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Abstract

Let O the basin of attraction of the unique stable equilibrium of a dynamical
system, which is the law of large numbers limit of a Poissonian SDE. We consider
the law of the exit point from O of that Poissonian SDE. We adapt the approach of
M. Day (1990) for the same problem for an ODE with a small Brownian perturbation.
For that purpose, we will use the Large Deviations for the Poissonian SDE reflected
at the boundary of O, studied in our recent work Pardoux and Samegni (2018).
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1 Introduction

We consider a d-dimensional process of the type

ZN(t) = ZNA(t) = % - % Z thJ(/O Nﬁj(ZN’Z(s))dfs). (1)

Here (P;)1<j<k are i.i.d. standard Poisson processes. The h; € Z? denote the k respective
jump directions with respective jump rates §;(z) and z € A (where A is the “domain” of
the process). In fact (1) specifies a continuous time Markov chain with state space

d
A<N>:{zeRi;(Nzl,...de)ezi, Zzig}. 2)

i=1
We know from the law of large numbers of Kurtz [3], see also Chapter 11 of Ethier
and Kurtz [1], and Britton and Pardoux [!], that under mild assumptions on the rates f3;,

1<j <k foralT >0, ZY*(t) converges to Y*(t) almost surely and uniformly over the
interval [0, 7], where Y*(¢) is the solution of the ODE

YA(t) = Y(t) =2 + /O b(r*(s))ds (3)
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with
k

bly) == Z Bi(y)h;, (4)

and Y,* takes its values in the set

d

i=1

We assume that the dynamical system (3) has possibly several equilibria which are
locally stable and we consider the basin of attraction O of a stable equilibrium z*. For the
models we have in mind (see the four examples in section 6 below), O has a characteristic
boundary which is either the set {z € A; 21 = 0}, or else the part of the boundary of O
which is included in A the interior of A. In both cases, that characteristic boundary is
denoted 9O. The solution of the ‘dynamical system (3) starting from z € JO remains in

90 for all time, since for all z € 80
< b(z),n(z) >:=0, (5)

where n(z) is the unit outward normal to 90 at 2.

Our goal in this paper is to study the most probable location of the exit point in 90
of the trajectory of Z™#*  for large N, when the starting point z belongs to the interior
of O. In other words, the aim is to study the probability that a trajectory of N ex1ts
O in the neighborhood of a point y € 90, P(|ZY*(7})) — y| < §) for large N. Here 7"
denotes the first time of exit of the process ZV*(¢) from O.

We adopt the approach developped by Day [2| for the same problem, in case of a
Brownian perturbation of an ODE. First we define a reflected Poissonian SDE for which
the large deviation principle is satisfied, with the same rate function as the original one
defined by (1), as has been proved in our earlier paper [10]. We then mimic the arguments
of Day [2] to obtain our results.

Our motivation comes from the epidemics models. We want to understand how the
extinction of an endemic situation happens in infectious disease models. In section 6
below, we consider four distinct epidemics models. In all those four cases, with the help
of the Pontryaguin maximum principle, we show that for large N, the process Z}¥ hits 00
in the vicinity of one particular point of that boundary with a probability close to one.
That particular point z is the limit as ¢ — oo of the solution of the ODE, starting from
any point in 0. In the first two examples where 00 = {z, z; = 0}, Z is the disease—free
equilibrium. In the two other examples, z is the unstable endemic equilibrium.

In section 3, we define our reflecting Poissonian SDE and we formulate a large deviation
principle satisfied by the latter. Section 4 presents some preliminary lemmas about the
rate function. These lemmas are mostly adapted versions of those in chapter 6 of Freidlin
and Wentzell [5] and in Day [2]. Section 5 discusses the large deviations of the exit
measure. Finally, in section 6 we prove that in four selected examples of infectious disease
models, the quasi—potential has a unique minimum on 0O, hence for large N the exit
takes place close to that specific point with probability close to 1.



2 Notation and the main assumption

We define the following cone generated by the family of vectors (h;);=1

~~~~~

k
Cz{yGRd:yzz:Mjhj,/ﬂZO Vj}' (6)
j=1
We remark that in all the epidemics models that we will consider, the family of vectors
(hj)j=1.. .k is such that C = R?.

We now formulate some assumptions which are useful in order to establish the large
deviation principle of the reflected Poisson SDE that we will construct in section 3, and
which we will assume to hold throughout this paper, without recalling them in the state-
ments.

Assumption 2.1. 1. C =R

2. O is compact and there exists a point zy in the interior of O such that each segment
joining zy and any z € 00 does not touch any other point of the boundary 00.

3. For each a > 0 small enough, z € O, if we denote 2 = z + a(zy — 2), there exist
two positive constants ¢; and ¢y such that

|z — 2% < c1a

dist(z%,00) > cea

4. The rate functions B; are Lipschitz continuous with the Lipschitz constant equal to

C.

5. There exist two constants \; and Xy such that whenever z € O is such that 3;(z) <
A1, Bi(2%) > B;(2) for all a €]0, Ao .

6. There ezist v €]0,1/2[ and ay > 0 such that C, > exp{—a™"} for all 0 < a < ay,
where
C,=1inf inf  f;(2).

J  zdist(z,00)>a

3 Reflected solution of a Poisson driven SDE and Large
deviation Principle(LDP)

For any z € O, let

[NVz] if V4 9
N_) N IR (7)
~ Yarginf |y — z| otherwise,
yeO™)



and ZtN denote the d-dimensional processes defined by

k k t
~ - 1 .
N __ 7N,z ._ N o\ N.
2V = 2% ()= 2N 4 1 §'_jhjc2t = E_j / NI o

— N.j
= +Nzh/ {ZN=(s )+%e©}dQs ’ (8)

where for j = 1,...,k, Q"7 is given as

v [ e sas) )

We then obtain a Poisson driven SDE whose solution takes its values in OW) = AN N O.

Let Dy g denote the set of functions from [0, 7] into O which are right continuous and
have left limits, ACr5 C D75 the subspace of absolutely continuous functions. For any
¢, € Drp and W a subset of Dr 5 let

¢ — Y[l = sup ¢y — ¥
t<T

where |.| denotes Euclidian distance in R? and
pr(@,W) = inf |6~ ol (10)

For all ¢ € ACrp, let A4(¢) denote the (possibly empty) set of vector-valued Borel
measurable functions u such that for all j =1,...,k 0<¢t<T, u/ >0 and

d
gbt Z,u{h], t a.e.

We define the rate function

f I if € ACp 53
Ir(6) = ueglld(qb r(olp), if ¢ 7,0 (11)
0, else,

where ok |
el = [ 3 10 lon)ar

with f(r,w) = vlog(rv/w) — v +w. We assume in the definition of f(r,w) that for all
v > 0, log(r/0) = oo and 0log(0/0) = 0log(0) = 0. By the definition of f, there is not
difficult to remark that

Ir(¢) =0 if and only if ¢ solves the ODE (3). (12)

The above rate function can also be defined as

[T(¢) — {fo ¢t7 ¢t 1f qb € ACT,O

else.
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where for all z € O, y € R?

L(z,y) = sup U(z,y,0) (13)
€

with for all z € O, y € R? and # € R?
k
€29.0) = (B,5) = B 1)
=1

The rate function defined above is a good rate function (cf [0]), that is for all s > 0,
the set {¢ € Dy : Ip(¢) < s} is compact. We now formulate the result concerning the
LDP for our reflected model (8). This result is proved in [10].

Theorem 3.1. Let {Z*, 0 <t < T} be the solution of (8).

a) Forz€ O, ¢ € Dro, ¢o=2,1m>0 and § > 0 there exists Ny s € N such that for all
N > Nﬂﬁ

P.(I12% = dllr < 6) = exp{-~N(Iz() +n)}.

b) For any open subset G of Dr o, the following holds uniformly over z € @)

S 1 7N :
— € > .
11]\I[Il inf N lOg PZ(Z G) se 11};(‘) : IT(gb)

c) Forz€ 0,6 >0 let
Hs(s) ={¢ € Drp 1,00 = 2,p1(9, (s)) 2 0} where  @(s) = {¢ € Dy : In(¢) < s}
For any d,m,s > 0 there exists Ny € N such that for all N > Ny

P.(ZN € Hs(s)) < exp{=N(s —n)}.
d) For any closed subset F' of Dy, the following holds uniformly over z € O

1 -
1i —logP,(ZN e F)< — inf Ip(o).
imsup - log ( ) < s 7(¢)

4 Notations and important Lemmas

We assume from now on that there exists a (unique) point z* € O such that for any
z€0,Y7 = 2" ast — oo
For z,y € O, we define the following functionals.

Volz:y. )= inf _ Ir(0)
7,01 =z, -
Vo(z,y) = inf Vo (2,9, T)

Vg = inf Vo(2%,y).
y€00



We will denote by B,.(y) the open ball centered at y with radius r, and B,(K) =
Uyer Br(y). For large N, the function Vp(z,y) quantifies the energy needed for a tra-
jectory to deviate from a solution to the ODE (3), and go from z to y, without leaving
O = 0UJ0 and V55 is the minimal energy required to leave the domain O when starting

from z*. We now prove a few Lemmas, which are analogues of some Lemmas of chapter
6 in [5].

Lemma 4.1. There exists a constant C > 0 and a function K € C(R;,R) with K(0) =0
such that for all p > 0 small enough, there exists a constant T'(p) with T'(p) < Cp such
that for allz € ANO and all z, y € B,(xz)N O there exists an curve (P¢) = (De(p,2,9))
0 <t <T(p) with ¢ = z, dr(,) =y entirely in B,(x) N O, such that I, () < K(T(p)).

Proof. We will exploit Assumptions 2.1.3 and 2.1.6 and refer to the notations there. Note
that the distance between y and z is at most 2p. Let y® and z* be the points defined
in Assumption 2.1.3, with @ = 2p/ce. Then both are at distance at least 2p from the
boundary of O, while they are at distance less than 2p one from another. Consequently
the segment joining those two points is at distance at least v/3p from the boundary.
We choose as function ¢ the piecewise linear function which moves at speed one, first
in straight line from z to 2%, then from 2% to y%, and finally from y® to y. The time

needed to do so is bounded by 2 (1 -+ i—;) p. Thanks to Assumption 2.1.1, I, (¢) < oo.

Refering to the formula (11) for the rate function and to Assumption 2.1.6, we see that
the contribution of the straight line between z* and y* to Ir(,)(¢) is bounded by Cp'~,
while the contribution of the two other pieces is bounded by a universal constant times

(below ¢ = 24)
co B
°dt v,
v 1"
0 — UV

The result follows. O

Lemma 4.2. Vn > 0, K C O U0 compact, there exist Ty such that for any z, y € K
there exists a function ¢, 0 < t < T satisfying ¢g = 2z, or =y, T < Ty such that

Ir(¢) < Vo(z,y) + 1.

Proof. As K is compact there exists a finite number M of points {z;,1 <i < M} in K
such that

M
K C|JB.(=).
i=1
For all z,y € K, there exist 1 <i,j < M with z € B,(%), y € B,(2;). Since V5(u,v) is
continuous, chosing r small enough, we deduce that

Vo(ziszj) < Volz,y) + 5 (14)

0|3

Moreover, from the finiteness of V5 we have that for all z;, z;, there exists T/ and <Zt with

o = Zi, Ori = Zj

Ipii(¢) < Vo(zi, 25) +

>3



We can fix T = maxT’Vj +2 and Lemma 4.1 tells us that it is always possible to connect

z and x; resp (z; and y) with gzﬁt, 0<t<T <1lresp (¢,0<t<TI < 1)such that
¢6 =z, Qsz = Z; resp (925] = Zj, TJ = y) and

I(¢) < T resp (In(¢)) < 7).

Concatenating ¢', 5 and ¢/, we obtain a trajectory ¢ with all the required properties. [
Now, we define the equivalence relation ”R” in O by
Ry M Vo(z,y) = Voly,2) = 0.

Lemma 4.3. Let 2Ry, z # y. The trajectory Y*(t) of the dynamical system (3) starting
from z lies in the set of points {v € O : vRz}.

Proof. As 2Ry there exists a sequence of functions ¢y, 0 <t <T,, ¢ = z, ¢, =y, with
values in O and such that Ir, (¢") — 0. The T,, are bounded from below by a positive
constant. Indeed there exists ng € N such that for all n > ng

I, (¢"|p") <1
Now either T}, > 0~", where 0 := sup, ;. .ca fj(2), or else from the Lemma 1 in [9], for

all 1 <j <k,
Th ) 2
St < — . 15
/0 He = g (0T, (13

Moreover ¢t = Z 117 b, hence

Tn
2 —y| < ‘/ d¢tdt)

< Viy [
j=1"0

thus there exists 1 < 7 < k such that

1 o
—=|z—y| < 7 dt. 16
el [ (16

Now, combining (15) and (16) we deduce that

2k d
T, > o texp (—|—\/_|) > 0,

which shows that 7,, > T for all n and some 7" > 0. Now Ir(¢}) converges to 0 as
n — oo. Therefore, for a constant s > 0, there exists ng € N such that for all n > ny,
Ir(¢™) < s. By the compactness of the set {¢ : Ir(1)) < s}, there exists a subsequence



(@™ ), of these functions which converges, uniformly on [0, 77, to a function ¢;. As Ir is
lower semicontinuous, we have

Thus Ir(¢) = 0 and ¢ is the trajectory of the dynamical system (3) starting from z. The
points ¢y, 0 <t < T, are equivalent to z and y since we have Vj(z, ¢}) and Vi(o}, y) do
not exceed I, (¢") — 0 as n — 0.

Let u be one of the points z and y such that that |¢7 — u| > 3|z — y| then ¢rRu. In
the same way as earlier, we can find some time interval in which the points of the dynam-
ical system starting from ¢r are equivalent to u. We obtain the result by a successive
application of the above reasoning. cf. preuve Lemme 1.5 page 165 de FW O]

Lemma 4.4. Let all points of a compact K C O U O be equivalent to each other but
not equivalent to any other point in O U J0. For anyn > 0, § > 0 and z,y € K there

exists a function ¢, 0 <t < T, ¢y = z, ¢p =y, entirely in the intersection of O with the
d-neighborhood of K and such that I7(¢p) < n.

Proof. As z,y € K there exists a sequence of functions ¢, 0 <t < T, ¢ = z, ¢} =y,

with values in O U dO and such that I, (¢") — 0. And then there exists ng € N such
that for all n > ng, I, (¢™) < n. If all curves ¢} with n > ng left the d-neighborhood
of K, then they would have a limit point = outside of this é-neighborhood and we have
Vo(z,9) = Vs(y, z) = 0 thus z is equivalent to z and y. A contradiction since all points of
a compact K are equivalent to each other but not equivalent to any other point in O. O

Lemma 4.5. Let K be a compact subset of O U 90 not containing any w-limit set '
entirely. There exist positive constants ¢ and Ty such that for all sufficiently large N and
any T > Ty and z € K we have

P.(r > T) < exp{—N.c(T —Ty)}

where T is the time of first exit of ZN from K and under P,, ZN starts from the point
2N defined by (7).

Proof. As K does not contain any w-limit set entirely, we can choose § sufficiently small
such that the closed d-neighborhood K? does not contain any w-limit set entirely, either.
For z € K7, let

7(2) = inf{t > 0:Y*(t) ¢ K°}.

where Y*(t) is the solution of (3) starting from z. We have 7(2) < oo for all z € K°.
By the continuous dependence of a solution on the initial conditions,the function 7(z) is
upper semi-continuous, and then it attains its largest value 77 = sup,gs 7(2) < oo.

LA point z is called an w—limit point of solution Y (t,z) of a dynamical system if there exists a
sequence (t,)n,>1 of time such that ¢,, — oo as n — oo, for which

Y (tn,20) = 00, M — 00

holds. The set of all such points of Y (¢, z9) is called w—limit set of Y (¢, z0) and denote w(zp).



Fix Ty = T1 + 1 and let FE’ the set of all functions ¢; defined for 0 < t < Ty and
assuming values only in K?. the set of these functions is closed in the sense of uniform
convergence and because I, is lower semi-continuous,

Iy = min Iz, (¢) is attained on F*’.
peFK°

Moreover for all ¢ € FK 6, I7,(¢) > Iy > 0 since there are no trajectories of the dynamical
system (3) in FE*If a function ¢ spend a time T in K with T longer than T we have
Ir(¢) > Io; for the functions ¢ spending time 7" > 27} in K we have I > 21, and so on.
We deduce that for all ¢ spending time T in T' > T in K we have

Ir($) > Iy [Tzo} > IO(% -1) = %(T ~Ty).

For z € K the functions in the set
D.(ly) ={0: o = z,11,(¢) < Lo}

leave K° during the time from 0 to Tp; the trajectories ZtN * for which 7§ > Tp, are at a
distance greater than ¢ to this set. We deduce by using Theorem 3.1 that for any z € K

P.(1% > To) < Plpr, (ZV, .(Iy)) > 6)
< exp{—N(Iy —n)}.

Now we use the Markov property and we have

P.(rg > (n+ 1D)Tp) S E. (78 > nTo; Paw ) (TR > To))

< P.(1F > nTy) sup P, (18 > Tp).
yeK
We obtain by induction that
N N T
P.(rg >T) <P, <7’K > [7_”] T0>
0

< (supIP’y(T,]{V > TO)> [Tlo]

yeK
T
<exp{ - N||(-m}.
< exp{ N[ | ()
Hence the result with ¢ = IOT;", where 7 is an arbitrary small number. O

The following assumptions comes essentially from [5] (page 150).
Assumption 4.6. There exists a finite number of compacts K, --- Ky C 90 such that
(1) z,y € K; implies 2Ry
(2) z€ K,y & K; implies zRy

(3) every w-limit set of (3) with Y*(0) € 90 is contained entirely in one of the K;.

9



We moreover define Ky = {2*}. We now construct as in [2] and [5] an embedded
Markov chain Z,, associated to the process Z¥(t) in the following way: let py and p; such
that 0 < p1 < pp < %1’[;111 dZSt(Kz, Kj),

i#]

G} = By, (K); (17)

¢ :O_\UBPO(Kl)> (18)

L= BQP0<KZ') \ BPO(KZ'>7 (19)

00 = 07 (20)

op = inf{t > 6, : ZN(t) € C}; (21)

Opy1 := inf {t >o0,:ZN() € UG}}; (22)

Zn = ZN(0,). (23)

And .

7 = inf {t>0: ZN(t_)—i—%ZthQ{ €O} (24)

where @7 is defined by (9) and AQ] = Q] — Q7.
We also introduce the quantities V(2,v), Vo (z, Ky), Vao(K;, K;) and Vo,re(2,y) de-
fined as in [5] by: Vz,y € O

M
XN/@(z,y) = inf{]T(gb) T >0,00=2,¢7 =y, € O\UKg Vt € (O,T)}

=0
Vo(z, K;) = inf {IT(gzb) T > 0,00 = 2,60 € Ky € O\ | JK, Vi€ (o,T)}
0+i
Vo(Ki, K;) = inf {IT(¢) T > 0,60 € Kiudr € K g € O\ | J Ko Vi€ (o,T)}
0#£1,j

Vo (2,y) = inf{Ip(¢) : T > 0,40 = 2,61 =y,0, € O\ Ko Vt € (0,T)}.
We now establish the following equality.

Lemma 4.7. Under the hypothesis (5) of a characteristic boundary, we have
M o~
Vg = min Vo (Ko, K3). (25)

Proof. We fix € > 0 arbitrary. Let ¢;, 0 < t < T be such that ¢g = z*, ¢r € 90

M
and Ip(¢) < Vzp +e€ If ¢, € |JK; for some ¢t € [0,T), we can find 0 <ty <t < T
i=1

M

such that ¢, = 2%, ¢ € JK,; for all t, < t < t; and ¢, € K; for some j. Thus
i=1

_ M
Vo (Ko, Kj) < Vg + €. Otherwise if ¢, has reached 0O but avoided J K;, then we can

i=1

10



extend ¢; to t > T as a solution of (3). By the assumption 4.6 (3), ¢; comes arbitrarily
close to ' K; as t — 400, but without any increase in the value of Ir(¢). It follows

that
M

min Vi (Ko, K;) < Vip + €

=1

M -

As € is arbitrary and the reverse inequality, V55 < miPV@(KO, K;), is obvious, we have
1=

the result. O

Lemma 4.8. For alln > 0 there exists py small enough such that for any ps, 0 < pa < po,
there exits p1, 0 < py < pg such that for all N large enough, for all z in the ps-neighborhood
G? of the compact K;(i = 0,--- , M), and all j > 0 we have the inequalities:

exp{~N(Vo(K:, K;) + 1)} < PAZ1 € G}} < exp{—N(Vo(K:, K;) =)} (26)

Proof. By using Lemma 4.1 let p > 0 such that T'(p) < n/3K. We choose py > 0 smaller
than p/3 and %minm dist(K;, K;), and py € (0, pg) . For any two compacts K;, K;, i # j,
for which V@'(Ki,Kj) < 00, we choose a function (;Si’j, 0 <t <T,,, such that gbé’j € K,
7., € Kj, ¢;7 does not touch Zg K, and for which
]

Iy, (¢") < Vo(K;, K;) + (27)

I3

Let
pP3 = §m1n dist | ¢,”, U Ki):0<t<T,1,j=0,...M
Gi,j
We now choose 0 < p; < min(p/2, p2, p3), and ¢ smaller than py, pg — po. By Lemma 4.1,
for any z € G2, let (¢!, 0 <t < Tj1) with ¢ = 2, @/J;{ll = 7 € K, such that ¢"! stays
in G? and

Iy, (™) <

We also have dist(y)"!, C)) > § where C'is defined by (18). Moreover according to Lemma
4.4, there exists a curve (%), 0 < t < T;o in G? with 1/)82 = 72, 1/1;—1?2 = ¢y’ € K; such
that ’

I3

i Ui
ITi,2(¢ ’2) < 6
We combine these curves with the curve (bi’j and we obtain a function ¢, 0 <t < T =
Tia+ T2+ T;; (¢ and T depend on z € G? and j) and ¢y = z, ¢r € K; such that:

Ir(¢) < Vo(Ki, K;) + g
If j =i we define ¢, 0 <t < T such that ¢g = 2z € G, ¢ = 2" € K; and dist(2/,2") =
dist(2/, K;) and we have
n

Ir(¢) < g = Vo (K, Ki) + 5

It is easy using Lemma 4.1 and Lemma 4.2 to justify that the lengths of the intervals
of definition of the functions ¢, constructed for all possible compacts K;, K; and point

11



z € G? can be bounded from above by a constant Ty < oo. The functions ¢; can be
extended to the intervals from 7" to Tj to be a solution of (3) so that Ir(¢) = Ir,(¢).

Any trajectory ZN*(t) such that ||ZN* — ¢||z, < 6 reaches the d-neighborhood of
K; without getting closer than 2p; —  to any of the other compacts and then Z, =
ZNA(6,) € G}. Thus using the large deviation Theorem 3.1 , we deduce that there exists
Ny depending only on 7, Ty and ¢ such that for all N > Ny we have

PAZ € G}} > P.(pr(Z7, ¢) <)

> exp{—N(In,(6) + 3)}

> exp{—N(V5(K;, K;) +n)}.

And the left inequality of the Lemma follows.
Using the strong Markov property, it is sufficient to prove the right inequality for
z € I';. With our choice of py and 4, for any curve ¢, 0 < ¢t < T beginning in a point
of I';, touching the d-neighborhood of Gjl- and not touching the compacts Ky, ¢ # i,j we
have B
Ir(9) = Vo(Ki, Kj) —n/2.

Using lemma 4.5, there exists two constants ¢ and 7 such that for all N large enough
and z € (OUJO0) \ G where G = JY, G}, we have:
P.(0; >T) <exp{—Nc(T —Ty)} foral T >T;.

Now we fix a T' > T} then any trajectory of Z™*(t) beginning at a point z € I'; and being
in Gjl» at time #; and not touching the compacts Ky, ¢ = i, j either spends time 7" without

touching G U 9O (i.e the event {6 > T'} is realized) or reaches G} before time T and in
this second case, with the notation ®.(s) = {¢ € Dy : 9(0) = 2, Ir(¢)) < s}, the event

{pT(ZN’Z, @Z(V@(Ki,Kj) —1n/2)) >4} is realized.

Hence, for any z € I'; we have from Lemma 4.5 and Theorem 3.1 (c) that for N large
enough

P.(ZN(01) € G) < P.(01 > T) + Pupr(ZY, 0.(Vo(Ki, K;) — n/2)) > 0)
< exp{—Ne(T = T1)} + exp{~N (Vo (K, K;) — 2n/3)}
< 2exp{—N(Vp (K, K;)—2n/3)} with T large enough
In(2)
N

< exp{—N (V5 (K;, K;)—n)} N large enough such that <

w3

The lemma is proved. O

Before we present others lemmas which will be useful, let us define the sequence s, € N
for which Z,,, = ZN2(0,,) € GL. Note that the r,, are Z, stopping times and that the 6,
and 0, are ZV*(t) stopping times.

Lemma 4.9. For all z € O,

lim P,(ZY(0., A7) € G§) = 1.

N—oo

12



Proof. We prove that
lim P,(ZY(0., A70) & G§) = 0.

N—oo

It is enough to take z € O\ G}. Indeed if z € G} by the strong Markov property,

IPZ(ZN(QM N Tg) ¢ G(I)) =E, (E (1{ZN(9,§1/\TO )G }|~7:Uo)>

= Ez (IPZN(O'()) (Z (051 A\ TO ) ¢ Gé))
< sup ]P’U(ZN(GH1 A Tg) ¢ Gé)

vely

Let furthermore T' := inf{t > 0|Y*(t) € B, 2(2*)}. Since Y* is continuous and

never reaches 9O, we have inf>o dist(Y*(?), 5@) =: 9 > 0. Hence we have the following
implication:

N s

sup 2" —Y*(t)| < 5
t€[0,T]

= ZN2(0,, nT)) € GL.

In other words,

P.(2" (0, A7) ¢ G3) < B.( sup |2Y() —v*()] > 2). (25)

te[0,7) 2

The right hand side of Inequality (28) converges to zero as N — oo by the weak law of
large numbers established in [10]. O

In the following, we present some lemmas which are analogue to the lemmas of |2].

Lemma 4.10. Given n > 0, there exists po > 0 (which can be chosen arbitrarily small)
such that for any ps € (0, py), there exists p1 € (0, p2) and N large enough such that for
all z € G}

exp(—N(Vz5 +1)) < <Z1 € UG ) <exp(—=N(Vzs —n)).
Proof. We have
M M
i=1 i=1

then we deduce from Lemma 4.8 that 0 < p; < pa < pp can be chosen in such a way that
Vi € G,

exp{—Nn/2} Y exp{—NVy (Ko, K;)} < P. (Zl <l G}) :

i=1 1=1
~ M M
P, <21 € UG§> < exp{Nn/2} Y exp{=NVp(Ko, K;)}.
i=1 =1

Moreover it is easy to see that

M
exp{—N miin Vo (Ko, K;)} < Zexp{—NV@(KO, K;)} < Mexp{—N miin Vo (Ko, K;)}.

=1

13



Hence Vz € G,

eXp{ — N(miinV@(Ko,Ki) +77/2)} <P, (Zl € LMJG21> :

i=1

P, (Zl c 6(?}) < exp{ - N(miin Vo(Ko, K;) — /2 — %bg M)}
=1

The result now follows from Lemma 4.7 if we choose N such that
2| log(M
N> [ Log(M)]
n
O

In the following Lemma, we establish that an exit to the characteristic boundary 90
is relatively likely once Z™*(t) is close to it.

Lemma 4.11. Given n > 0, there exist 0 <y <n, 0 < p <1, and Ny large enough so
that whenever dist(z,00) < p/3 and N > N,

P, (Tg < sup 1Z(0) — 2| < p> > exp(—Nn).

0<t<y

Proof. Let

G={p€Dya: dist(qﬁo,gé) < p/3, sup |¢r — ¢o| < p/2 and inf{t:¢, € O°} <~}.
0<t<«y

G is open for the Skorohod topology and as ZA]Y # satisfies the large deviation principle,
we deduce that for all z € O such that dist(z,00) < p/3 we have for N large enough

P.(2" € G) > exp{~N(inf L,(¢) + n/4)}.

Moreover from Lemma 4.1 we can choose 7, p < 7 such that infseq I,(¢) < n/4. Conse-

quently
P.(Z" € G) > exp{—Nn/2}.

We also have for all z € O with dist(z, 8/6) < p/3.
Pz(TéV <7, sup |ZN(t) — 2| < p)
0<t<~y

> IP’Z<7'g <7, sup |ZN(t)—z| <p, sup |ZN(t)—z| < ,0/2)

Ty <t<y 0<t<ry

= ]P’z< sup |ZN(t) — 2| < p‘Tg <7, sup |ZN(t) — 2| < p/2)

Ty <t<y o<t<ry

P, (Tg <5, sup |ZV() - 2| < ,0/2). (29)

o<t<rl

14



Moreover we have

P.(r <7, sup |Z7(t) = 2| < p/2)

0§t<7'g

P.(r) <. sup_|ZY(t) - 2| < p/2)

0§t<’rg

>P.(ZY € G) > exp{—N1n/2}. (30)
Using the strong Markov property, we also have

P.( sup |2Y(0) ~ 2| < p|rd <7, swp |Z2V() 2| < p/2)

‘rg <t<~ 0§t<7‘é\’

—E. (P (s 12°() =21 < p) |7 <7, swp 12V(0) 2| < p/2)

Ty <t<y 0<t<ry

> inf ]P’y{ sup |ZN(t) — 2| < p)

y:ly—z|<p/2 0<t<~y

> inf ]P’y< sup |ZN(t) —y| < p/2)
yily—z[<p/2 0<t<ry

> exp{—Nn/2}, (31)

where the last inequality follows from Theorem 3.1 and Lemma 4.1. Combining (29), (30)
and (31) we have the result. O

In the next lemmas we denote
O.:={z€0: dist(z,éa) > €}
and we establish some inequalities involving 6, .

Lemma 4.12. For alln,py > 0, y € 90, and z € O \ UL B,y (K, there exist 8y, py and
Ny so that for all py < pa, for all 6 < &y and N > N

P. (70 < 031 27(75) =yl < 0) = exp (= N(Vo s (,9) + 1))
Proof. First, by definition of Vp ke(z,y), there exist T and a curve ¢, 0 < t < T with

Yo =z, p =y and ¢, € O\ K for all 0 < ¢ < T such that

I3(6) < Vs (2.9) + 15

We can next choose a such that ¢, 0 <t < T defined by
U = (1—a)yy +az
satisfies dist(¢f, 8/6) > coa and

Ip(6") < Ip(¥) + 5.

According to the Lemma 4.1, there exist two functions ', 0 < t < T®' and ¢
0 <t < T%? such that ¢J" = z, w;’al,l =Yg, Y5t = Ve, w;’f,z =y and

Tpan (1) < {7—2 and  Ipes(®?) < 177—2

15



Combining ¢§"', 0 <t < T%! ¢ 1,0, T <t < T+ T and 9% ., T+ T <t <
T%2 + T 4 T%! we obtain a function ¢, 0 <t < T =T + T%! + T2
In() < Vigg(=:9) + 7- (32)

Let p; < po, 6 < min {;CQCL } and H C Drp be the set of functions ¢ having the

following properties:
o [or —y|l <30
e ¢ does not intersect (O \ 0%5) \ Bi5(y)

e ¢, does not intersect B, (z*)

H is open and ¢ € H (if ¢ intersects B,, (z*) we use again Lemma 4.1 to modify ¢). From
theorem 3.1, for all N large enough we deduce by using (32) that

~N > 3 Q
logP.(ZY € H) > N(weé%:z Ir(v) + 3>

> —N(VKS(Z,y) + 2?77)

Moreover we remark that Z%* € H implies |Z¥*(7) AT) —y| < 36 and T < 6,.,. So

~ 1 2
log P.(|1ZY(m) AT) =y < 50,7 < 6,) = —N(VKg(z,y) + 3") (33)

We also have

ZN( y|<5(9,ﬂ>7'0>

=P.(12
> P,

(
(
IPZ<
(

|ZN (& AT) —y| < 5 \ZN(])) - y\<5,T<Tg<0m)

+

ZN() AT) — y|<§5,yzN(TO)—y\ <b75 ST <0y,)

+ P, (] NTO AT) y|<%5,|ZN(TéV)—y|<5,Tg<0m§T>
> Ar+ As + A,
Further
Ay = (B(127(T) — o] < %5, 78 < 00T < 0 AT 12V (1) — ] < 0\ Fr))
—E.(12V(1) 4| < %M < AT By (78 < 00,127 (28) ] < 9)).

Furthermore for any x such that dist(z,y) < ¢/2

P (12Y(8) =yl < 6.7 < 0) 2 Pu(d <, sup 127(t) — yl < ).

0<t<y
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for all v > 0. In particular with ~ selected as in Lemma 4.11, we deduce that
5N 1 N
A > IP’Z<\Z (T) =yl < 56,7 < b, A TO) exp(—N7/3).
We also have

~ 1
Ao =B, (|Z2¥ () =yl < 30,75 <T <6.,)

v

IP’ZOZN(Tg) —y| < %5, o <T < Qm> exp(—Nn/3),
since

(2%65) ol < 578 <7 <0} < {12°%68) — vl <678 <0},
and Az > 0. Thus

A

v

~ 1
IP’Z(|ZN(Tg AT) =yl < 56,7 < iy A Tg) exp(—N7/3)

~ 1
]PZ<]ZN(Tg AT) =yl < 38,78 <T < em) exp(—N7/3)

+

~ 1
> P. (|27 () AT) =yl < 50.T < 0, ) exp(=Nu/3). (34)
It follows from (33) and (34) that
logP.(|1ZV(r8) =yl < 6,75 < 6,,) > —N(VKg(z,y) + n)-

The lemma follows. O

Lemma 4.13. Foralln >0,y € é\é, there exists dg > 0 and pg > 0 (which can be chosen
arbitrarily small) such that for any p1, 0 < p1 < po, for any 6 < o there exists Ny so that
for all N > Ny and any z € G},

P, <Tg <O, | ZN (1Y) -y < 5) > exp(—N(Vp (2%, y) +1)).
Proof. Let p1 < po, Vz € G}
Po(r0 < 031 27(70) = yl < 6) = Ba(Pa(78 < 005127 (7)) — ] < 0| ) )

—E, (PZN(GO) (7 < 0,112V (2]) — y| < 5))

> i Bo(rff < 0,31 2%(8) 4] <)
velo

By definition of the V5 (z*,y), there exists a curve (t), 0 < t < T} with ¢y = 2%,

@1, = vy such that
X n
ITl(SO) < VO(Z 7y) + ﬂ
Moreover by Lemma 4.1 v € Iy and z* can be connected by a curve ¢;, 0 <t < T5 such

that
n

Ir, (¢ —.
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Combining ¢y, 0 <t < Ty and p(t), 0 <t < T}, we construct a curve @ by

; G if te[0,T3],
t— .
Gt—T, if te [TQ, T1 + TQ]

so that
n

IT1+T2 (@) < VO(Z*vy) + E
For this function ¢ we can choose a such that its corresponding curve ¢, 0 <t < T3 =
Ty + T3 defined by

pf = (L —a)pi +az
is such that dist(@¢, 56) > coa and

I, (¢) < Iy (%) + 15

Thus

In (") < Vol 9) + ¢

According to the Lemma 4.1, there exist two functions gof’l, 0 <t < T and o2
0 <t < T such that ¢f" = v, pFar = &, 95° = ¢, Pran =y and

A
12

A

and T2 (p®?) < 17"

Iraa (™) <

Concatenating /"', 0 < ¢t < T, @Y ran, T <t <T3+T*" and gb?fTsza,l, Ty +T% <
t <T%2 4+ T+ T*%' we obtain a function 1, 0 < ¢t < T such that

Ir($) < Vo(=",9) + 3. (33)

Let 0 < min {%cga, %} and define G C Dr g to be the set of functions ¢ having the

following properties:
o |or—y|l <306
e ¢ does not intersect (O \ 0%5) \ Bis(y)

e ¢, does not intersect B, (2*)

G is open and ¢ € G (if ¢ intersect B, (2*) we use again Lemma 4.1 to modify it) we
deduce from Theorem 3.1 and (35) that for large enough N

2
NGy > — i T > (2 =iAN
log PY(G) > N((beé%fozvlT(go)Jrg)_ N(Vo(z,y)+3

Moreover we remark that ZV € G implies [ZN () AT) —y| < s0 and 0, > T. So for N
large enough,

- 1 2
log P, (|27(5 AT) = y| < 58,00, >T) > ~N(Vol=" ) + 5”). (36)
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We have moreover

(

> IP’U<|ZN(T(J)V/\T) —y| < %5,|ZN(Tg) —y| < 0,0, >715 > T>
(
(

>0, + 0, + 0s3.

Further

- 1 .
o, Ev<IPU(|ZN(TéV AT) =yl < 56,00 > 78 > T2V () —y| < 5|fT))
. 1 .
= B, (Pu(12V(5 AT) =yl < 50,00, > 75,0, ATE > T.|2V(15) — | < 01F) )
- 1 .
= B, (12V(T) =yl < 58,00 AT > T Pgnry (s > 75,127 () = 9l < 9)).
Furthermore for z such that dist(z,y) < §/2
PxOZN(Tg) —y| < 6,0, > T(])V> > IE”I(T(])V <, sup |ZN(t) —y| < 5),
0<t<y
for all v > 0. In particular with ~ selected as in Lemma 4.11 and § = p, we deduce that
~ 1
©, > IP’U(|ZN(TéV ANT) —y| < 55, O, AT > T> exp(—Nn/3).
We also have

~ 1
0, = IP’U<|ZN(Tg AT) =yl < 50,00, >T 2 Tg>

~ 1
> Pv(\zN(Tg AT) =yl < 56,6, >T > Tg) exp(—N7/3).

Thus since ©3 > 0,

_ 1
0> Pv(|zN(Tg AT) =yl < 50,00, AT > T) exp(—N7/3)
. 1
+IP’U<|ZN(7'(J)V ANT) —y| < 55, 0o, >T > TéV) exp(—Nn/3)
; 1
=P, (12 (5 AT) =yl < 58,05, > T) exp(=Nn/3). (37)

It follows from (36) and (37) that

log Py(1 27 (78) = yl < 6,60, > 78) = =N (Vol="y) + ).

19



Lemma 4.14. Given any 0, there exists po > 0 (which can be chosen arbitrarily small)
such that for any ps € (0, po), there exists p1 € (0, p2) and N, such that for all N > N,
and z € G,

P, (Tg < 951) <exp(—=N (Vs —n)).

Proof. Let 6 > 0, we define
75, = inf{t >0 ZNE(t) & Os).

It is easy to see that 75 < 7. Moreover if p; < 4, then 75 < 6, implies 75 < ;. Thus
Vz € G}
P.(1) < 0x,) P15 < 0,,) S P.(7), < 01).

Now we use the strong Markov property to write that Vz € G}

P73, < 01) = Bz (P () (75 < 01))

we deduce that

sup P (75 < 6,,) < sup Py (75, < 61)

2€G} velg
Now, we establish that we can choose py and ¢ sufficiently small such that for all v € T’y
we have,

2n

805 - g)}

Using Lemma 4.1 there exists p > 0 such that T'(p) < n/3K. We take py < p/2, § and
~ sufficiently small such that for any trajectory ¢y, 0 < ¢t < T starting from v € 'y and
touching Os \ Os4, we have

P, (TO < 61) < exp{—N(V,

n
Ir(¢) 2 Vg, — T
Moreover, using Lemma 4.5 there exists a constant ¢ and T) such that for all N large

enough, any 7' > 77 and v € Os \ G where G = Uf\il G} we have

Py (72— > T) < exp{—Nc(T — T})}.

oG

Now if we take any trajectory ZV*, with v € I'y, and which reaches O \ Os before going
to G either spends time 7" without touchlng O\ Os (the event {7 > T} is realized) or

reaches O \ Os before time 7" and in this case the event

TonG

{pT (ZN’”, o(Vsa, — Z)) > ’y} is realized.

Hence, for all v € I'y we have from Lemma 4.5 and Theorem 3.1 (c)

Py (75, < 61) < Po(75 Tome > 1)+ Py {or(Z2V°, @(Vy5, — = ) > 1)
< exp{—~Ne(T — T1)} + exp{~N (Vg g)}
< 2exp{—N(Vzg, — g)} taking 7" large enough

In(2)
N

3
< exp{—N(V;5, — Zn)} taking N large enough such that < Z
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Moreover, Vi (2*,.) is continuous so if 4 is sufficiently small then

Ul
So
sup P, (7)) < 6,,) < exp{—N(Vzp — 1)}
2€G}
This prove the lemma. O

5 Main Result on the Exit Position

Before to formulate the main result of our paper (Theorem 5.3), we introduce here a
notion important to understand the proof of that result.

Definition 5.1. Let £ a subset of N and W a subset of L. A W-graph on L is an oriented
graph which satisfies the following conditions

(a) It consists of arrows i — j, i # j withi € L\ W and j € L.
(b) For alli e L\ W, there exists exactly one arrow such that i is its initial point.

(c) For anyi € L\ W there exists a sequence of arrows leading from it to some point

jew.

We will denote by Gr(W) the set of W-graphs and for i € L\ W, j € W we denote
by Gr; j(W) the set of W-graphs in which the sequence of arrows leading from ¢ into W
ends at j. We can now show the analogue of Lemma 3.2 in [2].

Lemma 5.2. For all y € 90 and n, 0o > 0 there exist p, § < oy and Ny, so that for all z
with dist(z, z2*) < p and N > Ny, we have

exp(=N (Vo (2*,y) = Vi +1) < P(1ZN (7)) —y| < 6) (38)

and
P.(|1ZN (7)) =yl < 6) < exp(—N (Vo (2", y) — Vip — 1)) (39)

Proof. Let y € 90. We can always assume that y € in K; else we add the compact
K = {y} in the list of the compacts and Assumption 2.1 remains true since Vo (y,y) =0
and If yRu for some u # y, then Lemma 4.3 implies that any w-limit point of (3) starting
at y is equivalent to y and then y was in a compact K;.

In what follows we assume that y € K;. Let § > 0. Using the strong Markov property
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we have, for all 2z € G},
]P)z(’ZN(T(])V> - y’ < 5)

= D P12V —yl < 860, <7 < 0)
= Y E|P(1ZV(1) —yl < 610, <7 < 0| Fa,)|
= > B P(ZV() — yl < 600, <7 < 00|27V (00)]

k=0
= ZEZ _]P)ZN(GHk)(lzN(Tg) — y| < 5;7-(])V < 9’{1); 9’% < Tg]

— ZEZ PZN(GW)(@N(T(J)V) —yl <687y < GHI)PZN(GW)(T(J)V < 04)); 0., <18 (40)

Furthermore, Vz € G we have

P.(|1ZN(8) — y| < 6575 < 0.)
P, (7Y < b,,)

P.(1Z7(15) =yl <875 < 6n) = (41)

Let us now deduce the lower bound (38) from (41), (40) combined with Lemmas 4.13 and
4.14. Given 1, § > 0 pick 0 < p; < py satisfying both Lemmas with 7 replaced by /2.
For all z € G} and N large enough, we have

P.(1ZN(r)) =yl <878 < 0u) _ exp(=N(Vo(2",y) +1/2))
P.(r§ < 0x)) ~ (=N (Vi —n/2))
= exp(=N(Vo(2",y) = Vio + 1))
The lower bound (38) follows from this and (40).

For the upper bound (39), we first obtain a lower bound of the denominator of (41)
as follows:

M k
. . 1
P.(r < 6.,) =P, (21 clJahzVie) + ~ D hAQY(t) €O for some t € [0y, 92)>
=1 j=1

M
=K, <P21(Tg < 91);21 S UG%)

=1
Now we use Lemma 4.11 to deduce that choosing «, p; such that 0 < v <n, 0 <p; <17
and N, € N we have for all u € | G}, dist(u, d0) < p;/2 and then for N > N,

P.(7) < 6,) > P, (Tg < %oiltlg 1ZN(t) —u| < p1>
SURY

> exp(—Nn).

22



Thus, for all p; sufficiently small, N large enough and all z € G,

P.(7 < 0,,) > exp(—Nu/4)P, <21 e UG%) (42)

By using the lemma 4.10 we have for all suitable small p;, pg, and N large enough, and
all z € Gy,

P, (Zl el G;> > exp{—N(Vp +1/4)} (43)

=1
We then deduce of (42) and (43) that

P.(7) < 0,,) > exp(—N (Vi +1/2)). (44)

We now use the embedded chain Z, to obtain a upper bound of the numerator of (41) in
the following way: given 6 < p; and z € G,
P.(|1Z% (1) =yl < 6:78 < 0.) SPZN(75) € GLimg < 6,)
<P.(Z,eG! forsome 1<n<r) (45)
= IEZ(IP’ZI(Zn € Gi forsome 0<n<ky)), (46)

where we assume of course that

1 if vedy,

IP’U(Z,L € Gl forsome 0<n< Kl) = )
0 if vedgq].

Now we try to have an upper bound of P,(Z, € G} for some 0 < n < k) forv € G}
where ¢ # 0, 1. For all suitable p;, py and N large we have for all v € G}

P,(Z, € G} for some 0<n < k)= qw(v,G}).

Where gy (v, G1) is the probability that, starting from v the Markov chain (Z,) hits G}
when it first enters G§ U Gj.
Now we will use a result on the Markov chains described by [5] lemma 3.3 of chapter
6 in terms of the W-graphs on the sets £ = {0,..., M} where W = {0,1}. To apply
M

this lemma we define the sets X; = G} Vi € {0,...,M} and X = UX;. If we define
i=0

a = exp{Nn/4M=1} and p;; = exp{—NV;(K;, K;)}, we deduce from lemma 4.8 that the
assumptions of the lemma 3.3 of chapter 6 in [5] hold true, hence for all suitable p;, po
and N large enough, v € G,

" r i—j)eg Pii
QW(U, G%) < a4M ! ZQGG 0,1(W) H( —j)eg Pis

ZgGGr(W) H(i—)j)eg Dij .
Thus

2 geGry 1(w) XP { — N2 i)y Vo s, KJ)}

aw (v, G1) < exp{Nn/7} = :
ZQEGT(W) exXp { - N Z(i—)j)eg VO(Ki? KJ)}

(47)
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It is easy to see that deer“ )exp{ =N ey Vo (K, Kj)} is equivalent to a pos-
itive constant C7 which is the number of graphs in Gr, (W) at which the minimum of
D (isi)eq Vo (K, K;) is attained multiplied by exp {—N Migecr, (W) D Vo(Ki, K; )}
We also see easily that the denominator in (47) is equivalent to a positive constant mul-
tiplied by exp{ — N mingecrw) Z (i=)eg VO(KZ, K; )} Hence there exists Ny such that
for N > Ny

(i—j)eg

1 .
w(v, G}) Sexp{ - N geéﬁil?m(% Vo(K:, K;) — ,in 2 Vo(K;, K;) +N77/6}-
1,J)<€g 1.7 g

We remark here that in the case of a single attracting set K, V@(Ki, Ky) = 0 for all
1. Then we have
min Z Vo(K;, K;) =0

geGr(W
(i,5)€g

We also have
min Y Vo(Ki, Kj) = Vo e (Ko, Ky).

gEGrg,l(W
(i,)€g

With these preceding remark, we deduce that

P,(Z, € G} for some 0<n < ki) < exp{—N (Vo ke (Ke, K1)—1/6)}; v € Gy, (#0,1.

Now according (46) and lemma 4.8 we have for N > 61%(]\4) V Ny

M
P.(1ZN()) —y| < §;78 < 0,,) < Ez(zﬂzleG;le(Zn €G] for some 0<n< /451)>
=0

M
= ]PZ(Zl c G+ Z]EZ (]lz}eG;PZl (Zn € Gl for some 0<n< ml))
(=2

IN

exp { — N(Vo(Ko, K1) —1/6)} + ZQXP{—N(‘N/O(KO, Ko) + Vo ke (Ko, K1) — 77/6)}

< exp { = N(Vo (Ko, K1) = 1/6)} + exp{ =N ( min {Vo(Ko, K1) + Vo s (Kr, K1)} = n/3)}

2<U<M

< exp{ - N(VO(Km K1) A 222}%{‘/6([{0, Ko) + VO,KS(Kéa Ki)}— 77/2)}'
We remark here that

Vo (Ko, K1) A 2;%2}%{‘/0’(}(0, Ko) + Vo,xe (Ko, K1)}

= Vo (Ko, K1)
= V(2" y)

And then .
P.(|ZY (7)) —yl < 6;75 < b,,) < exp{—N(V(z*,y) —n/2)} (48)
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uniformly over 2z € G}, provided p;, py and N are chosen in suitable way.
Combining (44), (48) and (41), we deduce that

P.(|ZV (7)) —y| < 0178 < 0.,) < exp{—N(V5(2*,y) — Vi —n)}, for all z € Gy,

provided § < p; with p; sufficiently small and N sufficiently large. As n > 0 is arbitrary,
we obtain the upper bound (39) from (40). This concludes the proof of lemma 5.2. [

We finally deduce our main result which is an analogue of Theorem 3.1 in [2].

Theorem 5.3. For z € O, y € 90 and any n, 6y > 0 there exist § < oy and Ny, such
that for all N > Ny

exp(—=N(S.(y) +n)) < P.(|1ZY(75) —y| < 9) (49)

and
P.(|1ZN(8) =yl < 0) < exp(—N(S.(y) — 1)) (50)

where S,(y) is defined by:
S:(y) = Vo(z, ) A (Vo(z"y) — Vap)-

Proof. We first remark that for z = z* the result is given by Lemma 5.2 . If z € O\ {z*},
we make the restriction that py be sufficiently small so that dist(z, K;) > p for all
1t =0,..., M. This allows us to write

P.(|1ZN(r5) =yl < 6) = P.(|1ZV(7) — yl < 6,0, < 75)
+P.(1Z2Y(15) =yl < 6,05, > 7))
=E.(P;, (12"(15) =yl < 0);60s <75)
—|—IP>Z(|ZN(T£7) —y| <6,0,, > Tg)

Upper bound of II;. Lemma 5.2 tells us that for all z € G,
P.(|ZV(r5) =yl < 6) < exp{=N(V5(2",y) — Vsp —n/3)}.
Hence II; can be bounded from above as follows
I, = EZ(IP’ZMHZN(Tg) —y| <6} 0, < Tg)
<P, < 15)}exp{—=N(Vs(z",y) = Vo —1/3)}
<exp{-N(Vo(z",y) = Vg —n/3)}.

Lower bound of II;. From Lemma 4.9 we deduce that for suitably small pg, p; there
exists N € N such that, for all N > N,

P.{0., <715} >PAZN 0, A7Y) € GL}
> exp{—Nn/2}.
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IT; can then be bounded from below as follows using Lemma 5.2
I = E.(B;, (12V(D) =yl < 8), 60, < 7)
> P.(0x, <75 ) exp{—N(Vo(z"y) = Vip +n/2)}
> exp{=N(Vo(2",y) = Vo + n)}.

Upper bound of II,. We now obtain a upper bound for Il by making the same com-
putations as in the proof of lemma 5.2. Indeed

P.(1ZN(75) —yl < 678 < 0.,) <PZY (1) € GI; 78 < b,,)
< IPZ(Zn € Gl forsome 0<n <k
= IEZ(IP’ZI(ZTL €G] forsome 0<n<k)).
Where we assume of course that,

1 if vedG!

P,(Z, € G} for some 0<n <ky):= '
0 if vedy.

For v € G}, £ # 0,1 we can establish as in the proof of Lemma 5.2 that
P,(Z, € G} forsome 0<n < k)< exp{—N (Vo ke(Kr, K1) —n)}
Hence
o = P.(|1ZY(r)) —yl < 0,75 < 6,)
< exp{—N(Vp(z, K1) A 22%[‘7@(% Ky) + Vo, ke (Ko, K1) — 2n/3)}

< exp{—N(Vo xg(2,y) — 2n/3)}.
Lower bound of II,. From Lemma 4.12, we deduce

I, =P.(|ZY (7)) — y| < 6,0, > 75)
> exp{—N (Vo ke(z,y) +n)}.

Conclusion Thus, the term on the left in (51) can be bounded from above as follows,

provided that N > 31ng(2)

P.(1ZN(r5) =yl < 8) < exp{=N(V5(2",y) — Vo — n/3)} + exp{—N (Vo xc(2,y) — 2n/3)}
< exp{—N(Vox:(z:y) AN [Vo(z",y) — Vgl —n)}-

We now show that
Voxs(z,y) AN Vo(2",y) — Vil = Volz,y) A Vo (2", y) — Vg (52)

Indeed we first remark that Vo xe(z,y) > Vo(2,y). If Vo ke(2,y) > Vo(2,y), then
the nearly minimal paths for V5(z,y) must come arbitrarily close to Ky, so

Vo(z,y) = Vol(z,2") + Vo (25, y) = Vo(2",y),
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and then Vi (2", y) — Vi < Vo(z,y) < Vo ke(2,y) and (52) is true. This establishes
the upper bound (50).

In order to obtain the lower bound (49), we deduce from the lower bounds for II;
and II, that

P.(|1ZY(r8) =yl < 8) = exp{=N(Vo(2",y) — Vg + M)} + exp{ =N (Vo ks (2, y) + )}
and then (49) follows from (52).

Corollary 5.4. Assume that there exits a unique point y* € 90 such that
Vo(2,y") = Vi = inf V(2" y),
y€00
then for all 6 > 0, and z € O
lim P,(|ZN (7)) — y*| < 6) = 1.

N—oo

6 Application to four models

In the four following models , we show that for N large, with high probability the stochastic
process hits the boundary of the basin or attraction of the endemic equilibrium near the
point to which the law of large number limit converges, when restricted to this boundary.
Note that V5 is the value function of a deterministic optimal control problem. We will
exploit Pontryaguin’s maximum principle, in order to prove the results of this section.
Let us first describe Pontryaguin’s maximum principle in the case of the optimal control
problems we are concerned with here, then we shall present the four models successively,
and finally we shall prove our result. Note that Assumption 2.1 is easily verified in the
first two examples, and has been carefully verified in [10] for the last two.

6.1 Pontryaguin maximum principle
Let us formulate the optimal control problem, of which Vg is the value function. Let
% = Buy, 20 =27,

where B is the d x k matrix whose j—th column is the vector h;, 1 < j < k, and the control
u € L*([0,00); RY) is to be chosen together with the final time 7" such as to minimize the
cost functional

k T
Clu) =3 [ Flute). 3yt where flah) = alog(ay) —a+ b,

subject to the constraint : zp € M, where M is the set of points z € A (or € Agr in the
case of the STR model with demography) which are such that

k
if 2, =0(z) = Zﬂj(z)hj, 2o = z, then z; — z, ast — oo.
j=1
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We associate to the above control problem the Hamiltonian

H(z,r,u) = (r, Bu) — fluy, Bi(2)).

<.
Il >
—

The maximum principle states that (see |1 1] and [15])

Proposition 6.1. If (T, U, 0 <t < T) 15 an optimal pair, then there exists an adjoint
state v € C([0,T]; RY) such that

:Bﬂt,: 0=2", z € M,
Ty = Z {Vﬁj 2t) AJ vﬁ](zt) , LM,
" Bi(z)
H(z,re, 0y) = HlSD(H(Zt,Tt, 0)=0, 0<t<T.
UER

Note that r; L M means that r; and the tangent vector to M at z; are perpendicular.
The fact that the Hamiltonian is zero at the final time is a consequence of two facts: the
final time T is not fixed and there is no final cost; the fact that the Hamiltonian is zero
along the optimal trajectory then follows from the fact that it is constant, since none of
the coefficient depends upon the variable ¢.

Let us exploit Proposition 6.1 to rewrite the system of ODEs for z; and r; along an
optimal trajectory. We denote by B* the transposed of the matrix B. Since for each
1 <j <k, u— (B*r)u— f(u,fB;(2)) is concave, its maximum is achieved at the zero
of its derivative, if it is non negative. We conclude that u; = eBm); B;(z). Consequently,
along the optimal trajectory,

k k
2y = Z (Brre); 7B (2t)hy, - Z elP i VBJ (21)- (53)
=1 j=1

Moreover, the optimal cost reads

Z/ B Tt); i+ (B*Tt)je(B*T’t)j> ﬁj(zt)dt.

In the examples below, d = 2. We shall denote by z; and y; the two components of z,
and by p; and ¢; the two components of r;.

6.2 The SIRS model

Let x; denote the proportion of infectious individuals in the population and y; the pro-
portion of susceptibles. Since the total population size is constant, 1 — x; — ¥, is the
proportion of removed (also called recovered) individuals, who lose their immunity and
become susceptible again at rate p. The deterministic SIRS model, see e.g. [1], can be
written as

Ty = ATgly — YT,
U = = Az + p(1 — 20 — ).
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If the basic reproduction number Ry = A/y > 1, then there is a unique stable endemic

equilibrium z* = <§ﬁ, %) The disease free equilibrium is z = (0,1). Here 90 = {z =
0}.

The corresponding SDE is of the form (1), withd = 2, k = 3, hy = (_11>’ hy — (—01>’
0
h3 - <1>7 61(I7y) - /\Iy, Bz(lﬁ,y) = yx, 63($7y) = p(]_ — T — y)

Note that in this example and in the next one, we do not need the definition of the
reflected process Z}¥, since it is identical to Z}N.
The system of ODES for the state and adjoint state (53) reads in this case

ay = NPy, — ye Py,
Ye = =" Ty + pet (1 — 0 — y1),
Pe=A1—e""")y +y(1—e) = p(l —e”),
G = A1 — ")z — p(1 —e*),

pPA—Y gl

To =" Yo =7, xr =0, gqr =0.

6.3 The STR model with demography

The deterministic SIR model with demography, see e.g. [1]|, can be written as

Ty = Avye — (7 + p)z,
U = —ATyYp + (0 — Yz

Again x; (resp. y;) denotes the proportion of infectious (resp. susceptible) individuals in
the population. As opposed to the SIRS model, the removed individuals do not loose their
immunity, rather new susceptibles are born at rate p, which is the rate at which both
susceptibles and infectious die (the infectious heal at rate p as in the STRS model). If

Ry = =2~ > 1, there is a stable endemic equilibrium z* = (£ — & X)) and a disease
Y+u ’ Y A X )

free equilibrium z = (0,1). Here 80 = {z = 0}.

The corresponding SDE is of the form (1), withd = 2, k =4, h; = (_11>, hy = (_01>,

0 0

hs = (1) ha=1{_y ) Bilw,y) = Ay, Bolw,y) = (v + w)z, Bs(x,y) = p, Balw,y) = py.
One difficulty in this model is that the “proportions” here are not true proportions, they
can be greater than 1. In fact the random process lives in all of RZ. However one can show,
see [ 1] that the cost needed to hit the boundary {z+y = R} tends to oo as R — oo, hence
for R large enough, if we restrict ourself to the subset Ag = {(z,y) € R%, = +y < R},
since min,epa, V (2%, 2) = min,, o V(2% 2). Also Ag is not exactly A; which has been
considered so far, it is easily seen that all our results extend to this new situation. The
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system of ODES for the state and adjoint state (53) reads in this case

Ty = NPT My, — (7 + p)e Pray,

U = — e xy, + pe® — pe My,
Pe=A1—e"" ")y + (y+p)(1—e™),
G =M1 —eP"")x, + p(l —e™ ),
po_n

= — — -, , xp =0, =0.
Nt \ Yo \ T qr

Zo

6.4 The SIV model

In this model, some of the individuals are vaccinated. Also the vaccine is not perfect, it
gives a partial protection. If we denote by z; (resp. y;) the proportion of infectious (resp.
of vaccinated) individuals at time ¢, the model studied by [7] reads

&= (B —p— )z — B = X)zy, — B,

Y =n(l—z) — (n+ p+ )y — XBreys-
For certain values of the parameters, it is shown that this model have one disease—free
equilibrium, one locally stable endemic equilibrium 2*, and a third equilibrium z which

lies on the characteristic boundary which separates the basins of attraction of the two
other equilibria, which is here 0. The corresponding SDE is of the form (1), with d = 2,

N R ) O G PG e o

0

h? = (_1)7 ﬂl(x7y> = B‘T(l - — y>7 52(%?/) - Xﬁxya ﬁ3(x7y> = 7L, 54(%3/) = Qy,
55(1‘7y) = 77(1 — T = y)u ﬂﬁ(l‘7y) = QT 67<x7y) = Hy.

The system of ODES for the state and adjoint state (53) reads in this case
Ty = fe’ (1 =z — yp) + xPe” T ay — (v + ple Py,
Y = —xBe" "y, — (0 + ple Ty + ne (1 — zp — i),
pr =B =)L =2z —yo) + XA — ")y + (1 —e™) —n(l —e®) + p(l —e™),
G =—0(1—e)a+xB(1—e’" M)z, +0(1 —e™ ) +n(e” — 1) + pu(l —e ),
zo=2", yo=y", (zr,yr) € M, (pr.qr) L M.

6.5 The Sy/S; model

This is a version of the STR model, where the recovered individuals are susceptible, but
with a susceptibility which is less that that of those who have never been infected. They
are of type S;. This model has been studied in [12]. Let z; (resp. y;) denote the proportion
of infectious (resp. of type S1) individuals. The ODE reads

=Bl —x — ye)wy — (p + @)z + rBxsYs,
Uy = axy — (Y — rBTY.

Again for certain values of the parameters, we have the same large time description as
for the STV model, and 0O is the characteristic boundary which separates the basins of
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attraction of the two local stable equilibria. The corresponding SDE is of the form (1),

. 1 —1 —1 1 0
with d = 2, k = 5, hy = <o>’h2:(1>’h3: <0)’h4: (—1> and by = (—1>’

Pi(z,y) = Pr(l—x—y), fa(x,y) = ax, Bs(z,y) = px, Pa(z,y) = rfry and B5(x,y) = py.
The system of ODES for the state and adjoint state (53) reads in this case
iy = peltay (1 — xp — yp) — ae® Play — pe Py + rpeP " ayy,,
Yr = ae® oy —rBeP Ty, — pe” My,
e = B(L— ) (L~ 2, — )+ a(L— ) (L — ) 4 rE(L— Yy,
G =—F(1 =)z +rB(1 — P )z + u(l —e™ ),
x Yo =y, (zr,yr) € M, (pr.qr) L M.

Zo

6.6 The result

In the four above examples, extinction happens when z; hits the boundary to which z
belongs (which is what is denoted JO in the previous sections of this paper). This is
quite clear in the first two examples. In the last two, as soon as the process crosses that
boundary, it converges very quickly (in zero time in the scale of Large Deviations) to the
disease free equilibrium. When on the boundary 6/\@, the solution of the ODE converges
to Z. It clearly follows from that remark that Vsz = Vz(2*, Z). What we want to show is
that this minimum is unique, i.e.

Proposition 6.2. In each of the above four examples, for all z € 8/6\{2}, Vo(2*,2) <
V(2" 2).

This shows, thanks to Corollary 5.4, that for large N, ZV* will exit the domain of
attraction of the endemic equilibrium z* in the vicinity of z with probability almost 1.

We now turn to the
Proof of Proposition 6.2 Suppose first that there exists a minimizing sequence {u,, n >
1} C Ll(Ri ]R’f;) such that the corresponding trajectory z; hits the target M at some
point z, € 0O\{z} in time 7T,,, with 7" := sup,, T,, < co. Since I is a good rate function
(i.e. its level sets are compact), see Theorem 3 in [9], there exists a subsequence z,, which
converges to a optimal trajectory Z which hits M at point z # Z at time T < T, with a
control & € L'([0, T]; R ). We concatenate Z with the solution of the ODE starting from
z, which converges to z (in infinite time). Since the second part of the trajectory runs
at no cost, the whole trajectory is optimal for the same control problem as above, but
with the constraint that z must be the final point. We apply the Pontryagin maximum
principle to this new optimal control problem, which implies the existence of a continuous
adjoint state (pi,q). Since p, = ¢ = 0 for t > T, we have ps = ¢ = 0. But this is
not possible. z; being bounded, the solution (p;, ¢;) of the adjoint state equation cannot
hit (0,0) in finite time. One way to see this is to note that the function (p;,¢q) time
reversed from time 7' would solve an ODE starting from (0,0), whose unique solution is
(pt,q:) = (0,0), see the second equation in (53). We conclude from the above argument
that if an optimal trajectory converges to some point z # Z, then it does so in infinite
time. Consequently (Zeo, Yoo, Poos oo) must be a fixed point of (53). It remains to show
that (z,7,0,0) is the only admissible fixed point. The argument is now slightly different
in the various considered examples.
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In the first two examples (STRS and SIR with demography), we know that x., (the
first coordinate of z,,) and the second coordinate ¢, of 7o, vanish. Consequently y,, must
be the zero of 1 — gy, hence equals 1.

In the two other cases, we first note that both p., and ¢., must be finite. Indeed, either
the solution must remain bounded, or else would explode in finite time, which contradicts
the existence of the adjoint state on [0, +00). We next show that both coordinates of z,,
Too and Y, are positive. In case of the STV model, we first note that y,, = 0 would
imply 2., = 1, but (1,0) is clearly not on M. On the other hand, x,, = 0 would imply
that the second coordinate ¢, of r, vanishes, and y,, = ﬁ, which again gives a point
not on M. In case of the Sy/.5; model, we note that x,, = 0 implies y,, = 0, and the
reserve implication is also true, but (0,0) is not on M. Finally, since C < oo, the running
cost must converge to 0 as t — oo. For each 1 < j < k such that §;(2«) > 0, this implies
that (ry, h;) — 0 as t — oo. This is true for j = 3 and 4 in case of the SIV model, for
j =3 and 5 in case of the SyI.S; model. In both cases, it implies that (pso, ¢oo) = (0,0).
Consequently z, is a zero of b(z) = ijl Bj(2)h; and belongs to M, hence equals Z. The
proof is complete. U
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