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We consider a backward stochastic differential equation, whose data (the final condition and
the coefficient) are given functions of a jump-diffusion process. We prove that under mild
conditions the solution of the BSDE provides a viscosity solution of a system of parabolic
integral-partial differential equations. Under an additional assumption, that system of
equations is proved to have a unique solution, in a given class of continuous functions.
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INTRODUCTION

Backward stochastic differential equations (in short BSDE’s) are new types
of stochastic differential equations, whose value is prescribed at the final
time 7, see Pardoux, Peng [8]. It has been noted in Pardoux, Peng [9] that
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BSDE’s provide a probabilistic formula for the solutions of certain classes
of systems of quasi-linear parabolic PDE’s of second order, and in
particular that BSDE’s are naturally associated with viscosity solutions of
PDE’s.

The aim of this paper is to generalize the above results to the case of
BSDE’s with respect to both Brownian motion and a Poisson random
measure. The associated system of parabolic PDE’s is then a system of
integro-partial differential equations. We prove, under appropriate assump-
tions, that our BSDE has a unique solution. We then put us in a Markovian
framework, in which case a certain function defined through the solution of
the BSDE is the unique viscosity solution of a system of parabolic integro-
partial differential equations.

1. A JUMP-DIFFUSION PROCESS

Let (0, F,(F)»g, P) be a stochastlc basis such that Fo contains all P-nuli
elements of F, and F. ‘—ﬂ5>0~7: ve = Fi, ¢ >0, and suppose that the
filtration is generated by the following two mutually independent processes:

—a d-dimensional standard Brownian motion { W}, and

—a Poisson random measure x on R, x E, where E-AzRZ\{O} is equipped
with its Borel field £, with compensator v(dt,de) = dth(de), such that
{A([0,1] x 4) = (u —v)([0,7] x 4)}5¢ is 2 martingale for all 4 € £ satisfy-
ing A(4) < co. A is assumed to be a o-finite measure on (E, ) satisfying

/ (1 A lel)A(de) < +c0.
E

Let b : R —R?, o : R?— R% be globally Lipschitz and 3: R x E — R?
be measurable and such that for some real K, and for all e € E,

1B(x,e)| < K(1Ale]), xeRY
18(x,e) — B(x",€)| < Klx — x'|(1 Ale]), x,x"€R%

We now consider the following SDE:

dX, = b(X,)ds + o(X,)dW; + / B(X,-, e)filds, de). (1.1)
E

We denote by {X}(x)},,, the unique solution of equation (1.1) startmg
from x at time s = 7, and define X, = X%(xo), ¢ > 0, for some xo € R?.
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Existence and uniqueness, as well as the properties of the solution of
(1.1) are stated in the following result, which follows from Theorems 2.2 and
2.3 in Fujiwara, Kunita [5]:

PROPOSITION 1.1 For each t>0, there exists a version of {X'(x);
x €R? s > 1} such that s — X' is a C*(R%)- valued cadlag process. Moreover

(i) X! and X, have the same distribution, 0 < t < s ;
(ii) X2, Xi.,..., X" are independent, for all neN,0<tg< 1< -+ < 1y;

(ifi) XX =X;oX,0<t<s<r
Furthermore, for all p > 2, there exists a real M, such that for all
0<t<sxx eRY

(iv)

E(sup X (x) — x[") < Mp(s = 0)(1 + |x]7)

t<r<s

(s IX/06) — XI() = (= )P ) < Myls = )z =P

t<r<s

2. BSDEs WITH RESPECT TO BROWNIAN MOTION
AND LEVY PROCESS. EXISTENCE AND UNIQUENESS
OF A SOLUTION

From now on, we fix a terminal time 7 > 0. We define some spaces of
processes. Let S° denote the set of F,-adapted cadlag k-dimensional
processes {Y;,0 < ¢t < T} which are such that

1Yl 2 || sup 17|

0<I<T

< 0.
L3(®)

Let L2(W) be the set of F,-progressively measurable k& x d dimensional
processes {Z;,0 < t < T} which are such that

T 1/2
NZ L2y = (E/O |Z,|2dt> < 00.

By L?(j1) we denote the set of mappings U : Q x [0, T'] x E — RF which
are P ® £ measurable' and such that

HUHU(;‘L)Q(E/OT/EU,(e)zz\(de)dt)l/: 0.

P denotes the o-algebra of F;-predictable subsets of £ x [o,T].
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Finally, we define B2 = 8% x L*(W) x L*(ji). A proof of the next result can
be found in Tang, Li [12], Lemma 2.4.

THEOREM 2.1 Let Q € (LX(Q, Fr, P))* and f: Q x [0, T)x R¥ x R¥Ix [2
(E,E, ;R — R* be P @B @ Bixa x BLXE, &, \; R*)) measurable and
satisfy:

T
(A.1.0) E/O 1£:(0,0,0)*d < oo;

(A.1.ii) there exists K > 0 such that
iy, z,u) = 0 2 ) < Ky = Y[+ |z~ 2]+ {lu = )
Jor all 0< 1< T,y,y e R z,2 € R" u o/ € L2E,E X RF). Then there
exists a unique triple (Y, Z, U) € B* which solves the B.S.D.E.
T T T
YI=Q+/ fs(Ys,Zs,Us)ds—/ Z:dWS——/ /Us(e)ﬁ(ds,de),o <t<T
t t t JE
(2.1)
We now establish a continuity result, which will be useful in the sequel.

PROPOSITION 2.2 Let (Q,f) and (Q',f’) be two data satisfying the
assumptions of theorem 2.1 and let (Y,Z,U) denote the solution of the
BSDE with data (Q,f) and (Y',Z',U’) that of the BSDE with data (Q',f").

Define (AQ,Af)=(Q ~Q'.f—f) and (DAY, AZ, AU)=(Y~-Y',Z-Z,
U —~ U'). Then there exists a constant ¢ such that

E{sup lAY,lZ+/OT(AZ,lzdt—&-/OT/E|AU,(e)|2A(de)dt}

0T

T
< cE[zAQP - [Ninv.z, Uz)izdt]
0
Proof 1t follows from It6’s formula that
T T
E||AY,} AZ %d AU,(e)|*\d d]
[) P [Ciazpass [ [ lav@Pdeds
T
:E[;AQ|2+2/<AYS, Afi(Ys, Zs, U+ (Y Zsy Us) = f (Y, Z7, U) > ds
< E[IAQIZ +cE f THAYSP + ATy, Z,, m)ﬁds]

1

+3 E/T]AZS(zds +%E/tT/E \AU(s, )P A(de)ds



Downloaded by [Aix-Marseille Université] at 02:13 10 April 2013

BSDEsS AND PDEs 61

The inequality which we want to prove, but with “supo<;<7” outside the
expectation, follows from Gronwall’s lemma. We apply again Ité’s formula,
yielding

(AY,|2+/T|AZS|245+/T/mUS(e))ZA(de)ds
t t E

R

T
= |AQP + 2/ (AYs f(Ys, Z, Us) — f1(Y 1, Z, U ))ds

_2/T<AYS,AZSdW5) —/T/(IAYS+AUs(e)|2—IAYS-IZ)[L(ds,de).
! t E

The result now follows from the last identity, Doob’s inequality and the
previous estimate. O

In the sequel, we are concerned by a specific class of BSDEs where both
Q and for each #,y,z,u, the process {f;(y,z,u),t <s< T} are given
functions of the process X’(x) constructed in section 1.

More precisely, we are given two continuous functions

g: RIS RE 100, 7] x RY x RE x RF? x RF — RK

and a measurable function ~ : R? x E — R* such that, for each 1 < i<k,
fi(t,x,y,z,q) depends on the matrix z only through its i-th column z;, and on
the vector ¢ only through its i-th coordinate g;. The first one of these
assumptions is essential for the notion of viscosity solution of the system of
integro-partial differential equations to be considered below to make sense.
The second restriction is less essential, but will be useful for proving the
uniqueness result. We assume specifically that

(A.20) |f(2,x,0,0,0)] < C(1+ [xP), |g(x)| < C(1 + |x[’), for some C,p > 0;

(A.2ii) f=f(t,x,y,2,q) is globally Lipschitz in (y,z,g), uniformly in (¢, x);

(A.2iii) for each (t,x,y,z) € [0, T) x R? x R* x R¥*“ 1 < i < k, the function
p—fi(t, x,y,z,p) is non-decreasing;

(A.2iv) there is some real C > 0 such that, for all 1 < i<k,

0 <v(x,e) <C(1Ale]), xecRiecE
yi(x,e) — vi(x',e)] < Clx = X|(1 A le]), x,x € R%, e c E.
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Under the assumptions (A.2i)(A.2iv), for each 1 € (0,7} and x € Re,
we consider the BSDE

Y;‘i() g X 7(x)) (2.2)
/ A X(), / (5 (XL (%), )N (de))dr

_fs  ()dW, // UL (x,e)fildrde), 1<s<T1<i<k

Note that in (2.2) and in the sequel, f depends on U in a very specific
way. The main reason for this restriction is that we shall need the
comparison theorem (proposition 2.6 below), which would not be true in
general, as it is explained in remark 2.7.

It follows readily from Theorem 2.1

COROLLARY 2.3 For each t € [0, T],x € R?, the BSDE (2.2) has a unique
solution

(Yt(x)a Zt(x)’ Ut(-xv )) € BZ’
and (t,x)— Y'(x) defines a deterministic mapping from [0, T] x R into R*.

Remark 2.4 From Proposition 1.1 (ii) and (iii), and from the uniqueness of
the solution of the BSDE (2.2) we obtain that, for any 0 <t <1’ < T,
x € R?,
(Y5 0 X{(x)), 2! 0 X4(0), Uf (X0(%), Drgscr
= (Y;(x),Z;(x), Ug(x, '))t'sssr in B

Let us denote the deterministic function Y’(x) by u(¢,x) and indicate
some of its basic properties.

PROPOSITION 2.5 Under the assumptions (A.2), the function u : [0, T] x R?
— R* is continuous in (t,x) and for some real C and p,

lu(z, x)| < C(1 + |x]?), (t,x) €[0,T) x R%
Moreover, if g and ft,-,y,2,q) are uniformly continuous, uniformly with
respect to (t,¥,z,q) and bounded, then u is uniformly continuous and bounded.

Proof From Corollary 3.2 in [3], we know that, for any g > 2, there exists
C, >0 such that, forall 0 <t <s<T,x€ R?,

EHY;<x>m+E[( / 2o / T/E U(x, e>|2/\<de)dr)q/2} <C, (1.
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Choosing s = ¢, we obtain the wished estimate for the growth of u(t, x).
We now define ¥%* for all 5 € {0, 7] by choosing Y** = ¥}* for0 < s < ¢.In
order to prove the continuity of u, we use proposition 2.2 to estimate

[Yix) = Y = |Y(x) - YE()P

< E(Osup |Yi(x) — Yf(x')lz)

<s<T

< ¢Elg (X5(x)) - g(X5(x)P
T
+ [ Run)ts, X2, 710, 2400, U2

L (s, X (), Y2 (), ZE (), UL ()| s
and the continuity of # follows from the assumption (A.2v) and the
polynomial growth of g and fin all their variables (except s), which results
from (A.2i),(A.2ii) and (A.2iv).

If moreover g and f{¢,-,y,z,q) are uniformly continuous, then the
uniform continuity of u follows from the same estimate and the
boundedness is immediate. O

Finally, in preparation to the next section, we provide a comparison
theorem for one-dimensional BSDE’s.

PROPOSITION 2.6 Let h:Qx[0,T]xRxR*x R be PRQB®R By® B-
measurable and satisfy

(i) ELf] |h(1,0,0,0)]df] < +oo,

(ii) |h(t,y,2,9) — h(t,y", 2, ¢ < K(ly~y'| + |z = 2|+ g - ¢|), for any
v,y €R,z,7 € Rd,q,tj e R, t€0,7) and for some real K > 0,

(iii) gq—h(t,y,2,q) is non-decreasing, for all (t,y,z) € [0, T) x R x R%.
Furthermore, let v : Q x [0, T] x E — R be P ® E-measurable and satisfy
0<y(e) <C(1Ale]), e€E.
We set

At 2,9) = h(tw,y,, /E w(e)nlw, e)A(de)),

for (t,w,y,2,9) € [0,T) x 2 x R x RY x L2(E, &, \).
Let Q,Q € L*(Y, Fr,P) and let denote by (Y,Z,U) e B (resp.
(Y,Z',U) € B?) the unique solution of eq. (2.1) with final condition Q
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(resp. Q'). Then, if Q > Q', it follows
Y,>Y, for 0<:<T [

The proof using 1t8’s formula follows the argument of the proof of the
comparison theorem [9] for BSDE’s without jumps.

Remark 2.7 1If we impose on f only the assumptions (A.1i) and (A.lii),
then, in general, the comparison theorem does not hold. We give now a

counter-example.
Let E = R — {0}, M\(de) = 6(de) and f(1,w,y,2,0) = ~2¢(1).
Then

t
.M=//pw@mgtgz
0 E

is standard Poisson process, and if we choose
Q=N7andQ' =0,
then
(Ytha Ut) = (Nt - (T— t)707 I{e=1})7
(Y,Z,,U}) =(0,0,0).

Clearly, 0 > Q,but P{Y, < Y}} >0, forall 0 <t < T.

3. ASSOCIATED INTEGRAL-PARTIAL DIFFERENTIAL
EQUATIONS. EXISTENCE AND UNIQUENESS

We consider the system of integral-partial differential equations of parabolic
type
- 'g,ui(lv x) - Lui(t7 X) —ﬂ(t7 X, u(t7 x>7 (Vu,u)(t, X), Biui(t$ x)) = 0)

(1,x) €0, T] x RY, 1<i<k (3.1

u(T,x) = gi(x), x€RY 1<i<k,

where the second-order integral-differential operator L is of the form

L=A+K,
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with

—

2
Ap(x) = 1 Tr(a) S50 ) + ). Vit o € R,

ay(x) = (o(x)a(x)"), ,,
Kip(x) Z/E(w(XﬂLﬁ(% e))—p(x) = Ve(x), B(x,e)))Mde), ¢ € C}(RY),

and B; is an integral operator defined as
Bigli) = [ (olx-+ B(x,e) — (. ON@), o € @,

The functions ¢,b and 3 are supposed to satisfy the assumptions made in
section 1, f, g and -~y shall satisfy (A.2i)—(A.2iv).
For such a system (3.1), we introduce the notion of viscosity solution.

DEFINITION 3.1 We say that u € C([0, T] x R%; RF) is
() a viscosity subsolution of (3.1) if
u(T,x) < gilx), xeRL1<i<k
and if, for any 1 < i < k,p € C*([0, T] x RY), wherever (1, x) € [0, T[xR?
1s a global maximum point of u; — ¢,
d¢
- "5; (t7 X)—A(,D(l, .X) ’-K(S(ui» Lr’)>(ta X) "ﬁ(ta X, Ll(t, x)v
(VQDO')(I, X), Bf(uiz QD)(ta X)) S 0.

for any é > 0 where

K (s, 0)(1,%) = / ({1, ¥+ B(x.6)) — plt, %) — (Viplt, ),

E,

ﬁ(x,e)))/\(de)+/ (u;(t, x + B(x, e))

s

—ult,x) ~ (Vi (t,x), Alx, ))) A(de)

and
B )1, ) = L_ (1,3 = B(x, ) — (1, x)){x, ) A(de)

+ / (ui(t, x + B(x, €)) — ui(t, x))v:(x, e) A(de)
E

13

with Es = {e € E;e| < 8}.
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(i) a viscosity supersolution of (3.1) if
w(T,%) > &(T,x),, x € R 1 < i<k,

and, for any 1 < i< k,p € C*([0, 7] x R%), whenever (,x) € [0, T[xR?
is a global minimum point of u; — ¢,

—=Z(t,x) — Ap(t,x) — K (ui, 0)(1, x) — fi(t, x, u(t, x),
(Vo) (t, x), B (u;, 9) (¢, x)) > 0.

(iii) a viscosity solution of (3.1) if it is both a sub and a supersolution
of (3.1).

Remark 3.2 The introduction of the operators K® and B¢ in Definition 3.1
is necessary: indeed, since we assume only u to be continuous in x, Ku; and
Biu; are not well-defined because of the singularity of A(de) at 0. On the
contrary, since ¢ is a C?-function

(1, x + B(x,€)) — o, ) ~ {Dep(t, x), B(x, €))] < C|B(x, e)f
and
lo(1, x + B(x, €)) — (1, X)wi(x, €) < ClB(x, €)lu(x, e)

for some constant C and therefore the two first terms in the definition of K?
and B’ have a sense.

Non linear elliptic and parabolic equations with integro-differential
terms have been studied using viscosity solutions theory by A. Sayah {10]
and H.M. Soner [11] (see also O. Alvarez and A. Tourin [1]). They consider
either a different class of solutions or a different type of integro-differential
terms. We borrow here some of the arguments of these works but it is worth
mentionning that the particular form of the system (3.1) — linear terms +
Lipschitz continuous nonlinearities—allows us to provide a simpler proof of
uniqueness.

We first give an equivalent definition of viscosity solutions which will be
useful later on.

LEMMA 3.3 In the definition of u being a viscosity sub- (resp. super-)
solution of (3.1), we can replace

Ké(uivsa)(lv X) by K@(t’x)y
Bi(ui,0)(1,x) by Bip(t,x). O
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In the same way, we can replace “‘global maximum point” or “global
minimum point” by “strict global maximum point” or “strict global
minimum point”. The proof of this claim is very simple and we leave it as an
exercise for the reader.

Proof We treat only the subsolution case. If (7, x) is a global maximum
point of u; — ¢, we have

ui(s, ) = (s, y) < i1, x) — (2, %),
for all (s,y) € [0, T] x R Therefore
ui(t,¥) — ui(t,x) < (1, ¥) — (1, x),
for any y € R? and this yields, for any § > 0,
K, 0)(1,%) < Kot x),
B} (ui, ¢) (1, x) < Bip(t, %).

From the inequality given by Definition 3.1, using assumption (A.2iii), we
deduce easily that

Z X) - AQO(Z, X) - K(P(ta X) —ﬁ(tv X, u(x7 [)1 (V‘PU)(E X), Bi‘;o([a x)) S 0.
(3.2)
[t remains to show that this last condition implies that of the definition.

Changing ¢ into ¢ — (p(¢,x) — u;(¢,x)), we may assume that u;(¢, x) =
(1, x),u; < . Moreover we may assume w.l.o.g. that, for all o« > 0, there is

some 7, > 0,71, — 0 as & — 0, such that
o(5,¥) — u;(5,¥) > ng, for all(s,y) € [0, T] x R4 with|(s,y) — (£, x)| > a.

But we will show below that, under these circumstances, there exists a
sequence (i), of elements of C*([0, 7] x RY) such that

(1) ©:(s,3) = (s, 2), if [(s5,) = (t,x)| & (§,1);
(i) wls,y) < 0e(5,5) < @ls,y), if §<{(s,y) = (L,x)| <L
(i) @c(s,¥) = ui(s,y), as e — 0, for all (s,») € [0,7] x R such that
[(s,3) = (&, x)| = 6.
In particular, we have

o d
Ve (1, x) = Vp(t, x), —a“’f-(z, x) = —(;—f(z, x), D2p(t,x) = D*p(t, x).
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Since moreover ¢, (f, x) = w1, x) and @. > u;, it follows from (3.2) that

—gt%(la x) — Ap:(t, x) — Ko (1, x) — fi(t, x,u(t, x),
(Veo)(2,x), Bipe(1,x)) < 0.

Then the property (i) above together with (A.2iii) yields

_gi@(t’ x) — A¢(t=x) - Ké(@5>90)(t=x) _ﬁ<t’xv u(t, x),
(V‘PU)U: x)vB?k(S"aaSD)(tv x)) <0.

Now, using (ii) and (iii), we deduce from the Lebesgue’s dominated
convergence theorem that

lg%Kﬁ(goe,cp)(t,x) = K{S(ui»(p)(l’ X),
l%Bf(@EVLP)(I)x) = B (u;, 0)(1,X),

and letting ¢ tend to 0 in the above relation yields the desired result.

We now prove the existence of a sequence (y.). having the required
properties. For convenience but without loss of generality of the method we
forget about the variable 7 and suppose that we have a ¢ € C2(R¢) and a
u; € C(RY) such that

(@) o(x) = ui(x)
(b) for all o > 0 there is a 7, > 0 such that n, — 0 as « — 0 and

o(y) — w(y) = 7a, for all y € RY with [y — x| > a.

Fix now ¢ € (0,4) and introduce the non-negative function
i
Ye(y) = (w(y) —ui(y) - 5) Lgcioyel ¥ ERY
where n = 1, given by (b) with a = 36/4.

Let X be a non-negative element of C“(Rd) with support in the unit ball
of RY such that

/X(y)dy _1,

and we set

X, (») = p X (), for p>0.
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Since ¢ — u; is continuous, we can find some y. € (0, 8/4) such that

(o —u)(¥) ~ (o —u)(y — 2)| <

&3

for all y,z € RY with |x — y| < 2 and |z| < p..
Finally we define the function

() = o(y) - g X (v = 2)¢.(2)dz, ye R

One checks easily that the following properties hold

y), for all y € R? with |y — x

@) ¢-(r) = o(»), & (32— pe, 1+ pe);
(i) w(y) +7< @:(0) < (), for |y — x| € (§ = pe, +0);
(i) e(y) — u(y), as e -» 0, for all y € R?.

This completes the proof. )

We now prove that our BSDE provides a viscosity solution of (3.1).

THEOREM 3.4 The function u(t,x) = Yi(x), (t,x) € [0, T} x RY, introduced

t
in Section 2, is a viscosity solution of eq. (3.1).

Proof Due to Proposition 2.5, the function u belongs to C([0, T] x R%; R¥).
It clearly satisfies the boundary condition at time ¢ = 7. We now show that
it is a viscosity subsolution of eq. (3.1). A similar argument would show that
it is a viscosity supersolution of eq. (3.1).

Let 1 <i<k,pe C}[0,T] x RY),(t,x) € [0, T] x RY such that ¢ > u;,
©(t,x) = u;(¢, x). Taking into account the corresponding properties of u;, we
can assume additionally that ¢ and its derivatives have at most polynomial
growth as [y| — oo, uniformly in s € [0, T].

Next we note that from uniqueness of the solution of our BSDE, for any
1<s<T,xecRY

Yi(x) = Yi(X5(x)) = u(s, X\(x)).
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Choose # > 0 such that z+ » < T. It follows from the last remark that
fort<s<t+h,

Y00 = wlt+h X (0)) + [ filn X0(x), Y (%), Z; (%),

$

/ Xi(x), e)A(de))dr ~/St+thﬂi(x)dB,

/ o / Ax, €)fi{drde).

Ify € R, z € R*, we denote by (y, %) the k-dimensional vector whose i-th
component equals y, and all the other components equal the corresponding
ones of z.

Consider the one-dimensional BSDE

Yix) = t+hX;+h<>>
/ Al X(3), (7, ¥ (), 2, / T (e)y(Xi(x), €)\(de)
E

- / ~Z_jr'dB, - /t+h Lﬁf(e)ﬂ(drde), t<s<t+h
Taking into account that ¢ > u,, it follows from Proposition 2.6 that
Y > Y (x), t<s<t+h, ae,
and, in particular,
Y > w(t, x) = o(1, x).

Furthermore, putting

$(s) = 2 0(5,9) + Lils,),
B(s,y,e) = p(s,y + By, €)) — ©(s,),

we have by It0’s formula,

t+h t+h
socv,x:(x)):w<t+h,X;+h<x>>—/ w<r,X:<x>>dr—/ (Vo) (r, X:(x))dB

" O(r, X.-(x),e) a(drde).
-1,
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Define, for t < s <t+ h,ec E,
Ph =7 - ols, X1(x)),
Zt =74 — (Vpo)(s, X !(x)),
O%(e) = Ty (e) — (s, X (x), ¢)

It follows from the above identifies that (¥ Z% U*) is the unique
solution of the following one-dimensional BSDE:

+h
§ = / [, XE(x)) +£i(r, X2(x), ¥, 21, O)dr

t+h . t+h .
- [ 2an - [ [ oouarae)
s K E

Y} = (p(r, Xi(x)) + Y1, ¥1,(x))
Z} = (Vpo)(r, Xi(x)) + 2!

0 = / (B(r, X1 (x),€) + () u(X1(x), e)A(de)

where

Hence, by using standard techniques to estimate the squared norm of
the solution (¥*, Z*, U"), we obtain for 1 < s <t +h,

B7 ] | " 2ifa] + 5] | - [iotopaae]

. CE[/SHh]f’fl(l P+ 12+ (L,Uf(e)‘2A(de))l/2)dr},

i.e., for some ¢ > 0,

E]| IA’i’|2]+%<15 [ / - IZflzdr] +E{ / " /E Iﬁf(e)]zz\(de)er>
< et [T+ iatpa]

Hence, in particular

B2y < 2 2] [ e ).

and consequently for some C > 0
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On the other hand,

%(E{ / " IZf]Zdr} +E[ / " /E iUf(e){zA(de)dr])
ScE[/S'M(Wf\Hf”;f)dr]

and therefore, for some C > 0

%(E[/tw 12’:;%} + EU’M/Eu}f(e)h(de)er <cvh, h>0.

We suppose now that
o} .
5, #0x) 4 Lplt, ) + filty x, u(t, %), (Vpo)(t,x), Bip(t, x)) < 0,

and find a contradiction by using the above estimate. Indeed, under the
above assumptions, there exist some § > 0 and some /o > 0 such that, for all
0 < h<hy,

1

t+h
G i=3E [ W)

A0 X, (20 XAl X (), (Vo) (7, X4 (0)),
Biplr, X1(x))]dr
< —6.
Now we have that f’f > 0, hence
0<h'Y"
1

t+h
=7 /[ [(r, XL(x)) + filr, X1(%), (p(r, X3()) + 7, di(r, X(x))),

(Vo) (r, Xi(x)) + 2%, Biglr, X'(x)) + / O (e)n(X(x), €)M(de))dr.

Therefore, tor all 0 < A < Ay,
§ < |hTTYT - g

= CE[%/,WZ (lf’?l izl (/b !Uﬁ‘(e)!zA(de)y/z) ds}
=< (tsilslah E[!?ﬁlz]l/z + (%E[/twh |ZA’,’lzer "

+ GE[ / . L |Uf(e)|z)\(de)dr]>l/2)

< ch'*,
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This is impossible, consequently

- S 63) = Lilt,3) = flt (6, ), (Fip0) (1, ), Big(1,) < 0.

In view of Lemma 3.3, this completes the proof. O

Now we give a uniqueness result for (3.1). This result is obtained under
more restrictive assumptions that the existence one : namely we need the two
following additional assumptions

(A2 V) 'ﬁ(t)xv rp, q) —ﬁ(f,y, D, Q), S ’ni?(lx ’y,(l + ,p’))

for 1 <i <k, where my(s) — 0 when s — 0T, for all € [0, T], |x|, ly| < R,
<R peRY geR (VR < ).
For ~, we assume in addition

(A2 vi) Mi(x,€) =y, €)] € Crix = pl(L Alel’) for 1 < i<k
for some constant C; > 0 and for any x,y € R%, ¢ € E.
Our result is the
THEOREM 3.5  Assume that f,g and v satisfy (42). Then there exists at most

one viscosity solution u of (3.1) such that

lim Iu(t,3c)|e-/i[k’gﬂ"m2 =0, (3.3)
|x|—=+o0
uniformly for t € [0, T], for some A > 0.
In particular, the function u(t,x) = Y'(x) is the unique viscosity solution of
(3.1) in the class of solutions which satisfy (3.3) for some A > 0.

Remark 3.6 Notice that, by Proposition 2.5, u(z, x) = Y!(x) has at most a
polynomial growth at infinity and therefore it satisfies (3.3).

The growth condition (3.3) is optimal to get such a uniqueness result for
(3.1). Indeed, consider the equation

———=—-—=—=—=0 in(0,7T) x (0, +oc); (3.4)
then u is a solution of (3.4) if and only if the function v(z,y) = u(t,e’) is a

solution of the Heat Equation

v 1%
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But it is well-known that, for the Heat Equation, the uniqueness holds in the
class of solutions v satisfying
lim |v(z, y)'e"’imz =0, (3.6)
[y|—=+oo
uniformly for ¢ € [0, 7], for some 4 > 0. And (3.6) gives back (3.3) for (3.4)
since y = log(x).

Let us finally mention that, in our case, the growth condition (3.3) is
mainly a consequence of the assumptions on the coefficients of the
differential operator and in particular on a = (a; ), ;; under the assumptions
of Theorem 3.5, the matrix a has a priori a quadratic growth at infinity. If a
is assumed to have a linear growth at infinity, an easy adaptation of the
proof of Theorem 3.5 shows that the uniqueness holds in the class of
solutions satisfying

lim  |u(s, x)[e"i"‘I =0,
Jxj—+o0

uniformly for € [0, 7}, for some 4 > 0.

Proof of Theorem 3.5 Let y and v be two viscosity solutions of (3.1). The
proof consists in two steps. We first show that ¥ — v and v — u are viscosity
subsolutions of an integral partial differential system; then we build a
suitable sequence of smooth supersolutions of this system to show that
lu— v| = 01in [0, T] x R?. Here and below, we denote by | - | the sup norm in
RE.

LEMMA 3.7 Let u be a subsolution and v a supersolution of (3.1). Then the
Sunction w := u — v is a viscosity subsolution of the system

_%‘? — Lw; — IZ[]M + [Vwio| + (Biwi)+] =0in[0,T] x R? (3.7)

for 1 < i<k, where K is the Lipschitz constant of f in (r,p,q).
Proof Let ¢ € C¥([0,T] x R%) and let (to,x0) € (0,7) x R? be a strict
global maximum point of w; — ¢ for some 1 < i< k.

We introduce the function

P (=
&2 a?

ws,a(I’XaSJ) = ui<t7x) - V,'(S,y) - - 4»0([’ x)

where €, a are positive parameters which are devoted to tend to zero.



Downloaded by [Aix-Marseille Université] at 02:13 10 April 2013

BSDES AND PDEs 75

Since (#p,x0) is a strict global maximum point of u; —v; — ¢, by a
classical argument in the theory of viscosity solutions, there exists a
sequence (7,X,5,7) such that

(i) (%,%,3,7) is a global maximum point of 4. , in ([0, T'] x Bg)* where By
is a ball with a large radius R.

(1) (7,%), (5, y) (0, x0) as (g,a) — 0.
(i) L"—ﬂ— (=9 are bounded and tend to zero when (e,a) — 0.

We have dropped above the dependence of 7, ¥, ¥ and ¥ in ¢ and o for the
sake of simplicity of notations.
It follows from Theorem 8.3 in [4] that there exists X, ¥ € S? such that

(a + %lf(f, %),P + Dy(i, %), X) € D" w3, %)
@p,Y) e D v(5,7)
(o )<=l (777 0)

where

2Ax-3)

g2

and p =

Modifying if necessary 9. , by adding terms of the form x(x) and x(y)
with supports in B 12> We may assume that (7,%,5,7) is a global maximuom
point of ., in ([O T} x R%?. Since u and v are respectively sub and
supersolution of (3.1), we have for § small enough

a-92(0.%) - 5 THa(®)X) - (b(3), 7 + Dol )

““*”'Aw>.é<<zx+mxe» o

Es

—(D(t, %), B(X, €))) A(de) */Ec(uf(ii‘wﬁ(?ae» — w(1,X)

§

- @ + DSD(;’ j)v /8(31 e)}))\(a'e)
— fi§,%,u(1,%), (F + Do(1,X))o(%), B)) <0
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where
_— 2
B-/ (wm o) +'—‘i2—”—) (E, N (@)
/E (i, T+ B(F,¢) ~ o7, D) u(E, )\ (de)
+ [ 7+ 0(%.€) = T B)( M@
E
and
— 2
a- 3y - o)+ [ P
- A(W(@? + ﬁ(y?e)) - vi(gvy) - ([_)7 5(:}7# 8)))/\(0’6)
GG ) 5o, B 2 0
where

N — 2
Ef = /Eé (— (B,8(F,e)) — E%ii) Yi(F; e)M(de)

. / (45,7 + B €)) = vi(5, 7)) (T, e)A(de).
FE

8

It is worth noticing that the y terms we have to add to ., to have a
global maximum point do not appear in the two inequalities above because
3 is bounded and they have a support which is included in By 1, for R large.

Of course, we are going to substract these inequalities and we need to
estimate differences between terms of the same type.

First, if (e; ...ey) is an orthonormal basis of R4,

Tr(a(®)X) — Tr(a(7)Y) = Tr(c"(X)Xo (X)) — Tr(o" () Yo (7))
. 'dl [(Xo(@)en o(R)e) = (YoFle, o(F)e)]
To estimate this sum, we use the matrix inequality above together with
the Lipschitz continuity of ¢. We get
x5

Tr(a(x)X) = Tr(a(y)Y) < C——5—+ Tr(a(X)D*¢(1,%))
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for some constant C. Then
% - 3
o2

I(b(x).p) — (b(7).p)) < C1Ix = 3lp| < C

because of the Lipschitz continuity of 5.

To estimate the differences of the integro-differential term, we strongly
use the fact that (7,%,5,7) is a global maximum point of v, , in ER/2~ From
the inequality

Yeolt, X+ B(X,€),5,7 + (¥, 0)) < ¢:0(1,%,5,9)
we deduce
i1, %+ BF.€)) ~ (E, )] ~ [4(5,7 + B5,)) — (5, 7)]
~ (.5(%,) = A5, ) ~ 5 18(%,) — 60, )
< (B, x+ B(X,e)) — ¢(1,%).

Therefore

[ E7 836 =R, ) — -+ Do), B, NN
- [ 5.7+ 80.0) ~ 1:3) - 7. 65 D))
< / @3+ B(F.¢)) — o, %) — (De(7. %), AT, )]\ (de)

Ej
— _ 5 = 2
. / 5(.0) =BG 4
Eg £
CIx-3

Notice that the last term of the right-hand side is estimated by ~=5&-

&
with C independent of , because of the assumptions on 3. In the same way,

- — 2
B-B< (@, (. e)) + @2—1) (%, €)A(de)

— 2
-/ (@, 3(F.0) + ‘ﬁ%—)’—) (7 )\ (de)
+ [le3+ 8. €)) = o7, Bu(z. )3
+ [ G 3+ 0.€)) = nE N u( ) = (7. DA e)

2

+ [ 10.5(5.0) = 57.€)) + 515G, €) = 7€) x )7 (o)
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Because of the assumption on § and +, the last integral is estimated by -C—%—;E
where C is independent of § and the preceeding one is estimated by C|X — 7|
since v is continuous (and therefore locally bounded) and because of the
additional assumption {A2.vi) made on ~ in the statement of Theorem 3.5.

Finally, we consider the difference between the nonlinear terms
F(6F,u(t, %), (7 + Do(i,3))o(%), B)) - £i(5,7,v(5,9), Po (), BY)

< pea([T = 3) + m'(J% = FI(1 + [po(P)])) + Ku(Z,X) — v(5,7)|

+ Kip(o(%) - 0(3)) + De(7, X)o(®)| + K(B; - B))".

The first term in the right-hand side comes from the continuity of f; in
t:p.s(s) — 0 when s — 0% for fixed € and é. The second term comes from
(A.2 v): we have denoted by m' the modulus my which appears in this
assumption for R large enough. The three last terms come from the
Lipschitz continuity of f; w.r.t. the three last variables and the fact that it is
non-decreasing with respect to the last one.

We notice that

= =2
=/ = - X—Y
plo(®) - o) < L

because of the Lipschitz continuity of ¢ and that

x—7l o) < ¢ f’ .

Now we substract the viscosity inequalities for v and v : thanks to the
above estimates, we can write the obtained inequality in the following way

~%1.3) - A¢(3,7) ~ Kol ) — Ku(t, ) (5.7
— RDp(t, R)o(®)| - R(Bip(T, B))" < pea((T — 5) + wi(e, @) + w£(6)

where we have gathered in the w; (e, ) term, all the term of the form F—jﬁ
and |[x — 7|; wi(e, ) — 0 when (¢, @) tends to 0. The «5(8) term contains all
the remammg integrals on Es. To conclude we first let a go to zero : since
i?— is bounded, |7 — 5| — 0 and we get rid of the first term of the right-hand
51de above. Then we let § go to zero keeping ¢ fixed and finally we let £ — 0.
Since (7,%), (5,7) — (%, x0), we obtain :

% (1, x0) ~ Li(to, x0) ~ R, )| = KiDplt0, 0)o)]
~ K(Bip)* (19, %0) < 0

and therefore w is a subsolution of the desired equation by Lemma 3.3.
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Now we are going to build suitable smooth supersolutions for the
equation (3.7).

LEMMA 3.8 For any A > 0, there exists C; > 0 such that the Sfunction
x(1,x) = exp[(C1(T ~ 1) + A)y(x)]

where

%(x) = flog((|x]* + 1)) + 172,
satisfies

9 - . -
~5§—LX—KX—K]DXUJ—K(B,-X)+ >0 in |1, T] x R

for 1 <i< k where t; = T—/Z/Cl.

Proof We first estimate the terms Ky and By, the main point being their
dependence in x. For the sake of simplicity of notations, we denote below by
C all the positive constants which enter in these estimates. These constants
depend only on A and on the bounds on the coefficients of the equations.

We first give estimates on the first and second derivatives of v : easy
computations yield

1/2
IDU(x)] < %I‘f—t%m <4 iR
and
Do) < CATDEN) e

IxI* +1
These estimates imply that, if 7 € [#;, T)
‘DX(t’ X)[ < (Cl(T_ t) + ‘:i)X(tv X)UM’(XM

[(x)]"

< Cx(t, x)wy

and, in the same way

Y(x)
lxl2 +1

ID?x(1,x)| < Cx(t,x)

It is worth noticing that, because of our choice of ¢, the above estimates do
not depend on C.
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Then, since G is bounded and since 1 is lipschitz continuous in RY
tedious but straight-forward computations imply

P(x)

x(t,x+B(x, €)) ~x (1, x) = (Dx(x,1), B(x,€)) < Cx(t, x) —5—~|B(x,e)[%,
Ix]"+1
and
: 1/2
Xty x + B6,0)) — x(tx) < Cxlr, ) 2 ia(e oyl
(Jxf + 1)

Since o and b grow at most linearly at infinity, we have

ox

- E(t,x) - LX(tv X) - EX(lv x) - ]?‘DX(LX)U(X)‘ - E(BiX)+
> x [Clw(x) — Oy(x) + Cly(x)]' " —~ C Jff - K~ CKy(x)]'?

s )
CK(MZ + '

Since (x) > 1 in RY, by using Cauchy-Schwartz inequality, it is clear

enough that for C; large enough the quantity in the brackets is positive and

the proof is complete., |
To conclude the proof, we are going to show that w = u — v satisfies

lw(t, x)| < ax(t,x) in [0, T] x R?

for any o > 0. Then we will let « tend to zero.
To prove this inequality, we first remark that because of (3.3)

lim |w(t x)}ealé[log((}xf-}-l)l/z)]z —0
~too

uniformly for r € [0, 7], for some A > 0. This implies, in particular, that
|w;] — ey is bounded from above in [¢[, 7] x R? for any 1 < i < k and that

~

M = max max (Jw;] — ax)(z, x)eXT=)
(o = o) (6

is achieved at some point (¢y, x9) and for some i.
We first remark that, since | - | is the sup norm in R¥, we have

M= max (ju] - ox)(t, x)eKT=0
[tl,T]XRd
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and |wj, (0, Xo)| = |w(to, xo)|. We may assume w.l.o.g. that jw; (2, x0)| > 0
otherwise we are done,.

Then two cases : either w;, (1, x0) > 0 or wy, (%9, x9) < 0. We treat the first
case, the second one is treated in a similar way since the roles of  and v are
symmetric.

From the maximum point property, we deduce that

3

wiy (£, %) — ax(t, x) < (Wi, — ax)(to, x0)eX1)

and this inequality can be interpreted as the property for the function
w;, — ¢ to have a global maximum point at (1, xo) where

B, x) = ax(t, x) + (wi, — ax)(to, Xx0)eX=10)
Since w is a viscosity subsolution of (3.7), if ¢t € [#;, T], we have

~ 22 (10 30) = L(t0,%0) ~ Kl x0)| ~ KD (10 x0)o(x0)] ~ (i) < 0.

But the left-hand side of this inequality is nothing but

9 - y
e! —a—f (t0,x0) — Lx(t0, Xo) — Kx(to, o) — K|Dx(to, Xo)o(xq)|

~K(B) (10, 0)|

since wy, (fo, x0) = |w(o, xp)|; S0, by Lemma 3.8, we have a contradiction.
Therefore 19 = T and since |w(7T, x)| = 0, we have

lw(t, x)] — ax(t,x) < 0in [t, T] x RY

Letting « tend to zero, we obtain
lw(t,x){ = 0in [t;, T] x R?.

Applying successively the same argument on the intervals 1, #;] where
= (Zl - A/C1)+ and then, if ty >0 on [l},lz] where ;3 = (12 - A/C1)+ .
etc. We finally obtain that

lw(z, x)| = 0in [0, T] x R

and the proof is complete.
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Remark 3.9 The assumption (A.2 vi) on v is used in the proof to estimate
the difference (B? — BY)*: if u or v is assumed to be locally Lipschitz
continuous this additional assumption is not necessary anymore to obtain
the result of Theorem 3.5.

Moreover if the functions f; satisfy r, — fi(t,x,r,p, q) is non-decreasing
for £5i for any 1€[0,T),xc R peRgeR and (r,...,re-1,res,
..., re) in R*! then easy modifications in the proof show that a comparison
result is true for (3.1). More precisely, if u, v are respectively viscosity sub-
and supersolutions of (3.1) satisfying (3.3) and

u(T,x) < v(T,x) in R
then
u(t, x) < v(t,x) in [0, T] x R

Our proof, which avoids this assumption, is inspired from H. Ishii and S.
Koike [7].

Finally, we want to mention that, under the above monotonicity
assumptions on the f;, the case of semicontinuous solutions can also be
treated. We refer to O. Alvarez and A. Tourin (1] for a complete description
of the properties of semicontinuous solutions for such integral partial
differential equations.

References

[1] Alvarez, O. and Tourin, A. Viscosity solutions of nonlinear integro-differential equa-
tions, Annales de 'Institut Henri Poincaré. Analyse non Linéaire, a paraitre.

[2] Barles, G. (1994). Solutions de viscosité des équations de Hamilton-Jacobi, Mathéma-
tigues et Applications, 17, Springer.

[3] Buckdahn, R. and Pardoux, E. BSDE’s with jumps and associated integral-stochastic
differential equations, preprint.

[4] Crandall, M.G., [shii, H. and Lions, P.L. (1992). User’s guide to viscosity solutions of
second order partial differential equations, Bull. Amer. Soc., 27, 1-67.

[5] Fujiwara, T. and Kunitha, H. (1989). Stochastic differential equations of Jump type and
Lévy processes in diffeomorphism group, J. Math. Kyoto Univ., 25(1), 71-106.

{6] Ikeda, N. and Watanabe, S. (1981). Stochastic Differential Equations and Diffusion
Processes, North Holland/Kodanska.

[71 Ishii, J. and Koike, S. (1991). Viscosity solutions for monotone systems of second-order
elliptic PDes, Commun. in Partial Diff. Equ., 16 (6 & 7), 1095-1128.

[8] Pardoux, E. and Peng, S. (1990). Adapted solution of a backward stochastic differential
equation, Syst. Control Lett., 14, 55-61.

[9] Pardoux, E. and Peng, S. (1992). Backward stochastic differential equations and
quasilinear parabolic partial differential equations, in: Rozovskii, B.L., Sowers, R.B.
(eds) Stochastic partial differential equations and their applications (Lect. Notes Control
Inf. Sci., 176, 200-217) Berlin, Heidelberg New York: Springer.



Downloaded by [Aix-Marseille Université] at 02:13 10 April 2013

BSDEs AND PDEs 83

[10} Sayah, A. (1991). Equations d’Hamilton-Jacobi du premier ordre avec termes intégro-

{11]

{12]

différentiels: Partie I: Unicité des solutions de viscosité; Partie II: Existence des solutions
de viscosité; Comm. in Partial Diff. Eq., 16 (6 & 7), 1057-1093.

Soner, H.M. (1988). Optimal control of jump-Markov processes and viscosity solutions,
501-511 in Stochastic Differential Systems, Stochastic Control Theory and Applications
(Fleming, W H. and Lions, P.L. eds), /M4 Math. Appl., 10, Springer, Berlin.

Tang, S. and Li, X. (1994). Necessary conditions for optimal control of stochastic
systems with random jumps, SIAM J. Control and Optim., 32, 1447-1475.




