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ABSTRACT. We study an individual-based stochastic host—vector epidemic model
for malaria, in which humans can experience repeated infections over their life-
time. In contrast to classical Ross-Macdonald or compartmental SIR/SEIR
models, each infection episode is characterised by a random time-dependent
infectivity profile: after infection, a human host transmits parasites to suscep-
tible mosquitoes according to a random infectivity function of the time since
infection, while recovered hosts gradually regain susceptibility according to a
random susceptibility function. On the vector side, susceptible mosquitoes be-
come infected through contact with infectious humans and then contribute to
transmission until death, under a demographic regime that combines birth and
mortality processes.

We analyse the large-population asymptotic behaviour of this coupled host—
vector system and prove a functional law of large numbers (FLLN) by con-
structing a sequence of i.i.d. auxiliary processes. The limiting dynamics are
described by a nonlinear deterministic system of renewal-type integral equa-
tions that generalises both the classical Kermack—McKendrick age-of-infection
framework and standard malaria models. The solution of the limiting deter-
ministic system depends upon the law of the infectivity function only through
its mean, but it depends upon the expectations of more complex functions of
the susceptibility function.

1. Introduction. Vector-borne diseases remain a major global health burden. They
arise when an infection is transmitted indirectly between hosts through a biolog-
ical vector—most often blood-feeding insects such as mosquitoes, but also ticks,
flies, fleas, or freshwater snails, depending on the pathogen. Beyond their wide eco-
logical diversity, vector-borne diseases collectively account for a substantial share
of infectious morbidity and mortality worldwide and continue to spread under the
combined effects of environmental change and globalization.

From a modelling perspective, vector transmission requires coupling two inter-
acting populations (hosts and vectors), typically with distinct epidemiological struc-
tures and time scales. In many mosquito-borne infections, vectors do not recover and
remain infectious until death, so that an SI/SEI description is natural on the vector
side, while hosts may follow SIRS/SEIRS -type dynamics. Because vector lifespans
are often much shorter than host lifespans, demographic turnover in the vector pop-
ulation (births and deaths) is an essential modeling component, and it is common
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to incorporate explicit vector demography and, when appropriate, time-scale sep-
aration arguments. Historically, the foundations of mathematical epidemiology for
vector-borne diseases trace back to Ross’ pioneering work on malaria [13], which led
to the celebrated insight that reducing vector density below a threshold can prevent
sustained transmission (often referred to as Ross mosquito theorem). Mathematical
models of malaria and other mosquito-borne diseases have developed substantially
beyond the original Ross framework, including detailed host-vector models and
broad reviews of mosquito-borne pathogen transmission [2, 10, 12]. On the other
hand, Kermack and McKendrick introduced a general framework for infectious dis-
ease dynamics in which infectivity depends on the infection age (time since infection)
[7], and later works in their series also accounted for progressive loss of immunity
[8, 9]. These formulations naturally lead to integral or partial differential equation
models rather than ordinary differential equations, but they capture more realis-
tic within-host and between-host heterogeneities in infectiousness and immunity.
A complementary and now classical viewpoint is that deterministic compartmental
systems can be obtained as law-of-large-numbers limits of finite-population stochas-
tic epidemic models. Recent developments have shown that Kermack—McKendrick-
type infection-age models can arise as limits of non-Markovian stochastic systems,
thereby providing a probabilistic foundation for varying infectivity and waning im-
munity beyond the Markovian setting. This probabilistic perspective is also crucial
to describe early epidemic stages and extinction phases, which are inherently driven
by stochasticity and cannot be captured by purely deterministic models [6, 5, 4, 3].
The goal of this work is to extend the non-Markovian, varying-infectivity and
waning-immunity framework of [6] to a Ross-type vector-borne setting. In contrast
with classical malaria models where human immunity loss is often assumed instan-
taneous, we incorporate a progressive waning of host immunity, and we allow both
host and vector infectivities to depend upon infection age and to vary across indi-
viduals. On the vector side, we explicitly include demography through births and
deaths. Our main contributions are (i) the formulation of a finite-population sto-
chastic host—vector model with infection-age-dependent infectivity and progressive
immunity decay, and (ii) the derivation of the corresponding deterministic limit as
the population sizes of both vectors and hosts tend to infinity.
Notation. Throughout the paper, all the random variables and processes are
a.s.

defined on a common complete probability space (Q,F,P). We use ﬁ to
—+00

denote almost sure convergence as the parameter N — oo. We use 1y, for the
indicator function. Let D = D(Ry;R) be the space of R-valued cadlag functions
defined on Ry, with convergence in D meaning convergence in the Skorohod Jy
topology (see, e.g., [1, Chapter 3]). We also define D = D(Ry,Ry).

2. Model Description. We model malaria transmission between a host popula-
tion of size N and a vector population of size NV and we shall let N,NV — oo
while NV /N = k € (0, 0). Transmission occurs in both directions:

host — wvector, vector —> host.
2.1. Host Infectivity and Susceptibility Profiles. Let
(A\%9%)  and (A7)

be random elements of
D} = D(Ry;Ry )
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Let Sg(0) > 0, Iz (0) > 0, and Ry (0) > 0 be such that
SH(O) + jH(O) + RH(O) =1.
Let {(A\,72), 1 <k < N} be an i.i.d. sequence of random elements of D? , each

having the law of (A°,~?).
For every 1 < k < N and t > 0, we define

(0,1), with probability Sg(0),
(Ak,0(t), vE,0(2) = < (A2(E), v2(1)), with probability I (0), (1)
(0,72(nY + &, + 1)), with probability R (0)

where 19 := sup{t > 0, A}(¢) > 0}, and & > 0 is an arbitrary random variable, in
such a way that the sequence {(Ak.,0, Vk.0)1<k<n} is i.i.d.
Next, for 1 <k < N and i > 1,

(Akyis Yroi)

are i.i.d. copies of (A,7), independent of the previous family.

o (Ak,0,7k,0) characterises the epidemiological status of individual & at time 0,
while for 7 > 1:

e \;i(t) denotes the infectivity of host k towards vectors (host — vector) at
infection-age t after its i-th (re)infection;

o 7;,i(t) denotes the susceptibility of host k to vector-borne infection (vector —
host) at infection-age ¢ after its i-th (re)infection.

It clearly follows from (1) that
I1(0) = P(nk0 > 0).

This quantity is the probability that a randomly chosen individual in the population
is initially infected.

2.2. Host Infection Counting Process and Age Since Infection. For each
host k, the counting process of infection events is

B} (t) := number of infection events experienced by host k in (0, t].
The time since its most recent infection is
ay (t) :=t —sup{s € (0,t] : BY¥ (s) = B (s™) + 1},

with sup @ = 0.
The current infectivity and susceptibility of host k at time ¢ are

Ak(t) = A By (1) (ad' (1)), Y (t) == ’Yk,B,fy(t)(allcv(t))~
Note that whenever By (t) = 0, al¥ (t) = t.
2.3. Vector Infectivity Profiles (Vector — Host). Let
A0 and AV

be random elements of D, representing vector infectivity towards hosts.
Let Sy (0) > 0 and I (0) > 0 be such that

Sy (0) + Iy (0) = 1.

Let {)\Z’O, 1 < ¢ < Ny} be an ii.d. sequence of random elements of D, each
having the law of A\V:0.
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For every 1 </ < Ny and t > 0, we define
0, with probability Sy (0),
)\XO( ) = { V,0 . .- T
A, (t), with probability Iy (0).
Next for £ € {1,..., Ny},
A
are i.i.d. copies of AV, independent of the previous family and of all host processes.
The process )‘XO contains the information about the epidemiological status of
vector ¢ at time 0, while )\Zl(t) describes the infectivity of the initially susceptible

vector ¢ towards hosts (vector — host) at time ¢ after its infection. More precisely,
if TeN v denotes the time of infection of ¢, then its infectivity at time ¢ > TéN v is

/\Z1 (t — TZNV).
Remark 2.1. The following two probabilistic conditions hold:
1. There exists ¢y > 0 such that, for every ¢ € [0, to],
P(y(t) < 1) > 0.
2. Foreveryt>0,1<k <N,
P(Aro(t) < A*) > 0.

Justification of 1. As a consequence of Assumption 2.4 below, there exists t5 > 0
such that

and therefore

P(y(t) < 1) >0, vt e [0,to],
which establishes condition 1.
Justification of 2. Assume by contradiction that there exists ¢ > 0 such that

IP’()\kyo(t) = )\*) =1.

This would imply that the baseline infection intensity almost surely attains its
maximal value at time ¢, meaning that the proportion of initially infected individuals
equals one at that time. By monotonicity of the infection process, this would in
turn imply that the proportion of infected individuals was already equal to one at

time t = 0. Consequently, the initial proportion of susceptible individuals would be
zero, which contradicts the standing assumptions of the model. Hence,

P(Aeo(t) < A*) >0
must hold for every ¢ > 0, hence condition 2.
Vector demography (births and deaths). We need to take into account the demog-
raphy of vectors. At time ¢, susceptible vectors are borns at rate Ny py (t) and each
vector, whether infected or susceptible, dies at rate py (¢). For each vector ¢ which

is not present in the population at time 0, we denote by ay its birth time and by o,
its death time.

Assumption 2.2. We assume that py (¢), which is both the birth and death rate
of the vectors is locally integrable, i.e.,

by € LIIOC(RJr;RJr) .
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We model the birth of vectors through the birth point process
AV (ds) = D ba,(ds),
>SNV (0)
and vector removal through the death point process
MV (ds) = Z 05, (ds).
i>1

The associated counting processes are
ANV (@) = A0, 1) = D ez, M) = MV(0,4]) =D 1ie <y

i>SNv (0) 121
Hence the vector population size evolves as

Ny (t) = Ny + ANV (t) — MYV (¢).

Remark 2.3 (Deaths due to the disease). We have not explicitly modeled the fact
that the disease is likely to kill both vectors and humans. Concerning the vectors,
we could easily increase the rate of death of infected mosquitos (compared to the
rate of death of susceptible mosquitos).

Concerning the humans, we can decide that with a certain probability, v = 0.
This means that in that case the concerned human will no longer contribute to the
epidemic, and we could decide that those humans die at the end of the infected
period.

2.4. Average infectivity and susceptibility.

Assumption 2.4. We assume that, almost surely, the host infectivity and suscep-
tibility profiles satisfy

0<A%(), M) <A, 0<A°(1), y(t) < 1,
and that the host susceptibility becomes positive only when its infectivity vanishes:
sup{t > 0: \°(t) > 0} <inf{t > 0:7°(t) > 0},
sup{t > 0: A(t) > 0} <inf{t > 0:~(¢t) > 0}.
In addition, we impose analogous assumptions for the vector infectivity profile:
0.< AVO(8), AV (1) < X,
We also assume that, for all ¢t < 0,
NO(t) = A(t) = 2°(t) = (t) = A1) = AV (1) = 0.

For host. The quantities

_ 1 X
Siv(t) = Z )‘k,B,i"(t)(a;cv(t))'
=1

N

— 1

&' (1) =5 D wsyo(al ().
k=1

are respectively the average infectivity and the average susceptibility in the human
population.
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For vectors. The quantities

N NV (0) SNV (0)
3'2‘/( = < Z >\ )lo,>t+ Z )\Xl(t— ; 0]>t+ Z )‘akl ) crk>t>~
i=1 =1

ok €(0,t]

where in the last formula, o} denotes the death time of the individual born at time
ay, and

- 1
SNV (t) == o SNV (t).

are respectively the average infectivity in the vector population and the proportion
of susceptible vectors, where S{,VV (t) denotes the number of susceptible vectors in
the vector population at time ¢.

Above {0 < a1 < ag < ---,} are the successive birth times of vectors. Since a.s.
none of the «y, is an integer, there is no ambiguity in our notations. Of course, we

assume that the random functions )\Kl, /\{1, e AY AV LAY are i.i.d.

SNV (0),17 1,10 Aag, 10+ <

The vector population at time ¢t =0 is
Ny = 1"V (0) + 5™ (0),

partitioned into ¥V (0) initially infected and S™Vv (0) initially susceptible.
A susceptible host k gets infected by vectors at the instantaneous rate

=N
T (1) = rpy o (o) (1) F2 (1),
and each susceptible vector £ becomes infected by biting infectious hosts with in-
tensity
31 (1).
F )
2.5. Construction of the Counting Processes B,JCV and C’év". Let

. . \%4 . . ;i
(Akv“’ykﬂ)izo, L<k<N ()‘f,i)ie{o,l}, o1 be a collection of independent random vari

ables as introduced above, and (Qk)lngNv (resp. (Q/‘C/)lngN) be a collection of
independent and identically distributed standard Poisson random measures (PRMs)
on Ri, which are independent of the above random functions. See below section
5.1 for some basic facts about Poisson random measures.

For each host k € {1,..., N}, the counting process of its successive infection
events is given as
BYO= [ ey Qeldnda), 20, )
[0,¢] xR+

By construction, (B,]CV (t))t>0 is a cadlag, integer-valued, nondecreasing process
with jumps of size 1.

Similarly, let (Q}/)Dl
on R, independent of everything else. For each ¢ € {1,..., Ny}, the counting
process of infection events is defined by

Cévv / / {CNV(s 1=0} { §¥{Vi }QZ (dS du), t>0, (3)

and, for a vector born at time ay,

N
oy ( / / {2V (s-)=0) {Sw }Qst(o>+k(d8’d“)~

be an i.i.d. family of standard Poisson random measures
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Each vector can be infected at most once. Note that ¢ — C’év V(t) is non decreasing
and {0,1}-valued, and that whenever the vector ¢ is initially infected, then by
convention C;'V (0) = 1

2.6. Infectious Periods for Hosts. We now define the random infectious periods
associated with the infectivity profiles of hosts and vectors.

Host infectious periods. The infectious periods for hosts are defined by
no :=sup{t > 0:\°(t) > 0}, n:=sup{t > 0: A(t) > 0},

with the convention sup@ = 0. Thus 7 (resp. 1) represents the duration during
which an initially infected host (resp. a newly infected host) can infect vectors.

For each host k € {1,..., N} and infection index ¢ > 0, we define the individual
infectious period

Ne,i = sup{t > 0: Ag;(t) > 0}.

By construction, ni o has the same distribution as 7o, and 7y ; (for ¢ > 1) has the
same distribution as 7.

2.7. Numbers of Infected and Non-Infected Hosts. We now define the indi-
cators of current infection status using the previously introduced infection counting
processes and infectious periods.

A host k is currently infected (infectious) at time ¢ if it has experienced at least
one infection before ¢ and its time since the last infection is strictly smaller than
the corresponding infectious period. We thus define the indicator

N(py .
Ik- (t) = 1{ ag(t)<77k1311€\f(1,)}’
where again BY (t) is the infection counting process of host k, see (2), al¥ (t) is
its age since last infection, and 7, BN (1) is the infectious period associated with its
most recent infection. In the case By (t) = 0, we have alY (t) = ¢, and individual k
is infected at time ¢ if it was initially infected and ny o > t.
The total number of (currently) infected hosts at time ¢ is

N
=Y 1 ),
k=1

and the number of non-infected (non-infectious) hosts is
UN(t) .= N — I (t).

Here, U} (t) groups together susceptible and immune hosts that are not currently
infectious.

2.8. Markovian SIRS—SI host—vector model as a special case. In this sub-
section we show how the classical STRS—SI host—vector model can be recovered as a
particular case of the general stochastic framework introduced above, by choosing
specific infectivity and susceptibility profiles for hosts and vectors.
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Host side: SIRS structure. We assume that each host, once infected, goes through
three successive phases:

e an infectious phase whose duration follows an exponential distribution with
parameter pug > 0,
e an immune phase whose duration follows an exponential distribution with
parameter 0y > 0,
e followed by a fully susceptible phase, until the next infection.
We denote by Sgy > 0 the transmission rate from an infectious host to vec-
tors, and we neglect host heterogeneity by taking identical profiles for all infection
episodes. At the level of the prototype functions, this corresponds to choosing

A(t) :== Bav Ljo<t<ens t >0, where &y ~ Exp(ug).
and
Y(t) == 1g>ep4cny, t 2 0, where (g ~ Exp(fy), and (g and {y are independent.

Note that Bgy, pug, and Oy are identical for all hosts, whereas the random
variables £ and (g are i.i.d. across hosts.

Vector side: SI structure with demography. For the vectors, we consider a simple
SI structure: after infection, vectors remain infectious until they die and never
return to a susceptible state. We denote by By g > 0 the transmission rate from an
infectious host to susceptible vectors.

In the general framework, this corresponds to choosing a vector infectivity profile
of the form

A (t) = Bva L{a<t<o}s t>0,

« and o denote respectively the birth and death time. Vectors who are alive at time
0 are supposed be born at time 0. Susceptible vectors are born at rate py Ny > 0,
and die naturally at rate puy > 0. Equivalently, each vector has an i.i.d. lifetime
o — a ~ Exp(py). Denoting by Sy (t) and Iy (t) the numbers of susceptible and
infected vectors, infection occurs at rate Sy g Iy (t) /Ny and infected vectors remain
infectious until death. The following deterministic model can be justified in this
Markovian context :

ds dl dR
I — _kBuvIvSu+0Ry, — — wBuvIvSy—ply, — M = uly—9Ry
dt dt dt
dS drl
=V =y~ @[HSV — py Sy, = _ @IHSV —pvily.
dt K dt K

3. Functional Law of Large Numbers and Limit Integral System. In this
section we state the functional law of large numbers (FLLN) for the scaled host—
vector processes and introduce the deterministic limit through a two-dimensional
system of integral equations. The key point is that, in the large-population limit,
the vector layer can be expressed explicitly as a functional of the host-to-vector
renormalised force of infection noted by y in this section, so that the core limit
dynamics closes on two unknowns.

Let us first formulate an assumption, which is in fact a consequence of the for-
mulation of our model.

Assumption 3.1. As N — oo,
Su(0) I (0)
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As Ny — o0,
L) - SV 0) o
—— — Iy (0 —— — Sy (0).
Ny v(0), N, v(0)
3.1. Mean infectivities and deterministic inputs. We denote by I(0) and
I (0) the initial fractions of infected hosts and vectors, and by Sy (0) the initial
fraction of susceptible vectors. We set the mean infectivities and the (conditional)
survival functions

No(t) == E[Ao(t)], A(t) == E[A(H)],
AVO(t) = EAVOt)], AV (t) =E\ (1)],
Fs(t) :==P(no >t | no > 0), Fe(t) :=P(n > t).

3.2. Vector layer as a functional of y. Given a nonnegative function y on R
representing the renormalised host force of infection, define the induced fraction of
susceptible vectors

S(y)(t) = Sv(0) exp< / ) dr>+ / v (s) exp< / ) dr> ds,
(4)

and the induced vector-to-host force of infection

V(y)(1) = A (1) exp (- / iy () du) 4 / R (ts) exp(- / v (1) du) S(5)() (s) .
(5)

S(y)(t) and V(y)(t) represent, respectively, the susceptible fraction and the renor-
malised vector-to-host force of infection in the vector population at time t as a
functions of the renormalised host force of infection between time 0 and time ¢.

3.3. Two-dimensional limit system. To describe the deterministic limit of the
FLLN, we introduce a two-dimensional system of integral equations. Observe that

the host layer depends on the vector layer only through V(y) defined in (5). We
thus look for a solution (z,y) € D2 of the closed system

o(t) = ['yo(t) exp( = [ o) V() dr)]
v [ B[pte—s)em( = [ 20— V)0 )] V) s

y(t) = Ro(t) + & / At — 5)2(s) V(y)(s) ds.
(6)

In (6), the only random ingredients from the microscopic model enter through the
expectations defining the mean infectivities (Mg, A\, Ay, AY) and through the two
laws of vy and . While the infectivity functions enter (5) and the second line of
(6) only through their means, the expectation of rather complicated functionals of
~o(t) and (t) and their integrals appear in the first equation of (6).

It should be noted that the term exp(—/{ fot Yo(r)V(y)(r) dr) is the conditional

expectation, given the random function g, that an individual having this suscepti-
bility function is not infected on the interval (0,¢]. Similarly, for an individual who



10 BAGHDADI OTHMANE AND PARDOUX ETIENNE

gets infected at time s, exp(—ﬁ f; ~y(r = s)V(y)(r) dr) is the conditional expecta-
tion, given the function ~, that this individual is not reinfected between time s and
time t. N

This is reminiscent of the fact that, in the formula for & (¢) in Section 2.4, as
soon as BjY (t) jumps by one, i.e. the individual k gets (re)infected, then Ve, BN (1)
jumps down to 0.

3.4. Link with the Markovian model. We consider the system defined in Sub-
section 2.8, with the initial condition such that R (0) = 0 (assumed here for sim-
plicity), the other initial conditions being > 0, and such that Sy (0) + I5(0) = 1,
Sy (0) + Iy (0) = 1. We consider now the system (6), (5), (4), in the particular case
where, with £ and 7 being two independent r.v.s with £ ~ Exp(u) and n ~ Exp(0),

A(t) = Brvlo<i<e,
)‘v(t) = ﬁVH7

Co(t).70(8) = (0,1), with probability L?H(o),
’ (BHV 10§t§5, 15+77§t)’ Wlth probablhty IH (0),
Y(t) = Letn<t -

As result,

A(t) = Buve M,

e [ (~ [ o) = suo)en (= [ V)

1008 [1esmzeonn (—n [ Vo )]

&+n

. {v(t _ s)exp (_K/Otv(r _ S)y(y)(r)drﬂ =E {15+,,<ts exp (—K/S;M V(y)(r)drﬂ

Lemma 3.2. The r.v. £ + 1 is positive, with the density
po —0t —ut
— (e —e .
o 5( )
Proof of Lemma 3.2 . We first note that we might assume that % > % (in most
diseases, the recovery period is significantly longer than the infectious period), hence
w>0.

PE+n>t)=PE>1)+P(n>t-¢§<t)
t
:€7Ht+‘u,/ efe(tfs)efusds
0

ot P 0t —pt
e M+ - 0(6 e M)
_ K o0t _ 0 et

w—0 w—0
hence the formula for the density. O

The correspondence of notations between the general model and the Markov
model is z(t) = Sy (t), y(t) = BavIa(t), S(y)(t) = Sy (t) and V(y)(t) = By ulv(t).



STOCHASTIC EPIDEMIC MODEL FOR MALARIA 11

We will show that if (x,y) is the unique solution of (6), then the corresponding
quantities of the Markov model satisfy the system of ODEs which appear at the
end of section 2.8.

Let us start with the second equation in (6), which here becomes

y(t) = I (0)Barve ™ + By / =2 ()V(y) (s)ds

W) = sV ) (6) — my(t),

which, divided by By, gives precisely the ODE for If(t).
Let us next differentiate (4). We obtain
dS(y y(t
B0 = - (M4 ) )00,

which is the ODE for Sy. In the present case, (5) reads

V) = T 0)8me " + 28 [ e () y(s)ds

dV(y) Bv
(1) = PES (3) 1)y (e) — Y )(0),
which, divided by By g, gives the ODE for Iy.
It remains to verify that z:(t) = Sy (t) satisfies the first ODE.
Let us first rewrite the first equation of (6) in the Markov model. From some of
the above formula, (6) in the present case reads

() = exp( / V(y > + T (0)E [1§+n<texp <_H ;WV(y)(r)dr)]
+r /0 E[15+n<tsexp( / t V(y)(r)drﬂx(s)wy)(s)ds

s+&+n

= S (0)exp tV( Y(r)dr | + I(0) [ exp V(y (e — eH%)ds
(o [ ) + 1 [Lewn (= [ vinonr) 225

+n/ /t Sexp< TV( V) (u )du) (s )V(y)(s)h( 0 _ 1) drds

dx = uo
S = =) 020 + Tn(0)

which is the ODE for Sy, provided we show that

0 t
(67% —e M) ¢ nﬁ (670(#3) — 67“(t75))x(8)V(y)(3)ds,
=0 Jo

D _ T H —ot —pt L ! —0(t—s) _ —pu(t—s
Ria(t) = T (0) L (e =) i [ et - o0yt (),

Indeed, applying the Duhamel formula first to the Iy equation, next to the Ry
equation and recalling that Ry (0) = 0, we have:

Iy (s) = In(0)e ™" + & / e D (r)V(y) (r)dr,

t t s
Ry(t) = 7H(O),u670t/ ef(‘“e)sds—l—ﬁ,u/ 670@75)/ e P a(r)V(y) (r)drds

0 0 0

¢ ¢
= 7H(0)L9(e_9t —e My + /we_et/ e”r/ e~ =93 ds 2(r)V(y) (r)dr,
0 T
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from which the result follows by the explicit integration of the ds integral.

3.5. Well-posedness and FLLN statement. Our first result establishes exis-
tence and uniqueness for the reduced limit system (6).

Theorem 3.3 (Existence and uniqueness). Assgmf that Assumption 2.4 holds.
Then the system (6) admits a unique solution (6,F1) € D3i. Moreover, if t —

E[Xo(t)] is continuous and t +— ~o(t) is continuous in probability, then (&,F1) €
C(Ry)2.

We now state the functional law of large numbers. Let
3.8 575"
be the scaled host—vector processes in the (N, Ny )-population model (defined in
Subsection 2.4).
Theorem 3.4 (FLLN). Under Assumptions 2.4, 2.2 and 3.1, as N,Ny — oo
while Jr =k € (0,00) is fized,
@".5) — ®&F) D}
where (&,F,) is the unique solution of (6) and moreover,
(SY.%") — (SE).VE)) i D2
Corollary 3.5. Given the solution (@, ?1) of (6),

@™ 1)

J@

U, T in D?
N—+oco (U7 ) m +

With (UN,TN) = (I%\;t), %) and (U, T) is given by

00 = B[z, v~ [ 200) 0 i)
w [ B[tspen( = [ 26— V@) ar) | S V) ds

T(t) = T (0) FE(t) + & /0 Fe(t — 5)8(s) V(Ea)(s) ds. (8)

Theorem 3.3 and Theorem 3.4 will be proved in the next two sections, and the proof
of Corollary 3.5 will follow immediately thereafter.

4. Proof of Theorem 3.3. Before turning to the proof of theorem 3.3, let us point
out the fact that the coefficients of our system of Volterra type integral equations
are non linear, and rather complex, notably due to the appearance of the functional
V(y) (which itself involves the functional S(y)). Our proof will follow the following
route. We shall first prove an priori estimate of the solution, more precisely that
whenever (z,y) solves (6), then z, y, S(y) and V(y) satisfy some uniform bound,
at least on any bounded time interval [0,7], T < co. The second step will consist
in exploiting those uniform bounds, and a type of locally Lipschitz property of
the coefficients, in order to prove uniqueness. Finally, a Picard iteration scheme
will allow us to prove existence. However, since we need a priori bounds on the
approximating sequence, and since the bounds we have are only valid for a solution
of the limiting equation, we will define a Picard approximation for the solution of
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a system where both the solution and the approximating sequence are “forced” to
satisfy the wished bounds, and finally prove that the solution of the modified system
is in fact a solution of our original system.

Let us first establish the following lemma, which will be crucial for our a priori
bounds.

Lemma 4.1 (Mass conservation). Assume that the pair (z,y) is a solution of the
system (6). Then, for everyt > 0, we have

Efexp (= [ autr) Ve ar) [+ [ Efexp (= [ 26—y vmar)] x<z> )v<y><s> ds=1.
9

Proof of Lemma /.1. We note as soon as (z,y) solves (6),

o (E [exp( —& / () V) () dr)] r / E [exp( —& / - ) V) dr)} 2() V(y)(s) ds>

= (E {—'yo(t) exp( — /i/o Yo(r) V(y)(r) d’")} + z(t)

_ H/OtIE[’y(t — %) exp( - n/: (= 8) V(y)(r) dr)} 2(s) V(y)(s) ds> KV (y)(t) = 0.

Hence the left-hand side of (9) is equal to its value at ¢t = 0, which is 1. O

A priori estimates of the solution. Let (z,y) € D be a solution of the system
(6). From Assumption 2.4 we have that 0 < yo(t) < 1 and 0 < (¢t — s) < 1 for all
0 < s <t <T. Hence, the combination of the first equation of (6) and Lemma 4.1
implies that

0<az(t)<1, Vt>0.

Moreover, we have

K

IN
[95]]
<
—
(e}
S—
@
i
ko]
|
o\
—
Ned
—
+
=
<
—~
=
S—
S—
o
3
N—
+
—_
|
@
i
ko]
/|\
O\N
—
=
=
S—
+
=
D
~—
S—
(oW
3
N———

hence, since Sy (0) < 1
Sy)t) <1, V>0 (10)

In addition, by Assumption 2.4, if A(t) > 0 (resp. Ag(t) > 0), then v(s) =0
(resp. vo(s) = 0) for all 0 < s < t. From the second line of (6), we deduce that for
any t > 0,

y(t) =E lko(t) eXP( - /-”»/O Y0(r) V(y)(r) d?‘)]

t
—|—/£/IE
0

<A

A(t = 5) exp ( k[ =9 V) d)] 2(5) V(y)(s) ds

)
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where we have again exploited Lemma 4.1.
Finally, we can deduce that for any T'> 0,0 < ¢ < T"

V(y)(#) = I (0) A (¢) exp < / L (@) du>

b [V oo~ [ i) st as
SA*+$T:1 Cr. .

Uniqueness of the solution to the integral system. We prove that the integral
system admits at most one solution on any bounded interval [0, T.

For a cadlag function f: Ry — R, define
Iflle := sup [f(r)],  t>0.
0<r<t

Let (z,y) and (%, 7) be two elements of D% solutions of the system on [0,7] with
the same initial conditions. Set

Az(t) = z(t) — 2(t), Ay(t) :=y(t) — 5(¢), te[0,T].
Moreover, we write
V() =Vy)(t), V()=
S(t):=Sy)(t),  S(t):=
For all ¢t € [0,T] we have,

Ay(t) = m/ot At~ 5) (2(9) V(s) ~ 2(5) V(s)) ds.
Using the bounds 0 < z,# < 1 and (11), we obtain
Bu(o) < [ C(Crlda()l +AV(s) ) s, telT (2)
we have for all ¢ € [0, T,

AV(h) =~ / NV (t = 5) e S 8 (5(y)(s)y(s) = S(y) ()i (s) ) ds.

using 0 < &y < 1, the bound AV < A\*, and (10) we obtain

A t
AV < Tmaz(x,1) [ (1AS()] +[8y()]) s (13)
0
Since the exponential is 1- lipschitizian on R_, we get, for all ¢ € [0, T,
SV(O) t 1 t t t
SO [ aywlar+ L [ v @ean- [ aveian [ 1ayw)aras
0 0 s

S

IN

[AS()]

A

< (800 + [ wveen [ wmanas) [ isynar

gv(O)—l—l ¢ A dr
< 2O [ iay)ar

Consequently, setting
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t
A < Co [ ayl.ds.  te 0] (14)
0
Combining (13) and (14), we obtain :
t
VI < Cut) [ aylds tefo1) (15)
0

with

*

Cs3(T) = )\; max(\*, 1) (1 + CoT).

Now we decompose z as
z(t) = A(V)(t) + Bz, V)(t), t €10,T],

where,

AV (@) = E[ww exp(—n / o) V() d)] ,

Bz, V)(t) == /i/OtE['y(t—s) exp(—ﬁ/jy(r—s)V(r) dr)} () V(s) ds.

For every t € [0,T], we have
|A(V) () — A(V)(@1)| < li/ot}V(r) ~V(r)|dr
< nu(r) [ 130l dr
We next estimate B(z,V) — B(i, V). We add and subtract the quantity

KE ['y(t —5) exp(—n/: y(r—s)V(r) dr)] z(s) V(s),
to obtain
B V)0 - B 70| < x [ (Cam|ac(s)] + [8y(s)])ds. (7

Combining (17) and (12), we conclude that :

t
Al < 5 C(T) [ (lAx], + AV ds (15)
for some constant Cy(T") > 0 depending only on A\* and 7.

Combining (15), (16), (17) and (18), we deduce that there exists a constant K > 0
such that, for all ¢ € [0, 7],

t
D(0) = |Acl+ Ayl < K [ D)
0
Since the two solutions have the same initial conditions, we have D(0) = 0. By
Gronwall’s lemma it follows that D(t) = 0 for all ¢ € [0, T}, that is,
Az(t) = Ay(t) =0 forall ¢t €[0,T].

Consequently, the two solutions coincide, which proves the uniqueness of the solu-
tion to the integral system on [0,7], for all T > 0, hence on R.
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Existence for the integral system via Picard iteration.

1) Operators and truncated system.
Host operators. For bounded measurable functions z,y : [0,7] — R4 and V :
[0,T] x D — Ry define
t
Plti) =B o~ [ 20(r) Virp)ar)]
0

o tE[wts) exp( [ = ) V() dr)} 2(5) V (s, ) ds,

(19)
— t —
Glt:2,1) = So(t) + & / Mt — 5)2(s) Vs, y) ds. (20)
0
Truncations. Define the 1-Lipschitz truncation maps
M (u) == u A1, My(u) :=u AN
Truncated system. We consider the truncated fixed-point problem on [0, T7:
2(t) = (F(t;2,9)
(21)
2) Picard iteration and uniform bounds.
Picard scheme. We initialize
2O =0, yOmW=0  tel0T]
and, for n > 0, set
2" (1) =10 (F(t; z™, y(”))),
(22)
y(n—i-l)(t) =11, (F(t; x(n)7 y(n))),
Uniform bounds. By construction for all n > 0 and ¢ € [0, 77,
0<a™t)<1,  0<yM) <A, (23)
3) Contraction-type estimate and convergence.
Differences. For n > 0 define, for ¢ € [0, 7],
5(t) = |z (1) — 2™ @), 6V (1) =y (@) — g™ (@),
oy (s) = V(t.y ") = Vity™)
Set
Ap(t) =50 (t) + 6 (t). (24)

Exploiting the boundedness of the sequences (™ and y(™ (thanks to the trunca-
tion), from estimates analogous to those used in the proof of uniqueness, we obtain
that for any 7" > 0, there exists C'r such that, for n > 1,

CrT"
sup Aty < GO G Ag(e),
0<t<T n: 0<t<T

hence 37, - sup,<r An(t) < co. Therefore (z(™ y(™) is Cauchy in (D([0,T]))? for
the sup norm and converges uniformly to some (z,y) € (D([0,T]))?.
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4) Passage to the limit and solution of the truncated system. By the uniform bounds
(23), all integrands in (19)—(20) with (x,y) replaced by (2™, y(™) are dominated
by constants (depending on T only). Hence, by dominated convergence, we may
pass to the limit in (22) and obtain that (z,y) satisfies the truncated system (21)
on [0,T] for all T' > 0, hence on R;.

Assume that (z,y) is a solution of the truncated system. Then

F(0,2,y) =E[v(0)],  G(0,2,y) = X(0).
Hence
z(0) = F(0,z,y) A 1, y(0) = G(0,z,y) AN*,
satisfy 2(0) < 1 and y(0) < A* see Remark 2.1. By the right continuity of the map
t — (F(t;z,y),G(t;x,y)) there exists t; > 0 such that, for any 0 <t < ty,
z(t) = F(t,z,y) <1, and y(t) = G(t,z,y) < A"

Consequently, the solution of (21) is also a solution of (6) on [0, ¢1].
Define the (possible) first exit time from the truncated domain by

7 := inf {t >0: (F(t,z,y)—1) V (Gt z,y) — As) = O}.
Assume that 7 < +00. Then, for every ¢ € [0, 7),
F(t,z,y) <1 and G(t,z,y) < A",

and hence (z,y) is a solution of (6) on [0, 7).
Moreover, the mapping

tHE{exp<—m/t%(r) Vir,y) dr)] {exp( m/ (= )y (r) drﬂ 2(s) V(s,y) ds
0

is continuous and from Lemma 4.1 it is equalb 1 on

]E{exp(—n/(: o (1) V() drﬂ—m/ {eXp( n/ +(r = $)V(r,y) dr)] 2(5)V(s,y) ds = 1.

So, we have z(7) = 1 if and only if

,7). Hence

Y(T)=1as., Vit >0, and  ~v(r—s)=1as., Vrels7].
Likewise, y(t) = A* if and only if
Xo(T) =" as., Vi >0, and AT —38)= A" as., Vse[0,7].
Using Remark 2.1, we infer that

(1) <1 and y(T) < A*.
Hence
F(r,z,y) <1 and G(1,z,y) < A",
which contradicts the definition of 7.

So, necessarily 7 = +o00. Consequently, for every ¢ > 0, the solution of (21) is
also a solution of (6), which proves the existence of a solution to (6) We now prove
the continuity of the solutions ¢ — (F1(¢), &(t)) under the additional assumption.
To this end, we prove the continuity of ¢ — (F(t, x,y), G(t, x, y))

1. Continuity of t — F(t,z,y)
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e Continuity of the first expectation term in F(¢,z,y).
E {70(15) exp( —K /t Yo(r) V(y)(r) dr)] is continuous and takes its values in [0, 1].
0
Indeed, 7o(t) is continuous in probability and takes its values in [0, 1],
hence the result by Lebesgue’s dominated convergence theorem.

e Continuity of the integral term in F(¢,x,y).
For t € [0, 7], define

1) = /Ot B(t,s)ds,  B(t,s) = UL, 5) 2(s) V(y)(s),
where
U(t,s) = E[’y(t - s)exp( - H/:’y(?‘ —$)V(y)(r) dr)} ) 0<s<t<T.

Fix ¢ € [0,7] and let (t,)n>1 C [0,7] be such that ¢, — ¢. Choose
T* >tV sup,, t, We have, for all admissible (¢, s),

@, 5)| < [W(E, 8)|[2(s)V(y)(s)| < Elly(E = )] [2(s)V(y)(s)] < Cr-

For each n,
t tn
[I(t) — I(tn)| = / D(t, ) ds—/ D(ty,,s)ds
0 0
tVt,, tALy,
< / O(tV ty,s)ds| + / (P V ty,s) — ®(t Aty,s)) ds
tAL, 0
=: |A,| + |Bul. (25)
First
tVit,,
|An|§/ CTdS:CT|t—tn|—>0.
tAE, n—o00
We have

t
B,| < /[(P(t\/tn,s)—@(t/\tn,s)]ds .
0

But the argument used above shows that for any s fixed, t — U(t,s) is
continuous, and the same is true with ¥ replaced by ®. Moreover ®(¢, s)
is locally bounded, hence the convergence |B,| — 0 as n — oo follows
readily by dominated convergence.
2. Continuity of t — G(t,z,y)
Fix t € [0,T] and let ¢, — t. Proceed as above:

Gtn)=G(t) = (Ro(tn)~Ro(t))+ / " Mta—s)z(s)V(y)(s) ds— / Alt—s)2(s)V(y)(s) ds.

The first term tends to 0 by continuity of Ag. For the integral term, one repeats
the decomposition (25) and uses the bound |A(t — s)x(s)V(y)(s)] < CrA*.
Hence G is continuous.
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5. Proof of Theorem 3.4. This proof section is organized as follows. We shall
first give some background on Poisson Random Measures, for the convenience of
(at least some of) the readers. Next we shall establish two Lemmas in the second
subsection. Lemma 5.1 will provide an explicit representation of the unique solution
to system (6) in terms of some modified counting processes; see (28) and (34). Next,
Lemma 5.2 is used to characterize two key quantities associated to the vectors,
namely the force of infection and the proportion of susceptible vectors. Finally, in
the last subsection, we show that the approximation errors arising from replacing
the counting processes introduced in Subsection 2.5 by those constructed in (28)
and (34) converge to 0 as N and Ny tend to infinity.

5.1. Basic facts about Poisson Random Measures. The content of this sub-
section is mainly for readers not very familiar with stochastic processes and sto-
chastic epidemic models. In our model, infections happen at a certain rate. Let us
talk about infections of hosts. Each host is infected at a time—varying rate, say u(t),
which is the product of the susceptibility of the host, and N~! times the total force
of infection of the vectors. This means that the next infection event of a given host
is the first point of a time-changed Poisson process, that is P(f(;5 wu(s)ds), where P
is a rate 1 Poisson process (i.e. P has independent increments, and for 0 < s < ¢,
P(t) — P(s) ~ Poi(t — s)). We prefer rather to write this process in the equivalent

form
t o
/ / 11L§/L(S*)Q(dsvdu)7
0 JO

where @ is a standard Poisson Randon Measure (abbreviated below PRM) on R2.
(standard means “with mean measure the Lebesgue measure”). @ is the sum
of Dirac measures located at random points of RZ, such that for disjoint sets
Ay, A, Q(AY), ..., Q(Ay) are independent, and E[Q(A)] = [, dz. Those as-
sumptions imply that Q(A) ~ Poi(f, dx). The reason for u(s~) (and not ju(s)) is
that p(-) is right continuous, and at the time of infection, the susceptibility of the
individual is zero, unlike the susceptibility just before the infection.

If ;o were deterministic, then the number of infections on the interval (s, t] would

be Poi( fst w(r)dr). In particular, the probability that there is no infection on that
interval would be exp (— fst u(r)dr).

Let now (E, &) be a measurable space, equipped with a measure v. The above
PRM @ can be written as ) .-, (s, ;). Suppose that we are given a sequence
{e;, i > 1} of ii.d. random points in F, whose law is v, and which is globally
independent of Q. Then Q" = .o, 0(s; ui.e,) is @ PRM on Ri x E, with mean
mesure dsduv(de). Clearly @ is the projection of Q' on the first two coordinates.

Let @ be a PRM on R x F with mean measure dsv(de). Suppose now that on
our probability space (2, F,P), we are given an increasing collection F3, ¢t > 0 of
sub-sigma algebras of F, which is such for each ¢, each measurable set A C [0,¢] x E,
Q(A) if F; measurable, and F; and Q| 4o0)x are independent. We denote by FP
the sigma-algebra on R x ) generated by the sets of the form (s,t]x Afor 0 < s <t
and A € Fj.

Let now G be a random function of (t,e) € Ry x E, which is assumed to be
FP ® & measurable, and such that for all ¢ > 0, Ef(;f [ G*(s, e)dsv(de) < co. Then
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one can define the integral fot [ G(s,€)Q(ds, de) and moreover

//Gse Q(ds, de) //Gsedsyde)
E( >: //G2 e)dsv(de) .

5.2. Two lemmas. Let (Qr)i<k<ny and (Q} )i<e<n, be ii.d. standard Poisson
random measures on Rf_, which are mutually independent.
For the host population, the model can be written as follows:

/ G(s,e)[Q(ds,de) — dsv(de)]

N
=N 1
t) = N Z /\k,B,gV(t)(ullgv(t))7 (26)
k=1
N
> s oa ), (27)
k:
where
t o]
Moreover we have, {?;\IV (t) being defined a few lines below,
=N
T (1) = ke gy o(ar (1) T2 (1) (29)
For vectors the model can be written as :
SNV (0)
N -
ST(t) = W( Z 1{t<‘”}1{CéVV(t):0} + Z 1{%St<0k}1{cf,y (t):O})’
(=1 k>SNV (0): o €(0,4] '
(30)
with again oy denoting the death time of the individual born at time «y.
N Vv (0) SNV (0)
SQV _ ( Z )\é 1{t<02}+ Z /\gt—Tg )1{t<02}
=1
+ Z )‘k (t - Tk ) 1{ak<t<0k}) (31)
>SNV (0)
o, €(0,t]
where TiN v and T]iv v are, respectively, the jump times of the processes

Nv v
C / / {CNV(S )=0} { S?{v }Q (dS du)

and

NV Vv
Ca / / {8V (s-)=0} l{ugﬂvfjﬂ}Qk (ds, du).

We now define the processes {Bj} and {C¢} using the same PRMs {Qj} and
{@f
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For hosts,

Bk(t) = /0 /OOO 1{u§Tk(S_)} Qk(ds,du), With Tk(s) = n’yBk(S)(ak(s)) V(?l)(s),

(32)
Where the age of infection aj (or elapsed time since the last jump of By) is
defined by

a(t) ::t—sup{se (0,t] : Bi(s) :Bk(s_)+1}. (33)

Then {(By,ar)}1<k<n is an i.i.d. family.
For vectors,

t o0
c@(t):/o/o Lo omym0 1, i Qelds, du),
(34)

t e}
Con®= [ [ Lo 0101, L ayn Qo oyl ).
Qg

= K

Lemma 5.1. Equation (32) admits a unique cadlag solution By(t). Moreover, the
associated pair :

(Blvs, ) (@ (8] EAs, ) (a1(8))]).
is the unique solution to the limiting system (6).

Proof of Lemma 5.1 . Note that we make the mild abuse of notation which consists
in writing Ap, (¢), VB, (r) instead of Ax p, (1), Yk,B, (1) Existence and uniqueness is
quite elementary. We leave its verification to the reader.

For each host k we work on a filtered probability space (£, F, (F¢)¢>0, P) supporting
the Poisson random measure @), and the mutually independent marks (Mg s, Vk.i)i>0-
We denote by (F;)i>o the filtration generated by these sources of randomness, i.e.

Fi = U((/\k,u'Yk,i)igBk(t)a Qk|[0,t]><]R+)~
Let 7; denote the i-th jump time of the counting process Bj, namely
7, :=inf{t > 0: By(t) > i}, i>1,

with the convention inf @ = +oo. Then (7;);>1 is a sequence of (F;);>o-stopping
times, and the restriction Qp|(r, qxr, is independent of F,. Hence,

(B0 = 1172 = exp - [ =) VED () ).

i

We shall denote below by g the law of ~,

Step 1: Proof of E[vp, 1) (a(t))] = S1(t).

VB (C() =100 (B t=0) + D Vit — ) 1B (t)=i)

i>1

(recall that v;(s) =0 if s < 0, see Assumption 2.4)

E[0(t) 1p,=0}] = Elyo(t) P(Bi(t) = 0]0)] = E[%(t) exp (—ff/o %0(r) V(F1)(r) dTﬂ :
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E {Z Yilt — 7i) 1{Bk(t)_ﬂ} =)E ['y(t —7;) exp <fﬁ; /t Y(r — ) V(F)(r) dr)]

i>1 i>1

= Y[ f 2t = e (= [ 26— m VED ) ota)]

i>1

= ]E[/OtE[w(t - s)exp(fn[ﬂ/(r - S)V(?l)(r)dr>} dBk(s)]

— ez - s) (- [ = 9 VE) ) Bl o (a(9)] VE) 5) ).

E[ys.(0(a(t)] = E [w(t) exp (—n /0 () VE) d)}
+ E{/OtW(t — 5)exp (—n/:v(r —s)V(E1)(r) dr) KE[v5, (s (a(5))] V(F1)(s) ds] .

This proves that Ehgk(t)(a(t))] = G(t), as a consequence of the uniqueness of

a solution to the above linear integral equation, given that V(§;)(t) < Cr for all
0<t<T.

Step 2: Proof ofIE[)\Bk(t)(a(t))} =F1(t).

Aeo)(C(®) = Xo(t) Lipy(ry=0y + Z Ai(t = 7i) (B, (1)=i)

i>1

=Xo(t) + D _Ai(t—).

i>1

Indeed, A\;(t — ;) =0 if t < 7y, and also if By (t) > i, see Assumption 2.4. We have

E[Ap, 0 (C(1)] =Eo(t)] + E {Z it — Ti)]

i>1

Xo(t) +E [Z At — 1)

i>1

o(t) +E Uot At — ) dBk(s)}

Solt) + / Alt - ) KE [15,(0) (C(9))] V(E1)(s) ds

t
So(t) + [ At = 5)8(s) VF)() ds,
0
where we have used the result of step 1. Hence the result. O

We now define GV (t) and FV(t) by replacing the sequence {(BY,al)1<k<n}
by {(Bk, ax)1<k<n} in the formulas (27) and (26). An immediate Corollary of the
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strong law of large numbers in D (see [11]) and Lemma 5.1 is that
&N, 3) — E.5)
a.s. in D% _ _
We next define SNV (t) and 2V (t) by replacing C*V with C; in the formula (30)
for SNV (¢) and the formula (31) for §é\7v (t).

Lemma 5.2. As N, Ny — oo, with % =K,

SN (1) = SF) () and FpV (1) — V(E) (@)

a.s. in D

Proof of Lemma 5.2. Step 1: Convergence of SNV( )

‘We have :
/ / Lo(s- <§1<r)Qz"/(d87dU)

:H/exp<—/ G d?")%l()

We introduce the following two quantities:

SNV (0)
- ~ 1
SV (t) = NV > Loy e =0} SV (t) = N D la<tcotanlon, (=0
i=1 E>1

On the event {a; <t}

B(Co ()= 0la) = exp( -+ [ Fat)ar).

Similarly, the survival probability up to time ¢ is given by

P(t < o1]as) = exp(— /: v (7) dr) .

Since the infection and death mechanisms are independent, we obtain for i < SV (0)

Pt < 05, Cia. (£) = 0) = exp(— /Ot ) + &ér)}dr) .

By linearity of the expectation,

BN (0] = 5% 0) exp( - [ [+ 51004,).

By the law of large numbers in D (see [11]), we have that, as Ny — oo,

5% 0 =8 0ew (- [ v+ 20 )

a.s. in D.
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Next, {ag, k > 1} denoting the points of a Poisson process with intensity Ny py ()
on R, we consider :

. 1
N
V()= 5 > Lap<t<onon) 1Cu, (=0}
E>1

1

= Ni / 1u§NU;LV(s)]-t—s<o'1t—s<TQb(d37du7daa dT))
V J[0,t]xR3

where Q) is a PRM on Ri with mean measure

dsduExp,,, (s4.)(do) Exp, 1z (4. (dT).

t
E|:SéVV (t)} = /0 NV(S)E[l{t<a(s)}1{cs(t):0}] ds.
It is clear that :

2[5 0] = [ i) e~ [ (mer+ ) ar)as.

Now the wished convergence a.s. in D of 53V towards

[ e (- [ () + K] ar)

follows again from Rao’s [11] LLN in D, if we note that

1
N / luSN,,;LV(s)]-tfs<o'1tfs<‘rQb(ds>du7d07 dT)
[0,¢] xRS,

Ny

NV Z/ | R3 1(k Dpv(s)<u<kpy (s )1t S<U]-t s<7’Qb(dS du dU dT)
0,t] x

and from the well-known properties of Poisson random measures, the above sum is
a sum of i.i.d. r.v.’s.

Hence SNV (t) — S(F1)(t) a.s. in D

Step 2: Convergence of §év" (t)
We next consider the three terms Sévt‘)’ (1), Sév‘l’ (t) and Sévé’ (t).

We have
;o
AN vo
32,8 (t) = NV ]Z1 >\ (t)ico_ IR
where 0_1,0_5, ... stand for the death times of the initially infected individuals.

We clearly have the following a.s. convergence in D, as Ny — oo,

550 RO e (- [ t )

Concerning the second term, as Ny — oo,
. 1 v (0) SNV (0)
2f () = 5 Z Vit —1) 1jcon = N > / A (t = 8)1{1<0,y Ci(ds)

i>1
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— Sy (0)E Uot A (t = 8)1{ac0y exp (— Os §1I£T) dr) 81(5) ds}

K

SVUDLAtXV(ts)exp(bltuvhﬁdr>exp(bASuVOﬁ4gisﬁch>‘Sis)d&

For the last term in éév ¥ (t), we will need to introduce the following formalism.
Let @ (ds, du, do, dr, d)) be a Poisson random measure (PRM) on R x D, with
mean (intensity) measure (vy denoting the law of V) :

Qy(ds, du, do, dr,d\) = duds Exp,, , (54 (do) Expm(ﬁ_.)(df) vy (dN).

Note that the PRM Q) introduced in Step 1 of the proof is the projection of @} on

RY
Now,
~ 1
Sé\ig (t) = Ni Z )\V t— T 1{a <t<o(a;)}>
i>8NVv (0)
a; €(0,t]
and

1 1
o SN (-7 a<tcon = W/ C Lushe oy A (=T = 8) Lrgimscoy @p(ds, du, do, dr, dN).
4 i>85 (0) [0,t]xR3 x D
a;€(0,t]

‘We have :

1
o / 1{7J«<NVHV(S)} AV (t — s — 7') 1{.,.§t_s<g} Q/b(ds, du,do,dr, d)\)
vV J10,t]xRE x D

/ / py (8) AV (t —7) exp (— /St v (v) dv) exp(— ST §1/iu) du> §1}£T) drds.

Again, we easily obtain that, as Ny — oo, a.s. in D,

—>/ / pv (s t—r)exp< /:,uv(v)dv>glm(r)exp (_/Srgl,imdu> drds .

When combinig (4) and (5) we see that V(y) is the sum of three terms.We have
shown that E(%g}j (1)), E(Né\f}’ (t) and E(NéV‘Q/ (t)) are respectively equal to the first,
the second and the third term in V(§;). Finally, we have shown that %év Vit) —
W31)(t) a.s. in D. O

3. Completing the proof of Theorem 3.4. Now, we introduce the disagree-
ment counting process

t 0
:/0/0 1{min(’rkff’(s—),’rk(s—))<u§max(TkN(S_)7Tk(s—))}Qk(d&du).

By construction of the coupling, we have

|BY (t) — Be(t)| < A (1),  t>o0.

E

Moreover, since t — Af(¢) is nondecreasing

E| sup ’Bk Bk(r)|

<E[A{ (1))
rel0,t]
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= /OtIEHTfCV(s) —Ti(s)|] ds. (35)
Recall that
Ty (t) = “%,Bg(t)(akN(t)) gévv (t), Ti(t) = £ vk,B, (1) (ak (1)) F2(t).
We have 7y, ; < 1 for all 4, and for all t > 0,0 < §;VV (t), F2(t) < A*. Then, for all
t>0,

E[ITY () = Ye®]] < B[N (1) = Ye()| Lmy =01, 08 r=anten | + A P(BY (@) # Bu(t) or i (1) # an(t)) -
(36)
On the event { B (t) = By(t), a3 (t) = ay(t)} we have v, gy (o) (aff (t)) = 7k, B, (1) (ar (1)) <
1, hence

]E“Tffv(t) =Y LN @0)=Bro), azkv(t):ak(t)}} < %JE“@[V (t) — §2(t)|}- (37)

[ 1 NV (0)
NV (V20 <oy — BN (D1 10<0])

j=1

E[[%" 0 -50)| < E

} A ]E[|TNV (0) — 7(0)@

SV (o)
+E||57 2 (A=) Li<o,y — BN (- 1) Li<oy)])
j=1

} A E[)?N" (0) — E(o)ﬂ

1 Z ( ]
aR€(0,t]

+E NV Mt =70 oy <t<otan — M(E— T/X)l{akgxak})
k>INy (0)+SNy (0)

[ 1

]Ei
+E| 5o

/[0 i Ly A (E =8 = 7) Lir<i—scoy (@) — Q) (ds, du, do, dr,d)) } ,
A)XRS.

(38)

where @)} is the mean measure of the Poisson Random Measure Q.

Lemma 5.3. As Ny — oo,
1
n

Proof of Lemma 5.3. Define

/[0 st b L{u<Nypy ()} )\V(t =T = 5)1{r<i—s<o} (Q;, — Qi’b) (ds, du, do, d7,d)\)
xRS

} 07
Ny —oo

va (57 u,ao, T) = l{unguv(s)} )‘V(t -7 S) 1{7’§t—5<a}a

and
My, (t) := / fay (8,u,0,7) (Q) — Q) (ds, du, do, dr, dN).
[0,t]xR3 x D
So we have
E[lMNV (t)|2] = / va (87 u, o, T)2 @(ds7 du7 dO’, dT? d)‘)
[0,6] xRS x D

by Cauchy—Schwarz,

1 1 L\ 172
_ < .
E| o 1M (0] < 5 (Bl ()
Therefore,
E[|MNV(t)|2} < ()\*)2/ 1{USNV“V(S)}Q72(dS,dU,dU, dr, d)\)

[0,¢]xR3 x D
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= 0 [ (v () ds = PN [ (s)ds,

Consequently,

1 1 t )\* t
E|—|Myn, @] < = \4{/N ds = —— d 0,
{Nv| Nv()|:| SNy V/O pv(s)ds Ny /Ouv() S ﬁ

O

It follows from our assumptions that as Ny — +o0,

=N - —N _
E[[77(0) - T(0)]| + E[|"™ (0) - 5(0)]]
1 _
+ E 7NV /[0 . - I{USNV/J«V(S)} )\V(t — T — .S) 1{T§t—s<o} (Qg — Q;)) (dS, du, dO’, dT, d)\)
X X
— 0
NV‘)OO

(39)
For each ¢t > 0, the A;{O(t) are i.i.d. and bounded, and globally independent of
IN(0), hence, from the classical strong law of large numbers,

NV (0)
NV Z (A 1{t<0‘}_E[A;{O(t)l{t<0j}}>‘ ma (40)
=1
Next
SNV (0)
Nv > (W= 7)oy — B (= 7)) <o)
j=1
SNV (0)
Z (W E=mM) =X (= 7)) Li<on (41)
1 SNV (0)
+E||v X (W=7 1u<oy —ERN (=) 1<)
j=1

By the same argument as that used for establishing (40), we get that, as Ny —
o0,
SNV (0)
Bl Y W=7 )coy —ERNV(E =7 )1pcopD| | = 0. (42)
j=1
In order to bound the first term on the right of (41), we first note that

|/\;‘/(t—TNV) /\V(t—T )| <)\ 1 VNV/\t;éT

J VAt

E[A) (t— 7)) = AV (t = 7)) S NP(rY At £ 7)) At)

= s O () - Cy0] > 1)

0<r<t

|
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< XE [ sup [CN (1) — C(0) (43)

0<r<t

Let

=N - —N- _
ene (t) = [T (0) = T(0)|| + E[[S" (0) - 5(0)
- B
+E Ni / 1{U§Nvuv(s)} )\(t — 7’) 1{7'St<0} (Q;) — Qé) (dS, du, dU7 dT7 d)\)
V| J10,t]xR3 x D

1 rro —0
+E|||— (AJ(t) = A (1))

L NV j:1
[ 1 SO v

+E Niv ()\ (th )1{t<01} IE|:/\ (thjV)]-{t<aj}:|>
L j:1

We have that for all ¢ > 0, ey, () — 0 as Ny — oo, and moreover ey (t) <

2+43\*, hence also fot eny (8)ds — 0 as Ny — oo. Combining the above inequalities,
we have that

T t SV (0)
1
E| sup ’Bk — By (1)] S/ ENV(r)dr—i—/ —E Z sup ’CNV (s) = Cj(s)| | dr
te(0,T] 0 0 Ny i=1 0<s<r
/ sup ‘CNV (s) = Cj(s)| | dr
]>SNV(O)+1O<S<T
+/ E[ sup |ByY (r —Bk(r’)@ du,  Vt<T.
0 0<r’'<u
(44)

On the other hand, define

31 (5 31(5 )
/ / QZ(ds,du).
3‘" (s~ )/\31

V() — Cu(t)| < AY (1),  t>0.

In particular since t — Akv is nondecreasing,

we have

E| sup |CNV (r) — Ci(r)|

<E[AY ()]
rel0,t]

-/ BE ) -6 b @)
0

@’ (1) = E[hp, (1) )

&
<l
==
=

|
=R
=
I
=
&
1
2|~
(1=
/N
>
.
U:J
=
£

] |



STOCHASTIC EPIDEMIC MODEL FOR MALARIA 29
1 N
<rE | |53 (Mm@ ®) = N0 (0 0))
]:1
[ ] )

Since ((Ak,i)i, B, ak are ii.d., the family (A g, () (ak(t))), is i.i.d. Hence, by
Cauchy—Schwarz,

o

1 N
> im0 (8;(0) = E[Aw s, (a1(1))])

Jj=1

k

N 2
< % (E [ (]Zl (M,BJ w(a;() —E[N; 5,0 (a; (t))})) 1 )

N , 1/2
N (ZE[< a;(t)) *E[AJ,BJ(t)(aj(t))D ])

1/2

1 N
Z( 5.8, (0) (05 (¢ E[Al,Blm(al(f))])

Jj=1

j=1
<
<%
(47)
. In addition, as (B (t),alY (t), B;(t),a;(t))1<j<n are exchangeable, we have
1 1
E| |5 2 (Mo (@ 0) = iso (00)) || =E| |5 2 (Mm@ (1) = Xm0 (0 (0) )
j=1 =

XLe B (1)£BN () or a;(t)a¥ (t)}”
. N
< 3 BB £ BY () or (1) # 0 (1)
j=1

= N"P(By(t) # By (t) or ai(t) # af (1)) .
On the other hand, since

{BI(t) # Bi(t) or ai (t) # ax(t)} C { sup | B (r) — Br(r)| = 1},

rel0,t]
P(By (t) # Bi(t) or aif (t) # ay(t)) <E sup, | B (r) — Bi(r))| (48)
rel0,t
Therefore,
£ ([0 50| <x < + XE| sup |BY () - By (49)
\/N r€(0,t]

we deduce that for any ¢ > 0,

E| sup ’CNV (r) = Cr(r)]| < £t+2)\* /tIE sup ‘B,]CV(T‘)—B]C(T)‘ dt. (50)
ref0,t] \/N 0 ref0,t]

Lemma 5.4. Fiz T >0 and k € N. Fort € [0,T], define

0= E| sup [BY0) - Bl | (0= B[ sup 6 () - cutr)|.

0<r<t 0<r<t
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Then, for allt € [0,T],

WY () + NV (1) < any (1) + Ky /O (b () + Y () du,

where
t ¥ SNV (0)
t) = d t Ky, = (1+2)\* )
any (1) = [ em )it ot Ky = (142) + S
In particular, by Gronwall’s inequality,
sup (by (1) + eV (1) < an, (T)exp(Kn, T).
t€[0,T)
Proof. From (50) we have :
2\ t
NV * N
c t) < t+ 2\ / by (u) du 51
From (44) we have
t SNV () [t t
bl (t) g/ eny () dr—&-A/ civ"(r) dr—i—/ b (u) du. (52)
0 Nv o 0
Let y, MV (t) := b (t) 4 ¢V (¢). Adding (50) and (52) gives
t 2* t t SNV (0) t
N,Ny N * N N
’ t) < 15 ) dr+ t+ b udu+2)\/b udu—&—i/cvrdr.
W0 < [Cen iz [ e [ warTEE [

. ¢ t NN ¢ b NN :
Since [y b < [yyp "V and [jep < [yyr Y, we obtain
*

N, Ny ! o SN0 NNy
Yy (t)§</0 st(r)dr+mt>+((1+2>\)+ Ny )/Oyk’ (u) du.
This is precisely an integral Gronwall inequality, hence
e (1) < any (1) exp(Eny t) < any (T) exp(Kn, T), ¢ €[0,T).
This concludes the proof of Theorem 3.4. O

Proof of Corollary 3.5. We keep the same process Bi(t) defined in (32) with its
jumps (7;);>1. It follows from the proof of the theorem 3.4 that, as N — oo,

N

1

N Z <1akN(t)2nk,B,iV(t,) - luk(t)an,Bk(t)> — 0,
k=1

N

1

N Z <1akN(t)<nk,B£V(t) o luk(t)<’7k,5k(t)) -0,
k=1 ’

in probability, locally uniformly in ¢.
Moreover, since (ct;.c(t),nk’Bk(t))k>1 is a collection of i.i.d. random variables in

D2, the law of large numbers in D? [[11], Theorem 1] yields that, a.s. in D?, as
N — oo,

N

N

1 1

(N Z 1ak(t)277k:,Bk(t)7 ﬁ Z luk(t)<77k,Bk(t)> - (]E[lak(t)z"?k,Bk(t)]’ ]E[]'ak(t)<nk,5k(t)]) :
k=1 k=1
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We decompose:

N N

—N 1 1

U (t) = N § (lakN(t)Z"k,B{j(t) - lﬂk(t)Zm,Bkm> + ﬁ E :lﬂk(t)Zm,Bk(tw
k=1 k=1

N N
—N 1 1
I (t)= N Z (lakN(t)<nk)B£z(t) - 1ak(t)<7]k,Bk(t)) + N Z 1ak(t)<77k,Bk(t)'
k=1 k=1
It remains to verify the formulas

T(t) = ]E[lak(t)<"7k,]3k(t)} and U(t) = E[lﬂk(t)Z%,Bk(t)]
are coherent with (7)-(8).
If t — 7, < mgi, then v, (t — ) = 0, from Assumption 2.4. Hence

/, Vi (r — 1) V(1) (r) dr = 0,

and By (t) = Bi(7;). Since 1i<y, o = li<y, o 1B, t)=0 a.5., we have

E[lﬂk(t)<7lk,3k(t)] =K 1t<77k,013k(t):0 + Z 1t—7i<nk,i13k(t):i
i>1

= I (0) Fg(t) + ZE[P(t — T <Nk | 7o) Lr<t] -
i>1
Since n,; and 7; are independent, it follows that

B[ Loy () <me s, 1) = L1 (0) F§(8) + Y E[F(t —75) 15,<]
i>1

1 (0) FE(t) + EM Fe(t — 5) By(ds)

I
~il

— Tu(0) FE(t) + 5 /0 Fe(t— ) 8(s)VE)(s)ds.  (5.27)

This identifies I(t) as given by (8). If nxo > t (resp. nx; > t), then by Assump-
tion 2.4

Yk,i(8) =0  (resp. yi,0(s) =0), 0<s<t.
We write v (resp. 7o) for a random function with the same law as 7;; for i > 1
(resp. as Y,0)-

Exploiting the fact that v, 0(t) = 0 whenever 7o > t, a similar statement
concerning 7 ;(t), and the argument leading to (5.27), we also have

]Elilak(t)<77k,Bk(t)} - E|:1"7k,0>t exp( - n/ot Yo(r) V(F1)(r) dr)}

¢ ¢
+ Ii/ E {1%1.%5 exp( - m/ ~y(r—s)V(F1)(r) dr)} S(s) V(F1)(s) ds.
0 s
Combining the last identity with (9) yields

E[lak(t)znk,Bk(t)} =1- E[lak(t)<nk,3k(t)]

- [1 exp [ o) VE)) dr)}
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+ n/ot E |:1t5>"7k,z‘ exp( — m/st y(r —s) V(F1)(r) dr)} S(s) V(31)(s) ds,
which identifies U(t) as given by (7). O
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