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Abstract

We study an individual-based stochastic host—vector epidemic model for malaria, in which
humans can experience repeated infections over their lifetime. In contrast to classical Ross—
Macdonald or compartmental SIR/SEIR models, each infection episode is characterised by a
random time-dependent infectivity profile: after infection, a human host transmits parasites
to susceptible mosquitoes according to a random infectivity function of the time since infec-
tion, while recovered hosts gradually regain susceptibility according to a random susceptibility
function. On the vector side, susceptible mosquitoes become infected through contact with in-
fectious humans and then contribute to transmission until death, under a demographic regime
that combines birth and mortality processes.

We analyse the large-population asymptotic behaviour of this coupled host—vector system
and prove a functional law of large numbers (FLLN) by constructing a sequence of i.i.d.
auxiliary processes . The limiting dynamics are described by a nonlinear deterministic system
of renewal-type integral equations that generalises both the classical Kermack—McKendrick
age-of-infection framework and standard malaria models. In this limit, the solution of the
limiting deterministic system depends on the expectation of a complicated functional of the
random susceptibility functions, but only on the mean infectivity functions of humans and
mosquitoes.
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1 Introduction

Vector-borne diseases remain a major global health burden. They arise when an infection is
transmitted indirectly between hosts through a biological vector—most often blood-feeding insects
such as mosquitoes, but also ticks, flies, fleas, or freshwater snails , depending on the pathogen.
Beyond their wide ecological diversity, vector-borne diseases collectively account for a substantial
share of infectious morbidity and mortality worldwide and continue to spread under the combined
effects of environmental change and globalization.

From a modelling perspective, vector transmission requires coupling two interacting populations
(hosts and vectors), typically with distinct epidemiological structures and time scales. In many
mosquito-borne infections, vectors do not recover and remain infectious until death, so that an
SI/SEI description is natural on the vector side, while hosts may follow SIRS/SEIRS -type dynam-
ics. Because vector lifespans are often much shorter than host lifespans, demographic turnover in
the vector population (births and deaths) is an essential modelling component, and it is common to
incorporate explicit vector demography and, when appropriate, time-scale separation arguments.
Historically, the foundations of mathematical epidemiology for vector-borne diseases trace back
to Ross [10]’ pioneering work on malaria, which led to the celebrated insight that reducing vec-
tor density below a threshold can prevent sustained transmission (often referred to as Ross’ ¢
mosquito theorem”). In parallel, Kermack and McKendrick introduced a general framework for
infectious disease dynamics in which infectivity depends on the infection age (time since infection)
[6] , and later works in their series also accounted for progressive loss of immunity [7] ,[8]. These
formulations naturally lead to integral or partial differential equation models rather than ordinary
differential equations, but they capture more realistic within-host and between-host heterogeneities



in infectiousness and immunity. A complementary and now classical viewpoint is that determin-
istic compartmental systems can be obtained as law-of-large-numbers limits of finite-population
stochastic epidemic models. Recent developments have shown that Kermack—McKendrick-type
infection-age models can arise as limits of non-Markovian stochastic systems, thereby providing a
probabilistic foundation for varying infectivity and waning immunity beyond the Markovian set-
ting. This probabilistic perspective is also crucial to describe early epidemic stages and extinction
phases, which are inherently driven by stochasticity and cannot be captured by purely deterministic
models [5, [4 B 2] .

The goal of this work is to extend this non-Markovian, varying-infectivity and waning-immunity
framework to a Ross-type vector-borne setting. In contrast with classical malaria models where
human immunity loss is often assumed instantaneous , we incorporate a progressive waning of host
immunity, and we allow both host and vector infectivity to depend on infection age and to vary
across individuals. On the vector side, we explicitly include demography through births and deaths.
Our main contributions are (i) the formulation of a finite-population stochastic host—vector model
with infection-age-dependent transmission and progressive immunity decay, and (ii) the derivation
of the corresponding deterministic limit as the population size tends to infinity.

Notation. Throughout the paper, all the random variables and processes are defined on a common

complete probability space (Q, F,P). We use # to denote almost sure convergence as the
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parameter N — oo. We use 1y, for the indicator function. Let D = D(R;;R) be the space
of R-valued cadlag functions defined on Ry, with convergence in D meaning convergence in the
Skorohod J; topology (see, e.g., [I, Chapter 3]). We also define D = D(R, R, ).

2 Model Description

We model malaria transmission between a host population of size N and a vector population of
size NV and we shall let N, NV — oo while NV/N = k € (0,00). Transmission occurs in both
directions:

host — vector, vector — host.

2.1 Host Infectivity and Susceptibility Profiles
Let
(Aos70) and (A7)

be random elements of D? := D(R; ;R )?.
For each host k € {1,..., N}, we let

(Ak,057k,0)
be i.i.d. copies of (Ag,70), and for ¢ > 1,

()\k,i7 ’Yk,i)
are i.i.d. copies of (A,7), independent of the previous family.

(Ak,0,7Vk,0) characterises the status of individual &k at time 0, while for ¢ > 1,

o )\ () is the infectivity of host k towards vectors at infection-age ¢ (host — vector) after its
i-th infection.

o 7.(t) is the susceptibility of host k to vector-borne infection at infection-age ¢ (vector —
host) after its i-th infection.

If the individual % is initially infected, then v 0(0) = 0 and nxo = sup{t > 0: Ao > 0} > 0.

If the individual k is initially susceptible, then 4 0(0) = 1, and 7,0(t) remains equal to 1, until
individual %k gets infected. In that case, A;0 =0 and 75,0 = 0.

Let I5(0) = ]P’(Uk,o > 0). This is the probability that any of the individuals in the population is
initially infected.



2.2 Host Infection Counting Process and Age Since Infection
For each host k, the counting process of infection events is
B} (t) := number of infection events experienced by host k in (0, ¢].
The time since its most recent infection is
ay (t) :=t —sup{s € (0,t] : By (s) = By (s7) + 1},

with sup@ = 0.
The current infectivity and susceptibility of host k at time ¢ are

M) = A gy o) (a8 (1)), () = By @ (08 (1))

2.3 Vector Infectivity Profiles (Vector — Host)

Let
Ay and MY

be random elements of D(R; R, ), representing vector infectivity towards hosts.
For each vector ¢ € {1,..., Ny},

Mo~A s N~ A
independent of host processes. For each vector ¢, the counting process of infection events is
C,fv V(t) :== 0 or 1 depending upon wether the individual has been infected or not .
Vectors do not lose immunity, so each vector is infected at most once:
oMV (t) € {0,1}, V¢ >0,t — CNV(t) is non-decreasing.

At time 0, the vector population may contain both susceptible and infected individuals. We
encode the initial status of vector £ by C'V (0) € {0,1}. If £ is initially infected, i.e. C;V (0) = 1,
then (since ¢ — C,"V (t) is non-decreasing and {0, 1}-valued)

cNvV(t)=1, Yt>0.

Moreover, its infectiousness toward hosts is described by the vector infectivity profile A} .
The time of infection of the initially susceptible vector £ is

V() i=inf{t: CNV (t) = 1}.

. .. . v _ Nv
Its current infectivity toward hosts is )\e,c i (t—7,7 (1))

Assumption 2.1. We assume that, almost surely, the host infectivity and susceptibility profiles
satisfy
0< Mol A SN, 0<30(t), 7(H) < 1,

and that the host susceptibility becomes positive only when its infectivity vanishes:

sup{t > 0: X\g(¢t) > 0} < inf{t > 0: o(t) > 0},
sup{t > 0: A(t) > 0} <inf{t > 0:~(t) > 0}.

In addition, we impose analogous assumptions for the vector infectivity profile:
0 <\ (1), \V(t) < A7,
We also assume that, for allt <0,
Mo(t) = A(t) =AY (1) = AV (t) = 0.

We need to take into account the demography of vectors . For each vector ¢ which is not present
in the population at time 0 , we denote by «; its birth time and by o; its death time.



Assumption 2.2. We assume that py (t), which is both the birth and death rate of the vectors is
locally integrable, i.e.,

ny € Llloc(R+;R+)'

At time t , susceptible vectors are borns at rate Ny uy (t) and each vector, whether infected or
susceptible, dies at rate py (t)

Remark 2.1. The following two probabilistic conditions hold:

1. There exists tg > 0 such that, for everyt € [0, o],

P(v(t) < 1) > 0.

2. For everyt > 0,
P(Ao(t) < A*) > 0.

These conditions are natural and non-restrictive within our framework.
Justification of (1). There exists tg > 0 such that
P(y(t) =0,0 <t < tg) >0,

and therefore
P(y(t) <1) >0, vt € [0,to],

which establishes condition (1).
Justification of (2). Assume by contradiction that there exists t > 0 such that

P(Ao(t) =A*) = 1.

This would imply that the baseline infection intensity almost surely attains its maximal value at
time t, meaning that the proportion of initially infected individuals equals one at that time. By
monotonicity of the infection process, this would in turn imply that the proportion of infected
individuals was already equal to one at timet = 0. Consequently, the initial proportion of susceptible
individuals would be zero, which contradicts the standing assumptions of the model. Hence,

P(Ao(t) < A*) >0

must hold for every t > 0, hence condition (2).

2.4 Average infectivity and susceptibility

Let (A, 7’“’)@0, L<k<N ()‘Xi)ie{o,l}, 4>1» be a collection of independent random variables (iid.)
and (Qk)1§k§NV (resp. (Qg)lgng) be a collection of independent and identically distributed

(ii.d.) standard Poisson random measures (PRMs) on R?.

For host the quantities

_ 1 &
8 (1) =5 > Mol ).
k=1

N
—N 1 N
S (t):= N Z’Yk,B{g’(t)(ak (1))
k=1
are respectively the average infectivity and the average susceptibility in the human population.

For vectors the quantities

N 1 1MV (0) 5™V (0)
82" (1) ::N< Yo MO Lp<ont Yo A=) Lpcoyt D Aakv(t—TakNV)l{aksxak})
V\ = j=1 are(0,4]
oNvy 1 Ny
Sy Y (t) = —— SyV (1)

Ny



are respectively the average infectivity in the vector population and the proportion of susceptible
vectors , where Sg" (t) denotes the number of susceptible vectors in the vector population at time
t.

Note that the vector population at time t = 0 is

Ny = 1"V (0) 4+ SN (0),
partitioned into Vv (0) initially infected and S™V (0) initially susceptible.
Assumption 2.3. As Ny — oo,

S0

M — Iy (0), — Sy (0).

Ny Ny

Moreover, vectors are born susceptible at rate Ny uy (t), and each vector dies at rate uy (t).
Thus, a host k becomes infected by vectors at the instantaneous rate

TN (1) = wvemy (@ ()T ¥ (2).

and a susceptible vector ¢ becomes infected by biting infectious hosts with intensity

Y @)= 5 0)

2.5 Construction of the Counting Processes B and C,""

For each host k € {1,..., N}, the counting process of its successive infection events is defined as
the solution of

[O,t]XR+

By construction, (B (t))¢>0 is a cadlag, integer-valued, nondecreasing process with jumps of
size 1.
Similarly, let (QX)KKSNV © and (QX);DSNV be an i.i.d. family of standard Poisson random

measures on Ri, independent of everything else. For each £ € {1,..., Ny}, the counting process
of infection events is defined by

t o]
N
Cg V(t) = /0 /0 1{Cévv(s—)=0} 1{USFgNV (s-)} QX(dS, du), t>0, (2.2)

and, for a vector born at time oy,

t oo
N \4
Cak,v (t) = / [) 1{C<11Vk§/ (s—)=0} 1{u<§{\1(5_)} QSNV (0)+k(d5,du).
(677 — K

Each vector can be infected at most once.

2.6 Infectious Periods for Hosts

We now define the random infectious periods associated with the infectivity profiles of hosts and
vectors.

Host infectious periods

The infectious periods for hosts are defined by
no := sup{t > 0: A\o(¢) > 0}, 7 :=sup{t > 0: A(t) > 0},

with the convention sup @ = 0. Thus 79 (resp. 1) represents the duration during which an initially
infected host (resp. a newly infected host) can infect vectors.
For each host k£ € {1,...,N} and infection index i > 0, we define the individual infectious
period
Nk,i = sup{t > 0: A\, ;(¢) > 0}.

By construction, 1 o has the same distribution as 1o, and 7 ; (for ¢ > 1) has the same distribution
as 7.



2.7 Numbers of Infected and Non-Infected Hosts

We now define the indicators of current infection status using the infection counting processes and
infectious periods previously introduced.

A host k is currently infected (infectious) at time ¢ if it has experienced at least one infection
before ¢ and its time since the last infection is strictly smaller than the corresponding infectious
period. We thus define the indicator

I]]cv(t) = 1{

where B} (t) is the infection counting process of host k, al¥ (t) is its age since last infection, and
Mk, BN (1) 18 the infectious period associated with its most recent infection. In the case By (t) = 0,

we have al (t) = ¢, and individual k is infected at time ¢ if it was initially infected and ny o > t.
The total number of (currently) infected hosts at time ¢ is

N
Iy =Y IN (@),
k=1

and the number of non-infected (non-infectious) hosts is
UN(t) := N — I} (t).

Here, quv (t) groups together susceptible and immune hosts that are not currently infectious.

Vector demography (births and deaths). Let (o;);>1 and (0;);>1 denote respectively the
birth times and the death times of vectors. We model the birth of vectors through the birth point
process

AN (ds) == D b4, (ds),

i>SNv (0)
and vector removal through the death point process
MMV (ds) == Zégi (ds).
i>1
The associated counting processes are
ANV (1) = ANV ([0,1]) = Z Lia,<t}s MMV (t) = MYV ([0,1]) = Zl{aiﬁt}-

i>SNv (0) i>1
Hence the vector population size evolves as

Ny (t) = Ny + ANV (t) — MYV (¢).

Remark 2.2 (Deaths due to the disease). We have not explicitly modeled the fact that the disease
is likely to kill both vectors and humans. Concerning the vectors, we could easily increase the rate
of death of infected mosquitos (compared to the rate of death of susceptible mosquitos).

Concerning the humans, we can decide that with a certain probability, v = 0. This means that
in that case the concerned human will no longer contribute to the epidemic, and we could decide
that those humans die at the end of the infected period.

2.8 Markovian SIRS—SI host—vector model as a special case

In this subsection we show how the classical SIRS—SI host—vector model can be recovered as a par-
ticular case of the general stochastic framework introduced above, by choosing specific infectivity
and susceptibility profiles for hosts and vectors.

Host side: SIRS structure

We assume that each host, once infected, goes through three successive phases:

e an infectious phase which duration follows an exponential distribution with parameter ny >
0,



e an immune phase which duration follows an exponential distribution with parameter g > 0,
e followed by a fully susceptible phase.

We denote by Sgy > 0 the transmission rate from an infectious host to vectors, and we
neglect host heterogeneity by taking identical profiles for all infection episodes. At the level of the
prototype functions, this corresponds to choosing

A(t) := Brv Ljo<t<en} t >0, where &y ~ Exp(ng).
and
Y(t) == L eytcnds t >0, where(y ~ Exp(fy), and (g and g are independent.

Note that Sgv, ng, and 6y are identical for all hosts, whereas the random variables £y and
Cy are i.i.d. across hosts.

Vector side: SI structure with demography

For the vectors, we consider a simple SI structure: after infection, vectors remain infectious until
they die and never return to a susceptible state. We denote by By g > 0 the transmission rate
from an infectious host to susceptible vectors.

In the general framework, this corresponds to choosing a vector infectivity profile of the form

)\V(t) = BVH 1{a§t<0}7 t> 07

«a and o denote respectively the birth and death time. Vectors who are alive at time 0 are supposed
be born at time 0. Susceptible vectors are born at rate py Ny > 0, and die naturally at rate py > 0
. Equivalently, each vector has an i.i.d. lifetime o —a ~ Exp(uy ). Denoting by Sy (¢) and Iy (¢) the
numbers of susceptible and infected vectors, infection occurs at rate By g I (t)/Ny and infected
vectors remain infectious until death. The following deterministic model can be justified in this
Markovian context :

Sy Iy dly . Iy dRy

el 5HVN7V5H +0u Ry, el BHVATVSH nulp, T nuly — O Ry
dSy Iy dly Iy
DV Ny — Bua sy — YV Byntsy, — vy,
5~ Mviv Bvu NSV uy Sy, 7 Bvu NSV py Iy

3 Functional Law of Large Numbers and Limit Integral Sys-
tem

In this section we state the functional law of large numbers (FLLN) for the scaled host—vector pro-
cesses and introduce the deterministic limit through a two-dimensional system of integral equations.
The key point is that, in the large-population limit, the vector layer can be expressed explicitly
as a functional of the host-to-vector renormalised force of infection noted by g in this section , so
that the core limit dynamics closes on two unknowns.

3.1 Mean infectivities and deterministic inputs

We denote by I7(0) and Iy(0) the initial fractions of infected hosts and vectors, and by Sy (0) the
initial fraction of susceptible vectors. We set the mean infectivities and the (conditional) survival

functions _ _
Ao(t) == E[Xo(2)], A(t) == E[A()],
Ay (@) =E[\ 1), AV () =E\ (1),
F5(t) :==P(no >t | no > 0), Fe(t) .= P(n > t).

3.2 Vector layer as a functional of y

Given a nonnegative function y on R representing the renormalised host force of infection, define
the induced fraction of susceptible vector

S(y)(t) = Sy (0) exp <_/0 [@-‘rﬂv(?)] dr) +/0 wy (s) exp <—/ [@-Fuv(?”)] dr) ds, (3.1)



and the induced vector-to-host force of infection

_ _ t 1 [t_ t
V(O = Iy )W (0 exp( = [ v du) s [ 3 (e=5) e [ v du) S (s) ds.
0 0 s
(3.2)
S(y)(t) and V(y)(t) represent, respectively, the susceptible fraction and the renormalised vector-
to-host force of infection in the vector population at time ¢ as a functions of the renormalised host
force of infection between time 0 and time t.

3.3 Two-dimensional limit system

To describe the deterministic limit of the FLLN, we introduce a two-dimensional system of integral
equations. Observe that the host layer depends on the vector layer only through V(y) defined in
(3:2). We thus look for a solution (z,y) € D3 of the closed system

z(t) =E {70(75) exp( - fi/ot Yo(r) V(y)(r) dr)}
+ /i/otE {W(t —5) exp( — H/: y(r —s)V(y)(r) dr)} z(s) V(y)(s)ds, (3.3)

y(t) = Ro(t) + 5 / At - 5) () V(y)(s) ds.

In (3.3), the only random ingredients from the microscopic model enter through the expectations

defining the mean infectivities (Ao, \, A}y , AV) and through two laws of 7o and 7.

3.4 Well-posedness and FLLN statement

Our first result establishes existence and uniqueness for the reduced limit system ([3.3)).

Theorem 3.1 (Existence and uniqueness). Assume that Assumption holds . Then the system
(3:3) admits a unique solution (&,F1) € D. Moreover, ift — E[Xo(t)] is continuous and t — ~o(t)
is continuous in probability, then (&,F;) € C(R,)2.

We now state the functional law of large numbers. Let
=N —N =N, =N
(3.6 .50 % ")
be the scaled host—vector processes in the (N, Ny )-population model (defined in Subsection .

Theorem 3.2 (FLLN). Under Assumptions and as N, Ny — oo while % =K €
0,00),
(0,00) e
(6 7&1) — (6’31) in D (R+)a

where (&,F,) is the unique solution of (3.3) and moreover,

N, =N = = .

(507 %") — (SE).VE)  in DX(Ry).

Corollary 3.1. Given the solution (@, §1) of (3.3)),

o™, 1" =2 @1 inD?

N

ij

With (U )= (%, %) and (U, 1) is given by

Ut)=E [1t>n0 exp( — n/ot %0 (r) V(E1)(r) d?‘)}

vn E Lo [ = VG S CL AT R

T(t) = T (0) FE(t) + & /0 Fe(t — 5)8(s) V(E1)(s) ds. (3.5)

Theorem and Theorem will be proved in the next two sections, and Corollary (3.1) will
follow immediately thereafter.



4 Proof of Theorem (3.1

Before starting the proof of Theorem 3.1, we first establish the following lemma.

Lemma 4.1 (Mass conservation). Assume that the pair (x,y) is a solution of the system (3.3).
Then, for every t > 0, we have

E [exp (—I'i /Ot Yo () V(y)(r) dr)} +K /Ot E {exp (—FL /: y(r —s)V(y)(r) dr)] x(s) V(y)(s)ds <: 1).
4.1
Proof of Lemma[{-1, We note as soon as (z,y) solves ,

% (IE [exp( _ H/Ot o (r) V() (r) dr)} + K/OtE[eXp< _ H/:y(r — V() dr)} 2(5) V(1) (s) ds>

- (IE 20t exp(( = [ ) VI0)r) | +20

t t
- KZ/ E [v(t —9) exp( - Ii/ ~y(r —s)V(y)(r) dr)} x(s) V(y)(s) ds) kV(y)(t) = 0.
0 s
Hence the left-hand side of (4.1)) is equal to its value at ¢ = 0, which is 1. O]

A priori estimates of the solution

Let (z,y) € D be a solution of the system . From Assumption We have that 0 < o(t) <1
and 0 < y(t—s) <1forall 0 <s<t<T. Hence, the combination of the first equation of
and Lemma [£.1] implies that

0<uz(t) <1, te0,T).

Moreover, we have

s =500 (= [t ar) + [ (- [[C 4 pe)ar) as
For all t > 0,

500 e~ [ () ar) <5000

/Ot v (s) exp<— /:(QEI) +MV(7“))dr) ds < /Ot pv(s) eXp(— /: pv (1) dr) ds < 1.

Consequently, we obtain the useful estimate
Sy)(t) <1+ Sv(0) >0, (4.2)

In addition, by Assumption if A(t) > 0 (resp. Ag(t) > 0), then v(s) = 0 (resp. Yo(s) = 0)
for all 0 < s < t. From the second line of (3.3) we deduce that for any ¢ € [0,T],

Do(t) exp ( p / 70(r) V() (r) d)]

+ /@'/O E l)\(t —5) exp( - /@/S ~F(r —8)V(y)(r) dr)] x(s) V(y)(s)ds

and

y(t) =E

<A

Finally we can deduce that for any 7> 0,0 <t < T:

S [ =g en(- [Cavwan) swe e ds
<x A s = -
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Uniqueness of the solution to the integral system
We prove that the integral system admits at most one solution on any bounded interval [0, T.

For a cadlag function f: Ry — R, define

[flle == sup [f(r)],  t>0.
0<r<t

Let (x,y) and (Z,7) be two elements of D3 solutions of the system on [0,7] with the same initial
conditions. Set

Az(t) == z(t) — Z(t), Ay(t) :==y(t) — g(t), t e 0,T].
Moreover, we write
V() =V, V) =VE)),  AV(E):=V(t) - V),
S(t) =S,  St)=8@),  AS(t):=S(t) -5,
For all ¢ € [0,T] we have,
Ay(t) = & /O At~ 5) (2() V(s) ~ 2(3) V(s)) ds.

Using the bounds 0 < z,Z < 1 and (4.3)), we obtain

\Ay(t)|§)\*n/0 (C’T|Ax(s)|+|AV(s)\)ds, te0,7]. (4.4)

we have for all ¢ € [0, T,

AV() =+ [ WV (=) e S0 (5 () ~ S)(9)7()) ds.

K

using 0 < #y < 1, the bound AV < \*, and (4.2)) we obtain

*

AV ()] < %mam()\*,s_\/(O) + 1)/0 (|AS(S)| + |Ay(s)|) ds. (4.5)

Since the exponential is 1- lipschitizian on R_, we get, for all ¢ € [0, T,

SO L ayetars & [ e [ uman) [ iaoiaras

(50 + [ wsen [ wmanas) [ iayar

Sv(O)—Fl ¢ Al dr
< 2 [ iay()ar

Consequently, setting

|AS(1))|

IN

IN

1
Cy i Sy (0) + 7
K
t
A < Co [ Iayl.ds,  teoT) (4.6)
0
Combining (4.5) and (4.6)), we obtain :
t
1AVl < cu) [aylds, telo1) (@)
0

with

*

C3(T) = % max(\*, Sy (0) + 1) (1 + CoT).
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Now we decompose z as
z(t) = A(V)(t) + B(z,V)(t), t e [0,T],

where,
AV)() := E[%(t) exp <—/<;/0t Yo(r) V(1) dr)} ,
B(z,V)(t) := /@/Ot E [’y(t —9) exp(—fi /St y(r—s)V(r) dr)} x(s) V(s) ds.

For every t € [0,T], we have
B ¢ B t
[AV)(t) — A(V)(#)] < H/ V() = V(r)|dr < /-”»C:s(T)/ [1Ayll- dr, (4.8)
0 0
We next estimate B(z, V) — B(Z, V). We add and subtract the quantity

KE {fy(ts) exp /i/st’y(rs)V(T) drﬂ 2(s) V(s),

to obtain

B V)0 = BETIO] < x [ (G [Aao)] + 1Ay ds. (49)

Combining (4.9) and (4.4), we conclude that :

t
[Az|l; < HC4(T)/ (IAz]ls + 1AV][s) ds. (4.10)
0

for some constant Cy(T') > 0 depending only on \* and T .

Combining (4.7)), (4.8), (4.9) and (4.10), we deduce that there exists a constant K > 0 such that,
for all t € [0,T],

t
D(t) := | Azl + | Ayl < K / D(s) ds.
0

Since the two solutions have the same initial conditions, we have D(0) = 0. By Gronwall’s lemma
it follows that D(t) = 0 for all ¢ € [0, T], that is,

Azx(t)=Ay=0 forallte[0,T].

Consequently, the two solutions coincide, which proves the uniqueness of the solution to the integral
system on [0, 7], for all T > 0, hence on R.

Existence for the integral system via Picard iteration

1) Operators and truncated system

Host operators. For bounded measurable functions z,y : [0,7] - Ry and V : [0,T] x D — Ry
define

F(t;z,y) =E [%(t) exp( - m/ot Yo(r)V(r,y) dr)]
+ /i/otE {’y(t —5) exp( — n/: y(r—s)V(r,y) dr)] z(s) V(s,y) ds, (4.11)
G(t;z,y) == Ao(t) + n/ot At — s)x(s) V(s,y)ds. (4.12)

Truncations. Define the 1-Lipschitz truncation maps

I (u) :=u A1, IIo(u) == u A X"



Truncated system. We consider the truncated fixed-point problem on [0, T:
2(t) = 10 (F(t:2,)),

y(t) =1 (F(t;x,y)>7

2) Picard iteration and uniform bounds

Picard scheme. We initialize
+O(t) = 0, yO@y=0, telo,T],
and , for n > 0, set
(D (t) =11, (F(t; ™, y(”))),

YD (1) = 1L, (F(t;xm),y(n)))’
Uniform bounds. By construction for all n > 0 and ¢ € [0, T7,
0<a™(t) <1, 0=y <A

3) Contraction-type estimate and convergence

Differences. For n > 0 define, for ¢ € [0,T],
S () = |2 () — 2 (1)), () = [y () -y ()],

507 (s) = V(t,y ™) — Vit y™)
Set
Ap(t) =60 (t) + 6 (t).

Step 1: estimate for 5?(]1)- Using (4.14)), (4.7), together with 0 < X\ < A\* and ([4.15)),

¢
5?3”)(t) < ﬂ/o At —s) ‘ x(")(s)V(t,y(")) - x("*l)(s)V(t,y(”*l)) ‘ ds
t
< [ (010000 48500
0
¢
< )\*n/ (Cl 6=V (s) + Cs 53(1"*1)(5)) ds
0

t
< X'k maX{Cl,Cg}/ An_1(s)ds.
0

Step 2: estimate for 6\".
S (t) < [F(t2™,y™) = P21,y 1))).
From (4.9) and (4.7) , we deduce that :

5 (#) < Cy(T) / " Ao (s)ds.
0

Step 4: Gronwall-Picard estimate. Summing (4.17) and (4.18)), we obtain

t
An<t)scT/ Anr(s)ds,  te[o,T],
0

with
Cr := Nk max{C1, Cs} + Cy(T).
Tterating (4.19)) gives, for n > 1,

sup A,(t) < (CTT) sup Ag(t),
0<t<T nl <<

12

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

hence > sup,<p An(t) < oo. Therefore (™, y(™) is Cauchy in (D([0,T]))? for the sup norm

and converges uniformly to some (x,y) € (D([0,T]))%.
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4) Passage to the limit and solution of the truncated system

By the uniform bounds (#.15)), all integrands in (& 11)-(@#.12) with (x,y) remplaced by (2™, y(™))

are dominated by constants (depending on T only). Hence, by dominated convergence, we may
pass to the limit in and obtain that (z,y) satisfies the truncated system on [0, 7] for
all T'> 0, hence on R;.

Assume that (z,y) is a solution of the truncated system. Then

F(O,Qﬁ,y) = E[’YO(O)L G(va’y) = 5\0(0)

Hence
z(0) = F(0,z,y) A1, y(0) = G(0, z,y) A N*,

satisfy #(0) < 1 and y(0) < A* see Remark . By the right continuous of the map t —
(F(t;z,y), G(t;x,y)) there exists t; > 0 such that, for any 0 <t < ¢y,

z(t) = F(t,z,y) <1, and y(t) = G(t,z,y) < \".

Consequently, the solution of (4.13) is also a solution of (3.3) on [0,4].
Define the (possible) first exit time from the truncated domain by

7 := inf {t >0: (F(t,z,y)—1) V (Gt,z,y) — As) = 0}.
Assume that 7 < +o00. Then, for every ¢ € [0, 7),
F(t,z,y) <1 and G(t,z,y) <\,
and hence (z,y) is a solution of on [0, 7).

Moreover, the mapping

tl—>E[exp<—/€/0t 2o (r) V(r,9) drﬂ +Ii/0tIE[eXp<—f£/st7(r—s)yv(r) drﬂ () V(s,y) ds

is continuous and from Lemma it is equals 1 on [0, 7). Hence

E{exp(—lﬁ/OT'yo(r) Vr,y) dr)] M/OT]E{exp(—n/;y(r—s) Vr,y) drﬂ 2(5) V(s,y) ds = 1.

So, we have z(7) = 1 if and only if
Y(T)=1as., Vit >0, and y(r—s)=1as., Vr e [s,1].
Likewise, y(t) = A* if and only if
Xo(T) =A% as., Vi>0, and AT —38)=Aas., Vse[0,7]
Using Remark , we infer that

xz(r) <1 and y(T) < A%

Hence
F(r,z,y) <1 and G(1,z,y) <\,

which contradicts the definition of 7.

So, necessarily 7 = +00. Consequently, for every ¢t > 0, the solution of is also a solution
of , which proves the existence of a solution to We now prove the continuity of the
solutions t — (F1(t), S(t)) under the additional assumption.

To this end, we prove the continuity of ¢ — (F(t7 x,y), G(t, z, y))

1. Continuity of t — F(t,z,y)
e Continuity of the first expectation term in F(¢,z,y).

t
E [’yo(t) exp( - Ii/ Yo(r) V(y)(r) dr)] is a.s. continuous and takes its values in [0, 1].
0

Since we assume that yo(t) is continuous in probability and takes also its values in [0, ¢],
it is clear that the first term in F'(¢,z,y) is continuous.
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e Continuity of the integral term in F(¢,x,y).
For t € [0,T], define

I(t) == /Ot d(t,s) ds, D(t,s) = V(t,s)z(s) V(y)(s),
where
U(t,s):= E[’y(t - s)exp( - n/:'y(r —$)V(y)(r) dr)} , 0<s<t<T.

Fix t € [0,T] and let (t,)n>1 C [0,T] be such that ¢, — t. Choose T* >tV sup,, t,, We
have, for all admissible (¢, ),

|@(L, 8)| < [W(E,8)] |2(s)V(y)(s)] < E[7(E = 8)[] |2(s)V(y)(s)] < Cr.

For each n,

t t’ﬂ

() — I(t,)] = / B(t, 5) ds —/ Bty 5) ds
0 0
tVitn tAt, 4.21
< / OtV ty,s)ds| + / (Pt V ty,s) — P(t Aty,s))ds (4.21)
tAt, 0
=:|A,| + |Bnl-
First
tVt,
|An|§/ CTdS:CT|t7tn|———>O.
AL, n—oo
Fix s € [0,¢] and define
t
Pt s) i / +(r — ) V() (r) dr-
S
Then
tVt,
PtV tas) = PN s < [ e = 9 V)] dr < Crlt = ta] —— 0.
tAL, n—oo

hence

exp( — KP(tV ty,s)) —exp(— kP(t Aty,s)) — 0.

~ is cadlag on [0,7*]. Its set of discontinuity points is at most countable. Therefore,
for ds-a.e. s € [0,¢], the point ¢ — s is a continuity point of -y, and thus

Y(tn —8) = y(t —9) for ds-a.e. s € [0,t].
Combining with the continuity of the exponential factor in ¢, we obtain for ds-a.e. :
YtV by — 5)e "PEVES) _ (g At — 5)e FPIAS) g,

By dominated convergence in E, we get ¥(t V t,,s) — U(t At,,s) — 0 for ds-a.e. s.
Multiplying by z(s)V(y)(s) yields

D(tVitn,s) —P(tAty,s) =0 for ds-a.e. s € [0,¢].
Finally, for all such s,
|B(EV ty,s) — Dt Atp,s)| < |B(EV tn,s)|+ [t Aty,s)] < 207.
Moreover,
B, = /t Lio,tn,1(8) (P(EV b, 8) — B(E Aty s)) ds,
Hence , again by dominatoed convergence ,

B, — 0.

n— oo
2. Continuity of t — G(t,x,y)
Fix t € [0,T] and let ¢, — t. Proceed as above:

Gltn) — Gt) = (Ro(t) — Ro(t)) + /0 "Mt — $)2(s)V(y)(s) ds — /0 At — $)2(s)V(y)(s) ds.

The first term tends to 0 by continuity of Xo. For the integral term, one repeats the decom-
position (4.21)) and uses the bound |A(t — s)x(s)V(y)(s)| < C7A* . Hence G is continuous.
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5 Proof of Theorem |3.2

This proof section is organized as follows. We start with Lemma [5.1} which provides an explicit
representation of the unique solution to system in terms of new counting processes; see
and . Next, Lemma is used to characterize two key quantities associated to the vectors,
namely the force of infection and the proportion of susceptible vectors. Finally, we show that the
approximation errors arising from replacing the counting processes introduced in Subsection
by those constructed in and converge to 0 as N and Ny tend to infinity.

Let (Qx)1<k<n and (Qy)lseng be i.i.d. standard Poisson random measures on Rﬁ_, which are
mutually independent.
For the host population, the model can be written as follows:

N
1
=~ Z )\k,B,g\'(t)(akN(t))a (5.1)
k=1
N
Z’Yk BN(t) ap ( ) (5.2)
k:
where L e
Moreover we have,
=N
TR (1) = &y, myoon (1) T2 (1) (5.4)
For vectors the model can be written as :
1 SNV (0)
N _
STV(t) = W( Z 1{t<m}1{ciNv (£)=0} + Z Lai<t<o} 1{0(1ij (t):O})'
i=1 >SNV (0): a; €(0,1]
v NV (0) SNV (0)
SQV ( Z >\ 1{t<cr}+ Z )\ t—T )1{t<0'1}
i=1
+ Z At =T 1{o¢k<t<0'k}) (5.5)
k>SNv (0)
ake(O,t]
where TiN v and T]iv V' are, respectively, the jump times of the processes

;Y Vv
C,; V / / {CNV(S )=0} { S?{V( }Qz (d&du),

and

o 1%
v ( / / {CiV (s—)=0} {g@}Qk(d&du)-

We now define processes {(B,<)} and {(C,9)} using the same PRMs (Qy) and (Q}).
For hosts,

t [e%}
t) :/ / Liucr,(s-)3 Qr(ds,du),  Ti(s) = kvp, (s)(ar(s)) V(E1)(s), (5.6)
0o Jo
Where the age of infection a; (or elapsed time since the last jump of B) is defined by
ar(t) ::tfsup{se (0,1] :Bk(s):Bk(37)+l}. (5.7)

Then {(By, ax)}x>1 is an 1.i.d. family.

For vectors,
t [e’s}
:/ / Loys—)=01, 5,0 Qilds, du),
0 Jo ="

t (5.8)
t) = / /0 ]'Cak(s’):() 1u<@ QSNV (O)Jrk(ds,du).
Qe - kK
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Lemma 5.1. The equation (5.6) admits a unique cadlag solution By(t) . Moreover, the associated
pair :

(E[VBk(t) (ax ()], E[Ap, 1) (ax(t))] ) :
is the unique solution to the limiting system ({3.3)).

Proof of Lemmal[5.1] . Existence and uniqueness is quite elementary . We leave its verification to
the reader.
Filtration and infection times. For each host k we work on a filtered probability space (2, F, (F¢)i>0, P)

supporting the Poisson random measure Q) and the ii.d. marks (Mg, Ve:)i>0. We denote by
(Ft)e>0 the filtration generated by these sources of randomness, i.e.

Fi = 0(()\k,¢,7k,z’)i§3k(t)7 Qk|[0,1] x R+)-
Let 7; denote the i-th jump time of the counting process By, namely
7 :=inf{t > 0: Bg(t) > i}, i>1,

with the convention inf @ = +oo. Then (7;);>1 is a sequence of (F;)¢>o-stopping times, and the
restriction Q|[7;,t] X R4 is independent of F.,. Hence,

BB =1 7) = e~ [ 3 = r)VE)s)ar)

3

We denote by g the law of ~,

Step 1: Proof ofIE['yBk(t)(C(t))] =6,(t).

VB (t)(C(t) = %0 (t) 1B, 1)=0} + Z%‘(t = 7)) 1B, (t)=i}»

i>1
E[70(t) L, (-01] = Eo(t) P(Bi(t) = 0] 70)] = E [%(t) exp(n [ omvEie d)] .

E|Y vilt—m) =iy | = ) E {V(f — 7;) exp (H /Tt v(r — 1) V(F1)(r) drﬂ

i>1 i>1 i

= Y[ [ - mren(—x [ - m) V@) ar) o)

i>1 i

=1 tE[wts)exp(n / - ) VE) ir) | asi (o)

~ s i—s) (- [ = VG () ir) o a(s)] VE)(6) ds].

E[yp,0(a(t)] = E[W’O(t) eXP(—%/Ot Yo(r) V(31)(r) dr)]
+8[ [ 2= e (= [ 2= ) VE) dr) KB, @(6)] VG ).

This proves that E[yp, 1) (a(t))] = &(t), as a consequence of the uniqueness of a solution to
the above linear integral equation, given that F(t) < A* for all ¢t > 0.

Step 2: Proof ofIE[)\Bk(t)(a(t))} =S1(t).



A, (0)(C(1) = Xo(t) 1, (1)=0y + Z Ai(t = 70) 1By (1)=i}

i>1

)+ ) At —m7).

i>1

‘We have

where we have used the result of step 1 . Hence the result.
We now define SNV (¢) and FY' (t) by replacing CNV with C; in SNV (¢) and ?;VV (t).

Lemma 5.2. As N, Ny — oo, with % =k,

SNV (1) = S(F) (1) and FEV(t) — V(F) ().

a.s. in D

Proof of Lemma[5.3. Step 1: SNV (t)

We have :
/ / 10(5 gl(é") QY (dsa du)

:E/ exp(—/ Fa(r dT)Sl()

We introduce the following two quantities:

SNV (0)
Si(t) = v > lpcon o=y, Salt) = N Z Loy <t<o(an)loa, (=0
=1 k>1

On the event {a; <t}

P(Cy,(t) =0 ;) = exp(—i /: S1(r) dr) ,

Similarly, the survival probability up to time ¢ is given by

P(t < oi]o) = eXp<— /at v (7) dr> .

Since the infection and death mechanisms are independent, we obtain for i < SYV(0)

Pt < 05, Cla. () = 0) = exp ( /O t [l ) + Sln(r)}dr> .

17
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By linearity of the expectation,

B (0] = 5% (0) exp - [ [+ W)

By the law of large numbers in D (see [9]), we have that, as Ny — oo,

5% 0 = 8% 0w (- [ fwin+ 20 )

a.s. in D.

Next, {ax, k > 1} denoting the points of a Poisson process with intensity Ny uy () on Ry, we
consider :

_ 1
Sa(t) - = v D Nan<t<ontan) Hcw, =0}
k>1

1
/ ]-ugNUuV (s)lt—s<01t—s<‘rQ(dsa dua d(f, dT)7
[0,]] xRS,

= N
where @ is a PRM on Ri with mean measure
dsduExp,,, (s1.y(do) Exp, 1z (4. (dT).

. t
E|Sy(t)] :/0 v () E[Li<o(o L. m=0y] ds.

It is clear that :

t

E|:§2(t)] = /0 py (s) exp <— /: (,uv(r) + gl}ir)) dr) ds.

Now the wished convergence a.s. in D of S5’V towards

/0 o (s) exp (— / v () )] dr)

follows again from Rao’s [9) LLN in D, if we note that

1
Ni/ 1u§va.V(s)1t78<0'1t78<7'Q(d87du7d07 dT)
vV J10,t] xRS
1
= Ni / 1(k71)p,v(s)<u§kuv(s)lt—s<o]—t—s<7Q(dsyduadaa dT)a
V=1 Y [0t]xR%.

and from the well-known properties of Poisson random measures, the above sum is a sum of i.i.d.
r.v.’s. _ B
Hence S™v (t) — S(F1)(t) a.s. in D

Step 2: %év" (t) _ N N
We next consider the three terms S’évg (1), Sév‘f (t) and SQ’; (t).

We have
1 Vv (0)
AN L V.0
Tog (1) = Ny ; A (Bli<o
where 0_1,0_o, ... stand for the death times of the initially infected individuals.

We clearly have the following a.s. convergence in D, as Ny — oo,

ol () = Iy (0)A7 (1) exp <— /Ot uv(r)dr) .
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Concerning the second term, as Ny — oo,

1 SNV (0) SNV (0)
BIO= gy T Nl =y A 0y i)
i>1

— SV(O)]E[/Ot At - 3)1{S<0i}exp(— /O Sl}i”m) Slﬁ(s)ds]
= Sy (0) /Ot Nt —s) exp( /St pv () dr) exp( /0S pv (r) + Sjlfi”dr) @ds,

For the last term in %év ¥ (t), we will need to introduce the following formalism.

Let '(ds,du,do, dr,d\) be a Poisson random measure (PRM) on R% X D, with mean (inten-
sity) measure :

Q'(ds, du,do,dr,d)\) = duds Expuv(s_,_.)(da) EXp@(s+-)(dT) vy (dN).

NOt; that the PRM @ introduced in Step 1 of the proof is the projection of Q" on R.
ow,

~ 1

35,5(1?):]7 Y N(t=7) Yaisicotanys
>SNV (0)
aiE(O,t]

and

1 1
o SN Laicicon = v /[O st Lusnpy (o)) A (=T = 8) Lirarscoy Q'(ds, du, do, dr, dN).
i>SNv (0 xR X
a; €(0, t])
We have :

1
v / Liwenyuvn A (=8 —7) 1r<i—s<o) @ (ds, du, do, dr, d/\)]
vV J[0,t] xRy x D

//W tr)exp(/:w( u> exp( /51 > ()drds a.s.

Again, we easily obtain that, as Ny — oo, a.s. in D,

v t)—>/0t/st,uv(s)>\v(t—r)exp (—/:Mv( )d )Sl( ( / Bilu du> drds.

When combinig (3.1)) and (3.2]) we see that V(y) is the sum of three terms.We have shown that
E(S’évg (1), E( év‘{ (t) and ]E(Sévz‘/ (t)) are respectively equal to the first, the second and the third
term in V(§F;). Finally, we have shown that %évv (t) = V(1) (t) as. in D. O

E

Completing the proof of Theorem
Now, we introduce the disagreement counting process

t o]
= 1 ds, du).
A A {min(TkN (s_),Tk(s_))<u§max(TkN(s_),Tk (5—))} Qk( S, U)
By construction of the coupling, we have
|BY (t) — Be(t)] < A (1), >0,

Moreover,since t — A is nondecreasing

E| sup |BY (r) — Bi(r)|

<E[A{(1)]
ref0,t]

- /0 E[| TN (s) — Ti(s)|] ds. (5.9)
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Recall that
T () = H’Yk,B,{_V(t)(ﬂkN(t)) §;VV (), Tr(t) := £k, (0)(0k (1)) F2(1)-

We have vy ; <1 for all ¢, and for all ¢ > 0,0 < §é\7v (t), F2(t) < A*. Then, for all t > 0,

E[|TN () = Tr()]] < E[IT®) = Te®)] Linp =5u0), a 0=an(o | + X POBY () # Bilt) or a (1) # ax(®))
(5.10)

On the event {BY (t) = By(t), al (t) = ax(t)} we have yk’Bg(t)(a{j(t)) = Yoy (ak (1) < 1,
hence

]E[\T,?’(t) — Tr(t)| 1{B§(t):3k(t),ag(t):ak(t)}] < H]E[‘§évv (t) — §2(t)|]~ (5.11)
v (0)
E[[5" - 50| < E[ s IZO (A (01 <oy — B 01100 y] ) |] + X E[[T7(0) - T(0)]
j=1

SNV (0)
+E NV Z (V=M1 pcoy E[)\y(trjy)l{ng}])u + X E[[5™(0) - S(0)]]
1
+E || v > (/\V(t — 70 ) La<t<otan)y — M (E— Tkv)l{akgt@k})
k>INy (0)+SNy (0)
L Oéke(o,t]
- B
Ea /[o s TSN A =8 =) Lo sy (@ = @) (ds, du, do dr, ) 1 '

(5.12)

Lemma 5.3.
1
El—
proof of Lemma[5.3 Define
Iy (8510, 7, A) = Liuc Ny uy (53 AE— T) Lr<i<o)

Ny —o0

‘| 07

[0 p ]R~3 b 1{u§NV,uV(s)} )‘(t -7 S) 1{7’St78<0'} (Q/ - @) <d57 du, dO’, dTv d)‘)
X X

and
My, (t) == / Iy (s,u,0,7,0) (Q — Q') (ds, du, do, d7, dN).
[0,t]xR3 x D
So we have
]EUMNV (t)|2] :/ Iy (s,u, 0,7, )\)2@(ds,du, do,dr,d)).
[0,¢]xR3 x D

by Cauchy—Schwarz,
B[~ My, (0)]] < < (BlMy )
Ny Nv ~ Ny Nv ’
Therefore,
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It follows from our assumptions that as Ny — +oo ,

- 5(0)]]

EUTNV

(0) = (0)]| + E[|™
m 0.

1
El
(5.13)
For each t > 0, the Ag(t) are i.i.d. and bounded, and globally independent of IV (0), hence,
from the classical strong law of large numbers ,

/[0 I Liu<Nypy ()} At = 7) Lir<icoy (Q — Q) (ds, du, do, d7, dA)
X X

Vv (0)
1 V0 V.0
E|l 5 ; (Aj ()1 (<0,) — E[A! (t)1{t<gj}]) ——0. (5.14)
Second
SNV (0)

Bl ; (Mt = 7)oy = E(E =7 ) Lpa<o])

SNV(O)
Z (W= 7) = 2t = 7)) L<oy (5.15)
SNV (0)
+E||v Y (W=7 <oy —ERN (=) 1c0])
j=1

By the same argument as that used for establishing (5.14)), we get that, as Ny — oo,

SNV (0)

E Ny ]; A (t =7 jcoy — BNV (t = 7)) 1ecop )| | = O (5.16)

In order to bound the first term on the right of (5.15]), we first note that
A (=)= AVt -7)) <A1 N ¥
E[N (¢t —7V) =AY (¢t = 7)) S XP(r)V At £ 1) At)

] _A*P(sup N ) - Oj<t>21>

0<r<t
<XE| s [67(0) - G0 (5.17)
0<r<t
=N — —N —
ene (1) = E[|T" (0) = 1(0)|| + E[[S™ (0) - 5(0)
o B
+E N / Liu<Ny v (s)} At —71) li<i<o} (QI — Q’) (ds,du,do, dr,dA) ] .
V |J]0,t]xR3 x D
i NV (0)
+E Z ))
i SNV (0)
+E Z ( t—T 1{t<o’}_ [)\ (t—T )1{t<01}
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We have that for all t > 0, ey, (t) — 0 as Ny — oo, and moreover ey (t) < 2+ 3X*, hence also
f; eny (8)ds — 0 as Ny — co. combining the above inequalities, we have that

E| sup |B,1€V(t) — By(t)| dr

t€[0,T)

T t 1 SNV(O)
N
S/O ENV(T)dT+/O o E > sup [CFV(s) = Cj(s)]

1% -7 0<s<r
Jj=1

sup |C’N" (s) — Cj(s)]

0<s<r

t
d"'+/ ]E|: sup |B]]€V(’I”/) — Bk(T,” du’
J>SNV (0)+1 0 0<r'<u

(5.18)
On the other hand, define
31 (sT)VFi(s™
/ / O (ds. du)
(S YAT1(s™)
we have
OV (t) — Cu(t)] < AY (1), t>0.
In particular since t — A,Z is nondecreasing,
El s%p]‘C,ivV(r) = Cr(r)] < E[AY ()]
re|0,t
:/0 E[[3(57) ~Fas7)] as (5.19)
=N i 1 & N
B[l 0 - 50| =#E | |5 > (Vspo (@ ©) = ED s o @®)])
L J=1
- L
<KE N; (Mo (@ () = Ny, (a5(1)) “
L o
B |5 (N 0(a5(1) — E[A s w(@@®)])]| - (5.20)
j=1

Since (()\;“)l, By, ak)k are i.i.d., the family ()\k By (t) (ar(t )))k is i.i.d. Hence, by Cauchy—Schwarz,
o7\ 1/2
N ) N
{ Z( 3.8;(1)(a5 (1)) — E[Al,Bl(t)(al(t))])u N (E{(Z( 5.8, (a;(t )E[Aj,Bj(t)(aj(t))]))
1 (& 2 v
=N (ZE{()‘mBj(t)(aj(t)) - E[/\j,Bj(t)(aj(t))]) })
< \jﬁ (5.21)

. In addition, as (BJN(t), alN(t), B;(t),a;(t))1<j<n are exchangeable, we have

]

an

( iy (@) (8) = Aj,Bj(t)(C‘j(t)))

N
N Z(AJ’BJ{V(Q (a;v(t)) — NjiB; (%) (aj (t)))

XLep £BN (1) or a;(0)£al ()} H
. N
< X STB(B, (1) # BY (1) or (1) £ o' (1)
j=1
= XN"P(Bi(t) # By () or ai(t) # ay (1)) .
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On the other hand, since

{BY (1) # Bilt) or af (t) # ax(t)} C { sup |BY (r) — Bu(r)| = 1},

relf0,t]

(5.22)

P(BRY (t) # Bi(t) or aif (t) # ax(t)) < El sw | B (r) = Bi(r)]

Therefore,

E[5 0 -50)| <x X L3 E

Wi sup |B,]€V(r) - Bk(r)|

re(0,t]

(5.23)

we deduce that for any ¢ > 0,

E| sup |C’,iv‘/ (r) — C’k(r)|

relf0,t]

dt. (5.24)

)\* t
< t+2X\" / E| sup |By (r) — Bi(r)
\/N 0 LG[O,t] ’ 4§ |

Lemma 5.4. Fix T >0 and k € N. Fort € [0,T), define

bév(t) = ]E{ sup ’B,JCV(T) - Bk(r)|] , cg"(t) = ]E{ sup |C’,]CVV(T) - C’k(r)@ .

0<r<t 0<r<t

Then, for all ¢ € [0, T,

WY (1) +env(t) < any(t) + Ky /0 t(bﬁ (u) + ¢V () du,

where o 0

A* V(0
t, Ky, = (1+2)\) + .

VNy Ny = (142)) Ny

an, (t) ::/0 eny (r)dr+

In particular, by Gronwall’s inequality,

sup (bR (t) +cnv (1)) < any (T)exp(Kn, T).
te[0,T

Proof. From (j5.24]) we have :

* t
eNV(t) < Ao / bl (u) du. (5.25)
0

From ([5.18) we have

t Ny t t
b (t) < /0 eny (1) dr+S NV(O) /O eV (r)dr + /0 by (u) du. (5.26)

Let y,iV’NV (t) = by (t) + cffv" (t). Adding (5.24)) and (5.26) gives

t t Nv t
t+/ bg(u)duwv/ bg(u)dww/ eV (r) dr.
0 0 Ny Jo

Vv Nv

. ¢ t NN t t NN .
Since fo by < o Up " and fo cfcv" < Jour ", we obtain

t
Y (1) < / Eny () dr +
0

*

VNy

This is precisely an integral Gronwall inequality, hence

Ny t
t) + (1423 + SNV(O))/O g N () du.

gV (t) < (/Ot eny (r)dr +

yp NV (1) < any, (1) exp(Kny t) < any (T) exp(Kn, T), te[0,7].

This concludes the proof of Theorem |3.2) O



24

Proof of Corollary[3.1. We keep the same process By (t) defined in (5.6) with its jumps (7;)i>1.
It follows from the proof of the theorem [3.2] that

N N
1 1
(N > (%f;(nznw% “lazmm0) § O <1aiv(t)<nk,3iy(t) - 1ak<t><nk,sk<t>)> Vore (0.0)
k=1

locally uniformly in t.
Moreover, since (ak (t),77;€7,5;k(,5))k>1 is a collection of i.i.d. random variables in D?, the law of

large numbers in D? [[9], Theorem 1] yields

N N
1 1 a.s : 2
(Nzlﬂk(t)Zﬂk,Bk(t)’ Nzlak(t)<nk,3k(t)> N too (E[lak(t)ZUk,Bk(t)]’ E[lak(t)<nk,3k(t)]) in D
k=1 k=1

We decompose:

N N
—N 1 1
U (t)= N Z (lﬂkN(f/)Zfik,B}zﬂ\rm - lak(t)ch,Bk(t)) + N Z 1uk(t)2"7k,Bk(t)’

k=1 k=1

N 1 Y 1
1 (t) = N kz: (1ukN(t)<’7k‘B}cV(t) - 1ak(t)<77k,Bk(t)) + N kz: 1ak(t)<77k,Bk(t)'

=1 =1

It remains to verify the formulas
T(t) = E[lak(t)<nk,Bk(t)] and U(t) = E[lak(t)Zm-,,Bk(t)]

are coherent with (3.4)-(3.5).
If t — 7 < mg,i, then v ;(t — 7;) = 0, from Assumption (2.1)), Hence

/. Viei (T — T5) V(F1)(r)dr =0,

7

Hence By(t) = Br(7:). Since 1i<y, , = Li<y, 1B, (t)=0 a.5., we have

]E[lak‘(t)<nk,Bk(t)] =K Licn, olB (=0 + Z L ricne B (t)=i
i>1

=T (0) F§(t) + Z E[P(t — 7 < nri | 7) Lri<e] -

i>1

Since ny,; and 7; are independent, it follows that

]E[lak(t)<nk,3k(t)} = TH(O) F()C(t) + ZE[Fc(t - Ti) 17'i§t}

i>1

TH(O) Foc(t) +E|:/Ot Fc(t - S) Bk(ds)

= Tr(0) FS(t) + 1 /0 Fe(t — 5)8(s) V(E1)(s) ds. (5.27)

This identifies I(t) as in (3.5)).
If g0 >t (vesp. ng; > t), then by Assumption (2.1))

V,i(s) =0 (resp. yk,0(s) =0), 0<s<t.

We write 7y (resp. o) for a random variable with the same law as vy ; for i > 1 (resp. as yx)-

By the argument leading to (5.27)), we also have
t
E[lﬂk(t)<nk,3k(t)] =E |:177k,0>t eXP( - /{/ VO(T) V(Sl)(r) dr):l
0

t [ B[t cvon( = [ V0 )| S V6 s
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Combining with (4.1)) yields

]E[lak(t)an,Bk(t)] =1- El:lak(t)<77k,Bk(tJ

_E [1@“ exp( -~ /O o) V@D () dr)}
e [ B[t (=5 [ 20— VE0 ir) | S VFI) s

which identifies U(t) as in (3.4)). O
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