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Epidemic models with varying infectivity

RAPHAEL FORIEN, GUODONG PANG, AND ETIENNE PARDOUX

ABSTRACT. We introduce an epidemic model with varying infectivity and general exposed and
infectious periods, where the infectivity of each individual is a random function of the elapsed
time since infection, those function being i.i.d. for the various individuals in the population. This
approach models infection-age dependent infectivity, and extends the classical SIR and SEIR models.
We focus on the infectivity process (total force of infection at each time), and prove a functional
law of large number (FLLN). In the deterministic limit of this LLN, the infectivity process and
the susceptible process are determined by a two-dimensional deterministic integral equation. From
its solutions, we then derive the exposed, infectious and recovered processes, again using integral
equations. We also use these equations to derive the basic reproduction number Ry during the early
stage of an epidemic, in terms of the average individual infectivity function and the exponential

rate of growth of the epidemic.

1. INTRODUCTION

Most of the literature on epidemics models is based upon ODE models which assume that the
length of time during which a given individual is infectious follows an exponential distribution. More
precisely, those deterministic models are law of large numbers limits, as the size of the population
tends to infinity, of stochastic models where all transitions from one compartment to the next
have exponential distributions, see [5] for a recent account. However, it is largely recognized that
for most diseases, the durations of the exposed and infectious period are far from following an
exponential distribution. In the case of influenza, a deterministic duration would probably be a
better approximation. Recently in [14], the last two authors have obtained the functional law of
large numbers (FLLN) limit for SIS, SIR, SEIR and SIRS models where in the stochastic model the
duration of the stay in the I compartment (resp. both in the E and the I, resp. both in the I and the
R compartments) follow a very arbitrary distribution. Of course, in this case the stochastic model
is not a Markov model, which makes some of the proofs more delicate. Indeed, the fluctuating
part of a Markov process is a martingale, and many tools exist to study tightness and limits of
martingales, which are missing in the non-Markovian situation. Nevertheless, we were able in [14]
to use ad hoc techniques in order to circumvent that difficulty, and we proved not only FLLNs,
but also functional central limit theorems (FCLTs). While the classical “Markovian” deterministic
models are ODEs, our more general and more realistic “non—-Markovian” deterministic models are
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Volterra type integral equations of the same dimension as the classical ODE models. Recently in [7],
the authors used the approach in [14] to describe the Covid-19 epidemic in France. The flexibility
of the choice for the law of the infectious period was very helpful in order to write a realistic model
with very few compartments, and our model follows better the data than Markov models.

The aim of the present paper is to go a step further in the direction of realistic models of
epidemics. It has been established in [9] that in the case of the Covid-19 disease, the infectivity of
infectious individuals decreases after symptom onset. In fact it is believed that in most infectious
diseases, the infectivity of infectious individuals depends upon the time since infection. This was
already argued in [12]. However, in this work the duration of the infectious period follows essentially
an exponential distribution. See also a recent paper in the study of Covid-19 pandemic [8], which
uses a transport PDE model (it is worth noting that following the original work in [12], PDEs have
been commonly used to capture the effect of age of infection in the epidemic literature, see, e.g.,
[10, 17, 11, 13]). While our paper was already written, we discovered that the same deterministic
model has already been described as an “age of infection epidemic model” in [2] and the recent book
[3, Chapter 4.5]. But the fact that it is the law of large numbers limit of a well specified stochastic
model, which is our main result, seems to be new. Section 4.5.1 of the same book also contains the
same SEIR model as in [14], but again without any rigorous connection with a stochastic model.

The most realistic assumption is probably that this infectivity first increases continuously from 0,
and then decreases back to 0. We shall however allow jumps in the random infectivity function, in
order in particular to include the classical case of a constant infectivity during the infectious period.
And we want to allow a very arbitrary law for the infectious (or exposed/infectious) period(s),
as we did in [14]. In this work again, the FLLN limiting deterministic model is a Volterra type
integral equation, which is of the same dimension as the corresponding classical ODE model, see
Theorem 2.1. We treat only the case of SIR and SEIR models (see also Remark 2.4 on the SIS
and SIRS models), but we intend to extend in later publications our approach to other types of
models, including models with age classes and spatial distribution, see [15] for multi-patch models
with general exposed and infectious durations. We will also establish in a further publication the
FCLT associated to the FLLN established in the present paper.

Our approach in this paper is to assume that in the original stochastic finite population model,
the infectivity of each individual is a random function of the time elapsed since his/her infection,
those functions associated to various individuals being independent and identically distributed
(i.i.d.). The total force of infection at each time is the aggregate infectivity of all the individuals
that are currently infectious. We assume that the infectivity random functions can be piecewise
continuous with a finite number of discontinuities, which includes all the commonly seen examples,
in particular, constant infectivity over a given time interval as a special case. They are also allowed
to start with a value zero for a period of time to generalize the SEIR model. These random
functions then determine the durations of the exposed and infectious periods, and therefore, their
corresponding probability distributions, which can be very general.

Under the i.i.d. assumptions of these infectivity random functions of the various individuals,

we prove a functional law of large numbers for the infectivity process, together with the counting
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processes for the susceptible, exposed, infectious and recovered individuals. The infectivity and
susceptible functions in the limit are uniquely determined by a two-dimensional Volterra integral
equation. Given these two functions, the exposed, infectious and recovered functions in the limit
are given by Volterra integral equations. They generalize the integral equations in the standard
SIR/SEIR models with general exposed and infectious periods in [14]. Our proofs are based upon
Poisson random measures associated with the infectivity process to facilitate the proof of tightness
and convergence, which further develops the techniques in [14].

Our limiting integral equations can be easily solved numerically. For the standard SIR/SEIR
model with general exposed and infectious periods, the integral equations are implemented to
estimate the state of the Covid-19 pandemic in France in [7]. We also refer the readers to another
recent work by Fodor et al. [19] which argues that integral equations (in the case of deterministic
infectious periods) should be used instead of ODEs since the latter may significantly underestimate
the initial basic reproduction number Ry. We claim that our model may be used to better predict
the trajectory of the epidemic, especially at the beginning of the epidemic and when certain control
measures like lockdown and reopening are implemented.

We also study the linearized version of our model corresponding to the early phase of the epidemic,
during which the proportion of susceptible individuals essentially does not change, whose solution
is an exponential function (Theorem 2.2). We then deduce from that analysis a formula for the
basic reproduction number Ry, as an explicit function of the average infectivity function and the
exponential rate of growth p, which is obtained by observing the epidemic. This result extends
the well known result in the exponential case (see for example equation (1) in [4]), and also the
result recently established for the SEIR model with general exposed and infectious periods [7]. Note
however that our formula for Ry already appears on page 141 of the recent book [3].

The paper is organized as follows. In Section 2, we formulate our stochastic model, make precise
all assumptions, and state our two main results: the FLLN, which is stated as Theorem 2.1, and the
result concerning the linearized model for the early phase of the epidemic, Theorem 2.2. Section 3

is devoted to the proof of Theorem 2.2, and Section 4 to the proof of Theorem 2.1.

2. MODEL AND RESULTS

2.1. Model description. All random variables and processes are defined in a common complete
probability space (2, F,P). We consider a generalized SEIR epidemic model where each infectious
individual has an infectivity that is randomly varying with the time elapsed since infection. As usual,
the population consists of four groups of individuals, susceptible, exposed, infectious and recovered.
Let N be the population size, and SN (t), EN(t), IV (t), RN (t) denote the sizes of the four groups,
respectively. We have the balance equation N = SN (¢) + EN () + IV (t) + RN (¢) for t > 0. Assume
that RV (0) = 0, SN(0) > 0 and EN(0) + IV (0) > 0 such that SV (0) + EN(0) + IV(0) = N. Let
AN (t) be the cumulative number of individuals that become infected in (0,¢] for ¢ > 0 and denote
the associated event times as TZ-N, i=1,... ,AN(t).

Note that an infected individual is either exposed or infectious. More precisely, he/she is first

exposed, then infectious. Let us first consider those individuals who are infected after time 0 (i.e.
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they are in the S compartment at time 0). The i-th infected individual is infected at time 7/V.
7N, 7N 4+ ¢;). Then he/she is infectious during the

time interval (77¥ + ¢, 7V + ¢ + 1), and finally removed on the time interval [7¥ + ¢; + n;, +00).

He/she is first Exposed during the time interval |

In fact, to this individual is attached an infectivity process {\;(¢) : ¢ > 0}, which is a random
right—continuous function such that
=0, if0<t<(,
Ai(t) ¢ >0, if G <t<{+m, (2.1)
=0, ift>¢G+m.
We shall formulate some assumptions on the functions A; below. Let us just say for now that the

collection of the functions {\;(-)};>1 are i.i.d. Since

¢ =inf{t >0, \;(t) >0}, and ;+mn; =inf{t >0, \;(r) =0, Vr > t}, (2.2)
the collection of random vectors ((;,7;)i>1 is also i.i.d.
Each initially exposed individual is associated with an infectivity process )\?(t), j=1,...,EN0),
with cadlag paths, which are assumed to be i.i.d. and be such that
CJQ = inf{t > 0, )\?(t) >0} >0as. and CJQ + 7];-) = inf{t > 0, )\?(r) =0, Vr > t}. (2.3)
Each initially infectious individual is associated with an infectivity process /\Z’I(t), kE=1,...,IY(0),

with cadlag paths, which are also assumed to be i.i.d. and such that
inf{t > 0, )\Z’I(t) >0} =0as. and 772’[ = inf{t > 0, )\2’1(7*) =0, Vr > t}. (2.4)

We will write (¢,n) (resp. (¢°,1°), resp. n%) for a vector which has the same law as ({;,n;) (resp.
( 30777?)7 resp. 772’]). Let H(du,dv) denote the law of (¢,n), Ho(du,dv) that of (¢Y,7°) and Fy s the
c.d.f. of n%/. We define moreover

0 ;:/0 /0 H(du, dv) = P(C + 1 < 1), U(t) ;:/0 [ (w0 =P <t < Cn),

0o
—u
t o]

Do (t) := /0 i Ho(du,dv) = P(C° +7° < t), Uy(t) := /0 - Ho(du,dv) =P(C° <t <" +10),

For(t) :=Pn™ <t).
We shall also write
H(du,dv) = G(du)F(dv|u), Hy(du,dv) = Go(du)Fy(dv|u),

i.e., G is the c.d.f. of ¢ and F(:|u) is the conditional law of 7, given that ( = u, Gq is the c.d.f.
of ¢ and Fy(-|u) is the conditional law of 7", given that (° = u. In the case of independent
exposed and infectious periods, it is reasonable that the infectious periods of the initially exposed
individuals have the same distribution as the newly exposed ones, that is, Fy = F. Note that in the
independent case, ¥(t) = G(t) — ®(t) and Wo(t) = Go(t) — Po(t). Also, let G§ =1—-Go, G° =1-G,
Fgy=1—Fps,and FC=1—F.
The total force of infection which is exerted on the susceptibles at time ¢ can be written as
EN(0) IN(0) AN (1)

Ny = >N+ Y N+ D M-, t>o0. (2.5)
j=1 i=1

k=1



Thus, the instantaneous infectivity rate function at time ¢ is

SN(t
TV (t) = N( )JN(t), t>0. (2.6)
The infection process AV (t) can be expressed by
t 00
= / / 1u<TN(s)Q(dS,du), t> 0, (27)
0o Jo -

where @ is a standard Poisson random measure (PRM) on R%, and we use 14y for the indicator
function. One may observe that besides the PRM (), the randomness in the epidemic dynamics
comes only from the infectivity processes {)\?(t)}, {)\g’l(t)} and {\;(t)} (the infectious periods {77]}
(772’[) and {n;} are induced from them).
The epidemic dynamics of the model can be described by
SN(t) = SM(0) - AN (1),

EN(0) AN(1)
- Z 1(;?>t+ Z 1TZ—N+Ci>t7
j=1 i=1
BN (0) 13 (0) AN (1) (2.8)
IN Z 1C0<t<C0+770 + Z 1770 1o, + Z 1 PN G<t<r N+ ¢t 0
7j=1 i=1

AN (1)

Z 1C°+n°<t+ Z 1 OI<t+ Z 1 TN 4G+ <t -

In the case where CJQ =0 and ¢; = 0, the model is a generalized SIR model, and E™ (t) = 0.

2.2. FLLN. We first make the following assumptions on the distribution functions, infectivity

functions, and the initial quantities.

Assumption 2.1. The c.d.f. G satisfies the following assumption: G can be written as G = G14+Ga,
where G1(t) = Y, a;1(t > t;) for a finite or countable number of positive numbers a; and the
corresponding t; such that Y . a; <1 and tg <t; < ...ty < ..., and Go is Holder continuous with
exponent % + 0 for some 0 > 0, that is, Ga(t +0) — Ga(t) < 6% for some ¢ > 0. Moreover, the

conditional c.d.f. F(-|u) satisfies the same assumption, uniformly in u.
We now state our assumptions on A%, A%/ and \.

Assumption 2.2. The random functions A(t) (resp. \°(t) and resp. A\ (t) ), of which A1 (t), Aa(t), ...
(resp. A(t),A)(¢),... and resp. A?’I(t),)\g’l(t),...) are 1.i.d. copies, satisfying the following prop-
erties. There exists a constant A* < oo such that supcjo 7 max{\2(t), \%L (), \(t)} < \* almost
surely. In addition, there exist a given number k > 1, a random sequence 0 = €0 < 1 < ... < ¢F =y
and random functions N € C(Ry;Ry), 1 < j <k such that

Lies1.e0)(). (2.9)

||M?r
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Moreover, denoting by F; the c.d.f. of &, we assume that each F} satisfies assumption 2.1, and
that there exists a nondecreasing function ¢ € C(Ry;R,) with ¢(0) = 0, such that [N (t) — N (s)] <
o(|t — s|) almost surely, for allt,s >0, 1<j<k.

Let \O() = E\O(t)], A%1(t) = E[\O1(¢)] and A(t) = E[\(t)] for t > 0. Tt is clear that A°(t), A% (¢)
and A(t) are all cadag.

Remark 2.1. We think that \(t) being continuous is a good model of reality. However, the early
phase of the function A(t) is not well known, since patients are tested only after symptom onset,
and usually (this is the case in particular for the Covid—19) they may have been infectious (i.e.,
with A(t) > 0) prior to that. Consequently we should not exclude the possibility that A(t) jumps to
its mazimum at time ¢, and the decreases continuously to 0.

Moreover, in order to include the “classical” models where \(t) is first 0 during the exposed
period, and then equal to a positive constant during the infectious period, as well as possible models

of infectivity that would be piecewise constant, we allow \(t) to have a given number of jumps.

Let XV := N71X¥ for any process X"V. Let D = D([0,+00),R) denote the space of R-valued
cadlag functions defined on [0, +00). Throughout the paper, convergence in D means convergence
in the Skorohod J; topology, see Chapter 3 of [1]. Also, D* stands for the k-fold product equipped
with the product topology.

Assumption 2.3. Assume that there ewist deterministic constants E(0),1(0) € [0,1] such that
0 < E(0)+1(0) <1, and (EN(0),IV(0)) — (E(0),1(0)) € R2 in probability as N — oc.

Theorem 2.1. Under Assumptions 2.1, 2.2 and 2.3,

(SN, 3N, EN IV RN) - (S,3,E,I,R) in D° as N — oo, (2.10)

in probability, locally uniformly int. The limits S and J(t) are the unique solution of the following

system of Volterra integral equations

S(t)=1-1(0) — /t S(s)3(s)ds, (2.11)
0
3(t) = B () + T(0)A"L(¢) + / At — $)8(s)3(s)ds, (2.12)
0
and the limit (E, I, R) is given by the following integral equations:
Bt) = BO)GS(t) + /0 GE(t — 5)S(s)3(s)ds, (2.13)
T(t) = T(0)FS () + E(0)Wo(t) + /0 W(t— $)5(s)3(s)ds (2.14)
R(t) = T(0)Fos(t) + E0)Do(t) + /0 Bt — 5)S(s)3(s)ds . (2.15)

The limit S is in C, and the limits 3, E, I, R are in D. If \° and A% are continuous, then J is in

C, and if Gy and Fy; are continuous, then E,I, R are in C.
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Remark 2.2. If we suppose only that Assumption 2.3 is valid, and supyc(o 7| max{\%(t), \%L (), \(t)} <
X* almost surely, then Theorem 2.1 remains valid, but with the convergence in probability in D®

being replaced by the convergence in probability in LY (0, +00; R3), for any p > 1.

Note that in the case where ¢ = ¢° = 0 a.s. (i.e., an infected individual is immediately infectious)

and E™V(0) = 0, there is no exposed period, then we find the generalized SIR model, which reads
t

R(t): FO] /Ft—s ()ds

where F' is the c.d.f. of the infectious duration 7 of newly infected individuals and Fj ; is the c.d.f.

of the infectious duration 7% of initially infectious individuals.

Remark 2.3. The above result generalizes both our SIR and our SEIR FLLN results in [14].

The SIR model in [14] is the particular case of the present result, where A(t) = Aly<y, 1 being
the random duration of the infectious period. In this case, \(t) = NF°(t), if F is the c.d.f. of n,
and F¢ = 1 — F. Note that in this case J(t) = M (t). Therefore, if we divide the J equation by
A, we find equation (2.14), which is also equation (2.4) in [14]. If we assume that the law of n is
exponential, then we are in the case of the classical SIR model.

The SEIR model in [14] corresponds to the situation where \(t) = Al¢<iccty, where  is the
duration of the exposed period (the time when the individual is infected, but not yet infectious), and
n is as above, while \°(t) = Meocyccoipo. Then A(t) = A[P(¢ < t) —P(C+n < t)] = AU(t). If we
divide the J equation by \, we find equation (2.14), which is also (3.15) in [14]. If moreover ¢ and

n are independent exponential random variables, then we are reduced to the classical SEIR model.

Remark 2.4. For the generalized SIS model, since S(t) = 1 — I(t), it is clear that the epidemic
dynamics in the FLLN is determined by the two—dimensional functions (ﬁ,D via the following

integral equations:

5(1) = ()3 (1) /At—s )(1 = I())3(s)ds,
T(t) = T(0)F (¢) /Fct—s )(1— I(s))3(s)ds

Recall that as shown in Theorem 2.8 of [14], in the SIS with general infectious periods, J(s) = M (s),
and the epidemic dynamics is determined by the one—dimensional integral equation for I.

For the generalized SIRS model, the variables ((;,n;) in our setup represent the infectious and
recovered/immune periods of newly infected individuals, and similarly the variables ( JQ, 77]0-) represent
the infectious and immune periods of initially infectious individuals. We assume that there is no

initially immune individuals. Let IV, RN be the processes counting infectious and recovered/immune
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individuals (corresponding to the notation EN and IV in the SEIR model). Of course, instead of
(2.1), the infectivity function \(t) should be positive only in the infectious periods [0, ;). Similarly,
)\?(t) should be positive only over [O,CJQ). The definitions of the variables (¢;,m;), ( Jo,n?) in (2.2)
and (2.3) also need to be modified accordingly in the natural way. The distribution functions Gy, Fo r
are for initially infectious and immune periods, and G, F for newly infectious and immune periods,
similarly for the notation W, Wy, ®, ®g. Then the epidemic dynamics of the generalized SIRS model
in the FLLN is determined by the three—dimensional functions (5, I, R) via the following integral
equations:

F(0)2°(¢) + / At — 5)(1 — I(s) — R(s))3(s)ds

(S]]

(t)

Il
~

0
I(t) = [(0)G§(t) + ; G(t —s)(1—I(s) — R(s))3(s)ds

R(t) = T(0)Wo(t) + /0 W(t — s)(1 — I(s) — R(s))3(s)ds.

Also recall that as shown in Theorem 3.3 of [14], in the SIRS model with general infectious and
recovered periods, J(s) = M (s), and the epidemic dynamics is determined by the two—dimensional

integral equation for (f , R).

2.3. Estimation of the parameters during the early phase of an epidemic. In this subsec-
tion, we rewrite the infectivity function A;(¢) in the following form : p x A;(t). Here \;(¢) depends
on each individual. We assume that its mean is known. The better the specific disease is known,
the better this function A(¢) is known. It depends upon how the virus load evolves after infection
on average. Now the factor p is of a different nature. It is related to social aspects: it is different in
densely population cities and in rural areas. It is affected by measures like lockdown, which have
been used during the spring of 2020 by many countries, in order to control the Covid—19 epidemic.
The factor p is unknown. It is important to estimate u, in order to be able to use the model for
predictions. We assume that p and (), \g) are independent, so that the mean of A(t) equals /i x A(t),
where fi = E[u], and as above A(t) = E[A()]. Similarly for A°.

Now we simplify the formulation of our model. We do not change the model, but merge the two
classes E and I into a unique class I of infected individuals, infected meaning either exposed or
infectious. An individual who gets infected at time TZ-N is exposed on the time interval [TZ-N , TZ-N +¢),
then infectious on the time interval [7 +¢;, 7 +(; +n;), then he/she moves into the compartment
R at time TZ-N + ¢ +n;. The model is the same as in the previous subsections, but we follow globally
the infected individuals, and do not distinguish in the dynamic of the epidemic between exposed
and infectious individuals. We denote by F' (resp. Fp) the c.d.f. of the r.v. ( +n (resp. of the r.v.

¢° +n"). Hence our LLN limiting equations, rewritten with the new factor fi, become
t



I(t) = I(0)F§(t) + /0 Fe(t —8)S(s)3(s)ds,

R(t) = R(0) + T(0)Fo(t) + /O F(t — $)8(s)3(s)ds

(Note that Theorem 2.1 can be easily extended to allow R(0) > 0.) In order to avoid any ambiguity,
note that J(¢) is the limit of IV (t) = N=13V(¢), where

™ (0) AN (1)
=Y+ Y mn— ).
j=1 i=1

We will now linearize the above system. This means that we shall consider a phase of the epidemic
during which the proportion of susceptible individuals does not change significantly (since in par-
ticular we consider a large population). For simplicity, we assume that S(t) ~ 1, but if we were
considering a second wave of an epidemic where part of the population is immunized, or consider
a situation where part of the population has been vaccinated, that constant (or frozen) proportion
could be smaller than one. Next we multiply the remaining quantities by N, the total population
size, so we suppress the bars (which in particular introduces a different notation for the linearized

system). In other words, we consider the system
(1) = TR (1) +g/At—@<>@,
1) = / Fe(t — 5)3(s)ds, (2.16)

R(t) = R(0) + I(0)Fo(t) + /0 Pt — 5)3(s)ds .

The initial time and condition for the epidemic is typically unknown, so we assume that it has

started some time in the past, and we look for a solution of the linear system

- /_ At — 5)3(s)ds

I(t) = /_t Fe(t —s)3(s)ds, (2.17)
R(t) = / Pt — 5)3(s)ds

— 0o
As is well known, the early phase of an epidemic is characterized by the fact that the above
quantities increase at exponential speed (which is to be expected in case of a linear system; at least

if they increase). Therefore we look for a solution of the form
J(t) = e, I(t) =ie”, R(t)=re”, (2.18)

with ¢ +7 = 1. Note that this initial condition is very arbitrary, it means intuitively that we start
with all individuals susceptible, except one.

In the next theorem, we will not need that Assumptions 2.1 and 2.2 are valid, but only that
supte[OT max{A’(t), A\(#)} < A\* almost surely for some finite constant \*, and in addition that
fo t)dt < 0.
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Theorem 2.2. If i > 0 and p > 0 satisfy

i = </OOO )\(t)e_ptdt> - , (2.19)

v=p, i=E[l—e P p=RE[ ), (2.20)
then (3(t),I(t), R(t)) = (cet,iel,reft) solves (2.17) for all t € R.
In addition, in case p > 0, if © denotes an independent exponential random variable with param-
eter p, then (J3(t),I(t), R(t)) = (e, ielt, reft) solves (2.16) with
N(t) =EX(t+0)[0 < ¢+,
Fo(t) =P(O+t>C+nl® <(+n).

and if we choose

(2.21)

Moreover, we have
I0)=:=PO<(+n), RO)=r=PO>(+n).
In the case of p < 0, provided Ele=P+M] < oo, (3(t), I(t)) = (e, ie?t) solves the first two lines

of (2.17) for all t € R if
L=—p, i=E[e Pt 1]

Note that the relation (2.19) between fi and p is valid for p < 0, which might happen, for example,
during a lockdown period. On the other hand, since t — R(t) is increasing, the formula R(t) = re?!

can be true only when p > 0.

Corollary 2.1. The basic reproduction number s given by the formula

R fo tydt o [o7 A(t)dt
OT I X(t)ertdt — ENO)]

where the second formula is valid only in the case p > 0, and in the case p < 0, E[e_p(“”)] < 00
implies that Ry > 0.

(2.22)

Remark 2.5. Note that the exponent p is a quantity which is deduced from the observation of the
epidemic (it is closely related to the “doubling time” of the number of cases). The above results give
us fi and Ry in terms of p and the function X(t). If X(t) is deterministic, then n is also deterministic
and thus

fC'H? /\
fﬁn A(s)e Psds.
If in addition \(t) = X\ > 0, then this simplifies to the well known result

P
Ry = ——7———.
0 e=PS(1 —e—Pm)

0 —

Remark 2.6. Theorem 2.2 and its Corollary generalize Proposition 2 and Corollary 3 in [7], in
the case A(t) = A ¢<i<cqn for some constant X > 0, and the pair (¢,n) is an arbitrary R? ~valued
random vector. In that case, our formulas for Ry reduces to

PE[n]

o = Efe (1 — e )]
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In the particular case where ¢ and n are independent exponential random variables, with parameter

v and 7, the above formula becomes

Ro=(1+2) <1+g>.

From this we deduce the formula in the classical SIR case by choosing v = +00, i.e.,

Rozl—l—g.
Y

3. PROOF OF THEOREM 2.2 AND COROLLARY 2.1
The Corollary follows readily from the Theorem and the fact that, from its definition,
Ry = ﬂ/ooo A(t)dt .
Let us now prove the Theorem. We deduce from the first equation in (2.17) that necessarily

i= (/OOO /_\(t)e_ptdt>_1 .

We first consider the case p > 0. We note that

¢

I(t) = e’ = L/ Fe(t — s)eP®ds,

—0o0

which implies
0 ¢+n L
i=1 / Fe(t)e Pldt = L / e Ptdt = ZE[1 — e PEFM] (3.1)
0 0

p
In the same way, we find

+o00 L
r= 1,/ F(t)e P'dt = “E [e_p(G”)] .
0 p

Together with the condition ¢ 4+ r = 1, this yields (2.20).
Now plugging the expressions in (2.17) into the left hand sides of the equations in (2.16), we
obtain that

1(0)30(t) = / " At s)3(s)ds,
o
T(0)FE(t) = / Fe(t — 5)3(s)ds (3.2)

R(0) 4+ I1(0)Fy(t) = /0 F(t—s)J(s)ds.
Substituting I(0) = ¢ and J(s) = pe”® in the first ;;Ouation, we obtain
iX0(1) = / " At s)per*ds = / TN+ $)pePids = B[Nt + 0)],
that is - 0

<0 EAE+0);0+t<(+1)
YO Seccrn
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which gives the first line of (2.21). Substituting 7(0) = % and J(s) = pe”® in the second equation,
we obtain -
tF§(t) = p/ Fe(t+s)e Pds=PO+t<(+mn),
that is '
Fyt)=PO+t<(+n0<(+n),
which implies the second line of (2.21).
When p < 0, we can check that (3.1) holds with ¢ = —p. This completes the proof.

4. PrROOF OF THE FLLN

4.1. Convergence of (S™V,3V). For the process AN (t), we have the decomposition

AN (@) = MY (1) + /0 t TN (s)ds, (4.1)

where L e
Mjlv(t) = /0 /0 1u§TN(s)©(d87 du)a
with Q(ds, du) = Q(ds, du)—dsdu being the compensated PRM. It is clear that the process {MY (¢) :
t > 0} is a square-integrable martingale (see, e.g., [6, Chapter VI]) with respect to the filtration
{F} :t >0} defined by
t' poo
R = o {BY 0.1 0 00 k1 O Db O, | /0 Ly<rn (o Q(ds,du) ¢ < ¢,

It has a finite quadratic variation

(MI(t) = /t TV (s)ds, t>0.
Under Assumption 2.2, we have ’
0§N_1/tTN(u)du§/\*(t—s), w.p.1 for 0<s<t. (4.2)
Thus, this implies that, in prosbability as N — oo,
(MY (t) = N72 /t TN(s)ds -0 in D,
and by the FCLT for martingales (see, e.g., [1(;3]),
MY -0 in D. (4.3)
As a consequence, we obtain the following lemma.

Lemma 4.1. Under Assumptions 2.2 and 2.3, the processes {(AN,SN) : N € N} are tight in D?.
The limit of each convergence subsequence of {AN}, denoted by A, satisfies
A= lim AV = lim N_l/ TN (u)du, (4.4)
N—o0 N—o0 0
and
0< A(t) — A(s) < XN (t—s), wp. 1 for 0<s<t. (4.5)



Given the limit A of a consequent subsequence of {AN}, SN — § = 5(0) -~ A=1-1(0)— A in D
i probability as N — oo.

Let

IN(0) EN(0)
0@ =N AN, 3L =N Y N@), t>o0.
k=1 j=1

Lemma 4.2. Under Assumptions 2.2 and 2.3,
(jg]\’[l,jé\’g) — (30,1,’3072) mn D2 as N — 00, (4.6)

in probability, where

j ]|

01(t) = TN (1),  Toa(t) := E(O)X(t), t>0.

Proof. Define the processes

} NI(0) . ) NE(0)
T30 ) =N N, 3L =N Y M), t>o. (4.7)
k=1 j=1

By the i.i.d. assumptions for the sequences {/\?(t)} and {/\g’l(t)}, and their independence, and by
the LLN for random elements in D (see Theorem 1 in [16]), we directly obtain the joint convergence
in probability

(ﬁév,ljév,z) — (50,1, 50,2) in D? as N — oco.

It then suffices to show that in probability

(56\771 — jé\’[l,ﬁé\g — ’36\772) — 0 in D2 as N — 0Q. (48)
We have
N(IN(0)VI(0)
3o — 30 = sign(1(0) — IV (0))N ! > (),
k=N (IN(0)AI(0)
and thus,

E=N(IN(0)VI(0)
E|N~! > AP (t)

k=N (IN(0)AI(0)

FYL <A @)V (0) — 1(0)].

By the almost sure boundedness of /\2’1(15) in Assumption 2.2, and by the convergence IV (0)—1(0) —
0 in probability under Assumption 2.3, we obtain that )\Z’I(t) ‘f N)—-T (0)! — 0 in probability. Thus
we have shown that '36\7 11— f_jé\j 1 — 0 in probability. Similarly for the convergence ’36\772 - ’36\772 — 0in
probability. This completes the proof. ]

Let
AN (t)
() =Nt N(t—7N), t>0.
i=1
Before we prove the convergence of ﬁjlv — J; in D, let us first establish a technical result which

will be useful in the next proof.
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Lemma 4.3. Let {X™}y>1 be a sequence of random elements in D. If the two conditions

(i) for all € > 0, supg< i P(| XN (t)| > €) = 0, as N — oo, and

(ii) for all € > 0, lim supy supy<;<r %P(Supogugé XNt +u)— XN(t)| >€) =0, as6—0

are satisfied, then XN (t) — 0 in probability uniformly in t.

Proof. The Lemma is a direct consequence of the inequality (4.21) in [14], which we repeat here for

the reader’s convenience:

P ( supT|XN(t)| > 6) < r sup P XN ()| > /2)
0<t<

T 0 o<i<T

T
+— sup P

sup [XN(t +u)
0<t<T  \ 0<u<s

Lemma 4.4. Under Assumptions 2.1 and 2.2, if A is the limit of the
{AY},
ji\f — jl mn D

as N — oo,

i probability, where

3 (t) = /OtX(t—s)dA(s), £>0.

Proof. Let

AN (t) t
) =N Y A - ) :/0 Nt — 5)d AN (s),
=1

—xN)| > 6/2) .

O

converging subsequence of

(4.9)

t>0. (4.10)

Under Assumption 2.2, applying the continuous mapping theorem, we obtain that in probability,

5{\[ —3J; in D as N — oo.
Then it suffices to show that in probability
VszjiV—ﬁ{V—)O in D as N — oo.

We have

XN (t) clearly satisfies E[x¥(¢)] = 0 and E[va(t)xjv(t)] = 0. Thus,

AN ()

E[VN(#)?*] = N—2E[
i=1

where v(t) := E[(\i(t) — A(t))?] and v(t) < oo under Assumption 2.2.

each t > 0,

N — 0.

VN(t) = 0 in probability, as

X (1) = Nt = 1) = A(

(4.11)

(4.12)

3 y(t_TiN)} :N_lE[/Otu(t—s)dAN(s)}

We easily obtain that for



15

It remains to establish condition (ii) of Lemma 4.3, i.e., that for any € > 0,

lim lim sup [Z} sup P ( sup |VN(t +u) — VN(t)| > e) = 0. (4.13)
00 Nooo L0dicior)  \uel.9)
We have for t,u > 0,
AN (1)
VNt +u) — V(1) -1 Z it +u—1) =Nt - 1)
AN (1)
+ |NT! At+u—7N)=At—1))
i=1
AN (t4u)
+|N1 Z Nt +u—7N) = At +u—1"))
i=AN(t)

1,N 2,N 3,N
=40, FAD HAY
We first note that by (4.2),

sup AN < N(AN(t +6) — AN (t))
0<u<d

< (A2 4+ N (MY (¢ +6) — MY (1)),
so that by (4.3), for any 7' > 0, € > 0, provided § < £/(6(\*)?),
P(SupA >e/3)<]P’(‘MA (t+0) — ()‘>€//\*)

0<u<o

— 0, as N — o0,

and consequently,

T
lim sup [—} sup P [ sup |A ‘ >e| =0. (4.14)
Nooo LO t€[0,T] u€(0,4]

We now consider the ﬁrst term

Agl < N1 Z Z!)\] t+u—7N) =Nt -7V )\153 '<t—rN <ttu—rN<¢]

=1 j=1
AN@®) k
+ANT Z Z 1, N <ed <tpu—rN
i=1 j=1
k AN(1)
MOESY Z N~ Z 1t—r}V§§{<t+u—r;V :
j=1 i=1
The right hand side being nondecreasing in u, we deduce that
k=1 ANU)
sup Aijﬁl P(O)N'T + ¢(6) )+ A Z N Z L Nceicrpsorn

0<u<s —
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So, provided ¢ > 0 is small enough such that ¢(J§) < &/(9A*T),

k-1 AN (1)
P ( supéAi\i’Ll > 6/3) <P (pO)MY () > €/9) +P | \* g N1 E L, Negicpis v > €/9
0<u< . , =S :
AN 7=1 =1

The first term tends to 0 as N — oo thanks to (4.3), and the second term is bounded by

2
k-1 AN (1)

92 . -1
—E A ZN Z L Ncelcirs oy
- i=1

2)(92 t+d—s -
<2k A*ZN T @y s e
t

2
2><92 [(A*ZN / (t4+0—s)— Fj(ts))TN(s)ds)],

where Q;(ds, du,d§) is a PRM on Ry x Ry x R4 with mean measure dsduF}(d§), and Qj(ds, du, d€)
is the corresponding compensated PRM. Observe that

( / In /tm s u<ms)@j<ds,du,d£>)2]

=NE [/0 ( ](t+5—s)—Fj(t—s))TN(s)ds]

2

< NIy /t (Fj(t+6 —s) — Fj(t — s))ds
0

and

E

<N_1 /Ot (Fi(t 40 =) = Byt - 8))TN<s)ds> 2]

¢ 2
< ()\/ (Fj(t+(5—s)—Fj(t—s))dS> : (4.15)
0
The first term tends to 0 as N — oo. The second term is treated as in the proof of Lemma 4.2 in

[14], since F}j satisfies the conditions in Assumption 2.1. We deduce that

T
lim sup [—} sup P | sup ‘ANl‘ >e| =0, asd — 0. (4.16)
N—o0 t€[0,T)] u€l0,0]
We next consider Aﬁ 112. We have
AN ()
Nt At +u—7) =Xt - 7))
=1
k + '
= Z/o E{Aj(t +u—8)(Legi-1<ppu—s — Lei<tqu—s)

~ N (= 8)(Lgm1<r—s — L) JdA (5)
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t
E{P\] (t+u—s) =Nt —9s)(Lg-r1<tru—s — Le<ttu—s)

+ N (t— 3)(15j*1§t+u—s - 15j*1§t—s - 15j§t+u—s + 15j§t—s)}dAN(S)

E ot
W) AN (£) 4 A" Z/ Fy(t+u—s) — Fy(t — 5)|dAN(s).
j=170
The right hand side being nondecreasing in u, we deduce that

sup Atu < (8)AN (¢ —1—)\*2/ (t+6 —s) — Fj(t — s)]dAN (s).

0<u<é

The first term on the right is the same as the one which appeared in the upper bound of Aﬁ 111. We

need only consider the second term. We note that

[R5 =5 = Byt = 91aa"(s) = [[1F(t+59) = B )it} (s

n / (F5(t 48— 5) — Fj(t — )] TV (s)ds.
0

(/ (46— ) — F - s>]dAN<s>)2]
</0t[Fj(t LS —s) — Fy(t— s)]TN(s)ds>2] .

The first term on the right tends to 0 as N — oco. The second term can be bounded by 2(\*)?

times (/Ot[Fj(tJr5 — ) — Fj(t — s)]dS)

which is again the bound in (4.15). The same argument again applies. Hence (4.16) holds with Ai\f Q’Ll

Now,

E

< 9E [(Mj;’(t))z} +2E

2

replaced by Aﬁ 112. Therefore, we have proved (4.13). This completes the proof of the lemma. [
By Lemmas 4.1 and 4.4, we obtain in probability,
/-TN(s)ds:/-SN(s ds—)/S )3(s in D as N — oo. (4.17)
This implies t(;lat in probabil(;ty,
N A= /S )3(s in D as N — oo. (4.18)

Therefore, the limits (S,J) satisfy the integral equations (2.11) and (2.12) in Theorem 2.1. Finally,
the existence and uniqueness of solution to the integral equations follow from applying Gronwall’s
inequality in a straightforward way, and the whole sequence converges. This completes the proof
of the joint convergence of (SN N ) (5’ ) j) in D? in probability.
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4.2. Convergence of (EN IV, RN). The proof for the convergence of (EN, IV, RN) follows es-
sentially the same argument as in Section 6 of [14]. We highlight the key steps and differences
below.

For the initially exposed and infectious individuals, let

N (0) (0)
-1 Z -1 -1
Eo = 1C0>t7 101 E 1 o>t 102 Z 1C0+17]>t’
IN(O) EN(O)
_N _ —N —
Ro,(t) == N ! 17727199 Rpo(t) :=N ' E : 1C§?+n§-’§t-
k=1 j=1

By the FLLN for empirical processes, we obtain the following lemma.

Lemma 4.5. Under Assumptions 2.2 and 2.3,
(Eév7[_(])\7[17fé\,72,R(])\7{1,R(])\7[2) — (EQ,I()J,fQQ,RQJ,RQQ) m D5 as N — 00, (4.19)

i probability, jointly with the convergence (56\771,56\”2) — (30,1,5072) in (4.6), where

Eo(t) = E(0)GG(t),  Toa(t) = I(0)F5 (1), Ioa(t) = E(0)To(t),

Roa(t) = 1(0)Fo1(t), Rop(t) = E(0)Po(t).
Proof. Recall the definition of (’Jévl,JéVQ) in (4.7). Similarly, define (E~'(])V, fé\fl, fé\é,éé\fl,éé\;) by re-
placing EV (0) and IV (0) with N E(0) and N1(0), respectively, in the definitions of (EY’, j:é\fl, fé\’g, Ré\,[p
Ré\fz). To prove the joint convergence of these newly defined processes, because of the independence
of the sequences {\}};>1 and {)\Z’I}kzh it suffices to show the joint convergence of (jév L j(])\,fu Rév 1)
and (ﬁéYQ,EN'(])V ,fé\é,éé\;), separately. By the FLLN for empirical processes, and by the i.i.d. as-
sumption of {)\Z’I}kzl and the definition of 772’[ from )\Z’I in (2.4), we obtain the joint convergence
in probability

(56\{17 f(])\,717Ré\,71) — (50,1, f0,17R0,1) in D as N — .

Similarly, by he ii.d. assumption of {)\?}321 and the definition of ( ]Q,n?) from )\9 in (2.3), we
obtain the joint convergence in probability

(305, By, 105, RYs) — (302, Bo, Iog, Roz) in D* as N — cc.
Then it suffices to show that in probability, as N — oo,

(301 = 301,38 — 300, By — EY Iy — I, 10y — 109, Ry, — Ry, RYy — R,) -0 in DT

The convergence of (56\771 - jé\f 1,56\772 - 56\772) — 0 is proved in (4.8). For the other processes, see a

similar argument in (4.10) and (4.11) in Section 4 of [14]. This completes the proof. O
For the newly infected individuals, let
AN (1) AN (1)
EY(t):=N"" Z Lovise IY(t)=N"" Z Lovp<tarN 4 citm o
j=1 i=1
AN (1)

DN . ar—1
By (t) =N Z LN ggmist -
=1
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Lemma 4.6. Under Assumptions 2.1, 2.2 and 2.3,

(E'{V,f{v,}?{v) — (E1,L1,R1) in D? as N — oo, (4.20)
i probability, jointly with the convergence of ’3{\7 — 71 in (4.9), where
t t
Ei(t):= | G(t—5)S(s)I(s)ds, L(t):= / U(t —5)S(s)I(s)ds,
0 0

Ry(t) := /0 d(t —5)S(s)I(s)ds.

Proof. Let
AN (1) ¢

EV(t) =N G(t-7))= ) Ge(t — 5)dAN (s),

IN(t) =Nt Z Wt —7V) :/Ot\lf(t—s)dAN(s),

BY():=N">" ®t—7") :/tcp(t—s)dAN(s).
. 0

Recall the definition of IV (¢) in (4.10) and its convergence in (4.11).
Define the map I' from a nondecreasing function x € D to the following integral functions:

(/0' Al = s)da(s), /0 G- — 8)da(s), /0 (- — s)da(s), / B(— s)dr(s)) € D"

0
Then given the convergence of AV in (4.18), and applying the continuous mapping theorem, we
obtain the joint convergence in probability:
(ﬁiV,Eu‘{V,ffv,R{V) — (jl,El,fl,Rl) in D* as N — cc.
Then it suffices to show that in probability,
(ﬁiv—’jjlv,E{V—Eva,ffv—ffV,R{V—lv%{V) —0 in D' as N — oo

The convergence JV — IV — 0 is shown in Lemma 4.4 (see equation (4.12)). The convergence
E{V — E{V — 0 follows essentially the same argument as Lemma 4.2 in [14]. The convergence
IN—IN — 0 follows essentially the same argument as Lemma 6.1 in [14]. Similarly for RY —RY — 0.
This completes the proof. ]

Finally, observing that the processes (EV,I", RY) can be written as sums of the processes in
(4.19) and (4.20), and thus applying the continuous mapping theorem, we directly obtain the joint
convergence (EV, IV, RN) — (E,I,R) in D? in probability.
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