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Key object

Population in space under stochastic evo-
lution

e resampling (pure genetic drift)

e Mmutation

e Selection

e Mmigration in geographic space



Phenomenon in focus:

e Invasion by rare fit mutants

e Successive hierarchically structured in-
vasions drive evolution with increasing
fitness in times of vastly different or-
ders of time.

e Space determines a new faster speed
of invasions.



Goal

Model invasion by fitter rare mutants
in a spatial context

Exhibit stasis/punctuated equilibrium

Exhibit longterm random effects of short
scales on subsequent large scales

Mathematical framework for quasi-equilibria

Mathematical Framework:

— Interacting collection of Fleming-Viot
diffusions with selection and muta-
tion

— Interaction via migration.



Scenario for stasis
(punctuated equlibrium)

Phase O:
M types of lower fitness in selection-mutation
"equilibrium”

Phase 1:
T rare mutation, emergence type of higher
fitness

Phase 2:
Fixation on types of higher fitness

Phase 3:
Neutral equilibrium on types of higher fit-
ness

Phase 4:
M types of higher fitness in selection-mutation,
"equilibrium”



Phase 3,4: very long time spans
Phase 1: long time span (spatial effect)
Phase 0,2: short time spans

Focus: Phase 1,2.



Two-type model
Space: {1,--- ,N} (hierarchical group)

State space: [0,1]Y or AY

(1)
X(@t) = {(zp (5,))i=1.. 8 , £=1,2}.

Given are:
{(wz(t))t207 1= 17 7N}

I.i.d.-standard Brownian motions,
the initial state X(0) with

(2)

(3) $2(’L,O):O, \V/’I/:].,,N

and parameters

(4) ¢, d,m,s > 0.



System of 2N coupled SDE

(5)
day (i,t) = (c(N z zy (§,1)) — a5 (i, 1)) dt
le N (i, t)dt
—I—s(a:2 (i,t)ac]lv(i,t))dt
+y/d - zo(i, )1 (4, t)dw;(t), i€ N,
(6)
dzy (i,t) = (c(N z 7 (4,8)) — 27 (i,t))dt

le N (i, t)dt

—ST75 N, t)a: (2, t)dt

—Jd- 2 (i, )l G, t)dwi (), e N
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Global description:

_ 1 X
(7) =N = N; 5,8y € PO, 1])

Local description:

(8)
{#5'(1,t),-- , 25 (L,t)} , Lfixed, L CN.

N — oo, what do we expect for phase 1,27

O(1): Some of the components of
Size order 1

élog N : positive fraction of sites reaches value ¢
O(1): If most components are > g, then in
finite (deterministic) time later fixation,

meaning type-two mass > 1 — 9.



Emergence - Fixation

Theorem 1
There exists a € (0,s) such that:

(9) 5[(—1 Ljog N—l—t)teR]N:_f;ﬁ[(ﬁt)tER]’

10
e £[(a:]2\7(1, % logN +t),--- ,QBJQV(L, % l0g N 4+ t) Rl
]ﬁoﬁ[(%)tem]-
Theorem 2
(11)
£ttf_:;50 : Lttz_zél, (emergence-fixation)
L:((0,1)) =1 a.s., (true time-scale)

L is truely random (rare mutation effect)
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Random Emergence

Deterministic Fixation

Theorem 3

(a)

(b)

(et (J)’lxztux)) Y

t——00
0 <*W < o0 a.s. ., Var(C*W) > 0.
NLier >, e [xLi(dz) — 1,
t——00

_ : __ log* W
(Lf)ier : solves McKean-Viasov equation,

Lr= Law (w1 o Y*(t)).
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Growth rate: o«

Growth constant is random: *W.
Time shift is random: *&.

*E,* VW reflect early events at time O(1)
somewnhere in space.

o arises from interplay between migration
and selection, which makes o < s.
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Propagation of chaos:

1
(12) m = (m(D)sep : m(t) = [ oL} (dx)
0]

(13)
Y*om() = (y(1,¢t),--- ,y(L,t)),

{(y(i,t)>0, ¢=1,---,L} i.i.d.
dy(i,t) = c(m(t) —y(i, t)dt

+s(y(4,0) (1 —y(i, t))di

+y/d-y(, ) (1 — y (@, 8))dw; (b).

(14)
LI O)rerl = [ LI (®)ealdm.

Theorem 4
(15) LI(YDier] = LI xg)ier]-
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Droplet description

Droplet total mass:
N

(16) 25 (1) = > 25 (5,1)

i=1
Atomic random measure representation of
droplet:

N

(17) 37]5\] = Z ZIZJQV(i,t)5a(i) ;
1=1

{a(£)}peny  i.i.d. [0, 1]-valued according to
uniform distribution.

Palm measure:

Typical configuration, i.e. configuration
seen from a typical type-2 individual.
(18) pf = LUz ()i =1, , N}

Set
(19)
pe(A) = z2(1,1)

[2o(1, t)du (dX) 1 4(X)dp(X).
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Limiting droplet dynamic

T heorem 4

(20)
(a) ﬁivj\i:;ﬁ?o , Vt>0.
(b) ﬁ[(fjgv(t))tzo]]ﬁoﬁ[(fQ(t))tzo] , Vt>0.

(c) ﬁ[(JiV)tzo]]ifoﬁ[(Jt)tzo]-

Remark: (J:):>0 can be described by a
stochastic equation using Ito’'s excursion
theory of subcritical Feller diffusions.
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Droplet growth
Theorem 5

There exists an o™ € (0, s) such that:

Lle=" ([0, 1])], = L[W*],
(21) t—o0
0 < W*"< o a.s.,

(22)
A ==n , [ supported on (0, 1)N.

t—o00

Theorem 6

Let ty = o(Z1og N). Then:

(23) Lle NIV ([0, 1] = L£IV]
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"EXit = entrance”

T heorem 7

(24) o = «

(25) L[*W] = L[W7].

17



Remark on 2M types

M types on each of two levels:

e o gets smaller (Now effective fitness
over lower order types is relevant).

e random frequencies of fitter types at
fixation occurs
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McKean-Vlasov equation:

d
26) —L; = L:G*
(26) — Lt ¢

with:

(27)
G™ adjoint operator to Generator G to (12), (13).
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Limiting droplet dynamic

Theorem 8

(28)
t 1q(s,a)
I=Jot+ /) | | w(t—s)da N(ds,da,dq,dw)
00 0 Wy

q(s,a) =m+cI™ ([0,1])
and the intensity measure of the random
measure N is:

(29) dsdaduQ(dw).
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The excursion measure (Q arises from

(30)
dy(t) = —cy(t)dt + sy(t)(1 — y(t))dt

+/d - y(&)(Q - y(8)dw(t)

y(0) = ¢
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Branching Approximation

(31)
dy(t) = a — cy(t)dt + sy(t)(1 — y(t))dt

+/dy () (1 — y())dw(t)

(32) a small : May survive.

(33) ma—cy(t)dt + sy(t) +/d-y(t)dw(t)
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(34)

s < ¢ subcritical branching

s = c¢ critical branching } extinction

(35)
survival with

s > ¢ supercritical branching } Zof'fgrrzbsralgﬁy'

enough.
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