®nd a contradiction.
Let 0 < a � T ÿ t be such that

sup
t�s�t�a;jyÿxj�a

max

��
@u
@t
� Lu

�
�s; y� � fi�s; y; u�s; y�; �rur��s; y��;

@u
@n
�s; y� � gi�s; y; u�s; y��

�
< 0 ;

and de®ne

s � inffs � t; jX t;x
s ÿ xj � ag ^ �t � a� :

Let now

�Y s;Zs� � ��Y t;x
s^s�i; 1�0;s��s��Zt;x

s �i�; t � s � t � a :

�Y ; Z� solves the one-dimensional BSDE
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Y s � ui s;X t;x
s

ÿ �� Z t�a

s
1�0;s��r�fi r;X t;x

r ; u r;X t;x
r

ÿ �
; Zr

ÿ �
dr

�
Z t�a

s
1�0;s��r�gi r;X t;x

r ; u�r;X t;x
r �

ÿ �
dKt;x

r

ÿ
Z t�a

s
Zr dBr; t � s � t � a :

On the other hand, from ItoÃ 's formula,bY s; bZs

� �
� u�s;X t;x

s^s�; 1�0;s��s��rur��s;X t;x
s �

ÿ �
; t � s � t � a

solves the BSDE

bY s � u s;X t;x
s

ÿ �ÿ Z t�a

s
1�0;s��r� @u

@r
� Lu

� �
r;X t;x

r

ÿ �
dr

�
Z t�a

s
1�0;s��r� @u

@n
r;X t;x

r

ÿ �
dKt;x

r ÿ
Z t�a

s

bZr dBr; t � s � t � a :

From ui � u, and the choice of a and s, we deduce with the help of the
comparison theorem 1.4 that Y 0 < bY 0, i.e. ui�x� < u�x�, which is a
contradiction. }

We have proved that a certain function of �t; x�, de®ned through
the solution of a probabilistic problem, is the solution of a system of
backward parabolic partial di�erential equations. Suppose that f and
g do not depend on t, and let

v�t; x� � u�T ÿ t; x�; �t; x� 2 �0; T � � �G

The v solves the system of forward parabolic PDEs:

@v
@t
�t; x� � Lv�t; x� � f x; v; �t; x�; �rvr��t; x�� �; t > 0; x 2 G;

@v
@n
�t; x� � g x; v�t; x�� � � 0; t > 0; x 2 @G;

v�0; x� � h�x�; x 2 �G :

On the other hand, we have that

v�t; x� � Y Tÿt;x
Tÿt � �Y t;x

0 ;

where f��Y t;x
s ; �Zt;x

s �; 0 � s � tg, solves the BSDE
�Y t;x

s � h�X x
t � �

Z t

s
f X x

r ;
�Y t;x

r ; �Zt;x
r

ÿ �
dr

�
Z t

s
g X x

r ;
�Y t;x

r

ÿ �
dKx

r ÿ
Z t

s

�Zt;x
r dBr; 0 � s � t :
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So we have a probabilistic representation for a system of forward
parabolic PDEs, which is valid on R� � �G.

5. Probabilistic interpretation of the solution of a system
of elliptic PDEs with nonlinear Neumann boundary condition

Let f�X x
t ;K

x
t � ; t � 0g be the solution of the re¯ected BSDE (6), and

h 2 C� �G; Rk�, f 2 Cb� �G�Rk �Rk�d ; Rk�, g 2 C� �G�Rk; Rk� satisfy
(4.iii), (4.iv), (4.v) and (4.vi), with 2a� K2 < 0, b < 0. Assume that for
all x 2 �G, some k;l such that 2a� K2 < k < 0, 2b < l < 0,

E
Z 1
0

ekt�lKx
t �jf �X x

t ; 0; 0�j2 dt � jg�X x
t ; 0�j2dKx

t � <1 :

Consequently, from theorem 2.1, there exists a unique pair f�Y x
t ;Z

x
t �,

t � 0g, progressively mesurable and Rk �Rk�d valued, such that
(5.j) E�supt e

kt�lKx
t jY x

t j2�
R1
0 ekt�lAt ��jY x

t j2�kKx
t k2�dt � jY x

t j2dKx
t ��<1;

(5.jj) Y x
t � Y x

T �
R T

t f �X x
s ; Y

x
s ;Z

x
s � ds � R T

t g�X x
s ; Y

x
s � dKx

s ÿ
R T

t Zx
s dBs; 0

� t � T :
We de®ne

u�x� �4 Y x
0 : �11�

One can prove the:

Theorem 5.1 u 2 C� �G; Rk�.
We again assume that for each 1 � i � k, fi, the i-th coordinate of

f , depends only on the i-th row of the matrix z, and not on the other
rows of z.

Consider the system of semi-linear elliptic PDEs:

Lui�x� � fi�x; u�x�; ruir� ��x�� � 0; 1 � i � k; x 2 G

@ui

@n
�x� � gi�x; u�x�� � 0; 1 � i � k; x 2 @G �12�

We will not prove that u, de®ned by (11), is a viscosity solution of (12).
The notion of viscosity solution of (12) is analogous to that for the
parabolic case. Let us just state the

De®nition 5.2 u 2 C� �G;Rk� is called a viscosity subsolution of �12� if
for all 1 � i � k, u 2 C2�Rd�, whenever x 2 �G is a local maximum of
uÿ u,
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ÿ Lu�x� ÿ fi�x; u�x�; �rur��x�� � 0; if x 2 G;

min ÿLu�x� ÿ fi�x; u�x�; �rur��x��;ÿ @u
@n
�x� ÿ gi�x; u�x��

� �
� 0 if x 2 @G: }

The following theorem is proved exactly as in the parabolic case.

Theorem 5.3 u, given by the formula �11�, is a viscosity solution of the
system of elliptic PDEs �12�.
Remark 4 Uniqueness results of viscosity solutions of elliptic equa-
tions with nonlinear Neumann boundary condition can be found in
Barles [1] and in Crandall, Ishii, Lions [3], section 7B. Uniqueness
results for viscosity solutions of systems of parabolic PDEs in the
whole space can be found in Barles, Buckdahn, Pardoux [2].
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References

[1] Barles, G.: Fully nonlinear Neumann type boundary conditions for second-

order elliptic and parabolic equations, J. Di�. Equations 106, 90±106 (1993)
[2] Barles, G., Buckdahn, R., Pardoux, E.: Backward stochastic di�erential

equations and integral-partial di�erential equations, Stochastics and Stochastic
Reports 60, 57±83 (1997)

[3] Crandall, M.G., Ishii, H., Lions, P.L.: User's guide to viscosity solutions of
second order partial di�erential equations, Bull. Amer. Math. Soc. 27, 1±67
(1992)

[4] Darling, R.W.R., Pardoux, E.: Backwards SDE with random terminal time, and
applications to semilinear elliptic PDE, Annals of Prob., 25, 1135±1159 (1997)

[5] Hu, Y.: Probabilistic interpretation for a system of quasilinear elliptic partial

di�erential equations with Neumann boundary conditions, Stoc. Proc. & Appl.
48, 107±121 (1993)

[6] Lions, P.L., Sznitman A.S.: Stochastic di�erential equations with re¯ecting
boundary conditions, Comm. Pure & Appl. Math., 37, 511±537 (1984)

[7] Pardoux, E., Peng, S.: Backward SDE and quasilinear parabolic PDEs, in
``Stochastic partial di�erential equations and their applications'', B.L. Rozovskii
& R. Sowers eds, LNCIS 176, Springer, 200±217 (1992)

[8] Pardoux, E., Pradeilles, F., Rao, Z.: Probabilistic interpretation for a system of
semilinear parabolic partial di�erential equations, Ann. Inst. H. PoincareÂ , 33,
467±490 (1997)

[9] Peng, Z.: Probabilistic interpretation for systems of quasilinear parabolic partial
di�erential equations, Stochastics and Stochastic Reports 37, 61±74 (1991)

[10] Saisho, Y.: Stochastic di�erential equations for multidimensional domains with

refecting boundary, Probab. Theory & Related Fields 74, 455±477 (1987)
[11] Stroock, D.W., Varadhan, S.R.S.: Multidimensional di�usion process, Springer

(1979)

558 E. Pardoux, S. Zhang


