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Moderate Deviations and Extinction of an Epidemic

Etienne Pardoux*

Abstract

Consider an epidemic model with a constant flux of susceptibles, in a situation where
the corresponding deterministic epidemic model has a unique stable endemic equi-
librium. For the associated stochastic model, whose law of large numbers limit is
the deterministic model, the disease free equilibrium is an absorbing state, which
is reached soon or later by the process. However, for a large population size, i.e.
when the stochastic model is close to its deterministic limit, the time needed for the
stochastic perturbations to stop the epidemic may be enormous. In this paper, we
discuss how the Central Limit Theorem, Moderate and Large Deviations allow us to
give estimates of the extinction time of the epidemic.

Keywords: Extension of an epidemic, central limit theorem, large deviations, moderate devia-
tions.

AMS MSC 2010: 60]75, 60F05, 60F10, 92D30.

Submitted to EJP on May 25, 2019, final version accepted on January 31, 2020.

1 Introduction

We consider epidemic models where there is a constant flux of susceptible individuals,
either because the infected individuals become susceptible immediately after healing
(SIS model), or after some time during which the individual is immune to the illness
(SIRS model), or because there is a constant flux of newborn or immigrant susceptibles
(SIR model with demography).

In the above three cases, for certain values of the parameters, there is an endemic
equilibrium, which is a stable equilibrium of the associated deterministic epidemic model.
The deterministic model can be considered as the Law of Large Numbers limit (as the
size of the population tends to oo) of a stochastic model, where infections, healings,
births and deaths happen according to Poisson processes whose rates depend upon the
numbers of individuals in each compartment.

Since the disease free states are absorbing, it follows from an irreducibility property
which is clearly valid in our models, that the epidemic will stop soon or later in the more
realistic stochastic model. However, the time which the stochastic perturbances will
need to stop the epidemic may be enormous when the size N of the population is large.
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Moderate Deviations and Epidemics

The aim of this paper is to describe, based upon the Central Limit Theorem, Large and
Moderate Deviations, the time it takes for the epidemic to stop in the stochastic model.

The law of large numbers and central limit theorems are rather old. They can be
found e.g. in chapter 11 of Ethier and Kurtz [3]. There are also presented, in the
framework of epidemic models, in Britton and Pardoux [1]. The Large Deviations results
are close to those presented in Shwartz and Weiss [10], [11], although their assumptions
are not quite satisfied in our models. Derivations adapted to our setup can be found
in Kratz and Pardoux [5], Pardoux and Samegni-Kepgnou [7], and Britton and Pardoux
[1]. The results concerning moderate deviations are new and constitute the core of this
paper. Our derivation is essentially based upon a process version of the Gartner-Ellis
Theorem, Corollary 4.6.14 from Dembo and Zeitouni [2]. Our main results are Theorem
4.10 and Theorem 4.13. We also give the expression for the rate function in our three
models of interest in section 4.5, and in case of the SIS model we give an explicit formula
for the quasi-potential in section 4.7.2. Finally, again for the case of the SIS model, we
compare in section 4.8 the upper bound of fluctuations given respectively by the central
limit theorem, moderate deviations, and large deviations.

The results of this paper have been anounced in [6]

The paper is organized as follows. In section 2, we describe the three deterministic
and stochastic models which we have in mind, namely the SIS, SIRS and SIR model with
demography. In section 3, we give the general formulation of the stochastic models, and
recall the Law of Large Numbers, the Central Limit Theorem and the Large Deviations,
and their application to the time of extinction of an epidemic. In section 4, we establish
the moderate deviations result and explain how it can be used to predict the time taken
for an epidemic to cease. Finally an Appendix establishes an estimate of exponential
moments of the integral with respect to a compensated Poisson random measure. This
estimate is used several times in our proofs.

In this paper, the same letter C' denotes an arbitrary constant, whose value may
change from line to line. The value at time ¢ of a function ¢ will be denoted ¢;, but the
value at time ¢ of the first coordinate of ¢ will be denoted ¢ (¢).

2 The three models

2.1 The SIS model

The deterministic SIS model is the following. Let s(¢) (resp. i(t)) denote the propor-
tion of susceptible (resp. infectious) individuals in the population. Given an infection
parameter ), and a recovery parameter v, the deterministic SIS model reads

{s’u) = —As(1)i(t) +vi(t),
i'(t) = As(t)i(t) — vi(t).

Since clearly s(¢) + 4(t) = 1, the system can be reduced to a one dimensional ODE. If we
let z(t) = i(t), we have s(t) = 1 — 2(t), and we obtain the ODE

2(t) = Xz(t)(1 — 2(t)) — vz(t).

It is easy to verify that this ODE has a so-called “disease free equilibrium”, which is
z = 0. If A > ~, this equilibrium is unstable, and there is an endemic stable equilibrium
z=1—9/\

The corresponding stochastic model is as follows. Let StN (resp. ItN ) denote the
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proportion of susceptible (resp of infectious) individuals in a population of total size V.

1 ¢ 1 !
SN = sV - ~ Pins </\N /O SNTN dr) + 5 Pree <7N /0 N dr) :

1 t 1 t
N =1+ ~ Fins (AN/O S,{ij\’dr> = 3 Pree (WN/O ITNdr) :

Here P;,,¢(t) and P,..(t) are two mutually independent standard (i.e. rate 1) Poisson
processes. Let us give some explanations, first concerning the modeling, then concerning
the mathematical formulation.

Let StN (resp. ItN ) denote the number of susceptible (resp. infectious) individuals in
the population. The equations for those quantities are the above equations, multiplied
by N. The argument of P;, ¢(t) reads

e

o N

Note that S = N=!S) and I = N~'Z}, so that in particular all those processes live
on the same time scale. The formulation of such a rate of infections can be explained
as follows. Each infectious individual meets other individuals in the population at some
rate 5. The encounter results in a new infection with probability p if the partner of the
encounter is susceptible, which happens with probability StN /N, since we assume that
each individual in the population has the same probability of being that partner, and
with probability 0 if the partner is an infectious individual. Letting A = Sp and summing
over the infectious individuals at time ¢ gives the above rate. Concerning recovery, it is
assumed that each infectious individual recovers at rate v, independently of the others.

TN dr.

2.2 The SIRS model

In the SIRS model, contrary to the SIS model, an infectious who heals is first immune
to the illness, he is “recovered”, and only after some time does he loose his immunity
and turn to susceptible. The deterministic SIRS model reads

s'(t) = =Xs(t)i(t) + pr(t),
i'(t) = As(t)i(t) — vi(t),
r'(t) = vi(t) — pr(t),

while the stochastic SIRS model reads
1 ¢ 1 ¢
SN =8N — — Py <AN / SNIN dr> + —Pioim (;;N / RY dr) ,
N 0 N 0
1 ¢ 1 ¢
IN =1V + =Py <AN / SNTN dv') — =P <7N / N dr>
N 0 N 0

1 ¢ 1 ¢
RN =RY + NPW (7N/0 ngdr> — Nploim <pN/O Ri%h«) )

These two models could be reduced to two-dimensional models for z(t) = (i(t), s(t))
(resp. for ZN = (IN,SN)).

2.3 The SIR model with demography

In this model, recovered individuals remain immune for ever, but there is a flux of
susceptibles by births at a given rate multiplied by N, while individuals from each of the
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three compartments die at rate p. Thus the deterministic model
S(t) = p— As()ilt) — ps(t)
(1) = As()i(t) — yi(t) — pi(?)
r'(t) = ~i(t) — pr(t),

whose stochastic variant reads
sv_gv_Lp /\N/tSNINdr +1p, ( Nt)—ip N/tSNdr
t — 20 N inf o r Ly N birth\ 4 N ds| K 0 r )
N N 1 ‘ N N 1 ¢ N
I =1y + =Py | AN S Idr ) — —Prec | YN I dr
N 0 N 0
1 by
— — Py | uN Idr ),
o )
1 t 1 t
RN =Rl + —Pree (ny / N dr) — —Py, (uN / RY dr> )
N 0 N 0

Remark 2.1. One may think that it would be more natural to decide that births happen
at rate p times the total population. The total population process would be a critical
branching process, which would go extinct in finite time a.s., which we do not want.
Next it might seem more natural to replace in the infection rate the ratio S /N by
SN /(SN +IN + RY), which is the actual ratio of susceptibles in the population at time .
It is easy to show that S + IV + RY is close to NV, so we choose the simplest formulation.

Again, we can reduce these models to two-dimensional models for z(¢t) = (i(t), s(t))
(resp. for Z)N = (I}, SN)), by deleting the 7 (resp. R") component.
3 The stochastic model, LLN, CLT and LD

3.1 The stochastic model
The three above stochastic models are of the following form.

1 k t
zN =ZN+NZthj (NA ﬂj(Ziv)dS)
:ZN+/b(ZN)ds+ZhM< /ﬁj zY)d >
0

where {P;(t), t > 0}o<;j<x are mutually independent standard Poisson processes, M;(t) =
Pj(t) —t, and b(z) = 25:1 Bi(2)h;. Z{ takes its values in R%.

In the case of the SISmodel, d =1, k =2, hy =1, f1(2) = Az(1 — 2), hg = —1 and
Ba2(z) = vz.

In the case of the SIRS model, d =2,k =3, hy = <_11) B1(z) = Az122, he = (_1>,

(3.1)

0

B2(z) = ~vz1 and h3 = ((1)> B3(z) = p(1 — 21 — 22).

In the case of the SIR model with demography, we can restrict ourselves to d = 2,

whie k= 1, 11 = (), 51:) = veiza, o = (), ) = (0 s e = (1),
a2 =i = ( £)), 5a(2) =

While the above expressions has the advantage of being concise, we shall rather
use the following equivalent formulation of (3.1). Let {Mj, 1 < j < k} be mutually
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independent Poisson random measures on ]Ri with mean measure the Lebesgue measure,
and let M;(ds, du) = M;(ds,du) — dsdu, 1 < j < k. We can rewrite (3.1) in the form

1 & t NB;(ZL)
Zy:ZN+NZhj/OA Mj(ds,du)
j=1

t N 1 F t pNBj(ZN)
ZZN+/ b(Z, )ds + — h/ / M (ds, du),
0 N; " Jo Jo !

The joint law of {ZV, N > 1} is the same law of a sequence of random elements of the
Skorohod space D([0,T]; R?), whether we use (3.1) or (3.2) for its definition.

Let us state the assumptions which we will need in section 4 below. Those are more
than necessary for the results of the present section to hold, see [1] for the proofs.

(3.2)

(H.1) B; is bounded ,1 < j <k;
(H2)be C' (R4 RY), and Vb : R? — RY*? is bounded and Lipshitz.

Remark 3.1. In practice, in our models, either the process Z} takes its values in a
compact subset of R? (this is the case for all models with a constant population size), or
else we restrict ourselves to such a situation, by stopping the process when the total
population exceeds a given large value, see section 4.2.7 in [1]. As a consequence, the
boundedness of j; is not a severe assumption, while (H.2) would follow from the fact
that b is of class C?. It is possible that our results could be extended to b being C*, since
it implies that Vb is continuous, hence uniformly continuous since its argument remains
in a compact set, but that would require a very careful check.

Concerning the initial condition, we assume that for some z € [0,1]¢, zy = [Nz]/N,

where [Nz] € Z‘i is the vector whose i-th component is the integer part of the real
number Nz'.

3.2 Law of Large Numbers
We have a Law of Large Numbers

Theorem 3.2. Let Z}¥ denote the solution of the SDE (3.1). Then ZN — z; a.s. locally
uniformly in t, where {z;, t > 0} is the unique solution of the ODE

d
% =b(t,z), z0==x.
The main argument in the proof of the above theorem is the fact that, locally uniformly
int,
P(Nt)

—t a.s.as N — oo.
N

3.3 Central Limit Theorem
We also have a Central Limit Theorem. Let U := VN (Z}) — z).

Theorem 3.3. As N — oo, {UY,t >0} = {U;, t > 0} for the topology of locally uniform
convergence, where {Uy, t > 0} is a Gaussian process of the form

t k t
U, :/ Vab(s, z5)Usds + h/ Bi(s,z5)dB;(s), t >0, (3.3)
0= (s,2s) j;]o\/]( )dB;(s)

where {(Bi(t), B2(t),...,Bk(t)), t > 0} are mutually independent standard Brownian
motions.
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The proof of this theorem can be found e.g. in [1]. It relies essentially upon the

fact that if P is a rate 1 Poisson process, then /N (P(Nt)/N —t);>o = B, where B is a
standard Brownian motion.
Remark 3.4. One may wonder whether the above two theorems are compatible with
the fact that for each N fixed, as we shall see below, extinction happens in finite time a.s.
However, the extinction time tends to +0o0 as N — oo, so that the determinsitic limit of
ZN is a function whose infectious component remains > 0 for all ¢, and for any fixed ¢
the fluctuations v N(ZN — z;) tend to be Gaussian as N — oc.

3.4 Large Deviations, and extinction of an epidemic

We denote by AC7 4 the set of absolutely continuous functions from [0, 7] into R?. For
any ¢ € ACrq, let Ay(¢) denote the (possibly empty) set of functions ¢ € L'(0, T; R )
such that ¢;(t) = 0 dt a.e. on the set {¢, 5;(¢:) = 0} and

k
dy

We define the rate function

infeea,(4) Ir(plc), if¢p € ACrqand ¢g = z;
00, otherwise.

IT,Z(¢) =

where as usual the infimum over an empty set is +oco0, and

T k
Ir(dle) = / S gles (6), 65 (60)dt
j=1

with g(v,w) = vlog(v/w) — v + w. We assume in the definition of g(v,w) that for all v > 0,
log(v/0) = oo and 0log(0/0) = 0log(0) = 0. Given z € R, we shall denote by ZV*~ the
solution of equation (3.1), starting from Z)*¥ = zy = [Nz]/N. The collection ZN-*¥
obeys a Large Deviations Principle, in the sense that

Theorem 3.5. For any open subset O C D([0,T]; R%),

P s 1 N,z

lgriglcfﬁlogIP (ZN* € 0) = —Ir.(0).
For any closed subset F' C D([0,T]; R%),

lim sup 1 logP(ZV* € F) < —Ip . (F).
N—o0 N ’

A proof of this result can be found in [5] and in [1]. A slight reinforcement of this
theorem allows us to conclude Theorem 3.6a below. In what follows, we assume that the
first component of Z} (resp. of z(t)) is I (resp. i(t)). Assume that the deterministic
ODE which appears in Theorem 3.2 has a unique stable equilibrium z* whose first
component satisfies zi > 0. We define

V = inf inf Ir ().
T>0¢cACT,q,9(0)=2*,01(T)=0
Let now
TN =inf{t >0, ZN(t) =0, if Z¥(0) = zx}.
We have the
EJP 0 (2012), paper O. ejp.ejpecp.org
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Theorem 3.6. Given any n > 0, for any z with z; > 0,
Nli_r)nooIP(eXp{N(V )} < Tr® <exp{N(V +n)}) = 1.
Moreover, for all) > 0 and N large enough,
exp{N(V =)} < E(Tgq") < exp{N(V +n)}.

We refer for the proof of this Theorem to [5] and [1].

It is important to evaluate the quantity V. Note that it is the value function of an
optimal control problem. In case of the SIS model, which is one dimensional, one can
solve this control problem explicitly with the help of Pontryagin’s maximum principle,
see [9], and deduce in that case that V = log% — 1+ §. For other models, one can

compute numerically a good approximation of the value of V for each given value of the
parameters.

3.5 CLT and extinction of an epidemic

The discussion of this subsection, which motivates the moderate deviations approach
of this paper, is taken from section 4.1 in [1]. Consider the SIR with demography.

(1) = Ni(t)s(t) — i(t) — pi(t)
s'(t) = =Ni(t)s(t) + p — ps(t).

We assume that A > v+ p, in which case there is a unique stable endemic equilibrium,
namely z* = (i*,s*) = (ﬁ — & X)) We can study the extinction of an epidemic in
the above model using the CLT. We note that the basic reproduction number R and the
expected relative time of a life an individual is infected, ¢, are given by

Ro= Vot (3.4)

Y+ 1/p Y+

The rate of recovery ~ is much larger than the death rate p (52 compared to 1/75 for
a one week infectious period and 75 year life length) so we use the approximations
Ry ~ \/v and € ~ u/vy. Denote again by I}V the fraction of the population which is
infectious in a population of size N. The law of large numbers tells us that for N and ¢
large, I} is close to i*. The central limit theorem tell us that VN (IN —i*) converges to
a Gaussian process, whose asymptotic variance can be shown to well approximated by
Ral — RgQ ~ Rgl, see Exercise 4.1.3 in [1], and its solution on pages 116-117. Note that
IN = 23+ N-Y2UN(t) = 2+ N~'/2U,(t), and for large ¢ the law of U, (t) is approximately
N(0,Ry ). This suggests that for large ¢, the number of infectious individuals in the
population is approximately Gaussian, with mean Ni* and standard deviation \/N/Ry. If
Ni* and y/N/Ry are of the same order, i.e. N is of the same order as ﬁ it is likely
that the fluctuations described by the central limit theorem explain that the epidemic
might cease in time of order one. This gives a critical population size roughly of the
order of

1 1
(i*)2Ro N 62(1 — Ral)gRo’
in fact probably a bit larger than that.

Consider measles prior to vaccination. In that case it is known that Ry = 15, and
e~ m ~ 1/3750 we arrive at N, ~ (3750)?/15, which is almost 10°. So, if the
population is at most a million (or perhaps a couple of millions), we expect that the
disease will go extinct quickly, whereas the disease will become endemic (for a rather
long time) in a significantly larger population. This confirms the empirical observation
that measles was continuously endemic in UK whereas it died out quickly in Iceland (and
was later reintroduced by infectious people visiting the country).

N, ~
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4 Moderate deviations

If the CLT allows to predict extinction of an endemic disease for population sizes
under a given threshold N., and Large Deviations gives predictions for arbitrarily large
population sizes, it is fair to look at Moderate Deviations, which describes ranges of
fluctuations between those of the CLT and those of the LD.

The assumptions (H.1) and (H.2) are assumed to hold throughout this section.

4.1 The set-up and preliminary estimates

We shall use the general model written in the form (3.2). We assume that the limiting
law of large numbers ODE

2(t) = z—|—/0 b(z(s))ds

has a unique stable equilibrium point z* such that 2] > 0, called the endemic equilibrium,
which is such that, provided z;(0) > 0, z(t) — z* as t — oo.

For the sake of simplifying many formulas below, we change our coordinates, and
let z* = 0. The reader should be aware of the fact that there is a price to pay for that
translation of the origin. Indeed, since in the original coordinate system, the process Z¥
was living on the set of vectors whose coordinates are integer multiples of N~! (this is
essential for the process to remain in the set where it makes sense, i.e. for proportions
to remain between 0 and 1), the new origin generically does not belong to the set of
point in R? which our process Z}¥ may visit. The grid on which Z} lives is translated by
the vector z* — {z*}y, where here and below {z} := [Nz]/N, [Nz] denoting the vector
whose i-th component is the integer part of the i-th component of Nz. However, this
minor complexity will appear only in the formula for the initial condition of the SDE.
Once the SDE starts on the correct grid, the solution remains there.

From now on 0 will be the endemic equilibrium (of course in the translated coordinate
system), while z* # 0 will denote that endemic equilibrium in the original coordinates
(we shall need it for the formula of the initial condition of the SDE).

We want to study the moderate deviations at scale N® of Z, where 0 < o < 1/2.
Note that « = 0 would correspond to the large deviations, and o« = 1/2 to the central
limit theorem. We shall need below to consider the ODE starting from a point close to
z* = 0, namely we shall consider the function {zy(t), 0 <t < T}, solution of the ODE

Zn(t) = N*az—k/o b(zn(s))ds,

where z € R? is arbitrary. In fact, we shall be more interested in zZy(t) := N%y(2),
which solves (below we exploit the fact that 5(0) = 0)

Zn(t) =z + N“/O b(zn(s))ds
t t pl
=z +/O Vb(0)zn(s)ds +/0 /0 [Vb(0zn(s)) — Vb(0)] dOZ N (s)ds.

It is not hard to prove that, under our standing assumption (H.2) that b is of class C*
and Vb is bounded, as N — oo, Zx(t) — Z(¢) uniformly for 0 < ¢t < T, where Z(t) solves
the linearized ODE near the endemic equilibrium O :

Z(t) =z + /Ot Vb(0)Z(s)ds . (4.1)
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We want to study the moderate deviations of the process Z} solution of the SDE
(3.1) with the initial condition zy := {z* + N~ %z} y — z*. This amounts to study the large
deviations of Z"* := N*ZN at speed ay = N2*~!. We define

1K t pNBi(ZY) N
v = v Zhj/ / M;(ds,du), and Y,;"* = NoY,N.
= 0 Jo

With these notations, the SDE for ZtN "* reads
t
zNe = N© ({z*+ N~ %2}y — 2¥) —l—/ Nob (N~zZN*)ds + vV
0
t t
=N ({z* + N"“z}y — 2¥) +/ Vb(0)ZN-ds +/ vNeds + YN, where
0 0
1
Ve = Neb (N~ ZN>) = vb(0) 2> = { / (Vb (ON—*ZN>) — Vb(0)) do| ZN>.
0

If we let K := sup, || Vb(z)|, we have

t
122 < =] + VN> +K/O 122 lds + ;™.

This combined with Gronwall’s Lemma yields

1289 < Xt <|z||+¢&1va1+ sup ||YSN*“). 4.2)
0<s<t

From the boundedness and Lipschitz property of Vb, and the formula for V"¢, we
deduce te following (here and in the rest of the paper, zy < yx means that there exists
a constant C' which is independent of N, such that xny < Cyyn).
N, N,« N,« —a N,«
IV S 12, and [V S N (12012

We deduce from the last three inequalities

|

We now define

2
val| < et 4 <z|+ sup mNﬂ) AN (||z||+ sup ||Y3N’a||) L @3
0<s<t 0<s<t

t
thN,a :/ VSN’adS—f—Y;N’a7 tZO,
0

so that
¢
ZtN’O‘ = N¢ ({z* + N %}y — z*) —|—/ Vb(O)ZéV’ads + YtN"X. (4.4)
0

We will see below that the large deviations of Z¥-* will follow from those of Y- by
a variant of the contraction principle. We first consider the simpler processes

k t pNB;(0)

_ 1 30 —Na _

v, ::NE hg/o/o M, (ds,du), andY; " = N°Y; (4.5)
j=1

which are similar to YV and YV, but with Z» replaced by 0.
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4.2 The limiting logarithmic moment generating function of YN’Q
We note that writing the integral over [0, N3;(0)] as the sum from ¢{ = 1to { = N of
integrals over ((¢ — 1)3;(0),¢3;(0)], we can rewrite Y™ as follows.

N
—N,«a 1
Y, = Nia Z Q¢(t), where

Zh / / o 1(ds, duw).

) 6;(0)
The processes 1, @32, ..., Qyn are i.i.d., and their law is that of
ﬁ;(O
Q(t) Z h / / j(ds, du). (4.6)
Now let v = (14, ..., v4) be a vector of signed measures on [0, 7.

Lemma 4.1. As N — oo,
ay log E exp {aK,lV(VN’a)} — -E (v(Q)?).
Proof. We use in an essential way the above decomposition of v

anAy(ay'v) = N2 Hog Eexp{N'*y(¥")}

= N?*log Eexp{N *v(Q)}
—2a

= N??log E{1 + N~“»(Q) + v(Q)? + N73>RY}

2
—2a
= Ve tog {1+ N5 BIQP] + N B[RS
1
- gE[V(Q)z],
provided
sup |E[RY]| < oo, (4.7)
N>1

which we will check below. From this it follows that the argument of the logarithm on
the before last line is greater than or equal to 1, at least for N large enough, and the
final conclusion follows easily from the fact that for any = > 0,  — 22/2 < log(1 + z) < x.
Let us now check (4.7). It follows from an exact Taylor formula that

(@)
6

IRY'| < exp(N~*v(Q)).

But »(Q) is an affine combination of mutually independent Poisson random variables, so
that (4.7) follows easily by an explicit computation. O

4.3 The limiting logarithmic moment generating function of YN

We want to study the large deviations of YN« The main step will be to prove that

Lemma 4.1 remains valid if we replace YN’Q by YN, which will follow from the next
Proposition.

Proposition 4.2. ForanyC > 0, v = (v1,...,vq) a vector of signed measures, as N — oo,
ay log IE exp [C’a;,lu(f/N’a — YN’Q)} —0. (4.8)
EJP 0 (2012), paper O. ejp.ejpecp.org
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Before we establish that Proposition, let us first prove that it yields the wished result.

Proposition 4.3. Given Lemma 4.1, if Proposition 4.2 holds true, then for any signed
measure v on [0,T], as N — oo,

ay log E exp {aj_\,ll/(?N’a)} — %E[V(Q)2] .

Proof. For any § > 0, we deduce from Hoélder’s inequality

an logEexp{a;\,ly(f/N,a)}
— anlog B [exp{ay ' v(V" )} explag!v(V Ve = V)
an 1. ~~N,a
<
<7 +510gEeXp{(1 +8ay'v(Y )}
aN(5 14+6 ~N —Noa
1 E — (Y'V* Y
MR eXp{(;aN”( )},

so that, if we combine Lemma 4.1 and Proposition 4.2, we deduce that

(1+49)
2

E[1(Q)%,

limsup an logIE)exp{l/(a;Vlf/N’a)} <
N
and letting § — 0, we conclude that
. —1v/N,« 1 2
limsupan logEexp{v(ay Y %)} < ilE[y(Q) ]
N

For the inequality in the other direction, we note that, by similar arguments,

—1

ay logE exp { 1(11 51/(YN’Q)} < 1a-1]-v(5 log Eexp{ay'v(YV*)}
G,N(S

1406

N,

+——log Bexp{(dan) ' u(Y V> =V )},

with ¢ = —v, which implies that

= 1
limNinf an log Eexp{ay'v(YV*)} > 5

WE[V(Q)Q],

hence, letting 6 — 0 we conclude that

1
limNinf an logEexp{a]_\,IV(YN’a)} > §E[V(Q)2]

O
The remaining of this subsection will be devoted to the proof of Proposition 4.2.
We note that Proposition 4.2 is a consequence of the following two Propositions.
Proposition 4.4. For any C >0, as N — oo,
an logE exp [C’a;,lu(YN’a - VN’Q)} —0. (4.9)
Proposition 4.5. For any C > 0, as N — oo,
t
ay log E exp {CaNl sup / VNads ] —0. (4.10)
0<t<T ||Jo
We start with the
EJP 0 (2012), paper O. ejp.ejpecp.org
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Proof of Proposition 4.4. The exponents in the expressions entering (4.9) are sums over
the indices 1 < < dand 1 < j < k. Using repeatedly Schwartz’s inequality, it is sufficient
to prove the results with the sum replaced by each of the summands. Therefore in this
proof we do asif d = 1, we fix 1 < 57 < k and for the sake of simplifying the notations, we
drop the index j. We note that

NB(ZY)VBO)] __
/ M(ds, du)

t
oyt (YN -7 = N_a/o NB(0)

t NIB(ZI)VBO)] __
- N*O‘/ / M(ds, du)
0 JNB(

z)

It is not hard to see that one can treat each of the two terms on the right separately,
and we treat only the first term, the treatment of the second one being quite similar. We
note that there exists a compensated standard Poisson process M (t) on R, such that
the factor of N~¢ in this first term can be rewritten as

wi = (v [ Bz - B0 )

We need to estimate IE exp[C N~ 2v(W)]. If we decompose the signed measure v as the
difference of two measures as follows v = v, — v_, we again have two terms, and it
suffices to treat one of them, say v,. Of course it suffices to treat the case where v, # 0.
Since the positive constant C' is arbitrary, we can w.l.o.g. assume that v, is a probability
measure on [0, 7]. It is then clear that

T
exp |F’N“’/ WtNl/+(dt)‘| < exp {CN‘“ sup W] .
0 0<t<T

We choose a new parameter 0 < v < «, and we write the expression whose expecta-
tion needs to be estimated as a sum of two terms as follows.

exp{CN_‘“ sup WtN}

0<t<T

_ —« N
= exp {C’N OiltlgT W } Lsupgeicr 12N I<N-7 (4.11)

—a N
+exp {ON JSup Wi }1supo<t<T 121> N

We now estimate the first term on the right hand side of (4.11). For that sake, we define
the stopping time

oy =inf{0 <t <T; ||ZN|| > N7}

and note that

t
exp {CN_a sup M (NA (ﬁ(zé\l) _5(0))+d8)}15up0<t<TIZtN|<N_’Y

0<t<T

<epfone s u (v [ tMN(ﬁ(ZiV)/s(o»*ds)}

0<t<T

Consequently the expectation of the first term on the right of (4.11) is bounded from

EJP 0 (2012), paper O. ejp.ejpecp.org
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above by

Bexp { N sup 21 (v | WN(ﬂ(ZiV)ﬁ(O))*ds)}

0<t<T
W TANoN
< Bexpd (20N " _1- 2CN“’)N/ (B(ZN) - B(0))*dt
0
< exp {CNl_zo‘_W} ,
where the first inequality follows from Proposition 5.1 in the Appendix below, and the

second one exploits the Lipschitz property of 5. Consider now the second term on the
right hand side of (4.11).

E (eXP {N_‘X sup M (N /Ot(ﬁ(Ziv) - 5(0))+d3> } Lsupoeier |Z§V>N—~)

0<t<T

< (Eew {2N—a023§TM(N / (B(z) - s0)7as) ) -
/2

1
X IP( sup ||ZN|| > N7>
0<t<T

1/2
< exp{CNlﬂa}IP < sup HY;NH > cN”’) ,
0<t<T

for some ¢,C > 0, where the second inequality follows from Proposition 5.1 and the
boundedness of 5. Estimating the second factor in the last expression amounts to
estimating the two probabilities (with another ¢ > 0)

t
1P< sup M (N/ ﬁ(zgv)ds) > cNH) and
0<t<T 0

P (0;% (—M (N /Ot 5(25)615)) > ch—W) .

We estimate the first probability. For any a > 0,
P < sup M <N/ B(Z,{V)dr> > cN”)
0<s<t 0
=P ( sup exp {aM (N/ ﬁ(Zﬁ)dr)} > exp{ach_'y})
0<s<t 0
< e N ( sup exp {aM (N/ B(Zﬁv)dr) })
0<s<t 0 (4.13)
t 1/2
< gmaeN'? (Eexp {(62“ -1- Qa)N/ ﬁ(ZSN)ds}>
0
< exp{—acN'™7 + (e** — 1 — 2a)NCt}
<e ¢ Ni=27
XD 4 —
> exp 3Ot )
where the second inequality follows from Proposition 5.1 and the last inequality by
optimizing over a > 0. One can easily convince oneself that a similar result holds for

the second line of (4.12), making use of Proposition 5.1 with a negative a. Note also for
further use that the same result also holds in case v = 0. In that case, the probability on

(4.12)

EJP 0 (2012), paper O. ejp.ejpecp.org
Page 13/28


http://dx.doi.org/10.1214/EJP.vVOL-PID
http://ejp.ejpecp.org/

Moderate Deviations and Epidemics

the second line of (4.12) is zero for large enough ¢, in which case the anounced estimate
is of course true.

The expectation of the second term of the right hand side of (4.11) is thus dominated
by (with ¢; and ¢, two positive constants)

exp{eiN'72* —¢;N'™27} 0, as N — oo.

Finally

t
Boxp {8 sup M (N [ (5(22) - b)) as) |
0<s<t 0

<exp {CN'"?*77} 4 exp{ciN'7>* — ;N 727}
It follows readily from the inequality log(a + b) < log(2) + log(a V b) that for N large
enough

an log Eexp {N_a sup M (N/t(B(Z;V) - 5(0))+ds>} <anlog(2)+CN™7,
0

0<s<t

which establishes (4.9). O

We now turn to the second proof.

Proof of Proposition 4.5. Recalling assumption (H.1), we now define, with Ej = sup,cga 3j(2),

] 1 t NE]‘
N Jo Jo
the event

AN ::{ sw |7} gb}ﬂﬂ{ sup &7 < (Hb’)ﬁjT},

0<t<T j=1 losisT

and the stopping time

Tp := inf {t >0,

vl > e b A /k\ inf {t >0, &% > (1+¥)B,T} .
j=1

where the constant b > 0 will be chosen below, and the constant ' > 0 is arbitrary. From

the estimate (4.3),
t
)
0

SNt paylogk [exp {aNlc <Z| + N% sup ||Y;N||> 1(A£’)CH (4.14)
0<t<T

aylogl& [exp { a&l C OE?ET

+anlogE [eXp {a]—vlc <Na||z||2 + N sup |YSN||2> 1ANH : (4.15)
0<t<T b

We take the limit successively in the two terms of the above right hand side. Step 1 :
Estimate of (4.14) We have

B [exp {antc (11 + 8% sup 1) 104}
0<t<T

Sexp {CN'22|} P ((4))°) + E {exp {C’N“ OiltlET ||NYSN} 1(AéV)c] +1,
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We first note that the arguments used in the proof of (4.13), in the particular case v = 0,
yield

p((a)) <P (s 77
0<t<T

0<t<T

k
> b) +y P < sup (€N — Bt) > b’BT)
j=1

<e O, (4.16)

~

for some constant C' > 0. We next estimate the product
E [exp {CN" sup ||[NYY|| H P ((A))°).
0<t<T

For the same reason as in the previous proof, we need only consider the case d = k = 1.
It follows from Proposition 5.1 that the first factor satisfies
H < o

t pNB(ZY)
E / / M(ds, du)
0 0

Finally there exist two positive constants C; and C; such that

0<t<T

exp {CN_O‘ sup

Eop {axtC (1ell4 8% sup V1) 14y f] £ 14 explcivt= - o)
0<t<T
<2

3

for N large enough. So ay log of the above tends to 0, as N — oo.
Step 2 : Estimate of (4.15) We first note that

anloglE [exp {aJQlC’ <NO‘||Z||2 + N“ sup ||YSN||2) 1oy }]
0<t<T
<CN 2| +anlogE [exp {aj_\,lCN“ sup [[YV]214n H .
0<t<T b

The first term on the right tends to 0 as NV — oo. It remains to take care of the second
term. Since Y,V is a martingale, it is clear that the process

C
{oo (a S ) o2 0

is a submartingale. Consequently, from Doob’s L? submartingale inequality,

B| s o {ay ONIV Py} <B| sup e {ayion Y]
ot 0<t<T AT,
<AE [exp {ay' ON*( Y1), |17}

Next

E [exp {ON'|[ V7], |12}] < \/E [exp {ON1= (VA 12 = V20 12) }]

x \/IE [exp {C’N1*a||7¥/\fb||2}] (4.17)

Consider first the first factor on the right hand side of (4.17). We deduce from the
definition of 7, that

N N N TN N N
1YPr, 12 = 177, I = (Yihe, + Tanry Yihs, = Vans,)

)

— —N
< (er +b+ 2N sup ) || VA7, = Vras,
J
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with cr = Z];:l ||h;]|(1+&')B,T. Consequently the square of the first factor on the right
of (4.17) is bounded from above by

=N

E [exp {CNl‘“ Y& = Vo,

H <E [exp {CNl‘O‘

o}

where we have used Doob’s optional sampling theorem for submartingales. From the
same argument as above,we do as if d = 1, note that

exp {CNl_a

Yy —?ﬂ‘} < exp{CNl_o‘ (YTN —?ﬁ)}

+ exp {C’leo‘ (?? — YT{V)}

and exploit Proposition 4.4 in order to conclude concerning ay log of the first factor on
the right of (4.17).

We next note that

—N _
ol < 75 2sicm + 04 ¥ Ssup [])* 14z, <y

Hence the square of the second term on the right of (4.17) satisfies

—N
YT/\’

To

E [exp {CNIO‘

) = VElwior=o1ian)
- V B oo { N [ 7] 1 g ]

Consider first the second factor on the right of (4.18). We have

/ /ﬁ] ;(ds, du) 2

Using the Cauchy-Schwartz inequality several times, it is clear that it is sufficient to do
as if we had (dropping the index j)

(4.18)

N2 hill?
HﬁH Sk’Z” I
j=1

1 /T [NBO)__
:NA /0 M(ds,du)szNa

with a = 8(0) T and £ = G%N, where 0y ~ Poi(aN). We now choose b = a/3. We have
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Eexp {CN7Q|5N|21{\5N|sm/3}}
[4aN/3]

> exp {CNQW} —aN (aN)*

alN k!

exp {CN~%g2} gmoN
—VaN/3 { ) (aN 4+ zvaN)!

VaN /3
/ exp {C’N_O‘xz} eVaN (1 + <
VaN/3 vaN

VaN/3
/ exp {CN_O‘:BQ}

vVaN /3

\/m/3 N aN+zvaN
/ (aN)*oeT N da

dx

) —(aN+zvaN)

—

2aN 2(aN)

VaN/3 3
4+
>~ /—27{_/\/@/3 9 /7 m>0}

VaN/3 -
expy CN™ %z }dx
\/ /\/7/3 { 3

We have proved that the second factor on the right of (4.18) remains bounded, as N — oc.
We next consider the first factor on the right of (4.18). We first note that

3
zvVaN — (aN + zvaN) [ a: 57 1I<0} } dx
ﬂ
2

exp {CN ay?

exp {4C'N'"" 1, o1y} < L+ exp {4C'N'""*} 11, o1y

But from (4.16), P (7, < T) < e 9N
It follows that the left hand side of (4.18) is bounded from above by a constant times

1+ exp{C1N'=® — C, N},

where C; and (5 are two positive constants. This last expression is bounded by 2, as
soon as N is large enough. Finally ay log of the left-hand side of (4.18) tends to 0, as
N — oo. O

Remark 4.6. We note that the full strength of (4.3) is necessary for the proof of Propo-
sition 4.5. Indeed, while ay log Eexp{CN'~“supy,r ||Y;"V||} certainly does not con-
verge to 0 as N — oo, clearly with high probability ||Y;"||? is smaller than
E exp{CN'=[|[Y,N[2} = oo

4.4 Llarge deviations of YV

We first define the Fenchel-Legendre transform of

A(v) = SE[V(Q)]

where Q has been defined by (4.6), v = (v1,...,v4) is a vector of signed measures
and (h;,v)(dt) = 3¢, hivi(dt), h’ being the i-th coordinate of the vector h;. We have
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exploited the fact that v(Q) is the sum over j of zero mean mutually independent random
variables. For each ¢ € D([0,T]; R?), we define

A (¢) = sup  {v(¢) — A(W)}.
ve(D([0.TR))*

The next step will consist in proving that the sequence of processes {?N @} n>1 satisfies
a Large Deviation Principle.

Theorem 4.7. The sequence {?Nv", N > 1} satisfies the Large Deviation Principle in
D([0,T); IRd) equipped with the supnorm topology, with the convex, good rate function
A* and with speed ay, in the sense that for any Borel subset I' C D([0, T]; R%),

— inf A*(¢) < liminfay logP(YN® €T)
pel N

< limsupay logP(YN* € T) < — inf A*(¢).
N pel’

Since there is a difficulty with having a topology on D([0, T]; R%) which makes it a
topological vector space, and allows for a simple characterization of the class of compact
sets, we shall use a small detour for the proof of the above Theorem. Recall that

t
}/tN.,oz:}/tN,oz+/ ‘/SN,ozdS7
0

where Y;""* is piecewise constant, with jumps of size h;N°~1. Let y;N*¢ denote the
continuous piecewise linear approximation of YtN '*, which is defined as follows. Let
0=1 <N <7V < ... denote the successive jump times of the process Y;""*. For
i > 0, on the interval [7}V, 7/Y,],

N N
N,a,c Ti+1 t N,« t Ti N,«
yNee = vy vy
7_N 7_N T; 7.N 7_N Tiv1
i+1 ) i+1 i

Next we define

We note that

~ ~N,«
sup ||V —Y, H < sup ||h;||N*1, (4.19)
0<t<T j
hence for any § > 0, for N large enough,
~N ~N,a
]P(sup Y, -Y, 26):0.
0<t<T

This implies clearly

~ ~N,a
Lemma 4.8. The two sequences {Y %} x>, and {Y } are exponentially equiv-
= N>1

alent in D([0,T]; R?), equipped with the supnorm topology,iin the sense that for each

0>0,
~N ~N,a
lim sup ay log P < sup ||V, -Y, > 5> = —o0.
N—oo 0<t<T
We shall prove below the following.
EJP 0 (2012), paper O. ejp.ejpecp.org
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~N,a
Proposition 4.9. The sequence {Y } is exponentially tight in Cy([0, T]; RY), the
N>1

space of continuous functions from [0, T into R?, which start from 0 at ¢ = 0, in the sense
that for any R > 0, there exists a compact subset Kr CC Cy([0,T] : R?) such that

~N,«
limsup ay log P <Y ¢ KR) < —-R.
N— 00

Let us now turn to the proof of the above Theorem.

Proof of Theorem 4.7. From (4.19), we deduce that

_ :N,Oé
an log E exp {Cag,lu (YtN‘X -Y, ) }
< CNe 1t 50,
as N — oco. Consequently, again by the argument of Proposition 4.3, we deduce from
that same Proposition that for any signed measure v on [0,7], as N — oo,
~N,a

an log E exp {ale (Y )} — %E[V(Q)Q} :

This, together with Proposition 4.9, allows us to apply Corollary 4.6.14 from [2], to
~N,a
conclude that the sequence {Y } satisfies a LDP in Cy([0, T]; R?) with the good
N>1

rate function A*, and speed ay. Since Cy([0, T]; R?) is closed in D([0, T]; R?) equipped
with the supnorm topology, it follows from Lemma 4.1.5 in [2] that the same LDP holds in
the latter space, with the same rate function A*, extended to that space by A*(¢) = 400
for ¢ € D([0,T]; R*)\Co ([0, T]; R?). The result now follows from Lemma 4.8, in view of
Theorem 4.2.13 from [2]. O

We now turn to the

Proof of Proposition 4.9. Clearly it suffices to prove both that

lim limsup ay logIP( sup ||V > R) = —00, (4.20)
0<t<T

R—00 Nooo

and that the sequence {YV'*¢}y+ is exponentially tight in C([0,7]; R?). Let us first
establish (4.20). It follows from (4.3) that

|vtN’“||sc(||z||+1+ sup ||Y;N’“||).
0<t<T

Consequently, if R > 2C(||z|| + 1), with R’ = (2C)7'R,

anlogP( sup V"V > R) < anlogP( sup ||V, > R)
0<t<T 0<t<T

< aplog (e‘“NlRlE sup exp{ay'|y;® })
0<t<T

<—R' +anlogE ( sup exp{aN1|YtN’a|}> :
0<t<T
It follows from Doob’s submartingale inequality and a combination of Lemma 4.1 and
Proposition 4.4 that the limsup as NV — oo of the second term of the last right hand side
is finite. (4.20) clearly follows.
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It remains to consider Y V¢, Define the modulus of continuity of an element z €
Co([0,T]; R?) as w,(8) = supg< r<7,s—t|<s |2(t) — z(s)]|. It follows from Ascoli’s theorem
that for any sequence {d,, ¢ > 1} of positive numbers, the following is a compact subset
of Cy([0, T]; R?):

ﬂ{m s wy(60) <071}

>1

Suppose that for each ¢ > 1, R > 0, we can find dr ¢ > 0 such that forall N > 1,
P(wy N (6re) > 1) < exp{—ay' (R+0)}. (4.21)
From this we deduce that
P(Ugs 1 {wywac(Ope) > €71)) < Y eman B+ < man' R,
1

so that
lim sup an log P(Up>1{wy~a.c(dre) > (') < —R,

N—o0

from which the result follows. A sufficient condition for (4.21) to be true is that for any
b>0,

lim limsup ay log P (wy ~,a.c(§) > b) = —oc0.
=0 Nooo

In turn a sufficient condition for this is that

lim limsup ay log P (wy~,« (8) > b) = —o0, (4.22)

=0 Nooo

which we now prove. It is not hard to see that

T
IP(wYN,a(6)>b)§2<+1> sup ]P( sup ||5;N7“—1@N’“||2b/2>
0 0<t<T t<s<t+25

T
<2 < + 1> sup PP < sup exp{ay'd 2V — v} > eXp{baEl/Q\/g}>
4] 0<t<T  \t<s<t+2§

T
<2 (6 + 1> exp{—baj\,l/%fé} sup Eexp{a&16_1/2||Yt]i’2% — YtN’aH},
0<t<T

where we have used Doob’s submartingale inequality at the last step. Clearly

) N N k t+25 NB;(ZY)
expazts ™ IY)gs =¥y < TLed vos 2l | [ [ Wy tas.aw
j=1

}

Using repeatedly Cauchy-Schwartz’s inequality, we see that it suffices to estimate for

each j
t+25  NB;(ZYN)
Eexp{ CN~§~1/2 / / M (ds, du)
t 0
t+26  oNBj(ZY)
< Eexp {CN—%—W / / M;(ds, du)}
t 0
t+26 oNBj(ZY)
+ Eexp —C’N_aé_l/2/ / M (ds, du)
t 0
< 2exp{8CN1723,},
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where Bj = sup, B;(z), we have used Proposition 5.1 and the inequality e* — 1 — z < 22,
valid for z < log(2), which we have applied with z = 2CN~*6~'/? and z = —2CN—*§~1/2
(recall that we will first let N — o0). Putting together the last estimates yields

limsup ayP (wy v« (§) > b) < _b +C.

(4.22) follows, and the Proposition is proved. O

4.5 Computation of the rate function A*

Let us compute A* in the three examples which we discussed above in section 2.
Here we do not translate z* to the origin.

4.5.1 Computation of A* for the SIS model

Recall that in thiscase d =1, k =2, hy = 1, B1(2) = A2(1 — 2), ha = —1, Ba2(2) = vz. If
A > v, there is a unique stable endemic equilibrium z* = 1 — /. We first compute

1
A =B [ Qs

t//ﬁl 1(ds, du) //ﬁ2 My (ds, du) .

It is easy to check that E[Q(¢)Q(s)] = 02(2*) s A t, where

02<z*> = () + Ba(=) = 27 (A = ).

where

Consequently
o?(z%)

Av)= ———= / sAtv(ds)v(de).
2 Jprxp.1)

We now need to compute A*(¢) in case ¢ € C?([0,T]). We should take the supremum
over the signed measures v on [0, 7] of the quantity

o) (dt) — *(=") / s Atu(ds)v(dt).
(0,T] 2 Jprxpo,1

The supremum is achieved at the signed measure v which makes the gradient with
respect to v of the above zero, if any. We first note that for such a v to exist, we need
that ¢(0) = 0, unless A*(¢) = +o00. Now the optimal v must satisfy

o(t) = o (2*) /[0 . sAtv(ds)

= o2(z* sv(ds o2 ()t v(dt).
( )/M (ds) + 0*( >/(m (dt)

v(dt) = —Uﬁ'é?) dt + jE )) Sr(dt).

Substituting this signed measure v in the above formula, we obtain that

So necessarily

/ T "
olttdn) = Ssor) - [ ot

(0,T] o?(z¥)
1 T
= W/o ¢/ (t)[2dt .
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Consequently

A (9) = {2021@) foT | (t)|?dt, if ¢(0) = 0 and ¢ is absolutely continuous;

400, otherwise.

4.5.2 Computation of A* for the SIRS model

In this model, d = 2 and k = 3. We have hy = (), B1(z) = Az122, ha = (), Ba(z) = 721,
and hs = (9), B3(2) = p(1 — 21 — 22). In the case \ > v, there is a unique stable endemic
equilibrium, namely z* = (ﬁg*%) ). In order to simplify the notations, we shall write
A

a = p1(z%), b= Ba2(z*), c = P3(z*) and A = ab + ac + be. We have

a
Alv) = 5/ s At(vy — v2)(ds)(v1 — vo)(dt)
[0,7]x[0,T]
b
+ = / s Atvi(ds)vy (dt) + ¢ / s A tva(ds)va(dt)
2 Jlo,1)x[0,1] [0,7]x[0,T]
The functional to be maximized with respect to v is
a
(a6 + (e} = 5 [ st - m)(ds)on ) (dt)
[0,7]x[0,T]

- g / s A tvy (ds)v (dt) — g / s A tva(ds)va(dt)
[0,T]x1[0,T] [0,7]x1[0,T]

Writing that the gradient w.r.t. v; and 1» of this functional is zero leads to the identities

$1(t) = a/[O}T] s At(vy — o) (ds) + b/ s Atvy(ds),

[0,7]

¢2(t):a/[()T]s/\t(ug—Vl)(ds)+c/ s A tre(ds).

[0,7]
This implies the identities

atc ,, a+c

(et = = (550 + G040 de+ (ST + G ) b,

(o) = = (10 + A0 ) drot (G + T ) o

Finally we deduce that A*(¢) is +oco unless ¢ is absolutely continuous and ¢(0) = 0, in
which case

@) = [ o ampds < [ words L [ P
@) =55 | 10O+ s+ 53 [ nPa g [ ok,

4.5.3 Computation of A* for the SIR model with demography

In this case, d =2, k =4, hy = (), B1(2) = Az122, ha = (1), B2(2) = (v +p)z1, hs = (}),

Bs(z) = pand hy = (°)), Ba(2) = pzs. In the case A > 7 + y, there is a unique stable
1 _ 1

endemic equilibrium, namely z* = (“(W“ *)) We shall use the notations a = B;(z*),

ytp

b= (%), c = B3(2*) + Pa(z*) and A = abA—i— ac + bc We have

a
Alv) = 5/ s Aty — v2)(ds)(v1 — va)(dt)
(0,T]%[0,T]
+ b / s A tvy (ds)vy (dt) + ¢ / s A tva(ds)va(dt)
2 Jio,m1x[0,1] 2 Jio,m1x[0,1]
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Formally the functional A(v) has exactly the same form as in the case of the SIRS model,
only the constants have different values. The same computations as in the previous
subsection lead to the same result, namely that A*(¢) is +oo unless ¢ is absolutely
continuous and ¢(0) = 0, in which case

b
N @ =gy [ WO doras g [ sorat y [sopa.

4.6 Moderate deviations of ZV

We again equip D([0,T]; R¢) with the supnorm topology. Let for z € R? F,
D([0,T);R%) — D([0,T); R%) be the continuous map which to z associates y solution
of the ODE

—z+/Vb s)ds + z(t),

and for each N > 1 F, y : D([0,T]; R%) — D([0, T]; R%) be the continuous map which to
x associates yy solution of the ODE

yn(t) = N*({z" + N %}y — 2%) + /o Vb(0)yn(s)ds + x(t).
We have
F. n(z)(t) — F.(z)(t) = exp[Vb(0)t] (N*({z* + N %2}y — 2*) — 2), (4.23)

which converges to 0 as N — oo, uniformly in ¢ € [0,7] and = € D([0,7);RY). We
want to study the moderate deviations of ZV, or in other words the large deviations
of ZN:« = N*ZN_ In what follows, we shall denote by ZM:® the process ZV:* starting
from ZN:*(0) = z. Since from (4.4), ZY-*, which from now on denotes the process ZV:®
starting from ZV:%(0) = z, is given as ZN* = F, y(Y V@), the following statement is a
consequence of Theorem 4.7, (4.23) and Corollary 4.2.21 from [2].

Theorem 4.10. Assume that (H.1) and (H.2) hold. The collection of processes { ZN(t), 0 <
t < T}n>1 satisfies a large deviations principle with speed ay and the good rate function

Lr(¢) = N (FH(9))
_ AT (8() = 2 = VB(0) [ d(s)ds) if §(0) = =
B 400, otherwise.

More precisely, for any Borel subset T' C D([0, T]; R%),

—inf I, 7(¢) < liminfay logP(ZY* € T)
pel N
<limsupay logP(ZN* €T) < — inf I, 7(¢).
N oel’
Since the mapping F, has the nice property that F, (x)(t) — F./ (z)(t) = exp[Vb(0)t](z —
z'), it follows readily again from Corollary 4.2.21 in [2] that the above result can be
extended to the following statement.

Theorem 4.11. Assume that (H.1) and (H.2) hold. For any closed set F' C D([0,T]; R%),
for any sequence zy — z,

lims log P(ZN* ¢ FY < — inf I
ljirn:;lopa]\[ ogP(Z.,* € F) ;IelF =1(9)

For any open set G C D([0,T);RY), for any sequence zx — z,

liminf ay log P(ZN > —inf I )
iminf ay log (Z3"e@G) > (;QG =1(9)
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From this last Theorem, we can deduce, with the same proof as that of Corollary
5.6.15 in [2], the following Corollary.

Corollary 4.12. Assume that (H.1) and (H.2) hold. Let K denote an arbitrary compact
subset of R.
For any closed set F' C D([0,T]; R%),

limsupaylogsup P(ZMN* e F) < — inf I .
Nona N O8 2R (Z: )< ¢EF,2€K =1(9)

For any open set G C D([0,T]; RY),

liminfay log inf P(ZN* € G) > — sup inf I, )
wigfonlos L PIZ2" € G) 2~ oup Jaf Lr(9)

4.7 Wentzell-Freidlin theory and extinction of an epidemic
We now define
Viz, 2 ,t) = inf I, ,
(@20 = e 4
no_ s /
Viz,2') = %EEV(Z7Z 1),
Vo= inf V(0,2),

Z,z1=—a
where a > 0, and we recall that we have translated the endemic equilibrium z* at the
origin.

We can now state our main result.
Theorem 4.13. Assume that (H.1) and (H.2) hold. For some a > 0, let T, := inf{t >
0, Zifi”‘(t) < —a}, where Zi[i“ (t) denotes the first coordinate of the process ZN*(t). The
following hold.

For any z € R? such that z; > —a, and any n > 0,

lim ]P (ea;ll(vn,_n) < Tz]Va < eagjl(Vﬂ,“!‘n)) — 1

)
N —o0

and
lim axlogB(TN)=V,.
N—o0 ’

Given Corollary 4.12, the proof of the above result follows the exact same steps as
that of Theorem 5.7.11 in [2], with some minor modifications, to adapt to the fact that
our processes have discontinuous trajectories, see the proof of Theorem 7.14 in [5], or
of Theorem 4.2.17 in [1].

Recall that ay' = N'~2%. In the CLT regime, a = 1/2, ay' = 1, while in the LD
regime, o =0, aj\,l = N.

4.7.1 Interpretation. The critical population size

Going back to the original coordinates, i.e. z* # 0, we should interpret ZV:%(t) as
ZNe(t) = N*(ZN(t) — z*). So (dropping the index for the starting point in order to
simplify our notations), 7 is the first time when Z{¥ (t) < 2 —aN~%. For TN to be finite,
we need to have z; —aN~ > 0, since Z{" (t) cannot become negative. This is of course
no problem for the limit theorem, since aN~™% — 0 as N — oo, while 2] is fixed. However,
a deviation of the order of —aN ¢ is enough for Z{" (t) to hit zero, if 2} is of the order of
N~°, which means that N is of the order of (z})~1/*. ¢N' "V is the order of magnitude
of the time needed for Z¥ — z; to make a deviation of size aN~°. This is sufficient to
extinguish an epidemic, provided z; is of the same order, so that the corresponding
critical size is N, ~ (1/ zl*)l/ @, which is roughly the CLT critical population size raised to
the power 1/2a.
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4.7.2 The value of V, in the SIS model

In the particular case of the SIS model, we can compute explicitly the value of the quasi-
potential V. In this case, d = 1, the linearized ODE around the endemic equilibrium
translated at 0 reads

T = *()\*"}/)Z+U,

and the cost functional to minimize is

A T
I (u) = 7/ w(t)2dt
) dy(A =) Jo
We are looking for the minimal cost for driving x from 0 to —a. We now exploit the
Pontryagin maximum principle, see [9]. The Hamiltonian reads

A
H(x,p,u) = —(A— 4+ pu— ——u?.
(@, p,u) = —=(A=)pz +p po p—

The optimal control & must maximize the Hamiltonian, so it satisfies 4 = wp. Since

the final time is free and the system is autonomous, the Hamiltonian vanishes along the
optimal trajectory, so that along such a trajectory, either p = 0, in which case u = 0, or
else x = Ip, hence 4 = 2(\ — v)z. Finally the pieces of optimal trajectory which move
towards the origin correspond to v = 0, those which move away from the origin (this is
the case we are interested in) satisfy the time reversed ODE & = (A — v)x. There is no
optimal trajectory from z = 0 to x = —a. However, if we start from x = —¢, the optimal
trajectory is z(t) = —e* "%, so a(t) = —2(\ — v)e* V¢, the final state —a is reached
at time (A — )" !log(a/c), and the optimal cost is %(a2 — ¢2). A possible sub-optimal
control starting from 0 is as follows. Choose u = —1 for a time of order &, until x(t)
reaches —¢, which costs or the order of ¢, and then choose the optimal feedback, until
—a is reached. Letting ¢ — 0, the cost converges to

4.8 Comparison between the CLT, MD and LD

We do that comparison in case of the SIS model, for which we have explicit expres-
sions for the rate functions and the quasi-potentials. We still translate z* at the origin,
and start our process at the origin : Z}' = 0. We fix @ > 0 and want to compare (for ¢
large) the upper bounds for P(N®Z» > a) in the three cases a = 1/2 (the central limit
theorem), 0 < o < 1/2 (moderate deviations) and « = 0 (large deviations).

We start with the central limit theorem. It is easy to see that U; = limy_, VN ZtN
is an Ornstein-Uhlenbeck process (in particular it is a Gaussian process), which solves

the SDE .
Ui=—(A—1) / Usds + /2 (A —7)/\B:,
0

so that the asymptotic variance of U; is v/\. Consequently for a > 0 fixed and any 1 > 0,
there exist t and N large enough such that we have the following upper bound for the
probability of a positive deviation of v N zZN

2
P(VNZN >a) < exp{—/\;; +n} .

Consider next the moderate deviations. Theorem 4.10 combined with the compu-

tation from the last subsection indicates that for 0 < o < 1/2, any n > 0, there exists t
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and N large enough such that
A 2
P(N*ZN > a) < exp {—N1_20‘ (2@ - n)} .
2l

We finally consider the large deviations. Here we need to assume that a < /.
We exploit the computations from sections 4.2.6 and A.6 in [1]. The optimal trajectory
to go from ¢ to a is the original ODE, but time reversed, i.e. it follows the ODE z; =

B2(x¢) — B1(x¢). The running cost is (Ba2(x:) — S1(x:)) log (52(“)), so the total cost is

Bi(zt)
[ G v [
- /% (5

—>a+ f—a log(l—a), as e — 0.

Consequently, from Theorem 3.5, for any n > 0, there exists ¢t and N large enough such

that
P(zN > a) <exp{—N [a+ (} ~a) log <1—a$) —n}}

We note that Moderate Deviations resembles much more the CLT than Large Deviations.
The fact that the discontinuity in the form of the rate function is exactly at « = 0 is
typical of random variables with light tails. The situation would be quite different with
heavy tails, see e. g. section VIII.4 in Petrov [8].

Note however that for small a,

vy A Aa?
a—|—<f—a)lo l—a—)~——,
A & Y 2y
which is not too surprising, and in a sense reconcile Large Deviations and Moderate
Deviations.

5 Appendix

In this Appendix, we establish the following technical result.
Proposition 5.1. Let M be a standard Poisson random mesure on R?, and M(dt,du) =
M(dt, du) — dt du the associated compensated measure. If ¢ is an R, -valued predictable

process such that fOT pdt has exponential moments of any order, and a € R, then for any
0<t<T,

s Yr t 1/2
E [ sup exp {a/ M(dr, du)}] < (Eexp {(62“ -1- 2a)/ cpsds})
0<s<t 0 Jo 0
Proof. Consider with b > 0 the process
®s
X, = a/ M(ds,du) — b <pgds (5.1)

It follows from It6’s formula that

eXt=1- b/ <pds—|—a// M(ds, du)
e—l—a// M(ds, du) .
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From Lemma 5.2 below, M; = fo jo s e X ds ,du) is a martingale. Hence eX is a

martingale if b = (¢*—1—a), a submartingale 1f we replace = by <, and a supermartingale
if we replace = by >. Consequently if b > (e — 1 — a), EeX* < 1. Now, using first Doob’s
L? inequality for submartingales, and later Schwartz’s inequality, we have

s reor
E [ sup exp{a/ M(dr, du)H
0<s<t 0 Jo
t Ps
< Eexp {a/ / M(ds,du)}
o Jo
t opes t t
=E (exp {a/ M(ds,du)—b/ @sds}exp{b/ gosds})
0o Jo 0 0
t s ¢ 1/2 ¢
< (Eexp {2(1/ M(ds, du) —Zb/ gpsds}) X(Eexp {Qb/ gosds}>
0o Jo 0 0

If 2b = €2® — 1 — 24, it follows from the previous argument that the first factor on the
second right hand side is less than or equal to 1, hence the result follows. O

1/2

In order to complete the proof of Proposition 5.1, we still need to establish

Lemma 5.2. The process ¢ satisfying the same assumptions as in Proposition 5.1, and
X, being given by (5.1), M, = fo 15 M(ds, du) is a martingale.

Proof. It is plain that M; is a local martingale, whose predictable quadratic variation is
given as

< expi2a fot Jie M(ds,du)} fg peds, ifa>0;

t
)= [ s
t 0 <exp<—2(a+b) fot gosds} fg psds, ifa <0.

All we need to show is that the above quantity is integrable. It is clearly a consequence
of the assumption in case a < 0. In case a > 0, the second factor of the right hand side
has finite exponential moments, so is square integrable, and it remains to show that

L reos
E exp {4(1/ M(ds,du)} < 00. (5.2)
o Jo

Using Ito’s formula we have

t s t
Y, = exp {8a/ M(ds,du) — (3" — 1)/ gasds}
0
©s
=14 (e — / / Y- M(ds, du).

The same computation with ¢, replaced by ¢ = ¢; A n, and then Y; replaced by Y.
would show that Y, is a martingale satisfying EY;” = 1. But 0 < Y,* — Y} a.s., hence
Fatou’s Lemma implies that EY; < 1. Since
t Sa t
-1
psds + ¢ / psds,
0 2 0

t Ps t Ps
4a/ / M(ds,du) = 4a/ M(ds,du) —
0 Jo o Jo

it follows from Schwartz’s inequality that

t ©Ds t
Eexp {4a/ / M(ds,du)} < VEY;|Eexp {(68‘1 - 1)/ gosds} )
o Jo 0

and the result follows from our assumption on . O
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