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ABSTRACT. We study an individual-based stochastic SIR epidemic model with infection-
age dependent infectivity on a large random graph, capturing individual heterogeneity
and non-homogeneous connectivity. Each individual is associated with particular charac-
teristics (for example, spatial location and age structure), which may not be i.i.d., and
is represented by a particular node. The connectivities among the individuals are given
by a non-homogeneous random graph, whose connecting probabilities may depend on the
individual characteristics of the edge. To each individual is associated a random infectivity
function of its infection age, which is allowed to depend upon the individual characteristics.
We use measure-valued processes to describe the epidemic evolution dynamics, tracking
the infection age of all individuals, and their associated characteristics. We consider the
epidemic dynamics as the population size grows to infinity under a specific scaling of the
connectivity graph related to the convergence to a graphon. In the limit, we obtain a
system of measure-valued equations, which can be also represented as a PDE model on
graphon, and reflects the heterogeneities in individual characteristics and social connec-
tivity.

1. INTRODUCTION

In the present paper, we are interested in the large population limit of the stochastic
model of an epidemic that spreads among an heterogeneous population with random con-
nectivities. Such models have been studied to an extent in the literature. For example,
in [11], an epidemic model with an age structure and various social activity levels is stud-
ied to understand the effect of population heterogeneity on herd immunity. In addition to
‘age’ as an obvious heterogeneous factor, spatial locations and other characteristics/features
may also contribute to the individual heterogeneity. Another source of heterogeneity arises
from the individual connectivities (such as households, workplaces, communities and social
activities), which is often modeled as a non-homogeneous random graph. For example,
epidemic models on random graphs with given degrees, typically under the configuration
model are studied in [1, 54, 52, 9, 5, 34, 25, 41, 42, 15], on weighted (configuration) graphs
[12, 18, 13, 53], on dynamic (evolving) graphs [3, 2, 35, 22, 14, 24, 30]. (See also the relevant
models on random networks with household structures in [7, 4, 6, 40], and on multilayer
networks in [31, 40].)

Much relevant to our work are the large population limits for epidemic models on random
graphs. In particular, [17, 33] proved a functional law of large numbers (FLLN) for a
Markovian SIR model on a configuration model graph with specified degree distributions
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and edges being randomly matched, and established the measure-valued limit as a system
of nonlinear differential equations, which verifies the conjecture in [54]. In [39], a functional
central limit theorem (FCLT) is established for a similar Markovian SI model for the total
count processes. In [10], an FLLN is established for a Markovian SIR model on a stochastic
block model. In [17, 33, 39, 10], the degree distribution converges to a finite limit as the
number of nodes tends to infinity and the number of edges is thus of the same order as
the number n of nodes. Such a description with very sparse graphs leads to limits that
are of distinct nature from the one of dynamics on a graphon. On the other hand, for
dense connectivities among individuals, one can derive large population approximations of
the epidemic dynamics as PDEs on graphons. In [38], an FLLN is established for density-
dependent Markov processes with finite state space on large random graphs, which includes
the Markovian SIS model with individual heterogeneity on graphs as a special case, and a
PDE on graphon is derived as the limit. In [20], an FLLN is established for a Markovian
SIS model with a general form of individual heterogeneity on random graphs, where a
PDE on graphon for the measure-valued state descriptors is also derived. In the latter
two references ([38, 20]) the scalings of the parameters allow for the random generation of
graphs whose number of edges is of order n'™®, where n is the number of nodes and a can
be freely taken in (0,1]. This extends the classical assumption of a dense graph for the
convergence to a graphon, where the number of edges is of order n?. However, all these
FLLN results are about epidemic models on random graphs that are Markovian, where the
infectious durations or recovery times are exponentially distributed. In the present paper,
we establish an FLLN for a non-Markovian SIR model on large random graphs that results
in a measure-valued limit on a graphon.

Non-Markovian stochastic epidemic models with a homogeneous population (no age struc-
ture, homogeneous social connectivity, etc.) have been recently studied, see the survey [28].
Although these models offer much more possibilities to fit observational data on infection
profiles, many of the classical tools in probability cannot be directly exploited. In partic-
ular, the standard epidemic models with a constant infection rate and a general infection
duration distribution are recently studied in [44] (see also [56, 55] for Gaussian approxi-
mations and [51] for measure-valued state descriptors and PDE limit for the FLLN), and
epidemic models with varying infectivity are studied in [26, 45, 27], where deterministic or
stochastic integral equations are derived for the FLLNs and FCLTs, respectively. When
adding the age of infection into the variables of the model, measure-valued processes have
been used to describe the epidemic evolution dynamics in models with such infection-age
dependent infectivity, and the corresponding PDE and SPDE limits are established for the
FLLNs and FCLTSs in [46] and [47], respectively. This is extended to spatially dense SIR
models in [48], where the FLLN is established with a PDE limit on a graphon. An epi-
demic model with contact tracing and general infection duration distributions is studied
in [21], where measure-valued processes are used to describe the dynamics and the FLLN
is established with a PDE limit. In [40], an individual-based multi-layer SIR model with
households and workplaces to take into account the social connectivity heterogeneity is
studied, where measure-valued processes tracking remaining infectious times are used to
describe the epidemic dynamics and a PDE limit is established for the FLLN.

In this paper we consider an SIR model with infection-age dependent infectivity on a
large random graph that captures both individual and connectivity heterogeneities. In par-
ticular, connectivities among individuals are given by a non-homogeneous random graph.
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Each node on this graph represents a single individual, each associated with an individual
characteristic/feature. These may account for spatial locations, age and/or social behav-
iors. So they may be distributed on a compact subset of R?, as in the spatial SIR model
considered in [48, 37], which we generalize in the simplest setting of pairwise interactions.
Concerning age structure or social activity levels, our model generalizes [11] in that they
only consider a finite number of compartments while our model includes a possibly con-
tinuous age model. The random connectivity of each edge is then assumed to depend on
the individuals’ characteristics in a general manner. The connectivities indicate various
levels of social activities, which may for instance depend on the spatial locations or age.
The random graphs that we consider are of the same form as the ones in [20]. The main
difference is that the connectivity of each edge was assumed in [20] to be a deterministic
function of the pair of individuals’ characteristics, while we allow for an additional degree
of randomness. In [38], there is no heterogeneity in the contact rate and the dependency
of the graph on individual types is more restrictive. In [10], the study of SIR dynamics on
large graphs only focuses on stochastic block models.

Each individual is moreover associated with a random varying infectivity function, which
reflects the force of infection of each individual at any time after infection, and depends
as well on the individual characteristics. As a result, the infectious duration is also indi-
vidualized (we express the corresponding distribution as a function Fy(-) of the individual
characteristic z).

Individuals are grouped into three compartments: Susceptible, Infected and Recovered.
Infections are generated by the interactions between susceptible and infected individuals.
Fach individual is thus exposed to a specific force of infection which changes over time and is
given by aggregating the weighted infectivity levels of the individuals that are connected to
him /her in the graph. The whole dynamic of the epidemic depends on the non-homogeneous
random graph and on the random infectivity functions through the expression of the force
of infection that is exerted from its infectious neighbors upon each individual.

To describe the evolution dynamics, we use three measure-valued processes for the three
compartments, where at each time ¢ the measure for the infected process is over both the
individual characteristics and the infection ages, while the measure for the susceptible and
recovered processes is only over the individual characteristics. We prove a FLLN for these
measure-valued processes when the population size goes to infinity. As the population
size increases, so does the connectivity graph. We impose conditions on the connectivity
probabilities to keep the graph consistency as it grows, which notably covers the case of a
graphon in the limit. The limits for the FLLN are given by a set of measure-valued equations,
from which we further characterize the measure-valued process tracking the infection ages of
infected individuals as the unique solution of a PDE. To note, the dynamics described from
the set of measure-valued equations and the PDE may be seen as evolving on a graphon.

The PDE model is linear, with a boundary condition given by the product of the measure-
valued susceptible process and the aggregate force of infection. A specific form of Picard
iteration for these quantities is used to deduce the existence of solutions. Solution unique-
ness follows from classical methods based on the characteristics of the equation, as in [23,
Section 3.2], e.g., adapted for measure-valued solutions.

The novelty of our paper is in the combination of two aspects: heterogeneity of the
individuals and of the graph of interactions on the one hand, and infection-age dependent
infectivity on the other hand. The second aspect has been considered recently by some of the
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authors of the present paper in a homogeneous situation. We borrow from these works, see
notably [27], the effective techniques consisting in the construction of an intermediate model
for which the infection rates are derived from the deterministic limiting model. Whereas the
limiting infectivity function was previously described as acting on total count processes, it is
acting in the present paper at the individual level, with a dependence on the characteristics
of each individual through the limiting connectivity kernel and infectivity function.

The variance-based approach to approximating random sums by their expectations, pre-
viously used in [27] for treating the heterogeneity in the choice of the infectivity function,
is effective in our framework with additional heterogeneity, see Lemma 5.7. The conditions
that we assume on the average infection rate per edge and on the average variance in this
infection rate seem very close to be optimal.

Nonetheless, the combination of both heterogeneities induces some complications for the
control of the error induced by the replacement of the original model by that simpler one,
see in particular the proof of Lemma 5.6.

As in [20], we have relaxed as much as possible the regularity assumptions of the in-
teraction kernel in the limit, which we only assume to be almost everywhere continuous.
In addition, we allow for the individual characteristics to take values in a state space as
general as possible, which implies that the state descriptors evolve as measure-valued pro-
cesses. Whereas the initial condition is generally assumed to be given through an indepen-
dent and identically distributed (i.i.d.) sample, we have merely assumed weak convergence
in probability in terms of distributions. The resulting difficulty concerns particularly the
discrepancies in the initial conditions, see the proof of Lemma 5.10, which is based on a new
convergence result of independent interest for weakly continuous kernels on general Polish
spaces, see Proposition 5.9.

1.1. Organization of the paper. The rest of the paper is organized as follows. We give
a summary of some common notations used throughout the paper in the next subsection.
We provide a detailed model description and our assumptions in Section 2. In Section 3,
we state the main result of the paper. We establish the uniqueness of the solution to the
limiting deterministic PDE model and establish some properties of that solution in Section
4. The proofs of the convergence in the FLLN are given in Section 5, with additional
technical supporting results proved in Appendix A. Concluding remarks are provided in
Section 6.

1.2. Notation. We denote by N = {1,2,...} the set of positive integers. We also set
[1,n] ={keN:1<k<n}forneN ForabecR, wewrite a Ab for the minimum
between a and b and a V b for the maximum between a and b. For a real-valued function
defined on a set X', we denote by || f||~ its supremum norm with

[1flloc = sup [ f(x)].
reX

We denote by Cy(X) the set of continuous and bounded functions on a metric space X.

In what follows (X,d) will denote a Polish metric space, i.e., complete and separable.
We denote by M;(X) and M(X) the sets of probability and finite measures on X, re-
spectively. For p € M(X) and a real-valued measurable function f defined on X, we
will sometimes denote the integral of f with respect to the measure pu, if well-defined, by
(1, f) = [ f(2) p(dz) = [ fdp. We endow M;(X) and M(X) with the topology of weak
convergence. M (X) and M(X) are Polish metric spaces with the Lévy-Prokhorov metric,
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cf. [49, Section I1.4]. We denote by D(R, M(X)) the space of paths from R, to M(X) that
are right-continuous with left limits (cad-ladg). This space is endowed with the Skorokhod

topology (see, e.g., [8, Chapter 3]). We shall also use the two following Skorokhod spaces:
D(R,,R) and D(R,, M(X x R,)).

2. MODEL DESCRIPTION

We consider a population consisting of N individuals, who are in one of the three states
— susceptible, infected or recovered at each time, and may interact with each other accord-
ing to a random graph described below. Susceptible individuals can be infected randomly
through interactions with the infected ones. Once infected, an individual will become in-
fectious for a random period of time until recovery, and once recovered, he or she will no
longer infect any susceptibles, nor become infected again. Let SN (¢), TV (t), R™V(t) be the
subsets of [1, N] that denote the sets of susceptible, infected or recovered individuals at
time ¢, respectively. The corresponding processes SN (t) = |SN(¢)], IV (t) = |ZV(t)| and
RN(t) = |R™(t)| denote the numbers of susceptible, infected or recovered individuals at
time t.

In the limit of a large population, our goal is to relate the spread of the disease in the
population of N individuals to a dynamics acting on a Polish space X that accounts for the
heterogeneity of individuals. Any individual i € [1, N] is actually characterized by some
random variable X}V € X (which is fixed over time). The characteristic X of individual 4
is allowed to affect the infectious contact rates with the other individuals as well as the
evolution of its own infectivity level.

2.1. Infection-age dependent infectivity. For an individual i € S (0), let 7/¥ > 0 be
the time at which he/she starts being infected, and let AN (t) = ¢t — 7 be the infection
age of the individual 4 at time ¢ (by default it is equal to zero for t < 7/¥). For an initially
infected individual j € ZV(0), let TJN = —Aév (0) denote the infection time before time 0, so
that A;V(t) =t+ Aév(O) is the infection age at time t.

Let 72 be the o-field generated by the (X,i < N), S¥(0), ZV(0) and (A;-V(O),j €
ZV(0)). We shall generally consider the dynamics conditional on this sigma-field 7. Thus,
we shall use the notations ]P’év and Eév to express probabilities and expectations conditional
on fév , respectively.

At time ¢, each individual i € ZV(t) who is infected has an infectivity function depending
randomly on its infection age:

AN @), 120, (2.1)
where )\ﬁv is assumed not to be identically 0. In particular, for the initially infected indi-
viduals j € ZV(0), their infectivity level at a given time ¢ > 0 is:

ATO() = AN (¢ + AN(0)).

Remark 2.1. A typical way to define these random functions )\fv() is specified as follows,
although we do not rely in our proofs on this representation. Let YV = {Y;N}ZSN be an
i.i.d. sequence of uniform random variables on [0,1], independent from Fév. Let \ be a
deterministic measurable function from X x [0,1] x Ry to Ry that is cad-lag in its last
component. Then we can define the random functions A\ () for each i as

M (a) = XX, VN, a). (2.2)
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The variables {YZN} capture the random factors associated with the infectivity of the indi-
viduals apart from their characteristics and their infection age.

There is no further generality in considering YN = {Y;N}Z-SN be an i.i.d. sequence of
random variables taking values in Y, where Y is a Polish space, by adjusting the definition

of A, see [36, Theorem 3.19].

Assumption 1. There exists a global upper-bound A\* < oo on the random functions )\ZN
taking values in D(Ry,Ry), in the sense that the following holds almost surely:

MV(a) <\, VN, Vie[l,N], Ya € Ry .

Remark 2.2. For Assumption 1 to hold under the formalism presented in Remark 2.1, it
is sufficient to require the function X\ to be uniformly upper-bounded by this value \*.

The infection duration n)¥ of individual i € SV(0) is defined as
n :=sup{a > 0: AN (a) > 0}.

Likewise, we consider the infection duration UJN’O of an initially infected individual j € ZV(0)
with initial infection age AN (0):

nJN’O :=sup{a>0: )\jy(AN(O) +a) >0},

while assuming that there is no pathological situation where the above set would be empty.
We specify the individual distribution of infection duration through its cumulative distri-
bution function. Under the formalism of Remark 2.1 it is to be thought as depending only
on the variables (X, V).

Assumption 2. There exists a measurable function (Fg(a))zex,acr, with values in [0,1]
which is right-continuous, non-increasing in the variable ‘a’ such that lim,_oo FS(a) = 0
for all x € X and such that the two following identities hold a.s. for any N > 1, t > 0,
i€ SN(0) and j € TV (0):

PY (n) > t) = FSn(t),
c N
PO 5 ) = Fin(AY(0) +1)
0N F¢  (AN(0))
J

J

Recall that P (nY > t) equals by definition IP’(nZN >t } FY ) and similarly that PY (77;\/,0 >

t) = ]P’(né\ﬂo >t ‘ Fév ) Note that the condition on 7]§V’0 in Assumption 2 excludes the case
where the denominator in the above expression would be zero.

Let F, := 1 — F¢, which is interpreted as the c.d.f. of the infection durations n¥ given
that XiN = .

Remark 2.3. This assumption appears more explicitly stated under the formalism presented
in Remark 2.1. By definition, there exists a deterministic measurable function g : X X
[0,1] — Ry such that nN = g(XV,YN) a.s. For each z € X, we define the cumulative
distribution:

Fm(t) = P(g(l‘, YlN) < t) - /[0 1 l{g(m,y)gt}dy
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and set FS(-) = 1 — Fy(-). FES is clearly non-increasing for any x € X, with values in
[0,1]. As a consequence, we check the first identity in Assumption 2, for any N > 1, any
i€ SN(0), and any t > 0:

By (Y > 1) = P(g(X;", YY) > t| X]¥) = Fin ().
For any N and any initially infected individual j € I™(0), the constraint that nJ]-V’O s a

well-defined positive quantity, which translates into g(X]N7 Y]N) > A;y(O), explains the form
of the second identity in Assumption 2, where for any t > 0,

PY (0 > 1) = P(g(X),Y}N) >t + AN (0) | XV, AN (0 ﬂ{g(vaﬁyijA;v(o)})
XJN(AéV(O)H)
F;JN(Aj»V(O))

Assumption 3. There exists a deterministic measurable function A from X x Ry to Ry
such that the two following identities hold for any N > 1, any a > 0, any t > 0, any
i € SN(0) and any j € IV (0):
Ey [\ (@)] = AX7, ),
AXN, AN(0) + 1)

(AN @)
where F)"“’(N(A;V(O)) > 0 holds a.s. for any j € IV(0). Moreover, the function x : X x Ry +>
J

R, defined as x(x,a) = Nz,a)/FS(a) if FS(a) > 0 and x(z,a) = 0 otherwise, is upper-
bounded by \*.

ES[)0)] =

Additional conditions on the regularity of A will be stated in Assumption 6, once the limit-
ing measures on X will be defined. Recall that E)' [} (a)] equals by definition E[A) (a) | 7]

and similarly for E}’ [ANO(t)].

Remark 2.4. Under the formalism presented in Remark 2.1, X is directly expressed as
follows:

Az, a) = / /)\\(:U,y,a) dy,
[0,1]
and the first identity in Assumption 3 is automatic. We can also check the second identity:
N, ~
Eév[)‘] O(t)] :E[/\(ij’vay}N7t+AN ‘XN AN ]l{g(XJI-V,YjN)>A§V(O)}]
oy XNyt AY0) dy  MXN ¢+ AN (0)
F;;V(Aj-v(o)) F)‘}]z_v(Ajy(O)) ’
where we have exploited in the second line the fact that X(XjN,y,t + AjV(O)) > 0 entails

g(XJN,YjN) > t+ A;V(O) and a fortiori g(X]N,Y}N) > A;V(O). In addition, for any v € X
and any a > 0 such that FS(a) > 0, since X(x, y,a) =0 on the set {g(x,y) < a},

5\(.7), a) _ f[oﬂ /\(IL‘, Y, CL) I[{g(w,y)>a} dy
F¢(a) Jio,) Ygwyy>ar dy
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and is actually upper-bounded by A\* as soon as \ is itself upper-bounded by \*.

Remark 2.5. In this work, we generally allow for intricate dependencies between the pos-

sible value of )\fv(a) and the infection duration of individual i. Though, a classical choice
for the function X is to be defined in terms of two giwen deterministic positive functions

Az, a) and g(x,y) as follows: X(m,y,a) = Mz, a)Liqcg
for \ simplifies as follows:

zy)}- In this case, the expression

MXY a) = MXN,a) - (@), (2.3)

Remark 2.6. As an instance of the case presented in the above Remark 2.5, the most
standard Markovian description of a constant infectivity A > 0 with an exponential random
duration with mean §(x) is obtained as follows. We can choose uy to be the law of a

standard exponential random variable with mean 1, on Y = Ry, and take \(z,a) = A and
g(z,y) = g(x) - y. The expression for A further simplifies:

A, ) = A exp (= a/g(XY)).

Remark 2.7. In the previous assumptions, we did not allow the infectious period to extend
indefinitely, in line with the SIR formalism. It does however not appear crucial in the
following proofs. Some SI formalism without recovery or even a mix between SI and SIR
formalism could be treated very similarly. We mean situations where }P’(nlN = 400) > 0
for some i, with possibly F, upper-bounded by a constant strictly smaller than 1 for some
non-negligible set of x € X and the function g in Remark 2.3 with possibly infinite values.

2.2. Construction of the connectivity graph. We consider the underlying connectivity
graph among the individuals, which is denoted as a graph (GV,&V) with GV being the set

of N nodes and £V being the set of edges (which are undirected). We write i X j to
indicate that nodes ¢ and j are connected, whose connectivity depends on N. We assume
that the connectivity probability of nodes 4, j € GV is given by the deterministic symmetric
measurable function £V : X x X — [0, 1]:

N . . N .
Py (i~ j) =P(i~j | F) = &N(XN, X)), (2.4)
in terms of the characteristic variables X; and X; for individuals i and j. We assume

in addition that the events {7 X J}iz; are mutually independent and independent of the
sequence (Y;V);<n conditionally on 7.

Remark 2.8. The typical construction of such a random graph starts from a graphon
kernel. For example, assuming here that X = [0, 1], let R(x,2") be a deterministic function
on [0,1]%, such as &(z,2') = x-2'. One can sample a N-node random graph with kN =F& so
that IP’{)V(Z' X j) = /%(XiN,XJN) for modes i,5 = 1,..., N, where the X}¥ are uniformly and
independently distributed in [0,1]. Another very natural choice of X} is also XN = i/N
fori=1,..., N, which also leads to the limiting empirical measure fix, as defined in the
formula (2.20) below, being the Lebesque measure on [0, 1].

Remark 2.9. In the case k(z,x') = x -2, the degree of individual i in the graph then scales
linearly with N and with the individual type XZ»N . The fact that the degree scales linearly
in N is typically how a “dense” graph is defined. Yet, we allow for more generality in the
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graph density with a sequence (k™) of functions that may scale with N. The first way to
do so is to introduce a scaling factor €N > 0, typically €N = N~ with o € (0,1), so that
kN =N . as in [38]. Following [20], this form of scaling is however not assumed in order
to allow for even more general dependencies between the pair of individual characteristics
(XiN, XJN) and N. The role of the denseness of the graph will be discussed in Remark 2.12,
and in Section 6 after the proofs.

2.3. Force of infection. To describe the force of infection, we introduce a random weight
function (w (i, §)); je1,n] that is non-negative and equal to zero except for the edges (i, j)
of EN. WM (i, ) is meant to represent the scaling factor that translates the infectivity value
of individual j, typically /\év (A;V (t)) at time ¢, into the rate at which individual ¢ is subject
to an infectious contact with individual j, which becomes w™ (i, 5) - )\§V (A;V (t)) at time t.

Remark 2.10. Heterogeneity in the susceptibility to infection can be included in the model
through these values w™ (i, ), such heterogeneity between individuals being possibly partly
explained by the characteristic XZN This is a major reason for us not to assume that w™
is symmetric. Such a framework for w™ (i,7) allows in addition more realistic and intricate
relations between the contact rates of individuals © and j depending on their respective char-
acteristics XZ.N and XJN. Even more generally than contact matrices typically exploited for
epidemiological predictions, see, e.g., [43], we allow for the interplay between characteristics
that are continuous and for an additional degree of independent randomness.

Assumption 4. The values (wN(i,j))i,jE[[l,N]] are mutually independent between different
edges and independent of the (A\N);<n conditionally on FY. There exists a deterministic
measurable function v~ : X x X — Ry such that:

E[w" (i,5) | 7', €N = {’VN<X5V7X;V> if (i,5) € EV,

. (2.5)
0 otherwise.

Remark 2.11. Under the formalism given in Remark 2.1, the values (wN(i,j))i,je[[LNﬂ are
independent of the (A\N);<n if they are independent of the (YY), conditionally on F3.

The function 4" captures the expected infectious rate of interaction for active contacts.
As a consequence of these definitions, we have

N B [ (i, 5)) = @M (XY, X)), where @ i= NN 4N (2.6)

Remark that vV, thus @, are not required to be symmetric, given that the allowed asymme-
try of w™ (4, 7) has no good reason to vanish after taking conditional expectation. However,
recall that the construction imposes " to be symmetric.

We also allow for a degree of variability in the infectious rate of interaction, that we
synthetize with the following variance term v'V, for any (i, ;) € EV:

v (i, §) :Var[wN(i,j)U:éV,EN] . (2.7)

Our upcoming Assumption 8 entails that the quantity v™ (i, §) is finite, for any 4, € [1, N].

Given the above definition of vV, this definition of vV shall be interpreted as follows:
B[N (i, )? | 7Y,V :{v (i) + N (XN XN it () € €V,

. (2)
0 otherwise.
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For each individual 7, the aggregated force of infection at time ¢ acting upon i is given by

0= 3 W) AN AY). (2.9)

JEIN ()

2.4. Epidemic dynamics. For each i € SV (0), we describe the progression of the disease
through the following process:

t 00
M) = /0 /0 Loy =0y fuagy (o)) Qilds du). (210)

where @;(ds,du) is a standard Poisson random measure on Ri with mean measure ds du,
the (Q;);jen being mutually independent and independent of ]-'év , the random graph gen-
eration (w(j,k));jx<n, and the random infectivity functions ()\jv )j<n (in the sense that
they are independent of the YV in the formulation (2.2)). Let

=inf{t > 0; DN(t) =1}; DV(t):={i € SN (0); 7V < t}, (2.11)

so that the infection time T is the unique jump time of DN (which takes the value co in
the absence of such a Jump) while DV (t) is the subset of 1n1t1ally susceptible individuals
infected by the disease by time ¢ after time 0, or equivalently those i € S™V(0) such that
DN(t) = 1. In other words, DV (t) = (ZV(t) URN(t)) \ (ZVV(0) U RN (0)).

Using DN (t) in (2.10), we also obtain the following alternative expression for 2 (¢) for
eachi=1,...,N:

St = 3 WV R (AN (0) + 1)

keZN (0)
t 00
. Ny, .
+ ESEN(O Z,])/O /0 )‘j (t S)H{D‘f’(s*):o}]l{u§§;.\’(s—)}QJ(dS’du)' (2.12)

Define the following measure-valued processes associated with the susceptible, infectious
and recovered individuals:

N (da Z Sxn(dz), (2.13)
ZESN(
N (dz, da) N D xn(d)d4ny(da), (2.14)
i€IN(t)
1
N(dz) = ~ > Gy (da). (2.15)
IERN(t)

For any ¢ > 0, ﬂf N and ﬂf N are regarded as elements in the set M(X) of non-negative
finite measure on X, which is equipped with the topology of weak convergence, and similarly
for fii"™ belonging to the set M(X x R,).

The dynamics of these measure-valued processes can be represented using D (t) and

§ZN (t) as follows, in terms of test functions ¢ € Cy(X) and ¢ € Cp(X x Ry):
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e for the susceptible process:
1

@0 = o)~ Y el X, (2.16)
1€DN (1)
with
Y op = > / / L{p(s) O}n{ug }@ M)Qi(ds, du),
i€DN (t) ieSN (0
e for the infected process:
_IN 1 1
™0y =5 D Lprosg X ATO) + 0+ 5 D Tew g v (X =),
JEIN(0) i€DN (1)
(2.17)
with
Z H{T’L]V+771!V>t}w(Xi]V7t _TZN)
i€DN (t)
= > / / L{pN (s ):0}11{u<§1y(8_)}]l{nlN>t_S}¢(XiN,t—s)Qi(ds,du),
ieSN (0 -

e for the recovered process:

_R,N
(

1
_RN
) = (

) 1 N N
ity Do Lot Do Lpvayane(XT). (218)

FETIN(0) i€DN (t)

Note that the processes SV (t), IV (t) and R™(t) corresponding to respectively the num-
bers of susceptible, infected and recovered individuals at time ¢ can be obtained from
these measure-valued processes: SN (t) = N(ﬂts’N, 1), IN(t) = N(ﬂ{’N, 1) and RN(t) =
NN 1) with 1(z) = 1 and 1(a,z) = 1.

We make the following assumptions on the initial quantities.

Assumption 5. There exist finite measures iy (dz) on X, fif(dz,da) on XxRy and il (dx)
on X that are the weak limits in probability as N — oo of respectively ﬂg’N, ﬂé’N, and /ié%’N

We consider also the two distributions ﬂ% and fix of characteristics on X for the whole
population:

i (dz) = g™ (de) + (g™ (dw, ), 1) + g™ (da) Z dxn(dz), (2.19)
’L<N

fix (dx) = g (do) + (@h(de, ), 1) + [ (dx). (2:20)

Here 1(a) = 1. A direct consequence of Assumption 5 is that fix is a probability distribution,
and ﬂ% converges weakly to fix.

In addition, we make the following two assumptions to capture the behavior of the graph
structure (w™ (i, 7))ijep,ny @s IV tends to infinity, firstly in terms of conditional expecta-
tions. We include additional regularity conditions together with the first assumption, on
the quantities introduced in Assumptions 2, 3 and 5.
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Assumption 6. Recalling the relation o = N - gV - 4N

N — 0o holds in probability uniformly over X x X:

, the following convergence as

oV = @,
where @ : X x X — Ry is some deterministic and bounded measurable function that is
[52-almost everywhere (a.e.) continuous.
fi§ is absolutely continuous with respect to (lix ® Leb), where Leb denotes the Lebesgue

measure on Ry. The function : (z,a) — Fy(a) is fi}-a.e. continuous while the function \
is (ix ® Leb)-a.e. continuous.

Assumption 6 is stated in terms of the convergence of the product N4V without
requiring separate convergence properties of vV and xV. This choice was made to emphasize
that the scaling in N between the contact probability and the contact rate could itself be
mediated by various kinds of interactions reflected through the individual types XiN and
X jN , for instance with more denseness but less frequent contacts for the infections during
travels than at the workplaces.

Regarding our next convergence results in probability, there is no loss of generality in
considering the following assumption.

Assumption 7. There exists w* > 0 that is an upper-bound of @™ uniformly on X2 and
on N.

The next assumption provides the crucial estimate to deal with the variability of the
random graph generation. Its relation to the denseness of the graph and to possibly high
levels of infection rates is discussed after the statement of the main result.

Assumption 8. The two following quantities ¥ and TN converge in probability to zero
as N — oo:

N . }VZE(J-)V [N (i, 5); (i, 5) € €] (2.21)
_ ;ZKNWV,X;V) Y [N (i, )| (. ) € €N].

By EY [v™(i,5)|(i,5) € V] is meant the ratio of E[v™ (4, §); (4, 5) € EN | F¥] divided by
P((i,j) € EN | F¥] = kN (XN, X V).

Remark 2.12. To better understand the variance term in Assumption 8, let us consider the
case where the heterogeneity in individual contacts is purely neutral, so independent of the
(XlN) Let us assume the existence of three positive parameters &V, ¥V and 7V € (0,5V)
such that the two following conditions hold in addition to the above-described construction:

(i) the graph of active contacts is an Erdds-Rényi graph with parameter &Y, that is
]P’év(z' r]ij) =&Y for any i,j.

(i) on the event {(i,7) € EN} and conditionally on FY, wN(i,j) is distributed as a
uniform random variable between 3N — N and 3N 4+ V.
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Then (2.4) and (2.5) are satisfied with

~N\2
W) =8, PNy =aY oV = S

Assumption 6 then tmnslates into the convergence of the product N &N 4N to some limiting
value @. The notation ¥V is coherent with the formula given in Assumption 8 while YN =
NoNEN = N - (6N)2-&N /3. Let us assume the system to be non-degenerate in that @ > 0
and YN > 0 for any N.

Then, TN ~ @ - (6N)2/(3yN) converges to zero as required if and only if (V)% < yn.
Since 5V < yn in this case (to keep w™ non-negative), both properties hold true if and only
if Y tends to zero, which is exactly the first condition in Assumption 8. So we do not have
any additional restriction on oy in this model.

Generally with ©N the variance of the corresponding distribution in (ii), TN converges
to zero if and only if the standard deviation Vol s negligible against the root of the av-
erage rate \/’_yTV Given that 7V itself is expected to tend to 0, we stress that our result
covers fluctuation levels in the rate of transmission that are quite large in comparison to the
expected value.

3. FUNCTIONAL LAW OF LARGE NUMBERS
For brevity, we use the notations D := D(R;, M(X)) and Dy := D(R4, M(X x R4)).

Theorem 3.1. Under Assumptions 1-8,

RN e T B (TN N 1)

in Dy x Dy x Dy as N — oo. In the above limit, i is the first component of the unique
solution (i°,F(-)) to the following set of equations,

i (o) = (o) [ §(s,0)8 (do)ds, (3.1)
0

J(t,z) = / Oo/ o(x, x')Wﬂé(dm’, da’)
// z, 2 )Nzt — 8)F(s,2")as (dz')ds

with X, @ being given respectively in Assumptions 3 and 6. The uniqueness of the above
system is stated among the potential candidates (fiy , §(t))¢>0 in which @ is a M(X)-valued
cad-lag process such that py(X) < 1 for any t > 0, while F(-) is a cad-lag process whose
values are bounded measurable functions from X to Ry, with local in time upper-bounds.
Given the pair (i°,F(+)) and the initial conditions i} and if, the explicit formulas for
(Bl ) and (af, ¢) with the test functions 1 € Cp(X x Ry) and o € Cy(X) are as follows:

o =[] e FC(G<+>t) o(da da)

+ / P, t — $)FE(E — 5)3(s, )i (da)ds

and

(3.2)

(3.3)
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(B, 0) = (5f ¢ / / < F;g?(+)t)>ué(dx,da)
/ / Fo(t — )3 (s, z)fs (dz)ds .

Note that the unique solution to equation (3.1) is given by

b(an) = exp - | t 5 2)ds ) o), (35)

and

(3.4)

and that (3.3) results, evaluated for any = € X with the function ¢ (2/,d") = w(zx,2’) ;,C )

and after comparison with (3.2), in the following expression for F:

3t 7) // oz, 2) x“)) 1(da, da). (3.6)

Remark 3.2. Our conditions on the limiting kernel of interaction w encompass most, if
not all, of the (known) pairwise kernel interactions found in applications. It is through the
expression of the limiting force of infection F in terms of the limiting kernel @ that we can
relate our result to dynamics on a graphon.

Consider the special case: w(x,z') =7 - k(z,2') =7 -x -2’ for some value 5 > 0. This
multiplicative form for &(xz, ') is a typical example of a graphon. Here we assume that the
(XN) are uniformly distributed in [0,1], and RN =k for any N and k(z,2') = 2 - 2’ as in
Remark 2.8, and ¥ = 5/N in Assumption 6 (hence, ¥V does not depend on the types of
the individuals i and j in contact and YN =0). This kernel structure displays a convenient
property of separation between three contributions: the role (i) of the susceptible type, (i7)
of the infector type and (iii) of the contact rate. This property is then inherited by the force
of infection in that

S(t,a) =75z §(t)

where g(t) describes the aggregated contribution of the potential infectors at time t:

= < / X('7"/7a/)—1 / /
t) = Il s dd)
0= o o 0

A reformulation of this system of integro-delay equations (3.1)-(3.4) is proposed in Sec-
tion 4.3 as a system of partial differential equations.

We also remark that in the special case of )\ZN (a) discussed in Remark 2.5, given the
expression of A\(r,a) in (2.3), we obtain the following:

F(t,z) = /0 OO/X w(z, 2 )N, d )il (da’, dd’) .

4. PROPERTIES OF THE LIMITING SYSTEM OF EQUATIONS
4.1. Existence and uniqueness of solution to the limiting equations.

Proposition 4.1. Under Assumptions 1 and 6, the set of equations (3.1)—(3.2) has a unique
solution (i°,5.).
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Proof. We first prove the uniqueness. Before proceeding, we establish some useful bounds.
Suppose that (7°,3.) is a solution. By Assumptions 1 and 6, we have A(x,t) < \* and
w(z,2") < w* for some w* > 0. Recalling (3.2) and Assumption 3, we derive

F(ha) < M /X (z,2") /0 - [FF(“(;)”} il (4’ da’)

+ A* /X(D(w,x’) /t J(s,2") exp ( - /OS 5(r, m')dr> ds fig (da') (4.1)

<o [ [t .1 + )
< AMw* < oo,

where we exploited that 1 is a natural upper-bound of the integral over s in the second line
and that fix in (2.20) is a probability measure.
On the other hand by (3.1),

A8 (de) < i (da!) < jux (da), (4.2)

Suppose now that there are two solutions (MSK S ), =1,2. Let D; = H§1 (t,.) —§2(t, INloso-

By (4.5):

3 (t,z) t x) // o(x, 2" )2’ t—s)%l(s,x)( L(da') — g2 (da'))ds

(4.3)
// oz, 2 )\t — s)(gl( ') —§2(s,x'))ﬂf’2(dx’)ds.
Since : a € Ry — e~ is 1-Lipschitz continuous:
H exp < _/ 3o ,)ds> — exp ( _/ 20 ,)dr> H < / D, dr.
0 0 00 0
We then deduce from (3.5) that: ‘ ﬁf ﬂfZH < fos D, dr. By injecting this inequality

in (4.3) with (4.1) and (4.2), we deduce for any T > 0 and ¢ € [0,7] that Dy < C’fg Dgds
where C' = \*w* + (\*w*)2T. Thanks to Gronwall’s inequality (for any 7 > 0), the proof
of the uniqueness is concluded.

Finally, existence can be proved by the following modified Picard iteration. We initialize
with 75 (da’) = fi§ (da’), §0(t, x) = 0, then for any k > 0:

i o) = () - [ 5 (5, )8 (de)ds (4.4)

¢ // z,7') Fc( . )uo(dx’,da’)

// 2, 2 M@t — $)F (s, 2 ES*H (da')ds .

and

(4.5)
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Sk+1

In these two definitions, we make the choice of the product between §k and [ because

then we have the following explicit expression of g%F+1

A5 (da) = exp ( - /0 = x)dr) 7S (dz) (4.6)

similarly to (3.5). We can thus justify similarly the a priori estimates (4.2) and (4.1) for
the above approximating sequence. Then, the arguments used for proving uniqueness yield
the convergence of our Picard iteration, exactly as in the usual case of globally Lipschitz
coefficients. 0

in terms of §k:

4.2. Regularity of F(-).

Lemma 4.2. The function : © +— F(.,x) with values in the set of bounded measurable
functions from Ry to itself equipped with the uniform norm topology is fix-a.e. continuous.

Proof. Recalling (3.2) and Assumption 3, we first deduce the following inequality for any
t > 0 and any x1, 292 € X:

§(t, 1) — 3(757932)‘ <A\ /X (2, 2") — w(xg,x/)|{(FW

Fo(d) )ﬂé (dxlv da/)

+ /Ot 3(s,2') exp ( - /Os 3(r, a:’)dr) ds ﬂg(dx/)}.

With similar arguments as in the proof of Proposition 4.1 to deduce (4.1), notably with
Assumption 5, we obtain

IS( 1) =T 2)lloe < A*/lelf(ﬂﬁbfv') — @(2,2")| ix (da'). (4.7)

As stated in Appendix A in Lemma A.2 and proved just afterwards, the function z — @(x, .)
is fiy a.e. continuous with the L!(fix) distance, since @ is /i -a.e. continuous by virtue of
Assumption 6. This concludes the proof of Lemma 4.2. O

4.3. Alternative representation of the limit as PDEs.

Provided that the hazard rate function corresponding to the durations before remission
is regular enough, one can describe the solution fi! of the limiting system in Theorem 3.1
in terms of a PDE as stated in the next proposition.

Proposition 4.3. Assume that F,, is absolutely continuous with density f, for each r € X
and that FS(a) > 0 for any a € Ry. Assume that hy(a) = fi(a)/FS(a), the hazard rate
function, is continuous and bounded uniformly in both x € X and a € Ry.. Assume moreover
that iy (X x {0}) = 0. Then, i} (dz,da) in (3.3) is the unique solution to the following
equation: for any ¢ € COY(X xRy) and t > 0,

G0} = el 00— o) + [ (e 0t o) (o). (19)

Hence, fil (dz,da) is the unique solution to the following PDE:
ety , ) + (Oaliy, ) = —(h it , ) (4.9)



17

with the initial condition ﬂ{] giwven in Assumption 5 and the boundary condition at a = 0:
il (dz,0) = §(t, z) g (dz), where jif (dz, a) is the “density” of il (dz,da), that is, il (dx,da) =
il (dz,a)da and a — il (dz,a) is continuous at 0F.

Recalling (3.5), remark that we can also write the last term in (4.8) as

/Xz/)(x, 0)§(t, x) exp ( — /Ot §(s, x)ds)ﬂos(da:) .

which only involves the initial i (dz) and F(t, ).
We directly identify from Proposition 4.3 and (3.6) that the system of equations under
consideration is a weak formulation of the following system. Here, u!(z,a) (resp. u}(z))

represent the density of fi (resp. if') with respect to fix(dz)da (resp. fix(dz)):
Opui (x,a) + Bgui (x,a) = —h(z,a) u (z,a),

uf (,0) = —0wuf () = F(t, z) uf (x), (4.10)

sme=AZMww§%fﬁeaMAmm%

We can associate to this system the density process uf? of recovered individual defined by

uff(z) =1—uf (z) — [;° uf (2, a) da and solution to dpufi(z) = [y h(z,a) uf (z,a)da.
While the uniqueness of the system in Proposition 4.3 entalls the one of the above system

(by defining 7 (dz) = u!(x, a) fix(dz) and il (dz,da) = uf (z,a) fix(dz) da), the regularity

of such solutions and in what stronger sense the system (4.10) is satisfied is left open.

Proof. By taking derivative with respect to t in the expression of (i, ) in (3.3), we obtain

//&ﬂj} z,a+t) (a(—i—)t) L(dz, da)

- [ a0 el

+menmw@mwm
—//¢@J—ﬁh@—@ﬂ&@ﬁ@@®
/ / uth(,t — $)EC(t — )5 (s, 2)75 (dw)ds .

Next, from (3.3), we observe that

(1, Oath) = //am zoa+ 1) Fc(“(+)t) !(dz, da)

U[/aw S)FE(t — )3 (s, 2)i (d)ds,
and

to) = [ [ v Bt D pl o, da)



18 GUODONG PANG, ETIENNE PARDOUX, AND AURELIEN VELLERET

/ / Y(x,t — ) folt — 8)F(s, 2)f5 (dx)ds.

Hence, the last three identities lead to the expression in (4.8).

Next, (3.3) entails the following formula

ooy = [ [ vt gt s e, da 1
/ /w z,a)F(a)§(t — a,z)ia ,(dz)da.

We see from this formula that the restriction of the measure i/ to the set X x [0,t) is
absolutely continuous w.r.t. the measure iy ,(dz)da, hence the existence of the “density”

(4.11)

fil(dzx, a), whose value at a = 0 is specified above by the boundary condition.

Now integrating (4.8) over the interval [0, ], we obtain

t t
o) = o)+ [k ow = wods+ [ [ o050, @)
We now choose in (4.12) 9, (z,a) = ¢(x)(1—na)* for some ¢ € C1 (R, ). Since i} (X x {0}) =
0, we deduce from (4.11) that jif (X x {0}) = 0 holds for any ¢ > 0. We have
t
(il ¢n) =0 and / (AL, hapy)ds — 0, as n — oo.
0

Also ¢ (2,0) = ¢(z), while

t 1/n
T _ 7
/O <Msa8a¢n>d8 = n/o /X§($U)/.L8(d$,da)

We deduce from the above computations that, as n — oo,

t 1/n t
n/ ds/ il (dz,da) :>/ S(s,z)as (dz)ds
0 0 0

in the sense of weak convergence of measures on X. If we denote by jif (dz,0) the limit as
n — oo of n fol/n il(dz,da), we have
t t
/ il(dz,0)ds = / J(s,z)ad (dz)ds, hence also
0 0
From this, by the integration by parts formula, we obtain
¢ t t
[ ahowiass [ [ o o5 oS = [oupdvs @)
0 0 JX 0

Hence, from (4.8) and (4.13), we obtain the PDE model in (4.9) with the boundary condition
at a = 0: fl(dz,0) = (s, z)as (dz).
We now prove uniqueness. The argument which follows is based on the characteristics

of the equation, as in [23, Section 3.2], yet adapted for measure-valued solutions in a way
reminiscent of duality approaches as in [16, Section 5.5].
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Let us consider in addition to i/ any arbitrary solution (i) to the PDE in (4.8) that
satisfies the initial condition fi{ = fid, and define Apf(dx) = p!(dz) — @ (dz). For any
t > 0, we define as follows the function ¥; € C%(X x Ry) in terms of 1p € C¥*(X x R})
and ¢g € C¥H(X x [0,1]):

Yo(z,a—t)-exp | [, h(z, a’)da’] for any z € X, a € (t,00),

Uy (z,a) = (4.14)

¢o(z,t —a)-exp | [; hiz, a’)da’] for any z € X, a € [0,¢].

The interest of this definition lies in the relation between the time-derivatives in ¢ and in a,
that makes the process (Auf, ¥;) stay constant as stated next in (4.17).

Given that h is a bounded continuous function, (¥i(z,a))tza € CYO1 (R4 x X x Ry).
Let us compute the relevant partial derivatives for our concern, first for any x € X and any
a € (t,00),

0¥i(x,a) = —0q¥o(z,a — t) exp [/: h(m,a')da’} + Vy(z,a) - h(z,a —t), (4.15)

0¥ (x,a) = Og¢0(x,a —t) exp [/ h(z, a’)da/} + Wy(z,a) - [h(z,a) — h(z,a —t)].
a—t
On the other hand, for any = € X and any a € [0, ],

O Vi(x,a) = Ogpo(x,t —a)exp [/0 f:(x,a')da'}, )
0V (xz,a) = —0400(x,t — a) exp [/0 h(z, a’)da'} + Uy(z,a) - h(z,a).

Thanks to (4.15) and (4.16), we obtain

oV +0,¥; —h-¥,; =0.
Since fi!, i’ are solutions to the PDE in (4.8) and satisfy the same initial condition i} = fi{,
the above identity implies the following one:

(Apf, W) = (Apg, o) = 0, (4.17)
which, for any ¢ > 0, holds for any g, pg € C>1(X x Ry).

We next verify that for any ¢ € C%!'(X x R, ), we can choose vy and g such that ¥
given by (4.14) satisfies Ur(z,a) = ¢(x,a). Since h(z,a) = —0,log F<(a), we know that
exp [— o Bl a’)da’} = F¢(a) > 0. Let T > 0 and v € C®*(X x R,). For v to agree with
Uy, we define for any x € X, any a € Ry and any r € [0, T]:

¢0(x,a) = ¢($,(1+T) ’ wv 900(]")7‘) = W

We then check, for any a > T, that ¢g(z,a —T) - exp [faa_T h(z, a’)da’] agrees with ¢ (z, a)

and similarly for any a € [0,7] with @o(x,T — a) - exp [foa h(:):,a')da’] instead. Thanks

to (4.17), with the specific choice of t = T, we deduce that (fil., ) = (fif., 1)) holds for any
¥ € C%(X x Ry). Since this identity is valid for any T provided h is bounded continuous,
the uniqueness of the solution to the PDE in (4.8) is deduced.

Finally, if (/) is instead assumed to be any solution to the PDE in (4.9), with the
boundary condition at a = 0 as specified in Proposition 4.3. Then, the integration by
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parts formula in (4.13) holds with i’ instead of !, and so (4.12) similarly for any ¢ > 0.
Therefore, 1! is actually solution to the PDE in (4.8). So it coincides with i/ by the
preceding uniqueness result. ]

5. PROOF OF THEOREM 3.1, OUR MAIN RESULT

5.1. Convergence of (fi .SN,SN( )). We start by constructing an auxiliary model using
the limit §. Recall DN (¢) in (2.10). Define

/ / {DN O}H{USQS,XiN)}Qi(dSadU) ) (5.1)

~S,N
(i, Z Lo -0} P(X0)- (5.2)
ZESN(O
Considering this approximation considerably helps to justify the proximity with the lim-
iting measure j1°, as we can see from the next Lemma 5.1.

and

Lemma 5.1. As N — o0, the following convergence holds in probability for any t and any
bounded continuous function ¢ from X to R:
~S,N _
</’Lt 790> — </J’:‘,S’7 <P>,
where the limit i° is the first term of the unique solution of (3.1)-(3.2).
Proof. We start with the formula (5.2). Noting that

P B0 =0) = exo (- e, X )ds) ,

we deduce
EY [, 0)] = g™ o - exp (= [y 5(s,)ds)). (5.3)

Recall from Assumption 5 that ﬁOS’N converges in probability to l_‘o < fix, and from Lemma

4.2 that the (deterministic) function ¢ - exp ( — fot T(s,.)ds) is fix-a.e. continuous and
bounded. Thanks to the Portmanteau theorem, we thus deduce the convergence in proba-
bility of the expectation in (5.3) to

(/10 y P - eXp ( fo ) <:ut ) 90> (5'4)

On the other hand, we control the fluctuations through the variance, by exploiting the
independence property of ]_NDZN between individuals ¢. Similarly as E(])V denotes the expecta-
tion conditional on F§, Var) denotes the variance conditional on FJ¥, in the sense that
Var)' (Z) = B[ 2% — E)[Z)? for any random variable Z. We have

1 ¢ll3
V(o) = oy 3 el Vard (L) < 1A= (55)
ieSN(0)

Let ¢ > 0. By choosing N larger than e=3-||p||%,, we deduce as a consequence of Chebyshev’s
inequality:

(|, o) BN [N, 0)] | 2 ¢) <.
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So this sequence of centered random variables converges in probability to 0. With the
convergence in probability of the conditional expectation stated in (5.4), this concludes the
proof of Lemma 5.1. g

In order to relate i to our original process i, we will study the convergence of the
following quantity, notably with the forthcoming Proposition 5.11:

N 1 _
Ap(t) :==Ey N Z sup | DN (r) — DY (r)[| | (5.6)
ieSN (0) €01

We relate this convergence to the differences §fv(s) —3(s,XN) for s > 0 and i € SV(0).
We deduce from (2.9) and (3.2) that those differences can then be decomposed into seven

terms, by exploiting the following definitions.
We first define

A ()= > W) [ME—7N) =A@ -7V)], (5.7)
JjeSN(0)

where ?JN is the jump time of the process (Eév(s))5>0 in (5.1), so that ﬁfv(t) captures the
discrepancies between the jump of (D]N ) and that of (55\] ).

Remark 5.2. Similarly to DN (t) in (2.11), we can define DN (t) accordingly to (?JN)

DV(t)={jes); 7V <t}, (5.8)

that is the subset of individuals infected by time t, while being affected by the mean-field
infection rate. For any j € DN (t), Aév(t) =t- %]N can be interpreted as the corresponding
infection age, of individual j at time t, like A;V(t) =1t— TJN for any j € DN(t). Possibly
;[;V(t) > njv, thus the individual j has recovered by time t and /\é\](t - 7~'JN) = 0. For any
jesy \ DN(t) on the other hand, t — 7~']N < 0, which entails also )\év(t - 7~']N) = 0. Similar
observations hold for the value of )\év(t — TJN) depending on whether j € DN (t) or not, and
if yes whether Aév(t) > njv holds or not. It justifies the statement that ﬁiv(t) corresponds

to the component due to the discrepancies between infection ages.
We next define

—N,1

T () =+ [N 3) A (=) N (Y x ) BV A )] (5.9)

J
JESN(0)

=N . . . .
so that U, ! concerns the approximation of the transmission rate by its average, where the
expectation in the last term averages the randomness of the infection time 7~'JN with the
exterior field (., X JN ) acting on individual j.
For any z € X and ¢t > 0, we define
—=N,1

V(L 2) = /X [wN(x,x')—*(x,x')} EN ¢ — 7o) SN (da') (5.10)
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where we define the random time 7, whatever 2’ € X as follows in term of some Poisson
random measure () on R%r with intensity dsdu:

t o]

Thus, V! concerns the approximation of @Y by the kernel @.

Remark 5.3. The time T,» will only be considered through expectations taken at fived x’
value, so that we are not concerned about letting the random measure QQ depend on x’.

The approximation of the initial condition ﬂg’N by ﬁg is treated separately with the next
term, defined also for any x € X and t > 0,

" (t,) = /X o, o) BNt~ 7)) [m5™ — ] (d). (5.12)

¢

We will see in Remark 5.5 that € (t, XV) can also be related to the approximation of the

empirical measure process (,E?N) by the limiting (7).

We then define
XN, AN(0) + 1)
Fon(a¥0) 1
(5.13)

—N,0 1 .. _
T = & Y [NeVEIN AN O) + 6 - eV (N, X))
JEIN(0)

in a similar way as ﬁiv ’1(75), now for the initially infected individuals. We recall from As-
sumption 3 that for any j € ZV(0) the value of the conditional expectation )\(XJN, A;-V(O)—i-t)

is amplified by the denominator F{ v (A;V (0)) to account for the bias in /\é\] (A;V (0) +t) due
J

o . . =N =N,
to the fact that individual j has not recovered by time 0. The next terms £ © and & are

similarly the analogs of respectively EN’I and @N’l, now for the initially infected individuals.
For any x € X and ¢t > 0,

0 Nl
0t 2) = / / [wN(x,m’)—w(x,x’)]-w b (!, dd') (5.14)
xJ0 Fx/(a)
and finally,
0 (!
&0t 2) = / / @(x,x’)'w ﬂé’N(dx’,da’)—ﬁé(dx’,da’)], (5.15)
XJ0 Fx/(a)

=N . . c s .- _ _
so that & (t, XV) accounts for the approximation of the initial condition ué’N by 1.

Lemma 5.4. With the above definitions, for any N > 1, i € SN(0), t > 0, we have

%iv(t) -3t x)N) = ﬁiv(t) (discrepancies between the jumps)
+ ﬁ1{\770@) + @iv’l(t) (Law of Large Number)

+ ENvO(t’ XzN) + EN’I(t, X-N) (discrepancies between the kernels)

(2
N’O(t, XN+ @N’l(t, XN)  (discrepancies between the initial conditions).

)

+¢
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Proof. From (5.11) it follows that P(7, > s) = exp ( f; §(r, 2/)dr), hence the law of 7,s has
the density F(s,z’) exp[[; §(r,2’)dr]. This fact combined with (3.5) leads to

/ / oz, )Mt — 5)F(s,2') i (da')ds = /X oz, 2 BNt — FAS (). (5.16)

Plugging this identity in (3.2), we deduce the decomposition F(t,z) = §O(t,a:) + §1(t,at),

where
t x) // o(z,2') F @ —;t) fd(dz’, da’), (5.17)
3 (o) = /X oz, 2') - BNt — 7)) 55 (da') . (5.18)

We aim at a similar decomposition for ?fv (t). Recall (2.11) where D (¢) has been defined
as the subset in S}’ of individuals that have been infected by the disease by time ¢. If
j € IN®#) NSY, then j € DN(t) and thus Aj-v(t) =1-— TJN. If, on the other hand,
j € S¥\ DN(t), then A;-V(t) =0, and thus A;V(Aév(t)) = 0.

Recalling (2.12), we thus get the decomposition §fv(t) = §£V,0(t) +§£V’1(t), where

50 = wNg) AN AN ) + 1) (5.19)
JEIN(0)

5= Y WNag) -, (5.20)
JESN(0)

We first show that 5, (£) — 5 (£, XN) = T °) + £ (¢, X¥) + €0 (¢, X), and next
that 3 (1) =3 (6, XN) =2 (1) + B (1) + 00, XN) + €V e, X,

By combining (5.13) with (5.19), then with the definition of z;™" in (2.17), we have

_ _ 1 NXN, AN (0) + 1)
303 = Y NN XML
N o) ’ Fxx (45()

) 5\ ! t
= [T AT i ).
XJ0 z a’)

Fe(
Plugging (5.14) into this expression, then exploiting (5.15) and (5.17), we obtain
A

N,0

—=N,0 N x/) a —+ t) _I,N ! 1

VO~ O, X! AT-G TV LN Qe g

ARG )= [ [ e Fy )
=¢ o (t’XzN)+%’ (thz'N)a

which concludes our first claim. For the second clalm, there is a first additional step

where AN () is related to A”iv (t) =t — 7, through Ql (t), before we can exploit the same
arguments. We first combine (5.7) with (5 20), and hence,

- = Y WNE AN -7,

JESN(0)
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Plugging (5.9) into this expression and exploiting the definitions of z*% in (2.16) and of
T in (5.11), we deduce that

ORI AR SEEAC AP DR C AN )
JESTO) (5.22)

= [ eV OEY BN ¢ - Tl o).
Next plugging (5.10) into this exprefsion, then exploiting (5.12) and (5.18), we get
(#) — (¢, xN) = /X S(XN, 2 VEN, t — )] iS (da)

— &N XN+ F (@ xN).

SO -4 () -
(5.23)

Since J(t,r) = §O(t, a:)+§1 (t,z) and §fv(t) = @ﬁv’o(t)—i—@fy’l(t), combining (5.21) and (5.23)
concludes the proof of Lemma 5.4. O
Remark 5.5. In the expression of @N’l(t, x) in (5.12), we decided to relate as directly as
possible to the difference between ﬂg’N and ﬂg. That being said, this term has the following

alternative interpretation in terms of the difference between the processes ﬁSS’N and [i5:

// oz, 2 ATt — 5) - F(s, )[SN ug}(dx')ds]. (5.24)

Proof of (5.24). Recall the identity (5.16). Similarly, we express ?JN through the Poisson
random measure @;:

= 3w xRN -7 (5.25)

JESN(0)

:Eé\f

Z / / (x, XN X]N’t_S)ﬂ{f)f’(s—):o}]l{ugg(s,X‘;V)}Qj(ds’du)]'

jGSN

In the expression in the second line, we can replace ); by its intensity since the integrant
is predictable with respect to its filtration (F/V), then express the sum over j € S¥(0) in
terms of the empirical measure ﬁf’N recall (5.2), which leads to

EZ / / o(x, )Nt — 5)F(s, 2" )N (da’ )ds] (5.26)
Recalling (5.22) in addition to (5.16), (5.25) and (5.26), we deduce identity (5.24). O
In the following, we treat separately the various terms distinguished in Lemma 5.4, first

AV see Lemma 5.6, second @N’l and @N’O, see Lemma 5.7, third EN’I and EN’O, see

/BR)
Lemma 5.8, and finally &V and @N’O, see Lemma 5.10. We start with the processes (ﬁlN )
defined in (5.7).

Lemma 5.6. Under Assumptions 1, 5, 6 and 8, there exist a constant C' > 0 such that

By [; > [l

€SN (0)

<C.AN@) +TY
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holds a.s. for any t > 0, where Zg(t) is defined in (5.6), and TV is given by

TV = A IV F N (5.27)

We recall the defining property of w* given in Assumption 7.

Proof. Recalling (5.7) and exploiting the upper-bound A* of the functions ()\év ), we get
7N * g . .
>l Y s -DYe)l- Y W), (5.28)
ieSN (0) jesN () "<t €SN (0)

We observe for any j € S™V(0), the following identity by virtue of (2.6):
] Y w9 = / &N (2, XNV ESN (da).
€SN (0) X

Since @! is upper-bounded by w* and ﬂOS’N(X) < 1, we obtain the upper bound

1 N A" - o
< > @[S X swIinym) -DY ol B +w),  (529)
i€SN(0) jesN(0) "=t
where N
CAESEDY wN(i,j)—EéV[ 3 wN(i,j)}. (5.30)
ieSN(0) i€eSN(0)

Since sup, < |D§V(T) - ]_N)JN(T)| is upper-bounded by 1 for any j € S™V(0), (5.29) entails

B [}V > )]mfv@)]

€SN (0

<C. Ayt +u",

where C = \* - w* and
7N * ~
a = NEéV[ > ySJN\] : (5.31)
JjeSN(0)

So Lemma 5.6 will be concluded by showing that v < T, Thanks to the Cauchy-
Schwartz inequality with respect to the product measure, with the fact that the cardinality
of SV(0) is less than N:

1

N N

E} <% > Eb
jESN(0)

¥ > |8

JESN(0)

(@N )2] . (5.32)

For any j € SM(0) and conditionally on JFJ, §JN is the sum of independent centered
variables, which leads to the following identity:

N\ 2
(SJN) - 3 Var) [wN(z',j)] .
€SN (0)
We recall that Varl (Z) = B} (Z?) — E}'(Z)? by definition of this variance conditional on
FYV for any random variable Z. As we will need later the conditional second moment of

w™N (i, j) instead of its variance, we rather consider it as the upper-bound, then exploit (2.8)
and (2.4) to deduce the following inequality:

Ey
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N oN 2 N |, N
(M) | = X E [0V
i€eSN(0)

= > E[NGi ) eV + D AN, X AN, X)) (5.33)
€SN (0) 1eSN(0)

Remark that from (2.6), for any i, 5 € SY(0), &N (XN, X V)N (XY, X¥) = oV (XY, X V) /N <
w*/N. Recalling the definitions given in Assumption 8, we thus deduce

S > EEY)

jESN(O
Recalling (5.31) and (5.32), this entails f" < 3" a.s. and concludes the proof of Lemma 5.6.
O

< TN 4 wr AV, (5.34)

For the upper-bound of @ﬁv’l and @fv’o as defined in respectively (5.9) and (5.13), the
proof of the next lemma follows similar principles as in the previous one.

Lemma 5.7. The following upper-bound holds for any t > 0 with the sequence ({UN)Nzl
defined in (5.27):

Bls ¥ @l ve [y X 1w 0] <3"
ieSN(0) i€SN(0)

Proof. We treat this component in the same way as 4"V, starting with the Cauchy-Schwartz
inequality:

IE{)V[% > @ng,l(t)‘]g % > EN[(le(t))Q},

ieSN (0) 1eSN(0)

Recalling (5.9), we note that the random variables ﬁév’l(t) are centered conditionally on

FIV, so that the term under the square root is actually a variance. ﬁiv ’l(t) is a sum of r.v.’s
which are orthogonal in L?(, P{). Thus, for any i € SV (0),

B (@ 0)°) = Y Vard [w(i,g) AN (- 7)),

JESN(0)

For any 4,5 € S(0), since w? (i,5) and )\;\/ (t — ?]N ) are independent conditionally on F¥
and since the functions ()\jv ) are uniformly upper-bounded by \*:

Varg [w™ (i, 7) - AV (£ = 7)) < (32 By [w™ (i, 5)?]. (5.35)
The argument for the following inequality is then the same as for (5.34):

1 N N,1 2 *\ 2 N * =N

— < . . ) )

~ > E [(m (t))]_(x) [T Fwtd } (5.36)

€SN (0)
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Concerning the sequence (@fv ’O(t)), we first recall the following identity for any j € Z™(0)
as part of Assumption 3:

AXN, AN(0) +1)
F;;V(Aﬁ-v(o))

EY [Aj.v (AN (0) +t)} - (5.37)
Since w™ (i, ) and )\év (A;V (0) + t) are independent conditionally on FJ¥, we deduce that
ﬁ,fv o (t) is also conditionally centered, whatever i € S™(0) and ¢ > 0. We can then exploit
the same argument for @ﬁv’o(t) as for @ﬁv’l(t), thanks to the Cauchy-Schwartz inequality
and replacing (5.35) by

Varg [w™ (i, 7) - A (47(0) + )] < (W) Eq [0 (0, 5)7]

Lemma 5.7 is therefore concluded with T in (5.27)

eV and Y as defined respectively in (5.10) and (5.14) are quite directly upper-

bounded.

O

Lemma 5.8. By virtue of Assumptions 2, 8 and 5:
£ )| + |2 2)| < 3 12 = Bl
holds for any t > 0 and x € X.

Proof. We first upper-bound |w? (z, 2')—@(x, 2')| by ||©@" —@||se. By virtue of Assumption 3,
we exploit A\* as the upper-bound for any 2/ € X and any a',t € Ry of E[A(z/,t — 7p/)]
in (5.10) and of A(a',d’' + t)/FS(a’ +t). Since FS is non-increasing for any such z’ by
virtue of Assumption 2, the latter upper-bound entails the one of A(z/,a’ +t)/F¢(a’) in
(5.14). Finally, by virtue of the considered scaling of %" (dz’) and of g/" (dz’,da’), recall
(2.13)-(2.14), their added masses is upper-bounded by 1, which concludes the proof of

Lemma 5.8. O

In order to finally deal with the upper-bound of both EN’I and @N’O, defined respec-
tively in (5.12) and (5.15), we exploit the following proposition which will be proved in
Appendix A.

Proposition 5.9. Let ) be a Polish space. Let p € M(X), v € M(Y) andk : Xx) — R be
a bounded measurable function that is continuous p ® v almost everywhere. Let in addition
(M) n>1 and (V) N1 be two sequences of possibly random measures in M(X) and M(),
respectively, that converge in probability respectively to u and v, for the topology of weak
convergence. Then, the following quantity converges to zero in probability as N tends to
infinity:

/X‘/yk(%y)[VN —](dy) | (dz).

. —N,1 —N,0 : .
We are now ready for the estimate of & ™ and € ' provided in the next lemma.

Lemma 5.10. For any t > 0, the following random variable converges to 0 in probability
as N tends to infinity:

—=N _S,N ’—N,I
)

V() = (a ™, 1€ (8, )+ 1€, ).
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Proof. Recalling (5.15), the fact that <,D,g o \@N’O (t,.)]) converges to zero is a direct conse-
quence of Proposition 5.9 with ) = X x Ry and
— S\(I/,a/—i-t) . c /
_S.N _ W(l’,x,)‘ﬁ lfF/(a)>0,
:uN =My, M= ,Ug, k?(x,x’,a/) = Forlah) * .
0 otherwise,
vN0(de da) = ﬂé’N(dx',da'), VO(de’,dd’) := pd(da’,dd’) .

Assumption 5 states that ¥ and ™0 converge weakly to respectively p and ©°. We recall
the upper-bound of A(2/,a’ +t)/F%(a’) by A\* as a consequence of Assumptions 2 and 3.
We recall also the uniform upper-bound w* of @, as defined in Assumption 7. w* - \* is
thus a global upper-bound of k.

By virtue of Assumption 6 and since ¢t > 0, the following property holds for (u ® 1°)
almost every triplet (z,2’,a’) such that FS (a') = 0: F§ (a' +t) = 0 holds for any (z,%’,a’)
in a small enough neighborhood of (x,2’,a’), thus also A\(#,d’ +t) = 0 and k(z,4’,a’) = 0.

The following property holds on the other hand, for (z®2°) almost every triplet (z, 2/, a’)
such that FS (a") > 0: Fg (a") > 0 holds for any (Z,#’,d’) in a small enough neighborhood of
(z,2',d"). Still by virtue of Assumption 6 on A and fif), the function : (2/,a’) — A(z’,a’ +1)
is v%-a.e. continuous. We thus conclude that k? is (u ® v°)-a.e. continuous.

Proposition 5.9 does therefore entail that (ﬂg’N, |@N’0(t, J)|) tends to zero.

)

Recalling (5.12), the fact that <ﬂ§ o \@N’l(t, .)|) converges to zero is a consequence as
well of Proposition 5.9 with this time ) = X and

pVo =N =S =0 =S K (n,2)) = o(a,a)) Bt —T)]

The fact that ¥ and V' converge weakly in probability to u = v! follows from As-
sumption 5. k} is bounded under Assumptions 1 and 6. To check that k} is (u ® v!) a.e.
continuous, we exploit the following alternative expression:

El(z,2') = @(x, 2) /Ot A/ t —5)-F(s,2') - exp {— /OS S(r, x/)dr] ds,

derived with the same argument as for (5.24). Thanks to Assumptions 1 and 6 and Lemma
4.2, we can conclude that k' is (u ® v!) a.e. continuous, as stated in Lemma A.3 in
Appendix A.

Proposition 5.9 does therefore entail that (ﬂg’N, |@N’1(t, .)|) tends to zero. O

With Lemmas 5.6, 5.7, 5.8 and 5.10, we are ready to prove the following comparison
result with the original model.

Proposition 5.11. As N — oo, Zg(t) defined in (5.6) converges in probability to 0 locally
uniformly in t.

Proof. First note that it suffices to prove the convergence for any fixed . The locally

uniform convergence then follows from Lemma A.1 in Appendix A since : ¢ — Zg(t) is a.s.
non-decreasing for any N. For any i and ¢,

- t 00
sup|D§V(r)—DfV(r)y</0/o Lfuen () Qi(ds, du),

r<t
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where the interval B (s) is defined as follows:
N = =N =
BY(s) = [§i (5) A (s, X1), T () v (s, X)),

with a length equal to ’ﬁv(s) — (s, XZN)| Summing over i and taking expectation on the
(Qi)i<n, we obtain

AN < IEN / 37 (s) - §(s XN)|ds} . (5.38)

ZGSN

Starting from (5.38), for any 7 and ¢, we decompose the integrand into seven terms according
to Lemma 5.4. Five among these terms are first treated thanks to Lemmas 5.6, 5.7 and 5.8,
so that there exists C' > 0, TV = A /TN § ot 4N and V= |@" — @0, the later
two converging in probability to zero by virtue respectively of Assumptions 8 and 6, such
that

t t
Ag@gc./ Ag(s)+t-(2mN+£N)+/<ug’N,\€
0 0

N )+ @Y%, )ds. (5.39)

Thanks to Lemma 5.10, the integrand (<ﬂOS’N, |@N’1(57 I+ |@N’O(s, 1)) sejo, converges to 0
pointwise in probability for any s > 0. By virtue of Assumptions 3 and 7, for the defining
properties of A* and w*, we obtain that

@V (s, 2) | v [EV (s, )| < w* A,

holds for any s > 0 and any z € X. Since _SN(X) < 1, the integrand is itself upper-bounded
by w* A\*. By Lebesgue’s dominated convergence theorem, we deduce the convergence to
0 in probability as N tends to infinity of the following random variable for any ¢, the r.v.
being non-decreasing with ¢:

t
_ —N,1 —N,0
/O (BN (€ (s, )]+ 1€ (s, ) )ds .

With (5.39), we are therefore in situation to apply Gronwall’s inequality and conclude

Proposition 5.11 in that Zg (t) converges to 0 in probability for any ¢ as N — oo. u

Before proceeding, let us state a result which is exactly Theorem I1.4.1 in [49] and will
be needed in the next proof. Let us generally consider a Polish space ). We say that a
subset M of Cp()) is separating if (7) it includes the constant function : z — 1 and (i7) it
discriminates elements of M1())), in that for any (v,v/) € M1(YV)?, v = v/ is equivalent
to the property that (v,¢) = (v, ¢) for any ¢ € M. It is well known that Cy(Y) itself is
separating. A sequence of random elements of D(R4, M(})) is said to be C-tight if it is
tight and any limit of a converging subsequence is a.s. continuous.

Proposition 5.12. A sequence of processes (v )pen+ is C-tight in D(Ry, M1(Y)) if and
only if:
(a) Compact Containment Condition (CCC). For alle >0 and T, there exists a
compact set K. in Y such that:

NeN* t<T

sup P <sup N (KS) > ) <e.
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(b) Tightness of the projections. The sequence ({vN, ) nen+ is C-tight in D(R ., R)
for any function ¢ in a separating class M.

We can then conclude to the convergence of the measure 5V:

Proposition 5.13. As N — oo, the following convergence holds in probability

N — g% in DRy, M(X)).

Proof. We apply Proposition 5.12 with ) = X, vV = a5 and M = G,y (X) the set
of bounded continuous functions from X to Ry. Cpy(X) is separating since Cp(X) is itself

separating. Point (a) follows readily from the two facts: ﬂgs’N) (K¢ < ﬂ[()S’N)(KEC), and

/Z(()S’N) = ﬂg in probability (exploiting for instance the Lévy-Prokhorov metric).

Concerning Point (b), let us consider any ¢ € Cp 4 (X). Recall that from Lemma 5.1

<,U,§S’N),<p> converges in probability to (f;, ) for any t > 0. Moreover, by definition of

5 N) and Zg in respectively (5.2) and (5.6):

_(S,N ~(S,N ——N
(BN o) = (G5 o) < [lelloo - A (E), (5.40)

with an upper-bound that converges to 0 in probability locally uniformly in ¢ thanks to

Proposition 5.11. Therefore, <[LES’N),§0> converges in probability to (fiy, ) pointwise for

any t > 0. In addition, since ¢ is non-negative, ¢t — </1£S’N), ) is non-increasing for each
N > 1. Also, t — {(iy,¢) is continuous. Thanks to Lemma A.1 in Appendix A, the
convergence in probability of (ﬂgs’N), ©) to (fif, p) therefore holds locally uniform in .

Thanks to Proposition 5.12, the sequence (i(¥N))yen- is thus C-tight. By the conver-
gence of the projection, any limit point is necessarily ,a(“.g), which concludes that a(5:N)
converges to i) in D(R,, M(X)). O

The above arguments directly entail the following pointwise in time convergence result
on the force of infection.

Proposition 5.14. The following convergence to 0 holds a.s. for anyt > 0:

% 3 ‘gfv(t)—s(t,xgv)]] —0. (5.41)

Proof. As a consequence of Lemmas 5.4, 5.6, 5.7, 5.8 and 5.10, we obtain

>

ieSN(0)

EY 50 -5 xN)|| <0 A1) +3T 42 @ —ale + € (1)

where C, \* < oo while Zg(t), ﬁN, @ — @)l and @N(t) all tend to 0 thanks respectively
to Proposition 5.11, Assumption 8, Assumption 6, and Lemma 5.10. This concludes the
proof of Proposition 5.14. O

As a consequence of Propositions 5.11 and 5.14, by exploiting a similar approach as for
the convergence to ,af in Lemma 5.1, we could typically prove the following pointwise in
time convergence in probability in terms of any test function ¢ € Cy(X):

SF () Ly ooy #XY) = B0 ).

<N
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The test function ¢ evaluates here the convergence of a distribution on X that we call the

activated force of infection. The measure on the left-hand side can be interpreted as minus

the derivative of the process iV at time t.

5.2. Convergence of (i .IN, ,uR N) Because the proof is simpler and more related to the

one of Proposition 5.13 we first justify in the next proposition the convergence of the LLN-

scaled recovered process ﬂf ’N, before we treat similarly in Proposition 5.16 the process

_I,N

I

Proposition 5.15. As N — oo, the following convergence holds in probability
g = B in DRy, M(X)).

Proof. We distinguish three components depending on the initial condition of the individ-
uals:

RN _ RN | _RNO , _RN,

Ry’ = Hol [y R TR (5.42)
where the measures fif%V0 and pf%V>! act as follows on test functions ¢ € Cy(Ry) and time
t>0:

1
R,N,0
(Mt 7§0> = N Z ]].{n;\l,ogt}(p(X]N), (543)
JEIN(0)
and )
_R,N,1
i€DN(t)

We recall that DN (¢) is defined in (2.11) as the subset in SV of individuals infected by

the disease by time t. The convergence for the first term <ﬂé% ’N,g0> to (af,¢) is part of
Assumption 5.

Concerning [ , we will justify the convergence in probability through the computation
of the expectations and variances, conditional on F N,

5 [l 0] = [ et (1= ZEED )l oo (5.45)

Thanks to Assumption 5, the above conditional expectation converges in probability to

) = [ ] et (1- et ez, da). (5.46)

By the independence of the 77;.\770 for j € TN (O) conditionally on F2¥, we obtain

e [51.]-  [ i EE (- E

< lels
- N
_R,N0 ., _RO .
Finally we conclude the convergence in probability of f, to i1, as defined in (5.46).

~R,N,0

(5.47)

We then look at the mean-field approximation of "1 as defined in (5.44):

Vo) = 3 A ey oK) (5.48)
ie€DN ()
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We recall that DV () is defined in (5.8) as the subset of individuals infected according to
(7) during the time-interval (0, ).

EY [<~,{‘3N1 / /gsx exp[ /gm } W(t—s)ds a5V (dz) . (5.49)

Thanks to Assumption 5 and (3.5), the above conditional expectation converges in proba-

bility to:
/ / Fu(t—s)- %(s,x)-exp[— /0 Sg(r,x)dr] i (dz) ds

// Fo(t —s)-§(s,z)is (dz) ds .

By the independence of the 7Y and of the 7~'Z~N for i € SN (0) conditionally on F3', we obtain
~R,N,1 ”SOHEO 551
Var) [( Ly ,ap>} < N (5.51)

Recalling (5.6), since the two events {7 +n¥ <t} and {7 +n» <t} agree on the event
{D(r) = D (r),vr € 0,4]}:

@ = M o) < llelloo - B (). (5.52)
The right-hand side converges in probability to 0 as N — oo thanks to Proposition 5.11.
With (5.49), (5.50), (5.51) and (5.52) we deduce the convergence in probability of (1, TrART)
o (i o) as defined in (5.48). By recalling (5.42) the convergence of jii"™"* and (3.4),
we conclude the convergence in probability of <,af ) to (aF, ).

(5.50)

For non-negative ¢, the function : t — (ﬂf ’N, ¢) is non-decreasing. We can thus easily
adapt the argument given in Proposition 5.13, which notably involves the tightness criteria
given in Proposition 5.12 with vV = gV still Y = X and 9 = 4 (X) so as to apply the
Second Dini theorem. For any ¢ and any compact set K, il (K¢) < X (K¢) as defined

n (2.19). Since the latter converges in probability to fix, recalling (2.19), we can find for
any € > 0 some compact set K. such that
sup ]P’(ﬂ%(Kg) > 6) <e.

N>1

Point (@) in Proposition 5.12 is therefore verified as well. So we deduce that the con-
vergence in probability extends to the function %" in D, which concludes the proof of
Proposition 5.15. O

Proposition 5.16. As N — oo, the following convergence holds in probability
N =l in DRy, M(X xRy)).

Proof. Although the proof is more technical than the one of Proposition 5.15, we exploit
similar arguments. In order to exploit the Second Dini theorem, we wish to consider non-
increasing projections. This is why we will study the following extended measure ﬂf LN for
test functions v in the set M(X x [—1,00)) of functions from X x [—1,00) to R, that are
continuous, bounded, non-negative and non-increasing in the second variable:

("N ) = (0N (e, —1) + (N 0.0
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1
= N Z (H{DzN(t)=O}w(XZN7 _1) + ]l{DZN(t)ZI} H{nfv>t—TiN}¢(XiN7t — 7-Z.N)>

1€SN(0)

1
+ N Z | ]]_{nlg\l,0>t}d)(vaaA§V(O) +1).

JEIN(0

In words, 57N is derived from the addition of both &%Y and /"N where the first measure

on X is projected with a fixed component —1 according to the age variable. Intuitively,
what we are doing is considering susceptible individuals as infected with infection age —1.
The fact that 1 is non-negative implies that any recovery event leads to a reduction of
(@STN ) at this particular time. The fact that ¢ is non-increasing in the second variable
implies that the aging of the actively infected leads as well to a reduction of (i SLN b over
time. With this trick of combining %" to g’ into z°0Y, any infection event leads as
well to a reduction of (57N, ) at the infection time.

We will make use of Proposition 5.12 in combination with the following lemma by con-
sidering for vV = 51N the set ) = X x [~1, 00) and the proposed set M(X x [—1,00)) as
the separating class.

Lemma 5.17. The set M(X x [—1,00)) of functions that are continuous, bounded, non-
negative and non-increasing in the second variable is a separating class.

Proof. The fact that the constant function equal to 1 is part of (X x [—1,00)) comes
readily from the definition. If v,1/ are such that (v, ¢) = (', ¢) for any ¢ € M, then the
classical approximation scheme of indicator functions by bounded continuous functions leads
to the identity v(A x [—1,a]) = /(A x [-1,a]), for any a € [—1, 00) and measurable subset
A of X. The sets of this form A x [—1,a] form a 7-system of subsets of the product space
X x [-1,00) that contains X x [—1, 00) itself and generates the Borel o-field of X x [—1, 00).
The identity v = v/ is thus deduced thanks e.g. to [36, Lemma 1.17]. This concludes the
proof of Lemma 5.17. g

Then, it mainly remains to adapt the computations of conditional expectations and
variances from the proof of Proposition 5.15. !V is similarly decomposed into the sum of
ahN0 and g1 that are represented as follows for any ¢ € Cp(X x R4 ) and ¢t > 0:

I,N,
(™) = N D Lo n (X7 AT (0) +4), (5.53)
jev)
and
1
_I,N,1
<lu’t >¢> = N Z ﬂ{71N+n£V>t}w(XiN7 t— TiN> . (554)
i€DN (1)
Concerning fi’"V?, we have

E(])V[W{Noﬂb //w x,a+1) Fc(a(—i—)t) g™ (dz, da)

Thanks to Assumption 5, the above conditional expectation converges in probability to:

i) = [ [ vtas e D o). (5.55)
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By the independence of the nN’O for j € ZV(0) conditionally on FJ¥, we obtain

Var)) [(M,{NO7¢ N// Y(z,a +t)? F';;(,Z(+)t) <1 - Pw>uéw(dx,da)
Il

N

So we conclude to the convergence in probability of <ﬂ{ V0 , ) to <,uI NO, ¥) as defined in
(5.55), valid for any ¢ > 0 and any ¢ € Cp(X x R4).

We then con51der the mean-field approximation of i
the notations 7V and DN (t) from (5.8):

i!N:1 as defined in (5.54), exploiting

@V =5 S ﬂ{ww»}va T, (550)
i€DN (¢
[ ) = [ [ Fer o] - /sx | Rt vt = s V).

(5.57)
Thanks to Assumption 5 and (3.5), the above conditional expectation converges in proba-
bility to

0 // V(s t—s) - Fult—5) - g(s,x)-exp[—Asg<r,x)dr]dsﬁ§(dm) -

//th—s Fo(t —s)-§(s,z)is (dz) ds .

By the independence of the 7V and of the 7V for i € SV (0) conditionally on F}¥, we obtain

vary [, 0] < W (5.59)

Recalling (5.6), since the two events {7V +n» >t} and {7 + n¥ > t} agree on the event
{DN(r) = DN (r),vt € [0,1]}, we get

@ = 0] < [l - B (). (5.60)
The right-hand side converges in probability to 0 as IV tends to infinity thanks to Proposi-
tion 5.11. With (5.57), (5.58), (5.59) and (5.60) we deduce the convergence in probability
of <,utIN1,1/J> to <ﬁf’1,¢> as defined in (5.58).
This concludes the proof that (ﬂf A 1) converges in probability to (il, ), for any t > 0
and any ¢ € Cp(X x Ry). Recalhng Proposition 5.13, we deduce specifically that <,ufl N ()
converges in probability to (u , ), for any t > 0 and any ¢ € 9, where

</Z%SI7 > = <ﬂf7¢( ) _1)> + <ﬂ{7w|X><[0,oo)> . (5'61)

Note about the above definition of ! through test functions 1 € 90 that it already
uniquely specifies ﬁfl due to 91 being a separating class. The extension of this definition
to any 1 € Cp(X x [—1,00)) is yet very natural.

With the crucial arguments given at the beginning of this proof of Proposition 5.16, recall
that (i SIN, ) is for any 1 € 9N non-increasing as a function of ¢. On the other hand,
(77,4) is deterministic, continuous and non-increasing as a function of . We can thus
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adapt the argument given in Proposition 5.13 to show that the convergence in probability
of <ﬂf LN ) to (@S, 1) is locally uniform in ¢. This concludes Point (b) in Proposition 5.12.

Concerning Point (a), we remark for any compact set K in X and any A > 0 that
_S c -S| c I, c
N [ < =1 A+ )] < g™ [K] + g [(K < [0, A])e]. (5.62)

Since ﬂg N and ﬂé’N converge in probability to respectively /lg and ﬂé, there exists for any
€ > 0 such a compact set K in X and A > 0 that satisfy

s%p]P’(/]OS’N [K°] —i—ﬂé’N[(K x [0, A])°] > ¢) <e.

Recalling (5.62), this entails Point (a), for any 7' > 0 with K& = K x [-1, A+ T]. We
then exploit Proposition 5.12 and conclude the proof of Proposition 5.16 that z(l:N)| as the
restriction of i(57V) to X x R, converges in probability to z/"¥) in D(R, M(XxR,)). O

6. CONCLUDING REMARKS

Typical examples of pairwise kernel interactions found in applications are contact ma-
trices over a discrete space as in [11], e.g., as well as spatial interactions as in [37] with
characteristics that are distributed on a compact subset of R%. Our conditions encompass
both settings, and any combination of those.

They also allow for a scaling factor ¢V > 0 depending on N such that &£V = V. & where &
can be a constant but also a non-degenerate bounded measurable function. A typical choice
is for instance ¢V = N~ with o € (0,1). Provided we assume as in [38] that the contact
rate is fixed at some value ¥V > 0, Ne¥ — oo is required (and sufficient) for Assumption 8
to hold. We do not need to require the convergence to infinity of Ne® /log(N) as in [38].
We remark that Ne®¥ — oo ensures that the node degrees diverge, with no condition on
their relation to N. We refer to [20] for more details on the relation to the denseness level
of the graph (in terms notably of the number of edges or the node degrees). The case where
eV = N~ leads to limiting equations of a different nature, as hinted by the exploratory
simulations in [20] and clarified in the results of [10] for specific cases of stochastic block
models.

Besides, our conditions guarantee the robustness of the convergence against perturbations
that concern a negligible subset of edges, since the two statistics introduced in Assumption 8
are averages.

Moreover, it can be helpful to introduce different kinds of interactions with their corre-
sponding scaling factors. For example, we may consider the (XZN ) as spatial coordinates,
say uniformly distributed in [0, 1] and with the norm-distance d(z,y) = |z — y| on the circle
so that all the locations are equivalent (and where 0 is merged with 1). Let us then distin-
guish in the expressions of £V and 7V a local interaction pattern (specified by the index
L) with radius ¢ € (0,1/2) and a global interaction pattern (with index G) over the whole
domain:

N

WN.L

N,L :
N N Yoz -yl <4,
K I’ = b l‘? = .
() { w9 7 (@9) {'yN’g otherwise.

Typically, we could expect £N£ > k™9 while vV9 > ~N£L that is, many small local
contacts as compared to rare yet strongly connected global contacts. Such a framework on
a network is captured by our model.
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N,L . N,L N,G .~ NG

Both types of contacts remain in the limit provided both ~Y* and k¥ -y scale as
N1 Actually we see that the contribution of the local contacts then outcompetes the one
of global contacts under the following condition: (k™% -yN£) /(kN9 . 4N9) > (26) /(1 —26).

A possible extension of our result would be to consider individual types that evolve in
time, typically seasonal or when the individual locations move in space. Another natural
objective would be to establish the FLLN in instances where the limiting kernel & incor-
porates an additional dependency on the overall distribution fix as in the general setting
of [37]. The inclusion of superspreading events, defined as the occurrence of highly hetero-
geneous transmission, would require to relax the boundedness conditions (see [19] in this
direction regarding @ or [29] regarding AY), which also leads to additional difficulties.

APPENDIX A. TECHNICAL SUPPORTING RESULTS

In Appendix A, we prove three technical results that are exploited in the current paper.
Lemma A.1 is used to deduce local uniform convergence in probability from pointwise
estimates. Lemma A.2 is used to deduce the a.e. continuity of sections of a.e. continuous
kernels and a related result is stated in the next Lemma A.3. The more technical proof of
Proposition 5.9 is given afterwards.

A.1. From pointwise to locally uniform convergence in probability.
In Lemma A.1, we state that the second Dini theorem extends to convergences in probability
of random functions.

Lemma A.1. Let ¢ be a possibly random non-decreasing and continuous function from R
to R. Let also ¢™ be a possibly random sequence of non-decreasing functions from Ry to R
that converges pointwise in probability to v¥. Then, Y™ converges in probability to ¢ locally
uniformly.

Proof. We exploit the relation between the convergence in probability and the a.s. conver-
gence along sequence extractions as stated in [36, Lemma 4.2].

Let (N[k])k>1 € NY be an increasing sequence and for any T, let (¢;);>1 be a countable
dense subset of [0, T'|. By a triangular argument, we can then define an extraction (ﬁn)nZI =
(Nkn))n>1 € NN, with the sequence (kn)n>1 being increasing, such that for any i > 1,
1/1]\7" (t;) converges a.s. to ¥(t;) as n tends to infinity. Thanks to the second Dini theorem
(see Exercise 127 on page 81, and its solution on page 270 in Polya and Szegd [50]), this
entails the a.s. convergence of ¥V (t) to 1 (t) uniformly in ¢ € [0,T]. Since the sequence
(Kfn) is an extraction of any initial subsequence and T' can be freely chosen, this concludes
thanks to [36, Lemma 4.2] that ¢V (¢) converges in probability to ¢ (t) locally uniformly in
t. ]

A.2. Almost everywhere continuity.

Lemma A.2. Let Y be a Polish space. Let p € M(X), v € M(Y) and k: X x Y — R be a
bounded measurable function that is (u®v)-a.e. continuous. Then the function : x — k(z,.)
is | a.e. continuous from X with values in L'(v).

Lemma A.2 is firstly exploited in the proof of Lemma 4.2 with Y = X, up = v = ix and
k = w. It is also involved in the proof of the following Lemma A.3.
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Proof. For any 0,7 > 0, z € X and 2’ € B(x,n):
| o) = b ) () < 6+ el (Gl o), (A1)

where ,[5,1] = {y € ¥, 32" € B(z, ), [k(z,y) — k(z", )| > 5}.

By assumption, there exists a measurable subset N of X x ) such that p ® v(N) =0
and such that k is continuous in any (z,y) € X? \ N. By the Fubini-Tonelli theorem, for
any :z: 6 X, the section N, is measurable, where N, := {y € X, (z,y) € N}. In addition,
S v(Ne) p(dz) = p @ v(N) = 0, so that v(N,) = 0 for u almost every x. For any y ¢ N,
k is Contlnuous in (x,y), thus k(z,.) is continuous in y, which entails N,,>1G;[0,27"] € N,.
For any & such that v(N,) = 0, v(G,[6,7]) tends to zero as i tends to zero. Recalling (A.1),
it concludes the proof of Lemma A.2. O

Lemma A.3. Lett >0, Y be a Polish space and pn € M(Y). Let the measurable function
kY x[0,t] - R be bounded and p @ Leb-a.e. continuous and the measurable function
F:Y x[0,t] = R be bounded and such that : y — F(y,.) is p-a.e. continuous with respect
to the uniform norm in [0,t]. Then, : y — fot k(y,a) F(y,a)da is p-a.e. continuous.

Leb denotes the Lebesgue measure on [0, ¢]. This lemma is to be applied in the proof of
Lemma 5.10 with Y = X x X u(dy) fix ® fix(dz,da’), k(y,a) = @(z,2') M, t — a) and
F(y,a) = F(a',a) - exp[— [ F(a',r)dr].

It is standard that k is bounded and pu ® Leb-a.e. continuous under Assumption 3, 7 and
6. Thanks to (4.3), F'is bounded and for any y; = (z1,2}) € Y and yo = (22, 25) € V:

1 (1, ) = Fy2, Mrse oy < (L+ A" W™ 8) [F(@h, ) = F(@h, )l e (o,)
which entails the required regularity of F' thanks to Lemma 4.2.

Proof. For any y1,y2 € V:

rﬁm%wn%wm—AM%@ﬂ%@M

< |[Flloo 1k(y1,-) = k(y2, Il zer) + tklloo 1 F(y1,-) — F(y2, )L (0,) -

It concludes the proof of Lemma A.3 by virtue of the assumed regularity of k£ and F', thanks
to Lemma A.2 for the first term in k. ([l

A.3. Proof of Proposition 5.9. We first consider (1) and (vV) as deterministic se-
quences, and then extend the result to random sequences in the last fifth step of the proof.

Proof. By linearity of the above quantity in the function k& and in the pair (vV,v), we may

assume without loss of generality that k is non-negative and bounded by 1, while vV ()) < 1
and v()) < 1. Let us define the integrand in = as eV (x):

N.’IJ: X l/N—I/ . .
>\Auwn 1(dy)| (A.2)

In the degenerate case where v = 0, the convergence of (uV,e™V) to 0 can be directly de-
duced with the upper-bound of eV by ||k||s - " ()) which converges to 0. In the degenerate
case where pu = 0, it suffices to take 3| k||so - ()) as the uniform upper-bound of eV for
any N sufficiently large, as ™V (X) then tends to zero. In the following, we can thus assume
that both v()) > 0 and p(X) > 0.
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The irregularities of k will be located through the following subset G[d, 7] of X x Y, defined
for any d,m7 > 0:

G0, nl == {(z,y) € X x ¥; Diamy(B(z,y);n]) > 0}, (A.3)

where the diameter function Diamy corresponding to the kernel k is defined as follows for
any measurable subset A of X x ):

Diamy(A) :=sup{|k(z) — k(")]; 2,2 € A}, (A.4)

while B[(x,y);n] denotes the open ball centered in (x,y) of radius 1. The size 7 of the
vicinities in (A.3) shall be considered sufficiently small to ensure that discrepancies of order
 are exceptional. The measurability of the set G[d, n] can be more directly verified through
the following definition, which happens to be equivalent to the one given in (A.3):

G16,n = Uggeq, mz1yk([0,a)" Nk~ ([g + 0+ 27", k)"
where A" is defined as follows for any Borel subset A of X? and any 7 > 0:
AT = {(z,2') € X2 Bl(z,a);n] N A £ 0}, (A.5)
so that A" denotes the n-vicinity of A.

Step 1: Convergence of (u,e™) to zero.
Since k is (4 ® v)-a.e. continuous, in particular, k(z,.) is v-a.e. continuous for = on a
measurable set A C X such that u(.A) = 1. For any = € A, thanks to the Portmanteau the-
orem, see e.g. [32], Subsection IV.3a on the ”Weak Convergence of Probability Measures”,
e (z) converges to 0. Remark as compared to the classical version of Portmanteau theorem
that we allow v and v to be general non-negative finite measure rather than probability
measures, given that the proof is not difficult to adapt for this setting. As a consequence of
Lebesgue’s dominated convergence theorem, recalling that £V is bounded (by 1 under our
assumption), we deduce

lim (u,e) = 0. (A.6)

N—oo
Step 2: Convergence of [u® v](G[6,1]) and [n® v™N](G[6,n]) to zero.
Remark that the points of discontinuity of the kernel & are identified as follows in terms of
the sets G[d, n)]:
UnZl mle g[an, 2im]

Note also that the sets G[d, 7] are increasing as 0 decreases and non-increasing as 7 decreases.
Therefore, due to the fact that k is (u ® v)-a.e. continuous, the following convergence to
zero holds for any §:
1@ v)(Gl6.n]) = 0. (A7)

Secondly, we remark that the weak convergence of vV to v implies the weak convergence of
p®@vY to p®v. For any N sufficiently large, thanks to the Portmanteau theorem:

e @ v™)(G18, 1)) < [ @ v)(Gl8, n]") +, (A.8)

where we recall the notation A" from (A.5). Since B[(z,y);n] C B[(2',vy’);2n] holds true
for any (2/,vy') € B|(z,y);n], it is a straightforward consequence of definition (A.3) that
Glo,n]" C G[4,2n]. Recalling (A.7) and coming back to (A.8), we have proved the following
convergence to zero for any 9:

lim
n—0

lim [y & vN(G[8.m) = 0. (A.9)
n—
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Step 3: Relation between the level sets of eV to G[d,1).
We consider for any value § > 0 the corresponding level-set of eV:

HN[O] == {z € X; eN(z) > 0} (A.10)

Let 0 := 24 2v(Y) > 0. For any 7 sufficiently small, we will relate in the following lemma
the intersection H™ [§]° N HN [0 5]" to conditions on the following subsets of )

Gul0,n] :=={y € V; (z,y) € G0, n]}, (A11)
namely the restriction of G[d, 7], recall (A.3), with x as the first coordinate.

Lemma A.4. The following inclusion holds for any é,n > 0 and N > 1:
0 )
HY P RN [0 € {o € X vV (Guloin)) 2 5} U {w € X5 v(Galon]) 2 5 -

Proof. Let us consider any = € HV[§]°NHN [0 6]". We can thus choose some 2’ € HN[05]N
B(z,n). By virtue of (A.11), for N sufficiently large, we obtain

[ ) =kl )| < b vl
= [0,m]¢
<25-v()),

(A.12)

where we have exploited that k, vV and v are non-negative and that vV ())) converges to
v(Y) > 0. On the other hand,

[ ) Rl | <@, A
2 [0,m]

where we recall the assumption that & is non-negative and bounded by 1. Since x € HN[§]°
while 2/ € HN [ 4]:

V(@) — V(@) 2 N (@) — V(@) 2 8- (14 2(D)).
Recalling (A.2) to combine this result with (A.12) and (A.13), we deduce:

ARZ(AL )

This inequality implies either vV (G,[0,7]) > 6/2 or v(G.[6,1]) > 6/2. This concludes the
proof of Lemma A .4. ]

Step 4: Proof of Proposition 5.9 in the particular case where (uY), (vN) are deterministic.
For any 6 > 0 and N > 1 sufficiently large, since the mass of u converges to the one of s,
we obtain
(N, eN) <206 w(X) + pN(HN09]), (A.14)

where we recall (A.10).

We choose 1 € (0, §) sufficiently small thanks to Step 2, to ensure both that [u®v]|(G[d,n])
is smaller than ¢2/2 and similarly for [u ® vV](G[6,7]) for any N sufficiently large. Thanks
to the Markov inequality, we have

n({r ex vl > 2)) < 2eEME0A) (A.15)
Similarly,
N
u({ € X v (Gulon) > g}) <Anev 6](9[5’ ) . (A.16)
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Since pV converges weakly to j, for any N sufficiently large we have
pN (N[0 6]) < p(HY[06]) + 1, (A.17)

where we adapt the definition of n vicinity given in (A.5) to subsets of X. As we expect
HN[5]" to be mostly comprised into HV[§], we make the following distinction

p(HV[08)") < p(HN[0]) + p(HY [0 N HNG 6]7). (A.18)
Thanks to the Markov inequality, we obtain
pHV[O]) <671 (),

which converges to 0 as N tends to infinity as stated in (A.6). We thus restrict to N
sufficiently large in order to ensure that

p(HN[E) <. (A.19)
On the other hand, as a consequence of Step 3, see Lemma A.4, we obtain
p(HY o) N HY [0 8)")
1) 1)

< 7 > — ; > ). :

<u({zexi ¥ @lon) = 5}) +u({r e X v@lin) = 5}). (A20)
For the next upper-bound, valid for n sufficiently small then N sufficiently large, we recall
(A.15), (A.16), (A.18),(A.19), (A.20) and get

n(HN[96)7) < 36.

It remains to combine this result with (A.14) and (A.17) to conclude the proof that
((uN,eN)) tends to zero as N tends to infinity, since § can be taken arbitrarily small.
This concludes the proof of Proposition 5.9 in the particular case where the sequences (u'V)
and (vV) are deterministic.

Step 5: Proof of Proposition 5.9 in the general case where (u) and (v) are random.

For this final step, we no longer require the sequences (u") and (V) to be a priori deter-
ministic, though our approach consists in referring to this convenient situation. We exploit
[36, Lemma 4.2] to relate the convergence of probability to a.s. convergence of sequence
extractions. Let (N[k])g>1 € NY be an increasing sequence. Since ¥ and vV converge in

probability, we can extract a subsequence (N[(]);>1 = (N[K[{]])¢>1 from this sequence such
that (jif) = (MNW) and (7) = (M) converge a.s. respectively to p and v. On this event
of probability 1, we deduce from Step 4 that (ji, &) converges to zero as £ tends to infinity.
Since the convergence of such an extraction of the sequence ((¢V,"V)) holds whatever the
initial extraction, this concludes the proof of Proposition 5.9 in that ((u",&")) converges
in probability to 0. O]
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