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Abstract

We study epidemic models where the infectivity of each individual is a random func-
tion of the infection age (the elapsed time since infection). To describe the epidemic
evolution dynamics, we use a stochastic process that tracks the number of individuals
at each time that have been infected for less than or equal to a certain amount of time,
together with the aggregate infectivity process. We establish the functional law of large
numbers (FLLN) for the stochastic processes that describe the epidemic dynamics. The
limits are described by a set of deterministic Volterra-type integral equations, which
has a further characterization using PDEs under some regularity conditions. The solu-
tions are characterized with boundary conditions that are given by a system of Volterra
equations. We also characterize the equilibrium points for the PDEs in the SIS model
with infection-age dependent infectivity. To establish the FLLNs, we employ a useful
criterion for weak convergence for the two-parameter processes together with useful
representations for the relevant processes via Poisson random measures.
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1 Introduction

Kermack and McKendrick pioneered the introduction of PDE models to describe the
epidemic dynamics for models with infection-age dependent (variable) infectivity in
1932 [19]. The underlying assumption of their model is that the infectious periods
have a general distribution with density which is modeled through an infection-age
dependent recovery rate, the infectious individuals having an infection-age dependent
infectivity, and the recovered ones a recovery-age susceptibility. In the present paper,
we do not consider possible loss of immunity. We defer to a work in preparation
the study of variable susceptibility. In the present paper, we mainly consider the SIR
model (although we can allow for an exposed period, as will be explained below)
and the SIS model. This work is a continuation of our first work on non-Markov
epidemic models [25], and our work on varying infectivity models [10], see also [24].
In those papers, we show that certain deterministic Volterra type integral equations
are Functional Law of Large Numbers (FLLN) limits of adequate individual based
stochastic models. An important feature of our stochastic models is that they are
non-Markov (since the infectious duration need not have an exponential distribution),
and as a result the limiting deterministic models are equations with memory. Note
that as early as in 1927, Kermack and McKendrick introduced in their seminal paper
[18] a SIR model with both infection-age dependent infectivity and infection-age
dependent recovery rate, the latter allowing the infectious period to have an arbitrary
absolutely continuous distribution (the infection-age dependent recovery rate is the
hazard rate function of the infectious period). One part of that paper is devoted to the
simpler case of constant rates, and apparently most of the later literature on epidemic
models has concentrated on this special case, which leads to simpler ODE models,
the corresponding stochastic models being Markov models, at the price of the models
being less realistic. For example, the recent studies in Covid-19 [11, 30] indicates
that using the ODE models can lead to an underestimation of the basic reproduction
number Ry.

In this paper, we go back to the original model of Kermack and McKendrick [18],
with two new aspects. First, as in our previous publications, we want to obtain the
deterministic model as a law of large numbers limit of stochastic models, and second,
we distribute the various infected individuals at time 7 according to their infection-
age, and establish a PDE for the “density of individuals” being infected at time ¢, with
infection-age x.

In our stochastic epidemic model, each individual is associated with a random infec-
tivity, which varies as a function of the age of infection (elapsed time since infection).
The random infectivity functions, effective during the infected period, are assumed to
be i.i.d. for the various individuals, and will also generate the infectious period. The
infectivity function is assumed to be cadlag with a given number of discontinuities,
and upper bounded by a deterministic constant. In particular, the law of the infectious
period can be completely arbitrary. Our modeling approach allows the random infec-
tivity functions to have an initial period of time during which they take zero values,
corresponding to the exposed period. Thus our model generalizes both the classical
SIR and SEIR models. To describe the epidemic dynamics of the model, we use a (two-
parameter or measure-valued) stochastic process that tracks at each time ¢ the number
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of individuals that have been infected for a duration less than or equal to a certain
amount of time x, and an associated aggregate infectivity process which at each time ¢
sums up the infectivities of all individuals who are infected. From these processes, we
can describe the cumulative infection process, the total number of infected individu-
als as well as the number of recovered ones at each time. We use similar processes
to describe the epidemic dynamics for the SIS model with infection-age dependent
infectivity.

In the asymptotic regime of a large population (i.e., as the total population size N
tends to infinity), we establish the FLLN for the epidemic dynamics. The limits are
characterized by a set of deterministic Volterra-type integral equations (Theorem 2.1).
Under certain regularity conditions, the density function of the two-parameter (calen-
dar time and infection age) limit process can be described by a one-dimensional PDE
(Proposition 3.1 in the case where the distribution of the infectious period is absolutely
continuous). Its solution is characterized with a boundary condition satisfying a one-
dimensional Volterra-type integral equation. The aggregate infectivity limit process
can be described by an integral of the average infectivity function with respect to the
limiting two-parameter infectious process (Corollary 3.1, see also Remark 3.4). For
the classical SIR model, we recover the well-known linear PDE first proposed by Ker-
mack and McKendrick [19]. We further derive the PDE model when the distribution
of the infectious period need not be absolutely continuous (Proposition 3.2 and see
also Corollary 3.3 where the infectious periods are deterministic). These PDE models
are new to the literature of epidemiology. For the SIS model, we also describe the
limiting epidemic dynamics and the PDE representations, and derive the equilibrium
quantities associated with the PDE and total count limit (assuming convergence to the
equilibria).

1.1 Literature Review

Non-Markov stochastic epidemic models lead (via the FLLN) to deterministic models,
which are either low dimensional evolution equation with memory (i.e., Volterra type
integral equations), or else coupled ODE/PDE models, where the two variables are
the time and the age of infection (time since infection). The first paper of Kermack
and McKendrick [18] adopts the first point of view, and the two next [19, 20] the
second one. In our recent previous work on this topic [10, 25], we have adopted the
first description. The goal of the present paper is to show that in the limit of a large
population, our stochastic individual based model with age of infection dependent
infectivity and recovery rate converges as well to a limiting system of PDE/ODE:s.
While the general model from [18] was largely neglected until rather recently, most
of the literature concentrating on the particular case of constant rates, there has been
since the 1970s some papers considering infection-age dependent epidemic models,
see in particular [ 14]. More recently, several papers have introduced coupled PDE/ODE
models for studying age of infection dependent both infectivity and recovery rate, see
in particular [6, 16, 22, 28, 29] and Chapter 13 in [23]. In [8], the authors consider a
stochastic epidemic model with contract-tracing, tracking the infection duration since
detection for each individual, and use a measure-valued Markov process to describe
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the epidemic dynamics. They prove a FLLN with a large population and establish a
PDE limit, and also prove a FCLT with a SPDE limit process. Since the beginning of
the Covid-19 pandemic, a huge number of papers have been produced, with various
models of the propagation of this disease. Most of them use ODE models, but a few,
notably [9, 12, 13, 17] consider age of infection dependent infectivity, and possibly
recovery rate. The last two derive the ODE/PDE model as a law of large numbers
limit of stochastic individual based models. The article [12] considers a branching
process approximation of the early phase of an epidemic, and the way they model
the dependence of the rate of infection with respect to the age of infection is less
general than in our model. Recently, the authors in [9] study contact tracing in an
individual-based epidemic model via an “infection graph" of the population, and prove
the local convergence of the random graph to a Poisson marked tree and a Kermack
and McKendrick type of PDE limit for the dynamics by tracking the infection age.

Note also that one way that many authors have chosen in order to improve the
realism of ODE models is by increasing the number of compartments. For instance,
dividing the infectious compartment into subcompartments, each one corresponding
to a different infection rate, is a way to introduce a (piecewise constant) infection
age dependent infectivity. In a way, this means approaching a non-Markov process
of a given dimension by a higher dimensional Markov process, or approaching a
system differential equations with memory by a higher dimensional system of ODE:s.
In the present paper, we show that the system of integral equations with memory
introduced in our earlier work [25] can be replaced by an ODE/PDE system, i.e., an
infinite dimensional differential equation. At the level of the stochastic finite population
model, this means replacing a non-Markov finite dimensional Markov process by a
high dimensional process (whose dimension is bounded by the total population size
N, which tends to infinity in our asymptotic). See Remarks 3.2 and 3.7 below.

We also like to mention the relevant work in queueing systems where the elapsed
service times are tracked using two-parameter or measure-valued processes. The most
relevant to us are the infinite-server (IS) queueing models studied in [1, 26, 27], where
FLLN and FCLT are established for two-parameter processes to tracking elapsed and
residual service times. However, the proof techniques we employ in this paper are very
different from those papers. Here we exploit the representations with Poisson random
measures and use a new weak convergence criterion (Theorem 5.1). In addition, despite
similarities with the IS queueing models, the stochastic epidemic models have an
arrival (infection) process that depend on the state of the system. As a consequence,
the limits in the FLLNSs result in PDEs while the IS queueing models do not.

1.2 Organization of the Paper

The paper is organized as follows. In Sect. 2, we describe the stochastic epidemic
model with infection-age dependent infectivity, and state the FLLN. In Sect. 3, we
present the PDE models from the FLLN limits, and also characterize the solution
properties of the PDEs. The limits and PDE for the SIS model are presented in Sect.
4, which also considers the equilibrium behavior. In Sect. 5, we prove the FLLN. The
Appendix gives the proof of the convergence criterion in Theorem 5.1.
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1.3 Notations

All random variables and processes are defined on a common complete probability
space (2, F, P). The notation = means convergence in distribution. We use 1) for
the indicator function, and occasionally use 1{-} for better readability Throughout
the paper, N denotes the set of natural numbers, and R¥ (]R ) denotes the space of
k-dimensional vectors with real (nonnegative) coordinates, with R(R4) for k = 1.

For x,y € R, we denote x A y = min{x, y} and x V y = max{x, y}. Let D =
DR ; R) denote the space of R-valued cadlag functions defined on R... Throughout
the paper, convergence in D means convergence in the Skorohod J; topology, see
Chapter 3 of [4]. Also, DX stands for the k-fold product equipped with the product
topology. Let C be the subset of D consisting of continuous functions. Let C! consist
of all differentiable functions whose derivative is continuous. Let D4 denote the set of
increasing functions in D. Let Dp = D(Ry; D(R4; R)) be the D-valued D space,
and the convergence in the space Dp means that both D spaces are endowed with the
Skorohod J; topology. The space Cc is equivalent to C(R%; R,.). Let Cy RZ; R4)
denote the space of continuous functions from R%r into R, which are increasing as a
function of their second variable. For any increasing cadlag function F(-) : Ry — Ry,
abusing notation, we write F(dx) by treating F(-) as the positive (finite) measure on
R whose distribution function is F. For any R-valued cadlag function ¢ (-) on R,
the integral fah ¢ (x) F (dx) represents f(a,b] ¢ (x)F(dx) fora < b.

2 Model and FLLN
2.1 Model Description

We consider an epidemic model in which the infectivity rate depends on the age of
infection (that is, how long the individuals have been infected). Specifically, each
individual i is associated with an infectivity process A;(-), and we assume that these
random functions are i.i.d.. Let n; = inf{r > 0 : X;(r) =0, Vr > t} be the infected
period corresponding to the individual that gets infected at time 7,' The n;’s arei.i.d.,
with a cumulative distribution function (c.d.f.) F. Let F€ =1 —

Individuals are grouped into susceptible, infected and recovered ones. Let the
population size be N and S¥ (¢), IV (r) and R" () denote the numbers of the sus-
ceptible, infected and recovered individuals at time #. We have the balance equation:
N = S¥@) + 1Y) + R (1), t > 0. Assume that S¥(0) > 0, IN(0) > 0 and
RN (0) = 0. Let 3V (z, x) be the number of infected individuals at time ¢ that have
been infected for a duration less than or equal to x. Note that foreach 7, J IN(t, x) is non-
decreasing in x, which is the distribution of 7" (r) over the infection-ages. Let AN (¢)
be the cumulative number of newly infected individuals in (0, 7], with the infection
times {tl.N 11 e NL

Let{t /NO’ j=1,...,1IY(0)} be the times at which the initially infected individuals
at time 0 became infected. Then ‘CJNO = ‘L'j o J =1 N (0), represent the

amount of time that an initially infected individual has been 1nfected by time 0, that
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is, the age of infection at time 0. WLOG, assume that 0 > leo > ‘L'ZNO > o >

TIA’/V(O),O (or equivalently 0 < ffYO < leYo << fII\IJV(O),O)’ Set fé\,lo = 0. We define
N, x) = max{j >0:7 ]{YO < x}, the number of initially infected individuals that
have been infected for a duration less than or equal to x at time 0. Assume that there
exists 0 < X < oo such that IV (0) = I3V (0, %) a.s.

Eachinitially infected individual j = 1,..., [ N (0), is associated with an infectivity
process )L(j).(~), and we assume that they are also i.i.d., with the same law as A;(-).
This is reasonable since it is for the same disease, and the infectivity for the initially
and newly infected individuals with the same infection age should have the same
law. The infectivity processes take effect at the epochs of infection. For each j, let
n? =inf{t > 0: )\?(fﬁo—}—r) = 0, Vr > t} be the remaining infectious period, which
depends on the elapsed infection time fj].\”o, but is independent of the elapsed infection
times of other initially infected individuals. In particular, the conditional distribution

of n? given that fjl.vo = s > 01is given by

. Fe(t + )
0 N
]P’(nj > 1]y = s) = ey for >0 .1

Note that the n?’s are independent but not identically distributed.

For an initially infected individual j = 1, ..., I"V(0), the infection age is given by
fjl.\’lo +tfor0 <t < n?, during the remaining infectious period. For a newly infected
individual i, the infection age is given by ¢t — TiN , for riN <t< r,.N + n; during the
infectious period. Note that X;(-) and k(} () are equal to zero on R_.

The aggregate infectivity process at time ¢ is given by

IV (0) AN (1)
V@) = ZM}(%}YOH)JF Zk,-(t—riN>, t>0. 2.2)
j=1 i=1

(Note that the notation IV was used for the infectivity process in [10, 24].) The
instantaneous infection rate at time ¢ can be written as

N
YN = %IN@), t>0. (2.3)

The counting process of newly infected individuals A™ (r) can be written as

13 9]
AN(t)=/0/() 1,<yn - Q(ds, du), (2.4)

where Q is a standard Poisson random measure on ]R%r (see, e.g., [7, Chapter VI]).
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Among the initially infected individuals, the number of individuals who have been
infected for a duration less than or equal to x at time ¢ is equal to

™) INO,c—0)h)
3@, x) = Z Lo den ceopr = > Lo, x>0, (2.5)
j=1

Recall the age limit of the initially infected individuals x at time zero. Thus, the number
of the initially infected individuals that remain infected at time ¢ can be written as

@) = 3@, i+, t>0. (2.6)

Among the newly infected individuals, the number of individuals who have been
infected for a duration less than or equal to x at time ¢ is equal to

AN (1) AN (D) AN (t—x)")
j1 (t,x) = Z l(t—x)+<riN<t 7} N>t — Z lr Nippi>t — Z 17:I.N+n,->t
i=1 i=1 i=1
AN (1)
= > I 2.7

i=AN((1—x)*)+1

Thus, the number of newly infected individuals that remain infected at time ¢ can
be written as

Ny =3 a, . (2.8)

We also have the total number of individuals infected at time ¢ that have been
infected for a duration which is less than or equal to x:

N, x) =3 @, 0+ 3N, x), 1>0,x>0.

Note that for each ¢, the support of the measure J (t,dx) is included in [0, r +x] and
the support of the measure J) IN(t, dx) is 1ncluded in [0, ¢]. Thus

"oy =3t 4+ + 3@, 1) =3V, 00), t>0.
Here we occasionally use oo in the second component for convenience with the under-

standing that J(])V(t X) = (I)V(t, t+x)forx > t+x and TJ{V(I, X) = ~iv(t, t)forx > t.
We also have for ¢t > 0,

SN = sN) - AN @), (2.9)
N (0) AN (1)
RV (1) = Z Loo, + Z - (2.10)

i=1
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We remark that the sample paths of 3V (¢, x) belong to the space Dp, denoting
D(R;; D(R4; R)), the D-valued D space, but not in the space D(R2 ; R). We prove
the weak convergence in the space Dp where both D spaces are endowed with the
Skorohod J; topology. Note that the space D(R?; R) is a strict subspace of Dp,
although they are equivalent in the continuous cases, that is, C(R%; R) = Cc. See
more discussions on these spaces in [2, 3, 26, 27].

Remark 2.1 The SEIR model. Suppose that A; () = 0 for ¢ € [0, &;), where & < n;,
and denote I as the compartment of infected (not necessarily infectious) individuals.
An individual who gets infected at time tl.N is first exposed during the time interval
[‘L’iN s r[.N + &), and then infectious during the time interval (tl.N + &, tiN 4+ n;). One
may state that the individual is infected during the time interval [riN , tl.N +n;). Attime
rl.N + 7;, he recovers. All what follows covers perfectly this situation. In other words,
our model accomodates perfectly an exposed period before the infectious period,
which is important for many infectious diseases, including the Covid-19. However, we
distinguish only three compartments, S for susceptible, I for infected (either exposed
or infectious), R for recovered.

In the sequel, the time interval [riN , riN + n;) will be called the infectious period,
although it might rather be the period during which the individual is infected (either
exposed or infectious).

2.2 FLLN

Define the LLN-scaled processes XV = N~! X" for any processes X". We make the
following assumptions on the initial quantities.

Assumption 2.1 There exists a deterministic continuous nondecreasing function
3(0, x) for x > 0 with J(0, 0) = 0 such that IV (0,-) — J(0,-) in D in probability
as N — oo. Let 1(0) = J(0, ). Then (I¥(0), S¥(0)) — (1(0), S(0)) € (0, 1) in
probability as N — oo where S(0) = 1 — 7(0) € (0, 1).

Remark 2.2 Recall that 3V (0, -) describes the distribution of the initially infected indi-
viduals over the ages of infection. The assumption means that there is a corresponding
limiting continuous distribution as the population size goes to infinity.

Suppose now that the r.v.’s {1 ]{\,/0}15 j<n are not ordered, but rather i.i.d., with a
common distribution function G which we assume to be continuous. It then follows
from the law of large numbers that Assumption 2.1 holds in this case.

We make the following assumption on the random function A.

Assumption 2.2 Let A(-) be a process having the same law of {A?(-)}j and {A;(-)};.
Assume that there exists a constant A* such that foreach0 < 7' < 00, sup, g 77 A(¢)
A* almost surely. Assume that there exist an integer k, a random sequence 0 = ¢°
;1 < ... < {k and associated random functions A¢ € CRL;[0,A* D, 1 < <k,
such that

=
=
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k
A =D 2Ot (1) @.11)

=1

In addition, we assume that there exists a deterministic nondecreasing function ¢ €
C(R4; Ry) with ¢(0) = 0 such that IAE(t) — AE(s)| < @(t — 5) almost surely for all
t,s >0andforall ¢ > 1. Let A(¢¥) = E[X; ()] = E[k‘}(r)] and v(r) = Var(A(¢)) =

E[(.(t) = A(1))*] for 1 > 0.

Remark 2.3 Recall that the basic reproduction number R( is the mean number of
susceptible individuals whom an infectious individual infects in a large population
otherwise fully susceptible. In the present model, clearly

Ry = /OO *(t)dr .
0

Suppose that A; (1) = X(t)lkm, where X(t) is a deterministic function. Then
S ~
Ro = / A FE(t)dt .
0

In the standard SIR model with X(t) = rand E[n] = fooo F¢(t)dt, the formula above
reduces to the well known Ry = AE[n]. See, e.g., [5S]. We obtain the same formula if
the deterministic function )N\(t) is replaced by a process A;(¢) independent of 7;, with
mean (7). More precisely, in that case the sequence (A;(t), 1;);>1 is assumed to be
i.i.d., and for each 7, A; and #; are independent.

The proof of the following Theorem, which is the main result of this section, will
be given in Sect. 5. For a function u(¢,x) € D D;» We use the equivalent notations
dyu(t,x) and u,(t, x) for the partial derivative w.r.t. x, while u(¢, dx) denotes the
measure whose distribution function is x +— u(¢, x), which coincides with u, (¢, x)dx
if that last map is differentiable. In particular, u, (¢, 0) indicates the partial derivative
evaluated at x = 0.

Theorem 2.1 Under Assumptions 2.1 and 2.2, as N — 00,

(S‘N, 7N, jN, RN) — (S‘, 7, j, R) in probability, locally uniformly in t and x,
(2.12)

where the limits are the unique continuous solution to the following set of integral
equations, fort,x > 0,

t
S‘(t):l—l_(O)—f Y (s)ds, (2.13)
0

X t
T(z):/ i(y+t)3(o,dy)+/ Mt —$)Y(s)ds (2.14)
0 0
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_ x-nt pe t _
3(t,x)=/ MJ(o d )+/ FO(t —s)Y(s)ds,  (2.15)

0 Fe(y) (t—x)*

X c t
R(t) =/ (1 - M) 3(0, dy)+/ F(t —s)Y(s)ds, (2.16)

0 Fe(y) 0

with

T(t) = SMI(t) =T3,(,0). (2.17)

The function J(t, x) is nondecreasing in x for each t. As a consequence, IN — I in
D in probability as N — oo where

Fe(t+y)=

t
) 300, d )+f0 FC(t —$)Y(s)ds, t>0.

(2.18)

(1) =3(t, 1t +%) =f
0

3 PDE Models

One can regard J(t, x) as the “distribution function’ of 1(r) = J(¢,t + %) over the

‘ages’ x € [0,1 + x) for each fixed 7. If x — 3, x) is absolutely continuous, we
denote by i(t, x) = Je(t, x) the density function of J(z, x) with respect to x. Note
that S(7) = 0 for < 0 and (7, x) = 0 both for 7 < 0 and x < 0.

3.1 The Case F Absolutely Continuous

In this subsection, we assume that F' is absolutely continuous, F (dx) = f(x)dx, and
we denote by 4 (x) the hazard function of the r.v. n, i.e., u(x) := f(x)/F¢(x) forx >
0. If the density function i(z, x) exists, we obtain the following PDE representation.

Proposition 3.1 Suppose that F is absolutely continuous, with the density f, and
that 3(0, x) is differentiable with respect to x, with the density function (0, x). Then
fort > 0, the increasing function J(t,-) is absolutely continuous, and (t, x) a.e. in
(0, +00)?,

3i(r, x) 81(t x) _
ot 0x

—pu(x)i(t, x), (3.1

with the initial condition {(O, X) = 5x (0, x) for x € [0, x], and the boundary condition

i(t,0) = S(t)f FC( ) = i(t, x)dx , (3.2)

Fe(x—1)

with the convention that F¢ = 1 on R_, and that the integrand in (3.2) is zero when
F¢(x) =0.
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In addition,
S'(t) = —i(1,0), and S§(0)=1—1(0). (3.3)

Moreover, the PDE (3.1) has a unique solution which is given as follows. For x > t,

< _ Fe(x) - .
i(t, x) = e t)l((),x 1), (3.4)
while fort > x,
i(t,x) = FC ()it — x,0), (3.5)

and the boundary function is the unique solution of the integral equation

t
i(r,0) = (5(0) — / E(s,O)ds>
0

X t
x </ Ay + 1)i(0, y)dy—i—/ i(t—s)Z(s,O)ds> . (3.6)
0 0

Remark 3.1 The PDE (3.1) can be considered as a linear equation, with a nonlinear
boundary condition which is the integral Eq. (3.6).

It follows from (3.4) and (3.5) that F°(x) = 0 implies that i(r, x) = 0. This is
why we can impose that the integrand in the right hand side of (3.2) is zero whenever
Fe(x)=0.

We remark that the PDE given in [19] resembles that given in (3.1), see Egs. (28)—
(29), see also Eq. (2.2) in [15]. In particular, the function w(x) is interpreted as the
recovery rate at infection age x. Equivalently, it is the hazard function of the infectious
duration.

Remark 3.2 In a sense, what we do in the present paper can be interpreted as follows:
we replace the two-dimensional system of equations with memory (2.13)—(2.14) (with,
see (2.17), Y (¢) replaced by S(HZ(1)) by the infinite dimensional system of ODE-PDE
(2.13)=(3.1)=(3.2) (with, see again (2.17), Y (¢) replaced by i(z,0)).

At the level of our population of size N, we have a two-dimensional non-Markov
process (SN (1), ZV(1)). For any t > 0, let i (t) denote the measure whose distri-
bution function is x > JV(z, x). Theorem 2.1 implies that locally uniformly in ¢,
iV (1) converges weakly to the measure which has the density i(z, x) w.r.t. Lebesque’s
measure. iV (7) is a point measure which assigns the mass N ! to any x which is the
infection age of one of the individuals infected at time ¢. Clearly, from the knowl-
edge of i (1), we can deduce the values of both 7V (0) and AN (¢), hence of SV (0)
and of SN (1) (see (2.9)). Note that the points of the measure iV (¢) which are larger
than ¢ are the {f;\,lo +11 <j< IN(O)}, and those which are less than ¢ are the

{t —tN,1 <i < A¥(t)}. Hence from (2.2), IV (¢) is a function of both i¥ (¢) and
the A;’s. The same is true for YV (7). Conditionally upon the X;’s, the process iN@)
is a measure-valued Markov process, which evolves as follows. Each point x which
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belongs to it increases at speed 1, dies at rate ;£ (x), and new points are added at rate
YN (). iV (¢) is determined by a sequence of at most N positive numbers; it can be
considered as an element of U,](VZIRI‘. We have “Markovianized” the two-dimensional
non-Markov process (S¥ (¢), ZV (1)), at the price of increasing dramatically the dimen-
sion.

Note that the pair composed of iV (¢) and the collection {)L?, 1<j<I N O); 2,1 <
i < AN (1)} is a Markov process with values in U,lc\’:1 (R x D)*.iN (1) evolves as above,
and each new A; is arandom element of D with the same law, independent of everything
else.

We expect to write and study the equation for the measure-valued Markov process
iV (¢) in a future work.

Remark 3.3 Recall the special case in Remark 2.3 with A;(t) = ):(t)lkm., where
A(1) is a deterministic function. Then A(f) = A(r) F°(r), and E[AO(Z)|féV = y] =

At +y) F;(f(;)y) . In that case, the boundary condition in (3.2) becomes

B _ +x _
i(t,0) = S(t) / A()i(t, x)dx
0

This is usually how the boundary condition is imposed in the literature of PDE epidemic
models (see, e.g., [15, Eq. (2.5)], [22, Eq. (1.1)] and [12, Eq. (2)]). This expression has
clearly a very intuitive interpretation. i(z, 0) is the instantaneous rate for an individual
to get infected at time ¢ (resulting in a newly infectious individual with a zero age of
infection), while the right hand side is the instantaneous infection rate by the existing
infectious population at time ¢, which depends on all the infectious individuals with
all ages of infection. This of course includes time ¢+ = 0, which formulates a constraint
on the initial condition {J(0, x)}o<<;.

Proof By the fact that F has a density, we see that the two partial derivatives of J exist
(t, x) a.e. From (2.15), they satisfy

. B Fe(x) = =0T e+ ) -
Ji(t,x) = —lxztmjx((),x —1) —/0 F"—(y)jx(o’ y)dy

+ 3:(t,0) — 1,y F(x) T, (t — x,0)

t
- / f(t —$)3x(s,0)ds, (3.7)
(@

t—x)t
and

F(x)

mjx((l x —1) 4+ 1= FO(X)T,(t — x,0). (3.8)

jx(f, x) =1,

Thus, summing up (3.7) and (3.8), we obtain for ¢t > 0 and x > 0,

_ _ x-nt _ _
50, %) + (1, %) = —/ JUX )5 (0, ydy +5x(t,0)

0 Fe(y)
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t
— / f@ —5)Jx(s,0)ds . 3.9
(t—x)*
Denote J, ; (1, x) = azgc(g,tx) =23,(t,x) and Ty 1 (¢, x) = 323:1(5;‘). By taking the

derivative on both sides of (3.9) with respect to x (possibly in the distributional sense
for each term on the left), we obtain for r > 0 and x > 0,

~ ~ x) = ~
Jx,t(ts x) + Jx,x(t’ x) = _lxztmjx(oa x—=1) = Liny f(X)T(t — x,0).
(3.10)
Since azajx(é,lx) = azg(al)’cx) , we obtain the expression
di(r, x) it x) x) - .
o + o = —IXZ,mL(O, x—1)— Loy f(X)i(t —x,0). (3.11)

As concerns the boundary condition, we note that, given (3.3), (3.4) and (3.5), (3.2)
and (3.6) are equivalent. Hence we will establish (3.6), (3.3), (3.4) and (3.5).
For the boundary condition i(¢, 0), by (2.14) and (2.17), we have

t

i(r,0) = S@t) </x Ay + 0)i(0, y)dy + / (it — $)i(s, O)ds) ;
0 0

where by (2.13),
t
S(t) = §(0) — / i(s, 0)ds .
0

Thus we obtain the expression in (3.6). We next prove that equation (3.6) has a unique
non-negative solution. Observe that u(t) = i(t, 0) is also a solution to

X t t +
u(t) = (/ Ay + (0, y)dy+/ X(r—s)u(s)ds) (3(0)—/ u(s)ds) ,
0 0 0

(3.12)
and any non-negative solution of (3.6) solves (3.12).
First, note that since for any t > 0,0 < A(¢) < \*,
j —_ -_ —_
0< / Ay + Di0, dy = A1), (3.13)
0

from which we conclude that fot u(s)ds < S (0). Indeed, if that were not the case,

Ts -
there would exist a time 75, < ¢ such that Jo*@ u(s)ds = §(0), hence fot u(s)ds >
S(0) and from (3.12), we would have u(r) = 0 for any t > TS(O), so that indeed
Jo u(s)ds < 5(0).
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Under Assumption 2.2, using (3.13), if #1(¢) and u;(¢) are two nonnegative inte-
grable solutions, then

t
lur(t) — uz(1)] < 3(0)/0 At — $)|ui(s) — ua(s)|ds
t
+)»*(I_(0)+~§(0))/0 lu1(s) — ua(s)lds
t
52/\*/ 1 (s) — ua(s)ds
0

which, combined with Gronwall’s Lemma, implies that u; = uy. Now existence is
provided by the fact that the function {(t, 0) is a non-negative solution of (3.12).

Note also that clearly, using a combination of an argument similar to that used for
uniqueness, and of the classical estimate on Picard iterations for ODEs, one could
establish that the sequence defined by #©(r) = 0 and forn > 0,

u™ Dy = (S(O) —/ u<">(s)ds> (/A Ay 4 0)i(0, y)dy +f - s)u<">(s)ds> ,
0 0 0

given i(0, -), is a Cauchy sequence in C(R_.), hence existence.
We next derive the explicit solution expressions in (3.4) and (3.5). It follows from
(B.11)A thatforx >¢,0<s <t,

ﬁ(s’x_t_i_s):_MT
as

i 10, x — 1),

while fort > x,0 <s < x,

ﬁ(t —x+s5,5)=—f(s)i(t —x,0).
as

Integrating the first identity from s = 0 to s = ¢, we deduce that for x > ¢,

B, - i0,x —1) (!
i(t,x) =10, x —t) — m/(; f(x—t+s)ds
=i0.x—1) (1 _fwW-Fa-n I))
Fe(x — 1)
- Fe(x) - .
= —FC(x—t)l(O’x 1),
so that for x > ¢,
F - OE
mt(O,x —1) = Fc(x)l((f,x) . (3.14)

@ Springer



Applied Mathematics & Optimization (2023) 87:50 Page 150f45 50

Now for ¢t > x, we integrate the second identity from s = 0 to s = x, and get

i(t,x) =i(t —x,0) —i(t —x,O)/ f(s)ds
0
= F°(x)i(t — x,0).
Hence for t > x,

J @) -

FX0)i(t —x,0) = Fc(x)l

(t,x). (3.15)

Clearly, (3.4) is equivalent to (3.14), (3.5) is equivalent to (3.15), and (3.1) follows
from (3.11), (3.14) and (3.15). O

Corollary 3.1 The formula (2.14) for Z(t) can be rewritten

= +x 5\()’) =
() = o3 dy), (3.16)
O Fooh

where F¢(z) =1, for z < 0.

I_’roof We first dedgce from (2.15) that for r > x, x — 3 (¢, x) is differentiable, and
J(t,dx) = FC(x)Y(t — x), and for fixed 7, on [0, x], the function y — J(t,t + y)
is of finite total variation and satisfies J(¢, r + d y) = FFE.I(J; )y )5(0, dy). Inserting the

resulting formulas for J(0, dy) and Y in the first and second integrals of the right hand
side of (2.14), we obtain

_ X _ _ t X(X) _
() = f At + )30, dy) + / 3, dx)
0 o Fe(x)
. Fe(y) - /' A(x) =
= )\4 R — E) d !d k
/o (t+y)FC(H_y)3(t t+dy) + A FC(x)J(t X)
from which the result follows. O

Remark 3.4 In the special case A;(t) = ):(t)lkm. as discussed in Remark 3.3, (3.16)
reduces to the very simple formula

_ t+x _
Z(1) =/0 AN, dy) . (3.17)

A similar formula holds if we replace the deterministic function A(¢) by a copy A; (1)
of a random function,~ which is independent of 7;, as discussed in Remark 2.3, and
whose expectation is A(¢). Then, we have

t+x t+x
Y1) = SHZ(t) = S(t)/ A3t dx) = S(t)/ A(0)i(t, x)dx (3.18)
0 0
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Since {(t, 0) = Y (¢), the results above can be stated using this expression of Y.

In the special case of exponentially distributed infectious periods, i.e. u(x) = u,
we obtain the following well known results, see, e.g., [16, 22, 28].

Corollary 3.2 Ifthe c.d.f. F(t) =1 — e ™, we have for t > 0 and x > 0,

3i(z, x) N 9i(t, x) _

—ui 1
» o pi(t, x) (3.19)

with the initial condition (0, x) given for x € [0, X] and the boundary condition for
i(t, 0) as given in (3.6).

Proof In this case, the above proof simplifies. Indeed, we have for r > 0 and x > 0,
—_ —_ t —_
J(t, x) = Li=e M350, x — 1) + / e IO (5)ds.

(t—=x)*

By taking derivative with respect to x when ¢ > 0 and x > 0, we obtain that equation
(3.8) becomes

i(t,x) = 120, x — )e ™™ + 1, e " T,(t — x,0).

Taking derivatives of this equation with respect to ¢ and x, we obtain for ¢ > 0 and
x >0,

3i(z, x) N 3i(z, x)

= —1,5,(0, x — Hpe ™™ — pe M 3,(t — x, 0)
ot 0x -

= —/ﬁ(t, X).
The boundary conditions follow in the same way as in the general model. O

Remark 3.5 If the remaining infectious periods of the initially infectious individuals
{n(;, j=1,...,1Y(0)} are i.i.d. with c.d.f. Fy instead of depending on the infection
age in (2.1), then we obtain the limits

- - t -
J(t,x) =30, (x =) F§(t) + / FC(@t —s)Y(s)ds,

(t—x)*

t
R(t) = OV Fo(t) + f F(t — )T (s)ds,
0

(noting that they are not continuous unless Fj is continuous), and assuming the density
functions exist, we obtain the PDE:

31(;,36) + L = — (L= o (1) + L=y (x)) (2, x),
t 0x
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where po(t) = fo(t)/Fg(t). As in the proof of Proposition 3.1, we obtain that the
PDE (3.1) has a unique solution which is given as follows. For x > ¢,

i(t, x) = F§(1)i(0, x — 1),
while for t > x,
i(t,x) = FC ()it — x,0),

and the boundary function is the unique solution of the integral equation

t X t
i(t,0) = (S(O) —/ Z(s,())ds> (/ A(y + 1i(0, y)dy—i—/ i(z—s){(s,())ds> .
0 0 0

3.2 The General Case

We now generalize the result of Proposition 3.1 to the case where the distribution F is
not absolutely continuous. We denote below by v the law of 1, i.e. the measure whose
distribution function is F. For reasons which will be explained in Remark 3.6 below,
we shall in this subsection use the left continuous versions of F' and F¢. In order to
simplify notations, we define

G)=F@t), G®)=1-G@)=F(t").

Proposition 3.2 Suppose that 3(0, x) is differentiable with respect to x, with the density
functioni(0, x). Thenfort > 0, the increasing function J(t, -) is absolutely continuous,
and the following identity holds:

3i(r, x) N di(t, x) i, %)
ot ax  Gx)

v(dx), (3.20)

(i.e., the distribution which appears on the left hand side of (3.20) equals the measure

which has the density — lG(f(fc)) with respect to the measure v) with the initial condition

{(0, xX) = jx (0, x) for x € [0, x], and the boundary condition
i(t,0) = S(t)/ G(( ) —i(r, x)dx, (3.21
G°(x—1)
with the convention that G = 1 on R_, and that the integrand in (3.21) is zero

whenever G¢(x) = 0.
In addition,

S'(t) = —i(1,0), and S(0)=1—1(0). (3.22)
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Moreover, the PDE (3.20) has a unique solution which is given as follows. For
X =1,

T _ Gc(x) T .
i(t, x) = G- t)l(O,x 1), (3.23)
while for t > x,
i(r, x) = GS(x)i(t — x, 0), (3.24)

and the boundary function is the unique solution of the integral equation

t X t
i(t,0) = (S(O) —/ {(s,())ds> (/ Ay + 1i(0, y)dy—i—/ i(z—s){(s,())ds> .
0 0 0
(3.25)

Remark 3.6 The product iG(ﬁ—’(xx))v(dx) can also be rewritten as

- v(dx)
i(t, x) X ———,
G°(x)
where the second factor can be thought of as the “hazard measure”, i.e., the general-
ization of the hazard function, of the r.v. . The reason why we want to have G¢(x)
in the denominator, and not F°(x) is the following. If the support of v is [0, Xpax],
and v({xpax}) > 0, then F€(x;4y) = 0, while G (x;,4x) > 0 and we need a positive
denominator at the point x4y, since V({Xyqx}) > 0.

For consistency, in the present subsection we always choose the left continuous
version G (resp. G¢) of F (resp. F€¢). Of course, in the case where F is absolutely
continuous this makes no difference.

Remark 3.7 Remark 3.2 can be extended to the present case of a general distribution
function F, replacing the infinite dimensional system of ODE-PDE (2.13)—(3.1)-(3.2)
by (2.13)-(3.20)—(3.21).

Proof We first rewrite Eq. (2.15) as

~ =% 3 (0 t B
Jt,x)= / MG”U + y)dy +/ J:(s,00G(t — s)ds .
0 Ge(y) (—x)*

Differentiating J(¢, x) in x can be done exactly as in the proof of Proposition 3.1.
Concerning the differentiation in #, the differentiation with respect to ¢ appearing in
the integrands G (¢ 4 y) and G (¢ — s) is now a bit more delicate: those functions have
not been assumed to be differentiable. Their derivatives in the distributional sense is
a measure, whose bracket with a measurable bounded function makes sense, so that

d (73,0, b 3.0,
x( y)GC(t+y)dy=f ¥ ( y)v(t+dy)

dt ], Ge(y) a GO
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b+ 500,z — 1)
= T do),
L, oy
d b B b _
7 Gc(t—s)jx(s,O)ds:/ TJe(s,0)v(t —ds)

t—a
=/ Tt —r,0)v(dr).
t

—b

As a consequence, the above modification in the proof of Proposition 3.1 yields

- - - XVt jx (0’ 7 — t) XAt -
Jp(t, x) + T (t, x) = Tx(1,0) —/ — o v(d2) —/ Jx(@ —r,0)v(dr).
t G(z—1) 0

Differentiating with respect to x finally yields

3i(t, x) N i, x) i(0, x - ;)

Py gr = i Gegr = V@0 — Laardle = x, 0v(dn).

We thus deduce that forx > 7,0 <s <1,

di i0,x — 1t
—1(s,x—t+s)= U0, x )

XD e,
9s Got = T Hds)

while fort > x,0 <s < x,

9] i
8—1@ X 4s.5) = —i(t — x,0)v(ds).
S

Let us integrate the first identity on the interval [0, 7). We get

i i —t+d
i(t,x) =10, x — 1) (1 _ f[o,,) v(ix —t+ s))

G¢(x — 1)

=10, x — 1) <1 _ M)
G¢(x — 1)

= &Z(o, x—1).

G¢(x —1)
We conclude that for x > 1,
(0, x — 1) i, x)
mv(dx) = GC(x) v(dx) .

@ Springer



50 Page 20 of 45 Applied Mathematics & Optimization (2023) 87:50

We finally consider the case t > x, and integrate the second identity on the interval

[0, x), yielding:
i(t,x) = i(t — x,0) (1 —/ v(ds))
[0,x)
= G‘(x)i(t — x,0),

so that, for ¢ > x,

iz, x)
G(x)

it — x,0)v(dx) = v(dx),

and we have established (3.23), (3.24), as well as (3.20). The rest of the proof is the
same as that of Proposition 3.1. O

The case of a deterministic duration 7 is a particular case of the last Proposition.
Corollary 3.3 Suppose that the infectious periods are deterministic and equal to t;,
ie, F(t) =14, G(t) = 1;>4. Then we have

qi(t, x) N i, x) _ —8, (0)itt. x). (3.26)
ot dx l

with 8;, (x) being the Dirac measure at t;, with the initial condition {(O, X) = axi(o, X)
for x € [0, t;], and the boundary condition

_ _ (14t )Nt _ _
i(t,0) = S(t)/ A(x)i(t, x)dx (3.27)
0

Note also that the boundary function i(t, 0) solves the following Volterra equation: if
0<t<t,

i(t,0) = <§(0) — /0 ti(s, O)ds>
x ( /t ! A0, y — ndy + /O t?\(z — 8)i(s, O)ds), (3.28)
and if t > t;,
i(t,0) = (S(()) —/Ot{(s,O)ds> /Oti A — y, 0)dy, (3.29)

The PDE (3.26) has a unique solution {(t, x), which is given as follows. {(t, x)=0
ifx>t. Fort <x <t

i(t,x) =10, x — 1), (3.30)
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while for x <t At;,
i(t,x) =it — x,0). (3.31)

Remark 3.8 The total fraction of the population infected during the epidemic is given
by

OO_
<I>=/ i(t, 0)dt
0

where {(t, 0) is the solution to (3.6). We also refer the reader to equation (12) in Kaplan
[17], based on his constructed “Scratch" model.

4 On the SIS Model with Infection-Age Dependent Infectivity

In the SIS model, the infectious individuals become susceptible once they recover.
Since SV (t) + IV (t) = N for each + > 0 with a population size N, the epidemic
dynamics is determined by the process I (¢) alone, and we have the same represen-
tations of the processes IN(t, x) and 3’1\7 (t, x) in (2.5) and (2.7), respectively, while in
the representations of A’9 in (2.4) and TV in (2.3), the process S N(@) is replaced by
SN() = N—IN(r).The aggregate infectivity process Z N (1) isstill given by (2.2). The
two processes (JV, Z) determine the dynamics of the SIS epidemic model. Under
Assumptions 2.1 and 2.2,

(TN, N ) — (T, 5) in probability, locally uniformly in # and x, as N — oo,
“4.1)

where

X t
T(z):f Ay + DI, dy)—i—/ At —5)(1 = 3(s, 00))Z(s)ds 4.2)
0 0

_ x—0F pc _ t _ _
J(t,x) = / MJ(O, dy) + f Fe(r — s)(l —J(s, oo))I(s)ds ,
0 Fe(y) (t—x)*

(4.3)

forz, x > 0.1f3(0, X ) is differentiable and F is absolutely continuous, then the density

function T1(t, X) = % exists and satisfies again (3.1). The same calculations as in

the case of the SIR model lead to (3.4), (3.5) and (3.2). However, the formula for S(¢)
is different in the case of the SIS model, that is, (3.3) does not hold. Instead, we have

X pc t
StHy=1-1(1)=1- / Ler)i(o, y)dy — / FC(t — 5)i(s, 0)ds . (4.4)
o Fy) 0
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Thus, the Volterra equation on the boundary reads

X t
i(t,0) = ( / At + 0, y)dy + f X(r—s){(s,O)ds>
0 0

" <1 _ / TEUH V0 ydy - / P —s){(s,O)ds) . (45
o F< 0

whose form is similar to the one for the SIR model. B
It is also clear that if the c.d.f. F(t) = 1 — e —#, we have the same PDE for i(z, x)
as given in (3.19) with p(x) = B and the boundary condition:

X t
i(t,0) = ( / At + y)e Pr10, y)dy + / X(z—s)e—ﬂ“—”{(s,O)ds)
0 0

X B t B
x (1 —/ e Py, y)dy—/ e PU=9) i(s,O)ds) )
0 0

If the c.d.f. F of the infectious period is not absolutely continuous, but J(0, x) is
differentiable, then we have essentially the same result as in Proposition 3.2, except
that (3.22) is replaced by (4.4), and (3.25) by (4.5).

Recall that the standard SIS model has a nontrivial equilibrium point /* = 1— /A
if B < A, where X is the infection rate (the bar over X is dropped for convenience), and
1/ is the mean of the infectious periods. See Sect. 4.3 in [25] for the account of the SIS
model with general infectious periods. Here we consider the model in the generality
of infection-age dependent infectivity. Note that we provide the explicit expressions
for the equilibria below assuming they exist. We do not prove the existence of the limit
of j(t, x) as t — 00, which we leave as future work.

Proposition 4.1 Suppose that lim J(t, x) — T*(x) existsast — oo and I* = T*(00).
If Ry = fooo A(Y)dy < 1, I'* = 0 (the disease free equilibrium). In the complementary
case, Ry = [;° A(y)dy > 1, if3(0,%) > 0,

00 —1
I*=1- (/ X(y)dy) =1- Rl. (4.6)
0 0

The density function i(t, x) has an equilibrium *(x) in the age of infection x, given
by

dJ*(x)

*(x) = = I*BF°(x), 4.7)

where =1 = fooo Fe(t)dt € (0, 00) is the expectation of the duration of the infectious
period. If F has a density f, then the equilibrium density i*(x) satisfies

v _ —I*Bf(x), i*(0) =1I*B.
dx
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Proof The fact that I* = 0if Ry < 1 and > 0 if Ry > 1 follows from branching
process arguments, and the fact that the start of the epidemic can be approximated by
a branching process, see e.g. Sect. 1.3 in [5]. Assume that the equilibrium J* (x) =
5(00, x) exists. We deduce from (4.3), combined with (3.16), that J* (x) must satisfy

/j* _ A~k /x c /OO X(y) ~%
(x) =1 =T%(c0)) [ F(u)du ——J7(dy)
0 o FoO)
ce e > A =
= (1=T* lFe / 3*(d ,
( )B (x) A FC(y)J (dy)

where F,(x) = 8 f(;‘ F€(s)ds, the equilibrium (stationary excess) distribution. Letting
x — o¢ in this formula, we deduce

- a1 [ AW =
I=0-1% 1/ 22 F%(dy). (4.8)
Pl FeT @
Combining the last two equations, we obtain

J*(x) = I"F.(x). (4.9)
Plugging this formula in the previous identity, we deduce that
- - - 00 -
=Qa-19I" / A()dy .
0
Then the formula (4.6) can be directly deduced from this equation. The formula (4.7)

follows by taking the derivative with respect to x in (4.9). O

Remark 4.1 If the distribution F is exponential, that is, F(x) = 1 — e P* then we
obtain

di*(x)

T =151 — e %), @) =1"Be ™, and —I*Bre P = —Bi*(x),

where I* is given in (4.6).

Remark 4.2 Suppose thaE Ai(t) = A(t)1,y;, where A(t) is a deterministic function,
as in Remark 3.4. Then A(t) = A(t) F°(¢). If A(t) = A is a constant and F' has mean
B!, then I* in (4.6)

00 -1
f*:l—(k/ Fc(y)dy> =1—,3/,\=1—i, (4.10)
0 Ro

which reduces to the well known result for the standard SIS model with constant rates,
assuming f < A.
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5 Proof of the FLLN

In this section, we prove Theorem 2.1. We will need the following theorem. A similar
pre-tightness criterion can be found in Theorem 3.5.1 in Chapter 6 of [21], which
extends that in the Corollary on page 83 of [4] to the space C([O, l]k ,R). Those
proofs can be easily extended to the space Dp. For the convenience of the reader, we
give a proof of the following result in Sect. 6 below.

Theorem 5.1 Let {XV : N > 1} be a sequence of random elements in Dp. If the
following two conditions are satisfied: for any T, S > 0,

(i) for any € > 0, sup,c(o 7 SUPs¢[0. 5] P(IXN(t,5)| > €) > 0as N — oo, and
@ii) foranye > 0,as§ — 0,

1
lim sup sup —IP( sup sup |XN(t +u,s) — XN(t, s)| > e) — 0,
N—oo t€[0,T] uel0,8] s€[0,S]

1
limsup sup —IP’( sup sup XN, s +v)— XN, s)| > e) — 0,
N—oo s5€[0,S] vel0,6]t€[0,T]

then XN (t, s) — 0 in probability, locally uniformly in t and s, as N — oo.

We shall also use repeatedly the following Lemma.

Lemma5.1 Let f € D(Ry)and{gn}n=>1 be asequence of elements of D4 (R) which
is such that gy — g locally uniformly, where g € Cy(Ry). Then for any T > 0,

/ f(t)gN(dt)—>/ fgdr).
[0,T] [0,T]

Proof The assumption implies that the sequence of measures gy (dt) converges
weakly, as N — oo, towards the measure g(dt). Since moreover f is bounded,
and the set of discontinuities of f is of g(dt) measure 0O, this is essentially a minor
improvement of the Portmanteau theorem, see [4]. O

5.1 Convergence of J) (t, x)

We first treat the process J(I)V (t,x) in (2.5).

Lemma 5.2 Under Assumption 2.1,
IV (t,x) — Jo(t,x) in Dp as N — oo, (5.1)

in probability, where the limit Jo(t, x) is given by

B x—0t FC(t B
Fo(t, %) ::/ POt 50,dy), 1,x0, (52)
0 Fe(y)
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Proof Recall that

N (0) IN0,x—0)")

~N -1 -1

WNaex=N" Lo Aoy cps =N > Lo, -
j=1 j=1

Note that the pair of variables (f]].YO, n(;) satisfies (2.1),and IV (0, (x—1)") = max{j >
l: fJ{VO < (x — )T} Let

OG-0 pe 4 7Ny -0t pe
. Fe(t _
ST :f FUYsn0. ay). (5.3
0

W x)=N"" —
]Z_‘; Fe(zo) Fe(y)

We will first show that 5(’)\’ (t,x) > 50(t, x) (this will be step 1 of the proof), and
then that j(])v (t, x) —5(])\/ (t, x) — 0 (this will be step 2 of the proof), both in probability,
locally uniformly in 7 and x, as N — oo.

Step 1 We show that, as N — oo,

3(1)\/ (t,x) —> .;Jo (t, x) in probability, locally uniformly in ¢ and x. 5.4)

From Lemma 5.1, Assumption 2.1 and the continuous mapping theorem, we deduce
that for any 7, x > 0, 58’ (¢, x) = Jo(t, x) in probability, as N — oo. It thus remains
to show that the sequence { XV := S(I)V —Jo, N > 1} satisfies condition (ii) in Theorem
5.1. In fact, it is easily seen that it is sufficient to verify condition (i) with X"V = 3{)\’ .
Indeed, both

sup sup |J0(t + u, x) — Jo(t, x)| and sup sup 1Jo(t, x +v) — Jo(t, x)|

O<u=<é0=<x=x 0<v=<§ 0<t<T

tend to 0, as  — 0, which is an easy consequence of the computations which follow.
Let us now consider X"V = 38’ . We have

NG +u,x) =T (1, x)
(x—t—u)t Fe(t _ (x—nt FC(t _
:/ MJN(O’ dy)—[ MjN(O’ dy)
0 Fe(y) 0 Fe(y)
_ f(x_t_w FE( +uty) = F( +y)
0 Fe(y)

N (0, dy)

(x—n)*t FC(t _
_ / MjN (0, dy)
(

x—t—u)t Fe(y)

which gives

- - (x—t—u)t FC(t — F(t _
B+ ux) =3 (1,0 sf U+ = FUHutY)5v8 0 gy)

0 Fe(y)
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(x—0)t F¢ t+ _
+ / —(c V5N 0. dy) .
(x—t—u)t Fe(y)

Consequently,

@D Fe(t+y) = FO(t+8+y)

=N =N AN
sup |1 (t +u,x)—7, (t,x)lf/ - Y0, dy)
0<u<6,0<x<i 0 0 0 Fe(y)
()c—t)Jr F€ t+ _
+ sup f FUED) 380, dy).
0<x<iJx—i—8)r F)

The limit in probability of the first term on the right of the last inequality equals

F=0" peqq —F(t+$6 -
/ t+y) | (t+ +y)3(0,dy),
0 Fe(y)

which tends to 0 as § — 0, since F€ is continuous on the right and the integrand is
between 0 and 1. The second term on the right of the above inequality is nonnegative
and upper bounded by

sup (iN 0, x—0") =30, (x -1 — 5)+)) ,

0<x<x
which converges in probability towards

sup (30, (x =) =30, (x —t = §)™)),

0<x<x

and this last expression tends to 0 as § — 0. Combining the above arguments, we
deduce that for € > 0, if § > 0 is small enough,

limsupP< sup |§(I)V(t+u,x)—§év(t,x)|>e>=0.

N 0<u<§,0<x<x

We next consider

- - (x4+v—0)*t FC(t _
33V<r,x+v>—sév<t,x)=/ { +”J’V(o,dw

(x—1)F Fe(y)
<3N0, x+v—0" =3Y0,x — ).

Hence,

sup |3(I)V(t,x+v) —jf)v(t,x)|
0<v<8,0<r<T

— sup (ﬁN(o, x+8—0"—3V0, x - t)+)) .
0<t<T
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The term on the right of the last inequality converges in probability as N — oo,
towards

sup (3(0, (x +8 — ") =30, x — 1)),
0<t<T

which tends to 0 as § tends to 0. Again we easily deduce from these computations that
for any € > 0, if 6 > 0 is small enough,

N 0<v<$,0<t<T

limsup]P’( sup ﬁév(t,x—l—v)—gév(t,x)} >€) =0.

We have established (5.4). B -
Step 2 We finally show that V¥ (r, x) = j(l)v (t,x) — 38] (t, x) satisfies the two
conditions of Theorem 5.1. We have

IV, (x—nT) Fe(t + 7Ny
Vi =NTt Yo Wt~ " emi )
o j F (Tj,o)

We first check condition (i) from Theorem 5.1. We have

INO,(—0)h) Fe(t+ V) B
E[VV(r, x)?] =1E[N—2 Z <1n9>t - —10) }

=N
i F"(rj’o)
TN, x—n)h) . ~ c ~N
[N Z L B Fe(t + i) ’ B Fe(t+ T.,",o)
’79>t FL(.EN) 7]?/>f FC(fN )
J =1 #) 7,0 j'0
=0T pe(y Fe(t .
= N'E f ) () FCEDNIN G g
0 Fe(s) Fe(s)

where the second term in the first equality is equal to zero by the independence of
179 and n?, given the times T ]N pand T jj\,] o and by using a conditioning argument. This
implies that as N — oo,

sup sup E[VN(t, x)z] — 0,

t>0 x>0

and thus condition (i) in Theorem 5.1 holds.
We next show condition (ii) from Theorem 5.1, that is, for any € > 0, as § — 0,

1
limsup sup <P ( sup sup |[VV(@+u,x)—VV(@t,x)|>e|] >0, (55
N tel0,T] uel0,8] x€[0,T']
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and

1
limsup sup —P| sup sup |VN(t, x+v)— VvV, x)| >¢e] —>0. (5.6)
N x€[0,T'] vel0,8]t€[0,T]

We first prove (5.5). We have

VNt +u,x) = VN, x)]

‘ TOG-wh) (1 Fe(t+u+ ff’o))
=N~ 0 - —~
2 nj>itu Fe(zfly)

j=1

VO, x-n") (

_ N1 Z

j=1

OG- Fe(t 47N — FE(t +u+ 7))
N—l Z 1 o _ Js Js
t<r]jSl+u FC(‘EJN())

J=1

Fe(t+7N)
1,  — —1— )‘
nj>t Fe@y)

=

LoTeE Fea+ )
| 2 Los = e
T TG

j=INO,(x—t—u)t)+1
INO,(x—1—u)h)

(1=t B 4s) — FO(t+u+5) -
—1 N
=N ; 1t<?](;§l+u +/O Fe(s) 370, ds)
+ 30, =" =3V, (x — 1 —w)h)]. (5.7

For the first term,

N, (x—1—uw)t)

IP’( sup sup N Z 1t<n?§t+u > 6/3)

uel0,6] xe[0,T'] j=1

INO,(1'-17")

SP(N] Z lt<n?§t+8 >€/3)

j=1
INO.(T'-n7T)

FO(t 4170 —F+8+1)
§IP’<N_1 [1 0cpis — /- . S i|>e/6)
jz:; t<r;j§t+8 FC(T;\,IO)
(T=0" Fe(t 45) = F(+8+9) -
—HP’(/ U= FUHI+ 380, g5 >e/6> (5.8)
0 Fe(s)

By the conditional independence of the n?’s, the first term on the right of (5.8) is
bounded by
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36,1 /<T”>* F(t+5)— FC(t+6 +5)
0 Fe(s)

5 <1 ~ Fc(t+s)_Fc(t+8+s)>jN(O,dS)i|
Fe(s)

36 T'=0" Fe(t45) = FC(t +8+5) =
< XN / U FUAOE D53 0. as) |
= 0 Fe(s)

which converges to zero as N — oo. Since by Assumption 2.1 J(0, -) is continuous,
thanks to Lemma 5.1, lim sup,, of the second term is upper bounded by

(T'=07 Fe(t 4+5) — FC(t +8+5) =
1{/0 0 J(0,ds) > 6/6},

which is zero for § > 0 small enough (clearly uniformly over ¢ € [0, T]).
The second term on the right of (5.7) is treated exactly as the last term we have just
analyzed. Finally for the third term, we note that

P sup sup [3VO.x—0)") =30, x -1t —w)h)|>¢/3
uel0,8] x€[0,T"]

= IP( sup |30, x =) =TIVO, x —t =) 1)| > e/3> .
x€[0,7]

Thanks to Assumption 2.1, the lim sup, of this probability is upper bounded by

1 { sup |30, x —H)F) =30, (x —t —8)T)| = e/3}
x€[0,7]

which is zero for § > 0 small enough, since 5(0, -) is continuous. The uniformity over
t € [0, T] is obvious. Thus we have shown (5.5).
We next prove (5.6). Observe that

INO,(x+v—0)") Fe(t 4+ 7N
N N -1 Z J,0
Vi, x+v)— V7, x)=N (UO>I—W)
J=IN O, (x—1)F)+1 J.0

from which we obtain

P| sup sup |VN(t,x +v) — VN(t,x)| > €
vel0,8] t€[0,T]

<P sup sup [INO,x+v—0"=TV0,x —)")| > ¢
ve[0,8] t€l0,T]
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<P sup 3O, x+8-0") -0, x| >¢€]).
tel0,T]

Then following the same argument as for the second term on the right of (5.7), we can
conclude (5.6). O

5.2 Convergence of 3

We first write the process A" as

AN @) = MY (1) + AN (1), (5.9
where
AN(@) = /Ot TN (s)ds, (5.10)
and
1/ING) =/Ot/000 1,<xn ) Ods, du), (5.11)

where Q(ds, du) = Q(ds, du) — dsdu is the compensated PRM.

Lemma 5.3 Under Assumption?2.2, the process {MﬁtV (t) : t = O} isasquare-integrable
martingale with respect to the filtration F iv ={F /{‘V (t) : t = 0} where

Fa@ =o{1"0),7) :j=1,.... 1O} vo{r)()=1, ki (iz1]

t' poo
\/a{/ / 1, v —)Q(ds,du) : 0 <1’ < t}.
o Jo 7

The quadratic variation of M 2\/ () is given by
MYy(0) = AN@), 1>0. (5.12)
Proof Ttis clear that MY (t) € F¥ (1), and E[|] MY ()[] < 2E[AN ()] < 2A*Nt < o0
for each + > 0, under Assumption 2.2. It suffices to verify the martingale property:
fort, >t >0,
E[M) (t2) — M} (1)) | F4 (11)] = 0
which can be checked using the above definition of the filtration. In addition,

E[(MY )% = E[AN(1)] < A*Nt < oo for each t > 0. The rest is standard.
O
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Recall that (AN, SN, TN) .= N~1(aN, sV, TN).

Lemma 5.4 Under Assumptions 2.1 and 2.2, the sequence of processes_{(AN , SNy
N € N} is tight in D?. The limit of each convergence subsequence of {AN}, denoted
by A, satisfies

A= lim AY = lim | YNwdu, (5.13)
N—oo N—oo Jo
and
[ -
05/ YNw)du < 2*(t —s), wp. 1 for 0<s <rt. (5.14)
N

Proof 1t is clear that under Assumption 2.2, if AN (r) := fot YN (w)du, AN©) =0
and

0<AN@)—AN(@s) <A*(t —s), wp. 1 for 0<s <r1. (5.15)

Since

(M) < N~k

it follows from Doob’s inequality that M 114\7 (#) tends to O in probability, locally uni-
formly in 7. The tightness of {AY : N € N} in D follows. Since S¥ = SV (0) — AV
and SV (0) = §(0) from Assumption 2.1, we obtain the tightness of {SY : N € N} in

D, and thus the claim of the lemma. O

In the following of this section, we consider a convergent subsequence of AV .
Recall that

AN (1)
Wexy=N" > Ln,, f,x > 0.
i=AN((1—x)*)

Lemma5.5 Under Assumptions 2.1 and 2.2, along a subsequence of AN which con-
verges weakly to A,

IV, x) = 31(t,x) in Dp as N — oo, (5.16)

where the limit 3\ (t, x) is given by

t
J,(z, x) :=/ FC(t —s)dA(s), t,x>0. (5.17)
¢

t—x)t
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Proof Let
AN (1)
Wex)y=N" > F@-1"). tx=0

i=AN ((t1—x)*)

We can write (from now on, | ab stands for |, @b

t
N, x) = /( F(t — s)dAN (s). (5.18)

t—x)t
Then from Lemma 5.1, we deduce that for any 7, x > 0,
N, x) = J1(t,x) as N — oo. (5.19)

We will next show that for any € > 0, there exists § > 0 such that the following holds
for any (¢, x):

lim sup P ( sup 51 (t, x) — 51 @, x)

N 1<t/ <t+8§,x<x'<x+48

> e) =0, (5.20)

It is not hard to deduce from (5.19) and (5.20), by a two-dimensional extension of the
argument of the Corollary on page 83 of [4], that as N — o0, JIIV (t,x) = Ji(t, x)

locally uniformly in 7 and x. Whenevert <t <+ 8§ and x < x’ < x + §, we have

1
|3V (2, x) = 3V (@, x| 5/( . [Fe(t —s5) = FC(' — $)]d AN (s)
r—x
+2 sup  [AN() — AN@)].

0<tr—1; <26

Since AN (1) = fé Y (s)ds locally uniformly in ¢, and Y (s) < A*, the limit in law of
the right hand side of the last inequality is bounded by

t
A / sup  [FC(t —s) — F(t' — 5)]ds + 4)*s,
(

t—x)t r<t'<t+48

which is less than € for § > 0 small enough. Hence, (5.20) follows.
Let now

YN@x) =3V, x) =3V @, x)
AN @)
= N_l Z (lfiN+r),->[ - Fc(t - Tl'N)), r,x > 0.
i=AN((t—x)1)
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To prove (5.16), it remains to show that, as N — oo,
YY -0 in Dp in probability. (5.21)

We apply Theorem 5.1. By Markov’s inequality and the decomposition of AN (¢) in
(5.9) with E[MY ()] = 0, we obtain

IP(YN(t,x) > 6) < GLZE [YN(I,X)Z]

1 ! _
=—EF F(t —s)F°(t — s)dAN
N [/(Hm t—s)F(t—ys) (S)}
1 ! c N
= 2—]E / F(t—s)F(t —s)Y" (s)ds
€N (t—x)*
< ! A* t F(t —s)F°(t —s)d
— -5 —8)ds
~ €2N (t—x)*

sup IP’(YN(t,x)>e)—>O as N — oo.
1€[0,T],x€[0,T"]

The result then follows from the next two lemmas. O

Lemma 5.6 Under the assumptions of Lemma 5.5, for e > 0, as § — 0,

1
lim sup sup —]P’( sup  sup |YN(t +u,x)— YN(t,x)| > e) — 0, (5.22)
N tel0,T] uel0,6] xe[0,T']

Proof We have

YNt +u,x) — YN, 0)]
AN (t4u)
- ‘Nﬁ] Z (17[N+'7i>l‘+u - Fc(t +u-— TiN))
i=AN (t+u—x)+)
AN ()
—-N"! Z (lrl-N+r]i>t —F(t— TiN))
i=AN((1—x)%)
AN (t4u)
- ‘N71 Z [(lfiN+77i>t+u - Ftu— TiN)) - (ITiN+m>f — - TiN))]
i=AN((t—x)*)
AN (t4u—x)t -1
-N! Z (IT;N+ni>t+u —F+u-— TiN))
i=AN((t—x)*)
AN (14u)
-1 . N
+NT Y (v, — FO—1Y)
i=AN (1) +1
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AN (t4-u)
=N Y |:11<T,<N+71i§t+u +(F =) = F +u— fiN))]
i=AN ((t—x)*)
AN (ttu—x)t -1
- IN_l Z (IT;N+?7i>t+M - Fc(t U riN))‘

i=AN((1—x)%)
AN (1+u)
-1 N
+ ’N Z (er+n >t FC(Z -7 ))‘
i=AN (1)+1
AN (t4u) AN (t4u)
= N~ Z lz<riN+n,'§t+u + N~ Z (Fc(t - TiN) —F(t+u-— TiN))
i=AN((t—x)*) i=AN((1—x)*)

n (AN((z fu—x)t)— AN - x)+)) + (AN(z fu) — AN(t)).

Then we obtain

]P’( sup  sup |YN(t+u,x)—YN(t,x)| >e>

uel0,6] x€[0,T']
AN (146)
-1
<P|N > LoV yzres > €/3
i=AN (t—T")")
AN (148)
+P|N! Yo (Fu—t)—Fa+s—1")>¢€/3
i=AN ((1=T")*)
+2P | sup |AN(s +8) — AN(s)| > €/6] . (5.23)
0<s<T

Let Q(ds, dr,dz) denote a PRM on Ri with mean measure v(ds,dr,dz) =
dsdr F (dz) and Q denote the associated compensated PRM. By the Markov inequality,
we obtain the first term is bounded by 9¢ ~2 times

AN (14:8) 2

—1
ENIVT 20 Lo
i=AN((t=T"7")

t+6 00 (+8—s 5 5
- (N_]/ / / lrsYN(s)Q(dS,dr,dz))
-1t _
t+85—s
. < / / / L niw s )Q(ds dr, dz))
=T+

2
+2E [ (F(t+68—s)— F(t — s))?N(s)ds) }
(t=T"*
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t+5
=2N"'E |:/ (F(t—i—S—s)—F(t—s))Y_‘N(s)ds:|
(

=T+
1+8 B 2
+2E [(/ (F(t+8—s)—F(t—s))TN(s)ds> }
@1+
t+6
<2A*N~! (F(t+8—5)— F(t —5))ds
(t=T"H*
1+8 2
+2 (x*/ (FG+s6—s5)—F@1— s))ds> ,
=T+

where the last inequality follows from (5.14). The first term converges to zero as
N — 00, and we note that

t—(t=T") 48 )
F(r)dr — / F(r)ydr <6,
0

t+6
/ (F(t+8—s)—F(t—s))ds:/
(

1=T"* 1—(t=T")*

since F(r) < 1. Hence

1 t+8 2
3 (k*/ (F(t +686—s)—F(t — s))ds) <A —>0, as §—0. (5.24)
(t=T"*

For the second term in (5.23), we have

143 ~ 2
E [(/ (FC(t—s)— F°(t+8— s))dAN(s)> }
=T+
+5 B 2
<2E [(/ (FC(t —s) — F(t+8 — s))dMﬁ;’(s)> }
(

=T+

145 B 2
+2E[<f (Ft —s) —FC(t~|—8—s))TN(s)ds) }
(

t—=T")*
where the first term converges to zero as N — oo by the convergence M f‘V (t) = Oin
probability, locally uniformly in 7, while the second term is bounded as in (5.24).
For the 1ast term in (5.23), we use the martingale decomposition of AV and the
bound for T¥ in (5.14), and obtain

sup [AN(@t+8)—AN®)| <2 sup |[MY(0)|+ A%, (5.25)
0<t<T 0<t<T+$

which, since M f"v (t) — 0 locally uniformly in ¢, implies that, provided § < €/A*,

N—o00 0<t<T

limsup[P’( sup |[AN(t +8) — AN ()| = e) =0.
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Thus we have shown that (5.22) holds. O

Lemma 5.7 Under the assumptions of Lemma 5.5, for e > 0, as § — 0,

1
limsup sup —]P’( sup  sup |YN(t, x+v) - YV, x)| > e) — 0. (5.26)
N xel0.7] vel0,8] 1€[0,T]

Proof Observe that

AN ((t—x)t)
YN, x+v) - YN, x) =N > (S )}
i=AN ((t—x—v)T)

from which we obtain

]P’( sup  sup |YN(t,x +v) — YN(t,x)| > e)
vel0,6]1€[0,T]

< IP( sup sup |[AN(t -0 — ANt —x —v)D)| > e)
vel0,8]t€[0,T]

< IP( sup |AN((t —x)T) — ANt —x —8)T)| > e) :
te[0,T]

Then the claim follows from the same argument as the one used to treat the last term
in (5.23) in the end of the proof of the previous lemma. O

5.3 Convergence of the Aggregate Infectivity Process
Recall ZV in (2.2), and let 7" := N~'ZV. Define
) AN (@)
N6 =N KGN +NT Y e -1, =0 (5.27)

=1 i=1

Lemma 5.8 Under Assumptions 2.1 and 2.2, along a convergent subsequence of AN
which converges weakly to A, we have in probability,

TN—fN—>0 in D as N — oo.

Proof We write

N0 -V =Ty 1)+ ) (o),
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where

1V (0)
Sy =N (OGN 0 —iEN +0) .
j=1
AN (@)
t)=N"! Z (it — V) =2t — ) .

i=1

=
=

=N
1

We first consider i(l)v (1). For each fixed ¢, by conditioning on o {I¥ (0, y) : 0 < y <
X} = o{ijo, j=1,...,1IY(0)}, we obtain

E[(Zy )] = N_IE[/X v(y +0dI" (0, y):| —0 as N — oo.
0

We then have for ¢, u > 0,

1N (0)
=N =N _ - -
E @ +w =F 0] =N Y pIEN + 1w = 29E + 0
j=1
1N(0)
NN [REN ) = AEN 40|
j=1

= A w) + A) P )

Then by Assumption 2.2, writing A?(t) = Z]E:] )L(j)»’e(t)l[{g—l C‘)(t)’ we have
Joocd

N )
AP uy =N

J=1

k

0,4 ,~N ~N
Z)‘j (Tj70+l+M)1[§f71’{j¢)(fj,0+l‘+u)
(=1

k
0., ~N ~N
= Dk Flo Dl 6 (Fo+0)

=1
o)
—1 0.£,~N 0.£,~N
=N Z Z A @t = 27T+ l)|1§f715fﬁ0+t§fﬁ0+t+usff
j=1 =1 ’ ’
M) k
* ar—1
tA'N Z Zlfj"o+tscfsf/’.vo+r+u
j=1 =1 " '
k IN()
<IN+ NTTY N Lo osel <o pitu - (5.28)
=1 j=I1 ' '
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Both terms on the right hand side are increasing in u, and thus, we have

k IN©0)
N1 - _
sup Ay (t,1) < @@ TNO) F AN YN dow o peen s -
05“55 =1 j:l Js —2J =]
Here for the second term, we have
k IN(0)
-1
N Z Z lf}f0+t5§fsfﬁo+r+a
(=1 j=1
k IV(0)
-1 ~N ~N
=N ) |:1f}f0+z§§fsfj,0+t+a — (Fe(F0 +1+8) = Fe(F0 + t))):|
(=1 j=1
k IN©0)
NN (RGN 148 — Fui + 1)),
(=1 j=1

hence

k IN©0)
-1
P{N ; 2 lf_f‘f0+t§§_fsf_ff0+t+a =€

k N (0)
~1
= ZP N Z |:1f]’-‘_’0+t<{f<f}fo+z+a
=1 =1

—(Fe@y+1+8) — Fo@)y + z)))} > e/Zk)

k N )
+Y PN (RGN +t+8) — FGNy+10)) > €/2k ] . (529
=1 j=1

The first term on the right of (5.29) tends to 0 as N — oo, since by conditioning
ono{INO0,y):0 <y <x}= a{fll.\fo,j =1,...,I"(0)}, and since the ;f’s are

mutually independent and globally independent of the T ;Yo’s, we obtain

1V (0)

2
-1 ~N ~N
B (VX (apuesgtcatyinss = (149 = Ry +0) ) |
Jj=1 ' '

—E[w ! [ (o440 - R +0)

[1 = (Fe(y +1+8) — Fo(y + 1)) ]3O, dy):| )
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The second term on the right of (5.29) equals

k X
Y P (/ (Foly +1+8) — Fo(y +1))3V0, dy) > e/Zk) ,
=1 0

whose limsup as N — oo is bounded from above by

he! {/x (Fe(y +1+8) — Fe(y +1)))3(0, dy) > e/2k} _
0

k
=1

Since foreach 1 < ¢ <k,

s [ (F 149 = Fly+0))30,d)

is continuous and equals 0 at § = 0, for any € > 0, there exists § > 0 small enough
such that the above quantity vanishes. Thus, we have shown that

1
limsup sup P ( sup AY'(t,u)>e/3) >0, as §— 0. (5.30)
N—oo t€[0,T] 0<u<$§

Next, consider A(])V ’z(t, u), which is A(I)V )1 (t, u), with the j-th term in the absolute
value being replaced by its conditional expectation given 7 /N o- The computations which
led above to (5.28) give '

k IN©0)
sup AY (6, w) <IN O+ NTIY S (Fu@g + 148 — F (i + 1)
0<u<s ;
=u= (=1 j=I

So the same arguments as those used above yield that (5.30) holds with Aév o1 (t,u)
replaced by A(I)V’Z(t, u).

Thus we have shown that in probability, E(])V — 0in Das N — oo. The convergence
Ellv — 01in D in probability follows from the proof of Lemma 4.6 in [10]. In fact, the

above proof of iév — 0 can be adapted to that proof by observing the similar roles
of AN and 3V (0, -). This completes the proof. O

Lemma5.9 Under Assumptions 2.1 and 2.2, along a convergent subsequence of AN
which converges weakly to A,

V27 in D as N — oo, (5.31)
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where T () is given by

X t
f(t):/ X(y+t)5(o,dy)+/ At —s)dA(s), t=>0. (5.32)
0 0

Proof By the above lemma, it suffices to show that
7V =7 in D as N — oo. (5.33)

The expression of 7V in (5.27) can be rewritten as
~ i - - t - -
V@) = f Ay + 03IV, dy) + / At — $)dAN (s). (5.34)
0 0

It follows from Lemma 5.1 that for any 7 > 0, as N — o0, N (t) = f(t). It remains
to show that the sequence Z" is tight in D. For that purpose, exploiting the Corollary
on page 83 of [4], it suffices to show that for any € > 0,

X

/ Ay +1+uw)INO, dy) —/
0 0

1 B} N
lim 1im sup <P ( sup Ay +0)3IN, dy)' > e) =0,

N O<u<é
(5.35)
1 tHu _ _ [ _
lim limsup =P sup / A(t—f—u—s)dAN(s)—/ At —s)dAN(s)| > €| =0. (5.36)
=0 n 3 \o<uss|Jo 0

(5.35) follows from the fact that, with G5 (s) := supy, <5 |A(s + u) — A(s)|,

Now J(0,dy) a.e., Gs(y +1) — 0, and since 0 < Gs(y + 1) < A*, it follows from
Lebesgue’s dominated convergence that f(;‘ Gs(y + t)ﬁ (0,dy) — 0,as 6 — 0,hence
for § > 0 small enough, this quantity is less than €, and the indicator vanishes.

It remains to establish (5.36). We have

/ Ay +14+u)— iy +)IV0,dy)
0

limsupP | sup
N 0<u<$

51{/XG5(y+t)5(0,dy) >e} )
0

t+u t
/ At +u—s)dAN (s) —/ at —s)dAN (s)
’ t+u _ ’
= f i +u — $)dAN (s)
t

t
+f (At +u—s)—r@t —s)|dAN (s),
0
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hence

sup
0<u<s$

t+u t
/ X(z+u—s)dAN(s)—/ ri —s)dAN (s)
0 0

t
< (AN + A*/ Gs(t — s)ds + 2| MY (t +8) — MY (1)
0

+

t
[ Gs(t — s)dMY (s)
0

The result follows since the sum of the two first terms on the right are less than €/2
for § > 0 small enough, while the two last terms tend to 0, as N — oo. 0

5.4 Completing the Proof of Theorem 2.1

By Lemmas 5.2 and 5.5, we have that, along a subsequence,
N, x) =3 (0, x) + 3V (1, x) = T, x) = To(t, x) + T1(t,x) € Dp as N — oo,

\yhere ?0(1, X) arld 51 (t, x) are given in (5.2) and (5.17), respectively. Also recall that
SN = §N(0) — AN by (2.9). We need to show the joint convergence

(gN,jN,fN):(S‘,E,f) in DxDpxD as N — oo.
or equivalently,
(AN, jN,fN) = (A,E, f) in DxDpxD as N — oo. (5.37)

Indeed, first thanks to Lemma 5.8, we can replace TN by TN . Next we have the
decompositions

5N =5 + 3
TN Y,

where f(l)v and ff\' are respectively the first and the second term on the right of
the identity (5.34). By the independence of the quantities associated with initially
and newly infected individuals, it suffices to prove the joint convergence of the pro-
cesses (j(z)v , Zév ) and that of the processes (A", 5’?’ , va ) separately. We have proved
in Lemma 5.2 that ﬁ{)\’ — Jo in Dp in probability, and it follows from the arguments
in the proof of Lemma 5.9 that fév — Zypin Din probability, where 7o is the first term
on the right of the identity (5.32). Hence, the joint convergence (37, fév Y = (3o, Zo)
in D? in probability is immediate.
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Exp101t1ng again (5.21), we see that the joint convergence (A", E{V ,IN ) =
(A, 71, Il) will be a consequence of

(AN, 3V, ZV) = (A,31.Z)) in DxDpxD as N—oo. (538)

where 7 1 denotes the second term on the right of the identity (5.32). Since J} I (t,x) =
f([_x)+ FC(t—s)dAN (s) and IN (t) = fo At —s)d AN (s), the joint finite dlmenswnal
convergence is a consequence of the continuous mapping theorem and Lemma 5.1.
Hence the result follows from tightness. We have proved the joint convergence property
in (5.37).

Recall the expression of e (1) = SN (t)fN (t). Applying the continuous mapping
theorem again, we obtain that

YWi)y=TY0)=50)Z¢) in D as N — .

Thus by (5.13), we conclude that
AN:A:/ 'Y'(s)ds:f S'(s)f(s)ds in D as N — oo.
0 0

Therefore the limit (S, I) satisfies the set of integral equations in (2 13), (2.14) and
the limit Z coincides with Z defined by (2.14). Then, the limit J coincides with J
in (2.15). The limits 7 in (2.18) and R in (2.16) then follow immediately. The set of
integral equations has a unique deterministic solution. Indeed, it is easy to see that
the system of equatlons (2.13) and (2.14) (together with the first part of (2 17)) has a
unique solution (S, D), given the initial values J(0, -). The other processes J 3,1, R are
then uniquely determined. Hence the whole sequence converges in probablhty.
From (2.15), we deduce that for all r > 0,

J.(t,0) = 111%w lim J(, x)
X—> X

X x—0

=Y(@).

This prove the second equality in (2.17).

It remains to prove the continuity. The continuity in 7 of S(¢) is clear. Let us prove
that + +— Z(t) is continuous. Since A; is cadlag and bounded, it is easily checked
that t — A(z) = E[L(r)] is also cadlag. In fact it is continuous if all the Fy’s for
1 < £ < k are continuous. The points of discontinuity of A(¢) are the points where
one of the laws of the ¢¢ has some mass. The set of those points is at most countable.
Consequently, if 7, — 1, the set of y’s where A(f, + y) may not converge to A(f + y)
is at most countable, and this is a set of zero 3(0, dy) measure. Since moreover
0<x(t,+ y) < ANt — fox )_\(y + t)j(O, dy) is continuous. Let us now consider the
second term in (2.14). We first note that since A(f — s) < A* and S(¢) < 1, it follows
from (2.14), (2.17) and Gronwall’s Lemma that Z (1) < A*e* . Let 1, — t. We have

t ty
U At — )Y (s)ds —/ Mty — $)Y(s)ds
0 0
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t
< f It = 5) = Aty — $)| T (s)ds + (A*)2e* Vi) |1 — 1.
0

Clearly the above right hand side tends to 0, as n — c0. A similar argument shows
that R and [ are continuous, and that (¢, x) > fi(t, x) is continuous. Finally, since the
convergence holds in D x D x Dp x D and the limits are continuous, the convergence
is locally uniform in ¢ and x. This completes the proof of Theorem 2.1.
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6 Appendix: Proof of Theorem 5.1

Given § > 0, we define the two sets

T
Tys = {0, 5,25, ..., LEJ(S},

s
g5 = {0,5,25,..., nga}.

For any ¢t € [0, T'], we define yr s(¢) to be the element of I'7 s such that y7 s(t) <
t < yr.s(t) + 8, and for any s € [0, S], we define ys s(s) to be the element of I's s
such that ys s(s) < s < ys.5(s) + 6.

Let (7, s) and (', s”) be two points in [0, T'] x [0, S]such that |[r —¢'| V |s — 5’| < 6.
We have

XN, s) = XN ) = XNt s) — XV, yss(s) + XV (2, ys.5(5))
= XN (yr.5(), vs,5(5))
+ XN (rs(), v5.5()) — XN (yr.s(t), v5.5(5))
+ XN (yr s, vs.5() — XV (yr.s(t), vs.5(s)

+ XN (yr s, ys,s() — XN (', ys.5(s)
+ XN, yss(sh)) — XN, ).

Hence

P ( sup XN, s)— XN, 5| > e)

0<t,t/<T;0<s,s'<8;|t—t'|V|s—s'|<8

5321{»( sup |XN(t,s+u)—XN(t,s)|>e/6>

sergy  \0I=T.uef0.8]
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+3 > P sup IXN@+u,s)— XN, s)| > €/6

rerys  \0Ss=S.uel0.6]

1
§3<_+1> sup PP sup XVt s +u) — XN, 5)| > €/6
) 0<s<S 0<r<T,u€l0,8]

1
+3<—+1> sup P sup XN 4u,s)— XN, s)| > €/6
) 0<t<T 0<s<T,u€el0,5]

It then follows from (ii) that, as § — O,

lim sup P sup XN, s) — XN, s > €| — 0.

N 0<t,t'<T;0<s,5' <S;|t—t'|V|s—s'| <8

This, combined with (i), implies the result. O

References

10.

11.

12.

13.

14.
15.

. Aras, A K., Liu, Y., Whitt, W.: Heavy-traffic limit for the initial content process. Stoch. Syst. 7(1),

95-142 (2017)

. Balan, R.M., Saidani, B.: Weak convergence and tightness of probability measures in an abstract

skorohod space. arXiv preprint arXiv:1907.10522 (2019)

. Bickel, P.J., Wichura, M.J.: Convergence criteria for multiparameter stochastic processes and some

applications. Ann. Math. Stat. 42(5), 1656-1670 (1971)

. Billingsley, P.: Convergence of Probability Measures. Wiley, New York (1999)
. Britton, T., Pardoux, E.: Stochastic epidemics in a homogeneous community. In: Britton, T., Pardoux,

E. (eds.) Stochastic Epidemic Models with Inference. Part I. Lecture Notes in Mathematics, pp. 1-120.
Elsevier, Amsterdam (2019)

. Chen, Y., Yang, J., Zhang, F.: The global stability of an SIRS model with infection age. Math. Biosci.

Eng. 11(3), 449-469 (2014)

. Cinlar, E.: Probability and Stochastics. Springer, Berlin (2011)
. Clémengon, S., Chi Tran, V., De Arazoza, H.: A stochastic SIR model with contact-tracing: large

population limits and statistical inference. J. Biol. Dyn. 2(4), 392-414 (2008)

. Duchamps, J.-J., Foutel-Rodier, F., Schertzer, E.: General epidemiological models: Law of large num-

bers and contact tracing. arXiv preprint arXiv:2106.13135 (2021)

Forien, R., Pang, G., Pardoux, E.: Epidemic models with varying infectivity. SIAM J. Appl. Math.
81(5), 1893-1930 (2021)

Forien, R., Pang, G., Pardoux, E.: Estimating the state of the Covid-19 epidemic in France using a
model with memory. R. Soc. Open Sci. 8, 2023273 (2021)

Foutel-Rodier, F., Blanquart, F., Courau, P., Czuppon, P., Duchamps, J.-J., Gamblin, J., Kerdoncuff, E.,
Kulathinal, R., Régnier, L., Vuduc, L., et al.: From individual-based epidemic models to McKendrick—
von Foerster PDEs: a guide to modeling and inferring COVID-19 dynamics. J. Math. Biol. 85, 43
(2022). https://doi.org/10.1007/s00285-022-01794-4

Gaubert, S., Akian, M., Allamigeon, X., Boyet, M., Colin, B., Grohens, T., Massoulié, L., Parsons, D.P.,
Adnet, F., Chanzy, E et al.: Understanding and monitoring the evolution of the Covid-19 epidemic
from medical emergency calls: the example of the paris area. Comptes Rendus. Math. 358(7), 843-875
(2020)

Hoppensteadt, F.: An age dependent epidemic model. J. Franklin Inst. 297(5), 325-333 (1974)
Inaba, H.: Kermack and McKendrick revisited: the variable susceptibility model for infectious diseases.
Jpn. J. Ind. Appl. Math. 18(2), 273-292 (2001)

@ Springer


http://arxiv.org/abs/1907.10522
http://arxiv.org/abs/2106.13135
https://doi.org/10.1007/s00285-022-01794-4

Applied Mathematics & Optimization (2023) 87:50 Page450f45 50

16. Inaba, H., Sekine, H.: A mathematical model for Chagas disease with infection-age-dependent infec-
tivity. Math. Biosci. 190(1), 39-69 (2004)

17. Kaplan, E.H.: OM Forum-COVID-19 scratch models to support local decisions. Manuf. Serv. Oper.
Manag. 22(4), 645-655 (2020)

18. Kermack, W. O., McKendrick, A. G.: A contribution to the mathematical theory of epidemics. Proc.
R. Soc. Lond. Ser. A 115(772), 700-721 (1927)

19. Kermack, W. O., McKendrick, A. G.: Contributions to the mathematical theory of epidemics. II. The
problem of endemicity. Proc. R. Soc. Lond. Ser. A 138(834), 55-83 (1932)

20. Kermack, W. O., McKendrick, A. G.: Contributions to the mathematical theory of epidemics. III.
Further studies of the problem of endemicity. Proc. R. Soc. Lond. Ser. A 141(843), 94-122 (1933)

21. Khoshnevisan, D.: Multiparameter Processes: An Introduction to Random Fields. Springer Science &
Business Media, Berlin (2002)

22. Magal, P., McCluskey, C.: Two-group infection age model including an application to nosocomial
infection. SIAM J. Appl. Math. 73(2), 1058-1095 (2013)

23. Martcheva, M.: An Introduction to Mathematical Epidemiology, vol. 61. Springer, Berlin (2015)

24. Pang, G., Pardoux, E.: Functional central limit theorems for epidemic models with varying infectivity.
Stochastics (2022). https://doi.org/10.1080/17442508.2022.2124870

25. Pang, G., Pardoux, E.: Functional limit theorems for non-Markovian epidemic models. Ann. Appl.
Probab. 32(3), 1615-1665 (2022)

26. Pang, G., Whitt, W.: Two-parameter heavy-traffic limits for infinite-server queues. Queueing Syst.
65(4), 325-364 (2010)

27. Pang, G., Zhou, Y.: Two-parameter process limits for an infinite-server queue with arrival dependent
service times. Stoch. Process. Appl. 127(5), 1375-1416 (2017)

28. Thieme, H.R., Castillo-Chavez, C.: How may infection-age-dependent infectivity affect the dynamics
of HIV/AIDS? SIAM J. Appl. Math. 53(5), 1447-1479 (1993)

29. Zhang, Z., Peng, J.: A SIRS epidemic model with infection-age dependence. J. Math. Anal. Appl. 331,
1396-1414 (2007)

30. Zoltan Fodor, S.D.K., Kovacs, T.G.: Why integral equations should be used instead of differential
equations to describe the dynamics of epidemics. arXiv:2004.07208 (2020)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer


https://doi.org/10.1080/17442508.2022.2124870
http://arxiv.org/abs/2004.07208

	Functional Law of Large Numbers and PDEs for Epidemic Models with Infection-Age Dependent Infectivity
	Abstract
	1 Introduction
	1.1 Literature Review
	1.2 Organization of the Paper
	1.3 Notations

	2 Model and FLLN
	2.1 Model Description
	2.2 FLLN

	3 PDE Models
	3.1 The Case F Absolutely Continuous
	3.2 The General Case

	4 On the SIS Model with Infection-Age Dependent Infectivity
	5 Proof of the FLLN
	5.1 Convergence of mathfrakIN0(t,x) 
	5.2 Convergence of barmathfrakIN1
	5.3 Convergence of the Aggregate Infectivity Process
	5.4 Completing the Proof of Theorem 2.1

	Acknowledgements
	6 Appendix: Proof of Theorem 5.1
	References




