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SPDE for stochastic SIR epidemic models
with infection-age dependent infectivity

GUODONG PANG* AND ETIENNE PARDOUX'

ABSTRACT. We study the stochastic SIR epidemic model with infection-age dependent infectivity
for which a measure-valued process is used to describe the ages of infection for each individual. We
establish a functional law large numbers (FLLN) and a functional central limit theorem (FCLT) for
the properly scaled measure-valued processes together with the other epidemic processes to describe
the evolution dynamics. In the FLLN, assuming that the hazard rate function of the infection
periods is bounded and the ages at time 0 of the infections of the initially infected individuals
are bounded, we obtain a PDE limit for the LLN-scaled measure-valued process, for which we
characterize its solution explicitly. The PDE is linear with a boundary condition given by the
unique solution to a set of Volterra-type nonlinear integral equations. In the FCLT, we obtain an
SPDE for the CLT-scaled measure-valued process, driven by two independent white noises coming
from the infection and recovery processes. The SPDE is also linear and coupled with the solution to
a system of stochastic Volterra-type linear integral equations driven by three independent Gaussian
noises, one from the random infection functions in addition to the two white noises mentioned
above. The solution to the SPDE can be also explicitly characterized, given this auxiliary process.
The uniqueness of the SPDE solution is established under stronger assumptions (density and its
derivative being locally bounded) on the distribution function of an infectious duration.

1. INTRODUCTION

Kermack and MacKendrick introduced in their seminal paper [17] a PDE model to describe
the SIR epidemic dynamics with infection-age dependent infectivity and recovery rate. Various
extensions of the PDE models have been developed to study more realistic epidemic dynamics
with dependence on infection ages (see, e.g., [29, 15, 33, 18, 2] and Chapter 13 in [19]). An
individual-based stochastic SIR epidemic model has been recently developed in [9] and further
studied in [23, 24, 10, 21, 11] where each individual has an independent random infectivity function
so that the infection and recovery processes depend on the age of infection. In particular, in [24],
a functional law of large numbers (FLLN) is established which results in a PDE model, and under
certain conditions, the PDE model is the same as given in [17].

In this paper, we continue studying the individual-based stochastic SIR model by investigating
the fluctuations of the epidemic dynamics around the PDE limit. We take a different approach
from our previous work [24], by using a measure-valued process to describe the infection dynamics
instead of a two-parameter process. In particular, the measure-valued process gives at each time
a “mass” for each individual’s infection age if still infected (see (2.7)). To study its dynamics, we
also come up with a novel representation using two independent Poisson random measures (PRMs),
resembling the “birth” and “death” processes in the Markovian setting, so that one dictates the
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new infections and the other dictates the recoveries, see (2.12). The measure-valued process with
this representation can be regarded as an infinite-dimensional “birth” and “death” process. The
novelty in this representation lies in the way that determines which individual will recover next
based on their infection age. To completely describe the epidemic dynamics, we also need to include
the number of susceptible individuals and the total force of infection (which is the aggregate of the
random infectivity functions of all infected individuals evaluated with their infection ages at each
time). The number of infected individuals can be obtained from the measure-valued process.

We first establish the FLLN for the LLN-scaled measure-valued processes, which results in a
linear PDE limit with a boundary condition which is the solution to a set of Volterra-type integral
equations. It recovers the PDE result in our previous work [24]. Because of the measure-valued
representation for the PDE limit, we provide a new proof for the uniqueness of its solution, which
requires that the hazard rate function for the distribution of the infection period is bounded. This
new proof uses a duality argument with an associated backward PDE. In addition, we also provide
a new proof for the tightness of the LLN-scaled processes by exploiting the evolution dynamics
mentioned above.

We then establish a functional central limit theorem (FCLT) for the CLT-scaled measure-valued
processes, whose limit is an SPDE (see (2.37)). The SPDE is driven by two white noises, one from
the infection process and the other from the recovery process (that is, the “birth” and “death”
processes mentioned above, respectively). The SPDE is linear, coupled with the solution to a
system of stochastic Volterra-type linear integral equations driven by three independent Gaussian
noises (in addition to the two white noises, a third coming from the randomness of the random
infectivity functions). We are able to characterize the solution to the SPDE explicitly, see (2.38).
Under the additional conditions on the distribution function of the infection period (the density and
its derivative being locally bounded), we also show the uniqueness of the solution (using a similar
duality argument as for the PDE). The convergence of the other associated processes follows from
a slight modification of the proofs in our previous work [23], by taking into account the initial
conditions with infection-age dependence.

The convergence of the CLT-scaled measure-valued processes is proved in the space D(R, H'(R,)!))
(see the notations below). We exploit some useful properties of stochastic integrals with respect to
PRMs, particularly, the moment formulas (see, e.g., [7]) and fourth moment estimates in Lemma
4.8. With these tools, we are able to prove tightness of the stochastic integral terms with respect
to the compensated PRMs for the infection and recovery processes, by verifying the moment cri-
terion for tightness of processes in D in Billingsley [1]. In these calculations, we have to handle
some challenges caused by the functional that induces the recovery process based on the infection
ages. Moreover, for the CLT-scaled measure-valued processes, we are also able to derive a prelimit
“SPDE” driven by the PRMs so that the convergence to the SPDE limit can be established by
verifying the convergence for the driving stochastic components.

Finally, we remark that although there have been a few studies on establishing PDE limits for
individual-based stochastic epidemic models, see for example [28, 12, 8, 5, 13, 26, 27], very little
work exists for the study of the fluctuations of the stochastic dynamics around the PDE limits. The
work in [3] establishes both the PDE and SPDE limits for stochastic epidemic model with contract-
tracing, tracking the infection duration since detection for each individual, but the model itself is
Markovian, unlike our model. To our best knowledge, this is the first work to establish an SPDE
limit for non-Markovian epidemic models in the literature, so this work will lay the foundation for
future work on this subject. On the other hand, FCLT results have been established for stochastic
non-Markovian epidemic models, for example, our earlier works on non—-Markov epidemic models
with constant infection rate [22, 25], and some previous works in the literature [31, 30, 32]. Our
work is also somewhat related to the SPDE limits in the queueing context, see for example [4, 16],
but our approach of establishing the convergence of the measure-valued processes is very different
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since we exploit properties of PRMs and the measure-valued process is not necessarily Markov and
hence no martingale properties can be exploited.

1.1. Organization of the paper. The paper is organized as follows. We summarize the notation
in the end of this section. In Section 2.1, we describe the model in detail and use a measure-valued
process and other associated processes to describe the epidemic dynamics. In Section 2.2, we present
a linear first-order PDE and the associated properties that will be used in the discussions of the
PDE and SPDE limits. In Section 2.3, we state the FLLN and present the PDE limit. In Section
2.4, we state the FCLT results and present the SPDE limit and its solution. In Section 3, we prove
the FLLN in Theorem 2.1, focusing on a new proof for the uniqueness of the solution to the PDE.
In Section 4, we prove the weak convergence of the CLT-scaled measure-valued process and prove
the uniqueness of the solution to the SPDE. In Sections 5 and 6, we provide sketch proofs for the
other associated epidemic processes.

1.2. Notation. The following notation will be used throughout the paper. R is the set of real
numbers and R the set of non-negative real numbers, N the set of natural numbers, and Z the
set of integers. For a,b € R, a Vb = max{a,b} and a A b = min{a,b}. We use 14 to denote the
indicator function of a set A. We use 1 to denote the constant function 1(¢) =1 for any t € R.

Given any metric space S, Cy(S) is the space of bounded and continuous real-valued functions
on S, and C.(S) the space of continuous functions with compact support. C'(S) is the space of
real-valued, once continuously differential functions on S, and C(S) is the subspace of functions in
C'(S) with compact support, while C}(S) is the subspace of C1(S) of functions that are bounded
and have bounded first order derivative. Let C?(S) be the space of real-valued, twice continuously
differential functions on S. We will mostly use S = Ry or Rﬁ_. Let LP(R4), p > 1, be the space
of measurable functions f on R such that fR+ |f(z)Pdx < oo. Let Lt (R4 ) be the corresponding
space in which the associated property holds only locally.

The space of Radon measures on a Polish space S, endowed with the Borel o-algebra, is denoted
by M(S), and Mp(S) and M (S) are the subspaces of finite and nonnegative measures, respec-
tively, and Mg (S) for both finite and nonnegative measures. The space M(S) is equipped with
the vague topology, that is, a sequence of measures {u"} in M(S) is said to converge to p in the
weak topology (denoted by u™ —* u if and only if for every ¢ € Cy(95),

/gp(x)un(dx)—)/gp(x)u(dx), as n — 0o. (1.1)
S S

The Sobolev space H'(R,) is the Hilbert space consisting of continuous functions u : Ry +— R
which are such that v € L?(R,) and there exists a function v’ € L?(R,) such that for all ¢ > 0,
u(t) = u(0) + fot u'(s)ds.

We shall consider the dual space H'(Ry) of H{(R,), which we shall equip with its weak
topology, hence the notation H,;*(Ry). We recall that HZ (R ) is the subspace of H!(R}.) consisting
of those elements of H'(R,) which vanish at 0.

We write (1, p) = [q(z)p(dz) for a Borel measurable function ¢ : S — R that is integrable
with respect to a measure p € M(S). In our case S = R,. We will use pu(a) for u({a}), and p(a,b)
for p((a,b)). The symbol 4, is used to denote the measure with unite mass at the point x € S.

We use D := D(R,R) to denote the space of R-valued, cadlag functions on R, endowed with
the usual Skorohod J; topology; see [1]. Let C be the subspace of D of continuous functions, and Cj,
be the subspace of bounded continuous functions. We shall consider elements of D(R+; Mg 4 (Ry))
and D(Ry; H,; (R,)). It follows from the results in [20] that tightness and weak convergence of a
sequence {UN, N > 1} in D(Ry; Mp 4 (R4)) (resp. in D(Ry; H,'(Ry))) will follow from tightness
and weak convergence of the sequence {(UY, ), N > 1} for any ¢ € C, (resp. HZ(R.)).
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2. MODEL AND RESULTS

2.1. Model. We consider an SIR model for a homogeneous population, each of which has a varying
infectivity depending on the age (elapsed time) of infection. Let N be the population size, and
the numbers of susceptible, infectious and recovered individuals at each time ¢ are denoted by
SN (t), IN(t), RN (t), respectively. Then we have the balance equation N = SN () 4+ IV (t) + RN (t),
t > 0. Assume that IV(0) > 0. Let "V (¢, da) be the measure-valued process describing the infection-
ages of the infected individuals at time t. For each t > 0, u™(¢,da) is a finite measure over R .
For convenience, we write ;¥ or uV(t). It is clear that IV (t) = (u™ (t), 1) for each t > 0, where 1
is the constant function 1(¢) = 1 for each ¢ > 0.

Let {Xi(-)}ien and {A—;(-)};=1,. 1~ () be the nonnegative random infectivity functions taking
values in D for the newly infected and initially infected individuals, respectively. They are non
zero only during the infectious period. We assume that they are mutually independent and have
the same law. Let A(t) = E[\(¢)] for ¢t > 0. Note that () also takes values in D.

Let AN(t) be the cumulative number of newly infected /exposed individuals in (0, ], with event
times {7 : i € N}, independent of {\;(-)};en. For each individual i, let 7; be the associated
infected period, i.e.,

n; == sup{t > 0: \;(t) > 0}. (2.1)
The variables {n;} are i.i.d. with a distribution function F(-). Let F© = 1 — F. We shall assume
that F' has a density f w.r.t. the Lebesgue measure, and denote by h = f/F° the associated hazard
rate function

Let T 0wJ=1...,1 N(0) be the times of being infected for the initially infected individuals at

time zero. We assume that the r.v.’s 7~'JN = —T; 0, j=1,...,IN (0), which are the corresponding

ages of infection at time zero, are i.i.d., with a common law fio(1)~jig, which is a probability
measure on R, where [ig is a given measure which satisfies the following assumption:

Assumption 2.1. fip({0}) = 0, uo has a compact support included in [0,a], for some a > 0, and
its total mass satisfies fip(1) < 1.

Let 77?, j=1,...,1N (0), be the variables representing the corresponding remaining infected
periods, where
77;-] =sup{t>0: )\_j(f’ﬁ)—kt) >0} >0.
Similar to (2.1), we also have n_; = inf{t > 0: A_;(t) > 0} for j = 1,...I"(0), representing the
infection duration for the initially infected individuals. The variables 77_; have the same distribution
function F'. The distribution of 77;-) given that ?]% = s is given by
Fe(t + s)

N =N
P(nj > tn-j > 70 = 5) = P(n; >t +sln_; > 7= 5) = Fe(s) 7

s>0. (22)

Then the aggregate infectivity process §V (t) at time ¢ is given by
N (0) AN (1)

= > AL(FEN+ Z (t—7), t>o0. (2.3)
j=1 i=1

The instantaneous infection rate at time ¢ can be written as
SN(t)
N
Then the infection process AN (t) can be written as

t oo
= /0 /0 lngN(s*)Qinf(d& d’U) > (25)

where @, is a standard Poisson random measure on Ri.

TV () = V@), t>o. (2.4)



The number of susceptible individuals satisfies

SNy =8Ny - AN ) =N —1N(@t) - RN (). (2.6)
The measure-valued process y;" (da) can be expressed as
N (0) AN (1)
pr (da) = > Ly, 07, 4 (da) + + > vy (da). (2.7)
J=1 i=1

Or equivalently, for any function ¢ € Cy(R4.),
IN(0)
Mt 7(10 Z 1 >t(10 7, O +t Z ]'TZ.N+17i>t(70(t - TZ'N)'

For convenience, we also write (,ut L) as ul¥ (¢) sometimes.
The initial condition ,uév is given by
N(0)
Név = 5ij0 : (2.8)
=1 7
The number of infected individuals at time ¢ can be written as
IN(t) = (i, 1)
N (0) AN(t)

I
= Z Lyose + Z Lnvypst (2.9)
= i—1

and the number of recovered individuals at time ¢:
N
(0)

RN(t) = RN (0)+ > Loc, + P E— (2.10)
j=1 i=1

We next write an equation to describe the evolution dynamics of (). Before proceeding, we
introduce a function: for any measure v on Ry, w — H(v,w) is the right—continuous increasing
function such that (recalling that h = f/F¢ is the hazard rate function of n):

v (hl[O a])
H < < —2 2.11
(r,w) <as w< o) (2.11)
in other words, H(v,-) is the “inverse of the distribution function of the normalized h-biased v”.

In particular, with G(a) := V(fil(}[f)’“]), we have H(v,v) = G~(v) and H(v,G(a)) =

It is then easy to show that the above expression of yi¥ in (2.7) can be equivalently (in distribu-
tion) written as

N N t [e's)
i () = 1w (olt + ) + /0 /0 o(t — 5)Lycy sy Qung(ds, dv)

t [e'e) 1
- / / / ot — 5+ H(u  w) 1, () @ree(ds, dv, duv)
0 0 0 —osT

Qiny and Qe being two independent standard PRM, respectively on Ri and on Ri x [0, 1],
representing the infection and recovery processes. The first term on the right hand side of (2.12)
indicates the evolution of the initially infected individuals in terms of their infection ages, the second
term indicating the new infection process and the third term indicating the recovery process for
both the initially and newly infected individuals. In some sense, the expression in (2.12) can be
regarded as a measure-valued birth and death process where the second term as the “birth” and

(2.12)
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the third term as the “death”. Note that the function H ( ' ,v) in the last term plays a role of
identifying which individual recovers next, through the ages of infection.

We remark that the measure-valued process (uf")i>o itself is not Markov because of the random
varying infectivity processes (A;(+))jez). However, in the special case that \;(t) = S\(t)ltgnj for a
deterministic function A(t), one can show that (ul)s>o is Markov.

2.2. A linear first-order PDE. The PDE which follows will play a central role in this paper.

Suppose we have a continuous function u;(a) = u(t,a) on R? which satisfies the following: for any
smooth function ¢ : Ry +— R with compact support,

D tuer) = {ues ' — o) + QOIK(E) + (91, 9)
u(0,a) = ug(a),
where g¢(a) = g(t, a) is measurable and bounded.
We claim that such a function u satisfies the following PDE
O + Oqu = —hu + g,
{ (0,a) =up(a), u(t,0) =k(t).
Moreover, the unique solution of this linear equation is given explicitly as

u(t, a) = 1t<a%uo(a — )+ Lot Fo(a)k(t — a)

(2.13)

(2.14)

+/t __Fa) (s,a—t+s)ds =
oy Fo(a—t 157 |

To go from (2.13) to (2.14), we can argue as follows: first choose @, (a) = (1 —na)™, and let
n — oo, which yields the boundary condition u(¢,0) = k(¢). Next, we integrate (2.13) on the
interval [0,¢], with ¢ satisfying ¢(0) = 0, and deduce the first line of (2.14). A similar argument
allows to go from (2.14) to (2.13). Uniqueness is proved using the formulation (2.13) and a duality
argument, which will be given below. Hence, in order to show that the above explicit formula is
correct, it suffices to show that it satisfies the equation, which is not so hard. We also deduce from
the formula (2.15) the following formula, valid for any ¢ € C.(R4):

(g, @) = /Ooo ola+ t)%(—;)a)uo(a)da + /Ot o(t — @) FE(t — a)k(a)da

topo Fe(t —s+7)
+ /0 /0 ot — s+ T)FC—(T)Q(S’ r)drds.

Note that it is easy to recover (2.13) from (2.16). Indeed, differentiating the right hand side of
(2.16) w.r.t. t produces u;(¢’ — hep), plus the derivative w.r.t. the upper bound of the two integrals
fg , which produces the last two terms on the right hand side of the first line of (2.13).

The FLLN limit will solve a PDE of the above type, with ¢ = 0, and ug being an arbitrary
measure, see (2.24).

The FCLT limit will be a PDE of the same type, but with ug, £ and g being Gaussian random
distributions, see (2.37).

(2.16)

2.3. FLLN. We give ourselves three numbers 0 < 1(0),S(0) < 1 and 0 < R(0) < 1 such that
I(0) = (fig, 1) and I(0) 4+ S(0) + R(0) = 1. Moreover, we assume that SV (0) = [NS(0)], I ( ) =
[NI(0)] and RV (0) = [NR(0)] (taking integer parts, or more precisely, setting S™V(0) = | NS(0)],
IN(0) = [NI(0)] and RN(0) = [ NR(O)}) such that S (0) + IV(0) + RN (0) = N.
Define the LLN-scaled processes X = N~1 X for any processes X™V. It is clear that I’V (0) —
1(0), SN¥(0) — S(0) and RY(0) — R(0), as N — oo. Moreover, by SLLN, il = fip a.s. as N — oo.
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The notation = refers to the fact that the convergence is in the sense of weak convergence of
measures, while as random elements, the convergence is in the a.s. sense.
It follows from (2.12) that, @, (vesp. @Q,..) denoting the compensated measure associated to

Qi"f (resp. Qrec), we have

i (0) = i (ot + ) + / (1 — 5T (s)ds — / A (p(t — 5+ Yh)ds
0 0

rec

(2.17)
_inf,N _rec,N
+ N () — N ()
where
ﬂf&nﬁ N/ / t_ S U<TN(5 )anf(ds d’l)) (218)

e () N/ / / (t = s+ H(pY  0) L, (1) @reclds, do, duw), (2.19)
and we have used the following formula: for any 1 € Cp(R

)
[t wpaw = 2
; v,w))dw = — n
which follows from the definition of H in (2.11).

We first prove the following FLLN. It recovers Theorem 3.1 in [24]. Its proof is given in Section
3.

Theorem 2.1. Assume that the initial law fig satisfies Assumption 2.1 and that the hazard rate
function h is locally bounded. Then, as N — oo,

(V3" = (53) in D? (2.20)
i probability, where (5’,@) € C' x D is the unique solution to the following set of integral equations,
¢
() = 5(0) — A(t) = 5(0) — / T(s)ds, (2.21)
0
¢
= / (a+t)iop(da) + / At — s)Y(s)ds, (2.22)
0
with B o
T(t) = S(t)F(t). (2.23)

If M(-) € C, then F(t) and Y(t) are continuous. Given (S,F), we have
(i Y0 = {fit}=0 in DRy, Mp4(Ry)) as N — oo,
where the limit solves the PDE: for ¢ € CL(Ry),

& ule) = o(OT(W) + fuly! — ), 120,
o (2.24)

fiol) = /0 (0o (da)

whose unique solution is given as

°(a)
Fe(a—t)

As a consequence, we obtain (IN,RN) — (I, R) in D? in probability as N — oo, where

f(t):/ooo %{;;)uo(daw/o Fe(t — 5)Y(s)ds, (2.26)

fi(t,da) = 1aey FO(a)T(t — a)da + Long fio(da — 1) (2.25)



8 GUODONG PANG AND ETIENNE PARDOUX

and

R(t):R(O)JF/OOO <1 Fc(t(+ ) (da) + /Ft—s s)ds (2.27)

Since F' is continuous, I and R are continuous.

Note that the argument which leads from (2.13) to (2.14) allows us to deduce from (2.24) the
following (at least formally):

8tﬂ(tv ) + aﬂla(t7 ) h( )ﬂ(t7 )7
fi(0, da) = fig(da), f(t,0) = T(t).

Remark 2.1. Let A\_;(t) = S\(t)ltgn? and Ni(t) = N(t)1y<y,, where A(t) is a deterministic function.
We obtain the limit

J(t) = /Ooo S\(a—l—t)%(:—)t)

= /OO A a)fi¢ (da) .
0

where fiy(a) is given in (2.25). This second expression has a very intuitive interpretation that the
aggregate infectivity is equal to the infectivity function with respect to the distribution of the infection
ages of the infectious individuals. This is often assumed in the study of epidemic PDE models (see,
e.g., [14, 18, 12]).

2.4. FCLT. Define the CLT-scaled process:
i (0) = VN(RY () = () (2:28)

and similarly for any other process X%V, XN = \/N(XN — X) where X is the FLLN limit of X%
We make the following assumptions on the CLT-scaled initial quantities.

Recall that p))(da) is given by (2.8) and that jig satisfies fig(1) € (0,1). We introduce the
notation ig = fig(1) ™' fig, and define

fio(da) + /0 At — 8)F(t — s)Y(s)ds

) AL
) = ; (6.2, — fi0()) (2.29)

We have the following result, which is a direct consequence of [1, Theorem 14.3].

Proposition 2.1. Under Assumption 2.1, as N — oo,

Ao ([0,-]) = ([0, ]) in  D([0,d],R),
where
f10([0,]) := fio (1) *W° (fi([0, 1))
and {W°(s), 0 < s <t} is a Brownian bridge, i.c., a centered Gaussian process whose covariance
is given as E[WO(s)WO(s")] = s(1 — s') for any 0 < s < s’ < 1.

Note that our choices for IV (0), SN (0) and RN (0) imply readily that 1(0) = S(0) = R(0) =
This is consistent with the fact that 1(0) = jio(1) = 0, since W9(1) = 0.

Remark 2.2. Since the mapping a — W°(jip([0,qa])) is not of bounded variation, fig, which we
define as the distributional derivative of the function a — Jio(1)Y2W°(io([0,qa])) is not a signed
measure. However, if the distribution function of g is Héoder continuous with exponent o > 0,
then a — WO(jig([0,a])) is an element of Hi (Ry) for any s < a/2, see, e.g., formula (2.1) from
6], and its derivative belongs to H=* (R.), for any s' > 1 —a/2. We shall assume below that the
distribution jaWO(,uo([ 1)) belongs to H*(R4).
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Remark 2.3. Since WO(t) can be written as WO(t) = W(t) —tW (1) for a Wiener process W, if
the distribution fio(-) has a density function gy on [0,a], that is, dig(da) = go(a)da, then we can
write

jul(0.a) = mo() 2 ( [ aa)ia)

=) (w ([ (@aa) - [“sowriarvn).

IfW 1s another standard Brownian motion, we have that the pair (W (foa go(a da) fo go(a)daW (1 ))
has the same law as <f0 Vgo(a dW ), Jo go(a)da [° \/go(a)dW(a)). Thus, [i0(]0,a]) is equal in

distribution to the following expression, where Wis a standard Wiener process:
a [ee]
f0([0, a]) = jig(1 1/2</ Vv g0(a)dW (a / go(a)da / \/go(a)dW(a)>. (2.30)
0
We next deduce from (2.17) and (2.25) that /i}¥ has the following expression: for any ¢ € Cy(R.),

~N &N . ! —SANS— tAN 5+ s
i () = i (p(t +-)) +/0 plt—s)Tsd /0 fis (plt = s +)h)d (2.31)

~rec, N

+ "N (0) = 3N ()
where

:affnﬁ \/—/ / U<TN(5 anf(ds d’U) (232)
i () = TN/O /0 /0 plt = s+ H(ul w) ey ) @reclds, dv,dw) . (2.33)

We expect that, Wy, denoting a standard Gaussian white noise on R, and W,.. a centered
Gaussian white noise process on ]Ri such that

(/OOO /OOO 9(8,7)Wree(ds, dr) ) ] / / (r)as(dr)ds,
pind () = / (t—s) FWmf ds), (2.34)

are( / / (t — s+ r)Wiec(ds,dr), (2.35)

then 47 (¢) = fit(p), where

if we define

fie(p) = fo(e(t +)) + /0 Pt — )Y ods — /0 fis(p(t — s+ )h)ds + 1" () + f1;°“() . (2.36)

We differentiate this equation w.r.t. ¢, yielding (explanation: when we differentiate the right-
hand side of the above equation w.r.t. ¢, we get fi;(¢), plus the result of differentiating w.r.t. the
upper bounds of the integrals), hence integrating that derivative on the interval [0,¢], we obtain
that for any ¢ € C2(R..),

(@) = ole) + / ! = s +9(0) [ [Tuds + /T () Wy ()

/ / Wiee(ds, dr) .

(2.37)
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Recall the formula (2.16) for the solution of the PDE (2.14). We hence conjecture that the SPDE
(2.37) has the unique solution

ﬂt(gp):/oogo(t—l- )%(*;) o(da) + /Otgo(t—a)Fc(t—a [? Jda + /T (@) Wiy (da) da}

// (t—s+a F(F( )+ F=s+a)y  (ds,da). (2.38)

In order to check that this expression for fi(¢) satisfies equation (2.37), we differentiate the
right hand side of (2.38) w.r.t. ¢, and then integrate on the interval [0,¢]. The differentiation gives
three types of terms. The terms involving the derivative of ¢ give exactly ji;(¢’) = —0afit(p), the
differentiation of F'° produces exacty —fi;(hy), and finally we differentiate w.r.t. the upper bounds
of the three integrals, and this produces exactly what is expected, hence the result. The informal
“strong” formulation of this SPDE reads:

82
Jtda

szn
fip given by Proposition 2.1, ji(t,0) +14/7 f

This means that j is a distribution on R?%, which satisfies the first line of (2.39) in the sense of
distributions in (0, +00)?, and has traces on the boundaries ¢t = 0 and a = 0 specified by the second
line of (2.39). The rigorous meaning of this is formulated in (2.37).

O¢fit + Oafir = —hjly + Wiee(t, ),

(2.39)

Note that (fg, 'Y“, Win g, Wree) are jointly Gaussian and (fig, Wi f, Wree) are mutually independent
(T is given in Theorem 2.3 below).

We state the following theorem on the convergence of fi¥, given the convergence of TN = Y in
D, since the latter has been proved in [23] (under a slightly different initial condition). We will
state the convergence of the processes (S, 3V, TN ) in Theorem 2.3 below and that of (I"V, RY) as
a corollary. The proof of the following theorem is given in Section 4.

Theorem 2.2. Given the convergence of TN = T in D, under Assumption 2.1, if F € C' and
F(a) > 0 for all a > 0, then
{it Y0 = {ft}>0 in DRy, Hy'(Ry)) as N — oo, (2.40)

where for any ¢ € CHRY), iy is specified by (2.38), and H, (R, )stands for the Sobolev space
H=Y(R,), equipped with its weak topology. If, moreover, F has two derivatives f anf f' which are

locally bounded , then [i; given by (2.38) is the unique solution with the regularity specified by (2.40)
of the SPDE (2.37).

Remark 2.4. For any T > 0 and 0 <t < T, each N > 1, the support of ,&I{V 1s included in the
interval [0, T 4 a]. Hence for each T

{ii Yo<t<r = {futo<i<r in D(0,T; H, ' (0,T + @)),
hence also, by compact embedding, in D(0,T; H-9) (0, T + a)), for any 6 > 0, where
H_(1+5)(0,T + a) is equipped with its strong topology. Consequently we also have, for any § > 0,
{0 V=0 = {iuli=0 in DRy, H )(Ry)) as N — oo,

Remark 2.5. The convergence TN = Y in D will be established below in Section 5. That proof
will rely upon Assumption 2.2, which is stated below. Hence it turns out that the above theorem is
i fact proved under that additional assumption.
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Remark 2.6. In the solution to the SPDE in (2.38), we define the process i (p): for t > 0 and
p € L?

g (e) = /OOO pla+ t)%;;)ﬂo(da) : (2.41)

By the representation of fig using the Wiener process W in (2.30), we obtain

ﬂ?(sﬁ)zﬂo(ll)”?(/ooow(aﬂFCH Vgo(a)dW (a)
- [Tetar o S e [ Va@an ).

By well-known properties of the Wiener integral, the process {fi?(¢),t > 0, € L?} is a general-
ized Gaussian process, with mean zero, and covariance function: for t,t' >0 and @, € L?,

Cov(fe). (o)) = mo(w)( [~ ¢<a+t>w<a+t’>Fj§ﬁ(+)“) S

—/Ooogp(a—i—t) da/ Pla+t) ( F(a) )go(a)da>.

In particular, the variance of the process is given by

Var( () = o) ([ pta+ 02(FE DY m@aa - ([T oo 05 D gn(aan) ).

Remark 2.7. Denote the last two terms of the SPDE solution fi(v) in (2.38):

() = [ et — ) Fe (= o) T (@) W), (2.42)
vrec —s Fc(t — s+ ) F
/ / (t—s+a o) ———————W;ee(ds, da). (2.43)

Note that they are different from pi™ () and fr*(¢) in (2.34) and (2.35) in the SPDE (2.36). It
is easy to calculate the covariances of these two terms: for t,t’ >0 and ¢, € L?,

Cov ("™ (), ! (1)) = /0 p(t —a)v(t' — a)F*(t — ) F(t' — a)T(a)da,

and
COV( rec( Ia:;ec / / t —s+4a w(t — s+ )FC(;Z(Z)+ Cl) FC(tFZ(Z)—’_ Cl) h(a),as(da)ds .
In particular,
Var (" (¢)) = /0 o(t — a)2(F°(t — a))*T(a)da, (2.44)
and
rec Fc(t — S5+ ) =
Var (ji / / (t—s+a ( Fe(a) > h(a)fis(da)ds . (2.45)

Before proceeding to specify the limits (S , §, 'Y), we give the following definitions of the driving
Gaussian processes.
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Definition 2.1. Given the expression of fip([0, a]) in (2.30), we define the following process §o7l(t):

Ao+ 1)djio(a)
0(]1)1/2< / Mo+ V@ dW (@)
- [ Aa+ gofa)da /0 h \/go(a)dW(a)> ,

0

§0,1(t) =

S—
8

=I

By well-known properties of Wiener integral, the process §071(t) is a Gaussian process (continuous
in probability) with mean zero and covariance function: for t,t' >0,

&w@mUL§MMDZMMM<AMAW+0Ma+ﬂ%mMa

—AWX@+n%mmgAmMa+w%me.

Definition 2.2. Define the following centered Gaussian processes:

~

Si(t) = /tT( )2 Wing(ds),

/ At —5)T 1/21/me(ds)

Definition 2.3. We define the continuous Gaussian process §072, independent of fi9(-) (hence of
Fo,1) and of the Gaussian random field Wiy, ¢ ), with mean zero and covariance function: fort,t' >0,

COV(§0,2(t)7 §0,2(t/)) = /0 ’U(Cl +t,a+ t/)ﬂo(da)7

and another continuous Gaussian process %2, independent of fio(-) (hence, §0,1) and 0f§072, as well
as of Winy and Wyee, with mean zero and covariance function: fort,t' >0,

Cov(§2(t),§2(t/)) = /0 v(t —s,t' — 8)T(s)ds.

Observe that the PRMs Qins and Qrec in (2.12) by construction are independent of the random
infectivity functions {\i(-)}iez\ {0y and hence the infection durations n; (see the ewpressions of the

corresponding scaled processes §f{2 and %év in (5.1) and (5.2)). Therefore we have the indepen-
dence of their corresponding limits Wi,y and Wie. from the limits §072 and §2, which capture the
randomness of {\;(-)}.

Assumption 2.2. Let \(-) be a process having the same law of {\_;(-)};=1. . vy and {Ni(")}ien-
Assume that there exists a constant \* such that for each 0 <T' < 00, supsc( 1] /\( ) < \* almost

surely. Assume that there exist an integer 1, a random sequence 0 = (° < ¢! < ... < ¢F and
associated random functions \* € C(R_; [0, )\*]) 1 <<, such that

Z)\ ()11 coy (). (2.46)

In addition, we assume that there exists a deterministic nondecreasing function ¢ € C(Ri;Ry)
with ¢(0) = 0 such that |\(t) — \(s)| < o(t — s) almost surely for all t,s > 0 and for all £ > 1.
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In addition to the conditions on \(t) above, the function ¢ satisfies that for some a > 1/4,
o(t) < Ct*. (2.47)

Also, if Fy denotes the c.d.f. of the r.v. ¢, there exist C' and p > 0 such that for any 1 < ¢ < k—1,
0<s<t,

Fy(t) — Fy(s) < C'(t — s)”, (2.48)
and in addition, for any 1 <0 <I1—1,r >0,
P — ¢t <ricth < 0P (2.49)

Theorem 2.3. Under Assumptions 2.1 and 2.2,
(SN.3V) = (5,3) in D? as N — oo, (2.50)

where the limit processes (S 3) are the unique solution to the followmg stochastic integral equations
driven by the continuous Gaussian processes [ig, 30 1, 30 25 31 and 32

S(t) = —Si(t / Y (s (2.51)
J(t) = /0 At — 5)T(s)ds + 30,1('5) + §o,2(t) F31() + Fa2(t), (2.52)
T(t) = SH)F(t) + SE)F(), (2.53)

where S and § are the limits in (2.21) and (2.22), respectively. The limit processes (§, §) are
Gaussian, and continuous almost surely.

Corollary 2.1. Under Assumptions 2.1 and 2.2, and assuming that RN (0) = R(0) as N — oo,
we have

(fN,ﬁN) — (]A',]%) in D* in N — oo, (2.54)
jointly with the convergence of the processes (§N,§N) in (2.50) and ) in (2.40), where
> o0 FC(t t . R .
I(t) = / Mdﬂo(a) + / Fe(t —s)Y(s)ds + Ling(t) + Irec(t) (2.55)
o F*a) 0
~ ~ o0 Fe(t+a)y ,. t = ~ ~
R(t) = R(0) + <1 - Ci)d,uo(a) + [ F(t—s)Y(s)ds + Ro(t) + Ri(t). (2.56)
0 Fe(a) 0

Here Iy, (t ¢(t) = ,uinf (1) and Tyeo(t) = f;¢(1) are independent continuous Gaussian processes, which
have covariance functions: for t,t' >0,
AL

Cov (Lins(t), Tins (') = i F(t — a)Fe(t' — a)T(a)da,

COV( Tec() f / / Fct—8+ )Fc(t}:(jﬂ_a)h(a)ﬂs(da)ds,

where fig(da) is the LLN limit appearing in Theorem 2.1. Ro(t) and Ry(t) are independent Gaussian
processes with covariance functions: for t,t' > 0,

~ s oo [ (FtAt +a)—F(a) F(t+a)—F(a) F(t'+a)— F(a)
Cov (Ho(t), Fio(t)) = /0 ( F(a) ) Fe(a) )

and

ﬂo(dﬂ) )
(2.57)
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and

~

Cov(ﬁl(t), Ri(t') = /Ot/\t FtAt —5)Y(s)ds. (2.58)

Remark 2.8. We remark that we have taken a different approach from the previous work [23] to

derive the limit f(t), by exploiting the measure-valued process [i; in (2.38). However, by extending
the analysis in [23, Theorem 2.4] to take into account the different initial conditions, we obtain the
following representation for the limit I(t):

e &9] FC t + ~ t e e e
I(t) = / Md,uo(a) —l—/ Fe(t —s)Y(s)ds + Io(t) + L1 (1), (2.59)
o Fea) 0
where ]A'o(t) and ]A'l(t) are independent continuous Gaussian processes with covariance functions: for
tt >0,
~ ©/F(tVHE +a) F(t+a)Fe(' +a)\ _
Cov (Iy(t), Ip(t')) = - d 2.60
(o). 10) = | (g~ e ). (200)
and
L tAY -
Cov (L1 (1), L(t')) = Fe(t vt —s)Y(s)ds. (2.61)
0

It can shown that the driving Gaussian processes fmf(t) + ]A}ec(t) and ]A'o(t) + ]A'l(t) have the same
law. See the relevant discussions in Section 6.

Remark 2.9. We remark that the stochastic epidemic model has essentially three mutually indepen-
dent sources of randomness: (i) the genemtwn process of new infections, embedded in the Gaussian

white noise Wiy ¢, and also 51 and 31, (ii) the randomness from the recovery process, which includes
the random varying infectivity functions {\;(-) }ien for the newly infected individuals (embedded in
§2 ) and the random varying infectivity functions {A_;(-)}jen for the initially infected individuals
(embedded in §072), and the corresponding infection duration variables {n; }ien and {UJQ}jGN (embed-
ded in Wyee); and (iii) the infection ages of the initially infected individuals (embedded in jigp(-)).
We stress that the randomness in (; zz) 1s embedded in the generalized Gaussian random field W,
as well as the Gaussian processes in 30 2 and 32 in Definition 2.3.

3. PROOF OF THEOREM 2.1

In this section we prove the FLLN in Theorem 2.1 using the new representation of 7" in (2.17),
and provide a new proof for the uniqueness of the solution to the PDE in (2.24).

Proof of Theorem 2.1. Most of the Theorem is contained in Theorem 2.1 from [24]. The convergence
(SN ,§N) — (5,3) is proved under the condition that A(t) < A* in [10] without requiring any
regularity conditions in Assumption 2.2. We take that as given. Thus, we also have the convergence

T 5T in D (3.1)

in probability as N — oo, where Y(t) = S(t)F(t), t > 0.

We only need to prove the convergence of the measure-valued process iV, and the statement
concerning equation (2.24).

To prove the convergence of iV in D(R;, Mp 4 (Ry)), it suffices to show the convergence of
N (), for any p € Cy(R,), by [20, Theorem 5.2] (in fact, only invoking tightness criterion in [20,
Theorem 4.1]).
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We have noted above that the solution of the PDE (2.13) is given by the formula (2.16). We first
derive an analogous formula for 1Y (y). Differentiating (2.17) with respect to ¢, we obtain:

DaN (o) = i (& — h) + (0) [ )+ NE/ / Loy () Qing (ds, dv)

a
_NE// / (i, )1 () @reelds, dv, du).

We see that ji satisfies an equation of the type (2.13), but with ug(a)da replaced by i} (da), and
also

the function k(t) replaced by TV (¢) + NE/ / Ly<rn(s- me(ds dv),

and the function g(¢, a) replaced by — N&/ / / 5H(u / w)(da)l v<u Qrec(ds dv, dw) .

Hence it is not hard to show that

i = [ et 0w o+ [ et - p - 0T (e

t 00
+ % / / (p(t — a)Fc(t — a)leTN(a+ me(da, dv) (3.2)

The Theorem will follow from the two next Lemmas, the first one says that for any ¢ € Cy(R),
A (p) — fi¢(p) in probability as N — oo, for each fixed ¢t > 0, and the second one that "V (y) is
tight in D(R,), again for any ¢ € Cp(R4). Both proofs exploit the formula (3.2). O

Lemma 3.1. Assume that the hazard function h is bounded. Then, as N — oo, il (p) — fit(¢)
in probability, for each t >0 and ¢ € Cy(Ry), where

_ o Fe(t+a) _ t . _

o) = [ et 0T ) + [ (e - 0P (- Ty (33

Proof. For that sake, we consider each term of the right hand side of (3.2). The convergence of the
first term follows readily from the fact that a.s. i)l = fip weakly, and for each ¢ > 0,

Fe(t +a)
Fe(a)

is continuous, and boubnded by ||¢||oc. The convergence of the second term in probability follows
from that of TN to Y in D. Finally, the last two terms tend to 0 in mean square. Indeed, we have

1 oo c —
E ('N/o /0 Pt — a)F(t — a)Lycyn (o) Qing(da, dv)

a— pla+t)

2
1 _
) = —E/ lp(t — a)Fe(t — a)]> T (a)da
N Jo
2y %
 tlelPx
- N
which tends to 0 as N — co. Finally

1 /t/“/l N Fet = s+ H(ul  w) .
— ot — s+ H(pug,—,w z 1, Qrec(ds, dv, dw
N Jo Jo Jo ( ( ) Fe(H (p,w)) SALR ( )

2
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_1lp /Ot i <h¢<’f st )F(%SH> -

_ Ul ol
- N
which tends to 0 as N — oo. O

We next establish the following tightness result.

Lemma 3.2. Assume that h is bounded, and that the measure jig has compact support, and that
F¢(a) >0 for all a > 0. Then for each p € Cy, the sequence {i¥ (¢), t > 0}n>1 is tight in D.

Proof. We will in fact show that the sequence {ii’"(¢)}n>1 is C—tight. This will follow from the
fact that for any 7" > 0, we have the following property: For any e, > 0, there exists § € (0,1)
and Ny such that

P < sup i (o) — iy ()| > e) <n, VN2=Np. (3.4)
0<t<t/<T, t/—t<5
We first rewrite (3.2) as follows:
_ > Fet+a)
N( oy N
i o) = [ etat il (aw)
1 t 00
+ N /0 /0 (,D(t - a)Fc(t — a)leTN(aJr)me(da, dv) (3.5)
1ot ot N Fe(t—s+ H(p  w)) -
¥ /0 /0 /0 ot — s+ H(u,—,w)) Fe(H Y ,w)) lvéui\’, (n)@rec(ds, dv, dw) .

We will show that each term on the right of the identity (3.5) satisfies the property (3.4). We start
with the first term. Recall that [0, a] is the support of fig. We note that

a , Fc(t/ + a) - a Fc(t + a) B
/0 pla+t )Fci@ﬂév(da) _/0 p(a+ t)T@MéV(da)

sup
0<t<t/<T, t/—t<§

1 o C
= Fe(a) sup e(tVFO(t') — p(t)F°(1)],
Fe(a) o<e<r<rts, t’—t§6| (E)F(E) — o () F()]

which tends to 0 as § — 0, since both ¢ and F¢ are continuous.
We next consider the second term:

/t// @) (' — a)L,cyn (o) Qing (da, dv)
N / / p(t — ) F(t — a)1,<yn (ot Qing (da, dv)
t// ) F(t' = a)1,crn () Qins(da, dv)
v / / FE(t —a) =t = ) F°(t = 0)| Lycyn o) Qing (da, dv)

The first term on the last right hand side is bounded by ||¢||oc multiplied by

1 t NX*
N /t o anf(dﬂ, d'l)) .
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Note that, as N — oo,
1 t N\*
- / / Qons(day dv) — N°t.
0o Jo

in probability, for any ¢ > 0. Moreover, for any N, t — % fg ON)‘* Qinf(da,dv) is increasing, and
the limit is continuous. Hence from the second Dini theorem, the convergence is locally uniform in
t. Now we obtain

1 [ Ny
P sup —/ Qinf(da,dv) > €
0<t<t/<T, t/—t<§ N Ji Jo

1t N
<P|2 sup —/ / Qinf(da, dv) — X"t
o<t<T [N Jo Jo

We choose § < €/2\*, and deduce from the above that

o NAF
P sup —/ Qing(da,dv) > e | =0,
o<t<t'<T, t—t<s N Jt Jo
as N — oo.

We next consider the term

% /0 /Ooo |(’D(t, _ a)FC(t’ _ Cl) — C,D(t - a)Fc(t — a)| luSTN(a+)me(da, d’U) . (36)

> €/2> + L —t)>e/2 -

Define

wepe(6,T) = sup () F(t') — @(6) F(¢)] -
0<t<t/<T, t/—1<5

We have
o[ ot e @) = ol — )~ 0 Ly gy Qg )
0<t<t'<T t'—t<§ N o

i .
On the last right hand side, the first factor tends to 0 as § — 0, while the second factor tends to
TX* a.s., as N — oo. Hence the term in (3.6) also satisfies (3.4).
We finally consider the last term in (3.5). In other words, we need to establish the C-tightness

of
o= [ (et -5 40T
/ / / (t—s+HuY, ))Fc(t—s+lfv(uﬁ,W))lv<uN 1 Qrec(ds v, )

Fe(H (pg-, w))

=" ) + 1) (3.7)
We first note that, if t < ¢/,
Fe(t' —s+-
vy () =13 () = / iy (hw' —s+ >%> ds

En et —s+ )t —s+)—p(t —s+)F(t—s+-)
«f (o () )as

< Wy Fe (57 T)

tl

hence, provided ¢’ —t < 6,

— N1 < G+ —_— - [ K).
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Hence clearly 1) "' (o) satisfies (3.4).
We finally consider I/ZV 2():

ARG EEAR®]

1 t/ o) 1 Fc(t/ _ S+H(/I/é\7,7w))
< N/t /0 /0 e’ — s+ H(ul,w)) PG . w) LI () Qrec(ds, dv, dw)

1 [t o p(t—sH (o)) e (st H (1 ) — p(t=stH (u, w)) F(t=s+H (1 ,w))|
+N/0/0 /0 Fe(H (Y, w))

X 1y, N (h)Qrec(ds, dv, dw)

1 '
< llelloo 57 @ree(ft, ] x [0, Nllhlloo] x [0, 1])
W@Fc (t, - t, T + ﬁ)
Fe(t+a)

5 @recl(0,4 0. N hlc] % [0,1)
il
Fe(t + a)
+ 1plloe x5 @reclt ] % [0, NlJhllc] x [0,1])
wepe(t' —t,T + a)
Fe(t+a)

The sup over 0 <t <t <T, t' —t < § of the first line on the right hand side tends to 0 as § — 0,
while the term on the second line tends to 0 in probability as N — oo, uniformly over 0 <t <t/ < T,
as explained above. This proves that l/iv () satisfies (3.4). The Lemma is established. O

= (' = Dllllocllhlloc + wpre(t' —£,T)

N %Qm([o,t] % [0, N||loc] % [0,1]).

We finally establish uniqueness of the solution of the LLN limiting PDE.

Proposition 3.1. Assume that F € C' and F(a) > 0 for all a > 0. Then the PDE (2.24) has at
most one solution in the space C(Ry; Mp 4 (Ry)).

Proof. We use a duality argument. Note that if 4 € C'(Ry; Mp4(R4)) solves the PDE (2.24), then
for any ¢ € C}(Ry), the mapping ¢ — p(¢) = [;° ¢(a)u(t, da) is differentiable, and

d —

211 (0) = (O (#) + (e’ — ), £ 20. (3.8)

Moreover, if {;, t > 0} solves the PDE (2.24) and (¢, a) — ¢(t,a) = ¢;(a) is an element of C} (R%),
then

d —

gt (er) = ee(O)T () + pu(Oppr + Gapr — hpr), 2 0. (3.9)
Suppose now that we have two solutions p; and v of the PDE (2.24) with the same initial condition.
Then the difference Ay, =y — vy satisfies Apg = 0 and for any ¢ € C}H(R%),

d

aAMt(Sﬁt) = Ape(Orpt + Oatpr — hipr), > 0. (3.10)
Now consider the following backward PDE: for T'> 0 and g € C}(R,) arbitrary,

O + Oquy = huy, 0 <t <T, v(T,a)=g(a). (3.11)

This last equation has the following explicit solution:

ot a) = Féla+T —1t)

Fe(a) gla+T —1).
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Indeed, this function v satisfies v(T', a) = g(a). Moreover, 9;+ 0, of the factor F'¢(a+T—t)g(a+T —t)
vanishes, since it is a function of a — ¢, while

P S {CO N 1)
Fef)  “Fe(@)  (Fe(@)?  Fe(a)

(O + Oa)

Hence this function v satisfies (3.11). Moreover, since in particular F' € C*, v € C}(R?%). Combining
(3.10) and (3.11), we deduce that %A (v;) = 0, for all ¢t € [0,7]. Consequently, Aur(vr) =
Apo(vo) = 0, ie. Apr(g) = 0, for any g € CL(R,). Therefore, Aur = 0. But this true for any
T > 0. Uniqueness of the solution of the PDE (2.24) has been established. O

4. PROOF OF THEOREM 2.2

Let us first justify the fact that we may consider ) and fi; as elements of H~'(R,), which
is the dual of H}(R;), and we do not need to consider them as elements of the dual of H(R,),
although we certainly don’t want to restrict ¢ to Hi(R4) in (2.37). Indeed, we deduce from (2.38)
that for any ¢ > 0, fi; has no mass at {0}. In view of Proposition 2.1, the fact that this is true for
fip follows from Assumption 2.1 that fig({0}) = 0. It follows from (2.31), (2.32) and (2.33), see also
(4.16) below, that the same is true for 4. But an element of the dual of H'(R,) which puts no
mass at 0 belongs to H~1(R,).

Recall the expressions of 2 () in (2.31), with 2" () in (2.32) and 2,°“" () in (2.33).
Lemma 4.1. Under Assumption 2.1, for any ¢ € H}(R4),
(A (@t + ), >0} = {fiolp(t+), t>0} in D
as N — oo, where {fig} is given in Proposition 2.1.

Proof. Recall the expression of Y in (2.29). In particular, given that djig(da) = go(a)da, we have

IN(0)
i (0na]) = — > (1o Al
Thus we can write
e+ = | " ot + @)l (da)
0
IN(0) o
== > (w40 — [ etatiotim)
j=1

Observe that the summation is over a sequence of i.i.d. random variables. Thus, by the CLT, we
immediately obtain the convergence of finite dimensional distributions.

To prove tightness, we apply Theorem 13.5 in [1], which says in particular that it suffices to show
that for any 7> 0, any t1 <t <ty <T, N > 1,

E[|a (ot + ) — i1 (p(tr + )| |1 (92 + ) = i (p(t + D[] < (Gt2) = G(0))*  (4.1)

for some o > 1 and some nondecreasing nonnegative continuous function G. From now on, T will
be arbitrarily fixed. We have

1N (0)
i (et +)) = iig (et + ) = \/% > (Zie —ElZid) = (Ziw — ElZin))]
j=1
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and
IV (0)
i (plta + ) — i (p(t + ) = \/LN ; [(Zjt, — ElZjt,)) — (Zje — E[Z;4])]
with

Zi = o7+ 1), E[Z;] = /0 o(a+ O)fio(da)

Also, for notational convenience, we write Zj,t = Zj+ — E[Z;]. Note that the stochastic processes
Zj,. are mutually independent and centered. Then, we have

N ~ ~ 2
E[|ad (ot + ) — i (p(ts + )2 (olt2 + ) — i (0(t + )]
1 o) 2 ,17(0) N2
= WEK (Zj — Zm)) ( (Zjs — Zg;t)) ]
7j=1 7j=1
IN(O) IV (0)
[( Zis—Zin)*+ > (Ziw—Zin)(Zys - Zj’,t1)>
=1 G'=L3' A
N (0) 1N (0)
X ( (Ziws — Zia*+ > (Zjgy — Zi))(Zjry — Zj’,t))]
i=1 G'=L3' A
1 IN(0) N(0)
= —2< E((Zit— Zin)*(Zjgy — Zi0)*) + D E[(Zjs — Zin)*|E[(Zjray — Zjr4)?]
=1 J'=Li' %
IN(0)
+ Z E[(Z],t - Zj’tl)(Zj’t2 - Zjvt)]E[(Zjlyt - Z 5/ tl)(Z ’ tz — Z -/ t):|>
G'=Li'#

We next calculate each of these terms. We write
Ui(a):=pla+t)—pla+t;) and Py(a):=@(a+ty) —pla+t),

and observe that for Cauchy—Schwartz’s inequality, we deduce that

[W1(a)] = |p(a+1t) — p(a+t1)
\/ t+a
|t — tl\ o' (r)|2dr
1+Cl (42)
< CoV t— t17
‘\Ifg(a)‘ S C¢\/t2 — t,
where ¢, ==/ [° |¢(r)[2dr. We have
E((Zjy — Zjn,)? a)jio(da) — (/ ‘I’l(ﬂ)ﬁo(dﬂ)>
0

a)fio(da) < 2¢ ot —t].

\\

Similarly, the same bound holds for E [ i t) ] So we get

E[( Jt1

|_| - \

|: Z U to T Zjl,t)2] S 40240“2 - t1‘2 .
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Next, we have
B(Zs ~ Zin) Ziss ~ 23] = [ W@ ba@iotdn) ~ [ i(@a(de) [ wa(afo(ds).
By (4.2), we obtain that its absolute value is bounded by 2¢2|t — t;|. Similarly we can bound
E[(Zjis— Zji4,)(Zjr 4y — Zjr4)]. So we have that for j # j',
E[(Zjt — Zjan)(Zjta = Zi)|E[(Zjrp — Zjp ) (Zjp s — Zyr)] < Aclte — 11

Now we calculate

E((Zjt = Zj)*(Zjsy — Z1)?] = E [(‘ifl - /OOO ‘Plﬁo(da))2<‘i’2 - /OOO ‘P2M0(da))2] ;

with \1'1 = Zj1— 24, and \ifg = Zj1,—Zjs. It is equal to (dropping a in ¥y and ¥s in the integrands
below for brevity)

/Oo \I/%\I/%uo(da)Jr/oo xy%uo(da)(/ooo m2u0(da))2+/ooo \Ilg,uo(da)(/ooo W fig(da))

0 0
+/ \1’1\1’2/70(610)/ ‘I’lﬁo(dﬂ)/ Wojig(da)
0 0 0

—2/ \Ifqu%ﬁo(da)/ \Iflﬁo(da) —2/ \P%\PQ/.:L(](da)/ \IJQ/:L()(da)
0 0

0 0

- 3(/000 \I/lﬁo(da))2</ooo Wofio(da))

By the bounds of |¥y| and |¥s| in (4.2), the absolute value of each term is bounded by 4cf;|t2 — ]2
Combining the above estimates, we obtain (4.1) holds with G(t) = Ct, C being equal to some fi-
nite factor times cf;, and o = 2, and then applying Theorem 13.5 in [1], we conclude the convergence

i (p(t + ) = fo(p(t+-)) in D. O

Lemma 4.2. For any ¢ € Cy(R),

{/Ot o(t — s)’YN(s)ds, t> 0} = {/Otgo(t — S)?(s)ds’ t> 0}
in C as N — 0.

Proof. By Theorem 2.3, we have TV (-) = T(-) in D where Y () is given in (2.53), and has paths
in C' almost surely. Applying the continuous mapping theorem to the mapping x € D — { fg o(t —
s)x(s)ds,t > 0} € C, we obtain the convergence as claimed. O

Lemma 4.3. For any ¢ € HE(Ry), ™M (p) = 4™ (¢) in D as N — oo.
Proof. We define

in 1 t ') _
N = o [ el = 9o Qusts o).
We first note that

e [( %) - i) =& [ o2 T - T s)as,

which tends to 0 as N — oo.
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Next it follows from Proposition 4.1 in [7] that the joint cumulants of the random variables

(,ui?f 1)y ,,ui:f N(pm)) equals 0 for m = 1, and otherwise is given as

[ WASKRYAY 799
(AN (1), N (o)) = N2 /0 o1ty — 5) X -+ X Pt — )T (s)ds .

The cumulants of order 1 are 0, all cumulants of order m > 3 tend to 0, while for m = 2,

(/‘Zlf’ (¢1), N;Zﬁ (p2)) = / o ©1(t1 — 8)pa(ta — )Y (s)ds.
0

The above arguments allow us to conclude that the finite dimensional distributions of the generalized
random field /i ”"f " (¢) converge towards those of [i ”"f (¢). If remains to establish tightness in D of
the sequence ,umf ¥ (¢), which will be a consequence of the next two lemmas. O

Lemma 4.4. For any ¢ € H}(Ry), the sequence {i"™"N (p)} is tight in D.

Proof. For the sake of simplifying our notations, we define, with ¢ € C}(R;) being fixed, & :=

ﬂi"f ’N(gp). We will again exploit Theorem 13.5 in Billingsley, more precisely Billingsley’s condition

(13.14) in the following special form. For any 7' > 0, there exists a nondecreasing continuous
function G and a real a > 1 such that for any t; <t <te <T, N > 1,

E[(&" — &) (&, — &)%) < (Gt2) = G(t)™. (4.3)
For that sake, we will mahe use of the following formula from Corollary 4.2 in [7]. Let @ be a

Poisson Random measure on the measurable space (F, ) with mean measure p, and Q = Q — u
its associated compensated measure. Then for any fi, fo € LY(E,&, ) N LA(E, &, 1),

E [Q(f1)*Q(f2)*] = p(f113) + n(fD)u(f3) + 2lu(f1 )] (4.4)
We shall apply this formula after having identified f; and fs such that

&' =& =Q(f) and &y - &' =Q(f),
in the case E =R2, u(ds,du) = dsdu.

We have
1t _
N el = T / / 1ot #(t — 5)@(ds, du)
t1 o
/ | tucmpet = @tds.au
=Q(f1)
where
1 1
fi(s,u) = \/—Nl(tl,t}(s)ﬁﬁ(t =)o) + \/—Nl[o,tﬂ(s) (‘P(t —s) =t — 3)) L NT(s) -

Similarly,

&n — & =Q(f2),
with

1 1
fa(s,u) = \/—Nl(t,tg}(s)w(tz =)L, Nv(s) T \/—Nl[o,t](s) (90(?52 —s) =t - S)) Lo NT(s) -
Now we have

Fa(s ) Fals,w) = 210, (5Dt — 5) (ol — 5) — 0l — )1,y
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+ 10090 — ) — ptr = 5)) (9l — ) — 9(t — 5)) L

Hence, with ¢, denoting the norm of ¢ in H 1(0,T + K), by the same computation as done in the
proof of Lemma 4.1,

t . t1 2__
() = | 20— Teds + [ (ot 5) — ot — 5)) Ty
<N pll3e(t = 1) + Ntrci(t — 1)
< Clty — 1), (4.5)

where the constant C' depends upon 2, A* [|¢|ls and c,. We also obtain
p(f3) < Clta—t1). (4.6)

We next compute

u(f) = [ ol — ) (et — 9) - olt — )T

. /Otl ((p(t —8) =ty — 3)) (cp(tg —8) — ot — s))T(s)ds.

Thus, we have

u(frf2)l < N lellooco(tz — 01)*? + X el (t2 — t1). (4.7)
Finally, we obtain
2 2 Lt s
MR = [ @) (eltz =)~ plt = 5)) Tls)ds

2

] /0 (et — ) - gt - ) (olta — 9) — olt - 9)) Tls)ds

lpllZ oA ANt
<2 (g — )2 2 ty —t1)%. 4.
< i (t2 1)+N(2 1) (4.8)
Putting together (4.4), (4.5), (4.6), (4.7) and (4.8), there exists a constant C7 such that for any
0<ti<t<ty<T,N>1,
E (&Y —&)? €y — &)%) < Crta —t1)?. (4.9)
Applying Theorem 13.5 in [1], we obtain the desired result. O

Lemma 4.5. For any ¢ € H}(R), the sequence (N (o) — BN (), N > 1) is tight in D.

Proof. For the sake of simplifying our notations, we define, with ¢ € C’l} (Ry),

'7N PR A~ 7N ~1 7N
AP = N () — N ()

We shall exploit the Corollary page 83 of Billingsley [1]. More precisely, a consequence of that
Corollary is that, since AB’N = 0 for all N > 1, taking into account the inequality (12.7) in
Billingsley [1], the statement of the lemma will follow from the following fact: for any ¢t > 0, € > 0,
as 0 — 0,
lim sup %]P’ < sup [AN — APV > E) —0. (4.10)
N—o0 0<r<s

In order to simplify our notations below, we define

Dn(s,u) :=Lycrn(s-) = Lo ns) -
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and we note that
|Dn (s, u)| = Ly N (s )ANT (s)<u<TN (s )VNT(s)?

/0 Dy (s w)ldu = [TV (s7) — NT(s)],

1 o _ N~
\/—N/o |Dn(s,u)|du = | (s7)],
%/0 Dy (syw)ldu = [T (s7) — T(s)].
We have

. 1 t oo _
AZ’N:—// o(t — 8)Dn(s,u)Q(ds, du),
t \/N o Jo ( ) N( ) ( )
iN iN I A —
Ao = o [ [Tttt o =)D, 0 @tds. v
t

t oo
+ \/—N/o /0 (cp(t +r—s)— ot - s))DN(s,u)Q(ds,dn, du) .
Next, we obtain
ABN AN 1 t+r oo e . .
T b é— 0 D S, U s, du 4+ OO/ s s
A=A < el [ [ IDx Qs + el [TV

c \/F t o0 t %
+ 2L /O/O |DN(s,u)|Q(ds,du)+c¢\/77/0 TN (s)|ds .

As a consequence,

iN 1 t+6 poo t+9 SN
sup |AL) =AY < el [ [ 1DV, 01QUs du) + el [TV (5

0<r<é
\/S t o) t
CT}N /0/0 ]DN(s,u)\Q(ds,du)—Fc@\/g/O TN (s)|ds

1 t+6 ) o [ SN
= ——|¢|lso Dn(s,u ds,du) + 2 oo/ T (s)|ds
el [ [ IDx(s ) @ds.du) + el [TV

c(p\/gtoo s,u)|Q(ds, du c tANSS
2 [ Dy (swfas.do) + 26,5 [ (7 o)l

We have proved that

sup \Aiﬁ,—AZN] <A +2Bt5,
0<r<s

where

t+0
i\zs = \/—”(p”oo/ / |Dn (s,u)|Q(ds, du) + so\/_/ / |Dn(s,u)|Q(ds, du),
s R
B = ¢l / TN (s)[ds + e, V/3 /0 TN (s)ds

Clearly, in order to establish (4.10), it suffices to establish the following two facts: for any ¢ > 0,
€>0,as d — 0,

1
limsup =P(AY; > &) — 0, (4.11)
N—o00 o ’
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1
limsup <P(B}; > ¢) — 0. (4.12)
N—o0 o ’

We first establish (4.12). We note that

t+o
(BY)? < C(lpl% + 2)6 x /O TN () 2ds

So we have

1 t+6 c
1 IP’B >¢g) < =P d
e 3P > 9 < 3P [ WO gt )

Ul s, [( / - |~Y<s>|2ds>2] ,

which goes to 0 as 6 — 0. Hence, (4.12) follows.
We finally establish (4.11). For that sake, we first estimate the second moment of AMs:

N2 5 t+46 _N o 5 t N o
Bl = B[l [ 1T = Tlds + 2 [ [T = Tlas]
_N J—
<E| sup [T (s) = T(s)l| (pl% +ted)a.
0<s<t+9
Finally, we obtain
E[(A})))
de?

< SB[ sup TV(s) - T0)l]-
€ 0<s<t+6

1

IN

We know that TN(S) — T (s) in probability locally uniformly in s, and \TN(S)\ < \*, hence the
lim sup as N — oo of the above right hand side is 0 for any § > 0. (4.11) has been established. [

We next prove that "V (p) = 4"(¢) in D. We shall treat 4"¢>" similarly as g™/, Our
aim is to establish the following lemma.
Lemma 4.6. For any ¢ € HE(Ry), "N (p) = i"“(¢) in D as N — <.

Let us first establish the convergence of finite-dimensional distributions, and then tightness in
D.

Lemma 4.7. For any ¢ € Hi(Ry) and any 0 <t <ty <--- <ty, as N — oo,

~rec, N ~rec, N ~rec ~rec
(A, () By (0)) = (B (@) -5 () -
Proof. We define

_rec, 1 t 00 1 - o
M) = [ [ ettt B ) Lo, 00 e, o d).

The proof will be divided in two steps.
Step 1 We first want to show that for any ¢ > 0, ¢ € Cy(RL), A" () — @ *“™(p) = 0 in
mean square, as N — oco. We have

Iarec N( ) rec N )

\/_// / ot — s+ HEY 0)) — ot — 5+ H(jis, )] Lucp, (@ (ds, du, dv)
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1 t o) 1 - o
+ ﬁ/o /0 /0 o(t — s+ H(p,v)) [hg]vﬁi[ (h) — luSNﬂs(h):| Q(ds,du,dv),

and
B (1)~ @] < 28 [ [ ote - HG@Y o) ot 5o+ B )] (i)
e g ) — ]
+2E// (= s+ ()il () P L

It is plain that the second term in the last right hand side is bounded by

2|2 E / AN (h) — ()| ds,

which tends to 0, as N — oc.
We now consider the first term of the above right hand side. We have

/ / olt — s+ H(i ) = p(t — s+ H(j1,,v))]” s (R)dvds
t 1
_ 2 5 =N v _s vds 2 — S _s,’U _S vas
—E/O/Owt 1Y o)i(dods + [ [ 20— s 1) (v
t 1
2R / / ot — s+ H(EY, 0)p(t — 5 + H(ig,v))fis (h)dvds (4.13)

_E// 2t — s+ r)h(r)a (dr ﬂévl;l))d +// 2t — 5+ r)h(r)is(dr)ds
—2E// ot — s+ H(E, Gu()i(t — 5 + r)h(r)is(dr),

where we have used Gs(a) = M:S;(O)“]) hence H (fis,v) = G5 (v) and H(fis,Gs(r)) = r, and we

h(r)

have done the change of variables v = G(r), hence dv = == 0
N — oo,

/ / 2(t — s+ r)h(r)ad (dr) = %ds—)/ / 2(t — s + 7)h(r)is(dr)ds,

// ot — s+ H(@Y, Gy (r)o(t — s + 7)h(r)fis(dr) —>// 2(t — s+ r)h(r)is(dr)ds .

Since

fis(dr). Tt remains to show that, as

~—

B [ s e i an) < el
for all s € [0,¢] and h is bounded, the first convergence follows from Lebesgue’s dominated conver-
gence theorem and the facts that i) = fis for each s, and h € Cy(R,).

The second convergence will follow from the fact that, as N — oo, H (i, Gs(r)) — r, fis almost
a.e., which follows from the fact that, given that h € Cy(Ry), ,ai,v(hl[o,r}) — fis(hljg,) for fis
almost every r.

Step 2 We prove that for each £ > 1,0 <t; < -+ <, and p1,...,0r € Cp(R,),

N N .
(g (1), g O (on)) = (A1), - 5 (pr)),  in R,
rec,N

Applying Proposition 4.1 in [7], we obtain that the joint cumulant of the variables (fi;, " (¢1), ...,

fig, N(cpk)) equals 0 for £ = 1, and otherwise is given as

N N
(R (1), - B (on)
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1—k/2 [AWASRRYANAN
_ N1K / / o1ty —s5+7) X - X op(ty, — s +7)h(r)is(dr)ds .
0 0

The cumulants of order 1 are 0, all cumulants of order £ > 3 tend to 0, while for k = 2,

iy (1), le"N(soz)):/l / ©1(t1 — s+ 7)pa(ts — s + r)h(r)jis(dr)ds .

Thus, we can conclude that the finite dimensional distributions of fi;“” N(cp) converge towards those

of ir°e(,). O

We will next prove tightness in D of the sequence {’“® N( )}, N > 1}. But before doing so, let

us establish a useful estimate of the fourth moment of our integrals w.r.t. Q..

Lemma 4.8. Let the integrand g(s,v,w) be Fs—predictable and such that for some T > 0,

// / (s,v,w)dsdvdw < 0.
Then for any 0 <t <T,

(/Ot /000 /01g(S,U,w)@rec(dS,dU,dw)> 4] < 7¢"E /Ot /Ooo /0194(8,U,w)d8dvdw. (4.14)

Remark 4.1. We could prove the Lemma under the weaker assumption

T o) 1
/ / / g% (s, v, w)dsdvdw < 0o a.s.
o Jo Jo

However, the result is useful only in the case where the right hand side of (4.14) is finite, hence
also the left hand side, in which case the second moment of the stochastic integral of g w.r.t. Q.
18 finite, which implies our assumption.

We shall apply this lemma with some g’s which satisfy

’g(S, v, w] S C]'USZsa

where C' is a constant, and Z; is predictable and satisfies EfOT Zgds < o0 a.s., for all T > 0, which
implies the assumption of the lemma.

Proof. For any n > 1, let
gn(s,v,w) = g(s,v,w) AnV (—n)ly<p,

/ / / Gn (5,0, 0)Q,..(ds, dv, dw),
:/0/0 /Og(s,v,w)@wc(ds,dv,dw).

t — X, (t) has bounded variations and X, (¢) has finite moments of any order. It follows from
elementary computations that

ot =4 | t I X35 g (5,010 @y (s, v )

/ / / ) guls, v, w))t — XA(57) — 4X3(57)gn(s,0,w)] Qreclds, dv, dw).
We then deduce that

E(] X (t)] / Tn/ / [6X2(5)g2(5,v,w) + 4X,(5)g2 (s, v, w) + gi(s,v, w)]|dsdvdw



28 GUODONG PANG AND ETIENNE PARDOUX

t t poo prl
< 4E/ | X (s)[*ds + 7E/ / / g2 (s, v, w)dsdvdw,
0 0oJo Jo

where we have used the two Young’s inequalities 6X2(s)g2(s,v,w) < 3X2(s) + 3gi(s,v,w) and
4X,(8)g3 (s,v,w) < X2(s) + 3g2(s,v,w). Now we deduce from Gronwall’s Lemma that

E(|Xn(®)|*) < 7e4tE/ / / g2 (s, v, w)dsdvdw
< 7e4tE/ / / (s,v,w)dsdvdw .

The result follows from Fatou’s Lemma, since X, ( X (t) in mean square, as n — 0. O

We now establish the tightness result.
Lemma 4.9. For any ¢ € H}(Ry), the sequence {0 N (p)} is tight in D.

~rec,N

Proof. We will apply the tightness criterion (4.3) to i, " (¢) with the help of Lemma 4.8. For any
t1 <t <ty <T, we can write

Ia:ec N((p) - ﬂzleQN((p) = @rec(fl)y and lu:zec N((p) - ﬂ;ec’N((p) = @rec(f2)7

where
1 _
fl(37 v, ’LU) - \/—Nl(tl,t](s)(p(t —s+ H(Né\/;?w))lvgui\L (h)
1 _ _
+ \/—Nl[o,tl}(s) (‘P(t — s+ H(p ,w) — ot — s+ H(,u?f,w))) Loy ()
- fl,l(su v, w) + f1,2(37 v, w)7
and

1 _
fa(s,v,w) = \/—Nl(t,tz](s)(p(t? —s+ H(Mé\[—,w))lvguiﬁ (h)

1 _ _
o T0a(s) (e = s+ H(EY w) = ol = s+ H(EYw) ) Lo,y o
— f2,1(57 v, ’lU) + f2,2(87 v, ZU) .

Below we shall apply Lemma 4.8 for estimating the 4th moment of the four random variables

Qrec(f1,1), Qrec(f1.2), Qrec(f2,1) and Q. .o(f22). Clearly f11, fi2, f21 and foo satisfy the assump-
tion in Remark 4.1. Note that in those integrals the same time t (or ¢, or t2) appears both as the
upper bound of the integral, and in the integrand. This does not prevent us from using Lemma 4.8.

Indeed, consider e.g. the term

Qrec(f11) /tl/ / (t — s+ H(a) ,w))1 vsp () @rec(ds, dv, dw) .

We consider the process

r oo 1
/ / / Tosp, o(t — s+ H(a),w))1 o< (h) )Q@rec(ds, dv,dw), 1 € [0,1].
o Jo Jo

This is really of the form
r e’} 1
/ / / 9(5,v,w)Q,.(ds,dv, dw),
0 JO 0

to which we can apply It6’s formula and the arguments in Lemma 4.8, which allows us to conclude
the result at r = t.
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We want to estimate
E @rec(fl)2§rec(f2)2] <2E [arec(f1)2@rec(f2,l)2]

+4E [@rec(fl,l)2@rec(f2,2)2] +4E [@rec(fl,2)2@rec(f2,2)2] .
We first estimate the first term on the last right—hand side:

E [Grec(fl)2§rec(f27l)2] =K [@rec(fl 2E]:t {@T’ec f2,1)2}]

< lol%E [Wm) / uiv(h)ds]
< ol o b2 — OE [@reclf1)?]

where we have used the fact that gl (1) <1 a.s. Now

E [@rec(fl)ﬂ =E [@rec(f1,1)2] +E [@rac(f1,2)2]
< @l Bt — 1) + /O 1 /R ottt = 7)) ()

< [llellZ, + t1c]l[hlloo(t — t1) .
We have shown that - -
E [Qrec(f1)2Qrec(f2,1)2] < C(tQ - t1)2 .

Consider now the second term:

E [@rec(fl,l) rec f22 \/E rec fll \/E 7”60 f22
Aol
————(te — t1)°/*.

Finally the third term is bounded as follows:
4

E [arec(f172)2§rec(f2,2) ] < CT”hHOO (t2 - tl) .

We now conclude the proof exactly as that of Lemma 4.4, in the sense that we verify Billingsley’s
condition (13.14) with again G(t) =t and this time o = 3/2. O

Completing the proof for the convergence of /i)' in Theorem 2.2. We start with (2.31), and
by taking the derivative with respect to t, we obtain

i () = il (o — o) 4000 [T+ = [ 71 v Bl

(4.15)
_ \/__E/ / / ,us , )1v§Nﬁ§’, (h)arec(ds,dv,dw).
Similar to (2.38), we obtain that the solution to (4.15) can be written as
N o Fe(t+a) t . -
e = [ e+ a)%uév (@) + [ ote = Pt - 0TV @
t
+ / f(t =P (=0 [ 1cwen o Qunglien o) (1.16)

Fe(t — s+ H(aY _
/ / / t_S+H Ms ) )) (Fc(;—:ﬂN( ;))w)) ]‘vSNﬁi\Q(h)Qrec(d&d’U’dw)'

The first, third and fourth terms on the right hand side correspond to the limits 9 (¢), g;"f (p)
and M’ec( ) defined in (2.41), (2.42), (2.43) respectively. For convenience, we denote these terms as



30 GUODONG PANG AND ETIENNE PARDOUX
Y Ny, [Li"f () and f1;“" N(p). To prove the convergence ¥ () = fu() in D for the expression

of fi;(p) in (2.38), we proceed in the following two steps:
Step (i): define the processes

N () = / Pt =) (1 - ) / 1y vt (o) @ins(da, dv) (4.17)

“Tec Fe(t—s+H s—sw —
My 7N (10 \/—/ / / t_ § +H :us ) )) (FC(H(ﬂ (Iuw)) ))]-USN[LS,(h)Qrec(dSvdvadw)7

(4.18)
and show the joint convergence of
t
(a2 (), /0 ot — a)Fe(t = )T (@)da, i (), 7V ()
to
t
(). [ ot =Pt =T @daif" (o). 757 (¢)
in D* as N — oo, and
Step (ii): show that in probability,
i (@) = "N (p) =0 i D, (4.19)
and
N () = i (@) =0 in D, (4.20)

We prove the claim in the first step now. By a similar argument of Lemma 4.1, we obtain
,&? N(go) — (9(¢) in D. Given the convergence of YV = T in D, by the continuous mapping

theorem, we obtain the convergence
t t
/ ot — Q)F°(t — )TN (a)da ;»/ ot — @) F(t — a)T(a)da in D.
0 0

By a similar argument of Lemma 4.3, we obtain ﬁ;"f Np) — ﬁi"f (p) in D. By modifying the

arguments for the proof of the convergence of ji;*“™ (

obtain ﬁ;eCN(cp) — [17°“(¢) in D. Then the joint convergence follows from the independence of

the driving random quantities i) (da), Q;, ¢ and Q, . in the three terms, given the convergence of
YN =T in D.

We move to prove the claim in the second step. The claim in (4.19) follows from a similar
argument as in Lemma 4.5 and that in (4.20) follows from slightly modifying the arguments in the
proofs of Lemmas 4.7 and 4.9.

Hence we have shown that ¥ (¢) = ji(¢) in D, where fi;(¢) is given by (2.38). It remains to
show uniqueness of the solution of the SPDE (2.37), in order to conclude that the formula (2.38)
can be identified with the solution of (2.37). O

¢) in the proof of Lemma 4.7 and 4.9, we

Proof for the uniqueness of the SPDE solution to ji; in Theorem 2.2. We will use the same
argument as at the end of section 3, exploiting duality with the same backward PDE. However, the
regularities of both the forward and the backward PDE are different.

We have that 4 € L2 (Ri; H '(R4)). Suppose that equation (2.37) has more than one solution
with that regularity. Then the difference of two solutions solves the PDE:

(ug, ) :/o (us, ¢" — hp)ds, (4.21)
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for any ¢ € H?(R, ) with compact support. Suppose now that 7' > 0 and ¢ is a function of ¢ and
a, which is such that, H}(R,) denoting the subset of H*(R, ) consisting of functions with compact
support,

@, 0p; Dap € L0, T5 H, (R+)) . (4.22)
Then it is not hard to see that (4.21) becomes

t

(o) = [ (s Oupu + Oups — hip)ds. 0 <1< T (1.23)
0

Consider again the adjoint backward PDE (3.11), whose solution is still
Féla+T —1t)
t = - T—1).
v(t0) = — gl + T -1

Assuming that g € C?(R,) and F has two derivatives f and f’ which are locally bounded, that
F¢(a) > 0 for all a > 0, we have that a — v(t,a) has compact support for all ¢ € [0,7] and
satisfies v, Oqv, v, hv € L*(0,T; H(Ry)), and dv + Oqv — hv = 0, hence from (4.23), recalling
v(T,a) = g(a) in (3.11), we have (uz,vr) = (ur,g) = 0, and this holds true for any g € C?(R,),
hence up = 0, for all T > 0, from which the claimed uniqueness follows. O

5. ON THE CONVERGENCE OF (SV,FV)

The proof for the convergence of (§N ,%N ) has been established in [23], with a different initial
condition (without tracking the infection age of of the initially infected individuals). Here we only
provide a sketch zlnd highlight the differences.

We first write SV and §V as the following:

50 =10 - 8w~ [ T
0

() /Aa+t>duo /At—sz( s+ 3N,(1) + 30 + 30 + 3 @),
V@) = 8V ()5 () + 5 (5)3V (s)

51 : \/—// L<yrrvs- me(ds dv),

30.(1) = /O Ma+ )4 (da)
¥ ) .
- > (A +1) /O Ao+ 1)fio(da)
1¥(0)
30, (1) = LN S LN+ = ME) 1), (5.1)
=1
N 1 Ao _
30 =ﬁ( Ao =% = [ - st >d>
=1
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AN ()

3V .\/_Z (=1 = At —1)). (5.2)

Observe that SV (t) is a Square-integrable martingale With respect to the filtration FV = {FN(t
t > 0} where .7-"N = o{SN(0),IY(0), 7 T Noj=1,. 0} VX Ciengor } V {Qing(s,v), s
t,v € R+} with the quadratic variation (SV)( fo s)ds for t > 0. Given the convergence

)
<

of T = T in D in probability as N — oo, we obtain Sl = Sy in D, where Sl( ) is given in
Definition 2.2. This can be done by establishing the convergence of finite-dimensional distributions
using the cumulants formula as in the proof of Lemma 4.3 and then a similar tightness argument
in the proof of Lemma 4.4. It can be also proved as done in Section 3.6 of [23].

The convergence of §é\fl — §0,1 in D can be proved in the same way as in Lemma 4.1. Note
that this requires that condition (2.47) in Assumption 2.2, that is, the function X is Hélder with
coefficient > 1/4. The convergences of §N (t) and §2 (t) follow from the same arguments as in
Lemmas 3.5 and 3.6 of [23]. It only remains to prove the convergence of 30 9-

We will need the following bounds on the increments of the infectivity functions (which is Lemma
3.4 in [23]).

Lemma 5.1. Fort > s >0,

k
INilt) = Ni(s)] < @t — ) + A D 1 ooy, and
(=1
- k
IA(E) = A(s)| < p(t — ) + XY _(Fult) — Fu(s)) -
(=1
Lemma 5.2. Under Assumptions 2.1 and 2.2,
§{{2 = §0,2 in D as N — oo, (5.3)

where the limit §0,2 18 a continuous Gaussian process as given in Definition 2.3.
Proof. We first prove the convergence of finite-dimensional distributions, that is, for any [ > 1,
S0a(t1), - Toa(t) = (Bo2(tr),. .., Tozlt)) in R as N — oo (5.4)

We start with [ = 1, and consider the convergence of §é\f2(t) = %0,2(75)) in R as N — oco. By the
continuity theorem, it suffices to show the characteristic function of §év2( t) converges to that of
§0,2(t), denoted by gpg:év(e) and gpg’Q(H) respectively. Let G} = o (7,7 =1,...,IV(0)). We have

o

75,00

i (0) =E[exp (i0505(t))] = E[E[exp (i0305(t))160']]

1N (0) 1
exp <z’9\/—ﬁ (A (0 +1) = AFN + 1) >

=E|E

and

>N 2 0o
#8:(0) = E[exp (i9502(0)] = exp (=5 [ ola+ 0moan)).
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Thus,
|52 (6) — ¢55(6)]
N (0) 02 N (0) 02
<El| JI (1_ﬁv@%+t> > Hexp(——v(N—Ft))‘
j=1
92 [e%¢) N 92 o] -
+|E|lexp | — 5 v(a+t)dpy (da) | | —exp | — 5 v(a+ t)dpo(da) ) |.
0 0
We have

hence the first term tends to 0, as N — oo.
The second term convergence to zero by the convergence ji} (-) — fig(-) in probability as N — oo
and the boundedness of the variance function v(-). Thus we have shown that

|65 (0) — @5 2(0)] = 0 as N — oo, (5.5)

and thus, §é\fz(t) = §072(t) as N — oo.
A straightforward generalization implies the convergence of finite dimensional distributions in
(5.4). For instance, for [ = 2, we have

E[exp (61305 (t1) + i6:F)o(t2))]

%)
_ E[ I1 (1 -5 (911)( FN 1) + 030(EN + ta) + 201000(F N + 11, 7 + tg)) + o(N_1)>] ,
j=1

and

E[exp (i91§0,2(751) + i92§0,2(752))]

1 [ee]
—exp (=5 [T Gl + )+ Boly +12) + 2000000y + 1,5+ )l ).

Then the claim follows similarly.
We next prove that for 0 < r < s < t,

P(|§0a(r) ~ )| A[F0) ~ Fa)] 2 ) < (G0 - G
for some nondecreasing and continuous function G. It suffices to show that
E[[§) - 30(9)'] < (G(0) - Gs))™. (5.6)
Let A_;(t) := A_;(t) — A(t). We have
E|[552(6) = §ia(s)["]
N (0)

_F ”\/—W ; <X—j(%f,vo +1) = A (7o + s)>
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1Y) .
= 2 @ +0 =356 +9)
j=1

1N(0)
6 5 s 5 (s 2 (57 (7
fE] E </\_j(7'ﬁ] +1) = A(7F) + 8)) <>\—j’(7'fy,o 1) = Ay (7o + S))
G =LA

3 170 ~ ~ 2 2
W( > </\_j(7~'ﬁ)+t)—/\_j(7~'ﬁ]+s)> > ] (5.7)

J=1

By Lemma 5.1, we have

A=j(8) = Ao ()P < 2-5(8) = A—j(9)* + 2A(1) = A(s) [

< 8p(t — 5)2 + 4(\) (le«g <t>2 +4(A*)2<§k:(n(t) —Fg(s))>2.

/=1

Thus,

(

N (0) k 2
1 *
: mEl(%@—smw 3 (4“ (3 et )
= /=1

(z Ry +s>>>2>)2]

< Szt =)' (0)?

N 325\?;)413 _<I§) <<§k: 1%+s<<lj§ﬁ)+t>2 + <§:(Fe(%f,vo +t) = F(FY + s))>2>>2]

j=1 =1 =1
< 128¢(t — s)*1V (0)?

r N (0)

. 64](\)[\;)41[3 0y <<;ﬁ: 1%J%+S<dj§%+t> <§k: o+t)— Fu(7Y + s))>4>]

Jj=1 1

(=
IV (0) k ]

<Z 1~N +s<(£ <TJ 0Tt

1
< 128¢(t — s)* 4 64(\*) 4E[
7=1 /=1

k

/OOO <Z(Fe(y +1) = Fo(y + 8))>4ﬂév(dy)] :

(=1

+ 64(\")IE

Here the first expectation is bounded by

E

1 N©O) , &
N Z <Zl Nots<¢t <N +t+142171\’ +s<¢t ;<7 O+t17 +s<¢? <7‘ﬁ)+t>]

j=1 =1 Z24
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+14) (Fu(7)% +t) — Fo(7% + 8)(Fu (75 + 1) — Fo (75 + s)>
oAl

[/000<ng y+1t)— Fi(y+s)

+14) (Foly +1) — Foly + 8)(Fo(y + ) — Fu(y + S)>uév(dy)] -
o0

Thus, combining the above, we obtain that there exist some C’,C” such that

E[ (330 — ()| ]

< C'%qﬁ(t— s)4+C’Jb [/OO (f: Fy(y +1) —Fz(y+8))>uév(dy)]

(=1
k
+C"p(t — s)t + C”E[ <Z Fi(ly+1t)— Fyly + s))),uév(dy)] . (5.8)
=1
Under Assumptions 2.2, we have ¢(t — s)* < C*|t — s[** and if F} satisfies the Holder continuity

condition,
E [/O‘X’(Fg(y +1t)— Fo(y + S))uév(dy)} <Ot — 3)1/2+9E[ﬂév(]l)] <C(t— 3)1/24-9_

and if Fy satisfies the discrete condition, say Fy =) . a t>tz for 3, af =1 and t¢ < ¢ 41, then

| [T+ 0 - Fity+ el tan)| - [ I S oty )

< C(t—S)E[Mo (W] <Ot —s)

for some constant C' > 0. Thus, using the above estimates, by Theorem 4.1 in [23], we can conclude
that (5.6) holds. O

6. ON THE CONVERGENCE OF (IV, RY)

By the first expression in (2.9), the convergence of ]A'tN follows from directly from that of /i’ and
hence the expression of the limit I; in (2.55) from the limit fi; in (2.38). As discussed in Remark
2.8, the limit I, has an equivalent in distribution expression as given in (2.59). It can be derived
from an alternative decomposition from the second expression of i)Y (¢) in (2.28) and hence, an
analogous decomposition for I}V in (2.9).

The CLT scaled process jii¥ (¢) in (2.28) can be written as

00 c t
e = [ et 0T E D [t - s Fe - TV s + o) + 10,

(6.1)
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where N
17(0) c
No, 1 F (t+7']0) N
fiy () = N ; (1n;?>t W)ﬂﬁ,o”)a (6.2)
and
e “ A T B e ) (63)
Using the fact that IV (¢ (t) = ¥ (1), we obtain
c t R . >
= / wﬂév(dawr / Fe(t — )TN (s)ds + V0 4 TV (6.4)
0 F(a) 0
where N
17 (0) c ~N
o 1 Fe(t +7%)
I = \/—N ; (1n§>t - W) ) (6.5)
and
M= \/—/ / / Lyst—slycyn (s Q(ds, dn, du) . (6.6)

It is an 1 easy extension to the proof of [23, Theorem 2.4] in order to prove the weak convergence of
IN to I, in (2.59). More generally, it can be also shown that for any ¢ € CLR), i (@) = fu(yp) in
D where

inle) = [ elat 0T ) + [ (e - 9P (- 9T+ 80 +ale) . (6)

with i?(¢) and fif (¢) being independent and continuous centered Gaussian processes whose covari-
ance functions are given as follows: for ¢,¢' > 0 and ¢, 9 € Cy(R),

Con(idoapw) = [ (Pt - LD ELED) oy o+ Oomlda), (65)
and
Con(ib () ib() = [ vt = T(plt = )it — ). (69)

It turns out that the last two terms 2™ (o) + j17%¢(¢) of iy in (2.38) and A9(¢) + il (p) in (6.7)
have the same law. We verify that the variances of these expressions are equal (the covariance
functions can be also easily checked), and hence provide a justification for the claim in Remark

2.8. Recall the variance formulas for ,ui"f (p) and 17°“(¢) in (2.44) and (2.45), respectively and the

expression of fi;(da) in (2.25). Then we can write

Var(iree( / / (t = s+ 0 (22D 0) (1, F(@) V(s - a)in

Fe(a)
F*(a) ),uo(da—s))ds.

1 - 7
+ laze Fela—s

Then the first term is equal to

/ / (t—s+a (F (Fc(s)+ )) f(a)Y(s — a)dads
/ / (t—s+a <FC(tF_(S)+ )> f(@)Y (s — a)dsda

— /0 /a ot — s+ a)?F(t — s +a)*T(s — a)ds(Fcl( )> da
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/ /” V2FE(t — 0)2T(v)d

_ /0 ot — 02 F¥(t — )X (o) Fcl(a)) a:O
_ /Ot <F%@>da /Ot—a ot —v)2F°(t — v)?T (v)dv

=— /t @t —v)2Fe(t — v)?T(v)dv + /t ©(a)?F¢(a)T(t — a)da.
0 0

So summing this with ,umf( ) in (2.44) will give us Var(fif (¢ fo Fe(t—s)Y(s)ds. Next,
the second term in the expression above for Var(i;°(y)) is equal to

// o(t—s+a) <F0t_8+ >2 @) fio(da — s)ds

/ Fc(t—i-v)) flo+s
Fc(v+s) Fe(v)

/ (t+0
/ (t+o 2Fct+v)2 ((

Fc( ) Fec
GSFe(t+v)? 1 f(v
Fe(v) /0 Fe(v

-
:A o(t + v)?
— /OOO o(t +v)2%z;;])2 /Ot <m>/d8ﬂo(dv)
:/Ooogp(t—l- )

[
/N
2=
a
~—
N~
QU
pe=

)ﬂo(dv)ds

Fe(t +v)? 1 Iy
) (Fc(v ) Fc@))’“](d”)

B Fe(t+v) Fe(t+v)
—/0 (’D(t+v)2F07(v)<1 - T()),uo(dv)

which is exactly the expression of Var(j?

(¢)). This proves the claim above.
Now for the process RN (t), from (2.10), we obtain
e -~ &9] FC t+ R t .~ ~ e
RN = RéV+/ (1 - %)u (da )+/ F(t—s)TN(s)ds + RN + RV
0 0

where
I

W= 3 (g (- i)

J

Rivl \/_/ / / 17<t s u<’rN( )Q(d87d77,du)

Then a slight modification of the proof of [23, Theorem 2.4] shows the weak convergence of Rt to
R, in (2.56).

z
—~
=
=

Il
—_

and
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