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Spatial SIR epidemic model with varying infectivity without
movement of individuals: Law of Large Numbers

ARMAND KANGA' AND ETIENNE PARDOUX?

ABSTRACT. In this work, we use a new approach to study the spread of an infectious disease. Indeed,
we study a SIR epidemic model with variable infectivity, where the individuals are distributed over
a compact subset D of R?. We define empirical measures which describe the evolution of the state
(susceptible, infectious, recovered) of the individuals in the various locations, and the total force of
infection in the population. In our model, the individuals do not move. We establish a law of large
numbers for these measures, as the population size tends to infinity.

1. INTRODUCTION

Epidemic models using ordinary differential equations have been the subject of much research
in recent years. Anderson and Britton [2], Britton and Pardoux [6] have shown that these models
are limits, when the population size tends towards infinity, of stochastic Markovian models. In
particular, the Markovian nature of this model implies that the duration of infection is exponentially
distributed, which is unrealistic for most epidemics.

As a result, models with non-exponential infection durations have attracted some interest, see in
particular [14] and [17]. Kermack and McKendrick [10] also considered that the infectivity should
be a function which varies with the time since infection. The duration of infection is the time
taken by this function to vanish out definitively; its law is completely arbitrary. In [7], the authors
have established the law of large numbers for the SIR model with variable infectivity, where the
infectivity varies from one individual to another and depends upon the time elapsed since infection.
They assume that the infectivity function has a finite number of jumps, and satisfy an assumption
of uniform continuity between jumps. In [8], the same law of large numbers is established under
a weaker assumption: infectivity functions have their trajectories in D(R4,R), and are bounded
by a constant. However, in the various models studied above, the authors ignore the fact that
a population extends over a spatial region. Yet, spatial heterogeneity, habitat connectivity and
movement rates play an important role in the evolution of infectious diseases. Both deterministic
and stochastic models have been used to understand the importance of the movement of individuals
in a population on the spread of infectious diseases, on the persistence or extinction of an endemic
disease, for example [1], [9] and [12]. Some Markovian models in this framework have been studied in
[4]. They studied a stochastic SIR compartmental epidemic model for a population which moves on a
torus (T? = R?/Z?) according to Stochastic Differential Equations driven by independent Brownian
motions. They define sequences of empirical measures that describe the evolution of the positions
of susceptible, infected and recovered individuals. They establish large-population approximations
of these sequences of measures. In [16], the authors consider a population distributed in the space
R? whose individuals are characterized by: a position and an infection state, interact and move in
R?. An epidemic model combining spatial structure and variable infectivity would be more realistic.
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This is the focus of our work. As a result, we are considering a population distributed over a
compact subset D of R?; and use the same type of arguments as in [8]. We define sequences
of empirical measures which describe the evolution of the positions of susceptible, infected and
recovered individuals, and establish the law of large numbers for these measures. In this paper, we
restrict us to the case where the individuals do not move. Note however that infectious individuals
can infect susceptible individuals located far away. This is a way to take into account movements of
individuals (daily from home to work, or occasionally for vacation and visits to the family), without
modeling those movements explicitly.

The same model, with diffusive movement of the individuals will be considered in another pub-
lication.

1.1. Notations. We note

e M: The set of finite positive measures on D which we equip with the weak convergence
topology;

e D:=D(R;,Ry): The space of cadlag functions defined on R with values in Ry;

e Dy The space of cadlag functions defined on R with values in M.

o Vg € Cy(D), Vi € M, (11, ) = /D o()u(dy);

o C(y,ly,a) ={2€R¥: z#yand (z —y,ly) > allz —y|,a € [0;1)}.

¢ and C denote positive constants that can change from line to line.

2. MODEL DESCRIPTION

The epidemic model studied here is the SIR model in the spatial framework with variable infec-
tivity; the letters S, I and R represent the different states of an individual (”susceptible”,” infected”
and "recovered” respectively). The SIR model states that a susceptible individual can become
infected, and finally recovered when he/she recovers from the disease. In our spatial model, an
individual is characterized by its state E € {S, I, R} and its position X, a continuous variable with
values in D which is a compact subset of R?. To simplify the mathematical description, we identify
the S, I and R states as 0, 1 and 2 respectively. The space of individuals is therefore D x {0, 1,2}.
We consider a population of fixed size N; and we assume that at time t=0 the population is divided
into three subsets: those susceptible , there are S™V(0) of them, those infected, there are IV (0) of
them, and those removered, there are R™(0) of them i.e SV (0) + IV (0) + RV (0) = N. We denote
by {X%,i € {&,7,9}} the positions of the individuals at time ¢ = 0, where (&,J,9R) forms a par-
tition of B := {1,--- , N} with Card(&) = SN(0), Card(3) = IV(0) and Card(R) = RV (0). Now
let us consider {A\_;,j > 1} and {);,7 > 1} two mutually independent sequences of i.i.d random
elements of D(Ry, Ry ). A_;(¢) is the infectivity at time ¢ of the j — th initially infected individual
and \;(t) is the infectivity at time ¢ after its infection of the j — th initially susceptible individual.
We assume that there exists a deterministic constant A* > 0 such that 0 < A;(t) < A* a.s, for all

Jj € Z* and t > 0, with the convention: Vj € Z*, \;(t) = 0 if t < 0 and we shall use the notations

Xo(t) = E(A_1(t)) and X(t) = E(A(t)). It is natural that an infected individual is more likely to

infect a close neighbor than a more distant one. While these different transmission behaviors are
averaged in homogeneous SIR models, in our model we use an infection rate that depends on the
relative positions of the two parties. The infection rate between two positions will be given by the
function K defined on D x D with values in [0, 1]. A susceptible individual i becomes infected (in



other words, his/her state changes from 0 to 1) at time t at rate
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where TJN is the infection time of the initially susceptible individual j . At time ¢ > 0, we define
the following measures:

MtS’N - Z 1E;'7N:05Xi = Z 1E3=05Xi - Z 1t27-l.N5Xi = Mg’N - Z 1tZTiN6Xi
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where

° ,uf N is the empirical measure of susceptible individuals at time t in a population of size
N;
,uf’N is the empirical measure of the total force of infection;

,utl N is the empirical measure of infected individuals at time t in a population of size N;

,uf N is the empirical measure of individuals recovered at time t in a population of size N;

e 1V is the empirical measure of the total population, which does not depend upon ¢

_S,N I snN _InN I 1N _RN I rN _ 1 3N
Now, we define ;""" := Nut s = N’ut ym = N’ut Y AREE NMN and uf =

1
— 5N, We rewrite (2.1) as follows

N
K(X'y) _FN
1. in_ / — o (dy), ~€][0,1].
E=0Jp UD K(Zay)MN(dz)]ﬁ{ '

Let us discuss the role of our parameter v € [0, 1]. In the case v = 1, if we sum the above expression
over i, and fix the parameter y, we man think that the obtained ratio is the probability that an
individual encountered from the position y is susceptible. The reason for the values v < 1 is to
allow the abundance of individuals around y to play a role in the rate of infections from y.

Let 7; be the random variable defined by n; := sup{t > 0, \;(t) > 0} Vj € Z*. The two
sequences of random variables {n_;,j > 1} and {n;,j > 1} are i.i.d and globally independent of
each other. F(t) := P(m < t) and Fy(t) := P(n_1 < t) are the distribution functions of n; for
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j € Zy and for j € Z_, respectively. For 1 <4 < SN(0), consider a counting process AN (t), which
takes the value 0 when individual i is not yet infected at time t, and takes the value 1 when the
latter has been infected by time t. Thus, 77V := inf{t > 0, AN(t) = 1}. We define AY as follows :

t proo
B /0 /O 1A§(37):01u§fN(87Xi)Pl(ds, du)7

=N K(z,y) _§N P
where I (t,x) = / — " (dy), v € [0;1] and the {P*, i > 1} are standard
D [fDK(Z,y),uNd )]A{ !
Poisson random measures on R%_ which are mutually independent.
The next proposition follows readily from our model

Proposition 2.1 For all ¢ € Cy(D), {utSN,ﬁfN,ﬁtIN,qu t> O} satisfies

@ 0) = (™ ) — = Zs@ (xHAN (1)
ZEG
IN(o 1 SN (0)
_SN N i
A_i(t — Ai(t — X
(7 Z + % 3 (t— V(X7
(ﬁf’ aﬁﬁ):(_(l)N NZCP (XHA ZSO 1, <t (2.3)
€S ZECI
——ZszZ/ net—sdA (3)
€S
Y, 0) = @Y, 0) + 52 S0 e(X Ny it 1 3 X’/ nctsdAN (s)
L ZECI ZGG

3. LAW OF LARGE NUMBERS OF MEASURES

In this section, we determine the limits of the empirical measures defined in section 2 when
the population size tends to infinity. Necessary intermediate results are established; they are
summarized in lemmas and propositions. In what follows, we are given a probability measure & on
D, with the density f(z).

Assumption 3.1 In the following, we assume that:

e Jdo,r > 0,Vy € 0D 3l such that C(y,ly, ) N B(y,r) € D and / dz=m>0
Y,ly,0)NB(y,r)
e The function K is continous on D x D and Vzx,y € D, Ir,c > 0 suchy that

le—yl <r = K(z,y)>c

e sup i(x) < oo; and inf f(x) >0
xeD zeD

o 5V(0) := 220 5 5(0); and 1V(0) = L0 - T(0);

° (Xi,z' € 6) i.4.d with density function 773, and have same law as Xg; (Xi,z' € 3) 1.1.d with
density function 7y, and have same law as X5; and (Xi,z' € SR) i.1.d with density function

TR, and have same law as Xg;
* (Xi’i © 6) ’ (Xi’i < j)’ and (Xi’i € 9%) are independent.

SvN,ﬂLN,ﬂR’N)Nzl converges in proba-

bility in DYy, to (7°, 18, 1", 1) such that for all o € Cy(D), {(ﬂf 0), (5, 0), (B ), (B, ), t > 0}

Theorem 3.1 Under assumption 3.1, the sequence (ﬂst,ﬁ



satisfies

(75,0) = (75, / / T(s, o) (da)ds,

(7F,¢) = X ()0m7¢)+14 Xt =3) [ laTs.a)ps da)ds.
o) = @A Fs ) + [ Fle—3) [ ol S s,

(ﬁﬁs@)=(ﬁ§7¢)+(ﬁé7s@)Fo(t)+/o F(t—S)A)w(w)f(sw)ﬁf(dw)d& (3.1)

ﬂmwzj[f K”y))mew v e [o:1],
D

fig (dx) = S(0)ms (x)d; Fig(da) = T(0)mr(x)dz; Jig (dx) = R(0)mp(x)da,
i, =7 + 7+ =7,

1, (dx) = fi(dz) = g (d) + i (dw) + T (dax), ¥ > 0.

We will first establish the next result

Proposition 3.1 For all t € [0;T], the above system admits an unique solution (ﬁf,ﬁf,ﬁ{,ﬂﬁ)
which is absolutely continuous with respect to the Lebesque measure, with the densities

(7o (t,.), 75 (¢, .), 7 (t,.), B (¢, ) satisfying for all x € D
(7(0.0) =7°0.0) — [ Tls. ) s, )

B w) = X0 (0,2) + /0 "Xt — $)T(s, )5S (s, ).
al(t,x) = pl (0,2)F§(t) + /Ot F(t — s)T(s,2)@° (s, z)ds
ali(t,z) = p(0,2) + ph (0, 2) Fy(t) + /0 t F(t — s)T(s, 2)5° (s, 2)ds
)

x
T(t,z) =

K(‘Tv y) —35 .
T K o) )]w (t,y)dy, € [0;1]
7% (0, 2) = §(0)ms(x > <0 x) 1(0)r(x); 57(0,2) = R(0)wr(x);
fi(z) = 7°(0, ) + 7' (0,z) + (0, ).

Admitting for a moment the first part of Proposition 3.1, we first establish the following a priori
estimates.

Proposition 3.2 Let T > 0, and let (7°, %) be a solution of the first two equations of (3.2). Then
there exists a positive constant C such that:

o vt € [0;T], [|F°(t, )l < C
1
inf | K d
« int [ Ky > &
o Wt € [0:7]; |73 (t, oo < C.
Proof. Let t € [0;T] and Va € D.

o (t,x) < 7%(0,2) < Ti(e)
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175, Moo < () oo = C- (3.3)
/sz (dz) /sz dz>1nf,u /szd

> inf ﬁ(z)/ K(z,y)dz > c inf (= )/ dz
zeD DNB(y,r) zeD DNB(y,r)

/ K(z,y)n(dz) > c/ dz = cm.
D C(y,ly,0)NB(y,r)

We have shown that infyep [, K(z,y)fi(dz) > 0. Next
t

i) =X (Ol 0.0) + [ Xt~ )T 00 (5,2)ds
0

S (t,x) < N7(x) + )\*/ T(s,z)@" (s, x)ds
0

I Yoo < X°C + X / IT(s, )5 (5, ) loods. (3.4)
P T(ta) = [ K@i o) _cs ay
U K]
< o 7l /D K (e )dy

Since K is continuous and D compact, sup / K(x,y)dy < oo. Thus,
zeD JD

1% (8, T (E oo < CIAS (2, )loc (3.5)
From (3.4) and (3.5), we deduce that V¢ € [0; 7]

t
It oo < XC + A*C/O 175 (s, -)lloods,

which combined with Gronwall’s inequality yields
75 (t, Moo < A CN T, vt € [0;T] (3.6)
O

Proof. Proposition 3.1. We first show that for all ¢ > 0 any solution of (3.1), (ﬂts it ,ﬁf) is
absolutely continuous with respect to the Lebesgue measure, and the densities (ﬁs (t,.), @8 (t,.), m (t,.), i (t, ))
verify (3.2).
From the first equation of (3.1), 7y < Eg . Since ﬂg is absolutely continuous, iy has the same
property, and we denote its density by 7°(t, z).

t

From the third equation of (3.1), il < 7l + / T'(s,.)fi5 ds, thus ! is absolutely continuous , since
0

No is absolutely continuous, as well as 775 for all s. The same argument applies to ,ut and 7t The

system of equation (3.2) now follows readily from (3.1).

We will verify that (ﬁs(t, D), mS (L), mL (), (e, )) is unique. For that sake, it suffices to show

that the solution (7°(t,.), 715 (t,.)) of the first two equations of the system is unique. The first two



equations of the system (3.2) constitute the following system

S
(0, z) // fD L Y)Ee (s, x)dyds
(1) = X ()l (0,2) + /0 Xt —s) / TR K(”“’ y) P 5 0 o s
D

7°(0,2) = §(0)s (2); 1 (0,2) = T(0)x <>and i <0 ) = R(0)7mo(x)
i ' (0,z) + 77(0, z).
)9

Let (fl(t7 ')7gl(t7 )) and ( (
condition.
On the one hand

2(t,.)) be two solutions of the above system with the same initial

K(z,y)
— fa(t, @) / (fa(s,z) = fi(s, ) /D UDK(Z7y)ﬁ(dz)]~,g2(s,y)dyds
uw Cail(s .
+ [ fisn) / T 8 (5:) — ()

) = £t = () [ 1o = o dslintonle | [ 2G| s
~(9) /ug2 il | [ K| as

1f1(t,.) = fa(t, )llos SC/O (1f2(s,) = fi(s, )lloo + llg2(s;-) = g1(s,)llc) ds (3.7)
Moreover,
gl(t,:n)—gg(t,:n):/OtX(t—s)(fl(s,:E)—fg(s,x) / UD K(a; y) )]Vgl(g,y)dyds
5 —s)fi(s,x s K(:E y) s
b K=t [ (01(6.0) — o) rppe S
! K(-,y)
t,x)—ga(t,x)| < C $,.) — fa(s, ) ]|eo ~d ds
(6:2) =t < NG00 = o Mo | 7 e
K( y)
C o0 ~d ds
+ [lnte) = oo o | | oy )
lg1(t,.) — g2(t, )l SC/O (ILf1(s,-) = fa(s, oo + 1lg1(s,-) = g2(s,)lloo) ds (3.8)

From (3.7) and (3.8), we have

¢
lg1(t,-) = g2(t, oo + Lf1(2, ) = f2(t, )lloo < C'/O (llg1 (s, ) = g2(s, )loo + [1f1(s,.) = fa(s,)lloo) ds
Using Gronwall’s inequality, we obtain

l91(2,.) = g2(t; oo + 1£1(2; ) = fa(t, )l = 0
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Let ® be the continuous function for R into Ry defined by ®(z) := (z v §)”.
Now, define a variant AV of the process AN by:

/ / 14 (=)= Lusin (s,x) P (ds, du)
J
K(z,X7) Nt — 7,

K(x, X7)
NZ K(z, X9)pN (dz)) A-il TN Z (z, X9 N (dz)) J J

The variant (,&S’N,ﬂI’N ,&R’N 15N of (7% ,ﬁI’N,ﬁR’N,ﬁ&N) verifies, for all t € [0;T], ¢ € Cy (D)

N, 0) = @y @) - NZsz’AN()

€S
- _ ; 1 [ _
(NZLN ©) = (N(I) Na NZ‘P (X AN Z‘P 1y i<t — NZ‘P(X )/ 1ni§t—sdAzN(3)
€& NS €& 0
(i ™, ) = , Zcp Xy <+ Zs@ (X7) / Ly <i—sd AN (s)
zej ZEG
w 7N - — 9 . 1 R
(7} w)zﬁgx_i(tw( N%A (t =X, 7Y i=nf{t >0, AV (1) =1}

Theorem 3.2 Under assumption 3.1, the sequence (,&S’N, aSN N ﬂR,N)N21 converges in proba-

bility in D, to (25, &S, i, i) such that for all ¢ € Cy(D), {(ﬂts, ©), (A5, ), (A, ), (AF, ), t € [0; T]}
satisfies

(15,0) = (7, ¢ / || el (s, (do)is (3.9)
(7§, 0) = X (07 / | = 9@ 00 (da)is (3.10)
(i) = (b, @) F(1) + /0 Fe(t — 5) /D ()T (s, 2)i5 (d)ds (3.11)

(. 0) = (. o) + (5L o) Folt) + /0 F(t ) /D ()P (s, 2)iS (da) Fldu)ds  (3.12)
~ B K(m y) _
fo = [ 5 SRy ) (3.13)

By the equation (3.9), we have the formula

t
i =~ [ Ts, s
0

= i3 exp (— /Otf(s, .)ds> :

(17 @) = (76 exp (— /Otf(sa -)d8> ,¢>

For all ¢ € Cy(D),



15 = SOE () exp (- [ Fls.Xo)is) )

Lemma 3.1 For allt € [0;T], the system (3.9)—(3.12) admits an unique solution <[Lf,,&f,ﬂ{,,&ﬁ>
which is absolutely continuous with respect to the Lebesgue measure of densities (,&S(t, D, B85 (8, ), /() A L)).

Proof. We use the same arguments as in the proof of Proposition 3.1, with the system (3.9)—(3.12)
instead of (3.1) O

Now, we associate to the pair (X, P), where X and P are independent, X is an D-valued r.v.
whose law is g, and P is a standard Poisson random measure on Rﬁ_, the process A(t) defined by

/ / A(s—)=0Lu<d(s,x)P(ds, du), t >0 with

K(SU X3)

)
— K(:L',Xg) -
+ S(O)E <(I) (fD K(Z,Xg)ﬁ(dz)) /\l(t - T))

where 7 :=inf{t > 0; A(t) = 1}.

Note that X5 is a r.v. independent of A_;, whose law has the density 77, and Xg is a r.v. indepen-
dent of (A1, 7), whose law has the density mg.

Lemma 3.2 Equation (3.14) has a unique solution (A(t),t > 0), such that &(t,z) = T'(t,z) given
by (3.13).

Proof. Given an M —valued function (mq,t > 0), we consider the {0, 1}—valued increasing process
associated with the m measure A (t) defined by

/ / A(m)(s K(X,) P(dS,dU)
(m“"é(fD K(z, >u(dz))>

Define 7™ = inf{t > 0, A" () = 1}; also Yy € Cy (D),
(™, 0) = X' OT(OE [p(X5)] + SO)E [o(Xe)A(t - 7))
We note that if m = 5", then A™ is a solution of (3.14) .
Indeed, if m = %™, then
. K(x, ) ~0,,\= K(z, X5)
< " @ ([ K(z.) dz))) AOIOE [CD (fp K(z,Xj)ﬂ(dz))]
[ K((L’ XG) _( N %(m))]
® ([p K(z, Xe)n(dz))

Thus, by definition of the process (A™(t),t > 0), it is a solution of (3.14) . It therefore suffices to
show the existence and uniqueness of m* such that m* = g5™ . As (@, i) verifying (3.9)-(3.10)
exists and is unique, it suffices to show that m = 5" if and only if (7™, i5™) verifies (3.9)-(3.10),

where (fi"™, ) = S(0)E |¢(X) exp { / ( S, K K(X’ ) dz))) ds}]
D
Let ¢ € Cy(D),

+S(0)E
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0

=X0T0) [ owmite)is + SOB [o(xeX0 - )]

We have

E |p(Xe)

>
=~
|
\]A
2
.,
Il
=
o\
S
—~
<
)]
>
=~
|
w
N—
QL
=
2
@
N—

t o]
= E/O )\(t — S)(p(Xg)lA(m)(S):01u<( K(Xg.) >P(ds, du)

:E/O At —s)p(Xe)1 Am) (5)= <ms7 (fDK(Xb,-) ))) ds

_ E/ At — s)p(Xg)P (A(m)( ) = O\XG> (ms, o ([, K K(XG, : dz))) s
D

( ™ (s )_O\XG = (/ / u< mr | K(xew )P(dr du) —0‘X6>

®([p K(z,)m(dz))

AT )
E[go(XG))\(t—%(m //\t—s (Xe) <ms, e:) )

dr

) (dz))
s X67-
_ My, d'l"
< e / < (fT2 dz))) ds.
~%’7m o <0 _ t N . ral K(XG7 ')
(" @) =X () 0) + B | | At = )S(0)p(Xe) <m5’<1>(fDK(z,.)ﬂ(dz))>

~5.m o K(:Evy)
70 = X0+ [ [ [ 30 o)ote) e B i i

which says that (7™, i%™) is a solution of (3.9)-(3.10). Consequently, m = ji>™ is equivalent to
the fact that (7™, i™) is a solution of (3.9)-(3.10). O

,t > 0), solution (3.14) with (X, P)

For each 1 < i < SN(0), we define the process (A,(t)7~ i
) — A4;(+)), i > 1} are identically distributed.

replaced by (X¢, P?)), and we remark that the {(AN (-

Lemma 3.3 For all T >0 and ¢ € Cy(D), E ( sup
0<t<T
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Proof. Let ¢ € Cy(D) and t € [0;T], we have
- - N (s, X))V (s,X7)
— Ay ‘ </ / ds ,du)
TN (s,X1 /\1" (s,X1)
~ N (5, X))V (5,X7)
sup ‘AN — Ay ‘ < / / “(ds, du)
0<t<T N (s, X7 /\F (s,X7%)

E (0;% iN (1) —/L(t)‘) g/o E(‘I‘N(S,XZ) ~ (s, X1) >ds. (3.15)

K(X1, X5)

<<1>(fD K (z, X5)fi(dz)) XZ)
iz@ K(Xi’X;)N )\-(t—%N)—E(O)E< K(X*, XG)X( %))|X"> .

N & o) YT (I, Kz, Xo ()
We obtain
(‘PN £, X1 — D¢, X) ) < T(t) + Tat) (3.16)
where
1 K(X, X7) 0, K(X" X5) i
T =E|— _ A A ()I(0)E X
1(®) sze; @ ([, K(z, X)pN (dz)) i(®) (1)1(0) ( @ ([ K(z, X5)n(dz)) )
_ ' Xj) , < K(X', XG) —T) |y
Ta(0) =B\ j; S T T SOE ( o (Jp K ( Bl )
On the one hand,
1 1

Ti(t) <E ( > KX XA (1)

jea © ([ K(z XN (dz)) @ ([, K(z, XI)7i(dz))

K(X", X7) <0 K(Xi X3) Z.
NZ [ K(z, X9)p (dz))A_j(t) - (t)E< @ (fp K(z X5)n(dz)) * )]
N T 7 K(Xi X5)
[0 —1(0)(E< et dZ)))

= Tl,l(t) + Tl,g(t) + Tl,g( ). (3.17)

In the computations which follow, we decompose @V = l(5Xj + ﬁ;-v , so that ﬁj»v and X7 are

independent.
Toit) < (%) K[| ME ( (/ K(z, X ) P (/D K(z,Xj)#(dz)>')

1 1
=CE (NZ K

JjeTJ

+E

Jj€ETJ

(X9, X7) + /D K (z, X)) (dz) — /D K(z, X)(dz)
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<C
- N

/Kyyﬂj )dy +

(

JEeTJ

CK oo
T1,1(75)_%+/
D

1
Ti(t) <

IN
=2l =

2l

IA
=1le

E{
=

> E

| €T

>

NZK (X7, X7)

ARMAND KANGA AND ETIENNE PARDOUX

K(X1, X7)

)HE

'/sz Y (dz) - a(d2))|

(,Uj (dz)

N

JETJ

g

jed

[ ¢ ([pK

(2, X7)

K(X¢, X7)

Y E

e

ZXJ

)Ei(dz))

Y E (KX, X7))
JjETJ

< K(Xi X7)
(fD (2, X7)

1
2

|

2
(dz)) /\—j(t)> ]

— 7i(dz))

<CN7 [ /D /D Kz(%y)ﬂs(x)m(y)dydwr

Tia(t) < C|K[oN 2 .

Toa(t) < (2(?) (1
- ()
Tiat) < O[T (0) - T(O)(

From (3.17), we obtain

Ti(t) <

Moreover,

+E

CllK loo
N

A

:ilhﬂ

:ﬁl**

+ [
D

—1(0)

( E (K (X', X5))

A;(t) = N (HE <

1
2

|| (e X0 @2) ()

mr(y)dy-

1(y)dy

K(X', X5)

|

<0
) A(t) = N (OE ( YN

ZXJ

K(Xi X5)

dz))

®(fpK

(2, X5)0(

—1(0 ‘//Kﬂj‘yﬂ's )7y (y)dady

[ K (@ @) ~7az)

71(y)dy + CIK N2+ CE ([TV(0) -

1

(dz))

®(JpK

Jj=1

1 SN (0)
) N
~ Z K(X', XTI\t — 7
j=1
N
j
= @ ([, K(z XJ) (dz))
SHN(0) XZ Xj
<I> (z, XJ

(2 X0 (d2))

j

1
N

@) Ni(t—7;) —E <<1>(

SN (0)

Jj=1

®([pK

zXJ

K (X1, X7)

i(d2))

P (

K (o X)) 2"

(X', Xg)A(t —7)

D

Z X@ (dz))

)

= 7))
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N _ K(X', X))\t —7)
+[5 (0)—5(0)(E< NS (dz))>

=To1(t) + To2(t) + Yo3(t) + Tou(t) (3.19)

%K(Xj,Xj)—F/DK(z,Xj)ﬁév(dz)—/DK(z,Xj)ﬁ(dz

We recall the decomposition 7Y = %(5 xi + ﬁ;-v .

SN (0
To1(t)

SN(O)

CIE(;T >

T+/I)E‘/I)K(z,y) (7} (dz) — m(dz))

/ K (2, X9 (dz) — /D K (2, X9)ii(d2)

)

ms(y)dy.

K(X1, X9)

) Nt —7Y) = At — %j)}

Tos(t) < . [I%: E [ K((fXZ Xj);\(( d%j))) ) (@K(Xi,XG)X(t —7)
=1 D Z J

conz|[ / Ko,y (o) s o) dyde |
Tas(t) < ClK N7
T2u(t) < C[5(0) = 50)

From (3.19), we obtain
ClIK ]l
To(t) < ——— E
0=y +/D

trC (SN(O) . ?(0)( + C/OtE (‘f‘N(s,Xj) - f‘(s,Xj)D ds.

ms(y)dy + C||K [N 2 (3.20)

|| K (@ (02) ~ )

From (3.16), (3.18) and (3.20), we obtain

) 2C\|]€Tflloo /

‘/sz ,uj (dz) — (dz))

71(y)dy + 2C|| K[| N =

E (‘fN(t,Xi) ~ T, XY

/ K(z,9) (7 (d2) - 7i(d=))

ws(y)dy + C ‘?N(O) - ?(0)‘ (3.21)

+C‘I —7(0)‘+c/0 (|75, x9) ~ B(s, 59 ) s
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Applying Gronwall’s inequality to (3.21), (‘FN (t, X)) — (¢, X9 > YR 0.
—00
Combining this result with (3.15), we deduce that E | sup ‘flfv(t - /L(t)‘ — 0. O

0<t<T
Proof. Theorem 3.2. Let ¢ € Cp(D) and T > 0 be arbitrary..
(N, ) = (@™, Zg@ (XHAN (1)
ZEG

According to Law of Large Numbers, the sequence (ﬁg ’N, ©) converges to (ﬁg ,p)  a.s.
Using Lemma 3.3, as N — oo

1 - 1 RN
sup |— XHAN@t) — = X")A;(t)] = 0, where
S NZ(’D( VAN (¢) NZ@( )
1€6 €S
SN(o
NZ(p (XHA =~ Z // 14, (s-)=0 u<f(S7Xi)<p(Xi)Pi(ds,du). In addition,
€6
(021% // oLu<i(s,xi)? (X1 P (ds, du) ): </ / (s-)=0Lu<h(s, xeo) [0 (Xe) [ P(ds, du)>
< CllglleT

Combinig Lemma 3.3 with the Law of Large Numbers in D (R, R) we deduce that, locally uniformly

int
1 SN(0) t poo
iN g AN a.s. &
¥ 2 [ oo < SOE ([ [T 1 s p(Xe)Plds o)
i=1

S(O)E (/t 1A(s):0f(SaX6)‘p(X6)dS>

0

S(0)E /Ot]P’ </~1(s_) = 0|X6) ©(Xe)D(s, Xg)ds

t ~ —/sf(r,Xg)dr
/ S(0E | o(Xe)E(s, Xe)e o s

/ / i (dx)ds,

hence ([Lf AV @) — (fi, ) in probability locally uniformly in ¢, where

(i) = (15, // D(s, )i (dx)ds.

N (0) SN (0)

™0) =% 3 Ailt)y +—ZM—T Xi).

Next,
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On the one hand,

where T (dz) = T(0)my(z)da
SN (0)

Z/A (t — s)p(X)dAN (s).

According to a variant of Lemma 3.3, as N — 00

1 SM(0)
Moreover, N Z: Ni(t — 7

su (t—s)p X’ dAN - — / (t—s) X’ dA;(s —>0 Indeed,
Sup |7 Z / 2; JdAy(s)
sup iZ [ = et (dAN() 1A(9))| < A*”“D”“ZE sup [A45(¢) - Ai(t)] ) where,
<1 |V = Jo N 0<t<T
SN(o

N;/ A t—S )(Z dA N Z / / A t—s XZ) N( ):Olu f‘(SXZ) Z(ds,du). In
addition,

< sup / / Ai(t—8)p X’) Ai(s-)=0 u<f(s7Xi)Pi(d8,du)) < NC||]|ooT-

0<t<T

Hence combining the above result with the Law of Large Numbers in D (R4, R), we deduce that,
in probability, locally uniformly in t

SN(0) t 00
Z: / (t — 8)p(XP)dA;(s) — S(0)E ( /0 At — s) /0 1 A(S):01u<f(8’X6)cp(Xg)P(ds,du))
t—sE(1A _ol(5, Xe)p (X@,)) ds

Nt — s)E []P (A - ong) o(Xe)T (s, X@,)} ds

_ - [ P Xe)ar
:/)\t—s 0)E | o(Xs)I' ng) 0 ds

We thus obtain that (,&f’N, ) — (,&t ,) in probability locally uniformly in t, where

(@) = X0 o) + /0 Xt - 5) /D ()P (s, )i (da)ds.

Now,

~ — i i 1 o [t -
(1 0) = @) + 5 XA (O = 5 T X e = 1 30X [ 1y idd¥ (o
€6 NS €& 0
According to the Law of Large Numbers:

@™ @) > (7, ).
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¥ 2 Pt 5 TO (X)L 1) = TOR) | plami(a)ds = Fo(e)(ab. )
1€J

According to the previous results,

—Zch’AN %// T(s, )i (dx)ds

€S

According to a variant of Lemma 3.3, as N — oo

sup %Z@(Xl)/ mi<t— sdA Zgo / mgt_sdfli(s) 2o Indeed,
S N=Z
lz (x? dAN (s ——Z (X?) dA;( <%SN(O)E AN
wer | N 22” )/0 e ZGG“’ / meme ) = T 2 B e,
SN (0)
where, — Z(p / i <t— sdA Z / / Ly <i—sp( )lA (s-)=0 1u§f(57xi)pi(ds,du).

ZEG
In addition

E| sup
0<I<T

Applying the Law of Large Numbers in D (R4, R), we deduce that, locally uniformly in t

15
¥

) < ClielleT

[e.9]
inté /0 lniﬁt—s(p(XZ)lfii(s*)=01uﬁl~“(s,X")PZ(ds’ du)

9]

(0)/0 Pim <t—s)E <1A(s*):0f(3=X6)SO(XG)> ds

—5(0) /OtF(t—s)E [ (A(s7) = 0]Xs) o(Xe)T(s. Xe)| ds

_ - sf(T,X )dr
:/0 F(t —5)S(O)E | ¢(Xe)I(s, Xe)e /0 i ds

—t —s )L (s, 2) i (dz)ds
= [ Fe=s) [ plais.a)is s,

t t 00
/0 Ly <t-sp(X')dA;i(s) == S(O)E </0 1m<t—5/0 114(8)=01u<f‘(8,Xe)(p(X6)P(d37du))

Combining the above results, we deduce that (i iv I, ©) — (fif, ) in probability locally uniformly
in t, where
(i o) = (.o l//’ (s, )35 (dw)ds — (7, ) l/Ft—s/ ()T (5, )7 (d)ds,

which can be rewritten as:
o) = @A E W + [ e =5) [ Aol oS s
We argue analogously about " and obtain that

(ﬂfaw)=(ﬁ§=<ﬁ)+(ﬁ5=w)Fo(t)+/o F(t—S)Lw(x)f(saw)ﬂf(dx)d&
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Proof. Theorem 3.1. Let us define Qy := {w inf / K(z, 9 (dz) > } We remark that

on O, (SN, @SN, BN, @RV = (@SN, N G ) and for all ¢ € Ry, (777 AF),

solution of the system of Theorem 3.1, is also a solution of the system of Theorem 3.2.
Clearly Theorem 3.1 will follow from Theorem 3.2 if we prove that P(Qy) — 1, as N — oco. We

have
c
0% C f K( dz) — inf K d =
N—{ ;QD/ (z,y)E" (d2) ;gD (zy)(2)>2}
wsup/sz (dz) — /sz (dz)| > > <
yeD 2

Let n > 1,41, ,yn € D be such that for any y € D, 941 <7 < n such that

C
sup |K(z,y) — K(z,y;)| < 6
zeD
Then
C
sup / K (= )" (dz) — / K(5y)i(d2) < 5 + swp / K (2 )™ (d2) — / K (= yi)a(dz)|
yeD D D 1<i<n D D

and consequently

Q% C {w, sup

1<i<n

/szZ (dz) /szz dz)| >

P(Q%) -0, as N — oc.

12

from which it follows clearly that
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