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University of South Florida and Universite de Provence´
� 4 dSuppose � is the filtration induced by a Wiener process W in R , �t

� 4 Ž .is a finite � stopping time terminal time , � is an � -measurablet �
k Ž . Ž .random variable in R terminal value and f �, y, z is a coefficient

k Ž d k . Žprocess, depending on y � R and z � L R ; R , satisfying y �
.� Ž . Ž .� � � 2 Ž .y f s, y, z � f s, y, z � �a y � y f need not be Lipschitz in y , and˜ ˜ ˜

� Ž . Ž . � � �f s, y, z � f s, y, z � b z � z , for some real a and b, plus other mild
conditions. We identify a Hilbert space, depending on � and on the
number � � b2 � 2 a, in which there exists a unique pair of adapted

Ž .processes Y, Z satisfying the stochastic differential equation

� �dY s � 1 Z s dW s � f s, Y s , Z s dsŽ . Ž . Ž . Ž . Ž .Ž .�s�� 4

Ž .with the given terminal condition Y � � � , provided a certain integrabil-
ity condition holds. This result is applied to construct a continuous viscos-
ity solution to the Dirichlet problem for a class of semilinear elliptic
PDE’s.

1. Introduction.

1.1. Backwards stochastic differential equations. Suppose W is a Wiener
d � 4process in R with natural complete right-continuous filtration � , � is at

� 4 kfinite � stopping time, � an � -measurable random variable in R , and wet �

are given a coefficient

1 f : � � R � Rk � L Rd ; Rk � Rk ,Ž . Ž .�

Ž . k Ž .such that f �, y, z is a progressively measurable process in R for each y, z
k Ž d k .in R � L R ; R . We wish to find a progressively measurable solution

Ž . k Ž d k .Y, Z with values in R � L R ; R of the equation

� �

2 Y t � � � f s, Y s , Z s ds � Z s dW s , t � 0,Ž . Ž . Ž . Ž . Ž . Ž .Ž .H H
t	� t	�

Ž .satisfying certain integrability criteria, to be described later. We refer to 2
Ž .as a backwards stochastic differential equation BSDE , with terminal time �

and terminal value � .

Received January 1996; revised November 1996.
AMS 1991 subject classifications. Primary 60H20; secondary 35J60, 90A09.
Key words and phrases. Stochastic differential equation, monotonicity, stopping time, Brown-

ian motion, viscosity solution, semilinear elliptic PDE.

1135



R. W. R. DARLING AND E. PARDOUX1136

Ž .1.2. Classical result. The ‘‘classical’’ result of Pardoux and Peng 1990 is
2ŽŽ . k .that when � is replaced by a constant time T � 0, � � L �, � , P ; R , andT

Ž .f is uniformly Lipschitz in y and z and satisfies 3 , there exists a unique
Ž . Ž . Ž .progressively measurable solution Y, Z satisfying 8 and 9 below. A

concise proof by a fixed point argument is given in Barles, Buckdahn and
Ž .Pardoux 1996 . For other results outside the Lipschitz context, see Pardoux
Ž . Ž .and Peng 1994 and Darling 1995 .

1.3. Reasons for studying random terminal times. Pardoux, Pradeilles
Ž . Ž .and Rao 1995 have described how the value at time 0 of a solution Y of 2

for constant terminal time may be used to construct a viscosity solution to a
Ž .system of semilinear parabolic PDE. Peng 1991 also describes how the

Ž .solution Y of 2 for an unbounded random terminal time is related to
semilinear elliptic PDE. Viscosity solutions for such equations will be con-
structed by stochastic methods below.

2. Results for constant terminal time using monotonicity in y.

2.1. Conditions on f. The aim of this section is to establish an existence
Žand uniqueness result for a ‘‘classical’’ BSDE in the sense that the terminal

.value is given at a fixed, i.e., nonrandom, terminal time , but with coefficients
which are not necessarily Lipschitz with respect to both variables. More
precisely, we are given the following:

1. A fixed terminal time T � 0;
2ŽŽ . k .2. A terminal value � � L �, � , P ; R ;T

Ž .3. A coefficient f as in 1 with the following five properties:
T 23 E f t , 0, 0 dt � �;Ž . Ž .H

0

2� �4 y � y f s, y , z � f s, y , z � �a y � y ,Ž . Ž . Ž . Ž .˜ ˜ ˜
Ž .for some real positive or negative a;

� �5 f s, y , z � f s, y , z � b z � zŽ . Ž . Ž .
� � 2 Ž T .for some positive b, where z � Tr zz ; and for some positive � ,

� �6 f s, y , z � f s, 0, z � � 1 � y ;Ž . Ž . Ž . Ž .
7 y � f s, y , z is continuous.Ž . Ž .

Ž .We refer to 4 as the monotonicity condition. Note that an f which is
Ž .Lipschitz in y has property 4 with a negative a, but the converse is not

generally true.

Ž .THEOREM 2.2 Existence and uniqueness for constant terminal time . Un-
Ž .der conditions described in 2.1, the BSDE 2 has a unique progressively

�Ž Ž . Ž .. 4measurable solution Y t , Z t : 0 � t � T such that
T 28 E Z t dt � �.Ž . Ž .H

0
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Moreover, the solution satisfies
29 E sup Y t : 0 � t � T � �,Ž . Ž .� 4

T
10 E Y t � Z t dW t � 0.Ž . Ž . Ž . Ž .H

0

Ž . Ž .PROOF. First we show how 9 and 10 follow from the existence of a
Ž . Ž . Ž .solution Y, Z under the given conditions. Since Y 0 is deterministic, 9

Ž . Ž . Ž . Ž . Ž .follows from 2 , 3 , 5 , 6 , 8 and Burkholder’s inequality. Moreover the
continuous local martingale

t
M � Y s � Z s dW sŽ . Ž . Ž .Ht

0

�² :1
2 � Ž . Ž .satisfies E M � � from 8 and 9 ; hence it is a uniformly integrablet
� � Žmartingale, and so E M � 0 for all t see the end of the proof of Lemmat

.4.3 . �

2.2.1. Uniqueness. This is a special case of the proof of Section 5.1 of
2Ž .Proposition 3.2, noting that the function spaces M 0, � are the same for all�

Ž .� in the case of nonrandom terminal time, giving condition 8 on Z.

ˆ ˆŽ . Ž . Ž Ž . Ž ..2.2.2. Existence. Note that Y, Z solves BSDE 2 if and only if Y t , Z t
Ž 	t Ž . 	t Ž ..� e Y t , e Z t solves the BSDE

T
	T 	s �	s �	sˆ ˆ ˆ ˆY t � e � � e f s, e Y s , e Z s � 	Y s dsŽ . Ž . Ž . Ž .Ž .H

t

T ˆ� Z s dW s .Ž . Ž .H
t

If we choose 	 � �a, we have that

ˆ �a s as as11 f s, y , z � e f s, e y , e z � ayŽ . Ž . Ž .
Ž . Ž .satisfies 4 with a � 0, and 5 with the same constant b as f. Hence we can

and will assume the conditions of the theorem are satisfied with a � 0. Let us
admit for a moment the following proposition.

Ž d k .PROPOSITION 2.3. Given an L R ; R -valued progressively measurable
� Ž . 4process V t , 0 � t � T which satisfies

T 2E V t dt � �,Ž .H
0

� Ž . Ž .. 4there exists a unique pair Y t , Z t : 0 � t � T of progressively measurable
k Ž d k .processes with values in R � L R ; R satisfying

T 2E Z t dt � �,Ž .H
0

T T
Y t � � � f s, Y s , V s ds � Z s dW s , 0 � t � T .Ž . Ž . Ž . Ž . Ž .Ž .H H

t t
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Ž .Using Proposition 2.3, we can construct a sequence Y , Z as follows:n n
Ž . Ž .Y , Z � 0, 0 , and for n � 1,0 0

T T
Y t � � � f s, Y s , Z s ds � Z s dW s ,Ž . Ž . Ž . Ž . Ž .Ž .H Hn�1 n�1 n n�1

t t

0 � t � T .
Ž .Let 
Y � Y � Y , and 
Z � Z � Z . Ito’s formula for X t �ˆn�1 n n�1 n

� t � Ž . � 2 � �e 
Y t on the time interval 0, T gives, for any � � R,

T2 2 2� t � sE e 
Y t � e � 
Y s � 
Z s dsŽ . Ž . Ž .Ž .H
t

T
� s� 2E e 
Y f s, Y , Z � f s, Y , Z dsŽ . Ž .H n�1 n n n�1

t

T
� s � � � �� 2bE e 
Y Z � Z dsH n n�1

t

Ž . Ž .using 4 with a � 0, and 5 , dropping some of the s variables. For any
c � 0, this is

1T T2 22 � s � s� � � �12 � cb E e 
Y ds � E e Z � Z ds .Ž . H H n n�1ct t

Choosing c � 2 and � � 2b2, we deduce

T T2 21� s � s� � � �E e Z � Z ds � E e Z � Z ds .H Hn�1 n n n�12
0 0

� 4 2Ž � � � t Ž d k ..Hence the sequence Z is Cauchy in L � � 0, T , dP � e dt, L R ; R ,n
2 Ž .and tends to a limit Z. Choosing c � 1 and � � 2b in 12 , we obtain

T T2 2� s � s 2 �n� � � �E e 
Y ds � E e Z � Z ds b � c�2H H n n�1
t t

� 4 2Ž � � � t k .and so Y is Cauchy in L � � 0, T , dP � e dt, R , and hence has an
Ž . Ž .limit Y. The methods of Step 5 of Section 5.2 prove that Y, Z solves 2 .

PROOF OF PROPOSITION 2.3. Uniqueness follows from that of 2.2.1; we
Ž . Ž Ž ..prove existence. Let us write h s, y in place of the random vector f s, y, V s .

Our assumptions imply that

T 213 E h t , 0 dt � �;Ž . Ž .H
0

� �14 h s, y � h s, 0 � � 1 � y ;Ž . Ž . Ž . Ž .
15 y � y � h s, y � h s, y � 0Ž . Ž . Ž . Ž .˜ ˜

˜� Ž . �see 11 for the rationale for taking a � 0 . We first approximate h by f ,n
� � Ž . Ž .which coincides with f for y � n, is bounded, and satisfies 14 and 15 , and

then define
� ˜f t , y �  f t , y ,Ž . Ž .Ž .n n n
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� 4where  is sequence of smooth functions which approximate the Diracn
Ž . Ž .measure at zero; thus f also satisfies 14 and 15 and is Lipschitz in y.n

Ž .Thus by the standard result of Pardoux and Peng 1990 , the BSDE

T T
Y t � � � f s, Y s ds � Z s dW sŽ . Ž . Ž . Ž .Ž .H Hn n n n

t t

Ž . Ž . Ž .has a unique solution Y , Z satisfying 8 and 9 . Moreover,n n

T2 2Y t � Z s dsŽ . Ž .Hn n
t

T T2� �� � � 2 Y s � f s, Y s ds � 2 Y s � Z s dW s ;Ž . Ž . Ž . Ž . Ž .Ž .H Hn n n n n
t t

T T2 2 22� �E Y t � Z s ds � E � � CE 1 � Y s ds .Ž . Ž . Ž .H H ž /n n n
t t

It then follows from standard estimates that

T2 216 sup E sup Y t : 0 � t � T � Z s ds � �.Ž . Ž . Ž .½ 5 Hn n n
0

Let
U s � f s, Y s .Ž . Ž .Ž .n n n

Ž . Ž . Ž .From 13 , 16 and 14 for f , we have thatn

T 2sup E U s ds � �.Ž .Hn n
0

Hence there exists a subsequence

Y , Z , UŽ .nŽ j. nŽ j. nŽ j.

2Ž � � k Ž d k . k .which converges weakly in L � � 0, T , dP � dt, R � L R ; R � R to
Ž . 2Ž k .a limit Y, Z, U . Any � � L �, � , P; R has an Ito representation of theˆT

form
T� �� � E � � � dW s ,Ž .H s

0

and therefore

T T T
E � Z s dW s � E � Z s ds � E � Z s dsŽ . Ž . Ž . Ž .H H HnŽ j. s nŽ j. s

0 0 0

T
� E � Z s dW s ,Ž . Ž .H

0

T Ž . Ž . T Ž . Ž . 2Ž k .proving that H Z s dW s � H Z s dW s weakly in L �, � , P; R .0 nŽ j. 0 T
T Ž . Ž .The same is true for H Z s dW s , and we have, by taking a weak limit,t n

T T
Y t � � � U s ds � Z s dW s .Ž . Ž . Ž . Ž .H H

t t
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Ž . Ž Ž .. � 4It remains to show that U t � h t, Y t . Let X , 0 � t � T be any elementt
2Ž � � k . Ž .of L � � 0, T , dP � dt, R . We note that from 15 for f ,n

T
17 E Y t � X � f t , Y t � f t , X dt � 0.Ž . Ž . Ž . Ž .Ž . Ž .H n t n n n t

0

Ž . Ž . 2Ž � � k .Also, since f �, X � h �, X strongly in L � � 0, T , dP � dt, R ,n

T
18 E Y t � X � f t , X � h t , X dt � 0, n � �.Ž . Ž . Ž . Ž .Ž .H n t n t t

0

Moreover,

T T2 221Ž . � �19 E Y t � f t, Y t dt � E Y 0 � � � Z t dt .Ž . Ž . Ž . Ž .Ž .H Hn n n n n2
0 0

Now
T T

Y 0 � � � U s ds � Z s dW sŽ . Ž . Ž . Ž .H HnŽ j. nŽ j. nŽ j.
0 0

2 Ž . Ž . kand converges weakly in L . Since it is deterministic, Y 0 � Y 0 in R .nŽ j.
However, since the mapping

T 2Z � E Z t dtŽ .H
0

2Ž � � k .is convex and continuous on L � � 0, T , dP � dt, R , it is lower semicon-
Ž .tinuous for the weak topology, and so 19 implies

T
lim inf E Y t � f t , Y t dtŽ . Ž .Ž .H nŽ j. nŽ j. nŽ j.
j�� 0

T2 221 � �� E Y 0 � � � Z t dtŽ . Ž .H2
0

20Ž .

T
� E Y t � U t dt .Ž . Ž .H

0

Combining these results, we deduce

T
E Y t � X � U t � h t , X dtŽ . Ž . Ž .Ž .H t t

0

T
� lim inf E Y t � X � f t , Y t � f t , X dt � 0,Ž . Ž . Ž .Ž . Ž .H nŽ j. t nŽ j. nŽ j. nŽ j. t

j�� 0

Ž .where the first inequality comes from 20 together with weak convergence,
Ž . Ž . Ž .and the second from 17 and 18 . Choosing X � Y t � �� for an arbitraryt t

2Ž � � k .� � 0 and � � L � � 0, T , dP � dt, R , dividing by � , and letting � � 0,
we obtain

T
E � U t � h t , Y dt � 0.Ž . Ž .H t t

0

� Ž . Ž .� Ž . Ž Ž ..On taking � � � U t � h t, Y , the identity U t � h t, Y t follows. �t t



BSDE WITH RANDOM TERMINAL TIME 1141

3. Results for random terminal time. In order to clarify the integra-
Ž . Ž .bility condition 25 below, we shall replace 6 by

� �21 f s, y , z � f s, 0, z � � y � � � ,Ž . Ž . Ž . Ž .
Ž .where � � 0, and � � � 0 or 1, which together with 5 gives

� � � �22 f s, y , z � f s, 0, 0 � � y � b z � �� �.Ž . Ž . Ž .

3.1. Function space notation. For any real number � , and any Euclidean
2Ž .space V, M 0, � ; V will denote the Hilbert space of progressively measur-�

able processes X, with values in V, such that
� 22 � s� �23 X � E e X s ds � �.Ž . Ž .� H

0
2Ž . 2Ž .Obviously M 0, � ; V � M 0, � ; V for � � . We shall state the existence� 

and uniqueness results separately since their assumptions are quite differ-
Ž . Ž .ent. In all these results, we define, with reference to 4 and 5 ,

24 � � b2 � 2 a.Ž .
Existence and uniqueness results for BSDE with random terminal time were

Ž .given already by Peng 1991 , but under stronger assumptions than ours.

Ž . Ž . Ž . Ž . Ž .PROPOSITION 3.2 Uniqueness . If 4 , 5 , and 21 hold, and f �, 0, 0 �
2Ž k . Ž . Ž .M 0, � ; R for all � � � , then 2 has at most one solution Y, Z in�
2Ž k Ž d k ..M 0, � ; R � L R ; R .�

Ž . Ž . Ž . Ž . Ž .PROPOSITION 3.3 Existence . Suppose f satisfies 4 , 5 , 7 , and 21 , with
� � � 0 or 1, and that, for some  � � ,

� 22�  s� �25 E e � � � � � e f s, 0, 0 ds � �.Ž . Ž .Ž . H
0

Ž . Ž . 2Ž k Ž d k ..Then there exists a solution Y, Z of 2 in M 0, � ; R � L R ; R .

ŽTHEOREM 3.4 Combined existence and uniqueness for random terminal
. Ž . Ž . Ž . Ž . Ž .time . Suppose f satisfies 4 , 5 , 7 and 21 , and 25 holds for some

Ž . Ž . � � . Then there exists a unique solution Y , Z of 2 in
2Ž k Ž d k .. 2Ž kM 0, � ; R � L R ; R , and this solution actually belongs to M 0, � ; R �� 

Ž d k ..L R ; R ; moreover
2 s26 E sup e Y s : 0 � s � � � �.Ž . Ž .� 4

Ž . Ž .PROOF. Proposition 3.3 proves the existence of a solution Y, Z to 2 in
2Ž k Ž d k .. Ž .M 0, � ; R � L R ; R . Property 26 follows from Proposition 4.3. This

Ž . 2Ž k Ž d k ..solution Y, Z a fortiori belongs to M 0, � ; R � L R ; R , since  � � ,�

Ž .and by Proposition 3.2, Y, Z is the only solution in that space. �

Ž .EXAMPLE 3.5 Linear coefficient: the question of nonuniqueness . Consider
Ž k k . dthe special case where A � L R ; R , B � R , and

27 f t , y , z � Ay � zB.Ž . Ž .
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Ž .Writing the time variable as a subscript, one solution to 2 under appropriate
integrability conditions is

28 Y � Q�1� , Z � Q�1 � � � � B ,Ž . Ž .t t t t t t t

t A � � � 2 4where Q � e exp B � W � B t
2 , andt t

�
�29 � � E Q � � , Q � � � � � dW .Ž . Ht � t � 0 s s

0

Are there other solutions outside the appropriate integrability class? Con-
� Ž . 4sider the case where k � 1, W is one-dimensional, � � inf t: W t � 1 � �

and
f s, y , z � z .Ž .

Take the bounded terminal value

� � exp �1 � �
2 .Ž .
Ž .Observe that for this example � � 1, so although � � � 0 and f s, 0, 0 � 0,

Ž .condition 25 for existence does not hold. Nevertheless, there is a trick for
Ž . � 4finding multiple solutions to 2 : if Q � exp W � t
2 , Ito’s formula showsˆt t

that M � Q Y is a continuous local martingale with terminal value M �t t t �

� 4 ��exp 1 � �
2 � � e . Now we construct two different continuous local martin-
gales M with M � e�� , and two corresponding Y ’s by the formula Y �� t
M 
Q .t t

3.5.1. The unique solution in the desired integrability class. Let M �t' '� 4exp W 2 � t � 2 , sot

' 'Y � exp W 2 � 1 � t
2 � 2 ,� 4Ž .t t

'� 2 Ž .which gives Y � e and dY � Z dW � dt with0 t t t

'Z � Y 2 � 1 .Ž .t t

Ž .Moreover, � � 1 for this example, and it is indeed true that Y, Z �
2 'Ž . Ž .M 0, � ; R � R , since, for � � 2 2 � 1 , Fubini’s theorem gives1

� � 12s r�� �E e Y ds � C dt P W � r , � � t e dr � �,Ž .H H Hs t
0 0 ��

where boundedness of the integral is a straightforward calculation based on
� 4the formula for the joint density of W and S � sup W : 0 � s � t , given fort t s

Ž . Ž .example in Revuz and Yor 1991 . By Proposition 3.2, Y, Z is the only
2Ž .solution in M 0, � ; R � R .1

3.5.2. A continuum of solutions outside the desired integrability class. Let
˜ ' '� 4M � exp �W 2 � t � 2 , sot t

˜ ' 'Y � exp �W 2 � 1 � t
2 � 2 ,� 4Ž .t t

'2˜ ˜ ˜ Ž .which gives Y � e , and dY � Z dW � dt with0 t t t

˜ ˜ 'Z � �Y 2 � 1 .Ž .t t
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˜ Ž .For any real � � 0, �M � 1 � � M likewise gives a solution different fromt t
Ž . 2Ž .Y, Z , and one which therefore cannot belong to M 0, � ; R � R .1

4. Some technical results.

4.1. Ito representation of the terminal value. Suppose that 	 is some realˆ
number such that e	�� is in L2 and admits an Ito representationˆ

�
	� 	�30 e � � E e � � � s dW s .Ž . Ž . Ž .H

0

Let
t	�

	� 	��31 � t � E e � � � E e � � � s dW s .Ž . Ž . Ž . Ž .Ht
0

LEMMA 4.1. For any � � 0 such that eŽ� 
2�	.�� is in L2, the processes � and
� above satisfy

22 2 2 	�� � � � � �32 � � � � � E exp �
2 � 	 � � � E e � .Ž . Ž .Ž .� �

Ž . Ž .PROOF. Let � � exp � t
2 � t , so thatt

� t
2d� � 1 �exp � t
2 � t dt
2 � e � t dW t ,Ž . Ž . Ž . Ž .t �t �� 4

and
t	� 2 22 2 � s� � � �� � � � e � s � � � s dsŽ . Ž .Ž .Ht 0

0

t	�
� 2 exp � s
2 � � � s dW s .Ž . Ž . Ž .H s

0

33Ž .

Ž . � � � 4Let � n � inf t: � � n 	 n 	 � , and define a continuous local martingalet
M n by

Ž .t	� nnM � exp � s
2 � � � s dW s .Ž . Ž . Ž .Ht s
0

Evidently its quadratic variation process satisfies
� 2n � n 2 1² :M � e n � s ds � L P ,Ž . Ž .t H

0

� � 2 � � 	� � 2 � � � 	� � � 2using the fact that � � E e � � E e � � �, by assumption. By0

Burkholder’s inequality, M n is a uniformly integrable martingale for each n,
Ž .and hence we may take expectations in 33 to obtain

Ž .� n 2 2� sE e � s � � � s dsŽ . Ž .Ž .H
0

2 2� � �� E E exp 	� � �� n 
2 � � � � ,Ž .Ž . � Žn.

� 	� � 2where � � E e � . Let n � �, and apply monotone convergence and L
� ŽŽ . . � � ŽŽ . .martingale convergence of E exp �
2 � 	 � � � � exp �
2 � 	 � � , to� Žn.

Ž .obtain 32 . �
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4.2. Some algebraic inequalities.

Ž . Ž .4.2.1. Weak bound. If 5 and 21 hold, then for any � � 0,

2� � � � � �� 2 y � f s, y , z � 2� y � 2 y f s, 0, 0 � b z � �� �Ž . Ž .Ž .
34Ž .

2 22 2 �1� � � �� � y � z � � f s, 0, 0 � �� � ,Ž . Ž .

where � � 2� � b2 � � � 1.

˜ Ž . Ž .4.2.2. Strong bound. Suppose f and f both satisfy 4 and 5 with the
Ž . Ž .same constants a and b. Writing f y, z in place of f s, y, z , and so on, for

brevity,

˜2 y � y � f y , z � f y , zŽ . Ž . Ž .˜ ˜ ˜

˜ ˜ ˜ ˜ ˜� 2 y�y � f y , z �f y , z �f y , z �f y , z �f y , z �f y , zŽ . Ž . Ž . Ž . Ž . Ž . Ž .˜ ˜ ˜ ˜ ˜
2 ˜� � � � � �� �2a y � y � 2 y � y f y , z � f y , z � b z � z .Ž . Ž .˜ ˜ ˜

For any � � 0 and � � 0, this is less than or equal to

22 ˜� �z � z f y, z � f y, zŽ . Ž .˜22Ž . � �35 b 1 � � � � � 2 a y � y � � .Ž . ˜
1 � � �

In the special case where y � 0, z � 0, and f � 0, we have for any � � 0 that

˜2 y � f s, y , zŽ .˜ ˜ ˜
2� �z 2˜22 �1 ˜� �� b 1 � � � � � 2 a y � � � f s, 0, 0 .Ž . Ž .˜

1 � �

36Ž .

Ž . Ž . Ž .PROPOSITION 4.3 Integrability properties . If 2 has a solution Y, Z �
2Ž k Ž d k .. Ž . 2Ž k .M 0, � ; R � L R ; R for some real � , if f satisfies f �, 0, 0 � M 0, � ; R ,� �

Ž . Ž . � �� �5 and 21 , and if � �E e � �, then

2� s37 E sup e Y s : 0 � s � � � �,Ž . Ž .� 4
� 4and M , t � 0 is a uniformly integrable martingale, wheret

t	�
� s38 M � e Y s � Z s dW s .Ž . Ž . Ž . Ž .Ht

0
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Ž .PROOF. Ito’s formula and 34 imply thatˆ

2 2� Ž t 	 � .e Y t 	 � � Y 0Ž . Ž .
t	� 2 2� s� e � Y s � Z s � 2Y s � f s, Y s , Z s dsŽ . Ž . Ž . Ž . Ž .Ž .H

0

t	�
� s� 2 e Y s � Z s dW sŽ . Ž . Ž .H

039Ž .
t	� 2 2 2� s� C e Y s � Z s � f s, 0, 0 � � � dsŽ . Ž . Ž .H

0

t	�
� s� 2 e Y s � Z s dW s .Ž . Ž . Ž .H

0

Ž . � � Ž . � 4Let � n � inf t: Y t � n 	 n 	 � . From the assumptions of the proposition
and Burkholder’s inequality, it follows that

2� sE sup e Y sŽ .� 4
Ž .0�s�� n

1
2
Ž .� n 2 22� s� C 1 � E e Y s Z s dsŽ . Ž .Hž /½ 50

1
2
Ž .� n 2� s
2 � s� C 1 � E sup e Y s e Z s ds� 4Ž . Ž .Hž /½ 50Ž .0�s�� n

2 21 � s � �� E sup e Y s � C � C� Z .Ž .� 4 �2
Ž .0�s�� n

� � � s � Ž . � 24 � Ž .Thus E sup e Y s � C� and 37 follows from monotone conver-0 � s�� Žn.
gence, on letting n � �. As for the second assertion, Burkholder’s inequality
gives

t	�
� sE sup e Y s � Z s dW s : t � 0Ž . Ž . Ž .H½ 5

0

1
2
� 2 22� s� CE e Y s Z s dsŽ . Ž .H

0

1
2
� 2� s
2 � s� CE sup e Y s e Z s ds� 4Ž . Ž .H½ 5

00�s��

C 2 2� s � �� E sup e Y s � Z � �Ž .� 4 �½ 52 0�s��

Ž . � 4using 37 , giving uniform integrability of M , t � 0 . �t
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Ž .In the next result, we adopt the convention that, for any solution to 2 ,
40 1 Y s � � , 1 Z s � 0, 1 f s, y , z � 0.Ž . Ž . Ž . Ž .�s�� 4 �s�� 4 �s�� 4

Ž . Ž .PROPOSITION 4.4 Stability with respect to perturbations . Suppose � , � , f
Ž .and � �, � �, f � are triples for which the conditions of Proposition 3.3 are

satisfied, with the same a, b and  � b2 � 2 a. Let 
Y � Y � Y �, where
Ž . 2Ž k Ž d k .. Ž . 2Ž k Ž d k ..Y, Z � M 0, � ; R � L R ; R and Y �, Z� � M 0, � �; R � L R ; R 

Ž . Ž . Ž .are the solutions to 2 corresponding to � , � , f and � �, � �, f � , respectively.
If b2 � 2 a � � � , there exist positive numbers �, � such that

�� �2 2 2� s
Y 0 � � E e 
Y s � 
Z s dsŽ . Ž . Ž .Ž .H
0

� � 2� E exp ��
2 � � exp �� �
2 � �Ž . Ž .41Ž .
�� � 2�1 � s� � E e f s, Y s , Z s � f � s, Y s , Z s dsŽ . Ž . Ž . Ž .Ž . Ž .H

0

PROOF. First note that for any stopping time � � � 	 � �,
exp ��
2 
Y �Ž . Ž .

� exp ��
2 � � exp �� �
2 � �Ž . Ž .
� � Y sŽ .

� exp � s
2 f s, Y s , Z s � dsŽ . Ž . Ž .Ž .H 2�

� Y � sŽ .� �
� exp � s
2 f � s, Y � s , Z� s � dsŽ . Ž . Ž .Ž .H 2�

� � �
� exp � s
2 Z s dW s � exp � s
2 Z� s dW s .Ž . Ž . Ž . Ž . Ž . Ž .H H

� �

Ž .In view of 40 , this can be written as
exp ��
2 
Y �Ž . Ž .

�� �
� exp ��
2 � � exp �� �
2 � � � exp � s
2 
Z s dW sŽ . Ž . Ž . Ž . Ž .H

�

�� �
� exp � s
2 f s, Y s , Z sŽ . Ž . Ž .Ž .H

�

�
Y sŽ .
�f � s, Y � s , Z� s � ds.Ž . Ž .Ž .

2

Using Ito’s formula we obtainˆ
�� �2 2 2�� � se 
Y � � e � 
Y s � 
Z s dsŽ . Ž . Ž .Ž .H

�

�� �2 � s� �� exp ��
2 � � exp �� �
2 � � � 2 e 
Y s � 
Z s dW sŽ . Ž . Ž . Ž . Ž .H
�

42Ž .

�� �
� s� 2 e 
Y s � f s, Y s , Z s � f � s, Y � s , Z� s ds.Ž . Ž . Ž . Ž . Ž .Ž . Ž .H

�
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Ž .Using 35 , take � � 0 and � � 0 sufficiently small so that � � 0, where
� 2Ž . �� � � � b 1 � � � � � 2 a ; now

2 y � y� � f s, y , z � f � s, y�, z�Ž . Ž . Ž .
22� �
 z f s, y , z � f � s, y , zŽ . Ž .2� �� � � � 
 y � � .Ž .

1 � � �

43Ž .

Ž .We use this inequality in the right side of 42 . On taking expectations, the
stochastic integral term vanishes by Proposition 4.3, and we obtain

2��E e 
Y �Ž .

��� � 2 2� s� e � 
Y s � 
Z s dsŽ . Ž .H ž /ž /1 � ��

2� �� E exp ��
2 � � exp �� �
2 � �Ž . Ž .
44Ž .

�� � 2�1 � s�� e f s, Y s , Z s � f � s, Y s , Z s ds . �Ž . Ž . Ž . Ž .Ž . Ž .H
�

Ž .COROLLARY 4.4.1 Solution bounds . Under the conditions of Proposition
3.3, for any t � 0, and any � such that b2 � 2 a � � � ,

� �2 2 2� Ž t 	 � . � sE e Y t 	 � � E e � Y s � Z s dsŽ . Ž . Ž .H ž /ž /1 � �t	�

� 22�� �1 � s� �� E e � � � e f s, 0, 0 ds .Ž .H
t	�

Ž . Ž .The proof follows from 36 taking one of the coefficients to be 0 in the same
Ž .way that the previous proof used 35 .

Ž .COROLLARY 4.4.2 Comparison theorem . For the case k � 1, � � � �, f � f �,
Ž . Ž .� � � �, we have Y t � Y � t a.s.

� Ž .PROOF. Let 
Y � 1 Y � Y � . By the reasoning of the last proof,�Y�Y �� 04

�	� �2 2 2� Ž t 	 � . � � s �E e 
Y t 	 � � E e � 
Y s � 1 
Z s dsŽ . Ž . Ž .H ž /�
Y � 04
t	�	� �

�
� s �� 2E e 
Y f s, Y s , Z s � f � s, Y � s , Z� s ds .Ž . Ž . Ž . Ž .Ž . Ž .H

t	�

Ž . Ž . Ž Ž . Ž ..Since f s, y, z � f � s, y, z , the f s, Y s , Z s can be replaced by
Ž Ž . Ž .. Ž .f � s, Y s , Z s , and an application of 43 , with f � f �, � � 0 and � � 0,

shows that this is

�	� � 2 2� s �� E e � 
Y s � 1 
Z s ds .Ž . Ž .H ž /�
Y � 04
t	�	� �

Thus 
Y� is zero a.s. �
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5. Proofs of results for random terminal time.

˜ ˜Ž . Ž .5.1. Proof of uniqueness. Suppose Y, Z and Y, Z are two solutions in
2 ˜ ˜Ž . Ž .M 0, � . Let 
Y � Y � Y and 
Z � Z � Z. Note that 44 is still valid for�

� � � ; the terminal values coincide, and f � f �, so taking � � 0 and � �
2Ž .b 1 � � � 2 a � � � 0,

� �2 2� Ž t 	 � . � sE e 
Y t 	 � � e 
Z s dsŽ . Ž .H ž /1 � �t	�

� 2� s� E � e 
Y s ds .Ž .H
t	�

45Ž .

Taking � � 0 gives � � � � � , and

�2 2Ž��� .Ž t 	 � . Ž��� .sE e 
Y t 	 � � �E e 
Y s ds .Ž . Ž .H
t	�

Now let � � 0 and use dominated convergence to obtain

2� Ž t 	 � .E e 
Y t 	 � � 0Ž .

Ž .as desired. Since t was arbitrary, this proves 
Y � 0. Taking � � 1 in 45
gives

� �2 2� s � s1
2 E e 
Z s ds � cE e 
Y s ds � 0,Ž . Ž . Ž .H H
0 0

showing that 
Z � 0 in the appropriate sense. �

Ž . 	�5.2. Proof of existence. Step 1. Let 	 � �
2, for � as in 24 . Since e � is
2 ˆ ˆ 2 kŽ . Ž . Žin L by 25 , Theorem 2.2 supplies solutions Y , Z in M 0, n; R �n n 0

Ž d k ..L R ; R of the backward SDE on 0 � t � n:

n	�
	� 	s �	s �	sˆ ˆ ˆ ˆ�Y t � E e � � � e f s, e Y , e Z � 	Y dsŽ . H ž /n n n n n

t	�

n	� ˆ� Z dW ,H n
t	�

46Ž .

ˆ ˆŽ .where Y s is abbreviated to Y in the integrands, and so on. Extend thesen n
Ž . Ž .processes to the whole time axis by defining, with reference to 30 and 31 ,

	�ˆ �47 Y t � � t � E e � � , t � n ,Ž . Ž . Ž .n t

ˆ48 Z t � � t , t � n.Ž . Ž . Ž .n

Define for all t � 0,

�	 t ˆ �	 t ˆ49 Y t � e Y t , Z t � e Z t .Ž . Ž . Ž . Ž . Ž .n n n n
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Ž . Ž . Ž .Since d� t � � t dW t , we see by Ito’s formula thatˆ

dY s �Z s dW s �1 f s, Y s , Z s ds, 0�s�n,Ž . Ž . Ž . Ž . Ž .Ž .n n �s�� 4 n nŽ .50
dY s � Z s dW s � 1 	Y s ds, s � n.Ž . Ž . Ž . Ž .n n �s�� 4 n

In other words

� �

Y t � � � f s, Y s , Z s ds � Z s dW s , 0 � t � �,Ž . Ž . Ž . Ž . Ž .Ž .H Hn n n n n
t	� t	�

where

51 f s, y , z � 1 f s, y , z � 	1 y.Ž . Ž . Ž .n �s� n4 �s� n4

Step 2. Fix m � n, and let 
Y � Y � Y , 
Z � Z � Z , both of whichm n m n
Ž .are zero when t � m. We now apply 44 , taking � � 0 and � � 0 sufficiently
� 2Ž . �small so that � � 0, where � �  � b 1 � � � � � 2 a ; taking t � m, and

noting that both solutions coincide at the terminal time m 	 � , we have

�m	�2 2 2 Ž t 	 � .  sE e 
Y t 	 � � e � 
Y s � 
Z s dsŽ . Ž . Ž .H ž /ž /1 � �t	�

m	� 2�1  s� E � e f s, Y s , Z s � f s, Y s , Z s dsŽ . Ž . Ž . Ž .Ž . Ž .H m n n n n n
t	�

m	� 2�1  s� E � e f s, Y s , Z s � 	Y s dsŽ . Ž . Ž .Ž .H n n n
n	�

m	� 2 2 2 s52 � cE e � � � Y s � Z s � f s, 0, 0 ds ,Ž . Ž . Ž . Ž .½ 5H n n
n	�

Ž . Ž . Ž .using 51 and 22 . The assumption 25 ensures that

m	� 2 s53 lim E e � � � f s, 0, 0 ds � 0.Ž . Ž .� 4H
n , m�� n	�

Ž .As for the other summands in 52 , take � �  � 2	 � 0, and observe that, in
Ž . Ž . Ž .the notation of 47 , 48 and 49 ,

m	� 2 2 sE e Y s � � Z s dsŽ . Ž .½ 5H n n
n	�

m	� 2 2� s� E e � s � � � s ds .Ž . Ž .� 4H
n	�

54Ž .

Ž .However, by Lemma 4.1.1 and assumption 25 ,

� 22 2 2� s � 
2 	�� �55 E e � s � � � s ds � E e � � E e � � �.Ž . Ž . Ž .� 4H
0
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Ž . Ž .It follows from 52 � 55 that

2 Ž t 	 � .E e 
Y t 	 �Ž .

�m	� 2 2 s� e � 
Y s � 
Z s ds � 0Ž . Ž .H ž /ž /1 � �t	�

56Ž .

�Ž .4as n, m � � with n � m. Thus Y , Z is a Cauchy sequence in the Hilbertn n
2Ž k Ž d k .. Ž . 2Ž kspace M 0, � ; R � L R ; R , converging to some Y, Z � M 0, � ; R � 

Ž d k .. Ž . Ž . Ž .L R ; R . Moreover 
Y t 	 � � 
Y t , and 56 implies that, for each t,
2 2� �  � t  Ž t 	 � .e E 
Y t � E e 
Y t 	 � � 0 as n , m � �Ž . Ž .

� Ž . 4 2and so for every t, Y t , n � 1, 2, . . . has a limit in L , and we may assumen

57 Y t � lim Y t in L2 for all t .Ž . Ž . Ž .n
n��

Ž . Ž .Step 3. It remains to check that Y, Z satisfies 2 . For any � � R, and
t � 0, we have that for n � t,

� �
� Ž t 	 � . �� � s � se Y t 	 � � e � � e f s, Y , Z � � Y ds � e Z dWŽ . Ž .H Hn n n n n

t	� t	�

�
�s� e 	Y � f s, Y , Z ds.Ž .H n n n

n	�

We choose � � 0 	 
2 	 , and take � �  � 2� � 0, with the result that

� t �� � 1 e dt � dP is a finite measure on 0, � � �;.�0 � t �� 4Ž .58
2 kf �, 0, 0 � M 0, � ; R for � � 2� � � and for � � � ;Ž . Ž .�

59 Y , Z � Y , Z in M 2 0, � ; Rk � L Rd ; RkŽ . Ž . Ž . Ž .Ž .n n �

for � � 2� � � and for � � � .

Ž . � �We shall combine 59 with Holder’s inequality to estimate H Y � Y d�:¨ n

�
�sE e Y s � Y s dsŽ . Ž .H n

0

1
2 1
2
� �2Ž2 ��� .s �� s� E e Y s � Y s ds e dsŽ . Ž .H Hn½ 5 ½ 5

0 0

60Ž .

�1
2 � �� � Y � Y .2 ���n

The method used in the last calculation shows that
� �

�s � s 1e Y s ds � e Y s ds in L P for all t ;Ž . Ž . Ž .H Hn
t	� t	�

� �
�s � s 2e Z s dW � e Z s dW in L P for all t ;Ž . Ž . Ž .H Hn

t	� t	�

�
�s 161 e 	Y s � f s, Y , Z ds � 0 in L P ;Ž . Ž . Ž . Ž .H n n n

n	�
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�
�s 162 e f s, Y , Z � f s, Y , Z ds � 0 in L P for all t .Ž . Ž . Ž . Ž .H n n n

t	�

Ž . Ž . Ž . Ž . Ž . Ž . Ž .Estimate 61 uses 22 , 58 and 59 ; estimate 62 uses 5 and 59 . To
Ž .complete the proof, it suffices, in view of 62 , to check that

�
�s 163 e f s, Y , Z � f s, Y , Z ds � 0 in L P for all tŽ . Ž . Ž . Ž .H n

t	�

1Ž . � Ž . Ž . �or, equivalently, that X � 0 in L � , where X � f �, Y , Z � f �, Y, Z .n n n
For positive integers m and N, define

m k k � � � �
 � y , y � R � R : y � N , y � y � 1
m .Ž .� 4N

� Ž .�Fix � � 0. The continuity of f in y condition 7 implies that, for each �, t,
Ž .and N, there exists an integer h �, t, N such that

mm � h � , t , N and y , y �
Ž . Ž . N
64Ž .

� f � , t , y , Z t � f � , t , y , Z t �� .Ž . Ž .Ž . Ž .
� 4Next observe that the X are uniformly �-integrable, since � is finite andn

� 22 � s65 X d� � E e f s, Y , Z � f s, Y , Z ds � C ,Ž . Ž . Ž .H Hn n
0

Ž . Ž . Ž .using 22 , 58 and 59 . Now by Fubini’s theorem, for any r � 0,

�
2HX d�n� t� �X d� � e E X t 1 dt � .Ž .H Hn n �X Ž t .� r4n r0

Ž .By 65 , the second term on the right can be made arbitrarily small by
choosing r large enough, and the first term goes to zero by dominated

Ž .convergence using the fact that � � 0 provided we can prove that, for each
Ž .fixed t, X t � 0 in probability as n � �. Nown

P X t � �Ž .Ž .n

m� P f t , Y t , Z t � f t , Y t , Z t � � , Y , Y � 
Ž . Ž . Ž . Ž . Ž .Ž .Ž .Ž .n n N

� P Y t � N � P Y t � Y t � 1
mŽ . Ž . Ž .Ž . Ž .n

2 2�2 2� P m � h � , t , N � N E Y t � m E Y t � Y t .Ž . Ž . Ž . Ž .Ž . n

Choosing N large enough, m large enough and n large enough, in that order,
Ž . Ž .makes this arbitrarily small, using 64 and 57 . Now we have proved that

� �
� Ž t 	 � . �� � s � se Y t 	 � � e � � e f s, Y , Z � � Y ds � e Z dWŽ . Ž .H H

t	� t	�

Ž . Ž .and so, by Ito’s formula, Y, Z satisfies 2 . �ˆ
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6. Application to semilinear PDE’s. For each x � Rd, we may con-
struct a Markov diffusion process with generator

d 21 �
66 L � � � � � �� *Ž . Ž . i jÝž /2 � x � xi ji , j�1

by solving the SDE

t t
67 X t � x � � X s ds � � X s dW s , t � 0,Ž . Ž . Ž . Ž . Ž .Ž . Ž .H Hx x x

0 0
d d d Ž d d . 1Ž .where the coefficients � : R � R and � : R � L R ; R satisfy � � C Ub

2Ž .and � � C U , for some open set U containing a bounded set D of the formb

D � x : � x � 0 ,� 4Ž .
2Ž d . � Ž . � �for some � � C R . We require that �� x � 0 for all x � � D � x:

Ž . 4� x � 0 . These conditions ensure existence and uniqueness of a strong
Ž .solution to 67 at least up to the stopping times

� � inf t � 0: X t � D .Ž .� 4x x

Ž .We assume that P � � � � 1 for all x � D, and that the setx

68 � � x � �D : P � � 0 � 0� 4Ž . Ž .x

d dŽ . Ž . Žis closed. Let g � C R hence bounded on D , and let f � C R � R �
dŽ ..L R ; R be a function whose restriction to D satisfies

� �69 f x , y , z � f x , 0, z � � y � 1 ;Ž . Ž . Ž . Ž .
2� �70 y � y f x , y , z � f x , y , z � �a y � y ;Ž . Ž . Ž . Ž .˜ ˜ ˜

� �71 f x , y , z � f x , y , z � b z � z .Ž . Ž . Ž .
Also assume that, for some  � b2 � 2 a, we have

72 sup E exp � � �.Ž . Ž .x
x�D

Ž .REMARKS. In view of the boundedness of g and f �, 0, 0 on D, condition
Ž . Ž . �Ž . Ž . 425 simplifies to 72 . If for instance D � �� * x � 	 � 0 , then there11

Ž .exists a  such that 72 holds. For more insight into the degenerate case, see
Ž .Stroock and Varadhan 1972 .

We now consider, for each x � D the one-dimensional BSDE
�x

Y t � g X � � f X s , Y s , Z s dsŽ . Ž . Ž . Ž . Ž .Ž . Ž .Hx x x x x x
t	�x

�x
� Z s dW s ,Ž . Ž .H x

t	�x

73Ž .

2Ž Ž d ..which has a unique solution in M 0, � ; R � L R ; R by Theorem 3.4 and�

Ž . 2condition 72 , where � � b � 2 a, and define

74 u x � Y 0 , x � D.Ž . Ž . Ž .x
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LEMMA 6.1. The function u is bounded on D, and
�x 2 s � �sup E e Z s ds � �.Ž .H xž /0x�D

Ž . Ž . ŽThe proof is immediate from 72 , 74 and Corollary 4.4.1 taking t to be
.zero .

Ž . Ž Ž .. � Ž .4LEMMA 6.2. Y t � u X t , 0 � t � � a.s.; hence the processes Y tx x x x
are uniformly bounded.

PROOF. The first result is a consequence of

Y s 	 � , Z s 	 � � Y t � s 	 � , Z t � s 	 �Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ž .X Ž t 	 � . x X Ž t 	 � . x x x x xx x x x

Ž .for s, t � 0, which follows from uniqueness of the solution to the BSDE 73
� �on the time interval t 	 � , � . The second now follows from Lemma 6.1. �x x

PROPOSITION 6.3. The function u is continuous on D.

PROOF. The proof will be split into several steps, the first two consisting
of the proof of the a.s. continuity of

75 x � �Ž . x

as x� � x, which also proves the a.s. continuity of

76 x � � , X � ,Ž . Ž .Ž .x x x

using well-known spatial continuity properties of stochastic flows.
Ž .Step 1. First we shall prove that for any sequence x n � x in D,

77 lim sup � � � a.s.Ž . x Žn. x
n��

Ž .Suppose 77 is false. Then

78 P � � lim sup � � 0.Ž . ž /x x Žn.
n��

For each � � 0, let

� � � inf t � 0: d X t , D � � .� 4Ž .Ž .x x

Ž .If 78 holds, then there exist � � 0 and T such that

P � � � lim sup � � T � 0.ž /x x Žn.
n��

Ž . Ž . � �But since X � � X � uniformly on 0, T a.s.,x Žn. x

P lim sup � � 
2 � � � � lim sup � � T � 0,x Žn. x x Žn.ž /
n�� n��

that is, for some n, X exits the �
2-neighborhood of D before exiting D,x Žn.
Ž .on a set of positive probability; this is impossible. Hence 77 must be true.

Step 2. Secondly we shall prove that

79 lim inf � � � a.s.Ž . x Žn. x
n��
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� Ž .�For this we need the assumption that � see 68 is closed�the result would
� Ž . 4clearly not be true otherwise. Let � � � � �: � x � M ; since � �M M � 0 M

Ž .� �, it suffices to prove that 79 holds on each � , a.s.M
Ž .From the result of Step 1, for almost all � � � there exists n � suchM

Ž . Ž . Ž . Ž .that n � n � implies � � � M � 1. Since X � � X � uniformly onx Žn. x Žn. x
� � Ž .0, M � 1 a.s., on � X � reachesM x

X � : n � N � � � �Ž .� 4x Žn. x Žn.

� � � Ž . 4on the random interval 0, lim inf � a.s. But � � inf t: X t � � a.s.,n�� x Žn. x x
hence

� � lim inf � a.s. on � .x x Žn. M
n��

Ž 2 .Step 3. Let us fix x, and some � � b � 2 a,  . According to Proposition
4.4, there exists a positive number � such that

2u x � u x�Ž . Ž .
2� E exp �� 
2 g X � � exp �� 
2 g X �Ž . Ž . Ž . Ž .Ž . Ž .x x x x � x � x �

� �x x��1 � s� � E e f X s , Y s , Z sŽ . Ž . Ž .Ž .H x x x
0

80Ž .

2�f X s , Y s , Z s ds .Ž . Ž . Ž .Ž .x � x x

� Ž 	 . Ž Ž .. Ž . Ž Ž .. � 2We shall first show U � exp �� 
2 g X � � exp �� 
2 g X �x, x � x x x x � x � x �
1Ž .converges to 0 in L P as x� � x. It follows from the continuity of g and

Ž . Ž . � Ž .�from 76 that U � 0 a.s. as x� � x. By 72 , sup E exp � � �, andx, x � x � D x
therefore

exp �� , x � DŽ .� 4x

� Ž Ž .. 4is uniformly integrable. Since g X � , x� � D is bounded, an elementaryx � x �

� 4calculation shows that the random variables U , x� � D are uniformlyx, x �
1Ž .integrable over x� � D, and hence U � 0 in L P as x� � x. This takesx, x �

Ž .care of the first term on the right-hand side of 80 .
Ž . � Ž Ž . Ž . Ž .. Ž Ž . Ž . Ž .. � 2Step 4. Let V s � f X s , Y s , Z s � f X s , Y s , Z s . Wex, x � x x x x � x x

are going to show that

� 	�x x� � s81 E e V s dsŽ . Ž .H x , x �
0

tends to zero as x� � x. Lemma 6.1 shows that
�x 2� s � �82 E e Z 1 ds � 0 as n � �Ž . H x �Z � K 4x n

0

� 4 Ž d .for compact sets K increasing to L R ; R and letn

283 C � 2 sup f x , y , z : x � D , y � u D , z � K � �.Ž . Ž . Ž .½ 5n n

Finiteness of C comes from the continuity of f in all variables, and the factn
Ž . Ž .that u is a bounded function, proved in Lemma 6.1. By 69 , 71 and Lemma
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6.2, there is a constant C � 0 such that, omitting the time variable,

� � 284 V � C 1 � Z .Ž . Ž .x , x � x

Moreover, the continuity of f in the first argument, and compactness, show
Ž .that for any � � 0 there exists � � � n, � � 0 such that for x, x� � D,

Ž .y � u D , z � K ,n

� �x � x� � � � f x , y , z � f x�, y , z � � .Ž . Ž .
We use the identity

V � V 1 1 � 1 � V 1� 4x , x � x , x � �Z � K 4 � � X �X � � � 4 � � X �X � � � 4 x , x � �Z � K 4x n x x � x x � x n

Ž .to deduce that the expression 81 is bounded above by

� 	�x x� 2� s � �85 E e � � C 1 � C 1 � Z 1 ds .Ž . Ž .H ½ 5n � � X �X � � � 4 x �Z � K 4x x � x n
0

This leads to a sum of three expectations; the third can be made arbitrarily
Ž . Ž .small using 82 this involves choice of n ; the first can be made arbitrarily

� Ž .� �small by choice of � , using the finiteness of E exp � this involves a choicex
Ž .�of � n, � ; the second can be made arbitrarily small using well-known

spatial continuity properties of stochastic flows, which imply that

� �P sup X s � X s � � � 0 as x � x� � 0.Ž . Ž .x x �ž /
s

� � Ž .Thus as x � x� � 0, the expression 81 tends to zero, as claimed.
Step 5. Finally we must check that

� �x x� � s � �86 E e V s ds � 0 as x � x� � 0.Ž . Ž .H x , x �
� 	�x x�

Ž . Ž .Using 84 and the fact that Z s � 0 for s � � , we see thatx x

�� � x 2x x� � s � sE e V s ds � CE e 1 � Z s dsŽ . Ž .H H ž /x , x � x
� 	� � 	�x x� x x �

Ž . Ž .and now 86 follows from 75 and Lemma 6.1. �

Ž . Ž .6.4. Viscosity solutions of PDE. For L as in 66 and f and g as in 73 ,
we consider the following elliptic PDE:

�87 Lu x � f x , u x , �u � x � 0, x � D ; u � g .Ž . Ž . Ž . Ž . Ž .Ž . �D

Ž . �Let us define what we mean by a viscosity solution of the equation 87 . For
uniqueness results for viscosity solutions of such equations, see Barles and

Ž . Ž . �Murat 1995 and Barles and Burdeau 1995 .

DEFINITION 6.4.1. A continuous function u: D � R is called a viscosity
2Ž . Ž .subsolution of 87 if, for any � � C D , and any local maximum point x of
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u � �, it is true that

�L� x � f x , u x , �� � x � 0 if x � D ;Ž . Ž . Ž . Ž .Ž .
min �L� x � f x , u x , �� � x , u x � g x � 0 if x � � D.� 4Ž . Ž . Ž . Ž . Ž . Ž .Ž .

2Ž . Ž .The function u is called a viscosity supersolution of 87 if, for any � � C D
and any local minimum point x of u � �, it is true that

�L� x � f x , u x , �� � x � 0 if x � D ;Ž . Ž . Ž . Ž .Ž .
max �L� x � f x , u x , �� � x , u x � g x � 0 if x � � D.� 4Ž . Ž . Ž . Ž . Ž . Ž .Ž .

Ž .A continuous function u: D � R is said to be a viscosity solution of 87 if it is
both a viscosity subsolution and a viscosity supersolution. Now we shall prove
the main result of this section.

Ž .THEOREM 6.5. The function u: D � R given by 74 is a bounded, continu-
Ž .ous viscosity solution of the elliptic equation 87 .

PROOF. We prove only that u is a viscosity subsolution, the proof of the
other statement being similar. The boundedness comes from Lemma 6.1 and
the continuity from Proposition 6.3.

ŽWe consider first the case where u � � achieves a local maximum which
.we assume without loss of generality to be a global maximum at x � D �

Ž c.� D � � . We also assume that � and its derivatives up to second order have
Ž c.at most polynomial growth at infinity. Since x � D � �D � � , � � 0 a.s.x

Ž . Ž . Ž . Ž .We can and will assume that u x � � x . Hence u x � � x , x � D.
For 0 � s � t, Lemma 6.2 shows that

t	�xY s � u X t 	 � � f X r , Y r , Z r drŽ . Ž . Ž . Ž . Ž .Ž . Ž .Hx x x x x x
s	�x

t	�x� Z r dW r .Ž . Ž .H x
s	�x

88Ž .

Ž .Let Y , Z be the unique solution of the following BSDE:x x

t	�xY s � � X t 	 � � f X r , Y r , Z r drŽ . Ž . Ž . Ž . Ž .Ž . Ž .Hx x x x x x
s	�x

t	�x� Z r dW r .Ž . Ž .H x
s	�x

89Ž .

Ž . Ž .The use of Y r rather than Y r as the second argument of f is intentional.x x
Note that, from Ito’s formula,ˆ

t	�x
� X s � � X t 	 � � L� X r drŽ . Ž . Ž .Ž . Ž . Ž .Hx x x x

s	�x

t	�x� ��� X r dW r .Ž . Ž .Ž .H x
s	�x
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ˆ ˆŽ . Ž . Ž Ž .. Ž . Ž . Ž Ž ..Define Y s � Y s � � X s , Z s � Z s � ��� X s . We havex x x x x x

t	�xˆ ˆY s � L� X � f X , Y , Z � ��� X drŽ . Ž . Ž .Ž .Hx x x x x x
s	�x

t	�x ˆ� Z dW ,H x
s	�x

90Ž .

Ž . Ž .omitting r in the integrands. Since u x � � x , x � D, we may apply
Ž . Ž . ŽTheorem 4.4.2 to 88 and 89 think of the coefficient f as a random func-

. Ž . Ž . Ž .tion of the z-argument only to deduce that u x � Y 0 � Y 0 , and sincex x
ˆŽ . Ž . Ž . Ž .u x � � x , we see that Y 0 � 0. Now 90 givesx

ˆ1 Y 0Ž .t	� xx ˆŽ .91 E L� X � f X , Y , Z � ��� X ds � � 0.Ž . Ž .Ž .H x x x x xt t0

Let us introduce the following lemma.

LEMMA 6.6.

1 t	�x ˆE Z s ds � 0 as t � 0.Ž .H xt 0

Ž . Ž . Ž .From 91 , Lemma 6.6, and 71 Lipschitz continuity of f in z , we deduce

1 Ct	� t	�x x ˆE L� X �f X , Y , ��� X ds � E Z s ds � 0.Ž . Ž . Ž .Ž .H Hx x x x xt t0 0

We can take the limit as t � 0 in the above inequality, to obtain, by
dominated convergence,

92 L� x � f x , u x , �� � x � 0.Ž . Ž . Ž . Ž . Ž .Ž .
Suppose now that u � � achieves a maximum at a point x � �. Then
Ž . Ž .u x � g x , so the condition for u to be a viscosity subsolution is satisfied. �

� Ž . 4PROOF OF LEMMA 6.6. Recall that D is bounded, X t , 0 � t � � isx x
� Ž . 4bounded, and by Lemmas 6.1 and 6.2 Y t , 0 � t � � is also bounded. Fromx x

Ž . ŽIto’s formula and 90 , we see that for � � 0 and s � t dropping the index xˆ
.for brevity ,

2 2 2t	�
� Ž s 	 � . � rˆ ˆ ˆE e Y s 	 � � E e � Y r � Z r drŽ . Ž . Ž .H

s	�

t	�
� r ˆ� 2E e Y r � L� X rŽ . Ž .Ž .H

s	�
93Ž .

ˆ�f X r , Y r , Z r � ��� X r dr .Ž . Ž . Ž . Ž .Ž .Ž .
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Ž .Using 71 and the continuity of f, we find that the last expression is less
than or equal to

2 2t	� t	�2 � r � rˆ ˆ94 b � 1 E e Y r dr � E e Z r � c dr ,Ž . Ž . Ž . Ž .H H 1
s	� s	�

using all the boundedness properties mentioned above. Taking � � b2 � 1
proves that

22Žb �1.Ž s 	 � . ˆ95 E e Y s 	 � � C t � s .Ž . Ž . Ž .

Ž .Working from 93 again with � � 0 and s � 0 gives that there exist c suchi
that

2t	� ˆE Z r drŽ .H
0

t	� ˆ ˆ� 2E Y r c � b Z r drŽ . Ž .H Ž .1
0

2 2t	� t1 ˆ ˆ ˆ� E Z r dr � c E Y r � Y r dr ,Ž . Ž . Ž .Ž . H H ž /22
0 0

Ž .so we have, using 95 , that this is

2t	�1 ˆE Z r drŽ .Ž . H2
0

1
2
2 2t t1
2 ˆ ˆ� c t E Y r dr � E Y r drŽ . Ž .H H2 ž /0 0

1
2
t t1
2� c t t � r dr � t � r drŽ . Ž .H H3 ž /0 0

� 3
2 2 �� c t � t .3

Hence

1
21 Ž . t	�t	� x 2�1
2ˆ ˆ� �E Z s ds � t E Z drŽ .H Hx ½ 5t 0 0

1
23
2 2� �t � t
1
4 1
2� c � c t � t . �Ž .3 31
2t
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