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SPATIAL SIR EPIDEMIC MODEL WITH VARYING
INFECTIVITY WITHOUT MOVEMENT OF INDIVIDUALS

ARMAND KANGA AND ETIENNE PARDOUX

ABSTRACT. In this work, we use a new approach to study the spread of an infec-
tious disease. Indeed, we study an SIR epidemic model with variable infectivity,
where the individuals are distributed over a compact subset D of RY. We define
empirical measures which describe the evolution of the state (susceptible, infec-
tious, recovered) of the individuals in the various locations, and the total force
of infection in the population. In our model, the individuals do not move. We
establish a law of large numbers for these measures, as the population size tends
to infinity.

1. INTRODUCTION

Epidemic models using ordinary differential equations have been the subject of
much research in recent years. Anderson and Britton [2], Britton and Pardoux [4]
have shown that these models are limits, when the population size tends towards
infinity, of stochastic Markovian models. In particular, the Markovian nature of
this model implies that the duration of infection is exponentially distributed, which
is unrealistic for most epidemics.

As a result, models with non-exponential infection durations have attracted some
interest, see in particular [12] and [15]. Kermack and McKendrick [8] also considered
that the infectivity should be a function which varies with the time since infection.
The duration of infection is the time taken by this function to vanish out definitively;
its law is completely arbitrary. In [5], the authors have established the law of large
numbers for the SIR model with variable infectivity, where the infectivity varies
from one individual to another and depends upon the time elapsed since infection.
They assume that the infectivity function has a finite number of jumps, and satisfies
an assumption of uniform continuity between jumps. In [6], the same law of large
numbers is established under a weaker assumption: infectivity functions have their
trajectories in D(R4,R), and are bounded by a constant. However, in the various
models studied above, the authors ignore the fact that a population extends over a
spatial region. Yet, spatial heterogeneity, habitat connectivity and movement rates
play an important role in the evolution of infectious diseases. Both deterministic
and stochastic models have been used to understand the importance of the het-
erogeneity of the density of individuals on the spread of infectious diseases, on the
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persistence or extinction of an endemic disease, for example [1], [7], [9] and [10].
Some Markovian models in this framework have been studied in [3]. They stud-
ied a stochastic SIR compartmental epidemic model for a population which moves
on a torus (T? = R?/Z?) according to Stochastic Differential Equations driven by
independent Brownian motions. They define sequences of empirical measures that
describe the evolution of the positions of susceptible, infected and recovered in-
dividuals. They establish large-population approximations of these sequences of
measures. In [14], the authors consider a population distributed in the space R?
whose individuals are characterized by: a position and an infection state, interact
and move in R?. An epidemic model combining spatial structure and variable in-
fectivity would be more realistic. This is the focus of our work. As a result, we are
considering a population distributed over a compact subset D of R%; and use the
same type of arguments as in [6]. We define sequences of empirical measures which
describe the evolution of the positions of susceptible, infected and recovered indi-
viduals, and establish the law of large numbers for these measures. In this paper,
we restrict ourselves to the case where the individuals do not move. Note however
that infectious individuals can infect susceptible individuals located far away. This
means that we can take into account movements of individuals (daily from home to
work, or occasionally for vacation and visits to the family), without modeling those
movements explicitly.

The same model, with diffusive movement of the individuals will be considered
in another publication.

1.1. Notation. We denote by

e M denotes the set of finite positive measures on D which we equip with the
topology of weak convergence.

e D := D(Ry,R;) denotes the space of cadlag functions defined on R with
values in R .

e Dy := D(R4, M) denotes the space of cadlag functions defined on R, with
values in M.

o For all p € Cy(D) and pp € M, (u,9) = [ p(y)u(dy).

c and C' denote positive constants that can change from line to line.

2. MODEL DESCRIPTION

The epidemic model studied here is the SIR model in a spatial framework with
variable infectivity; the letters S, I and R represent the different states of an in-
dividual (“susceptible”,“infected” and “recovered” respectively). The SIR model
states that a susceptible individual can become infected, and finally recovered when
he/she recovers from the disease. In our spatial model, an individual is character-
ized by its state E € {S,I, R} and its position X, a point in D which is a compact
subset of R?. To simplify the mathematical description, we identify the S, I and R
states as 0, 1 and 2 respectively. The space of individuals is therefore D x {0, 1,2}.
We consider a population of fixed size N; and we assume that at time t=0 the pop-
ulation is divided into three subsets: those susceptible, there are S™(0) of them,
those infected, there are IV(0) of them, and those recovered, there are RY(0) of
them i.e SN(0) + IV (0) + RN (0) = N. We denote by {X%,i € {Sy,Tn,Rn}} the
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positions of the individuals at time ¢ = 0, where (Sx,In,Ry) forms a partition of
{1,--- N} with Card(&y) = SN (0), Card(In) = IV (0) and Card(Ry) = RN (0).
Of course the three sets Gy, Jy and Ry depend upon N. Now let us consider
{A_j,j > 1} and {);,j > 1} two mutually independent sequences of i.i.d random
elements of D(Ry,Ry). A_;(t) is the infectivity at time ¢ of the individual j € Ty
and \;(t) is the infectivity at time ¢ after its infection of the individual j € &x. We
assume that there exists a deterministic constant A* > 0 such that 0 < A;(t) < A*
a.s, for all j € Z* and t > 0, with the convention: Vj > 1, A\;(t) = 0if t < 0 and

we shall use the notations Xo(t) =E(A_1(t)) and A(t) = E(A1(¢)). It is natural that
an infected individual is more likely to infect a close neighbor than a more distant
one. While these different transmission behaviors are averaged in homogeneous SIR
models, in our model we use an infection rate that depends on the relative positions
of the two parties. The infection rate between two positions will be given by the
function K defined on D x D with values in Ry. A susceptible individual ¢ becomes
infected (in other words, his/her state changes from 0 to 1) at time t at rate (with
some fixed v € [0,1])

(2.1)
! K(X'WXD) K(X', X7) .
- )+ M=)
v S R x) = S e xo)]

where TJN is the infection time of the initially susceptible individual j (in case

individual j never gets infected, then TJN = +0o0). Denoting by E! the state of
individual ¢ at time ¢, we have

S,N
By = Z 1E§:05Xi

€GN
S,N
= Z 1Eé:05Xi — Z 1tZTiN6Xi :,Uo — Z 1tZTZ_N5Xi,
IES N 1IEG N iES N
ILN _ ) ) ) )
= Z Igi10xi + Z lgio0xi
1€TN €GN
= ub 1, ,<tOys 1, vy 1 Sxi
_MO - Z n_igt X" + Z tSTiN Xv Z tZTZ_N-P,h- X1y
i€TN €SN €GN
(2.2) RN
e = Z Lgi—p0xi + Z Ipi—gdxi + Z Lgi_g0xi
IERN 1€EIN €SN
R,N
= Ky + Z 1n_¢§t5Xi + Z 1TZN+ni§t6Xi7
1€TN €GN

N
N S,N I,N R,N ._ N
e A N AN :§ Oxit=p,
i=1

1€TIN 1€6 N

where
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° uf N is the empirical measure of susceptible individuals at time t in a pop-
ulation of size V;

. Mf’N is the empirical measure of the total force of infection at time t in a
population of size IV;

° uf N is the empirical measure of infected individuals at time t in a population
of size IV;

° pf N is the empirical measure of recovered individuals at time t in a popu-
lation of size IV;

e 1V is the empirical measure of the total population, which does not depend

upon t.
Now, we define " := iuS’N- = iNI’N- N = i‘uR,N. V= l,uN
’ . . N t ’ t . N t A et 4 . N t ’ . N
and ﬁf’ = ,qu We rewrite (2.1) as follows. We first define

so that the rate of infection of the individual 7 at time ¢ can be written as
]-Ez',N:O(Mt , M (sz))

We shall discuss the role of the parameter v € [0, 1] below, after the statement of
our main result.

Let n; be the random variable defined by n; := sup{t > 0, \;(t) > 0} Vj € Z*.
The two sequences of random variables {n_;,j > 1} and {n;,7 > 1} are i.i.d and
globally independent of each other. F(t) := P(n; < t) and Fy(t) := P(n-1 < t) are
the distribution functions of n; for j € Z and for j € Z_, respectively. For i € Gy,
consider a counting process AN (t), which takes the value 0 when individual 4 is not
yet infected at time t, and takes the value 1 when the latter has been infected by
time t. Thus, 77 mf{t >0, AN(t) = 1}. We define AV as follows :

(23) / / ]'AN 7(73 N MN (X)) 7;(dS, du),

where the {P?, i > 1} are standard Poisson random measures on R% which are
mutually independent, and globally independent of the {X*, 1 < i < N; Aj, J €
7*}.

The next proposition follows readily from our model.
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Proposition 2.1. For all ¢ € Cy(D), {ut N SN mh N N > 0} satisfies

(SN _SN 1 i
Y e) = (m" v e) — 5 D e(XDNAY(®),
€GN
@™, e Z Ai(t)p(X) + — Z Ai( )p(X),
ZGJN zGGN
_IN _IN 1 i 1 -
() = (W™ 9) + 5 D e(XNAY(WM) — 5 D e(X )y
1€EG N 1€IN
oy 2 e [ Lycieda o)
i€EGN 0
1 .
_R,N _R,N i
(" 0) = (" 0) + 5 D e(X Iy <
1€EIN
1 (1 N
by 20 [ Lycedal (o).
€GN 0

3. LAW OF LARGE NUMBERS OF MEASURES

In this section, we determine the limits of the empirical measures defined in
section 2 when the population size tends to infinity. Necessary intermediate results
are established; they are summarized in lemmas and propositions. In what follows,
we are given a probability measure @ on D, with the density fi(2).

3.1. Assumptions and statement of the main result. Let us first formulate
our assumptions. The first one concerns the domain D C R%. We recall that D is
supposed to be compact. We need to make an assumption concerning the regularity
of its boundary, namely we assume the following interior cone condition. In order
to formulate that assumption, we first define the following cone: for any y € R,
(e R? with /| =1and 0 < a < 1,

C'(y,f,a) = {Z € Rd’o < (Z - y’f) < a||z - yH}

Note that | - || stands for the norm defined by ||z]| = /3%, 22. Our assumptions

=1 7,
are the following.

Assumption 3.1. There exists o € (0,1) and 7 > 0 such that for any y € D, there
exists a unit vector £, such that

C(y, by, @) N B(y,r) C D,
where B(y,r) denotes the ball of radius r centered at y.

Note that the above assumption is in fact essentially an assumption about the
boundary of D. It says that from any point y € 0D, we can choose a direction
¢, such that all points of C(y, ¢y, a) N B(y,r) are in D. As a result, the Lebesgue
measure of B(y,r) N D is bounded from below by a fixed constant, for any y € D,
which will be crucial for us.



658 A. KANGA AND E.PARDOUX

The second assumption concerns the kernel K, the measure i, and the initial
condition.

Assumption 3.2. We assume that:

e The function K is continous on D x D and there exist r,¢ > 0 such that
o -yl <r = K(z,y) 2 ¢

e 0 < infyep fi(z) < sup,ep fi(z) < o0;

o 5V(0) = 20 5 F(0); TV(0) = B9 5 T(0); and B (0) := B0
R(0) a.s. as N — oo;

° (X LieB N) are i.i.d with density function mg, and have the same law as
Xg; (Xi,i € JN) are i.i.d with density function 77, and have same law as
Xr; and (X iie %N) are i.i.d with density function 7g, and have same law
as Xpg;

e (X'ieGy), (X',i€Ty) and (X',i € Ry) are independent.

Of course, fi(x) = S(0)mg(x)+1(0)7;(x)+R(0)7r(x). For an epidemic to develop,
we need that both S(0),1(0) > 0.

We shall use the notation X’ to denote the position of the individual 4, and the
notation Xg (resp. X7, Xr) to denote a position following the distribution 7g (resp.
I, TR).

We next define the notation

K(x y)

UD dz)]

M(xa y) =

We can now state our main result.

Theorem 3.1. Under assumptions 3.1 and 3.2, the sequence (ﬁS’N, TARAATRER ER’N)Nzl

converges in probability in D}, to (u°, @S, i!, i) such that for all ¢ € Cy(D),
{(ﬁf, ®), (1, 0), (1 o), (B )t > 0} satisfies

(ﬁf? QO MO ) / / ,Ufs y )ﬁss(da:)ds,
(. 0) = X(0) (@ o) + / Nt —5) / (@) (78, M (z, )T (d)ds,

0 D
(M{,gp)—(ué,go)Fg(t)-i-/(; Fc(t—S)/Dw(w)(uva(wv Vi (dz)ds,
(3.1) (Afs @) = (g @) + (7, ) Fo(t)

t -5 z) (7S x, )iS (dz)ds
+/O F(t >/Dsa( (@S, Mz, ) (da)ds,

fip (dx) = S(0)ms(x)dw; my(da) = T(0)m (x)dw; 1 (dw)
= R(0)mg(x)dz,
7y () + 7 (dx) + it (da), Vit > 0.

(l)

fildar) =

We now want to discuss the role of our parameter v € [0, 1]. Suppose first that
the function y — [p K(z,y)7i(dz) is constant. We can renormalize the kernel K
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in such a way that this constant is 1. Then M (x,y) does not vary with -, hence
also for large N, M (x,y) does not vary much with 7. We then assume that
y — [p K(z,y)f(dz) is not constant. Assume for convenience that K has been
renormalized in such a way that [ [ K(z,y)i(dz)fi(dy) = 1. Hence for large N,
[p K (z,y)B" (dz) fluctuates around 1. In an homogeneous model, ?iv = SN /N can
be thought of as the probability that an individual met at random is susceptible.
In our spatial model, in the case v = 1, we may think that [ MN(:n,y)ﬁtS’N(dx)
is the probability that the individual met by an infected individual located at y
at time t is susceptible. The values v < 1 tend to increase the rate of infection
of individuals located in more populated regions (which is likely to correspond to
reality), the effect being more significant with smaller .

3.2. Study of the system of limiting equations. We will first formulate a basic
result concerning the system (3.1).

Proposition 3.2. The system of equations (3.1) admits a unique solution
{(ﬁf, ﬁf, ﬁ{,ﬁﬁ), t> 0} which is absolutely continuous with respect to the Lebesgue
measure, with the densities {(ﬁs(t, D), E8 (L), m (¢, ), mhR(t, )), t> 0} satisfying for
all (t,x) € Ry x D

,

1S (t,2) = 150, 2) — / 75 (s, 7) / M (e, ) (5, ) dyds,

S (t,2) = ()l (0,2) + / Nt — )5 (s, @ / M () (5, ) dyds,
(1) = il (0,2) FS (¢ / Pt = 9 (5.0) | M) (s 9)dyds,
(32) 7t 2) = <o z) + 7 (0,2) Fy(t)

/ M (e, )8 (s, y)dyds,

)

ﬁs(o,x>=5(0>7rs< ), 7' (0, )
=1(0)m(x), m"(0,z) = R(0)mwp(z),

i) = 1°(t,x) + 1 (t,2) + 1" (¢, z), vt > 0.

Admitting for a moment the first part of Proposition 3.2, we first establish the
following a priori estimates.

Proposition 3.3. LetT > 0, and let (ﬁs, %) be a solution of the first two equations
of (3.2). Then there exists positive constants C' and ¢ such that:

o Vi €[0;T], HHS( Moo < C;

e infyep [ K(2,9)fi(2)dz > ¢;
o Vit € [0;T); Hu (t oo < C.
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Proof. For any (t,x) € [0;T] x D,

i°(t, ) < p°(0,7) < fi(w)
(3.3) 17° (¢, oo < B0 = C.

/sz (dz) /sz dz>1nf,u /szd

> inf / K(z,y)dz
inf () ) (2,9)

(3.4) > inf u(z )/ dz = c.
zeD C(y,Ly,a)NB(y,r)

Next
1 (t,x) = N ()l 0,2)
+ /0 Nt — s)Es(s,2) /D M ()i (5, ) dyds,
S (t,x) < M)

t
+/\*/ us(s,w)/ M (z, y)iS (s, y)dyds,
0

(3.5) 175 (2, Yoo < A°C + X* / 17 / M) (5, y)dy | ods,
R R < Er L
D

< S e /D K (2, y)dy
Since K is continuous and D compact, sup,cp fD K (z,y)dy < oco. Thus,
(36) 550 [ M )l < Cle, ]
From (3.5) and (3.6), we deduce that V¢ € [0; 7]
t
It < XN [ (5, s,

which combined with Gronwall’s inequality yields

(3.7) TS (1, )l < A CXCT, Vit e [0;T].
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Proof of Proposition 3.2. We first show that for all ¢ > 0 any solution (ﬁts ) ﬁf, il ﬁﬁ)
of (3.1) is absolutely continuous with respect to the Lebesgue measure, and the den-
sities (°(t,.), 15 (¢, .), ml (t,.), mf(t,.)) verify (3.2).

From the first equation of (3.1), 7z’ < fz5. Since fi5 is absolutely continuous, iy
has the same property, and we denote its density by ﬁ S(t, x).

From the third equation of (3.1), il <l + fo YT ds thus 7! is absolutely
continuous, since 7z} is absolutely contlnuous as Well as @Y for all s. The same
argument applies to ﬁf and 7if*.The system of equation (3.2) now follows readily
from (3.1).

We will verify that (ﬁs(t, D), B8 (), w (¢, ), mRi(t, )) is unique. For that sake,
it suffices to show that the solution (7°(t,.),75(t,.)) of the first two equations of
the system is unique. The first two equations of the system (3.2) constitute the
following system

7 (t,x) = 715 (0,2) — /0 /D Mz, ) (s, y) (5, @) dyds,

ﬁ(t,x):?(tml(e,xw / Xt - 5) / M (e, ) (s, ) (5, @) dyds,
0 D

2); ' (0,2) = 1(0)s(x),and  @™(0,z) = R(0)7R(x),
E($)=ﬁ5(0 )+ 10, 2) + 10, 2).

Note that this is a sytem of ODE - integral equation, which depends upon the
parameter x € D. The pair of equations for the various values of = are coupled
through the integrals over D.

Let (fi(t,.),91(t,.)) and (fa(t,.),g2(t,.)) be two solutions of the above system
with the same initial condition.

On the one hand, exploiting Proposition 3.3, we obtain

fi(t ) — falt,x) = / (fols,2) — fi(s,2)) /D Mz, 9)g (5, ) dyds
T / f1(5,2) /D M(z,) (92(5.9) — g1(5.)) dyds,
10 = £t e < 5 [l = il el s

o [ s = an(o (sl
(3.8)

Wﬁﬁ—ﬁ@NbSCAUW@J—ﬁ@NM+MwJ—m@NbM&
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Moreover,

g1(t,7) — galt, z) = /0 Xt — 8)(fi(5.2) — fols,2)) /D M(z,y)g1(s, y)dyds
+ /0 Nt — ) fa(s,2) /D (91(5,9) — g2(5,9)) M (z, y)dyds,

1t0) = a6 <€ [ 11660 = ol | | My as
+C [ o) =t | [ M| s
(3.9)

l91(2,) = g2(t; )l < C/O (If1(s,-) = fa(s: oo + llgr(s;-) = ga(s, )lloo) ds
From (3.8) and (3.9), we have

g1 (t.2) — gt Moo + 1F1(E2) — Falt, oo
e / (19105, ) = 925 Yoo + 11 (52) = Fo(5: ) loo) d.

Using Gronwall’s inequality, we obtain

||gl(ta ) - 92(t7 )Hoo + ”fl(ta ) - f2(t7 )Hoo = 0.

We finally stress that since any solution to (3.1) has a density which solves (3.2),
uniqueness of (3.2) implies uniqueness of (3.1). On the other hand, we could prove
existence of a solution to (3.2), but this will follow from Theorem 3.1, which provides
existence of a solution to (3.1), hence of a solution to (3.2). O

3.3. A variant of the sequence indexed by N. The lower bound in Proposition
3.3 tells us that inf ep [p K(2,y)fi(dz) > ¢, hence the denominator in the expres-
sion of M(x,y) is lower bounded by ¢”. However, in the N model i is replaced
by ", and infyep [p K(2,y)B" (dz) is not lower bounded a.s. for all N, which
clearly creates a difficulty for our proof. However, it is a sequence whose limit in
probability is > ¢, hence the probability that it is > ¢/2 converges to 1 as N — oo.
This is the motivation for modifying our model, by replacing the denominator by
a quantity which is uniformly bounded away from 0 as follows. Let ® be the con-
tinuous function from R4 into Ry defined by ®(u) := (u \% %)V Assuming w.l.o.g.

that ¢ < 2, we easily verify that ‘(%), (u)‘ < (%)2 =: kg As a consequence, for any
u,v > 0,

1 1

(3.10) \qm K0

< kolu —v|.
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We next define

v K(a.y)
MY = G K i @)
(3.11) / / Lin e o b i (i P (05 ),

~FN .
where [y is defined below.
The variant ([LS’N,;EI’N,/]R’N,/}&N) of (HS’N,ﬁI’N,ﬁR’N,ﬁ&N) verifies, for all
te0;T], p € Gy (D)

(15™0) = @3N, 0) — = 3 e(X)AN (1)

€GN
N B 1 - 1 i
(™. 0) = " 0) + 5 D e(XHAT(M) — = D e(X)Ly_ <
€SN i€n
1 ) t
- (XZ)/ 1,,<t—sd AN (5)
o 0
1€6 Ny
0 m 1 7 1 i ¢ ~
(" 0) = (" 0) + N > (X, <+ v > X )/ 1,,<t_sdAN (s)
i€TIN iEGy 0
- 1 ;
(Mf’N,w)zN D ALi(t)e(X)
1€TN
1 ~N 1 ~N . AN .
+ N ;6: ANi(t =7 )e(XY), 7' =inf{t >0;A; (t) =1}
1€OnN

Before proving our main result Theorem 3.1, we shall prove the following result.

Theorem 3.4. Under assumptions 3.1 and 3.2, the sequence (i gSN plN pfoN) ns
converges in probability in Djl\/t to (ﬁs,ﬁg,ﬁl,ﬂR), the unique solutzon of (3.1).

We note that since the denominator in the expression for M (x, y) is lower bounded

by ¢, if we define M (z,y) := (K K( ’y) d @)’ we have that M (z,y) = M(z,y). As
D z

a consequence, (ﬂs,[ﬁ,ﬂl,,u ) (u ,u N ,ﬁR), where the quantities with ~are
defined as for the N model by replacing M by M.

3.4. A McKean-Vlasov equation. Recall that in order to find the solution of
(3.1), it suffices to find a solution of the system (3.2). Moreover, it suffices to solve
the first two equations of (3.2) for (ﬁS IS ) In fact, ¥ solves the first equation iff
(from now on, we write (7, M (,-)) for [p M (z,y)@S (¢, y)dy)

(312) Bt =i 0o (- [ (i M, ))ds ).

>1
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Consequently (ﬁs TS ) solve the first two equations of (3.2) iff ¥ solves

7 (t,x) = N ()l 0,2)

+/03<t_3> S0 exp (= [ b ar(o. ar) (. M) s,

and 7° is given by (3.12). An alternative proof of Proposition 3.2 would have
consisted to prove existence and uniqueness of the solution of (3.13), which would
have been as easy.

Now, given P a standard Poisson random measure on R2 , we define the process
{A(t,z), t >0, z € D} as follows

(3.13)

A(t,x) / / 1A (s~ ) 01u<(F(s) M(z,)) P(ds,du), t >0 with

(3.14) F(t,y) := T(O)X (t)m1(y) + SO)EN(t — 7(y))]7s
where 7(z) :=inf{t > 0; A(t,x) =1}, (F(t),M / M(z,y)F(t,y)dy.

Note that equation (3.14) is an equation of the McKean—Vlasov type, in the sense
that the coefficient of that equation depends upon the law of its solution. Indeed
F depends upon the laws of {7(y),y € D}, that is upon the laws of the processes
{A(-,y), y € D}. Note that McKean-Vlasov type of equations are related to the
“propagation of chaos”, see [13]. We now establish existence and uniqueness of the
solution to (3.14). The result is an extension to spatial models of a result in [6].
However the argument is new and simpler than in [6].

Lemma 3.5. Equation (3.14) has a unique solution {A(t,x), t > 0, x € D}, which
is such that F(t,z) = @S (¢, ), the unique solution to (3.13).

Proof. We first note that if A(t,z) solves (3.14), then, since S(0)rg(x) = (0, )
and A(t) =0 for t <0,

SOE[R( - (2)rs()
5(0, 2)E / / Xt — )L a0 Luc ((0).21(n. P(ds, )
75(0,2) /0 X(t = $)P(A(s.) = 0)(F(s), M(x, ))ds
= 70.0) [ N syesp (= [ (PG ) (70 M s
= [ A= )61 Mo )

where we have used (3.12) for the last identity. Hence the second line of (3.14)
tells us that necessarily F'(t,z) solves (3.13). Since the latter has a unique solution,
F(t,x) is unique, hence A(t, z) is unique as well. But this implies also existence: the
first line of (3.14) with F(¢,z) replaced by @S(t,x), the unique solution of (3.13),
defines a process A(t, z), which, thanks to the above computation, solves (3.14). O
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For each ¢ € G, we denote by A;(t, z) the solution of (3.14) with P replaced by
P, the PRM which appears in the definition of both AN(t) and AN(t), see (2.3)
and (3.11). We next define A;(t) := A;(t, X?), hence 7; = 7;(X*), and we remark
that the {AN(-) — 4;(), i € Gy} are identically distributed. Note that we shall use
below 7(Xg), which depends upon the two mutually independent random inputs P
and Xg. B

Clearly the A;’s are i.i.d., which is not the case of the AN’s or of the AN’s. The
fact that the A;’s are i.i.d. will allow us to use the law of large numbers in order to
take the limit as N — oo in N1 > icsy Ai(t), and other quantities related to this.

The next Lemma will be crucial, in order to conclude concerning N~! ZieGN Aiv .

Lemma 3.6. For all T >0 and i € Sy, E(supyc;<r ‘flfv(t) — Ai(t)]) —— 0.

N—oo
Proof. In this proof we shall use the following notations
Ot z) = (@, M(z,-), TNt z):=@E>"N, MY (z,).
For any t € [0; 7], i € Sy, we have
~ HVT(s,X%)
4N () - / / Pi(ds, du),
TN (5, X)AT(5,X1)
~ IV (s, XYV (s,X%)
sup }AzN(t) ’ < / / P'(ds, du),
0<t<T 'V (s,X7) /\F 5,X7)
(3.15) E( sup )flf\’(t)—Ai(t)D g/ E(‘fN(s,Xf)—F(s,Xi) >ds.
0<t<T 0

We have, with both X; and Xg independent of X?,
‘fN(t, X1y — T(t, X)

1 TN (i v 30
<|v > MN(X XT)A () - X

JEIN

(HT(0)E (M(Xi, XI)’Xi)

= 57 V(X Xt - 7)) — S0)E (M(X, Xs)A(t — 7(Xs))| X7)] -

JEGN
We obtain
(3.16) E (|0 X7 = Tt X)) < Taw(t) + Ton (@),
where
1 - S 0. —
Tin(t) =E|5 Y MY (X, X)) - N (HI(0)E (M(XZ X; lx) ,
JEIN

Ton(t) =E | = 3 MN(X X9)N(t - 7N) - S(0)E (M(Xi, XS)X(t—T(XS))‘Xi>
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On the one hand,

Tin(t)
Z K(X', XT\_; L 1 '
Na ® (Jp K (= XN (dz)) @ (fp K (2, X9)a(dz))
+E % > [M(x X0 - N (OE (M(Xi,XI))Xi)]
JEIN
") |1 (0) - T(0)| B (v (x7, X))
(3.17)

=TianE) +Tion({E) +Tign(E).

In the computations which follow, we decompose i’ = %5 X +H§-V , so that ﬁj-v and
X7 are independent. Exploiting in particular the inequality (3.10), we have (below
we assume w.l.o.g. that 1 € Jy and 2 € Sy)

Y118 (t) < [[K|| oA ks E ( ‘/ K(z, X" (dz) / K(z, X))fi(dz)

JEIN

<CE (;jg ;IK(XJ',XJ‘)JF/D K(z,Xj)Mév(dz)—/D K(z, X))fi(dz) )
< %E ( %:NK (X7 XJ))+CE ( 2 / K (z, X7) [} (dz)—i(dz)] )

m1(y)dy,

IN

]i/DK(y,y)ﬂ‘I(y)dy—i-C/DE‘/D K(z,y) (1 (dz) — a(dz))

Tt < Do [ el [ k) @) - ata)

7 (y)dy-

It is an easy consequence of the law of large numbers that

T1727N(t) — O, as N — o0.

Tian(t) < A [T

= X0 [1V(0) - T(0)| /D /D K, y)rs(2)ms (y)dady,

(0) — 7(0)‘ E (K (X' X]))
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Summing up the above estimates, we obtain

) < onKuw
e / ‘ [ K (' 02) = )| )y
(3.18) + X1 (t) + € [7V(0) - T(0)]
Moreover,

Ton(t) < E(i, > K(XLXDN (=7

1 o
(fD (2, X9 (dz)) (fD (2, X7) (dz))

+E|% > MXL XN (E- 7Y ) - % > M(XLXT)N(t - 1)
JEGN JjEGN

) Z { M(X', X9)\i(t —7j) —E (M(XZ’,XS)A(t—T(XS))‘Xi)}
JEGN

+ ‘?N(O) _ 3(0)] E [M(X', Xg)A(t — 7)]
(3.19) = T2717N(t) + T2727N(t) + T2737N(t) + T2747N(t) .

We recall the decomposition 7"V = %5 xi + ﬁé\f .

/ K(z, XN (dz) — /D K(z, X7)fi(dz)

To1,n(t) < CE ( )
JEGN

L reixi xi g g

RO X0+ [ K X0 ()~ [ K x0atis)

|

1
=CE (N Z
JjEGN

<= ve [ [ K @) - ata)

ms(y)dy.

Ta2 n(t)

IN
=1

€GN

E [Z M(X", XY |\t —7Y) — A-(trj)}
J
SC’]P(?QN/\ngt;?QN;&TZ)

< C’/OtE (ny(s, X2) - f(s,X2)|) ds,
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where we have used for the last inequality the facts that

{?QN/\szSt;?QN#TQ}:{ sup ’Aév(t)—AQ(t)‘ 21},

0<t<T
P ( sup ‘flév(t) — Ag(t)’ > 1) <E ( sup ‘Aév(t) - A2(t)’>
0<t<T 0<t<T

and (3.15). Next, similarly as for T 2, we deduce from the law of large numbers
that

T273,N(t) — 0, as N — oo.
Taun(t) < C[8%(0) - 5(0)]

Summing up the above estimates, we obtain

(3.20)

CllK o

Yo < D= w0 [ 8] [ ) (1 @) - mae) | msty + Y0

t
+C ]?N(o) . ?(0)‘ n C/ E (‘I‘N(S,XZ) . f(s,XQ)D ds.
0
From (3.16), (3.18) and (3.20), we deduce that
) < 200Kl

E (‘fN(t,Xi) ~ T, X

N
+C [ B| [ K() (80 = )| mi )iy

+C [ B| [ K(e) (8 (02) — ) | msw)ay
+ Tiz(t) + Tagn(t) +C|57(0) = S(0)
+C ‘TN(O) - 7(0)]

(3.21) +C/0tIE(‘1~“N(s,X2) —f(s,XQ)D ds.

From assumption 3.2, gN(O) — S(0) and TN(O) — T a.s. as N — o0, and from the
LLN, ﬁ{v = I, ﬁév = Ti. Hence, since moreover for any ¢ € Gy,

it follows from Gronwall’s inequality applied to (3.21) that E(‘fN(t, XH—-T(t, X% ‘)

— 0.
N—oc0

Combining this result with (3.15), we deduce that E(supy<;<r ‘flfv(t — Ai(t)|)
U

— 0.
N—oo

E ()fN(s, X2y~ T(s, XQ)D —E (‘fN(& X1y —T(s, X?)
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3.5. Proofs of the main results.
Proof. of Theorem 3.4. Let ¢ € Cp(D) and T > 0 be arbitrary.
1 L
~S,N —S,N 7
(N 0) = (" 0) — 5 D e(XDAY(2).
G

According to the Law of Large Numbers, the sequence (ﬁg’N,go) converges to
(ﬁg, ¢) a.s. Using Lemma 3.6, as N — oo

1 o ,
— XHAN(@) — = XHA; .
sup N‘Z P(XDAT () = 7 D (XA =0
— = €GN €GN

Moreover

E( sup {QO(Xi)Ai(t)O < lelloo

0<t<T

This last estimate allows us to use the law of large numbers in D (Ri,R), see
Theorem 1 in [11]. Combining that result with Lemma 3.6, we conclude that,
locally uniformly in ¢,

SO IEEOTENE

Lroba, '5(0) (// LA xo)=0Lyctis x o) (X ) P(ds, du))
= S0 [ F (Al Xs) = 01Xs) o Xs)T (s Xs)ds

SO (p(Xs)T(s, Xg)e™ Ji XY g

A
:/ / L (s, z)as (dx)ds,
N

hence ([Lts V) = (77, @) in probability locally uniformly in ¢, where

(7, 0) = (75, 9) // T(s, )5 (da)ds.

Next,

(™, 0) = 3 30 Asp(X) + - 37 Ml — 7 )pl(X).

i€EIN ZE@N
On the one hand,

5 3 A 0p(X ) “5 TR (1 (e(X1) = X'(0) /D 1(0)¢(w)m1 (2)da

i€IN

where 71} (dz) = I(0)7;(z)dx.
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Moreover, % ZiGGN Ai(t — 7 Mp(XH) = ¥ ZzEGN fo (t—s)p (Xi)dleN(s).
According to a variant of Lemma 3.6, as N — o0

sup | — Z/ (t — 8)p(XH)dAN (s) Z/ (t — 8)p(X")dA;(s) 5o.

t<T ZGGN
Indeed,

su (t— 8)p(X° dAN dA;

sap | 3 [ ) (44 () — dAi(s))

€GN

In addition,

/O Nt — 5)p(X7)dAs(s)

E ( sup > < Alloo-
0<t<T

Hence combining the above result with the law of large numbers in D (R4, R), we
deduce that, in probability, locally uniformly in t

% > /0 Xi(t = 5)p(X)dA;(s)

t p—
= [ Xt = 5)SO)E (#(Xs)T(s, Xg)e i T0X) g
0

= 3 — 8 :cisxfs xT)ds
—/Ow )/Dso( (s, ) (der)ds.

"‘57N

We thus obtain that (0", @) — (7, ¢) in probability locally uniformly in t, where

() = X)) / Nt =s) [ ol (s,)m (do)s.

Now,

Y, 0) = @Y o)+ 3 e(XNAN(@H) — 1 3 e(X1, <

€SN i€ETN

t
-5 o) [ i



SPATIAL SIR EPIDEMIC MODEL WITH VARYING INFECTIVITY 671

According to the Law of Large Numbers:

a.s.

_I,N _
(Fo™ @) <= (T, ),

1 ; 5.
5 2 PO, g =

1€IN
I0)E (9(X1)1y_,<t) = I(O)Fo(t)/ p(x)my(2)dz = Fo(t)(F, ¢) -

From the previous results,
—Z (XHAN (1) —>// T (s, z)as (dx)ds
(SN

According to a variant of Lemma 3.6, as N — oo,

t

1 ) t ~ 1 .
sup |5 3 o0 [ 1ysmdd () -5 3 o) [ 1yamdaie) So.

E<T |2V eon €GN

Indeed,

1 [t - 1 ot
sup N Z (P(XZ)/O 1m§t—sdAZN(3) - N Z @(XZ)A 1m§t—sdAi(3)

t<T

€GN €GN
< l#le 5~ <sup W(t)—Ai(t)\) .
icGN 0<t<T

In addition

t .
| tcrmpxaa)
0

E( sup ) < [[elloo -
0<t<T

Applying the Law of Large Numbers in D (R, R), we deduce that, locally uniformly
in ¢,

z/ mst—sp(X1)dA(s)

zGGN
_ t 00
Proba S(O)E </O lmgts/o lA(S_vXS)=01u<F(s,XS)QD(XS)P(dS,dU))
t
= 5(0) [ Flt - )8 [P (A(s, Xs) = 01Xs) pXs)T (s Xs)] s
t —
= / F(t—s)S(0)E (gp(XS)f(s, Xg)e Jo F(nxsmr) ds
0

= t — 8 :Bismfs xT)as
—/OF<t >/Dso<>r<,>us<d>d.
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Combining the above results, we deduce that (/]iv ’I,Lp) — (@, o) in probability
locally uniformly in ¢, where

(3.22) (o) = (b, / / T(s, 2) (d)ds — (i, ) Fo(t)
- /0 F(t=9) | @) (do)ds,

which can be rewritten as:
t
) = oSO+ | P9 [ oo, apsd)ds.

We argue analogously about i/ and obtain that (ﬂf o ©) — (il ) in prob-
ability locally uniformly in ¢, where

(1. 0) = (. o) + (Fh o) Fo(t) + /0 Ft—s) /D ()T (s, ) (d) .

We finally proceed to the proof of the main result of this paper.

Proof of Theorem 3.1. Let us define Qy := {w, infyep [p K (2, y)" (dz) > §}. We
remark that on Qu, (5,75, 0N BNy = (@SN, @SN gt @) Hence
clearly Theorem 3.1 will follow from Theorem 3.4 if we prove that P(Qy) — 1, as

N — 0co. We have

c
Q% C f [ K( N(dz) — inf | K dz)| > =
N—{ ;QD/ (z,y)p" (dz) Juf (2, y)p(dz) 2}
_wsup‘/sz (dz) /sz (dz) E.
yeD 2
Since K is continuous and D is compact, there exist n > 1,y1,- - ,y, € D such

that for any y € D, there exists 1 < ¢ < n such that

C
sup | K (z,y) — K(z,u:)| < —.
zeD 6

sup [ wGamt@) - [ KGom

/sz, (dz) /szz)(dz)
/szz (dz) /szz)(dz) }

from which it follows clearly, since from the law of large numbers 77" = 7, that
P(Q%y) — 0, as N — oc.

Then

<= + sup
1<i<n

and consequently

QY C {w, sup

1<i<n

@\ﬁ
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