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LARGE DEVIATIONS OF THE EXIT MEASURE THROUGH A
CHARACTERISTIC BOUNDARY FOR A POISSON DRIVEN SDE

ETIENNE PARDOUX" AND BRICE SAMEGNI-KEPGNOU

Abstract. Let O be the basin of attraction of a given equilibrium of a dynamical system, whose
solution is the law of large numbers limit of the solution of a Poissonian SDE as the size of the
population tends to +o0o. We consider the law of the exit point from O of that Poissonian SDE. We
adapt the approach of Day [J. Math. Anal. Appl. 147 (1990) 134-153] who studied the same problem
for an ODE with a small Brownian perturbation. For that purpose, we will use the large deviations
principle for the Poissonian SDE reflected at the boundary of O, studied in our recent work Pardoux
and Samegni [Stoch. Anal. Appl. 37 (2019) 836—864]. The main motivation of this work is the extension
of the results concerning the time of exit from the set O established in Kratz and Pardoux [Vol. 2215
of Lecture Notes in Math.. Springer (2018) 221-327] and Pardoux and Samegni [J. Appl. Probab. 54
(2017) 905-920] to unbounded open sets O. This is done in sections 4.2.5 and 4.2.7 of Britton and
Pardoux [Vol. 2255 of Lecture Notes in Math. Springer (2019) 1-120], see also The SIR model with
demography subsection below.
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1. INTRODUCTION

We consider a d-dimensional process of the type, with any z € Ri such that ijl z; < 1.

N(y\ _ N,z ,7[Nz]ikll ! (ZN2())ds
ZN(t) = 2V (1) = +N;hjpj(/o NB;(Z ())d). (1.1)

Here (Pj)1<;<k are ii.d. standard Poisson processes. The h; € 7% denote the k respective jump directions
with respective jump rates §;(z) and z € A (where A is the “domain” of the process). In fact (1.1) specifies a
continuous time Markov chain with state space

d
A(N):{zeRi:(Nzl,...de)EZi7 Zzigl}. (1.2)
=1
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The following assumption ensures that the process Z (¢) remains in AW for any 1 < j < k such that h; <0
(h} denotes the i-th coordinate fo the vector h;), 8;(z) = 0 whenever z; = 0; moreover, if Z?Zl hi >0, Bi(z) =0

whenever Ele z; = 1.

We know from the law of large numbers of Kurtz [10], see also Chapter 11 of Ethier and Kurtz [6], and Britton
and Pardoux [2], that under mild assumptions on the rates 8;, 1 < j < k, for all T' > 0, Z™*(t) converges to
Y (t, z) almost surely and uniformly over the interval [0, T], where Y (¢, z) = Y (¢) is the solution of the ODE

Y1, 2) = z+/0 b(Y (5, 2))ds (1.3)

with
k
b(y) = > Bi(y)h;, (1.4)
j=1

and Y (¢, z) takes its values in the set

d
A={zer,> m <1},
i=1

Remark 1.1. Our results would be valid with A replaced by the more general compact set Ar = {z €
Ri, Zle z; < R}, and AM) being redefined accordingly. However, it is essential that A be compact. In fact
the extension of the results of [11] to non compact sets relies precisely upon the result of the present paper, as
we shall explain in Section 6.3.

We assume that O is the basin of attraction of a stable equilibrium z* of (1.3), in the sense that, starting
from any point in the open set O, the solution of (1.3) converges to z* as t — oo, but this need not be the case
when starting from at least part of the boundary of O, and there can be other equilibria outside O. For the
models we have in mind (see the four examples in Sect. 6), O has a characteristic boundary which is either the
set {z € A; z = 0}, or else the part of the boundary of O which is included in A, the interior of A. In both
cases, that characteristic boundary is defined as

90 = {z € 00; < b(z),n(z) >:= 0}, (1.5)

where < -,- > denotes the scalar product in R? and n(z) the unit outward normal to 90 at =. Clearly the
solution of the dynamical system (1.3) starting from z € 9O remains in 9O for all time. In the example treated
in section 6, either O = A, in which case dO = {z € A; 21 =0} ¢ 9O (this is the situation treated in Sects. 6.2
and 6.3), or else A is the union of the basins of attraction of both the endemic and the disease free equilibria,
and the boundary between them, which is precisely 0O, this is the situation in both Sections 6.4 and 6.5, see
Figures 1 and 2 in those sections.

Our goal in this paper is to study the behaviour for large N of the exit measure of ZV:* from O. In other
words, the aim is to study the large N asymptotic of the probability that a trajectory of ZV exits O in the
neighborhood of a given point. Our main result, Theorem 5.3, says that, Tg denoting the first time that the
process ZN:#(t) either exits O or hits 90, if y € JO and § > 0, for any > 0 and N large enough,

exp{—N(S5.(y) +n)} <P.(|1Z2Y (N (0)) — y| < ) < exp{—N(S-(y) — )},

where S, (y) is defined by (5.12).
Our main motivation comes from epidemics models, for which we have already studied a similar asymptotic
for the exit time from the same set by the same process in [8, 11]. Those results are established when A is a
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compact set. However, for the purpose of certain epidemics models, we need to extend those results to a non
compact set A C R% | see Section 6.3. This is easily done with the help of Theorem 5.3 of the present paper, once
we show that inf|, > S.(y) — oo as R — oo, uniformly for z in the vicinity of z*, see sections 4.2.5 and 4.2.7
of Britton and Pardoux [2], and Section 6.3. This is the main expected outcome of the results of the present
paper.

Another motivation is to identify, when it exists, the most probable exit neighborhood for the process. It
turns out that we can do so in four epidemics models.

As far as we know, this had never been done up to now for Poisson driven SDEs. Similar results have been
established for dynamical systems with small Brownian type perturbations, see e.g. chapter 5 of Dembo and
Zeitouni [4], which, for the analog of the results we aim at, refer to the work of Day [3].

Our method of proof consists in adapting the approach developed by Day [3]. First we define a reflected
Poissonian SDE for which the large deviations principle is satisfied, with the same rate function as the original
one defined by (1.1), as has been proved in our earlier paper [12]. We then mimic the arguments of Day [3] to
obtain our results.

The identification of a preferred exit neighborhood in the four considered models relies upon the charac-
terization of the quasi—potential as the value function of a deterministic optimal control problem, and the use
of the Pontryagin maximum principle to specify as much as possible the optimal trajectory. It turns out that
the preferred point z happens to be in our examples the unique limit point of the solution of the ODE, when
starting from a point on the boundary 900.

Let us explain the application to epidemics models. In all our examples, the first coordinate z; will denote
the proportion' of susceptible individuals in the population. In the two examples treated in Sections 6.2 and 6.3,
for the considered range of values of the parameters, the ODE (1.3) has two equilibria, one stable, the endemic
equilibrium z* (endemic means that the population contains a positive proportion of infected individuals, i.e.
z§ > 0), and a disease free equilibrium z (disease free means that in that equilibrium there is no infected
individual, zZ; = 0), which is unstable for the same range of values of the parameters, and 90 = {z, 1 =0}. In
those two examples, we do not need to use the reflected solution of the SDE which will be defined below, since
the reflected and unreflected processes are identical.

In the two other examples considered in Sections 6.4 and 6.5, the situation is more complex, both the endemic
equilibrium 2* and the disease-free equilibrium are locally stable equilibria of (1.3), in the sense that both have
a basin or attraction, which is a given neighborhood in A of the corresponding equilibrium. Those two basins
of attraction are separated by a manifold of dimension d — 1, which coincides with dO, and contains a second
endemic e@ilibrium, which is unstable, and is zZ. More precisel/;z,/ Zis a hyperbolicN point, which attracts all
points of 9O, but starting from any point in a neighborhood of 9O which is not in 0O, the solution of (1.3) is
repelled by 0O, and is attracted by one of the two stable equilibria.

The paper is organized as follows. Section 2 is devoted to definitions and the statement of our assumptions.
In Section 3, we define our reflecting Poissonian SDE and we formulate a large deviations principle satisfied
by the latter. Section 4 presents some preliminary lemmas about the rate function. These lemmas are mostly
adapted versions of those in chapter 6 of Freidlin and Wentzell [7] and in Day [3]. Section 5 discusses the large
deviations of the exit measure. Finally, in Section 6 we prove that in four selected examples of infectious disease
models, the quasi—potential has a unique minimum on 0O, hence for large N the exit takes place close to that
specific point with probability close to 1.

2. NOTATION AND THE MAIN ASSUMPTION
We define the following cone generated by the family of vectors (h;);j=1,.. &

k
C=SyeR":y=> phj,p/ >0 Vj. (2.1)

j=1

ITn the example treated in Section 6.3, the notion of proportion has to be interpreted in an extended sense.
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We remark that in all the epidemics models that we will consider, the family of vectors (h;),=1,. k is such that
C =R,

We now formulate some assumptions which are useful in order to obtain the large deviations principle of the
reflected Poissonian SDE that we will construct in Section 3, and which we will assume to hold throughout this
paper, without recalling them in the statements.

Assumption 2.1.

1. C =R%

2. There exists a point zg in the interior of O such that each segment joining zy and any z € dO does not
touch any other point of the boundary 90. B

3. There exists a constant ¢ such that for each a > 0 small enough, z € O, if we denote 2% = z + a(zp — 2),

dist(z%,00) > ca

We shall assume that ¢ is choosen such that |z — 2%| < ¢7la for all z € O, a > 0.

4. The rate functions §; are Lipschitz continuous with the Lipschitz constant less than or equal to C'.

5. There exist two constants A\; and Ao such that whenever z € O is such that 8;(z) < A1, Bj(2%) > B;(2)
for all a €]0, Aa[2.

6. There exist v €]0,1/2[ and ag > 0 such that C, > exp{—a~"} for all 0 < a < ag, where

C,=inf  inf (2).
H} z:dist(lgaO)Zaﬁ] (Z)

3. REFLECTED SOLUTION OF A POISSON DRIVEN SDE, AND LARGE
DEVIATIONS PRINCIPLE

In this section, we define a notion of Poisson driven SDE “reflected at the boundary of O”, and recall the
large deviations principle for its solution, which has been established in [12]. For any z € O, let

v it e ¢ 6,

arginf |y —z| otherwise,
yeON)

(3.1)

and Z,fv denote the d-dimensional processes defined by
~ - 1 . t )
N _ 7N,z . _N - NG - ) N,j
2N = 270 = N 5 e - ) :h]/o Loy 20y 0Q)

1 )
_ N, 1 _ N
=2t N Zhﬁ/o 1{ZN’Z(5_)+%€O}dQS ) (32)
where for j =1,...,k, Q_N’j is given as

Q=1 (N [ 52 (sas) (33)

We then obtain a Poisson driven SDE whose solution takes its values in O®) = AN 0 O.

2This means that the B;’s are positive for any z € O, and whenever §;(z) = 0 for z belonging to some part of 90, §; is strictly

increasing along a trajectory which moves away from that part of the boundary.
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Note that our reflection affects only the behaviour of Z¥ near the part O of the boundary of O. Note also
that the rate function of the large deviations of the solutions of the reflected and unreflected SDEs coincide.
This is reminiscent of the situation for Brownian driven SDEs, where the same is true, provided the reflection
is “co—normal”, see e.g. [3, 5].

Let Dy 5 denote the set of functions from [0,7] into O which are right continuous and have left limits,
ACr 6 C D 5 the subspace of absolutely continuous functions. For any ¢, 1 € Dy 5 and W a subset of Dr 5
let

||¢ - ¢||T = sup |¢t - ¢t|
t<T

where |.| denotes Euclidian distance in R¢ and
pr(6,W) = inf 16~ lr. .9

For all ¢ € ACr 5, let A4(¢p) denote the (possibly empty) set of vector-valued Borel measurable functions
such that for all j=1,...,k, 0<t<T, u{ >0 and

d¢>
! Zut j, tae.

We define the rate function

inf  Ir(élu), if ¢ € ACr 5;
Ir(¢) := { neA(@) e (3.5)
0, else,

where

T k ]
r(ol) = [ 3 5000

with f(v,w) = vlog(v/w) — v + w. We assume in the definition of f(v,w) that for all v > 0, log(r/0) = co and
01og(0/0) = 0log(0) = 0. By the definition of f, it is not difficult to remark that

Ir(¢) =0 if and only if ¢ solves the ODE (1.3). (3.6)

The above rate function can also be defined as

else.

IT( {fo ¢)t7 ¢t lf ¢ € ACT,O

where for all z € O, y € R¢

L(z,y) = sup {(z,y,0) (3.7)
HcRa



EXIT MEASURE FOR A POISSON DRIVEN SDE 153

with for all z € O, y € R% and 6 € R?

k

Uzy.0) = (0.) = 3 By()(elPM) — 1)

Jj=1

The rate function defined above is a good rate function (cf. [8]), that is for all s > 0, the set {¢ € Dy :
I7(¢) < s} is compact. We now formulate a new assumption, and the result concerning the LD P for our reflected
model (3.2), which is proved in [12].

Assumption 3.1. There exists a function u € C}(O) which satisfies the following assumptions:

O=An{z€O0; u(z) >O},(’“)Aé:Aﬂ{z€O; u(z) = 0}.
Vu(z) #£0, for all z € 90.

There exists C1,Cy > 0 such that min{C} dist
(b(2), Vu(z)) >0 for all z € O, with again b(z
There exists p > 0 such that (—gn(2), Vu(z)) < p

2,00),Cs} < u(z), for all z € O.
= L)1 B ().

k
2=l g0y

Rl S
2=

where
k
j=1

Note that in the examples treated in Sections 6.2 and 6.3, assumption 3.1 is satisfied with u(z) = 21, while
this assumption holds true in the two examples treated in Sections 6.4 and 6.5, as explained in section 7 of [12].

Theorem 3.2. Let {Z)'*, 0 <t < T} be the solution of (3.2).

a) Forze 0, ¢ € Dy o, ¢o=2,n1>0 and § > 0 there exists Ny 5 € N such that for all N > N, s

P. (12" = dllr < 6) > exp{-N(Ir(6) +n)}.

b) For any open subset G of Dr o, the following holds uniformly over z € O

CE 1 7N :
— > .
1}511 inf log PZ(Z S G) H)lf0 ZIT(QJ))

c) Forz€0,8>0 let
Hs(s) ={¢ € Dr o 00 = 2,p1(9, ®(s)) = 6} where ®(s) ={¢ € Dy : Ir(4) < s}
For any d,m,s > 0 there exists Ny € N such that for all N > Ny
P.(ZN € Hs(s)) < exp{—N(s —n)}.

d) For any closed subset F' of Dy 5, the following holds uniformly over z € o)

1 -
limsup — logP,(ZN € F) < — inf  Ip(¢).
Naoop N & ( ) T ¢EF,po=2 T(¢)



154 E. PARDOUX AND B. SAMEGNI-KEPGNOU

4. NOTATIONS AND IMPORTANT LEMMAS

We assume from now on that there exists a (unique) point z* € O such that for any z € O, Y (¢, z) — z*

t — 00. ~
For z,y € O, we define the following functionals.

, as

Vo(z,y,T) = inf I
o(z,y,T) TN S 7(9)

Vo(z,y) == %gfo Vo(z,9,T)

V= = inf V(2" y).
00 yeéb O( )

We will denote by B, (y) the open ball centered at y with radius r, and B, (K) = Uyck By (y). For large N, the
function Vi5(z,y) quantifies the energy needed for a trajectory to deviate from being a solution of the ODE

(1.3), and go from z to y, without leaving O = O U 9O and V5o 1s the minimal energy required to hit the

boundary 0O when starting from z*. We now prove a few Lemmas, which are analogues of some Lemmas of
chapter 6 in [7].

Lemma 4.1. There ezists a constant C > 0 and a function K € C(Ry,Ry.) with K(0) = 0 such that for all p > 0
small enough, there exists a constant T(p) with T(p) < Cp such that for allx € ANO and all z, y € B,(x) NO
there exists an curve (¢¢) = (¢¢(p, 2,y)) 0 <t < T(p) with po = z, () =y entirely in B,(x) N O, such that
Irpy(9) < K(T(p)).

Proof. We will exploit Assumptions 2.1.3 and 2.1.6 and refer to the notations there. Note that the distance
between y and z is at most 2p. Let y* and z* be the points defined in Assumption 2.1.3, with a = 2p/c. Then
both are at distance at least 2p from the boundary of O, while they are at distance less than 2p one from another.
Consequently the segment joining those two points is at distance at least v/3p from the boundary. We choose as
function ¢ the piecewise linear function which moves at speed one, first in straight line from z to z%, then from
z® to y®, and finally from y* to y. The time needed to do so is bounded from above by 2 (1 + 0_2) p- Thanks to
Assumption 2.1.1, I, (¢) < oo. Refering to the formula (3.5) for the rate function and to Assumption 2.1.6,
we see that the contribution of the straight line between 2 and y* to Ir(,)(¢) is bounded by Cp'~v, while the
contribution of the two other pieces is bounded by a universal constant times (below ¢ = 2¢~2)

/CP a ¢ 4,
, 10"

The result follows. O

Lemma 4.2. Vn >0, K C O Ud0 compact, there exist Ty such that for any z, y € K there exists a function
o¢, 0 <t < T satisfying ¢o = z, o7 =y, T < Ty such that IT(¢) < Vs(z,y) + 1.

Proof. As K is compact there exists a finite number M of points {z;,1 < i < M} in K such that

For all z,y € K, there exist 1 <i,j < M with z € B,(%), y € Br(%;). Since V5(u,v) is continuous, chosing r
small enough, we deduce that

Vé(zi7zj) < VO(Z7y) +

|3

. (4.1)
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Moreover, from the finiteness of Vi we have that for all z;, z;, there exists T and ¢; with ¢o = 2, dpii = 2

Irii(¢) < Vol(zi,25) +

NS

We can fix Ty = maxT"’ + 2 and Lemma 4.1 tells us that it is always possible to connect z and x; resp (z; and
0.

y) with ¢, 0 <t < T < 1resp (6], 0 <t <T7 < 1) such that ¢} = z, ¢4 = z; Tesp (¢} = 25, qb]fj =y) and
I7:(¢") < J vesp (Irs(¢7) < 7).
Concatenating ¢, 5 and ¢’, we obtain a trajectory ¢ with all the required properties. O
Now, we define the equivalence relation ”R” in O by
Ry iff Vi(z,y) =Vs(y,2z) =0.

Lemma 4.3. Suppose there exists y # z such that 2Ry, y, z € O. Then the trajectory Y (t,z) of the dynamical
system (1.3) starting from z lies in the set of points {v € O : vRz}.

Proof. As 2Ry there exists a sequence of functions ¢7, 0 <t < T}, ¢ = z, 1, = y, with values in O and such
that Iz, (¢") — 0. The T,, are bounded from below by a positive constant. Indeed there exists ny € N such that
for all n > ny

I, (¢"|p") < 1.

Now either T}, > 0=, where 0 := sup; <<y .ca 3;(2), or else from the Lemma 1 in [11], for all 1 < j <k,

Th . 2
niqp< —— o 42
/0 e = Tlog(oT) 4.2)

dgr _ I ny
Moreover 3 = > p; 7 hy, hence
Jj=1

T
» dgp
oyl < —dt‘
[z -yl < ‘/0 dt
k T, ,
<Vay" / wridt,
j=1"0
thus there exists 1 < j < k such that

1 Ino
gl / it (4.3)

Now, combining (4.2) and (4.3) we deduce that

2kvd
TnZJleXp< f) > 0,

e
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which shows that T, > T for all n and some T > 0. Now Ir(¢}) converges to 0 as n — oo. Therefore, for
a constant s > 0, there exists ng € N such that for all n > ng, I7(¢") < s. By the compactness of the set
{¢ : I7(¢p) < s}, there exists a subsequence (¢™*),, of these functions which converges, uniformly on [0, T], to
a function ¢;. As I is lower semicontinuous, we have

Thus IT(¢) = 0 and ¢ is the trajectory of the dynamical system (1.3) starting from z. The points ¢;, 0 <t < T,
are equivalent to z and y since we have V5 (z, ¢7) and V5(¢},y) do not exceed I, (¢™) — 0 as n — oo.

Let u be one of the points z and y such that that |¢pp — u| > %|z — y| then ¢rRu. In the same way as earlier,
we can find some time interval in which the points of the dynamical system starting from ¢ are equivalent to
u. We obtain the result by a successive application of the above reasoning, as in the proof of Lemma 1.5 page
165 in [7). O

Lemma 4.4. Let all points of a compact K C O Ud0 be equivalent to each other but not equivalent to any
other point in OUOO0. For anyn > 0,6 > 0 and 2,y € K there exists a function ¢¢, 0 <t < T, ¢o = z, o7 =y,
entirely in the intersection of O with the §-neighborhood of K and such that It (¢p) < 1.

Proof. As z,y € K there exists a sequence of functions ¢y, 0 <t < T),, ¢ = z, ¢, =y, with values in O U 90
and such that I, (¢™) — 0. And then there exists ng € N such that for all n > ng, I, (¢™) < n. If all curves ¢}
with n > ng left the d-neighborhood of K, then they would have a limit point x outside of this J-neighborhood
and we have Vi5(z,y) = V5(y,2) = 0 thus x is equivalent to z and y. A contradiction since all points of a
compact K are equivalent to each other but not equivalent to any other point in O. O

Lemma 4.5. Let K be a compact subset of O U 90 not containing any w-limit set® of the dynamical system
(1.3) entirely. There exist two positive constants C' and Ty such that for all sufficiently large N, any T > Ty
and z € K we have

P.(78 > T) < exp{~N C(T — Tp)}

where T is the time of first exit of ZtN from K and under P,, ZtN starts from the point 2N defined by (3.1).

Proof. As K does not contain any w-limit set entirely, we can choose ¢ sufficiently small such that the closed
d-neighborhood K° does not contain any w-limit set entirely, either. For z € K, let

7(2) = inf{t > 0:Y(t,2) € K°}.

where Y (t,2) is the solution of (1.3) starting from z. We have 7(z) < oo for all z € K°. By the continuous
dependence of a solution on the initial conditions,the function 7(z) is upper semi-continuous, and then it
attains its largest value T1 = sup,¢gs 7(2) < oo.

Fix Ty = Ty + 1 and let FX * the set of all functions ¢ defined for 0 < t < T and assuming values only in K 0
the set of these functions is closed in the sense of uniform convergence and because I, is lower semi-continuous,

)
Ip = min Iy, (¢) is attained on F&.
pEFK?

Moreover for all ¢ € .7:K5, I, (¢) > In > 0 since there are no trajectories of the dynamical system (1.3) in FK°
If a function ¢ spend a time T in K with T longer than Ty we have Ir(¢) > Io; for the functions ¢ spending

3Given a dynamical system Y (t, z), a point Z is called an w—limit point of zp if there exists a sequence (tn),,>1 such that t, — co
as n — 0o, and Y (tn, z0) — Z as n — co. The set of all such points is called the w—limit set of Y (¢, z9) and denoted w(zo).
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time T > 2Ty in K we have I > 21, and so on. We deduce that for all ¢ spending time 7" in T' > Ty in K we
have

h@ﬂﬂﬂ%}>h@i4)=%@—%)

For z € K the functions in the set
O.(lo) ={¢: ¢ = 2, I1,(¢) < In}

leave K during the time from 0 to Tp; the trajectories ZtNZ for which 7 > Ty, are at a distance greater than
¢ to this set. We deduce by using Theorem 3.2 that for any z € K

P.(rg > To) < Plpr, (ZN, ®.(1p)) > 6)
<exp{—N(lp —n)}

Now we use the Markov property and we have

P.(m% > (n+1)To) <E. (1% > nT0;Pyn () (TR > To))
<P,

(TR > nTy) sup P (1 > Tp).
yeK
We obtain by induction that

P.(r¥ >T) <P, (TI](V > [TZO} T0>

|

;]

e

< (Sup P, (g > To)) |
yeK

< eXP{ - N[Tzo] ({o —77)}~

Hence the result with ¢ = I"T;”, where 7 is an arbitrary small number. O

The following assumption comes essentially from [7] (p. 150).
Assumption 4.6. There exists a finite number of compacts Ky, ..., Ky C 90 such that
(1) z,y € K; implies zRy
(2) z€e K;,y ¢ K; implies zRy

(3) every w-limit set of z € OO associated to (1.3) is contained entirely in one of the K;.

Remark 4.7. In the four examples presented in Section 6, Assumption 4.6 is satisfied with M = 1 and K; = {z},
where Z is the limit as t — oo of Y'(¢, z), for all z € JO.

We moreover define Ko = {2*}. We now construct as in [3, 7] an embedded Markov chain Z,, associated to
the process ZV (t) in the following way: let py and p; such that 0 < p; < pg < %rr;éln dist(K;, Kj),
i#]

G = B, (Ki); (4.4)

M
C = O\ By, (Ky); (4.5)
0
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Fi = szo (Kz) \BpO(Kz)a (46)
0o :=0; (4.7)
o, = inf{t >0, : ZN(t) e C}; (4.8)

M
01 = inf {t >0,: 2V e G}}; (4.9)

0
Zn = 2ZN(8,). (4.10)

Define moreover
- 1 & ) - —
7 = inf {t >0: 2V + = D hiAQ ¢ 0 or 2V (1) € ao}, (4.11)
j=1

where Q7 is defined by (3.3) and AQ! = Q7 — {,.
We also introduce the quantities Vi (2, y), Vi (2, K;), Vo (Ki, K;) and Vo.kg(2,y) defined as in [7] by: Vz,y € O

M

Vo(z,y) = inf{IT(¢) T > 0,00 =26r =y, b, € O\ | J Ky Vte (o,T)}
£=0
Vis(2, K;) := inf {IT(<;S) :T > 0,60 = 2,67 € Ki,dp € O\ | K¢ Vte (o,T)}
044
VoK, K;) == inf{IT(¢) :T > 0,¢0 € Ky ér € Kj,6, €O\ | J K¢ Wt e (o,T)}
04,5

V@’Kg(z,y) =inf{Ip(¢): T > 0,00 = 2,67 =y, ¢: € O\ Ko Vt € (0,7)}.

We now establish the following equality (recall (4.11) and the definition of Vg at the beginning of the present
section).

Lemma 4.8. We have

M

Proof. We fix € > 0 arbitrary. Let ¢, 0 <t < T be such that ¢g = z*, ¢r € 90 and Ir(¢) < Vg +e. If

M M
¢ € UK, for some t € [0,T), we can find 0 < ¢y < t; < T such that ¢, = 2%, ¢ ¢ UK, for all tg <t <ty
i=1 i=1

~ N M
and ¢, € K for some j. Thus Vi (Ko, K;) < Vg + €. Otherwise if ¢; has reached O but avoided |J K, then
i=1
we can extend ¢, to ¢ > T as a solution of (1.3). By the assumption 4.6 (3), ¢; comes arbitrarily close to U]lw K;
as t — 400, but without any increase in the value of Ip(¢). It follows that

M -

i= o

M -
As ¢ is arbitrary and the reverse inequality, Vg < mi?V@ (Ko, K;), is obvious, we have the result. O
1=
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Lemma 4.9. For all n > 0 there exists py small enough such that for any p2, 0 < pa < po, there exits p1,
0 < p1 < pa such that for all N large enough, for all z in the pa-neighborhood G? of the compact K; (0 < i < M),
and all 37 > 0 we have the inequalities:

exp{—N(Vo(Ki, K;) +n)} <P.{Z1 € G}} < exp{~N (Vo (K;, K;) — )} (4.13)

Proof. By using Lemma 4.1 let p > 0 such that T(p) < n/3K. We choose pg > 0 smaller than p/3 and
L min, ; dist(K;, K;), and ps € (0, po) . For any two compacts Kj, Kj, i # j, for which Vo (K, K;) < 0o, we

3
choose a function ¢/, 0 <t < Tj ;, such that ¢’ € K;, (b € KJ7 qbt’J does not touch |J K, and for which
0#1,j5

1,5

1., (6"7) < Vo (Ki, Kj) + (4.14)

Q\d

Let

1 ..
pa = 5 min { dist | 67, U Ke|:0<t<T;,0,5=0,....M
LF£i,5

We now choose 0 < p; < min(p/Q,pQ,pg), and § smaller than p;, po — p2. By Lemma 4.1, for any z € G2, let

(Wit o<t< T; 1) with wé’l =z, z/JZT—ll = 7' € K; such that ¢*! stays in G? and

i n
ITL',l(w 71) S 6'

We also have dist(¢!,C) > 6 where C 15 deﬁned by (4.5). Moreover according to Lemma 4.4, there exists a
curve (%), 0 <t < Ty in G2 with ¢5* = 2/, WTQ = ¢y’ € K; such that

i n
ITL',Q (w 72) S 6'

We combine these curves with the curve ¢i’j and we obtain a function ¢y, 0 <t < T = Ti,l + Ti72 + 7T, (¢ and
T depend on z € G7 and j) and ¢g = z, ¢ € K; such that:

Ir(¢) < Vo (K, Kj) +

l\D\Q

If j =i we define ¢, 0 <t < T such that ¢g = 2z € G2, ¢r = 2" € K; and dist(2',2”) = dist(2’, K;) and we
have

Ir(¢) <

1\7\3

=V 5 (K, K;) +

N3

It is easy using Lemmas 4.1 and 4.2 to justify that the lengths of the intervals of definition of the functions
¢ constructed for all possible compacts K;, K; and point z € G? can be bounded from above by a constant
To < oo. The functions ¢; can be extended to the intervals from T to Ty to be a solution of (1.3) so that
Ir(¢) = I, (9). N

Any trajectory ZV:*(t) such that | ZV:* — ¢||1, < reaches the d-neighborhood of K; without getting closer
than 2p; — 6 to any of the other compacts and then Z; = ZN#(6,) € Gj. Thus using the large deviations
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Theorem 3.2 , we deduce that there exists Ny depending only on 1, Ty and § such that for all N > Ny we have

P.AZ € G}} > P.(pr(Z",¢) < 6)

> exp{~N(I1,(9) + 3)}

> exp{—-NV5(K;, K;)+n)}.

And the left inequality of the Lemma follows.

Using the strong Markov property, it is sufficient to prove the right inequality for z € I';. With our choice of
po and ¢, for any curve ¢;, 0 <t < T beginning in a point of I';, touching the §-neighborhood of G; and not
touching the compacts Ky, £ # i,j we have

Ir(¢) > Vo(Ki, Kj) — /2.

Using Lemma 4.5, there exists two constants ¢ and T3 such that for all N large enough and z € (O U 6~O) \G
where G = |, G, we have:

P.(01 >T) <exp{—Nc(T —Ty)} forall T >Tj.

Now we fix a T' > T then any trajectory of ZN’Z(t) beginning at a point z € I'; and being in G} at time 6; and

not touching the compacts Ky, ¢ # i, j either spends time T without touching G U 90 (i.e the event {6, > T}
is realized) or reaches G before time T and in this second case, with the notation ®.(s) = {¢) € Dy 5 : 9(0) =
z, Ir(¥) < s}, the event

{pT(ZN’Z, <I>Z(‘~/O(Ki,Kj) —n/2)) > 6} is realized.
Hence, for any z € T'; we have from Lemma 4.5 and Theorem 3.2 (c) that for N large enough

P.(ZN(61) € G}) < P.(01 > T) + P.(pr(ZY, . (Vo (Ki, K;) — 1/2)) > 0)
< exp{—Ne(T — T1)} + exp{—=N (V5 (K;, K;) — 2n/3)}
< 2exp{—N (V5 (K;, K;)—2n/3)} with T large enough

~ In(2
< exp{—N(Vp(K;,K;)—n)} N large enough such that njﬁf) < g

The lemma is proved. O

Before we present others lemmas which will be useful, let us define the sequence k,, € N for which Z,in =
ZN:2(0,,) € G}. Note that the r,, are Z, stopping times and that the 6,, and 0, are gtN’Z stopping times,
where GN* = o {ZN7(s), 0 < s < t}.

Lemma 4.10. For all z € O,

Jim P, (75 > 0,,) = 1.

Proof. We note that the statement is equivalent to limy_, o, P, (ZN(@,€1 A Tév) S Gé) =1, and we prove that

lim P.(Z(0., A75) & Gg) = 0.

N—o00
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It is enough to take z € O \ G§. Indeed if z € G} by the strong Markov property,

P.(ZY (00, N7Y) ¢ GY) =E. (Ez(1{ZN(9MAT6V)€G5}|$JO))
= E. (P (o) (27 (00, A7) £ GE) )

< sup P, (ZN (0., NTY) & GY)
vely

Let furthermore 7' := inf{t > 0|Y'(¢,2) € B,, /2(2*)}. Since Y'(-, 2) is continuous and never reaches 90, we
have inf,>¢ dist(Y (¢, z), 00) =: § > 0. Hence we have the following implication:

N 5 N
sup |Z)NF =Y (t,2)| < = = ZV*(0,, A1Y) € G,
+€[0,T] 2
In other words,
N . 5
P.(ZN (0., ATY) ¢ GY) < PZ( sup |ZVE(t) — Y (t, 2)] > 7). (4.15)
t€[0,7) 2

The right hand side of Inequality (4.15) converges to zero as N — oo by the weak law of large numbers
established in [12]. O

In the following, we present some lemmas which are analogue to the lemmas of [3].

Lemma 4.11. Given n > 0, there exists pg > 0 (which can be chosen arbitrarily small) such that for any
p2 € (0, p0), there exists p1 € (0, p2) and N large enough such that for all z € G}

M
exp(—N(VaAé +1n)) <P, <Zl € U G}) < exp(—N(VaAé —n)).

Proof. We have
M M
P, <21 el G}) =Y E. (21 € G})
i=1 i=1
then we deduce from Lemma 4.9 that 0 < p1 < p2 < pg can be chosen in such a way that Vz € G,

M M
eXp{—Nn/Q}Zexp{—NV@(Ko,Ki)} <P, (Zl € U G}) ,

i=1 i=1

M M
IP)z <Zl € U Gzl> < exp{Nn/Q}Zexp{fNV@(KO,KZ)}

i=1 i=1

Moreover it is easy to see that

M
exp{—N min V5 (Ko, K;)} < Y exp{—NV;(Ko, K;)} < M exp{—N min V55(Ko, K;)}.
K3 =1 K3
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Hence Vz € Gj,
. M
exp{ — N(IninVO(Ko,Ki) + 77/2)} <P, <21 € U G}) ,
! i=1
.M 1
P, (Zl € U G%) < eXp{ — N(minV@(K07Ki) —-n/2— N logM) }
i=1 ¢
The result now follows from Lemma 4.8 if we choose N such that

2|1
_ 2llog(d)].
n

N
O

In the following essential Lemma, we establish that an exit through the characteristic boundary 90 is
relatively likely once Z™V+#(¢) is close to it.
For its proof, we shall need the following assumption

Assumption 4.12. We assume that our system satisfies one of the two following conditions.

A 90 = {2, 21 = 0} and for each N > 1 the first coordinate Z{ (¢) of the process Z¥ (t) takes the form

t t
Z¥(0) =2+ =P (N | e <r>dr) - Lp <N [ o <r>dr>,
0 0

where P; and P» are two mutually independent standard Poisson processes, the two processes ¢ and
are adapted to the filtration G¥ = o{ZY, 0 < s < t}, and there exist two constants a,b > 0 such that
og%ga,jgwt for all t > 0 a.s.

B For any y € 90, 6 > 0, the set Bs(y) N (O)° N A has a non empty interior.

Remark 4.13. Note that the two examples presented below in Sections 6.2 and 6.3 satisfy condition A and not
condition B, while the two examples presented in Sections 6.4 and 6.5 satisfy condition B and not condition A.

Remark 4.14. In the situation covered by condition A, the two processes ZV and ZN coincide, and the results
from [12] are of no use, given the results from [11], while the results in [12] are useful for us in this paper for
the situation covered by condition B. Indeed, the process ZN cannot exit the set A. Under condition B, only
the piece O of the boundary of O can be crossed by the process ZV, see Figures 1 and 2 in Sections 6.4 and
6.5 for an illustration. Under condition A, the process Z cannot cross the boundary.

In the proof of our next result, we shall need the following technical result.

Lemma 4.15. Let = be a Poisson r.v. with mean A. For any u > ),

P(E>p) Sexp{— (,ulog (%) —,u—&-A)}.

Proof. Tt follows from Chebychef’s inequality that for any 6 > 0,
P(Z > p) = P(e%= > ) < exp{—0u + (¢ — 1)u}.

The result follows by choosing the optimal 6 = log(u/A). O

We can now state and prove the following crucial result.
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Lemma 4.16. Given n > 0, there exist 0 <y <n, 0 < p <mn, and Ny large enough so that whenever
dist(z,00) < p/3 and N > Ny,

P, <T<§V <7; sup |ZN(t) — 2| < p) > exp(—Nn).
0<t<y

Proof. In this proof, we will use both processes Z~ and ZN.
Step 1. Proof under Assumption 4.12
A) Recall that here ZV = ZN. Let 41 > 0 and 0 < p; < p to be chosen below. Let B(vy1,p1,p) C D(O) be
specified by the following requirements : ¢ : [0,v1] — O belongs to B(y1, p1,p) iff ¢1(t) < p/3 for all 0 <t < v,
and ¢1(y1) < p1. Since ZVV satisfies the large deviations principle, it follows from Lemma 4.1 that for any
0 < p1 < p, p small enough, we can choose y; > 0 such that

P(ZN € By, p1,p)) > exp(—Nn/3). (4.16)
We now consider the process

ZN2t) = ZN(m + 1), 0<t< .

Thanks to Assumption 4.12 A, Z'?(t) < XN (t), where
_ t _ t
XNty =2zZN )+ N'h (Na/ XN(s)ds> - NP, (Nb/ XN(s)ds) :
0 0
with
~ Y1 Y1
Pi(t) =P (N/ %Z{V(s))ds+t> - P (N/ %Z{V(s))ds> ,
0 0
~ 71 Y1
Py(t) = Py <N/ wSZ{V(s))ds—i-t) - P (N/ ¢SZ{V(5))ds>.
0 0

Indeed, while XN (t) = Z}*(t) (which is the case for ¢ > 0 small enough), if the first jump is positive, it hits
XN first, while if it is negative it hits Z{V72 first. So that when X% and va’2 start to disagree, they verify
XN (t) > Z2(t). Since the two processes cannot cross, Z; 2(t) < XN (t) for all t > 0 a.s. Let us denote by 7,
the time of extinction of X~. From the above comparison, we see that or any v, > 0,

Tg — v <7, hence {Tg —m <y} D {rh, < ).

Let v = 71 + 2. There exist mutually independent standard Poisson process Pj, 1 < j <k, which are
independent of 0{Z}N, 0 <t < v}, and positive constants cj and d;, 1 < j <k, such that

(Y <~yn{sup |ZN(t) — 2| < p}
0<t<vy

5 {ZN € B(y1,p1,p)} N {18 —m <2} f_) {P(c;72N) < djpN}
S {2 € B(y1,p1,0)} N {78, <72} Nf_1 {P(cj72N) < d;jpN}.

Note that NX¥ is a continuous time birth and death branching process starting from Nz (v;), with birth
rate a¢ and death rate b. We can and do assume that a > b (which is the case in our applications covered by
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the situation A), i.e. NX¥ is supercritical. If we combine formula (1) page 107 of Athreya and Ney [1] and the
formula for the birth and death case page 109, we see that

b—belb—a)r )NZ{V(%)

P (ren < 2212% (1)) = <a—be(b—)’7

Now
(w8 <. sup 1270+l <)
0<t<~y
>P(Z" € B(vi,p1,p) P ({ Th < 2} N2 1{P(CJ'72N)<deN}|ZNEB('71»P17P)) (4.17)
x HIP’( (¢j72N) < d;pN).
First we choose a < min?:1 i—j and let o = ap. It follows from the law of large numbers that

H;LS P (P(cj’ygN) < dij> — 1 as — oo. Hence for any n > 0, there exists Ny > 1 such that for all N > Ny,

k
H ( (¢j72N) <d]pN)2exp(—Nn/3). (4.18)

We now treat the second factor on the right of (4.17)

P ({7, < 12} 2y {PlesnalN) < dspNHZY (1) < 1 )
2
> P (< 72lZ1 (n) < p1) Z]P’( (cj72N) >d]pN)

b— pelb—a)rz\ Ve d;
Z (abeM) _E:IQXP <_Np{dj 10g <w> _dj"_cja})
j=
> exp (—Np1log[A,,]) — 2exp (=Npd),

where we have used Lemma 4.15 for the second inequality, and used the notations

a — b e(bfa)')?

d;
A%:m, andé_mmd log< ]a> d; + cja > 0.

—1
We now choose p = 1/(3§), hence v = (an)/(3p). We finally choose p; = [610g (ana)} 1, so that
p1log[A,,] = n/6. Consequently, provided N > (6log|[3])/n,

({ TN <2} N3y {P(cj72N) < djpN}YZY (1) < pl) > exp(—Nn/3). (4.19)

The result follows by combining (4.17), (4.16), (4.18) and (4.19).
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Step 2. Proof under Assumption 4.12
B) Let

= {¢ €Dy 4: dist(qﬁo,aﬂé) < p/3, sup | — ¢o| < p/2 and inf{t: ¢, € O} < 'y} .
0<t<~

G is open for the Skorohod topology and as ZN:# satisfies the large deviations principle, we deduce that for all
z € O such that dist(z, 00) < p/3 we have for N large enough

P.(2" € G) 2 exp{=N(inf I,(¢) +n/4)}-

Moreover from Lemma 4.1 we can choose 7, p < 1 such that infycq I (¢) < n/4. Consequently
P.(ZY € G) > exp{—Nu/2}.

We also have for all z € O with dist(z, 00) < p/3.

P (8 <. sup 127() 2l <)

0<t<~y

>P, <T(J)v<'77 Sup |ZN(t>_Z| <p, sup |ZN(t)_Z| <p/2>

ngtg'y 0§t<7’g

1P’z< sup IZN()fz|<p]To <7, sup IZN()z|<p/2>

TH <t<y o<t<ry

x P, (Tg <7, sup |ZN(t) -z < p/2> . (4.20)

O§t<‘rg

Moreover we have

P, (Tg <7, sup |ZN(t) - 2| < p/2> =P, (Tg <7, sup |ZN(t)—z| < p/2>

o<t<ry o<t<ry

>P.(ZN € G) > exp{—Nn/2}. (4.21)

Using the strong Markov property, we also have

P, sup |ZN(t) -2 <p‘7’o <, sup |ZN(t) -z < p/2
ngtg’y O<f<'ro

=B (Prviy ( sup |ZN(t) — 2| <p)’7'g<'y, sup |ZN(t) — 2| < p/2
5 <ty o<t<ry
> [P’y{ sup |ZN( —z|<,0)
yily— Z|<P/2 0<t<ry
> inf P, ( sup [ZN(t) —y| < ,0/2>
y:ly—=z|<p/2 0<t<ry

> exp{—Nn/2}, (4.22)
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where the last inequality follows from Theorem 3.2 and Lemma 4.1. Combining (4.20), (4.21) and (4.22) we
have the result. O

In the proofs of the next lemmas we denote
0. :={z € O : dist(z,00) > ¢}
and we establish some inequalities involving 6, .

Lemma 4.17. For all 1,po > 0, y € 90, and z € O \ Ué\/[ B,,(K;), there exist 09, p2 and Ny so that for all
p1 < pa2, for all § < dg and N > Ny

P. (78 < 0,312V (1) — 4l < 8) = exp (= N(Vor5(2:) + 1))

Proof. First, by definition of Vi k¢ (z,y), there exist T and a curve 9, 0 < t < T with ¢y = 2, ¥y = y and
Yy € O\ Ko for all 0 <t < T such that

In() < Vigg(2,9) + 15

We can next choose a such that 9§, 0 <t < T defined by
¥f = (1 —a)y + az
satisfies dist (¢, 55) > ca and

n
Ip(y®) < Ir(¥) + 5
According to Lemma 4.1, there exist two functions 1/)?’1, 0<t<T%! and 1!}?’2, 0 <t < T%2 such that wg’l =z,

Yipas =98, Y5 = v, ¥l =y and
Iraa (%1 < L and  Ipee(y®?) < L.

Combining ¢§"', 0 < ¢t < T, §¢ 1.\, T <t < T+ T and ¥% T+Tw! <t <T*24+T+T% we

obtain a function ¢;, 0 <t < T = T+ T%! 792

—_Ta,l

Ir(p) < Vig(2,9) + - (4.23)

w3

Let p1 < po, 6 < min {%ca, %"} and H C Dy 5 be the set of functions ¢ having the following properties:

o [or —yl < 30 _
e ¢, does not intersect (O \ 0%5) \ B15(y)

e ¢ does not intersect B, (z*)

H is open and ¢ € H (if ¢ intersects B,, (2*) we use again Lemma 4.1 to modify ¢). From theorem 3.2, for all
N large enough we deduce by using (4.23) that

~N > o —
logP.(ZN € H) > N(weé{liozzIT(w)+ )

2
—-N (VKS(z;y) + ;) .

w3

v
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Moreover we remark that ZN* € H implies |ZN*(7) AT) —y| < 26 and T < 6,,. So

N 1 2
log P, <|ZN(T(§V AT) —y| < 30T < om> >N <VK5(Z,y) + ;’) : (4.24)

We also have

A=P. (1Z¥(8) =yl < 6,00, > )

Y

- 1 -
P, (|ZN<T(§V AT) =yl < 56,125 (75) =yl < 6,7 <75 < em)
- 1 -
+P, (|ZN(Tg ANT) —y| < 55,‘21\](7'3’) —yl <61y <T < Gnl)

- 1 -
B (12968 AT = o1 < 312768) -1l <678 <6, <7)

> Ay + Ag + As.

Further

- 1 _
A =E, (]P’Z (|ZN(T) —y| < 56,73’ <0, T <0, NTH1ZN(75) —w| < 5]—'T>)

. 1 .
~E. (|ZN(T) — 9l < 56T <0y A Piniry (78 < 00,12V (78) — yl < )
Furthermore for any x such that dist(z,y) < §/2

o (12708) <ol < 678 <0) 2 P (8 <. sup 1270 -] <0).
0<t<y

for all v > 0. In particular with v selected as in Lemma 4.16, we deduce that
5N 1 N
A >P, (|Z (T)—y| < §§,T <O, A TO> exp(—Nn/3).
We also have

-~ 1
Ay =P, <|ZN(737) -yl < 5(5,7‘37 <T< 9~1>

: 1
> P, (12V(8) vl < 36,78 ST <0, ) esp(-Nu/3),
since

. 1 .
{|ZN’Z(Tg) —yl <5678 <T< em} c {128~ yl < 0,78 < 0.}
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and Az > 0. Thus
A> P12V AT) —y) < %5, T < 0, A8 ) exp(~Nn/3)
+ B (12 AT) — gl < %5, < T < 6,,) exp(~Nn/3)
>P, (|ZN(T(§V AT) -yl < %5, T < em) exp(—Nn/3). (4.25)
It follows from (4.24) and (4.25) that
logP. (12 () — yl < 6,78 < 0.,) = =N (Vics (2,9) +1).

The lemma follows. ]

Lemma 4.18. For alln >0, y € 86, there exists 69 > 0 and pg > 0 (which can be chosen arbitrarily small)
such that for any p1, 0 < p1 < po, for any § < &y there exists No so that for all N > No and any z € G,

P. (78 < 0,312V (7)) — 4l < 8) = exp(~N (Vo (2", ) + ).
Proof. Let p1 < po, Vz € G}
Pz (T(])V < 0&1; |ZN(TéV) - y| < 5) = ]Ez (PZ(T(I)V < 0/@1; |ZN(T(])V) - y‘ < 5|]:Uo))
=E, (PZN(UO)(T(])V <O 12NN -yl < 6))
> inf Py (5 < 60,5127 (75) —yl < 9)
vEl'y
By definition of the Vi5(2*,y), there exists a curve (t), 0 <t < T with @9 = 2*, o1, = y such that

* n
ITI(SD) < VO(Z ,y) + ﬂ

Moreover by Lemma 4.1 v € T'y and z* can be connected by a curve @, 0 <t < T, such that

Ui

IT1 (95) < ﬂ

Combining ¢y, 0 <t < Ts and ¢(t), 0 <t < Ty, we construct a curve @ by

e i telo,T,
vt Pt—T, if te [T27T1 + TQ]

so that
_ . U
It 41, (@) < Vo (2%, y) + 1

For this function ¢ we can choose a such that its corresponding curve %, 0 <t < T3 =T} + T, defined by

of = (1 —a)p; + az
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is such that dist(@¢, 55) > ca and

l

~a n
I, (9°) < T (9) + .

Thus

[SHIES

IT3 (@a) < VO(Z*vy) +
According to the Lemma 4.1, there exist two functions go?’l, 0<t<T%! and @?’2, 0 <t < T%2 such that
1 1 2 2
0 =V, Pran = 8, 00 = Py Pres =y and
Iran (%) <
raa (™) < 12

Concatenating ¢!, 0 < t < 71, Q% g, T <t <T3+T*!and ¢?L2T37Tu.17T3 +T41 <t < T2 4T+ T
we obtain a function ¢, 0 < ¢ < T such that

Ir(¢) < Vo(2%y) +

(4.26)

w3

1

Let 6 < min {50(1, %0} and define G C Dy 5 to be the set of functions ¢ having the following properties:

° |¢T — y| < %5 B
e ¢, does not intersect (O \ Oi(s) \ Bis(y)

e ¢, does not intersect B,, (z*)
G is open and ¢ € G (if ¢ intersect B,, (2*) we use again Lemma 4.1 to modify it) we deduce from Theorem 3.2

and (4.26) that for large enough N

. n . 2n
log P (G) > *N<¢€C1;n¢fozv Ir(p) + §> >-N (VO(Z y) + 3> :

Moreover we remark that ZV € G implies | ZV (7Y AT) —y| < 46 and 6,,, > T. So for N large enough,

)

~ 1
logPu(| 2™ (5 AT) =yl < 56,60 > 1) 2 =N (Vo(",9) + 5 (4.27)

‘We have moreover
0 =P, (12¥(8) 4] < 8,00, > 7))

- 1. -
> P (125 AT) =yl < 50,127 (8) =yl < 0,00, > 78 > T)
- 1. -
+ P, (12 NT) —yl < 30,12V () 4l < 6,00, > T > 75
. 1. .
+ P, (1288 AT) =yl < 50,125 () =yl < 8.7 2 6., > 78

> 01 + 03+ O3.
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Further

- 1 -

91 = Ev<Pv(‘ZN(Tg /\T> _y| < 567 6/{1 > Tg > TJ |ZN(Tg) _y| < 6|]:T))
- 1 -

- EU<PU(\ZN(T£[ AT) =yl < 58,00 > 78,00, AT > T,|ZN(28) =yl < 6|]—'T))

- 1 .
=B, (1ZV(1) =yl < 50,00 ATE > TP (0, > 7812V () =yl < 9) ).
Furthermore for x such that dist(z,y) < §/2

Pe(12V(8) — 9l < 8,60 > 78) > Ba(r8 <7, swp 12V() —4] <),
SURY

for all v > 0. In particular with v selected as in Lemma 4.16 and § = p, we deduce that
- 1
0, > IF’U(\ZN(Tg AT) =yl < 58,00 AT > T) exp(—N7/3).
We also have

~ 1
9, = PU(|ZN(TéV AT) =yl < 50,00, >T > Tg)
~ 1
> P, (12(5 AT) =yl < 30,00, > T 2 78 ) exp(~Nu/3).
Thus since ©3 > 0,
~ 1
e > Pv(|ZN(T(])V ANT) -yl < 56, O, AT > T) exp(—Nn/3)
~ 1
+ P, (125 AT) = 4l < 50,00, > T 2 78 ) exp(~Nu/3)

. 1
~P, (|ZN(7'JOV AT) =yl < 58,0n, > T) exp(—N7/3). (4.28)

It follows from (4.27) and (4.28) that

log Py (12 (7)) — yl < 8,00, > 78) = =N (Vo (="9) +1).

O

Lemma 4.19. Given any 7, there exists pg > 0 (which can be chosen arbitrarily small) such that for any
p2 € (0,po), there exists p1 € (0, p2) and N, such that for all N > N, and z € G},

P, (Tg < 951) <exp(=N (Vg5 — n)).
Proof. Let 6 > 0, we define

7y, =inf{t > 0: Z"*(t) ¢ Os}.
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It is easy to see that T(J)Vé < 78 Moreover if p; < 4, then Tg; < 6, implies Tg; < 0. Thus Vz € G}
P.(78 < 0x,) S P.(75, < 0i,) < P.(15, < 61).
Now we use the strong Markov property to write that Vz € G}
P.(r). < 6,) =E. (PZN(UO)(TgE < 91))
we deduce that

sup IP’Z(T(J)V < 0,) < sup IP’U(T(Z)\Z < 61)
2€G} vel,

Now, we establish that we can choose py and § sufficiently small such that for all v € Ty we have,

2
Pu(Tgé <#) < exp{—]\f <V555 _ ;)}

Using Lemma 4.1 there exists p > 0 such that T'(p) < n/3K. We take pg < p/2, 0 and ~ sufficiently small such
that for any trajectory ¢;, 0 < ¢t < T starting from v € I'g and touching O; \ Os4~ we have

U
Ir(9) 2 Vg, = 4

Moreover, using Lemma 4.5 there exists a constant ¢ and 73 such that for all N large enough, any 7" > T} and
v € Os \ G where G = Uf\il G} we have

Pv(ng\G >T) <exp{—Nc¢(T —T1)}.

Now if we take any trajectory ZN¥, with v € I'y, and which reaches O \ Os before going to G either spends
time T without touching O \ Os (the event { > T} is realized) or reaches O \ Os before time T and in this

case the event

N
oG

{pT (ZN’“7<I> (VébJ5 — Z)) > 'y} is realized.

Hence, for all v € Ty we have from Lemma 4.5 and Theorem 3.2 (c)

A <00 <2 (=) + 2 (for (270 (v -2) 211

n
<exp{—Nc(T —T1)} + exp {—N (VB’(T(; — 5)}
< 2exp {—N (Vﬁ; — g)} taking T' large enough
3 In(2
< exp {—N (Vaf(i; — Z) } taking N large enough such that n]if) < Z

Moreover, V5 (z*,.) is continuous so if ¢ is sufficiently small then

n
Vga/EZVa"é—Z.
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So

sup IP’Z(Tg <0,) < exp{—N(Vgé —-n)}.
z2€G}

This prove the lemma. O

5. MAIN RESULT ON THE EXIT MEASURE

The proof of our main result, Theorem 5.3, will rely upon Lemma 5.2, for which the following notion will be
essential.

Definition 5.1. Let £ a subset of N and W a subset of £. A W-graph on L is an oriented graph which satisfies
the following conditions

(a) Tt consists of arrows i — j, i # j with i € L\ W and j € L.
(b) For all i € L\ W, there exists exactly one arrow such that 7 is its initial point.
(c) For any i € L\ W there exists a sequence of arrows leading from it to some point j € W.

We will denote by Gr(W) the set of W-graphs and for i € L\ W, j € W we denote by Gr; ;(W) the set of
W-graphs in which the sequence of arrows leading from ¢ into W ends at j. We can now show the analogue of
Lemma 3.2 in [3].

Lemma 5.2. For ally € 90 and 71, 6o > 0 there exist p, § < dp and Ny, so that for all z with dist(z,2*) < p
and N > Ng, we have

exp(=N (Vo (2*,y) = Vg + 1)) < P(1ZN(5) —yl < 9) (5.1)
and
P.(|1ZN(75) =yl < 8) < exp(=N (Vo (2", y) = Vsp — 1)) (5.2)
Proof. Let y € 90. We can always assume that y € Ui\/l K; else we add the compact K = {y} in the list of the
compacts and Assumption 2.1 remains true since Vo (y,y) = 0 and If yRu for some u # y, then Lemma 4.3
implies that any w-limit point of (1.3) starting at y is equivalent to y and then y was in a compact K.
In what follows we assume that y € K7. Let § > 0. Using the strong Markov property we have, for all z € G,

P.(1ZN(75) — yl < 6)

= ZPZ(|Z~N(Tg) - y| < 5; 0:% < T(I)V < 9Hk-+1)
k=0
oo

k=0
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Furthermore, Vz € G}, we have

> P.(1ZN(75) — yl <87 < 6x))
P, ZN Ny _ S N 9}{ _ ) 'O 1
(12Y(8) ol < 8178 < 6,,) e

(5.4)

Let us now deduce the lower bound (5.1) from (5.4), (5.3) combined with Lemmas 4.18 and 4.19. Given 7, § > 0
pick 0 < p1 < pp satisfying both Lemmas with 7 replaced by n/2. For all z € G} and N large enough, we have

IP)Z(|ZN(T(1)V) —y|l < ’Tg < 0,) S exp(—N (Vs (2%, y) +1/2))
P.(t) < 0,,) — exp(=N(Vzp —n/2))
=exp(—N (Vo (2", y) — Vgp + 1))

The lower bound (5.1) follows from this and (5.3).
For the upper bound (5.2), we first obtain a lower bound of the denominator of (5.4) as follows:

C=x

k
. . 1
P.(7d <6.,)=P. | Z € G};ZWFHNZ@AQ;V@WO for some t € [0y, 65)
j=1

L

M
=E, <IP’21 () < 91);21 € U G})

{=1

1

Now we use Lemma 4.16 to deduce that choosing 7, p1 such that 0 <~ <7, 0 < p1 <7 and Ny € N we have
for all u € in G}, dist(u, 90) < p1/2 and then for N > Ny,

PU(T(])V <6)>P, (Tg < W;Oiltlg |ZN(t) —ul < pl)
<t<y

> exp(—Nn).

Thus, for all p; sufficiently small, N large enough and all z € G,
) M
P. (18 < 6.,) > exp(—Nn/4)P, (Zl € UG}) (5.5)
1
By using the lemma 4.11 we have for all suitable small py, pg, and N large enough, and all z € G{,

M
P, (Zl € U Gé) > exp{—N(Vy, +n/4)} (5.6)

=1
We then deduce of (5.5) and (5.6) that

P. (75 < 0x,) > exp(—N(Vgp +1/2)). (5.7)
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We now use the embedded chain Z,, to obtain a upper bound of the numerator of (5.4) in the following way:
given § < p; and z € G,

P.(ZN () e Gl < 6.,)
<P.(Z, €G! forsome 1<n<k) (5.8)
E. (]PZI(ZH € Gy forsome 0<n<kp)),

P.(1ZN () —yl < 678 < 0.,) <

where we assume of course that

_ 1 if vedGl,
IP’U(Z,LEG% for some 0§n</<51) = {0 £ UEGé.l

Now we try to have an upper bound of P,(Z, € GI for some 0 <n < k1) for v € G} where ¢ # 0, 1. For
all suitable p1, py and N large we have for all v € G}

P,(Z, € G} forsome 0<n <ki)=qw(v,G).

Where gy (v, G1) is the probability that, starting from v the Markov chain (Z,) hits G} when it first enters
Gy UGH.

Now we will use a result on the Markov chains described by [7] lemma 3.3 of chapter 6 in terms of the
W-graphs on the sets £ = {0 .y M} where W = {0,1}. To apply this lemma we define the sets X; = G}

Vi€ {0,...,M} and X = U X;. If we define a = exp{Nn/4™ =1} and p; ; = exp{—NV5(K;, K;)}, we deduce
from lemma 4.9 that the assumptlons of the lemma 3.3 of chapter 6 in [7] hold true, hence for all suitable py,

po and N large enough, v € G},

4M-1 Egec;m,l(vv) H(Hj)eg Dij

W(U, G%) S .
> gecrowy Hiissjeq i

Thus

decw,l(W) exp { - NZ(Hj)eg Vo (Ki, Kj)}

dear(w) exp { -N Z(i%j)eg Vo (K, Kj)}

w (v, G1) < exp{Nn/7} (5.10)

It is easy to see that 3 q,, | () exp { =N3> (isj)eg Vs (K, K)} is equivalent to a positive constant C; which

is the number of graphs in Gre1 (W) at which the minimum of } ;< Vo (K, K;) is attained multiplied by

exp{ = Nminger, , (W) X (imj)eq Vo (K, KJ)} We also see easily that the denominator in (5.10) is equivalent

to a positive constant multiplied by exp{ — N mingegrw) Z(i_meg V@(Ki, Kj)}. Hence there exists Ny such
that for N > Ny

v,G) <exp{ —N min Vo K, K; min Vs K;,K;)| +Nn/6
Wl Gl Sew ) N | v, 3 Vol K) = i, 3 Volk K | + Mo/



EXIT MEASURE FOR A POISSON DRIVEN SDE 175

We remark here that in the case of a single attracting set Ky, f/@ (K;, Ko) = 0 for all i. Then we have

i V(K K;) =0
gerCI:l;(nW) Z ol J)
(7"‘7)69

We also have

i Vo (K, K;) = Vo e (Ko, K1).
geGIgT(W) (”z):eg ol i) O,Ko( ¢, K1)

With these preceding remark, we deduce that
P,(Z, € G} forsome 0<n<ry)< exp{—N(Vp ks (Ke, K1) —n/6)}; v € Gj, (#0,1.

Now according (5.9) and lemma 4.9 we have for N > GI%(M) V Ny

M
P.(1ZN (7)) —yl < 6;78 < 6,,) <E. (Z IzeqiPz (Zn € Gy for some 0<n< m))
=0

M
=P.(Z, € G}) + ZEZ (]lZleG}]P)Zl (Zn €G] for some 0<n< nl>)
=2

IN

M
exp { — N(Vo(Ko, K1) = n/6)} + Y exp{=N (Vo (Ko, K¢) + Vo e (Ke, K1) — 77/6)}
=2

< exp { = N(Vo (Ko, K1) = n/6)} + exp{~N(,min, (Vo (Ko, Kr) + Vo, (Kr K1)} = n/3) |

< exp { = N(Vo(Ko, Kn) A _min {Vo (Ko, Ke) + Vo g (Kes K1)} = 1/2) |-
We remark here that
Vo(Ko, k) A min (Vo (Ko, Ke) + Vo, s (Ko, K1)}

= Vo (Ko, K1)
=Vo(z",y)

And then
P.(|ZN(75) =yl < 675 < 6,,) < exp{—N(V(z*,y) — n/2)} (5.11)

uniformly over z € G§, provided pi, po and N are chosen in suitable way.
Combining (5.7), (5.11) and (5.4), we deduce that

IP’Z(|ZN(T(])V) -yl < 5\73’ <Ox,) <exp{—-N(V5(z",y) = Vyp —n)}, forall ze€ G(l),

provided ¢ < p; with p; sufficiently small and N sufficiently large. As i > 0 is arbitrary, we obtain the upper
bound (5.2) from (5.3). This concludes the proof of lemma 5.2. O

We finally establish our main result which is an analogue of Theorem 3.1 in [3].
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Theorem 5.3. Assume that the Assumptions 2.1, 4.6 and 4.12 hold true. Then for z € O, y € 90 and any
n >0, §o > 0 there exist 6 < §g and Ny, such that for all N > Ny

exp(—=N(S:(y) +n)) <P.(1Z2Y(75) — y| < 8) < exp(=N(S:(y) — )
where S, (y) is defined by:
S:(y) =Volz,y) A (Vo (2", y) — Vap)- (5.12)

Proof. So far we have worked with the reflected processes ZV . We have come back to ZV in the above statement.
Of course, the two processes are coupled by the fact that their equations are driven by the same Poisson processes.
As a result, we can reformulate the definition (4.11) of 73 as follows

ErY =inf{t > 0; ZV(t) € (0)° U O},

which yields exactly the same stopping time. Also [ZV (7)) — Z5 (7))| < N~*h, where h = sup, ;< |h;|. So
clearly the statement of the theorem is equivalent to the fact that for all z € O, y € 9O and n > 0, dg > 0 there
exist 0 < §p and Ny, such that for all N > Ny,

exp(—N(S.(y) +1)) <P-(1ZN(75) =yl < §) < exp(=N(S:(y) —n)). (5.13)

We shall in fact establish the last statement.
We first remark that for z = z* the result is given by Lemma 5.2 . If z € O \ {z*}, we make the restriction
that po be sufficiently small so that dist(z, K;) > po for all ¢ = 0,..., M. This allows us to write

P.(1ZY(75) =yl < 8) = P.(1ZV () — y| < 6,0, < 75)
+ P12V (1) —yl < 8,00, > 15))
= ]EZ(PZM(‘ZN(TST) =yl <6);0,, < Tg)

+]P’Z(\ZN(T(])V) —y| < 4,0, > T(])V)
— 10, + IL. (5.14)

We now split the rest of the proof in 5 steps.

Step 1. UPPER BOUND OF II;. Lemma 5.2 tells us that for all z € G,
P.(1ZY(75) — yl < 6) < exp{—N(V5(z",y) — V55 —n/3)}.
Hence II; can be bounded from above as follows

I =E.(Ps, {12V () =yl < 6}:6k, <75)

<PA{b,, <75)}exp{—N(Vp(z*,y) — V5 —n/3)}
<exp{—N(Vo(z",y) — Vi —n/3)}-
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Step 2. LOWER BOUND OF II;. From Lemma 4.10 we deduce that for suitably small pg, p; there exists N € N
such that, for all N > Np,

P.{0., <75} >P.AZN (0., N75) € G}
> exp{—Nmn/2}.

II; can then be bounded from below as follows using Lemma 5.2

I =E.(Pz,_ (I1ZN () =yl < 8), 0, <78)
> P (6, <78 )exp{—N(Vs(2*,y) — Vi +1/2)}
> exp{—N(V5(2",y) = Vi5 +1)}.

Step 3. UPPER BOUND OF IlI;. We now obtain a upper bound for Il by making the same computations as in
the proof of lemma 5.2. Indeed

PZ(lzN(Tg) - y| < 5§Tg < 951) <

IP’Z(ZN(TS’) € G%;Tg <0)
<P,

(Z, € G+ for some 0<n<k)

IEZ(IP’ZI(ZL € Gy forsome 0<n<kp)).

Where we assume of course that,

1 if veGi

P,(Z, € G} forsome 0<n<ri):=
( ' sn<m) {0 it vedGl.

For v € G}, £ # 0,1 we can establish as in the proof of Lemma 5.2 that
IP’U(Zn € Gl forsome 0<n<k)< exp{—N(VaKg(Kg,Kl) -n)}
Hence
Iy =P (|27 (7)) =yl < 0,78 < 6,,)
< exp{—N (V5 (2, K1) A 2;315111%[‘70(2, Ky) + Vo, res (Ko, K1) — 21/3)}
< exp{=N (Vo ke () — 20/3)}.
Step 4. LOWER BOUND OF Il5. From Lemma 4.17, we deduce

I, =P, (|ZY () —y| < 6,0., > 78)
> exp{—N (Vo k¢ (2, y) +n)}-

Step 5. CONCLUSION. Thus, the term on the left in (5.14) can be bounded from above as follows, provided
that N > 3108(2)

n

P.(1Z%(75) =yl < 8) < exp{=N(Vo(2*,y) = Vg — n/3)} + exp{~N (Vo x5 (2,y) — 2n/3)}
< exp{—=N(Vo, k(2 9) AN [Vo (2", y) = Vgl —n)}-
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We now show that
Vo,ke(2:9) NMVo (2" y) — Vapl = Vo(z,y) A Vo2, y) — Vgl (5.15)

Indeed we first remark that Vo re(2,y) > Vo(z,y). If Vi ke (2,y) > V5(2,y), then the nearly minimal paths for
V5(z,y) must come arbitrarily close to Ko, so

Volz,y) = Vo(z,27) + Vo (2, y) = Vo (2", y),

and then V(2" y) — Vg < Vo(2,y) < Vi ke(2,y) and (5.15) is true. This establishes the upper bound in
(5.13).
In order to obtain the lower bound in (5.13), we deduce from the lower bounds for IT; and Il that

P.(|1ZM(18) =yl < 8) > exp{~N(Vo(2*,y) — Vo +m)} + exp{~N (Vo i (2,9) + 1)}
> exp{=N(Vo, ks (2,9) AN [Vo (2", y) = Vgl + )},

and then the lower bound in (5.13) follows from (5.15). O
We now deduce

Corollary 5.4. Assume that there exits a unique point y* € 90 such that

V(2" y Vss = inf V, Y),
oz y") =Vge ot o(z".y)

then for all 6 > 0, and z € O

lim P.(|ZY (75) —y*| < 0) = 1.
N—o00

6. APPLICATION TO FOUR MODELS

In this section, we shall apply our result to 4 examples of epidemic models. In each of these models, for
certain values of the parameters, the deterministic ODE model (which is the law of large numbers limit of our
stochastic model) has a locally stable endemic equilibrium, 4.e. an equilibrium with a positive proportion of
infectious individuals (while a disease free equilibrium is an equilibrium with the proportion of infectious equal
to zero). That equilibrium being stable, the ODE model predicts that the epidemic will persist for ever, hence
the disease is endemic, this is why we call the corresponding equilibrium an endemic equilibrium. On the other
hand, the stochastic model will hit soon or later the absorbing set of disease free states. Corollary 5.4 states
that the preferred region of exit from the basin of attraction of the endemic equilibrium is the vicinity of the
point z in dO which realizes the minimum of the function V(z*,z) on 90, if that minimum is unique. We will
show that in our 4 examples such uniqueness holds, and we will characterize the point z.

In the two first examples, which satisfy condition A of Assumption 4.12, that is where 00 = {z, z; = 0}, Z is
the unique disease free equilibrium, which is an unstable equilibrium, which however is stable in the set {z; = 0}.
In the two last examples, which satisfy condition B of Assumption 4.12, the boundary 20 separates the basins
of attraction of the endemic equilibrium z*, and of the disease free equilibrium fzg . A third equilibrium, which
is an unstable (in fact a hyperbolic) endemic equilibrium, attracts all points in 0O, that point is precisely z in
those two examples.

In the four following models, we show that for IV large, with high probability the stochastic process hits the
boundary of the basin or attraction of the endemic equilibrium near the point to which the law of large number
limit converges, when restricted to this boundary. Note that Vg is the value function of a deterministic optimal
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control problem. We will exploit Pontryagin’s maximum principle, in order to prove the results of this section.
We will first describe the relevant optimal control problem, and present Pontryagin’s maximum principle in the
case of that optimal control problem. Then we shall present the four models successively, and finally we shall
prove our result. Note that Assumption 2.1 is easily verified in the first two examples, and has been carefully
verified in [12] for the last two.

6.1. Pontryagin maximum principle

Let us formulate the optimal control problem, of which Vg is the value function.
B being the d x k matrix whose j-th column is the vector h;, 1 < j <k, and f : R?+ — R being defined by
f(a,b) = alog(a/b) — a + b, we consider the following optimal control problem

Mingo, ueri(o,ryre ) Cu), where
k T
(oCP) Cu) = Z/ f(u;(t), B;(z))dt, subject to the constraints
Zt:BUt, ZO:Z*a ZTEMa

where M := 9O is the set of points z € A (or € A in the case of the STR model with demography) which are
such that z; — Z as t — 00, if zp = z and 2; = b(z;) = Z?zl Bj(2)h;. In other words, Z is either the disease—
free equilibrium (in the situations considered in Sects. 6.2 and 6.3), or the unstable endemic equilibrium (in the
situations considered in Sects. 6.4 and 6.5). The fact that V coincides with the minimum of the cost functional
C(u) over the above set of admissible controls follows readily from the definition (3.5) of I'r(¢), combined with
the definition of Vg which appears in the first lines of Section 4.

We associate to the above control problem the Hamiltonian

k
H(z,r,u) = (r, Bu) quj,ﬂj
j=1

The maximum principle states that (see [13, 17])

Proposition 6.1. If (T, U;,0 <t < T) is an optimal pair, then there exists an adjoint state r € C’([O,T];Rd)
such that

:Bﬁt,:z():z* 25 € M,

7= Z [Vﬁg 2t) il Vﬁfz(z;) Ty L M,

H(z,re,0) = max H(zy,r,v) =0, 0<t < T.
vE]R

Note that r; L M means that r; and any tangent vector to M at z; are perpendicular. The fact that the
Hamiltonian is zero at the final time is a consequence of two facts: the final time T is not fixed and there is no
final cost; the fact that the Hamiltonian is zero along the optimal trajectory then follows from the fact that it
is constant, since none of the coefficient depends upon the variable ¢.

Let us exploit Proposition 6.1 to rewrite the system of ODEs for z; and r; along an optimal trajectory. We
denote by B* the transposed of the matrix B. Since for each 1 < j <k, u — (B*r);u — f(u, 8;(2)) is concave,
its maximum is achieved at the zero of its derivative, if it is non negative. We conclude that @; = e(® i 8;(2).
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Consequently, along the optimal trajectory,

k k
3 = Z e(B*rt)jﬁj( Z (1 — (B Tf)J) Vﬁ](zt) (6.1)
Jj=1 J=1

Moreover, the optimal cost reads

A Ek:/of (1 _e(B*rt)j —I—(B 7"t) (B*ry) )ﬁ]('zt)
j=1

In the examples below, d = 2. We shall denote by z; and y; the two components of z;, and by p; and ¢; the
two components of 7.

6.2. The SIRS model

Let x; denote the proportion of infectious individuals in the population and y; the proportion of susceptibles.
Since the total population size is constant, 1 — x; — y; is the proportion of removed (also called recovered)
individuals, who lose their immunity and become susceptible again at rate p. The deterministic SIRS model,
see e.g. [2], can be written as

Ty = AT4Yt — VT,

Ur = —Axeye + p(1 — 0 — ).

The initial condition is supposed to satisfy xo > 0, yo > 0, 2o + yo < 1. It is easy to see that the pair (z,y;)
satisfies the same restrictions for all ¢ > 0. Here

O=A={(z,y) €R%; z4+y <1}, 00 = {0} x[0,1].

We assume that the basic reproduction number Ry = A/ satisfies Ry > 1. Then there is a unique stable endemic

equilibrium z* = (g;}?, X) The disease free equilibrium is z = (0, 1).

The corresponding SDE is of the form (1.1), with d =2, k =3, hy = (11>, hy = (_01>, hs = (?),

Bi(x,y) = Azy, Ba(x,y) = v, B3(x,y) = p(1 —z —y). .
Note that in this example and in the next one, we do not need the definition of the reflected process Z},
since it is identical to Z}N.
The system of ODES for the state and adjoint state (6.1) reads in this case

By = AP Mgy — ye Py,

Yo = AP " Payy + pe® (1 — 2 — y1),
Pr=A1—eP79)y +v(1 —e™P) — p(1 — et),
G = A1 —ePt 7))z, — p(1 — e?),

UCOZBu o=, xp =0, gr =0
)\p+73 )\7 ) .
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6.3. The SIR model with demography

The deterministic SIR model with demography, see e.g. [2], can be written as

Ty = Axgy — (7 + p)we,
Yt = —ATeYg + [0 — (Y.

Here z; (resp. y;) denotes the proportion of infectious (resp. susceptible) individuals in the population, if the
initial condition (z, yo, uo) satisfies g, yo,uo > 0, o + yo + up = 1. Note that u; denotes the proportion of
recovered individuals in the population, which satisfies

Ut = YTt — YUt -

However, in the stochastic model, the coordinates of the vector Z}¥ are not exact proportions, since we divide
the number of individuals in each compartment by N, while the total population V; fluctuates around N. This
is why Z lives in R%, and

O=A=R2, 90 ={0}xR,.

As opposed to the SIRS model, the removed individuals do not loose their immunity, rather new susceptibles

are born at rate y, which is the rate at which both susceptibles and infectious die (the infectious heal at rate
p as in the STRS model). If Ry = ﬁ > 1, there is a stable endemic equilibrium z* = (ﬁ -5, %T"), and a
disease free equilibrium z = (0,1).

The corresponding SDE is of the form (1.1), with d =2, k =4, hy = (_11>, hy = <_01>, hs = (2),

0
hy = (_1>, Bi(z,y) = Ay, Ba(z,y) = (v + wz, B3(x,y) = u, Ba(z,y) = py. One can show, see [2], that the

cost needed to hit the boundary {z + y = R} tends to co as R — oo, hence for R large enough, if we restrict
ourself to the subset Ar = {(z,y) € R%, z+y < R}, min.cpa, V(z*,2) = min,, —o V(z*,2). Also A is not
exactly A; which has been considered so far, it is easily seen that all our results extend to this new situation, and
Corollary 5.4 combined with Proposition 6.2 tells us that for large R, the process ZV hit {z; =0} U {|z| > R}
near a given point of the boundary {z; = 0} which is independent of R, with probability close to 1.

The system of ODEs for the state and adjoint state (6.1) reads in this case

By = AP TNy — (v + p)e” Py,

Yo = =TT wyyy 4 pe? — pe” "y,
Pe=AL—e"" ")y + (v + p)(L—e ™),
G =M1 —eP ")z, + p(l —e o),

1% 1% v+
rg=—""— —, =—) 27 =0, =0.
0 Nt b\ Yo b\ T qr

6.4. The SIV model

In this model, some of the individuals are vaccinated. Also the vaccine is not perfect, it gives a partial
protection. If we denote by x; (resp. y:) the proportion of infectious (resp. of vaccinated) individuals at time ¢,
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Proportion of vaccinated

Proportion of infectious

FI1GURE 1. The 3 equilibria and 90 in case of the SIV model.

the model studied by [9] reads

iy = (B—p—y)zs — Bl — X)wey: — B,
U =01 —x¢) — (04 p+ 0)ys — XBTiY:.

Here
A={(z,y) GR?,_; x4y <1}.

For certain values of the parameters, it is shown that this model has one disease—free equilibrium, one locally
stable endemic equilibrium z*, and a third equilibrium z which lies on the characteristic boundary which
separates the basins of attraction of the two other equilibria, which is here 0O, O being the basin of attraction

of z*. The corresponding SDE is of the form (1.1), with d =2, k=17, hy = (é), hy = (_11>, hs = <_01>,

= ()= () ha= (1) and i = () Bu6ou) = 5 = ), Bate) = x Pate) =

64(1‘72/) = eya 55(:1"7 y) = 77<1 — &= y)7 ﬂG(xay) = pz, ﬁ7(xa y) = HY.
The system of ODES for the state and adjoint state (6.1) reads in this case

&y = Beltry (1 —xp —yp) + xBe’ Moy, — (v 4+ p)e Pray,

Yo = —xBe” T mpyy — (0 + ple” "y + ne® (1 — 2 — yy),

e = B — &)1 2, — 1) + XB(L— )y £ A(1— ) — (L= ¥) + (1 — )
G =—P(1 —eP)zy + xB(1 — P M)y + 0(1 — e %) +n(e? — 1) 4+ p(l —e™ %),

ro=21", yo=y", (xr,yr) € M, (pr,qr) L M.
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Proportion of susceptibles s;

=

™

Proportion of infectious

Fi1GURE 2. The 3 equilibria and 90 in case of the SoIS1 model.

6.5. The SgIS1 model

This is a version of the STR model, where the recovered individuals are susceptible, but with a susceptibility
which is less that that of those who have never been infected. They are of type S1. This model has been studied
in [14]. Let x; (resp. y:) denote the proportion of infectious (resp. of type Sp) individuals. The ODE reads

& = Bl —xr — y)xr — (0 + @)xy + rBxLyy,
Ut = axy — 1y — TBTYs-

Here
A={(z,y) €RZ; s 4y <1},

Again for certain values of the parameters, we have the same large time description as for the SIV model, and
00 is the characteristic boundary which separates the basins of attraction of the two local stable equilibria, O

being the basin of attraction of z*. The corresponding SDE is of the form (1.1), with d =2, k=5, hy = (é),

hy = <—11>7 hs = <—01>, hy = (_11> and hy = (_01>, Bi(z,y) = Bx(1 —x —y), Ba(x,y) = az, B3(z,y) = pz,
Ba(x,y) = rfay and B5(z,y) = py.
The system of ODES for the state and adjoint state (6.1) reads in this case
Ty = Belray(1 —xp —yp) — ae? Proy — pe Pray + rpelt T M ay,,
Ur = ce? Pty —rBePt T My — pe” My,
Pr=B(1—e")(1 =22 —y) + (1 —e7P) + pu(l —e7P) +rf(1 — e’ ™)y,
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G =Bl —eP)xy +rB(l —eP )z + pu(l —e™ %),
zo =2, yo=y", (@r,yr) € M, (pr.qr) L M.

6.6. The result

Recall that we start our process ZtN from the endemic equilibrium, i.e. Zév = z*. Since is N assumed to be
large, Z}¥ stays for a long time close to its law of large numbers limit, hence close to z*. Wentzell-Freidlin’s
theory of “small random perturbations of dynamical systems” suggests that at some large time, which is of the
order of exp(NVgg), ZN will hit the boundary dO. In the two first examples where 00 = {z; = 0}, at that
time the epidemic stops, we say that we have extinction of the endemigvdisease. In fact the same is true in the
last two examples, since as soon as the process crosses the boundary 0O, it converges in time of order one to
the disease free equilibrium. Consequently the asymptotic of the time to hit or cross that boundary (which is
a.s. the same event) is the same as the one for the epidemic to go extinct.

When on the boundary 8,6, the solution of the ODE converges to Z. Recalling the notations defined at the
beginning of Section 4, it clearly follows that V3 = V5(2*, 2). What we want to show is that this minimum is
unique, i.e.

Proposition 6.2. In each of the above four examples, for all z € 56\{2}, V5(2*,2) < V(2" 2).

This shows, thanks to Corollary 5.4, that for large N, Z™* will exit the domain of attraction of the endemic
equilibrium z* in the vicinity of zZ with probability close to 1.

We now turn to the
Proof of Proposition 6.2 Our assumptions are easy to verify in the first two examples, the verification in the
last two examples has been done in [12]. We consider the optimal control problem which has been stated in
subsection 6.1, in one of the four above examples. Suppose first that there exists a minimizing sequence {u,,

n > 1} € L*(Ry;RY) such that the corresponding trajectory 2, hits the target M at some point z, € O\{z} in
time T,, with T := sup,, T}, < oo. Since Ir is a good rate function (i.e. its level sets are compact), see Theorem
3 in [11], there exists a subsequence z,, which converges to a optimal trajectory £ which hits M at point z # Z
at time 7' < T, with a control & € L'([0, T]; R¥ ). We concatenate 2 with the solution of the ODE starting from
z, which converges to z (in infinite time). Since the second part of the trajectory runs at no cost, the whole
trajectory is optimal for the same control problem as above, but with the constraint that z must be the final
point. We apply the Pontryagin maximum principle to this new optimal control problem, which implies the
existence of a continuous adjoint state (p¢,q:). Since p; = ¢ = 0 for ¢t > T, we have ps = ¢ = 0. But this is
not possible. z; being bounded, the solution (p;, ¢;) of the adjoint state equation cannot hit (0,0) in finite time.
One way to see this is to note that the function (p¢, ¢;) time reversed from time T would solve an ODE starting
from (0,0), whose unique solution is (pt,¢:) = (0,0), see the second equation in (6.1). We conclude from the
above argument that if an optimal trajectory converges to some point z # z, then it does so in infinite time.
Consequently (oo, Yoo, Poos §oo) must be a fixed point of (6.1). It remains to show that (Z,7,0,0) is the only
admissible fixed point. The argument is now slightly different in the various considered examples.

In the first two examples (STRS and SIR with demography), we know that z, (the first coordinate of z.)
and the second coordinate g, of 7o, vanish. Consequently y., must be the zero of 1 — gy, hence equals 1.

In the two other cases, we first note that both p., and ¢, must be finite. Indeed, either the solution must
remain bounded, or else would explode in finite time, which contradicts the existence of the adjoint state on
[0, +00). We next show that both coordinates of 2z, oo and yso, are positive. In case of the SIV model, we
first note that yo, = 0 would imply x., = 1, but (1,0) is clearly not on M. On the other hand, z. = 0 would
imply that the second coordinate ¢, of ro vanishes, and Yo, = m7 which again gives a point not on M.
In case of the SyIS; model, we note that x,, = 0 implies y,, = 0, and the reserve implication is also true, but
(0,0) is not on M. Finally, since C < 00, the running cost must converge to 0 as t — oco. For each 1 < j <k
such that 3;(zo0) > 0, this implies that (r, h;) — 0 as t — co. This is true for j = 3 and 4 in case of the SIV
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model, for j = 3 and 5 in case of the SyI.S; model. In both cases, it implies that (peo, goo) = (0, 0). Consequently
Zoo 18 & zero of b(z) = Z§=1 Bj(2)h; and belongs to M, hence equals Z.

We next need to consider the case where all minimizing sequences {u,,n > 1} satisfy T,, — 0o, as n — oo.
The limiting trajectory, which is optimal, reaches the target M in infinite time. The argument just developed
shows that the point of M to which the optimal trajectory converges must be 2z, = Z.

We have proved that, if zi,¢ is such that V(z*, zing) = min__s7 V(z*, z), then zins = Z. Hence for any z €

8/6\{2}, V(z*,2z) > V(2*,Z), and the result is established. O
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