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Spatially dense stochastic epidemic models
with infection-age dependent infectivity

GUODONG PANG* AND ETIENNE PARDOUX'

ABSTRACT. We study an individual-based stochastic spatial epidemic model where the number of
locations and the number of individuals at each location both grow to infinity. Each individual is
associated with a random infectivity function, which depends on the age of infection. Individuals
are infected through interactions across the locations with heterogeneous effects. The epidemic
dynamics in each location is described by the total force of infection, the number of susceptible
individuals, the number of infected individuals that are infected at each time and have been infected
for a certain amount of time, as well as the number of recovered individuals. The processes can
be described using a time-space representation. We prove a functional law of large numbers for
these time-space processes, and in the limit, we obtain a set of time-space integral equations. We
then derive the PDE models from the limiting time-space integral equations, in particular, the
density (with respect to the infection age) of the time-age-space integral equation for the number
of infected individuals tracking the age of infection satisfies a linear PDE in time and age with an
integral boundary condition. These integral equation and PDE limits can be regarded as dynamics
on graphons under certain conditions.

1. INTRODUCTION

In order to capture the geographic heterogeneity, spatial epidemic models have been well devel-
oped, both in discrete and continuous spaces. With discrete space, multi-patch epidemic models
have been studied in [1, 2, 5, 27, 31] and recently by the authors [22], where each patch represents a
geographic location, and infection may occur within each batch and from the distance (for example,
due to short travels). See also the multi-patch multi-type epidemic models in [5, 11], as well as
relevant models in [4, 17, 18]. With continuous space, various PDE models have been developed
(see the surveys in [25, 26, 19, 8]). There are two well-known models: Kendall’'s PDE model [14, 15]
and Diekmann-Thieme’s PDE model [9, 10, 28, 29]. Kendall’'s PDE model has a constant recovery
rate while in the Diekmann-Thieme PDE model, the infection rate depends on the age of infection,
as in the PDE model proposed by Kermack and McKendrick in their 1932 paper [16]. Kendall’s
PDE model was proved to be the FLLN limit for the multitype Markovian model by Andersson and
Djehiche [3], where both the number of types and the population size go to infinity. However, the
Diekmann-Thieme PDE model has not been proved to be the FLLN limit of a stochastic epidemic
model.

In this paper, we start with an individual-based stochastic epidemic model at a finite number of
locations. Each individual at every location may be infected from his or her own location or from
other locations (see the infection rate function in equation (2.4)). Note that individuals do not
migrate from one location to another in our model. Each individual is associated with a random
infectivity function/process, independent from any other individual but having the same law as
all the other individuals (this is reasonable since the model is for the same disease). This random
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infectivity function also determines the law of the infectious duration of each individual, which is
i.i.d. for all individuals. For each individual, we track the age of infection, that is, the elapsed time
since the individual was infected (for the initially infected individuals, this means we also know
their infection times before time zero). To describe the epidemic dynamics at each location, we
use the aggregate infectivity process of the population and a two-parameter (equivalently, measure-
valued) process tracking the number of individuals that have been infected for less than or equal
to a certain amount time as well as the numbers of susceptible and recovered individuals. Such an
individual-based stochastic model with only one location has been studied by the authors in [21],
where an FLLN is established and the associated PDE model for the limit is derived.

We consider this stochastic epidemic model in a spatially dense setting, where the number of
locations increases to infinity while the number of individuals in each location (and the total
population) also goes to infinity. This has the same flavor as the asymptotic regime in [3] for the
multitype Markovian model where the number of types goes to infinity while the population in each
type also go to infinity. This is also in a similar fashion as the asymptotic regime of the Markovian
epidemic model on a refining spatial grid in R? (d = 1,2,3), recently studied in [20], where the
mesh of the grid goes to zero and the population size at each site also goes to infinity. However, our
model is non-Markovian and the infection process is much more complicated with the infection-age
dependent infectivity.

For this model, it is convenient to describe the epidemic dynamics at all locations using a time-
space representation of the vector-valued processes (for the number of infected individuals tracking
the age of infection, this in fact becomes a time-age-space process). We treat the time-space
processes in the functional spaces D and Dp given the spatial component, while choosing the
L' norm on the spatial component. We prove an FLLN (Theorem 2.1) for the scaled time-space
processes under a set of regularity conditions on the initial conditions, infection contact rates and
and random infectivity functions (Assumptions 2.1, 2.2 and 2.3). The limits in the FLLN are
described by a set of time-space integral equations. It is worth highlighting that the heterogeneity
of interaction effects between different locations is represented by a function 5(z,y) for z,y € [0, 1]
(which resembles the kernel function in graphon, see further discussions below).

For the weak convergence of the time-space processes, we introduce new weak convergence cri-
teria for these time-space processes (Theorems 4.1 and 4.2), which involves the L; norm for the
spatial component. To verify these criteria, we establish moment estimates for the increments of
these processes, which is challenging due to the interactions among the individuals at the different
locations. In particular, the interactions introduce nontrivial dependence in various components of
the time-space processes. We first study the joint time-space dynamics of the susceptible popula-
tion and total force of infectivity (Section 5). This involves the existence and uniqueness of solution
to a set of time-space Volterra-type integral equations (see equations (5.8)-(5.9)), and the moment
estimates associated with the increments involving the varying infectivity functions together with
their interactions (in order to use Theorem 4.1). Given their convergence, we then establish the
convergence of the time-age-space process tracking the infection ages of individuals (Section 6). In
order to employ Theorem 4.2, we need to establish the moment estimates for the increments with
respect to both time and infection-age parameters, for which the dependence due to interactions
also brings additional challenges.

From the limit tracking the rescaled number of infected individuals with a given age of infection,
we derive a PDE model with partial derivatives with respect to time and the age of infection (not
with respect to the spatial variable, since there is no migration among locations). It is a linear PDE
model with an integral boundary condition. It may be seen as an extension of the PDE models in
[21], with the addition of a spatial component. We then discuss how the PDE model is related to
the well-known Diekmann-Thieme PDE model and how it reduces to Kendall’s PDE model in the
Markovian case (see Remarks 3.2 and 3.4). Note that our PDE model is much more general since
we do not require any condition on the distribution function of the infectious periods.
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This work is part of our continuing efforts on the understanding of non-Markovian epidemic mod-
els (see the survey in [12]). In our previous work, most models consider a homogeneous population
with the two exceptions of a multi-patch (discrete space) model [22, 11]. Our model in this paper
starts from a dense discrete space model, while the limit becomes a spatial model in continuous
space. We should also mention the spatial models in continuous space in [7] and [30], where the
stochastic model starts with a continuous process for the movement of individuals, in particular, it
is assumed that individual movements follow an Itd diffusion process, and the epidemic models are
Markovian.

Our work also contributes to the recent studies of stochastic dynamics on graphons. Keliger et
al. [13] consider a finite-state Markov chain on a discretized graph of a graphon, and then prove
a PDE limit for the dynamics as an FLLN. Their model includes an SIS model on graphon. Petit
et al. [23] consider a random walk on graphon and prove a PDE limit for the Markovian dynamics.
However, we start with a non-Markovian epidemic dynamics, and the limiting integral equations in
Theorem 2.1 and the PDE models in Proposition 3.1 and Corollaries 3.1 and 3.2 can be regarded
as dynamics on graphons, when the kernel function 5(z,y) is symmetric and takes values in [0, 1]
(see further discussions in Remark 2.2).

1.1. Organization of the paper. The paper is organized as follows. In Section 2.1, we provide
the detailed model description. We then present the scaled processes and assumptions and state
the FLLN result in Section 2.2. We derive the PDE models from the FLLN limits and discuss how
they are related to the already known spatial PDE models in Section 3. The proofs of the FLLN
are given in Sections 5 and 6 after some technical preliminaries in Section 4.

1.2. Notation. All random variables and processes are defined on a common complete probability
space (2, F,IP). Throughout the paper, N denotes the set of natural numbers, and Rk(R'j_) denotes
the space of k-dimensional vectors with real (nonnegative) coordinates, with R(R ) for k = 1. Let
D = D(R4;R) denote the space of R—valued cadlag functions defined on R;. Here, convergence in
D means convergence in the Skorohod J; topology, see Chapter 3 of [6]. Let C be the subset of D
consisting of continuous functions. Let Dp = D(R4; D(R4;R)) be the D-valued D space, and the
convergence in the space Dp means that both D spaces are endowed with the Skorohod .J; topology.
For any increasing cadlag function F(-) : R4 — Ry, abusing notation, we write F'(dz) by treating
F(-) as the positive (finite) measure on R, whose distribution function is F. For any R—valued
cadlag function ¢(-) on R, the integral fab ¢(z)F(dz) represents f(%b} ¢(x)F(dz) for a < b. We use
1y, for the indicator function. For x,y € R, we denote x A y = min{z,y} and x V y = max{z,y}.

We use || - ||1 to denote the L'([0,1]) norm. For time-space processes Z(t,z) and Z(t,s,z), for
each z, we regard them in the spaces D and Dp, respectively. For the weak convergence of the
time-space processes ZV (t,z) to Z(t,z) as N — oo, we use the Skorohod topology for the processes
in D with the L!([0,1]) norm with respect to z. Similarly, for the weak convergence of the time-
space processes Z'¥ (t, s,x) to Z(t,s,x) as N — 0o, we use the Skorohod topology for the processes
in Dp with the L'(]0,1]) norm with respect to . We write these spaces as D(R,, L([0,1])) and
D(R,,D(R,, L'([0,1])), or D(Ry,L') and D(R;,D(R, L') for short. See the weak convergence
criteria in Theorems 4.1 and 4.2.

2. MoDEL AND FLLN

2.1. Model Description. We consider a population of fixed size IV distributed in K locations in a
space S (for example, [0, 1], R? or R?). For simplicity, we take S = [0,1]. Also let K depend on N,
denoted as KV. Let the K locations be at xév, k=1,...,K" in [0,1] such that 0 < z{¥ < 2 <
e < x%N < 1. For notational convenience, let I,k =1,..., K~ be a partition of [0, 1] such that
zy € IV and |1Y| = (KV)~! for all 1 < k < K. In each location, individuals are categorized into
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three groups: susceptible, infected (possibly including both exposed and infectious) and recovered.
We assume that individuals do not move among the different locations, and susceptible individuals
in each location can be infected from their own location as well as from other locations (as explained
below). Suppose that there are Bév individuals at location k, such that B{V + - —1—3% ~ = N. (For
example, there is an equal number of individuals in each path, that is, B,iv =N/K N for all k.) We
assume that

N
both K — 0o and KN 00, as N — 0. (2.1)

Notation: Whenever not causing any confusion, we drop the superscript N in ZE{CV ) I{CV , KN
and BY. For any vector z = (21,...,2x), we write z(z) = K zkllé\r(z) where 11115(’) denotes
the indicator function of the set IY. For a process Z(t) = (Z1(t), ..., Zk(t)), we write Z(t,z) =
S Zi(t)1yy () for t > 0,z € [0,1].

Let SY(t), IN(t) and RY(t) be the numbers of susceptible, infected and recovered individu-

als in location xy, at time t. We can also write the vectors SN () = (SN (¢),..., SN (1)), IN(t) =
(IN@),..., IE () and RV (t) = (R (t),..., R¥(t)), as the following time-space processes S™ (t, ) =
SNy, (), TV (tx) = S IY ()11, (2) and RN (t,2) = ST0 | RN (t)15, (), respectively.

Note that S (t) = SN (¢, %), and so on.

To each infected individual is attached a random infectivity function. Individual j in location
k has a random infectivity function A;x(-). The initially infected individual j from location k
gets infected at time 7']\2 < 0, for j = —I,iV(O),...,—l, and has at time ¢ > 0 the infectivity
)\] p(FN Skt t) where TN] = —T;’\L. The initially susceptible individual j that gets infected at time

’k has the infectivity A;(t — T]{\;) at time ¢t > 0 for each 7 > 1. We assume that the sequence
Nk g € Z\{0},k = 1,...,K} is i.i.d. (Since we are concerned about the same disease, it is
reasonable to require all the individuals at all the locations have the same law of infectivity and
recovery, that is, homogeneous over locations.) Also, let A(t) = E[\;(t)] for j € Z\{0} and
k=1,...,K, for each t > 0.

We assume that A;i(t) = 0 as. for ¢t < 0, for all j € Z\{0}, k¥ = 1,..., K, and that each
Ajk has paths in D. Define 7, = sup{t > 0 : A; x(¢) > 0}, which represents the duration of the
infected period for individual j. Note that this may include both the exposed and infectious periods.
Under the above assumption on {\;x}, the variables {n;} are also i.i.d. Let F(t) = P(n;r < t)
for j € Z\{0} and k = 1,..., K, representing the cumulative distribution function for the newly
infected individuals.

For each j < —1, let 770k =inf{t >0:\ (%]\L +7r) =0, Vr >t} be the remaining infected period,
which depends on the elapsed infection time T p= but is independent of the elapsed infection times
of other 1n1t1ally infected individuals. In partlcular for 7 < —1, the conditional distribution of 77]7 i

given that 7' % = s> 0is given by
Fe(t + s)
Fe(s)
Note that the 77 & ’s are independent but not identically distributed.
The total force of infection of the infected individuals in location k is given by
IN(0) SN (0)

ZA—M o)+ ZAM —N), t=>0. (2.3)

P(n?, > t|7N, = s) = for t,s>0. (2.2)
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We similarly write the time-space process for the total force of infection in the population:

ng 1Ik

The rate of infection for individuals in locatlon k is given by

N
TN (1) = BN KN Z BewSp(t), t=>0. (2.4)
k=1
Here the factor ﬁfx w reflects the effect of infection of individuals from location &’ upon those from
location k. It also represents the heterogeneity of the effects of the interactions among different
locations.
The number of newly infected individuals in location k by time t is given by

t 0
_ /0 /0 1, (o @u(ds, du), (2.5)

where {Qg(ds,du), 1 < k < K} are mutually independent standard (i.e., with mean measure the
Lebesgue measure) Poisson random measures (PRMs) on Ri. The counting process AY has the
event times {7 k,] > 1}
Let 9 (¢, ) be the number of infected individuals in location k that are infected at time ¢ and
have been infected for less than or equal to a. Then we can write
Y (0) AN (1)
~N
Tk (t,a) Z Lo >t17~—ivj7k§(a—t)+ + Z 1rjfjfk+njyk>t : (2.6)
J=AY ((t=a)F)+1
We suppose that there exists a € [0,00) such that I}¥(0) = I (0,a). It is also clear that for all
t>0,
N ~N
Iy (t) = Jj; (£, 00).
To account for the location, we also write the time-age-space process
KN
N(t,a,2) =Y 0 (¢, a)1g, ().
k=1
has paths in Dp.

Note that for each z, the process IV (¢, a, )
(t) can be expressed as

The dynamics of S (t), I (t) and RY
)

S (t) = S (0) — AN (1),
1Y(0)
: 1Y (0) AN (t)
RY (1) = Z Lo ot D Lv g
j=1

2.2. FLLN. We recall that

N = Zsk )+ IV (1) + Ry (¢ ZBk, (2.7)
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and observe that

1
/0 (5% () + I¥(t,2) + BN () = i Z (SN() + IV () + RY (1)) = % (2.8)

It is then reasonable to introduce the scaling offthe processes by N/K™ | that is, for any process
= FNV,IN YN AN SN IV RY | we define Z)Y = (N/KN)71ZY. We then define the scaled
time-space processes

sz 15, (), ZN =FN, N AN, SN 1N RY

and
KN

tam Z tal;[k

In addition, define the scaled population size at each location
=> B, (z), with BY = (N/EY)"'BY.

Hence, from (2.8) and the scaling, we obtain

1 1
/ (SN (t,2) + I (8, 2) + BN (8, 2))dw = / BN (2)dz = 1.
0 0

We make the following assumption on the initial condition.

Assumption 2.1. There exist nonnegative deterministic functions (S(0,),3(0,a,z), R(0,z)) such
that for each x, 3(0,-,2) is in C, and for each a € [0,a],

HSN(07) _5(07')“1 — 0, ”jN(07 a, ) _j(o7 a, )”1 — 0, HRN(Ov ) _R(Ov )”1 — 0 (29)

in probability as N — oo, where letting 1(0,z) = J(0,00,z), we have

1
/ (5(0,2) + 10, 2) + R(0,2))dz = 1. (2.10)
0
In addition, there exists B(x) such that
IBY () = B() s = sup B (2) = B(x)| =0, (2.11)
xe|0,

where for some constants 0 < cp < Cp < 00,
B(x) € [cg,CB] Vx €[0,1], (2.12)

/01 B(x)dr =

Note that, thanks to (2.11) and (2.12), we may and do assume that c¢p and Cp have been chosen
in such a way that

and

BN (z) € [eg,CB] VYN >1,z€l0,1]. (2.13)
Under the assumption in (2.9), it follows that
I7%/(0,) = 1(0, )l = 0
in probability as N — oo.
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We introduce for each z, 2’ € [0 1]
= BNl (2)1g, (2) . (2.14)
k,k'

Assumption 2.2. There exists a constant Cg > 0 such that for all N > 1, z € [0,1],

1 1
/ BN (2, y)dy v / BN (y,2)dy < Cj. (2.15)
0 0

There exists a function [ : [0,1] x [0,1] — Ry such that for any bounded measurable function
¢:[0,1] = R,

0. (2.16)
1

1
i 1BY (- y) = B, y)]é(y)dy

Remark 2.1. Concerning condition (2.15), let us first note that, if ﬁé\fk, = ﬁ,i\,f’k (symmetric) for
all N >1, 1 <k, k' < K, the boundedness of fol BN (x,y)dy is equivalent to that of fol BN (y, x)dy.

Clearly (2.16) implies that (2.15) is satisfied with B~ replaced by 3. We note that this assumptz’on
allows in particular B(z,y) to explode on the diagonal x =y, for example, 5(x,y) = \/— for

some ¢ > 0, meaning that infectious interactions between “close by” individuals are much more
frequent than between distant ones. See further discussions in Remark 2.2.

We make the following assumption on the random function A.

Assumption 2.3. Let \(-) be a process having the same law of {)\?()}] and {\;(-)}i. Assume that
there exists a constant X* such that for each 0 <T' < 00, sup;c(o 1] A(t) < A" almost surely. Assume

that there exist an integer k, a random sequence 0 = (0 < ¢! < ... < ¢* and associated random
functions X' € C(Ry;[0,\*]), 1 < £ < k, such that
We write Fy for the c.d.f. of ¢t, 0=1,...,k. In addztzon, we assume that there exists a deterministic

nondecreasing function ¢ € C(Ry;R.) with ¢(0) = 0 such that [X(t) — N(s)| < @(t — s) almost
surely for all t,s > 0 and for all £ > 1. Let A(t) = E[\(t)] = E[)\?(t)] and v(t) = Var(A(t)) =

E[(A(t) — A(t))?] fort > 0.
Theorem 2.1. Under Assumptions 2.1, 2.2 and 2.3,
I () =) =0, SN, ) =St )b =0, [|RY(,) — R(t, )]s =0,
13N (¢, a,) = 3N (t 0,1 — 0 (2.18)

in probability as N — oo, locally uniformly in t and a, where the limits are given by the unique
solution to the following set of integral equations. The limit (S(t,x),§(t,x)) is a unique solution to
the system of integral equations: fort >0 and x € [0, 1],

S(t,2) = 5(0,2) — /T(s,x)ds, (2.19)
Ma+ )T O,da,:n)+/t5\(t—s)T(s,:p)ds, (2.20)
0
where
. ) )
T(t, ) = l;t(’:g )) /0 Bz, )5 (t, o' )da' = Ta(t,0, 7). (2.21)
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Given S(t,x) and §(t, ), the limits 3(t,a,z) and R(t,x) are given by

_ (a—=)" pe(q ~ t B
J(t,a,z) = /0 %j(o,da,,x) + /(t—a)+ Fe(t —s)Y(s,x)ds, (2.22)
R(t,z) = R(0,z) +/0°° (1 - %)j(o,da/,x) +/0 F(t — 5)T(s,z)ds. (2.23)

In addition,
IV (t,-) = I(t, ) =0

locally uniformly in t in probability as N — oo, where

_ > F(q _
I(t,2) :/ P D50, dd o) / Fe(t — 5)T(s, )ds. (2.24)
o ()
For each x, the limits S(t,z), §(t,x), J(t,a,z), I(t,z) and R(t,z) are continuous in t and a.

Remark 2.2. Our model can be regarded in some sense as non-Markovian population dynamics
on graphons. In particular, the function B(x,z') can be regarded as the graphon kernel function,
representing the inhomogeneity in the connectivity. However, the kernel function is often assumed
to take values in [0, 1] and to be symmetric in the graphon literature. In our model, 5(x,x") does not
necessarily take values in [0, 1] although it can be rescaled to [0,1], and the function B(x,z') may not
be necessarily symmetric. In the prelimit (the N system), the locations {1}y can be regarded as
a discretization of the unit interval [0,1] and the infection rate functions between different locations
ﬁé\fk, in (2.14) can then be regarded as the corresponding discretization of the function B(x,z'). We
refer the readers to [13] and [23] for Markov dynamics on graphons and PDE approzimations.

Remark 2.3. For the spatial SIS model, we have the identity Zfﬁl(s,iv(t) +IN@®) = N and
fo (t,x) + I(t,x))dx = 1. We use two processes F (t,x) and IV (t,a,z) to describe the epidemic
dynamzcs and can show that ||V (¢,-)—F(t,)||l1 — 0 and |IV(t,a,)=T(t,a,2)||1 — 0 in probability
locally uniformly in t and a as N — oo, where

[e'e] t 1
3t 2) = / M+ £)3(0, da, ) + / At — 5)S(s, 2) / Bla, )3 (s, ' )da' ds (2.25)
0 0 0
and
= o (a=t)* Fc(a/ +t); ’ ! c o ! N / /
3(t, a, 2) _/0 WJ(o,da,x)+/(t_a)+F (t—s)S(s,x)/O Bla,')3 (5,2’ )da' ds
(2.26)

with S(t,x) satisfying
1
/ (S(t,2) +3(t, 00, 2))dz = 1. (2.27)
0

Using 1(t,x) = J(t,00,), we can write the last equation as fo S(t,x) + I(t,x))dx = 1, and the
limit 1(t,x) is given by

j:(t,a:):/o F;EC( 3 50 da’ / Fe(t—s)S )/1B(az,x')§(s,x’)d:ﬂ/ds.
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3. PDE MODELS

In this section we derive the PDE models associated with the limits from the FLLN. For each ¢,
the limits S(¢,z), 3 (¢, x), I(t,x), R(t,z) can be regarded as the densities of the quantities, suscepti-
bles, aggregate infectivity, infected and recovered, distributed over the location x € [0,1], and for
each t and a, the function J(¢, a, ) can be also regarded as the density of the proportion of infected
individuals at time t with infection age less than or equal to a, over the location = € [0,1]. In
addition, for each fixed ¢ and x, J(t,a,x) is increasing in a, and can be regarded as a “distribution”
over the infection ages. If J(t,a,z) is absolutely continuous in a, we let i(t, a,z) = J4(¢, a,x) be the
density function of J(¢, a,x) with respect to the infection age a.

In the following we will consider the dynamics of S(¢, ), §(t,z), I(t,z), R(t,x),J(t,a,x) in t and
a, as a PDE model. Since there is no movement of individuals between locations, no derivative
with respect to x will appear. However, the interaction among individuals in different locations
will be captured in these dynamics, in particular, in the expression of T(¢,z) in (2.21).

We consider any arbitrary distribution F, and for notational convenience, we let G(t) = F(t7)
and G°(t) = 1 — G(t) = F°(t™), which are the left continuous versions of F' and F°. Denote v(-)

the law of 1. Then g(cd(i)) can be regarded as a generalized hazard rate function.

Remark 3.1. Let us explain why we introduce here the left continuous version of F'. Note that when
F is absolutely continuous, this makes no difference. The simplest example which motivates this

choice is the following: v = &,. In this case, G°(ty) = 1, while F(to) = 0. So, with the convention
that (V;(C;'Z)) is zero outside the support of v, whatever the denominator might be, this fraction is well

defined, which would not be the case if we replace G°(t) by F°(t) in the denominator.

Proposition 3.1. Suppose that for each x, 3(0,a,2) is absolutely continuous with respect to a with
density i(0,a,z) = J4(0,a,z). Then for t,a >0 and x € [0,1], the function J(t,a,x) is absolutely
continuous in t and a, and its density i(t,a,x) = J4(t, a,z) with respect to a satisfies
Oi(t,a,z)  Oi(t,a,x) i(t,a,z)
= 2 (da), 3.1

ot da Go(a) V) (3:1)
(t,a,2) in (0,00)2 x [0, 1], with the initial condition i(0,a,z) = J4(0,a,z) for (a,z) € (0,00) x [0, 1],
and the boundary condition

qQ T 1 t+a Y[/ B
i(t,o,x)zsg(’x )) /0 5(3;,3;')( /0 %i(t,a’,x’)da')dw’, (3.2)

Ge(a’—t)

where G° =1 on R_ and the integrand inside the second integral is set to zero whenever G¢(a) = 0.
The function S(t,x) satisfies
oS(t .
7 % — —i(t,0,2), (3.3)
with S(0,x) satisfying (2.10).
Moreover, the PDE (3.1)-(3.2) has a unique non-negative solution which is given as follows: for

a>tandxe|0,1],

it a,2) = %i(o, a—t), (3.4)
and fort > a and x € [0, 1],
i(t,a,z) = G°(a)i(t — a,0, ), (3.5)

and the boundary function is the unique non-negative solution to the integral equation

i(.0.2) = (B() ™ (5(0.2) - /0 t{(s,o,:n)ds)
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« /0 (e ( /0 T Xa+ 00, a,2')da + /O At 9)i(s,0, x')ds) i’ (3.6)

Provided with the PDE solution i(t,a,z) and with Y(¢,2) = i(¢,0,z), the functions I(¢,z) and

R(t,x) are given by

_ o ey t) - t _
I(t,z) = / % i(0,d’,2)da’ + / Fe(t —s)i(s,0,2)ds,
0 0

_ o0 Fc(a’—l—t) - / / t -
R(t,z) = R(0,x —I—/ 1l—-—+ 10,0,:Edﬂ—|—/Ft—818,0,l‘d8.
(t0) = BO.2)+ | (1= = )10 o + | F(t = 5)(5,0,0)
Also, by definition,
I(t,2) = 3(t, 00, 2) = / i(t, a, x)da.
0

Proof. Using the expression of Y(s,z) = Ju(s,0,2) in (2.21) and with G¢, we can equivalently
rewrite (2.22) as

~ (a—=t)T e 1 B t _
3t a,7) = / G )5 (0.d x)dd + / Gt — $)3u(s,0,0)ds.  (3.7)
0 Ge(o') (t—a)+

Exploiting the fact that % + % of a function of ¢ — a vanishes, we deduce from (3.7) that

34(0,d, 2)v(t + da’)

_ B (a—t)t
Je(t,a,2) + To(t,a,x) = —
) +3u(to) == [
t
+ja(t707x)_/ ja(S,O,x)V(t—ds)

(t—a)*t
avt 1 _ 0 , J ,
=— — 7 —t
/t Gc(a/_t)Jﬂ( @ 733)1/( Cl)
_ ant
+ J34(t,0,2) — / Ja(t — 5,0, 2)v(ds) .
0

Here we consider the derivative with respect to ¢ in the distributional sense and use the measure
v(-) associated with G since we do not necessarily have differentiability of G¢. We then take
derivative with respect to a on both sides of this equation (denoting J;4(t,a,z) and Joq(t, a,z) as
the derivatives of J;(¢,a,x) and J,(t, a, ) with respect to a) and obtain the following:

_ _ da) _
Jialt,a,z) + Jgalt,a,x) = —1a>t%3a(0, a—t,x) — 1ysqv(da)Jq(t — a,0,2).
Rewriting % = Jat(t,a,2) = T 4(t,a,z) and W = Jq.a(t,a,2), we obtain the PDE:
Oi(t,a,z) Oi(t,a,x v(da) - -
( 5 ) + ((% ) = — azt% i(0,a —t,z) — Lysqv(da)i(t — a,0,z). (3.8)

In order to see that the right hand side coincides with that in (3.1), we first establish (3.4) and
(3.5). Fora>t,0<s<tandz€|0,1],
di(s,a 8;5 +s,x) _ _V(gc(;j—tc;s) (0,a—t,2),
and for t > a, 0 < s <aand x € [0,1],
Oi(t —a+s,s,1)
0s

= —v(ds)i(t — a,0,).
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From these, by integration and simple calculations, we obtain (3.4) and (3.5). Now (3.1) follows
from (3.8), (3.4) and (3.5).
Then using (3.4) and (3.5), by (2.20) and the second equality in (2.21), we obtain

3t 7) = /0 T a4 810, a,)da + /0 "Nt — £)T(5.0,2)ds (3.9)

The expression for the boundary condition in (3.6) then follows directly from (2.21) using this
expression of F(t,z). Again, using (3.4) and (3.5), we see that the boundary condition (3.6) is
equivalent to (3.2).

We now sketch the proof of existence and uniqueness of a non-negative solution to (3.6). Note
that, thanks to (3.4) and (3.5), existence and uniqueness of a non-negative solution to the PDE
(3.1)-(3.2) will follow from that result. First of all, let us rewrite that equation as

u(t,z) = (Bz))" (f(x)— /0 tu(s,x)ds) « /0 o) <g(t,az')+ /0 tA(t—s)u(s,x’)ds) i,

where 0 < f(z) <1 and 0 < g(¢t,z) < A\* are given from the initial conditions. Any nonnegative
solution satisfies

u(t,z) < /O T (g(t,x')+ /0 t/_\(t—s)u(s,w')ds> da’, hence

t
u(t, Yoo < CsA" (1 i /0 ||u<s,->uoods)
< Oﬁ)\* CB)\*t .

Here [lu(t,)|lco = supyepoq) [u(t; )| Let now u and v be two non negative solutions. Then,

lult, z) — v(t )| < ( (/ Bz, [ m')+/ X(t—s)u(s,x’)dsb/o (s, 2) — v(s,2)|ds

+ (B(z))™! <f( )+ / s, ds)/ B(z, ' / At — 8)|u(s,2") —v(s,2")|dsdx’ .

Integrating over dx, exploiting the previous a priori estimate and (2.15), we deduce the uniqueness
from Gronwall’s Lemma. Finally, the existence of a nonnegative L'([0, 1])-valued solution can be
established using a Picard iteration argument. Note that in the previous lines we have used the
two distinct inequalities contained in (2.15). O

If F is absolutely continuous, with density f, we denote by u(a) the hazard function, i.e., u(a) =

zfc(?z) for all a > 0. We obtain the following corollary in this case.

Corollary 3.1. Under the assumptions of Proposition 3.1, if F' is absolutely continuous with density
f, then the PDE in (3.1) becomes

8‘(%;’“%) 4 8‘(22’“’) = n(@)i(ta,2), (3.10)
with the initial condition i(0,a,2) = J4(0,a,z) for (a,z) € (0,00)x [0, 1] and the boundary condition
(3.2). The function S(t,x) satisfies (3.3), and the PDE (3.10) has a unique solution which is given
by (3.4) and (3.5), and the boundary function is the same as in (3.6).

When the infectious periods are deterministic, we obtain the following corollary.

Corollary 3.2. Suppose that the infectious periods are deterministic and equal to t;, that is, F(t) =
1;>¢, and G(t) = 14>y,. Then the PDE in in (3.1) becomes
di(t,a, ) N Oi(t,a, )
ot Oa

= —6,(a)i(t,a,z), (3.11)
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with &, (a) being the Dirac measure at t;, with the initial condition i(0,a,x) = J4(0,a,2) for a €
(0,t;) x [0,1], and the boundary condition

_ Q t 1 ti B
i(,0,2) = 207 / B(z, ) / MNa)i(t, o2 )da | da | (3.12)
B(z) Jo 0
The PDE (3.11) has a unique solution which is given as follows: fort < a <t; and x € [0,1],
i(t,a,z) =1(0,a — t, x), (3.13)

and for a <tAt; and x € [0,1],

i(t,a,2) =i(t — a,0,z), (3.14)
and for a > t;, i(t,a,x) = 0. The boundary function is the unique solution to the integral equation:
for 0 <t <t

i(t,0,2) = B(z)™! (5(0,3:) - /Oti(s,O,a:)ds)
X 01 (x,2") </:Z Aa)i(0,a —t,2")da + /Ot At — s)i(s, O,x')ds> da’ (3.15)
and fort >t;,
i(1.0.2) = B(a)~ (5(0.2) - /0 s, 0,)ds) x /0 (. /O U= )50, dsd’ . (3.16)

Remark 3.2. In the special case when \i(t) = N(t)li<y, for a deterministic function \(t), the
boundary condition (3.2) becomes

- 3(¢ 1 t4a
i(t,0,2) = 5, 2) / Blx,z") / Ad)i(t,d, 2" )da' |dz’. (3.17)
B(z) Jo 0
This is because \(t) = N(t)F°(t) and E[N(t) i<y, [To = y] = Mt +y) F;(ct(x/). This boundary condition

resembles that given in the Diekmann PDE model [9] (without B(z) in the denominator). See further
discussions in Remark 3.4.

Remark 3.3. By using the solution erpressions in (3.4) and (3.5) together with the second identity
Y(t,x) = T4(t,0,2) in (2.21), we can rewrite F(t,x) in (2.20) as

S(t,x) = /000 Aa+1)i(0,a,z)da + /Ot At — 8)i(s,0,7)ds

R A G(a) - . 1 -

= /0 Aa+ t)m i(t,t + a,z)da + /0 A(a) G0 i(t,a,z)da

B t+a Gc(a _ t) _ _

= /0 ~Goa) Aa)i(t,a,z)da, (3.18)

where G(a) = 1 for a < 0. In the special case when \(t) = \(t)1i<y, as described in the previous
remark, we obtain
t+a

3t z) = /0 Aa)i(t, . 2)da, (3.19)

which further gives

) 1 tya
T(t,2) = (t(:C )) /0 B(z,2) /0 Ma)i(t, a, 2/ )dada’

B
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_ é /t+a/ B(z, 2 )A(a)i(t, a,2')da'da. (3.20)

Remark 3.4. In Diekmann [9], the spatial-temporal deterministic model is specified as follows.
The function I(t,z) is written as an integral of the function i(t,a,z):

I(t,z) = /Oooi(t, a,z)da.

The infectivity function is given by

Tt 2) = S(t, 2) / h / it 0 2 Ala, 2. 2')da'da (3.21)
0 0

where A(a,z,x") is the infectivity at x due to the infected individual with the infection age a at
x'. (Note the difference of Y(t,z) in (3.21) from our limit Y(t,z) in (3.20) with B(z) in the
denominator, and abusing notation we use the same symbols in this remark). Therefore, in order
to match the model by Diekmann [9], we can take

A(a,z,2") = B(x, 2" )\(a). (3.22)
By (3.3) and (3.6), we obtain
angt ’ S(t, ) / / B(x, 2" )A(a +1)i(0, a, 2" )d'da

S(t,x / / B(x, 2 YAt — 8)i(s,0,2")dz'ds
:Stm(//ﬁxm (tat”)d’da—h(t,x)>, (3.23)

o) 1
h(t,z) = /0 /0 B(x, 2" )A(a+1)i(0,a,2")d’da.

Then integrating (3. 23) with respect to t, we also get

u(t,z) = / / u(t=a))5(0, /) 3(z, ') M(a)da'da + /0 (s, 2)ds.

By using (3.22), we obtam the specification of u(t,x) in [9].
In the special case \(t) = )\( )1i<y for some deterministic function )\( ) as described in Remark
3.2, given the expressions in (3.19) and (3.20), to match the model by Diekmann [9], we can take
Ala,z,2') = B(x, ')A (a).

Moreover, if the infection rate is constant X and the infectious periods are exponential of rate p,
we have §(t,x) = M (t,x), and as a result, the infectivity function of Diekmann in (3.21) becomes

— — 1 —
T(t,x) = S(t,a:)/o Bz, x" )N (t,z")dx' . (3.24)

Because of the memoryless property of exponential periods, it is adequate to use the process I(t,x)
to describe the dynamics instead of J(t,a,xz). In this case, we obtain the PDE model by Kendall
[14, 15], in which given the limit Y (t,x) in (3.24),
aS(t, ) - ol(t,x)
=-T(¢ —
8t ( 7"1;)7 at

where

=Y(t,x) — pl(t,x),
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Remark 3.5. Recall the spatial SIS model in Remark 2.3. We obtain the same PDE in (3.1) with
the boundary condition in (3.2), in which S(t,x) is the solution to (3.3) with S(0,) satisfying
fo (0,2)+1(0,2))dx = 1. The solution to the PDE is also given by (3.4)—~(3.5) with the boundary
condition in (3.2), in which S(0,z) satisfying fo (0,2)+1(0,7))dx = 1. Similarly, we also obtain
the expression of F(t, ) in (3.18).

Assume that limy_,, J(t, a, ) exists and the limit is denoted as J*(a, ), and let I*(z) = limy_,oo I(t, ) =
J*(0c0, ). Also let §*(z) = limy_y00 S(t, ). Note that

/ 1(5**(90) b (@))d = 1. (3.25)
0

Let = = [[° F(a)da and F.(a) = 3 [y F<(s)
By (2.26) and (3 18), we obtam

3 (o, @) = /F )ds S*(x /ﬁ:c:c/ Gc 3*(da’,2")dx'

= B71F,(a)S* (x / B(z, ' / GC J*(do’, 2")dz’ . (3.26)
By letting a — oo on the both sides, we obtain
B B 1 e ) 1 B B
I*(2) = 418" (x) / Bz, o) / Na)F* (dd, o) (3.27)
0 o G(a)

This implies

j*(a,ﬂj‘) = Fe(a)l*(:E) )
which then gives

%ﬁ*(a, x) = BF(a)I*(x).

Thus,
5(a,2) = B~ F,(a)S* (x / Bz, / GC o)V BEC(d)T* (2')de da’
:Fe(a)(/ A)dal )5 (2 /Ba:a: VI (o) da!
0
Recall that Ry = fo t)dt. By letting a — oo again on both sides, we obtain

I*(x) = Rog*(az)/o Bx, 2 )I[*(2")dx' .

This equation together with the identity (3.25) determines the values I*(x) and S*(x).

4. SOME TECHNICAL PRELIMINARIES

We will use the following convergence criteria for the processes: a) XV(t,z) in D(R,, L') and
b) XN(t,s,2) in D(R_,D(R,, L')). They extend the convergence criterion for the processes in D
(the Corollary on page 83 of [6]) and in Dp ([21, Theorem 4.1]). The proof is a straightforward
extension of those results (in [6] it is noted that with very little change, the theory can be extended
to functions taking values in metric spaces that are separable and complete). We remark that one
may also replace the L norm || - |1 by the Ly norm in the following results.

Theorem 4.1. Let {XN(t,z) : N > 1} be a sequence of random elements such that X" is in
D(R., LY). If the following two conditions are satisfied: for any T > 0,
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(i) for any € > 0, sup,cjo 1| P(| XN (t,)|1 >€) = 0 as N — oo, and
(ii) for any e >0, as § — 0,

1
limsup sup —]P’< sup | XN (t+u,) — XN, )| > e> — 0,
N t€[0,T] u€l0,9]

then || XN (t,-)|l1 — 0 in probability, locally uniformly in t, as N — oc.

Theorem 4.2. Let {X~ : N > 1} be a sequence of random elements such that X~ is in D(R, D(R, L')).
If the following two conditions are satisfied: for any T,S > 0,

(i) for any € > 0, supycpo 1| supse[O,S]]P’(HXN(t,s, 1 >¢€) —=0as N— oo, and

(ii) for any e >0, as § — 0,

1
limsup sup —]P’< sup sup || XN(t+u,s,) — XN (t,s, )| > e> — 0,
N t€l0,T] u€[0,6] s€[0,5]

1
limsup sup —]P’< sup sup || XN (t,s+v,-) — XV (t, s, )| > e> — 0,
N s€[0,5] ve(0,6] te[0,T)

then || XN (t,s,-)|l1 — 0 in probability, locally uniformly int and s, as N — oc.

We shall also need the following Lemma.

Lemma 4.1. For each N > 1, let fy : Ry x [0,1] — Ry be measurable and such that t — fn(t,x)
is mon—decreasing for each x € [0,1]. Assume that there exists f : Ry x [0,1] — Ry such that
t— f(t,x) is continuous for each x € [0,1], and for allt >0, as N — oo,

NG, -) = @)l — 0. (4.1)
Let g € D(R;R4) be such that there exists C' > 0 with g(t) < C for all t > 0. Define

h(t,z) = /O o(s)fx(ds,x),  hit,z) = /0 o(s)f (ds, z) .

Then for any t > 0, ||hn(t,-) — h(t,-)|]1 = 0 as N — co. In addition, fol hy(t,x)dz — fol h(t,x)dz
locally uniformly in t, as N — oo.

Moreover, if for each N > 1, fn is random and the convergence (4.1) holds in probability, then
the conclusion holds in probability as well.

Proof. Let {s,, n > 1} be a countable dense subset of [0,1]. By successive extraction of sub-
sequences we can extract a subsequence from the original sequence {fy, N > 1}, which by an
abuse of notation we still denote as the original sequence, and which is such that there exists
a subset N C [0,1] with zero Lebesgue measure, such that for all n > 1 and =z € [0,1]\WNV,
fn(sn,x) — f(sp,x). Since for all N and z, s — fn(s,z) is nondecreasing and s — f(s,x) is
continuous, we deduce that for all s € [0,7] and = € [0,1\N, fn(s,z) — f(s,x). Consequently,
for all z € [0, 1]\, the sequence of measures fy(ds,x) on [0,T] converges weakly to the measure
f(ds,z). Since the set of points of discontinuity of g on [0, 7] is at most countable and s — f(s, )
is continuous, that set is of zero f(ds,x) measure. Hence a slight extension of the Portmanteau
theorem (see Theorem 1.2.1 in [6]) yields that for all z € [0,1]\N, hn(t,z) — h(t,z). Moreover,
0 < hy(t,z) < Cfn(t,z), and the upper bound converges in L!([0,1]), hence the sequence hy(t,-)
is uniformly integrable and converges in L'([0, 1]) towards h(t,z). Now all converging subsequences
have the same limit, so the the whole sequence converges.

The “locally uniform in ¢” convergence of the integrals follows from the second Dini theorem (see,
e..g, Problem 127 on pages 81 and 270 in [24]). Indeed the convergence fol hn(t, z)dr — fol h(t,z)dx
for each t follows from the above arguments, for each N > 1, t +— fol hn(t,z)dz is non—decreasing

and the limit ¢ — fol h(t,z)dz is continuous.
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The case of random fy is treated similarly. The extraction of subsequences is done in such a way
that for each n, fn(sn,z) converges as N — oo on a subset of  x [0, 1] of full dP ® dz measure.
We conclude that from any subsequence of the original sequence {hy(t,-), N > 1}, we can extract
a further subsequence which converges a.s. in L!([0,1]), hence the convergence in probability in
L(]0,1]), as claimed. O

5. PROOF OF THE CONVERGENCE OF SV (¢,z) AND §V (¢, )

In this section we prove the convergence of SV (¢,z) and §V(¢,z) to S(t,z) and S( x) glven by
the set of equations (2.19) and (2.20) together with (2.21). We first write S (t) = SY(0) — AN (t)

as follows by (2.5):
Sk / / u<TN Qk(ds du)

and recall FY (¢) in (2.3). Then, we have

KN o
V() = §V(0.2) — S B [ 71 ) Qu(ds.du) 1, ()
) ) N 0 0 uSTk (5) k 9 I
k=1

t
= V0, 2) —/ TN (s, 2)ds — WY (1), (5.1)
0
where Q(ds, du) = Qy(ds, du) — dsdu and
. KN KN t poo o
MY ()= T/0 /0 ety (o @u(ds. du) 1, (). (5.2)
k=1
We then write
t
SNt x) =V (t,z) + / At — )TN (s, z)ds + Al (tz) + A%(t, x), (5.3)
0
where
KN I (0)
§ () =3 5 Z w7+ D1, (2), (5.4)
k=1
N KN KN Aff(t) N B
AYi(ta) =Y T 20 (At =78 = At =) ) 11, (@), (5.5)
k=1 Jj=1
and
v KN poN ot % B
Aa(ta) =3 T [A=9) [y @ulds.dn) 15, (0). (5.6
k=1
Observe that
KN
_ KN SN
TV(s,2) =) — N kBN Z BB ()11, ()
k=1 k=1
KN SN (s) 1 KN
= kBN 11, (z / Z 5k M )11, (z')dx
k=1 "k 0 w=1
oN 1
D) [ 4N (e, 0§ (s (57)
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where BN (x,2') is defined in (2.14).

Before proceeding to prove the convergence of S™(¢,z) and FV(t,x), we describe the proof
strategy as follows. In the expressions of SV (t,2) and "V (¢,z) in (5.1) and (5.3), the stochastic
terms MY (¢, z), Ajl\,fl(tv x) and A{YQ(t, x) will converge to zero in probability as N — oo, which are
proved in Lemmas 5.5 and 5.6. The term 7\ (¢,-) will converge to a limit Fo(t,-) (in the ||-||; norm
in probability), which is proved in Lemma 5.4. Thus, the proof for the convergence of S(t,x) and
FV(t,x) can be carried out by studying the set of integral equations (5.1) and (5.3) together with
the expression of Y™ (s,z) above, given the convergence of the terms S™(0,-), F)'(t,-), MY (¢, z),
A{\fl (t,z) and A{\’g (t,z). In the following we will first provide this argument in Proposition 5.1 and
then provide the proofs for the convergence of the required individual terms.

The following Lemma follows readily from (2.8) and (2.3), and the conditions on B (x) in (2.13).

Lemma 5.1. The processes SN (t,x) and I (t, ) are nonnegative and satisfy the following a priori
bounds:

sup  sup §N(t,x)§CB and sup  sup @N(t,x)g)\*CB a.s.
N t>0, z€[0,1] N >0, z€[0,1]

Next, recall the set of the limiting equations:

tS(s,x) [* -
5(t,2) = 5(0,2) — /0 5;(; )) /0 B, ) (s y)dyds,

0 (5.8)
- = b .\ S(s) ! -
§t.2) = Foft.2)+ [ M=) [ 635, )y,
where ~
Folt,z) = / M+ £)3(0, da, 2). (5.9)
0

We have the following lemmas on the solution properties to this set of equations, and also the
existence and uniqueness of its solution.

Lemma 5.2. Under Assumptions 2.1 and 2.8, any (L>([0,1]))*-valued solution (S(t,z),§(t,x))
of equation (5.8) is nonnegative, and satisfies sup;~o S(t,x) < S(0,7) < Cp and for any T > 0,
there exists Cp > 0 such that ;

sup  F(t,x) < COr.

0<t<T,z€[0,1]

Proof. The non-negativity of S follows from that of the initial condition and the linearity of the
equation. For the second statement, we first note that J(0,00,2) < Cp, hence from (5.9) and
Assumption 2.3, 0 < Fo(t,z) < A*Cp. Hence from the second line of (5.8) and (2.15) and from the
assumption that B(z) > cg > 0 for each x € [0,1] in (2.12), we obtain

_ C L2
I3 ) <X+ 2NC [ 305, s

Thus, the second statement with Cp = A*Cpexp ( % N*CgT ) follows from Gronwall’s lemma. We
next show that F(t,z) > 0. Suppose that F(t,z) = &r(t x) — §_(t,7). Then we have

t Q 1
3 (t) < / X(t—sﬂs’“) / B, 9)§— (5 y)dyds,

and by a similar argument as above using Gronwall s Lemma, we deduce that ||§_(¢, )|/« = 0, hence
the result. Finally it follows readily from Assumption 2.1 that S(0,2) < supy SV (0,2) < Cp for
all z. From the first line of (5.8), since S and § are nonnegative, S(t,z) < S(0 ( x), hence the first
statement. U
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Lemma 5.3. Under Assumptions 2.1 and 2.3, equation (5.8) has a unique (L*°(]0,1]))?-valued
solution.

Proof. We already know that any solution is nonnegative and locally bounded. Uniqueness is then
easy to deduce from the following estimate. Consider two solutions (S,§) and (5,§), and define

T(t,z) = %Ef fo 3(t,y)dy, Y'(t,x) similarly, replacing (S, ) by (5, 3).

B Slnce from (2.12) B( ) > cp, and from Lemma 5.2 S(t,z) < Cp and for 0 < t < T,z € [0,1],
§(t,x) < Cr, we obtain

R T Y
+ s S0 [ (e IS0 - )l
§_|y§(t,) S'(t Hoomiuopl/ B, y)§
- B 5 - § (1)
gf—ﬁ%uéa,-)—ﬁ'(a-)Hm S5 § 0

From this inequality, we see that uniqueness follows from Gronwall s Lemma. The same estimate
can be used repeatedly for proving convergence in L>([0, 1]) of the Picard iteration procedure, which
establishes existence. O

We can now prove the main result of this section. Let us first introduce a notation. We let
5év(t,x) = A{\fl (t,z) + A{YQ(t,:E) and

1 1 1
o (1) ;:/0 |§5V(t,x)_§0(t,x)|dx+/o |Mgv(t,x)|dx+/0 €N (¢, 2)|da .

Proposition 5.1. Let T > 0 be arbitrary. Given that fol |SN(0,2) — S(0,2)|dz — 0 in Assumption
2.1, and assuming that supy<;<p UN(t) — 0 in probability as N — oo, we have

s (IS™ (2, ) = St )l + I8t ) = F(t,)lh) =0

in probability as N — oo.

Proof. Referring to the notations in Lemmas 5.1 and 5.2, let us assume that A* < Cp. We first
upper bound the following difference

tx/ﬁ:cy (t,y)
tx

<{3 )/ﬁwaSN(ty)

(4,

(2, )8 (t,y)dy

+ B0 (/5:“/ (t,y)dy — /5waSN(ty)dy>
< CsCy l;()) Sg /5ny<<ty> 3 (t,))dy

/ (Bla.y) — B (2, 9)3(t.y)dy
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Note that by (2.12) and (2.13),
S(t, ) B SN(t,z)|  |S(t,z)—SN(tx) Ly . 1 1
‘@) BN () B() +S“’)<B<:c> BN@»M

< cp'1S(t,2) = S (t,2)| + 5 Cp|BY (z) — B(x)].

S(t,:) [t Y- ~N
s /0 B y)F (¢ W L)y
< CsCreg'||S(t, ) — SN (t, )| + CsCregCr| BN () — B() |

<sup/ BN (z,y) dm) 15(t,-) — ( Sl

1 1
N _
+/0 /0(5(%@/)—6 (z,9))5(t, y)dx

We can now estimate the norm ||S(t,-)—S™ (¢, -)||; and ||F(t, ) —FN (¢, )|l Let C := max{Cs, C5Crcp,
C5Crcz*Cp}. We now deduce from (5.1), (5.8) and the last computation that

IS(t, ) =S¥t )l < 118(0,) = SY(0,) [l + [IMLA (£, ) lx

Consequently,

dy .

t 1 1
+/ / /(ﬂ( y) — B (2, )3 (s, y)dx| dyds
+C/ 15 (s, SN(s,)|lwds +C|BN(-) — B()|1
+C/Hs 5, )l1ds.

Next from (5.3) and ( 8), we get
152, ) = FV ()l < [1So(t, ( M+ 1€ &)

BN(a;, Y))S (s, y)dz| dyds

+CAHM ) = 8%(s, )lhds + G BV () - B

t

+é ”3(37) _§N(37 ')”1d3’

0
Adding those two inequalities, the result follows from our assumptions, the fact that (2.16) in
Assumption 2.2 implies that

/Ot /01 /01(5(21771/) — BNz, y)(s,y)dx

and the following variant of Gronwall s Lemma: if f(¢) and g(¢) are nonnegative real-valued func-
tions of t and satisfy f(¢ ) )+c¢ fo s)ds for all 0 < ¢ < T and for some ¢ > 0, then for those

t, f(t) < g(t) +c [ et g(s )ds. O

It remains to show that supg<,<r T (t) — 0 in probability, which follows from the next three

lemmas, where we establish the convergence of o (t,) to Fo(t,x), and that the stochastic terms
MY (t,z), Ajl\fl(t,x) and A{YQ(t,a:) of (5.2), (5.5) and (5.6) tend to O in probability, as N — oo.

dyds -0 as N — oo,
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Lemma 5.4. Under Assumptions 2.1 and 2.3,
150 (£, ) — Tolt,)lL — 0 (5.10)
in probability, locally uniformly in t, as N — oo, where §o(t,x) is defined in (5.9).

Proof. We apply Theorem 4.1. First, we have
30 (t,2) — Fo(t,z) = Ap, oh(t,x) + Aé\é(t,aﬁ),

where
KN N 1Y (0) )
A () =305 30 (A4 1) = AEY 1)1, (),
k=1 j=1
KN KN I,iV(O a .
A(])\,fz(t T) = N _Jk + )1y, (x) — /0 Aa+t)3(0, da, x)

[y

,7:

al =

XMa+8)[3V(0,da, z) — 3(0,da, )] .

Il
S— T

We now verify condition (i) of Theorem 4.1. For the first term Aé\f 1(t, z), we have
N |1 O
1A ()]l < KN Z Z ( k() =AY, +t))
j=1

Here the summands over k are independent, and for each k, conditional on {?ivj’k}j, the summands
over j are also independent and centered. Using Jensen’s inequality for the sum over k, and the
conditional independence for the sum over j, we deduce

12 (0) 2

N

j=1
1 S KN [0 -
<E W;T/Ov(a—l—t)jj,ﬁv(o,da) —0 as N — oo,

since under Assumption 2.1, thanks to Lemma 4.1,

KN _ _

1 a _ 1 a —

v > [ vlar 03 ©do) > [ [ o+ 03(0.da)do
= Jo 0o Jo

in probability and KTN — 0 as N — oo. Recall that v(t) is the variance of the random function A(¢)
in Assumption 2.3, which is bounded.
The fact that HAé\fz”l — 0 in probability follows again from Lemma 4.1 and Assumption 2.1.

Now to check condition (ii) of Theorem 4.1, we first have for t,u > 0,
Aévl(t +u x) Ay No(t,x)

—Z Z(—m gt u) = A7+ 1) 1n, ()

I

KN N
— %Z( (FNp+t+u) = AFY k+t))11k(:v)-
k=1 j=

—_
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Observe that

KN N (

>~ Z Agr(F e+t w) = A k(7 4+ 0) )1, (2)
N

k=1 j=1 1

| g Y
= KNZ Z ‘A—Jk Pkt u) = A k(7 + 1)

and similarly for the second term. Thus

Z ‘ N T ) A_j7k(%ivj7k+t)‘

1Y (0)
7j=1

KN
1
k:
KN

N (0)
Z‘ Tk Tt u) = A7 M‘“)‘
j=1

= A < >+Aé“ (1)
By Assumption 2.3, using the expression of)\( )in (2.17), that is, A_; x(t) = > 74 )\g_j k(t)l[g e (D),
’ —J5,k'>—j5,k

we obtain

N,(1) 1 KNKNI’QV(O) =
(1 _ £ (=N ~N
AO,I (t,u) = W};T Zl ;:1)\_]7,6(7'_]7,6 +t+u)1[<t;;,1k7gijk)(7—_]7k +t+u)

= Jj= =

_ t =N
S O o )
1 KN KN I}é\r(o) K
l ~N
S KN > N ‘)‘—j,k(T—ij titu) = AT (T + ‘1 L GEN <N s
k=1 j=1 ¢=1
. 1 KNKNI}CV(O) K
tA Wk 1T - ;1fﬂk+t§<‘j,k§%fﬁ,k+t+u
= ]: =
N
1 e 1 B i Qs
<o)y DI O0) + N =y Z Z DLy icet <Y it (5.11)
k=1 k=1 j=1 (=1
Since both terms in the right hand side are increasing in u, we obtain
1 ~N ()
sup Agi (¢, u) KN Z[k +)‘*Z KN Z Z Lin vesct, <N yers (5:12)
u€(0,0] K — o= T ik STk

Note that

KN 1

1 - _

Wg I,iV(O)—>/ I(0,z)dr as N — o0
k=1 0

under Assumption 2.1. For the second term in (5.12), we have
P N

KN )
1 KN L
DN kZ ~ Z N isct <A g
=1 j=

/=1
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K 1 KN KN I}i\r(o) N N
B =1 KN k=1 N < - hﬁvj,kﬂgdmkSﬁvj,kﬂﬂs B (FE(T_j’k TE40) — PP+ t)>]
= = J=
K 1 KN KN I}é\r(o) N N
(=1 k=1 j=1

In both expressions, the summands over k are independent, and in the first, for each k, conditional
on {ﬁvj )i, the summands over j are also independent. We have

1 KN KN I,éV(O) 2
~N ~N
E\ v 22w |:17~'ivj,k+tﬁfijk§‘?£\rjyk+t+5 - (Fe(T—j,k tt+0) = Fo(72) + ’5))]
k=1 j=1
i | KN N 1Y (0) 2
~N ~N
<E|zv > () ( (Lo crtzce oo prews = (Bl t+9) —Fe<f_j,k+t>)])
k=1 j=1
i KN 1Y (0)
1 KN\2 ¢ N N 2
=E }W?Z(jf) 1ﬁ#ﬁ&&dmﬁﬂﬂﬂﬁ_<ﬂ“ﬁm+t+5y’ﬂﬁﬂk+wﬂ
=1 =

N [IICV
:E[%K (KTNY [(Fg( N +t+0) — (iVMth))

X (1 - <Fg(7~'ivj’k 4 8) — BN+ t)))}]
%ZKVN/O [(Fita+t+8) = Fua+6) (1= (Fla+t+0) — Fla+t)))]3¥(0,da)
k=1

—0 as N — o0,

=K

since under Assumption 2.1,
%Z/Oa (Fula+t+8) ~ Fua+0) (1~ (Fela+£+8) = Fi(a+1)) ) |31(0, da)
k=1
- /01 /Oa [(Fg(a+t+5) - Fz(a+t)> (1 - (Fg(a+t+5) —Fg(a+t)))}§(o,da,x)dx,

and KTN — 0 as N — oo. Hence, the first term in (5.13) converges to zero in probability as N — oo
For the second term in (5.13), we have

N0
Z 1NZK Z(FZ Tk Tt 0) = Fy(7 ]k+t)>

/=1
K 1 KN a 3
:ZWZ/ (Fela+148) — F(a+1)) 37 (0, do)
=1 E=1"0
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in probability as N — oo. For each ¢ = 1,...,k, the function § — fol fof (Fg(a +t+6) — Fyla+

t))j(O, da,z)dz is continuous and equal to zero at § = 0. Thus we have shown that for any small
enough 6 > 0,

1
limsup sup <P | sup Ay 1( )(t,u) >e€/2 | =0. (5.14)
N—oo te[0,7] 0  \0<u<s
Note that
AP () / / IAa+t+u) — Aa+ )| 3V(0, da, z)de . (5.15)
By similar calculations leading to (5.12), we obtain for any small enough ¢ > 0,
KN
N,(2)
sup A t,u) < p(d Ny
welod] 01 (tu) KN]; k
+A*ZKNZ Z (ot +6) = Fu#+ 1))
(=1

Thus, by the same arguments for these two terms as in the proof for (5.14), we obtain that (5.14)

holds for Aé\,[i@) (t,u). Thus, combining these two results, we obtain that for any e > 0, for § > 0
small enough,

limsup sup ]P’ sup |]A01(t+u z) — AN (t,z)||; > €| =0. (5.16)
N—oco te[0,T] 0 \o<u<s '

Now for Aé\fz(t x), we have for t,u > 0,
HAO ot +u,x) — Aévg(t,w)\h

g/o /0 Ma+t+u) — Aa+ )|V 0, da, ) + 30, da, 2)]dz,

which is treated exactly as Aé\,’ ’1(2) (t,u), see formula (5.15). This completes the proof of the lemma.

O
Lemma 5.5. Under Assumptions 2.1, 2.2 and 2.3, for all T > 0,
| sup 1Y el 0. (5.17)
te[0,T
and thus,
t
HAN(t,-) —/ TN(S,-)dsHl =0 (5.18)
0
i probability, locally uniformly in t.
In addition, there exists Cr > 0 such that for all N > 1,
E |sup | AV (1, ')”1] <Cr. (5.19)
t<T

Proof. Recall the expressions of AY (¢) in (2.5) and Y& (¢) in (2.4). By (2.3), under Assumption 2.3
that A(t) < \*, under the condition on B(z) in (2.12), and (2.13), we have §V(t,2) < A*Cp and
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thus, under Assumption 2.2, TV (¢,2) < A*CpCps, where we have used (2.15). Hence ||[YN(t,-)||1 <
)\*CBCQ, and

H / ™ (r / TN ,-)drHl < N CpCs(t—s). (5.20)
For each k, we can write

AN () = /T (s)ds + M, (1)

KN t poo 3
= T/O /0 1uSTi\T(87)Qk(dS,du)

with Q(ds,du) = Qp(ds,du) — dsdu being the compensated PRM associated with Q. Let
MY (t,z) = Zszj\; Mﬁk(t)llk(a:). Then we have the time-space representation:

where

t
AN(t,z) = / TN (r,z)dr + MY (t,z) . (5.21)
0
It is clear that for each k, {M f];V’ p(t) 1t > 0} is a square-integrable martingale with respect to the
filtration FY = {FY (t) : t > 0} where
FY@) =a{}0),7, i =1,... . I)0),k=1,.... K} Vo{\(), j € Z\ {0}, k=1,...,K}

t' poo
\/O'{/ / 1u<TkN(s,)Qk(d8,du) 0<t <t k=1,... ,K}.
0 Jo -
and has the quadratic variation
_ KN [t _
(0 = [ s e
0

Then,

KN
1 _
MY (t, )]l < )|dx < N Z ‘ ﬁk(tﬂ . (5.22)

k=1

ZMAk 1Ik

By Doob’s inequality for submartmgales,

. 9 N 9 KN T N KN
E| sup ‘MA’k(tﬂ ] < EHMA’R(T)‘ |=E [—/ T3 (s)ds] < N CpCsT—.
te[0,7] N N

Since £ 5 0as N — o0, the last inequality entails that as N — oo,
sup E{ sup |MAk )ﬂ — 0.
1<k<K Lte[0,T)

This combined with (5.22) implies that (5.17) holds.
Note that the above computations, combined with (5.21) and (5.20), yield (5.19).
Finally (5.18) follows directly from (5.21) and (5.17). O

We finally show that A{\fl (t,-) and A%(t, -) tend to 0.

Lemma 5.6. Under Assumptions 2.1, 2.2 and 2.3, as N — oo, both Ajl\,fl(tv -) and A%(t, -) defined
in (5.5) and (5.6) converge to zero in L'([0,1]) in probability, locally uniformly in t.
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Proof. We apply Theorem 4.1. We first consider A{Y 1(t,z). To verify condition (i) of Theorem 4.1,
we have

KN AR (1)
HA1 1) < K Z Z — At — 7']\2))
k=1 j=1
Recall the expression of AN (t) in (2.5) and the associated Y (¢) in (2.4). It is clear that
the summands over k are not independent due to the interactions among individuals in different
locations in the infection process. Using first Jensen’s inequality, and then the fact that for each k,
conditional on the arrivals {T]{\;}j, the summands over j are independent and centered, we have

B KNZ i_j(w—w Xt 7))

2

1 S KN ALY N 3 N 2
<E WZ N Z </\j,k(t_7—j,k)_/\(t_7—j,k)>
k=1 j=1

- , KN KN 2AkN(t) - 9
=FE K—Z<T) ‘Aj,k(t T]k)_/\(t_T]Z,\;ﬁ)‘

i k=1 Jj=1

[ KN RN
_E K—;(N)/0 ot = 9)dAY ()

_ 1 KRN
< WVE | ox 2 A ®)

k=1
= A*2K—NE AN (¢, 0 N
=(\") N [IIAN(E, )] = 0 as — 00,

Where we used v(t) < (A*)? under Assumption 2.3, and the convergence follows from the assumption
that £~ — 0 as N — oo, and (5.19) in Lemma 5.5.

We next check condition (ii) in Theorem 4.1 for A{Y 1(t,z). We have

AN (t+ u,2) — AV, (¢, ) Z Z( bt u— ) = Alt = 7)) 15, ()

k=1 j=1
KN KN AN (t4u) )
-+ -~ Z ()\J,k(t—ku—TﬁC) )\(t+u—TJ k)) 1, (z),
k=1 J=AY (t)+1
and
AN (1)

1 RN
AN, (¢t + uya) — AN (1, x)||1_KNZ Z‘/\]kt—l—u—T D) = Akt = 7%
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KN

N
1 KN - N
+K—ZTZ‘ t+U—Tk)—)\(t—Tj7k)‘
k: —
) KN KN A}j(t+u) N ) N
+W T Z ‘)\M(t—ku—Tj,k)— (t+u—Tj7k)‘
k=1 J=AN(t)+1

N,(1 N,(2 N,(3
= AV () + AN (1 w) + AV (1)
Similar to Aé\f’l(l)(t,u) in (5.11), we have
KN AV

K
1
sup Ay 1( )(t u) < (8 / AN (t, z)dx + N — %N Z L N <et <ty5-rN,
uel0,6] P iyt 75,k =5, s

We note that
1 1ot 1
/AN(t,aj)daj:/ / TN(S,:L")dsd:E+/ MY (t,z)dx
0 o Jo 0

1
§>\*C’BCBt+/ MY (t,z)dx .
0

—_

Hence, we deduce from (5.17) that as soon as 6 > 0 is small enough such that p(0)\*CpCst < €/6,

lim sup %]P’ <cp((5) /01 AN (t, z)dx > e/6> =0. (5.23)

N
For the second term, we have

K 1 KN KN AkN(t)
B\ 5w 2 2 Leopisct <evirpy
=1 k=1 j=1

(R KlNZKN / / | ey @clds do) 2]
(=1

2

K

1 KNKN t N
28| S 2, (A0 =0 = Rt ) i
/=1 k=1

where Q. ¢(ds, dr,d¢) is a PRM on R?3 with mean measure dsdrFy(d¢) whose projection on the first
two coordinates is Q, and Q) g(ds, dr,d() is the corresponding compensated PRM. Observe that

2
n

1 KN t4+0—s -
E KNZ // /t Lcyn sy @r e(ds, dr, dC)

KN N t46—s B 2
KLkZ<K // /t r<rg(s)Qk,z(dS=d7‘7dC)>]

_ ,{Z % i (KT) [/ (Fult +6— 5)— Fy(t - s))w(s)ds]
=

K
<k E
(=1
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N
</\*CBC’5/<ZK}NZK / Fy(t+06—5)— Fg(t—s))d
/=1

KN
< A*OBCB“25T —0 as N — oo,

where we have used the inequality

t t+d t
0< /0 [Fy(s+0) — Fy(s)]ds < /0 Fy(s)ds — /0 Fy(s)ds < ¢, (5.24)

K KN )
[(z kZ: /()(Fe t4+6—s)— FE(tS))TéV(s)ds)]
KN
>_E
k=

ZZH:LN ( /t <Fe(t—|—5—s)—Fg(t—s)>TkN(s)ds>2]

K(A\*CpCp) éz(/ [Fy(s +6) — (8)]d8>2
1

< (kA*CpCs0)*.
This combined with (5.23) shows that

and

1
limsup sup —P < sup A} 1( )(t,u) > e/3> —0 as 6—0. (5.25)
N—oo te[0,T) 0<u<s
Next, similar to Aévl( )(t u) in (5.11), we have
KN 1 KN](NAQQ)H
sup AN (t,u) < (6 KN SANO N> ( Wt +6 -7 — Fult %)).
u€[0,0] k=1 k=1 j=1 (=1

Then using the same arguments leading to (5.25), we obtain that (5.25) holds for Ai\f’l(Z) (t,u).
Finally, for Aif’l(s) (t,u), we have

KN
sup A11( )(t u) <\ NZ ANt +0) — AN (1)

0<u<s
1 t+6 -
:)\*/ / AN (ds, z)dx
0 Jt

) {IE </01 /tm TN(S,:E)dsd:E> 2]

+E [IMX (t+6,) — MY (¢, )|I5] }

So

0<u<o

]P’( sup A]lvl( )(t u) > /3)

and from (5.17) and (5.20),

1
limsup sup =P ( sup A} 1( )(t,u) >€/3 5
€

N—oo t€[0,T) 0<u<éd

) < IBO)NCR1CE
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=0, as 0—0.

Consequently (5.25) holds for Ai\j’l(g) (t,u).
Thus combining the three last results, we obtain

1
limsup sup =P < sup HAl Lt ux) — AN ()| > e) —0, as 6 —0. (5.26)
N—oco te[0,T) 0<u<s '
Thus we have shown that Al, (t,-) — 01in L(]0,1]) in probability, locally uniformly in ¢, as N — co.
We now consider A{YQ (t,z). To check condition (i) in Theorem 4.1, we have for each ¢t < T,
- 2

B[Ia% (I <E | | 2 Z Dy L RS TR X
<E _% :i (KWNY </0t 0°° At — S)1u<TN(s)Qk(dS7du)>2]
_E % : (KWNY 0t5\(t 827N (s)ds
<oilp| L S [ s

KN
< (x*)i”CBCﬁTT -0

as N — oo. To check condition (ii) in Theorem 4.1, we have

N t+u
Z K / / At +u—s)— At — 3))1rgrg(s)§k(d37 dr)1z, (z)

N t+u
+ Z i / / 1<y (s) Q. (ds,dr) 1, (z).

Thus,
HA12(’5+U ) = AN( olIf

1
_KNZ

t+u
/ / At +u—s)— Mt — 3))1r§TkN(s)§k(dS= dr)

1 KN t+u oo o
+— / / At = 8)1, cyn @ (ds, dr
1 t+u _
< W / t +u— S) )\ |17“<TN(S Qk(ds dT)
k=1
1 KN t+u B
+KN / At +u—s)— )\(t—s)|Tf€V(s)ds

k=1
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N  rttu
K / / /\ t—s) T<TN Qk(ds dr)

t+u
/ At — 8) TV (s)ds,

fZ

from which we obtain
sup HA12(t+U ) = A12( )

0<u<d
KN K
1 KN t+d oo .
< WZT/O /O [0(8) + A3 (Fult 46— 5) = Fylt — )| Lo @ulds. dr)
k=1 =1
KN K
1 KN t+0
+ ¥ T/0 [90(5) Ay <Fz(t+5—s) —Fg(t—s)ﬂ'f]kv(s)ds
k=1 =1
1 KN KN t+6 oo
+ =~ —/ / At —s)1, yQk(ds, dr
KN ot N J, 0 ( ) <TN(s k( )
KN
1 KN t+6
+ 2w ~ / At — s)YN (s)ds
k=1 t
For the first term, we have
1 t+0 2
E || w2 / RS\ <Fg(t Yo s)— Fy(t — s))} 1,y (o) @i(ds, dr)
k=1 (=1
KN N 4 ?
1 K 00 L& _
<9E (KN > /0 /0 [90(5) Ay (Fg(t 86— s)— Fyt — s)ﬂ 1y () @i (ds, dr)) ]
k=1 =1

N t 2
+2E[ %K KWN/OM [@(6)+/\*Z<Fg(t—|—6s)Fg(ts)ﬂ'r]kv(s)ds) ]

1 KN KN t+6 00 . K . 2
<9E [P (T/o /0 [cp(é)—i—)\ ;:;(Fg(t—i-é—s)—Fg(t—s))]lTSTg(S)Qk(dS,dTO ]
N + K 2

+2E %i (KTN/M [cp(a)ﬂ*z(Fz(tw—s)—Fg(t—s))]rfy(s)ds> ]
k=1 0 =1
<9E %;KTN/OM [90(5)4—/\*;;(&(15—1—53)Fg(ts)ﬂszN(s)ds]

N . K 2
+2E lKlN i (/0 +5 [90(5) Ay (Fg(t Y6 s) — Fyt — s))] T,@V(s)ds) ]
=1

< 2%]\[/\*0305 /0t+5 [90(5) + A" ;j; (Fg(t +6—s)— Fy(t— 8))]2(18
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t K 2
2N CpCp)°2 (/0 +5 [90(5) Ay (Fg(t Y6 s) — Fy(t — s))] ds> :

Since the integral terms can be made arbitrarily small by choosing § > 0 small enough, we have
that

limsup sup ]P’< sup A 2( )(t,u) > 6/4) =

N—oo t€[0,T] \0<u<s
for § > 0 small enough. The second term is already treated above as the second component in the
upper bound. The other two terms can be treated in a similar but simpler way. Thus we have
shown that

1

limsup sup =P < sup [|AY. ot +u,x) — AN, ()| > e) —0, as 6 —0. (5.27)
N—oco te[0,T] 0<u<s ’

Thus we have shown that A1,2 (t,-) — 0in L'([0,1]) in probability, locally uniformly in ¢, as N — oo.

The proof for the lemma is complete. O

We now deduce the following Corollary from the results in Proposition 5.1 and Lemmas 5.5, 5.4
and 5.6.

Corollary 5.1. Under Assumptions 2.1, 2.2 and 2.5, we have that TN (¢, ) — T(t,-)Hl_ — 0 in
probability, locally uniformly int, as N — oo where Y(t,x) is given in (2.21), and thus, ||AN (¢,-) —
A(t,)|li — 0 in probability, locally uniformly in t, as N — oo, where

tS(g g [ - t
A(t, x) :/0 Slg(;))/o 5(:E,:E')S(s,x/)d:n/d8:/0 Y(s,z)ds. (5.28)

Proof. Combining the results in Lemmas 5.5, 5.4 and 5.6 we have shown that supy<;<y ¥V (¢) — 0
in probability as N — oo. Thus by Proposition 5.1, we can conclude the convergence of SV (t,)
and §V(¢,-) in L'(][0,1]) in probability, locally uniformly in ¢. By the expression of TV (¢,2) in
(5.7), we immediately obtain the convergence of Y™ (t,-). Then by the expression of AN (¢,z) in
(5.21), we obtain the convergence in probability of AV (¢,-) to A(t,-) given in (5.28), as announced.
The uniformity in ¢ follows from the second Dini theorem. O

6. PROOF FOR THE CONVERGENCE OF JV (¢, a,z)

In this section, we prove the convergence of IV (¢,a,z) to J(t,a,x) as stated in Proposition 6.1
below. Recall J{CV (t,a) in (2.6). We write the two decomposed processes:

N 1Y) N KN IN(0,(a—t)T)
jé\/ t,a, :E Z Z ch>t]- N <(a— t)+1Ik( ): N ln(ij,k>t11k($) ) (6'1)
k=1 j=1
and
. KN KN AkN(t)
W(taz) =) ~ > Lox i (@) (6.2)
k=1 J=AN ((t—a)t)+1

Lemma 6.1. Under Assumptions 2.1 and 2.3,
139 (t, @) = Jo(t,a, )| = 0 (6.3)

i probability, locally uniformly in t and a, as N — oo, where

3 (a—t)* Fc(a’—i—t)—
Jo(t,a,x) := ——_275(0,dd, x). 6.4
oltas) = [ 0.0 ) (6.4)
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Proof. We first write - B -
jg]v(t7 a, :E) = jg]\fvl (t7 a, :E) + jg]\,]2(t7 a, :E)

where

KN INO,(a=0)T) e ~N et

B KN Fe(FN +1) @07 pe(a 4 t)

L (tar)=> — Y 1 (x :/ 22 T U5N0, o 6.5

RS - Al T S R
KN N 3;’5(0,(0—0*) Fc(~N

~ - k+t)

Mltan) =5 3 (L e ) 1n (). (6.6)
k=1 j=1 ' T jk

We apply Theorem 4.2. We first consider the process 30’1(t, a,z) and show that
Hjévl (t,a,-) — Jo(t,a,-)||1 — 0, in probability, locally uniformly in ¢ and a, (6.7)
as N — oo. We first check condition (i) of Theorem 4.2. we have
_ _ (=% pe(a/ L 4) _ _
Ta(t.a0) - Fofta,) = [ %DN(O, dal, ) — 3(0,dd’, z)).
0

Condition (i) of Theorem 4.2 follows from Lemma 4.1 and Assumption 2.1.
Next, we check condition (ii) of Theorem 4.2 for the processes 36\”1 (t,a,2) —Jo(t,a,z). We verify

the condition for ﬁé\,’ L(t,a,7) in detail below, since the similar calculations can be done for Jy(t, a, 7).
Namely, we show that for any € > 0, and for any T, a’ > 0, as § — 0,

1 _
limsup sup —IP’( sup sup ||J0 Lt a) =3 (e, > e> — 0, (6.8)
N e01] 9 \uc0,6] ac[0,a] '

1 _ _
limsup sup —]P’< sup sup |3 (t,a+v,-) =3t a,)| > e) — 0. (6.9)
N ac0,@] 9 \ve0dte0,1] '

.8), we have
o1t +u,a,m)— 36V1(t a,z)

(a—t—u)+ FC t (Cl—t)+ FC / 1) -
:/ MHV(O dd' | z) — / MJN(O,da’,x),
0 0

Fe(a’) Fe(a’)
and
_ _ Lo pla—t=w)™ pe(gf 1) — Fe(a/ 4+t + u) -
ng]\,ll(t_‘_uv Cl,‘) - jg]\,fl(t7 a, )Hl é / / ( )Fc(ﬂ/g )jN(O,dﬂ/,ﬂj)dﬂj
t
/ / J,r V5% (0, dal, 2)d.
(a—t—u)t )
Thus,

@=O" pe(a/ 4 ) — Fe(a 4t
sup sup HJ01 (t+u,a,-) — J01 (t,a, Hl / / (@+8) - » (o + +5) N0, dd, x)dx
u€[0,8] acl0,a’] F( )

—I—t) N
+ sup / / e 30, dd’, x)dx
ag(0,a’] (a—t—0)* F a/) ( )

Thanks to Lemma 4.1 and Assumption 2.1, the first term on the right converges in probability as

N — oo to (
a—t c
/ / Fe( +t)Fc{§ +t+5)§(0’da,,x)d$’
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which converges to zero as 6 — 0. It follows from the uniform convergence established in Lemma
4.1 that the second term on the right converges in probability as N — oo, to

sup// —I/_t) 3(0,dd’, z)dz < sup// ﬁOda ,x)dx .
ael0,a’] (a—t—0)* ) ael0,a’ (a—t—0)t

Under Assumption 2.1, it is clear that the upper bound converges to zero at § — 0. Thus we have
shown that for e > 0, if § > 0 is small enough,

limsup sup IP’< sup sup \|J01(t+u a,-) — I (t,a, )|l >e> =0.
N te0,T] \ uel0,6] acl0,d] ’

To prove (6.9), we have

(atv—t)* —l—t) N
(t a+uv,z)— JOltax // FCu’) IV(0,dd’, x)dx ,
Cl

and
B (a+5—t)*t + t)
sup sup HJ01 (t,a+v,-) — I3 (ta,)|[1 < sup / / — — 3N, dd’, ) dz .
vel0,6] te[0,T] ’ t€[0,T] F (a/)
In order to show that the sup, on the above right hand side converges in probability, as N — oo,
to
(at+v—t)T o + t) 3 (a+v—t)t
sup / / ————=3(0,dd’, x)dx < sup / / 3(0,dd’, z)dz , (6.10)
te[0,7) F (a’) te[0,7]
it suffices to show that the convergence of fo J ((a+5 b* F;(CCE;;) IN(0,dda’, x)dz is uniform in ¢. Indeed,

we note that

/ /( o f)t) N(0,dd’, x)da

(a+5—t)* +t)~N B (a—t)t Fc( +t)~N
/ / a’) IV(0,dd’, z)dx /0 7}70( ] (0,dd’, z)dzx .

This right hand side is the difference of two non—increasing functions of ¢t which converge pointwise
to their limit in probability, as N — oo, and both limits are continuous in ¢. Hence the uniform
convergence follows from the second Dini theorem, exactly as in the proof of Lemma 4.1. Going
back to (6.10), we note that, under Assumption 2.1, the right hand side converges to zero at § — 0.
Thus we have shown that for € > 0, if § > 0 is small enough,

limsup sup ]P’( sup sup HJOl(t a+tv,-)— jé\fl(t, a, )| > e> =0.
N a€l0,q] ve[0,8] te[0,T)
Thus we have verified condition (ii) of Theorem 4.2 for the processes f_jé\j 1(t,a, ), and with a similar
argument for Jo(t,a, ), and thus, for the difference ’36\771 (t,a,2) — Jo(t,a,z). Therefore, the claim
on the convergence of ’36\771 (t,a,z) in (6.7) is proved.
We next prove the convergence of 30, (¢, a, z):

HJO o(t,a,-)|[1 — 0, in probability, locally uniformly in ¢ and a, as N — oc. (6.11)
To check condition (i) of Theorem 4.2, we have
N(0,(a—t)*)

KN 3 <1noj,k>t %j;t» ‘

Jj=1

1
1385 (t, a,-)
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We deduce from Jensen’s inequality that

[<KN Z KN 2 (0,(a=t)T) )2]

Fe(7l ) + 1)
X (e w )
1 KN (@07 Fe(a’ +t) Fe(a + 1)\ = /
SWHW%A wmﬁ—ww%me (6.12)

where we have used the fact that the n% ik ’s are conditionally independent, given the 7V ik ’s. Note
that under Assumption 2.1, thanks to Lemma 4.1, as N — oo, in probability,

KN

% kz/o(a—t) F;ES;;/-)t) (1 B F;S;;)t)>jév(0,da’)
/ /a )t —|—t) (1_%)31\[(0,(10/,:@&3

%/ /(a . Fc;t)(l—%)jm,da’,@dz.

Thus, the upper bound in (6.12) converges to zero as N — oo. This implies that for any € > 0,

sup sup IP’(||J0 o(t,a, )1 >€) =0 as N — oo.
te[0,T) a€0,d) ’

Next, to check condition (ii) of Theorem 4.2, we show that for any ¢ > 0, and for any T,a’ > 0, as
6 —0,

1 _
limsup sup —]P’< sup sup HJ02 (t+ u,a, )—Sé\fz(t,a,-)Hl > e) -0, (6.13)
N te€[0,T) u€[0,8] acl0,a’]
1 _
limsup sup —]P’< sup sup HJ02 (t,a+wv,-) —35(t, )Hl > e) — 0. (6.14)
N a0, 0 \vel0,5] tel0,T] ’

To prove (6 13), we have

u + ~
gIEKN ““ﬂz ) ><1 Fe(7N. +1) — F(7 gk+t+u)> )
= _— u I €T
pt N : t<77 <t+ Fc( ]k) k
N 3o, c/~
KN o T O ) FO(FN )+ 1) L
- N %, x>t ﬁ 1, (),
k=1 5=3N(0,(a )F)+1 T—jk
and
ng)\,fz(t +u, a, ) - ’36\52“7 a, )Hl
KN IN(0,(a—t—u) ™) c(~N c(zN
SLZK—N k Z 1,0 <y _F(T_j7k+t)_F(_j’k+t+U)>'
KV N Tk Fe(7 )
~N 0+
1 KN KN Ik (0,(& t) ) L FC( ]k_i_t)
+ 2w | ) Wt T e N
K N Fe(72. )
k=1 7=3N(0,(a—t—u)t)+1 7
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KNy 3V (0,(a—t—u)t)

1 KN
SN2 N Licno  <t+u
k=1 j=1
~N 4 —+
+L§K_NJ’“(O’(“ TV RN ) - PN bt )
N
K k=1 N ]:1 FC( —] k)
1 &
+—v (JkN(O, (a—1)") -3V, (a—t—u)+)>. (6.15)
k=1
For the first term on the right, we have
KN I (0, (a—t=u)™)
1 KN F
P{ sup sup — — Z Liopo <y > €
uel0,5] aefo,a] K€ = N = k=
1 K KN jk (O,(ﬁ/—t)+)
< P(ﬁ ~ Licno,  <t4s > €>
k=1 j=1
IN (0. (G—1)+
<P %15 ST (1 PP +t) — Fc(Nivj,k +t+5)> > ¢/2
> N ~ t<n® . <t+6 T
KN pt N ot n_ 4k Fe(#N 2 o)
N (0. (—t)+
NS oK HOS P ) Pty (6.16)
KN N = Fe(#N T %)

Here using J ensen’s mequahty and the fact that the summands over j are independent, conditionally
upon the 7V, ik ’s, the first probability is bounded by

N(0.(a—
1 KN KN J; (0,(a tH)T) ) Fc(%i\fj’k 4 t) Fc( Nk 4+t 5)
W - T Z t<17 <t+5 - Fc( _] k)

1
KN4 //“ Fe(a +t) — Fe(o +t+5)
= N & Fe(a)

Now under Assumption 2.1, it follows from Lemma 4.1 that

@O pe(a +t) — F(d +t+0)an
// Fe(@) 3Y(0,dd’, z)dz

@07 pe(a +t) — F(o +t+0)s
! Fe(@) 30, da',a)da

in probability as N — oo. Hence the upper bound in (6.17) converges to zero, as N — oo. Inside
the second probability in (6.16), we have
~N =
1 &gy WOEY Fe( 4 ) = PN+ 4 0)
RN 2 )
(a +t+ 5)

k=1
(@)t pe
// Fe(a +t) — ;

Fe
Fo(a
@07 Fe(a/ +4) — F(d +t+0) =,
_>/ / Fo(a) 3(0,da’, x)dx

4
—E

N0, dd’, ) da. (6.17)

N0, dd | x)dx
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in probability as N — oo, again from Lemma 4.1, and the limit converges to zero as 6 — 0. Hence
for any € > 0, if § > 0 is small enough, lim sup; of the second term in the right hand side of (6.16)
is zero.

For the second term on the right of (6.15), we have

5N _t—y)t
1 KN KN Jk (07(0 t u) )Fc(%i\‘f]7k+t) FC( k+t+u)

sup sup —w — ~
uE[O 6] Cle 0 Cl/} KN k=1 N ‘; FC(Ti\;vk)
@-t)* 1) — P 4 0) sy
/ / Fe(w) N0, dd’, x)dx

which, thanks to Lemma 4.1 and Assumption 2.1, converges in probability as N — oo, to

@=0% pe(a +1) — F(d +t+0)s
// Fe(@) 3(0,dd’, z)dz.

This expression will also converge to zero as 6 — 0. For the third term on the right of (6.15), we
have

Sup}/ol (3¥0.(a — )% ,2) - 3V (0.0 — £~ w)*.2) )

u€el0,6

< /1 (3¥0. (@~ 1)*.2) = 3V (0.(a 1 — 9)*.2) ) do
0

which converges in probability to

/1 (3002~ 1)".2) = 30, (a — t — 0)*.2) ) da
0

as N — oo. Since JV (0,-,2) and J(0,-,x) are nondecreasing and the limit is continuous, the
convergence also holds uniformly over a € [0, d@']. Moreover, we also have that

sup /1 (300, (a — 1) 2) = 30, (a — t — 8)*.2) ) da — 0,

ac[0,a] JO

as § — 0. Combining the results on the three terms on the right of (6.15), we have shown that
(6.13) holds.
We next prove (6.14). We have

IN(0,(a+v—t) )

. ; KN P+ 1)
Jé\jQ(t,a—l—v,:E) —Jé\jQ(t,a,x) = ~ Z <1nojk>t+u_ ?) 11, (2),
- . : (70
k=1 F=3N(0,(a—t)t+1 2>

and
IN(0,(at+v—t)T)

J KN 3 L Fe(7 ]k—l—t)
N 1% p>ttu Fe(#N i )

K
~ ~ 1
136t a +v.) = 365(t 0, )l < 22 Y
=3V (0,(a—t)T+1

k=1

Thus,

sup sup [|305(ta+v,) — I (t,a, )
ve(0,6] te[0,T]
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< sup KNZ( (a6 -0) =3} (0.2~ 1)"))

te[0,T)
1 - —
. / (350, (a3~ 1)*.2) - 30, (@ — )" 2) ) d
tefo0,T] Jo
and we claim that the right hand side converges in probability as N — oo, to

sy /01 (300.(a+8— 1)) = 3(0.(a — 1) 2) ) do-

te[0,T

Indeed, the convergence without the sup, follows from Assumption 2.1, and both ¢ — fol N0, (a+
§ —t)",z)dx and t — fol IV(0,(a — )T, x)dr are non-increasing, while the limits are continuous.
Hence again an application of the second Dini theorem implies that the convergence is locally
uniform in ¢, hence the claim. The limit then converges to zero as § — 0. Thus we have shown

(6.14). This completes the proof of the lemma. O
Lemma 6.2. Under Assumptions 2.1, 2.2 and 2.3,
13 (¢, a,) = Ja(t,a, )] — 0 (6.18)
i probability, locally uniformly in t and a, as N — oo, where
3 (taz) = / U R ) A(ds.x), (6.19)
(t—a)t

where A(t,x) is given in (5.28).

Proof. We first write - B B
Nt a,2) = 3{\,[1 (t,a,x) + 3{\7[2(75, a, )

where

~ KN KN A;If(t) t ~

Wtan) =3 > F-dm@ = [ P98 (620)
=10 =AY ((t—a) )41 (=)
KN AY (@)

KN : .

Wltan) =35 Y (1 gt — FE(E T;Yk))hk(:c) . (6.21)

k=1 J=AN((t—a)t)+1

We apply Theorem 4.2. We start with the process 511\77 1(t,a,x) and show that

HJl (tya, ) —T1(t,a,) in probability, locally uniformly in ¢ and a, (6.22)

|, =0
as N — oo. Slnce

’ji\fl(tv a,x) - ﬁl(t Cl,!l?) = /(

t—a)t

P ) (Y (ds,2) - Alds,a),

condition (i) of Theorem 4.2 follows from Lemma 4.1 and Corollary 5.1. In other words, we have
that for each t and a, and for any € > 0,
P(|3Y(t,a,-) = Ji(t,a, )1 > €) 0 as N — oc.

We next want to check (ii) of Theorem 4.2 for the processes j{\”l (t,a,7) — J1(t,a,z). We will
verify the following conditions for 511\77 1(t,a,2): for any € > 0, and for any 7,a" > 0, as 6 — 0,

1 _
limsup sup SP< sup sup ||J11(t—|—u a,-) — ’Ji\jl(t,a,-)Hl > e> — 0, (6.23)
N tel0,T) u€[0,6] ac[0,a’]
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1 _ _
limsup sup —]P’< sup sup ||3]1\771(t,a—|—v, )= 3]1\771(75, a, )1 > e> — 0. (6.24)
N acf0,@] O\ vel0,5] te[0,7]

It will be clear that the same results hold (and are simpler to prove) for J1(t, a,-). To prove (6.23),
we have

u t

/ F(t +u— s)AN (ds, ) — / Fe(t — 5)AN (ds, )
(t+u—a) (

t—a)t

ﬁ{\,’l(t—l—u, a,x) — j{\fl(t, a,x)
t+

- /(HC; <Fc(t +u—s)— F(t — s))le(ds,x)

t—
t+u—a) N t+u _
- / Fe(t 4+ u— s)AN (ds,z) + / Fe(t — s)AN (ds, ),
(t—a)t t
and

H‘Ill t+u a, le(t,Cl,‘)Hl

)

/ /(t+u “(t —s) — F(t+u — S))AN(dm)daj

(t+u—a) t+u 3
+ / F (t +u— s)AN (ds, z)dx + / Fe(t — s)AN (ds, x)dx . (6.25)
( t

t—a)t

Here the first term on the right satisfies

t+u
sup sup // Fct—s) Fc(t—l-u—s))AN(dS,:E)d:E
(t

u€[0,6] ac[0,a’]

t+6
/ /( FC t—s)— F(t+0— s))AN(ds,x)da;

t+5
N / / FC t—s)—F(t+d— s))A(ds,x)dm

in probability as N — oo by Lemma 5.5 and Corollary 5.1, and the limit converges to zero as § — 0.
The second term on the right side of (6.25) satisfies

t+u—a)t
sup sup / / (t +u — s)AN (ds, x)dx

u€[0,0] a[0,a’]

< sup / (AN((t+(5—a) ,a:)—le((t—a)Jr,x))da:

ag(0,a’] JO
1 — —
~ sup / (At +5—a)*.2) — A((t — )" 2) )
acf0.] /o

in probability as N — oo by Corollary 5.1 and the second Dini theorem, and the limit converges
to zero as 0 — 0. The third term on the right side of (6.25) does not depend on a and satisfies

t+u
sup // Fe(t — s)AN (ds, x)dx

u€l0,0]

g/ (AN(tJréx) AN(ta; dm—)/ At +6,2) — A(t,a;))dm
0
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in probability as N — oo by Corollary 5.1, and the limit converges to zero as § — 0. Thus we have
shown that for small enough § > 0, for any € > 0, and for any T',a’ > 0,

limsup sup ]P’( sup sup |]J11(t+u a,-) — IV (t, a0, >6> =0.
N te0,T] \uel0,6] ac[0,d] '

To prove (6.24), we have

jfﬂﬂa+”ﬂﬁ—jfﬂtmw%:/fﬂﬁ+F%t—@ANw&xL
—a—v
and ( )

H 1(ta+w,) _Jllta H1 //t Fe(t — s)AN (ds, x)dx .
Hence,

sup sup HJM (t,a+ v, )—ﬁgl(t,a,-)H
ve[0,8] te[0,T)

< sup} /01 (AN((t —a)T,z) - AN((t—a— 5)+,x)>da:

te[0,T

1

— sup}/o1 (A((t—a) T) — A((t—a—5)+7x)>da:

te[0,T

in probability as N — oo by Corollary 5.1 and again the second Dini theorem. Moreover, the limit
converges to zero as § — 0. Thus we have shown that for small enough § > 0, for any € > 0, and
for any T, a’ > 0,

limsup sup IP’< sup sup ||J11(t a+uv,-) =3IV (ta ) > e> =0.
N ae0,@] \vel0,6] te[0,T] ’

Therefore, combining the above, we have proved the convergence of j{\f 1(t,a,x) as stated in (6.22).

We next consider the process 5{\772(75, a,z) and show that
HJl o(t,a, H1 — 0, in probability, locally uniformly in ¢ and a, as N — cc. (6.26)

To check condition (i) of Theorem 4.2, we have
AR (1)

KN .
T Z (1 N _,’_,,7] o>t F (t — Tﬁ))
J=AN((t—a)t)+1

KN
- 1
Hjivz(ta a,- )1 = "N Z

and

E[[3% (a0, )[2] = E (%KZ

L k=1 ]:Aiv (t—a)+)+1
KN A (1)
1 KN\2 c . N
R J=AN ((—a))+1
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<—E

By Corollary 5.1 and Lemma 4.1,

Iy

F(t—s)Fe(t —

/ /(t o F(t—s)Fe(t — S)AN(ds,m)dx] .

we obtain the convergence

S)AN(dS:Ed:E—>/ /
(t—a)t

in probability as N — oco. This implies that for any € > 0,

sup sup ]P’(HJl ot,a, )1 >€) -0 as N — oo,
t€[0,T] a€[0,a’]

F(t — s)F(t — s)A(ds, x)dx
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Next, to check condition (ii) of Theorem 4.2, we need to show that for any e > 0, and for any

T,a' >0,as 6 — 0,

1
limsup sup —]P’( sup

N te[0,T)

1
limsup sup —]P’< sup

N a€l0,a]
To prove (6.27), we have

j{\fg(t +u,a,z) — 511\772(15, a,x)

u€[0,8] acl0,a’]

sup |]J12(t+u a,-) —

Rtt. ol > )

sup [3(ta +v,) — 3ot a ) > )

v€|0,6] t€[0,T]

KN KN AN (t4u)
N
- N Z (1 e H k>t —F° (t+u—7—7k;))11k($)
k=1 J=AN ((t+u—a)t)+1
KN KN Aljcv(t)
_ZT Z (1 TN An >t Fet =7y )>1Ik( )
k=1 G=AY ((t—a)+)+1
NN AkN(t—l—u)
_Z— Z ( & T,k >t+u ke (t—l—’LL—T k)) 1Ik($)

k=1 J=AY ((t—a)H)+1
KN KN AN (t4u)
+ N (1Tf,\rk+?7j,k>t — Bt - Tj}b) 1r,(®)
k=1 j=AN(t)+1
KN KN AN (t+u)
N
- ‘N Z <1t<7' Ny p<t+u (Fc(t_T k) = FO(t+u— T )))llk(@
k=1 J=AN((t—a)t)+1
KNy AN (t+u—a)TAt)

IS

N
<1T31?7k+njyk>t+u - F° (t +u—T; ,k)) ]‘Ik ($)

(1T;Yk+77j»k>t - F° (t - T )) 1Ik( )

N
(Lot st = FECE 0= 7)) 1, ()

F=1 T j=AN((t-a) )+

— 0,

— 0.

(6.27)

(6.28)



40 GUODONG PANG AND ETIENNE PARDOUX

=
z
N

=z

(t4u)

KV .
PN Py (1ff,vk+nj,k>t — Fe(t = 7]} )1, ().

k=1 J=AN(t)+1

1~ |KN
N
= KN N Z <1t<7—]'],\rk+77j,k§t+u - (Fc(t - Tch) —F(t+u— TJA@»'
k=1 J=AN((t—a)t)+1
) KN KN AN (t+u—a)*
N
0 D D e )
k=1 J=AN((t—a)t At)+1
) KN KN AN ((t+u)tAL)
N
P Xl (e 0o )
k=1 j=AN()+1
) KN N AN (t4u)
< KN N 1t<7’ T, St
k=1 J=AN((t—a)t)+1
o 2 (P - P ru—y)
k=1 ]:Ag((t—a)Jr)-i-l
w2 (A ) = A7) + oy D (A (¢ +u—0)F) — AT~ a)").

For the first term on the right, we have

KN AN (t4u) 2
)+1

u€(0,6] ac[0 a’] J=AN ((t—a)*+

t+6)

I 1 KN KN A{c\r( 2
<El &~ > N ) Licr ot <tes

B=1 0 j=AF((t=a)T)+1
AN (t+9)

r KN 2-
1 KN

<E N <T Z Licrn k+njk<t+6>
J=AY (=) ) +1 -

1 KN KN [t t+6—s o 2
K— Z T /t / /f, r<TN(s*)Qk,Z(dS7 dr, dZ)

KN N [t+6 ?
%Z <KT/( (F(t+0—s) —F(t—s))Tﬁ(s)ds) ]

t—a')t

KN s
% /( - (F(t+0—s) —F(t—s))TéV(s)ds]

(6.29)
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1 KN t+48 N 2
+2E KN Z </(t—a')+(F(t +d—s)—F(t—s))Yy (S)ds) ]
t+0
< 2)\*CBC5 I / (F(t+0—s)— F(t—s))ds

t—a)t

t+6 2
+ 2N CpCy)2 (/( (F(t+6—s) — F(t - s))ds> ,

where Q. ¢(ds, dr,dz) is the PRM on R3 with mean measure dsdrF(dz) already introduced in the
proof of Lemma 5.6, and @kx(ds, dr,dz) is the corresponding compensated PRM, and we have used

the bound Y& (t) < A*CpCps. The first term on the right goes to zero as N — oo, and the integral
in the second is bounded from above by

/t (F(s +8) — F(s))ds < 5,
0

as in (5.24) above. Thus we obtain that for any € > 0, as § — 0,

li P ( Ly A%(HU) 1 >e| =0
imsup sup sup Sup — — N o € .
5 ) KN 20N 0<T g St

N tel0,71) u€(0,6] acl0,a’] =1 J=AN () )+1 J

For the second term on the right side of (6.29), we have

AN (t4u) 2
E < sup Supl KNZ Z (Fe(t — 73y, M) — Fe(t+u— T]A;i‘))) ]
u€(0,0] ag[0,a’] k j= AkN((t—a)+)+1
K AN (t490) 2
Z( (Fc(t—T%)—Fc(t+5—Tﬁg))> ]
k= J=AN((t—a")t)+1
KN t+6 2
<35l gw 2 () ([, (e - s s -yt
pt t—a)+
1 KX t+5 _ 2
+2E —NZ </ (Fc(t—s)—Fc(t—|—5—s))TkN(s)d8>
= =i o
t+48 9
e o - / Fo(t — ) — Fo(t + 6 — ) ds
(t

t 2
+ Z(A*0305)2</(tj5/)+ (Fe(t—s)— F°(t+06— s))ds) .

It is clear that the first term converge to zero locally uniformly in ¢, and the second term can be
treated in the same way above. The third and fourth terms on the right side of (6.29) can be also

treated similarly as the last two terms in (6.25). Thus, we have shown that (6.27) holds.
To prove (6.28), we have

KN ey AV

~N ~N N
J1,2(757 a+w, l‘) - J1,2(757 a, :I") = Z T <1sz?fk+nj,k>t B Fc(t o ijk)> ]'Ik (:E) ’
k=1 J=AY ((t—a—v)t)+1
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and
KN A ((t=a)™)
- - 1 KN c
|35t a+ v, ) = 3Ny (ta, )|l < o ~ Z <1Tj,“k+m,k>t — Fe(t — r]{Vk)) ‘
k=1 J=AN((t—a—v)T)+1
1
< (AN((t—a)Jr,a:)—AN((t—a—v)Jr,x))da:.
0

Then, we obtain

sup sup Hj{\fg(t,a—i—fu,-)—j%(t,a,-)Hl
ve[0,d] te[0,T)

1
AN ((t — z)— AN((t —a— x)|dz.
< s [ (AN 0" )~ AV (a0t )

Here the upper bound converges in probability to

sup /01 (At~ a)",2) ~ A((t — a— )" 2) )

t€[0,T]
which converges to zero as § — 0, uniformly in a. Indeed, the convergence of the sup, follows
from the fact that the convergence in probability fol AN(t,z)dx — fol A(t,x)dx is locally uniform
in ¢, thanks to Corollary 5.1. Thus we have proved (6.28) holds, and hence, the convergence of
3{\{2(75, a,z) in (6.26). This completes the proof of the lemma. O

By the two lemmas above, we can conclude the convergence of 3V (¢,a,z) to J(t,a, z).

Proposition 6.1. Under Assumptions 2.1, 2.2 and 2.3,
13Nt a,-) = 3(t,a,))]1 = 0 (6.30)

in probability, locally uniformly int and a, as N — oo, where J(t,a,2) = Jo(t,a,2) +J1(t,a,2), Jo
and J1 being given respectively by (6.4) and (6.19).

Completing the proof of Theorem 2.1. Given the results in Propositions 5.1 and 6.1 and
Corollary 5.1, the convergence of RN (t,x) and IN(t,z) can be easily established and their limits
R(t,x) and I(t,z) follows directly. The second expression of Y(¢,x) in (2.21) is obtained from

J(t,a,z) in (2.22), by noting that J,(t,0,z) = limg_q 3(t,0,2)=3(t,0,)

a
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