Probab. Theory Relat. Fields 97, 211-229 (1993)

Probability
Theory it

© Springer-Verlag 1993

On the regularization effect of space-time white noise on
quasi-linear parabolic partial differential equations

Istvan Gyéngy'* and E. Pardoux® **

! Dept. of Probability Theory & Statistics, E6tvos Lorand University Budapest, Mizeum krt.
6-8, H-1088 Budapest, Hungary
2 Université de Provence, Mathématiques URA 225, F-13331 Marseille Cedex 3, France

Received June 22, 1992; in revised form April 13, 1993
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1 Introduction

We consider the quasi-linear stochastic partial differential equation

0* 62
ou 5 &X) =2z ult, ) +f W)t x) + = Wt x) (Eq(f))

with Neumann boundary condition

(—;?—u(t()) iu(“) 0 te[0,T]

and the initial condition
u(0, x) = up(x) xe[0,1]

2

otox

a function

where

W is a space time white noise, and f(u)(t, x) denotes f{t, x, u(t, x)) for
10, T]%x[0,1]xR—>R.
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The solution is understood in the generalized sense defined in Walsh [10]. It is
well-known from [10] that the above problem admits a unique solution if fsatisfies
a linear growth and a Lipschitz condition. In [2] we prove that there exists
a unique solution even in the case when f'is locally bounded and only measurable.
Moreover a comparison theorem for the solutions of such equations is obtained,
which generalizes the comparison theorem of [1]. In the present paper we extend
these results to the case when f is not even locally bounded, but it satisfies only
some integrability condition. We use the methods of our paper [2]. The important
point is that we can extend our estimate from [2] on the distributions of the
solutions of Eq(f) to the case when an appropriate power of fis locally integrable.
Moreover we show also that the solution depends continuously on the initial value
uo, and we approximate it in C([0, 7] x [0, 1]). This implies, in particular, that the
solution is a C[0, 1]-valued Markov process. We remark that using the exponen-
tial estimate of Theorem 3.2.1 of the present paper one can also show its germ-field
Markov property by the method of [7].

In the last section we adapt the results obtained for (Eq(f)) with Neumann
boundary condition to the case of the same equation with Dirichlet condition.

We note that for measurable locally unbounded f the equation (Eq(f)) without
the space-time white noise may not have a solution, or it may not be unique (and
the continuous dependence onzthe initial value may fail). Obviously our results are

2

. 0 .
ion W(t, x) instead of Frrm W if ¢ £ 0. That means

arbitrary small space-time white noise regularizes the quasi-linear PDEs with
irregular non-linearity of above type.
In the proof we make use of the fact that the solution of Eq(0) is a Gaussian

random field of which density has the estimate given by Proposition 3.2.3 below.
2

Getting similar estimates one can extend our results to the case where Fyw is
replaced by the more general operator X

also valid for Eq(f) with ¢

2

a(t, x, w) -;;—2 + b(t, x, w)% + cl(t, x, W),
provided a, b, ¢ are progressively measurable, bounded and a(z, x, w) = 4 > 0.

Finally we note that the solutions we deal with are strong solutions in the sense
the distinction between strong and weak solutions is made in the theory of SDEs.
Analogous results for weak solutions of finite dimensional SDEs are obtained in
Portenko 8], in Stummer [9] proving Girsanov theorem with locally unbounded
drifts, and in [4] using deep estimates from [5]. (See also the references of these

papers.)

2 Formulation of the problem and the results

Let (2, #,(F )20, P) be a stochastic basis carrying a space time white noise W on
R, x[0,1]. That means we are given an application W:ZR, x[0,1])
—L,(Q, #, P) such that

(i) VA, Be Z(R, x[0,1]) with 4~ B =@, W(A4) and W(B) are independent
Gaussian random variables:

(i) VCe#B[0,1], {W([0,£]xC):t 20} is an F,-Brownian motion with
covariance tA(C) where 4 is Lebesgue measure.
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Let also be given an &% y-measurable C([0, 1])-valued random variable u, and
a function

iRy x[0,1]JxR—-R

which is Z(R; x [0, 1] x R)-measurable.

We use the notation #(V) for the Borel g-algebra on V (for a topological
space V) and & for the progressively measurable subsets of R, x Q.

We now give a rigorous meaning to Eq(f) from the Introduction.

We say that a £ ® #[0, 1]-measurable and continuous random field
u = {u(t, x):te [0, T'], xe[0, 1]} is a solution (on the interval [0, T]) of Eq(ue; f)
if for any ¢ € C%([0, 1]) s.t. ¢’(0) = ¢'(1) = 0,

1 1 t o1 2
S u(t, x)o(x)dx =0f uo(x)p(x)dx + [ f [u(s, x) % @(x) +f@)(s, x)ﬁo(x)] dxds
0 0 0

+ [ o@Wisd9 te[0,T] @s)
0 0

where the last integral is a Wiener integral, and

J@)(s, x):=f(s, x,u(s, x)) .
When f'is bounded then u is a solution of Eq(uy; f) iff u satisfies

1
ut,x) = [ Gix, y)uo(y)dy

<

+ f f Gi—s(x, ) fW)(s, y)dyds + [ [ Gi—(x, y) W(ds, dy) 2.1)
o 0

0 O
t=20, 0=x=<1 (as)

where

_ 1 & (y—x—2n? (y + x — 2n)?
Gi(x, y) = \/%FZ_OO {CXP( — —4t_——> + eXP( —4—1‘)}

is the fundamental solution of the heat equation on R, x [0, 1] with Neumann
boundary condition (see [10]). It is well known from [10] that Eq(u,;f) admits
a unique solution when fis Lipschitz in r and satisfies the linear growth condition.
Moreover in this case one has the following comparison of the solutions: If 4 and
v are solutions to Eq(ue; f) and Eq(v,; F) respectively where uy, v are C([0, 1])-
valued #,-measurable random fields and f, F are Lipschitz functions in r s.t.

ug(x) L vo(x) (as.) forall xe[0, 1]
ft,x, ) £ F(t,x,r) dt®dx aef(,x) forallr,

then u(z, x} < v(t, x) a.s. for all ¢, x. (See [1].)

In [2] we extended these results to the case of locally bounded f, which are only
Borel measurable. In the present paper we show that an existence and uniqueness
theorem and a comparison theorem hold even without assuming that f is locally
bounded. Instead of the local boundedness of f we assume a condition on local
integrability of f.
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To formulate the results let L, ., denote the space of Borel measurable
functions f: [0, T]x[0,1]xR >R s.t.
5

LN
[flpp,0:= sup (f(flf(t,x,r)|"dr>pdt>ﬁ< 0 .

xe[0,11 \ O

If f does not depend on x &[0, 1] then we write f € L, g instead of f €L, 5 , and
{f]p.p instead | f], 5 -

The main result (Theorem 2.7 below) is an existence and uniqueness result for
Eq(uo; f+ g), where fis in some L, ,, and g is locally bounded and satisfies
a growth condition with respect to r. We now state our results. The proof of
Theorem 2.1 and Theorem 2.5 will be given in the last section, while the other
results (except for Theorem 2.6, whose proof is very close to the uniqueness proof in
[2], and which we therefore do not repeat) will be deduced below from Theorem 2.1.

Let {uo,} be a sequence of C([0, 1])-valued #,-measurable random variables
and let {f,} be a sequence of Borel functions f,:[0, T]x [0, 1]x R —> R, s.t. the
following conditions hold:

(1) ugn — uo almost surely in C([0, 1]);
(i) f(t, x,r) > f(t,x, 1) dt @ dx ® dr a.e.
(iii) there exist a constant C and a function FelL,; ., for some p>1,
B > 4p/(4p — 1), such that

i, x, > S C+F(t,x,r) dt®@dx@dr ae.

Theorem 2.1 Assume (i)—(iii). Suppose that f, is Lipschitzian in reR for each n,
uniformly in (t, x, ¥)e[0, T]x [0, 11 x [ — R, R] for each R. Then the solution u, of
Eq(uon; f,) converges almost surely to a random field {u(t, x); (¢, x) [0, T] %[0, 1]}
uniformly in (t, x)€[0, T} x [0, 1]. Moreover u is uniquely determined by ug and f,
and it is a solution to Eq(ug;f).

This theorem motivates the following temporary definition:

Definition 2.2 A solution u to Eq(uy;f) constructed by Theorem 2.1 is called
a constructable solution of Eq(ug; f).
Thus Theorem 2.1 implies the following existence and uniqueness result:

Theorem 2.3 Let uy be an F y-measurable C([0, 1])-valued random variable and let
f be a Borel measurable function s.t.

lft,x, )2 < C+ F(t,x,r) dtQ dx @ dr ae.

where C is a constant and Fe L, 4 ., for some p > 1, f > 4p/(4p — 1). Then Eq(u,; f)
has a unique constructable solution u.

Proof. For non-negative integers m, k we set

Jmrt, x, 1) 1= mfx(mz)f(k)(t, X, r—2)dz, fo:=ka(fv(—Fk) (2.2)

where «x is a non-negative smooth C¢° kernel. Then one can choose some sequences
{mk)}e2 1, {k(n)};2, of non-negative integers, such that |F — F,|, 5 o < 27" for
every n and f, »f dt ® dx @ dr a.e. as n— oo, where [, := fuamy.rm and F, is
obtained from F by smoothing it with the kernel k,(z) : = m(k(n))x(m(k(n))z). Then

|f,]2 < 2C + 2F, < 2C + 2F’
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with the constant C and with F':= F + X,|F — F,|, which belongs to L Thus
we can apply Theorem 2.1 to the sequence of Eq(ug; f,).

Theorem 2.1 implies also the following result on comparison of constructable
solutions:

P, B, *

Theorem 24 Let u™® and u'® be constructable solutions of Eq(u(";f™) and
Eq(u{?; f®) respectively where u is an F o-measurable C([0, 1])-valued random
field and f® is a Borel function s.t.

L9, x, )< C+F9 x,r)dt®dx®@dr ae.

with a constant C and a function FPe L, g, ., for some p; > 1, B; > 4p;/(4p; — 1) for
i=1, 2. Assume that

ulP(x) S uP(x) as. for ae. xe[0, 1]
P x ) SfP0xrnd®dx@dr ae
Then almost surely u'M(t, x) < u®(¢, x) for all t, x.

Proof. Define £\’ and £’ by (2.2). Then there are some sequences {m(k)} 1,
{k(n)},% 1, such that £, := £ . satisfy the conditions of Theorem 2.1. Since
"®) is Lipschitzian in r for every n, we have

uM(t, x) £ ulP(t, x) as. foralls,x

for the solutions u{" and u® of Eq(u{"; f,!") and Eq(u$?; f,*’) respectively. Hence,
taking n —» oo we obtain Theorem 2.4 by Theorem 2.1.
Using Theorem 2.4 Theorem 2.1 can be generalized as follows:

Theorem 2.5 Let u,, be a sequence of F,-measurable C([0, 1])-valued random
variables and let f, be a sequence of Borel functions, satisfying (i}iii). Then the
solution u, of Eq(u,,; f,) converges almost surely to a random field {u(t, x):t€[0, T],
xe[0, 17}, uniformly in (t, x) € [0, T] x [0, 1]. Moreover u is uniquely determined by
ugy and f, and it is the unique constructable solution of Eq(ue; f).

Next one may ask the following question: Is there a nonconstructable solution?
For this we have the following answer.

Theorem 2.6 Assume the conditions of Theorem 2.3. Then every solution is construct-
able.

Proof. One can repeat our theorem on uniqueness from [2] (Th. 4.2) without
essential changes.
Finally we note that one can weaken the conditions on the drift fas follows. Let

g: Ry x[0,1]xR->R

be a Borel function which is locally bounded, and has one-sided linear growth, i.e.,
there exists a constant L such that

rgt,x,) <L(1+7+?); t=20, 0<x<1, reR.
Then our existence and uniqueness theorem can be formulated as follows:

Theorem 2.7 Let g be as above. Assume the conditions of Theorem 2.3. Then there
exists a unique solution to Eq(ue;f + g).
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Proof. Repeating the truncation procedure for g from Sect. 5 of [2] we get this
result from Theorems 2.3 and 2.6.

3 Preliminary results

In this section we establish the basic tools of the paper.

3.1 Girsanov transformation

Let (2, #, %50, P) be a stochastic basis carrying a space-time white noise W on
[0, 7] x D where D is a Borel set of R%. That means the conditions (i) and (ii) from
paragraph 2 are satisfied with D in place of [0, 1].

Let {g(t,x):t 20, xeD} be a ZR.) ® F ® #(D)-measurable random field,
such that g(¢, x) is #,-measurable for every ¢ = 0 xe D, and

T
[ [t x)dxdt < oo as.
0O D

Define the measure P by

NIP—‘

dP = ZdP, Z-exp(f [ g(t, x) W(dt, dx) —

D

ffg"‘(t,x)dxdt).

0
The following result is proved e.g. in [3].

Theorem 3.1.1 Assume that P is a probability measure. Then under P the application
W:%([0, T]xD)— L,(Q, %, P) defined by

W(C) = W(C) — fT [ cg(t, x)dtdx  for Ce B([0, T1x D)
0 D

is a space-time white noise on [0, T] x D.

Corollary 3.1.2 Let u = (u(t, x)) be a Z ® #([0, 1]) measurable random field on
[0, TIx[0,1] and let f: R. xQx[0,1]xR—R be a Z ® %([0, 1] x R) measur-
able function such that for every ¢ € C*([0, 1]) with ¢'(0) = ¢’ (1) = 0, for dt ® P a.e.
(t,we[0, T]xQ2

1 1 1 1 2
fu(t, x)(x)dx =fu(0, x) o (x)dx +f f [u(s, X) % @ (x) + f(w) (s, x)go(x):| dxds
0 0
+ f f o(x)W(ds,dx). dt®P ae. (t,»)e[0, T]1xQ . (3.1.1)
Assume that u(0)e C([0, 1]) a.s., and that

Eexp(— fT flf(u)(s, x) W(ds,dx)—% fT jl'fz(u)(s, x)dxds) =1. (3.12)
0 0 0 0

Then u has an a.s. continuous modification which solves Equ(0); f) on [0, T'].
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Proof. Define the measure P by

d13=deP, yr = exp( —folf(u)(s, x) W(ds,dx) —% fole(u)(s, x)dxds) .
0 0 9 0

Then P is a probability measure by (3.1.2) and by virtue of Theorem 3.1.1 for every
e C?([0,1]) with ¢’(0) = ¢'(1) =0, for dt ® P a.e. (t, w)

1 1 t 1 2

[ u(t, )ox)dx = [ u@©, x)ex)dx + [ [ uls, x)a—i—z(p(x)tdxds
0 O

¢ 0

+ ft fl o(x) W(ds, dx) .
0 o

with the P-white noise W(ds, dx) := f(u)(s, x)dsdx + W(ds, dx). Hence

u(t,x) = [ Gix, )u©, y)dy + [ [ G,—i(x, y) W(ds, dy) (3.1.3)
0 0 0

for dt ® P®dx ae. (t,w,x)e[0, T]x Q2 x[0, 1]. Define now ii(t, x) by the right

-~

side of (3.1.3). Then ii is P-almost surely in C([0, 7] % [0, 1]). Hence P-almost
every weQ (3.1.1) holds for all te[0, 7] with & in place of u. Then P-almost every
weQ (3.1.1) also holds for all te[0, T'] with 4 in place of u. Consequently i is
a solution of Eq(u(0); f).

3.2 A priori estimates

In the next theorem we formulate the important estimates we use for the solutions
of Eq(u; f). We recall that the Borel functions

F:[0, T]Ix[0,1]xR—-R, h:[0,T]xR-R

are said to belong to L, , o, and to L, , respectively, if

‘ T/ ® ;, 1/a
|F|:=|F|paw:= sup {f( f |F(t,x,r)|”dr> dt} <

xe[0,1] 0 -0
T e} ; 1/a
Ihlp,a:=< f ( f lh(t, r)lpdr) dt) < o0 .
0 —
For ve C([0, 1]) we use the notation ||v]| := sup |v(x)|. The basic assumption on
xef0,1]

the Borel function fis the following:
(BE) For dt @ dx ®dr ae. (t, x, )e[0, TIx[0, 1] xR
1ft,x,n* < C+F(t,x,7)

where C is a constant and FeL,; ., for some p > 1 and f > 4p/(4p — 1).
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Theorem 3.2.1 Assume (E). Let u be the solution to Eq(ug; f). Then the following
estimates hold:

@) for every y>1,6>0and T>0
E{(exp(— dlluol)lu(t, x)|"} <K

forallte[0, T'], xe[0, 1] where K is a constant depending on C, p, B, | F |, 5,  from
(E) and on 4, v;
(ii) for every Borel function h:R, xR—>R

T
E [ h(t,u(t, x))dt < K|h|,,

0

Jfor every xe[0, 1] for every q > 1 and a > 4q/(4q — 1), where K is a constant
depending on C, p, B, | F|, 5 - and on g, o;

(iii) there exists a real analytic function A such that for every Borel function h:
R, xR->R

E eXp( leh(& u(s, X))IdS> < A(|hly,q)

Q

Jor every xe[0, 1], and for every g > 1 and o > 4q/(dq — 1).
The proof will follow after some propositions.

Proposition 3.2.2 For every solution u of Eq(uo; 0) the statements (1)-(ii} of Theorem
3.2.1 hold.

Proof. By (2.1) we have u{t, x) = 5(t, x) + &(¢t, x) for every te[0, T], xe[0, 1]
where

t
é(ta x) = f Gt—s(x: y) W(dss dy)
0
is a Gaussian random variable with E£(t, x) = 0, variance

t 1
o*t,x)= [ [ Gi(x, y)dyds,
0 0
and
1
n(t, x):= [ G(x, yyuo(y)dy .
0
Note that ¢2(t, x) < K and |4(t, x)| < K||uo]|| for all te[0, T], xe[0, 1] where
K = K(T) is a constant for each TeR . Hence (i) and (ii) are obvious.

Proposition 3.2.3 If u is a solution of Eq(ug;0) and h:R. xR —> R is a Borel
function then

T/ 2
;0/7,0>£C f <(t_—t0)1/z_‘{|h(t,r)lqdr> dt

to

E< fT h(s, u(s, x)) ds

to

Jor every xe[0, 1], t,e[0, T] and g > 1 where C is a constant depending only on
qand TeR, .
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Proof. We have the decomposition u(t, x) = #(t, x) + £(t, x) for every te[t,, T'],
x€[0, 1] where

é(ta X)ZZ f Gt—s(x7 y)W(dS’ dy)

is a Gaussian random variable which is independent of %, . In particular, £(z, x) is
independent of the variable

1
n(t, x):= [ Gi—y (x, Yulto, y)dy .
0
Note that E£(¢, x) = 0 and

62(t, x):= EEXt, x) = fl flG,Z_S(x, v)dyds

to O
© ] toeq ! (y — x —2n)? (y + x — 2n)*
> . - —— 7 . 7
=n=Z_:w2n Of - Of {exp( 5 + exp > dyds
1 t— tol a0
g—z—; [ = fexp ——>dzds— =/t —tg
0

for every xe[0, 1] and te[¢,, T]. Note also that (¢, x) is #,,-measurable for every
telty, T}, x€[0, 1]. Hence

E( fT h(s, u(s, x))ds

T ] 1 r2
{ (s 3 - f h(s, n(s, x)+r)exp< 2m>alrds

1 7 . ; 1 rp ’
ﬁ f {a(s x)(flh(s 7)) dr) <fexp< 576, x)>dr> }ds

T(\/ﬁ / Ih(t,r)l‘ldr>adt
——

%0> = fTE(h(S, n(s, x) + (s, X)) F,) ds

lIA

II/\

-
—1\2a 1 1

by Hélder’s inequality for every g > 1 where C := (q_) ! , and E + 5 =1
q

Corollary 3.2.4 Ifuis a solution of Eq(ug; 0)on [0, TTand h: R, xR — Ris a Borel
Junction, then for every g > 1 and o > 4q/4q — 1

« 1
E( [ his, uts, x))ds|97,o>§K<fT<f|h(s, r)|qdr>qu>f

o to R

Jor every xe[0, 11, toe[0, T] where K is a constant depending on q, o, T.
Proof. By Hélder’s inequality for every g > 1

1 a i
T<\/if|h(t r)lqdr> dng( ) <f|h(s, r)|4dr>qu)“
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r Y
= < f@— to)‘4th>
to
is finite if o > 44/(4g — 1).

Proposition 3.2.5 Ifu is a solution of Eq(u,; 0) and h is a Borel function then for every
T=z0,q9>1,0a>4q/(4q — 1) there is a real analytic function A s.t.

where

E exp( fT h(s, u s, x))ds> < A(|hlg,q) (3.2.1)
0
for every xe€[0, 1] where

!h|q,a:= (f( _7 |h(S,r)lqdr>EdS>E.
0 -

Proof. (Similar method of getting exponential estimates is used may be first by
Khasminskii.) We fix x€[0, 1] and for the sake of notational convenience we omit
the arguments of u below. Clearly

Eexp< [ 1hs, u(s))lds> =1+ i —E< fT|h(S,u(s))|ds>n

=1+ Z E(;}—'E[ / Ih(si,u(si))]dsi> =1+ 1I,

= =10 n=1
(3.22)
where
T T T
Li:e=E [ [ ... [ h(sy,u(sy)) ... h(s,, u(s,))ds, ... ds;.
0 s1 Sp—1
By Corollary 3.2.4
T T i_
E( S 1h(s,, u(sn))ldsn!?W)éC( / lh(Sn)Ist,.>
where
) 1
@ a
[h(s), = ( f Ih(s,r)lqdr> .
Hence
T T T T é
LSCE [ [ .. [ h(sl,u(sl))...h(snﬁl,u(sn_l))< f Ih(s,,)|z> ds; ... ds,_1.
0 s Sno 1 Sn—1t

Applying this argument again, conditioning by %;, ,, then by %, _, and so on,
finally by #,, we get

1
T T T x
I,,§C"<f [ o [ 1R - | h(s,)I2 ds, ...dsl>

Sn_1
n

= C"(n!)” (fT |h(s) I“) (3.2.3)

0
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from every n, where C is the constant from Corollary 3.2.4. Hence, defining the
function 4 by

w 1
A):=1+ Y C"(n!)"%z" zeC

n=1
we get (3.2.1) from (3.2.2) and (3.2.3).
Proposition 3.2.6 Assume (E) and let u be a solution of Eq(ug; f). Then

Z:=exp<— fT flf(u)(s,x)W(ds,dx)—% fT jfz(u)(s,x)dxds>

defines a random variable such that the measure P defined by dP = ZdP is a probabil-
ity measure which is equivalent to P. Moreover for every y R there is a constant K,
depending on y, T, p,  and on |f|, 5, » S.t.

E\zZ|' <K, (3.2.4)

E|Z|"£K, (3.2.5)
where E denotes the expectation w.r. to P.
Proof. Assume first that f is bounded. Then Z and P are defined, under P the
random measure W(dt, dx) = f (w)(z, x) dtdx + W(dt,dx) is a white noise, and u 18
a solution of Eq(uo; 0) with W in place of W. Hence

T 1
E f [1f@)sx)|?dxdt <CT+K|Fl,p o
o 0

by Corollary 3.2.4 where C is the constant from (E) and K is the constant from
Coroliary 3.2.4. Moreover

Bz = Eexp( —y fT flf(u) (s, x) W (ds, dx) —% f ffZ(u s, x)dxds>

0 0

=Eexp<—y / f f)(s, x) W(ds, dx) — 7* f j 1F2@u)(s, x)dxds)

0 0
xexp(

(el

= exp(CT

(u)(s, x) dxds)

17 jromnse))
o) (a(al 2 020

by Hoélder’s inequality and by Proposition 3.2.5. Consequently (3.2.4) and hence
(3.2.5) are valid for bounded f. Hence

T 1

Eofoflf(tt)(s,X)l2 dde§(EIZ_1Iy)%<E S [ @), X)l”dxd5>g
(]

: 1 11
S K- )HCT + K[ Flpopao)? V6> 1,54 =1 (3.2.7)
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Now we can finish the proof of this proposition by taking J sufficiently close to
1 and applying (3.2.6) with f, : = f1, ; <, in place of f and letting n — oo .

Proof of Theorem 3.2.1 We define Z and P as in Proposition 3.2.6. Then P is
a probability measure and by Hélder’s inequality for every o > 1

Efexp(— 8lluollJu(t, 0)]") = C(0) (E(exp( — 06 lusllult, x)|%)e

E(exp(— olluol]) fT< 1 lu(t, x)|dx>y dt) §C(Q)<E<f<f1 Jult, x)ldx)y dt)g>5

E fTh(t, u(t,x))dt £ C(g) T ! (E fT [h(t, u(t, x))°| dt)
0 0

|

Eexp( leh(s,u(s, x)|ds>§C(Q)<Eexp< fTQih(s,u(s, >c)|ds>>E
0 0

o—1

~ 0 " ~
where C(g):= (E |Z]| e 1 ) and E denotes expectation w.r. to P. Note that

under P the random field u solves Eq(ue; 0) with the P-white noise
W(dt,dx) = f(t, x)dtdx + W(dt, dx)

in place of W. Hence we can finish the proof, taking ¢ close to 1 and applying
Proposition 3.2.2, Corollary 3.2.4 and Proposition 3.2.5.

3.3 Passage to the limit in the equations

Here we describe the technique of taking the limit of functions of converging
sequences of random variables, when the functions are only measurable. Such
a technique was used first by N.V. Krylov [6] in constructing the weak solutions of
finite dimensional SDEs with measurable coefficients.

Let {f,}2; and {h,};>,; be sequences of Borel functions f,:R.
x[0,1]xR >R and h,: R, xR - R satisfying the following conditions:

(A) There exist some constants Cy, C, and functions FWeL,, ,, F®PeL,,
for some p > 1, B> 4p/(dp — 1), g > 1, o > 4q/(4q — 1) such that for all n

il x, WP S Ci+ FO(@x, 1) dt®dx®dr ae.
I, ) S Co + FP@,r) di®dr ae.
(B) Suppose there exists a solution u, of Eq(ug,;f,) s.t. for every te[0, T'],
xe[0, 1]
lim wu,(t, x) = u(t, x)

for almost every we @, where u is some random field.
(C) For each R>0 the set {h,} is relatively compact in
L, ([0, T]1x[ — R, R]). First we extend the estimates of Theorem 3.2.1:

Proposition 3.3.1 Assume (4) and (B). Then Theorem 3.2.1 and Proposition 3.2.6 hold
with u :=lim,_, , u,.
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Proof. By Theorem 3.2.1 the estimates (i)—(iv) hold with a constant K independent
of n. Therefore (i)(ii) hold also for u : = lim u,. The estimates (iii) and (iv) hold also
for u for continuous functions h and hence for every measurable s by the monotone
class theorem. We can similarly show that u satisfies Proposition 3.2.6.

The following Proposition and Corollary are very similar to Proposition 3.3
and Corollary 34 of [2]. Although the proofs follow with minor changes those
from [2], for convenience of the reader we present them below.

Proposition 3.3.2 Assume (4)—(C). Then

lim sup E fT |y (2, un(, X)) — e (t, ult, x))|dt =0

n—>w k
Jor every x€[0, 1].

Proof. Let x: R —R be a smooth function such that 0 < x(r) < 1 for every r,
k(r}) = 0 for |r| = 1 and x(0) = 1. Let us fix xeR. For a given ¢ > 0 and 6 > 1 let
R > 0 be such that

<E f|1 — x(u(t, x)/R)|‘7clt>3 <e.
0

We can find finitely many bounded smooth functions Hy, ... , Hy such that for

each k
g1

< fT< fklhk(t, r) — Hi(t, r)l"dr>; dt>ﬁ <

0

for some H;. Clearly
T
I k):=E [ [h(u,) — () dt < I (n, k) + I3(n) + 15 (k)
0

where

Ii(n, k):=E lehk(un)—Hi(un)ldt
0
N T
I3(n):= ZIE S | Hiu,) — Hiu)) dt
=t 0

L(k)i= B [ Ihele) — B de.

(For notational convenience we omit the variables ¢, x of the integrands.) By
Theorem 3.2.1, using Holder’s inequality

T T
Li(n, k)= E [ w(ua/R) i) — Hi(w,) dt + E [ |1 — rc(un/R)|| i) — Hilw)| dt
0 0

=K, ( fT< lehk(ta r)— Hi, 7')|qd”>adt>a + L, E fT|1 — « (up/R)| dt

0 —-R

+ <E /T|1 — 1, /R)P? dt)s (E fT|F<2>(t, u,,)wt>y
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. 1 1
where L;, K, are constants, F® is from (A), 6, y€(0, 1) s.t. 3 + ~ = 1. Hence,
choosing v sufficiently close to 1, v

T T r
Ii(nk) S Kie+ LiE | )1—K(u,,/R)|dt+M1<E f ll—x(u,,/R)l‘%it)'s
4] 4]

where the constants K, L;, M, are independent of n and k. Consequently

T T ry
lim sup sup I;(n, k) <Kse + L E [ |1 —x(u/R)|dt + M, <E f11- ;c(u/R)|‘§alt)ti
0 0

n—o k

< (K + Ly + My)s.

Similarly,
sup I,(k) £(K, + L5 + M,)e
k

with constants K,, C,, L,. It is clear that

lim I,(n) = 0.

n—+0
Consequently
2
lim sup sup I{(n, k) < 3 (K; + L; + M))e,
k

n— o i=1

and the proof is complete, since we can take ¢ > 0 arbitrary small.

Corollary 3.3.3 Assume (A) and (B) and suppose that for n -
hy—h in L,s([0,T]1x[—R,R])

for every R = 0. Then

lim E fT|h,,(t, u,(t, x)) — h(t, u(t, x))|dt =0

n—~o 0
for every xe[0, 1].
Proof. Clearly

E fT |ha(uta) — R(W)| dt < T1(n) + T2(n)

where

T
T1(n):=supE [ |h(u,) — he(u)| dt
k0

T,(n):=E fT | ha(u) — h(u)|dt .
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Note that lim,_, (1) = 0 by Proposition 3.3.2 and
T

T5(n) f (u/R)|h,(w) — h(w)| dt + 2C,E lel — k(u/R)| dt
0

< le—Ku/R)|5dt>_<E ;IF(Z’(t,u)Pdt)y
0

II/\

!
( (f Vot 7) — h(t,r)\Pdr>pdt)p+2C2E fT\l—K(u/R)idt
R 0

S
+2L (E fT 11— rc(u/R)|"dt>5
4}

by Theorem 3.2.1 if y > 1 is sufficiently close to 1, where K, L are constants, C, and
F® are from (A). Letting here first n » oo then R — oo we finish the proof of the
corollary.

Corollary 3.3.4 Let {u,} be a sequence of Fy-measurable C([0, 1])-valued random
variables. Let {f,}%( be a sequence of measurable functions f,:[0, T]
x [0, 1] x R — R satisfying (A). Assume that

(1) ug, converges in C([0, 11) to a random field u, almost surely, and

lim f,(t, x, ) =f(t, x,r) ARdxRQdr ae.

where f is a Borel function;

(i) Eq(uon;fn) admits a solution u, s.t. almost surely lim,_, , u,(t, x) = u(t, x) for
every te[0, T'], xe[0, 1], where u is some random field. Then u solves Eq(uy; f).

Proof. By (ii) of Theorem 3.2.1 the sequence of u, is uniformly integrable on
2x10, T]x[0,1] with respect to exp( — |juol|)dP dtdx. By Corollary 3.3.3, if
peC™([0,1])

E ftf1 [ilu,) (s, x) — f () (s, X)p(x)dxds
0

1
< [lox)IE f | fulttn) (s, X) — f @) (s, x)|dsdx — O
0 0

for n - oo. Thus letting » - o0 in the equation
1

1 t 1 52
St x)p(x)dx = Of Uon(X) @ (x) dx + 0f Of [un(s, x) .3 0()

Q
+ fu () (s, x)w(x)]dxds+ j fl(p(x)W(ds,dx)
0o 0

one easily gets
1 1 t 1 62
Of u(t, x)o(x)dx =0f uo(x) o (x) dx -I—Of Of [u(s, x) e o (x) +f(u)(s, x)qo(x):ldxds

+ j fl @ (x) W(ds, dx)
o 0
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for every ¢ e C*([0, 1]). By Proposition 3.3.1 the condition (3.1.2) of Corollary
3.1.2 holds. Hence by Corollary 3.1.2 we have a continuous modification of u which
solves Eq(ug; f)-

4 The proof of Theorem 2.1 and Theorem 2.5

Set for non-negative integers n < k

k

f;1k:: /\ﬁ:=min(fnsf;l+1’ :ﬁc) ﬁOnk:z
k

Fnk:=4\/ﬁ:=max(fmf;l+17 :ﬁ() aOnk:=

jin):z/\ﬁs F(n):=Vﬁ'
i=n i=n

Then f,., F,. are Lipschitz in r. Moreover, F,, is increasing ( f,; is decreasing) for
k1T oo,and
Fnngmkgfmkgﬁzk fOI' n§m§k

Uonk g Uk g Uomk g Upy -

Therefore Eq(lon; fu) and Eq(@ig.; F.) admit the unique solutions u,, and
Wi, respectively for every n < k. Moreover by the well-known theorem on compari-
son u,, is decreasing (w,, is increasing) for k T o and

Wik Z Wy 2 Upge Z Uy for n=m=k. 4.1)

Note also that by Theorem 3.2.1 we have constant K such that for all n < k and
(t,x)e[0, T]x[0, 1]
E{exp( — [[om|)lume(t, ¥)|*} < K

E{exp( — llitonl )1 wae(t, )} < K .
Therefore we can construct the random fields

U (t, x) 1= Im uy (L, X), Wwey(t, x) 1= lim wy(t, x)

k=0 k— o
u(t, x):= lim ugy(t, x)  w(t, x) 1= lim we,(t, x) 4.2)

ﬁOn(X) := lim aOnk(x) WOn(x) := lim wOnk(x)
n—w k— o
By Corollary 3.3.4 we can see first that uy, is a solution of Eq(fon; fuy)/Wey 18
a solution of Eq(&ty,; F(»)/. and afterwards that  and w are solutions of Eq(uo; f).
Hence by Dini’s theorem the above convergences are uniform in
(t,x)e[0, T]x[0,1]. From (4.1) we get w = u almost surely for all ¢, x. Hence
u = w, because Girsanov transformation yields that the solutions of Eq(u,; f) have
the same law. Using the well-known comparison theorem again we have

Wik g Unk g ﬁnk g Upg
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where
K k
Lvlnk3=\/ui= ﬁnk:z/\uis
i=n i=n
and u; is the solution of Eq(uy;; f;). Letting here first k » oo and thenn — o0 we get

w2 limsupu, = liminfu,=Z2u=w.

n— o0 n- o0

That means almost surely u, converges to u = w for every ¢, x. Moreover since the
convergences in (4.2) are uniform in (¢, x)e[0, T] x [0, 1], the convergence

u,(t, x) > ult, x) forn— o0

is also uniform in (¢, x)€[0, TTx [0, 1]. Let now vg,, vy be C([0, 1])-valued F,-
measurable random fields and g,, g be Borelian functions. We assume that they
satisfy the same conditions as uy,, #, and f,,, fin Theorem 2.1. Let S(wq; k) denote
the solution of Eq(wy; k) for an Fy-measurable C([0, 1]) valued random variable
wo and a Borel measurable bounded function & satisfying the Lipschitz condition in
reR. We are going to show that v,: = S(ve,; g,) converges also to the same random
field u constructed above. By the well-known comparison theorem

S(uOn \4 UOn;f;l v gn) g U, vV Uy g Uy, AU, g S(uOn A UOn;j;n A gn) .

Hence v, converges to u because f, v g, —f, fu A g —f imply (as we have seen
above) the convergence of S(ug, Vv vo,:fu V ¢,) and of S(ug, A Vo fu A g4) to some
solutions of Eq(uy; f), which have the same law and arec comparable, i.e. are equal
to one another. The proof of Theorem 2.1 is complete.

To obtain Theorem 2.5 we repeat the above proof with obvious changes.
Namely, instead of saying solution we say constructable solution and instead of
using the “well-known comparison theorem” we use Theorem 2.4.

5 The case of Dirichlet boundary conditions

With a slight modification the above results remain true for Eq(u;f) with the
Neumann boundary condition replaced by the Dirichlet condition

u(t,0) = u(t, 1) =0, te[0,T],

where we assume that u,(0) = uy(1) = 0. Namely, one needs only to substitute the
space L, ; ., (considered for p > 1, § > 4p/(4p — 1)) in the assumptions by the

4
spaces LP:"f withp > 1,y > P B> 4—B—1
p p—

T , where L?"# is the Banach space
p J—

of functions
[0, T]Ix[0,1]xR—>R

with the norm

1 llp.r. ¢=<

™| =

¥ B
f<f<f!f(t, X, r)l"dr>palx>y dt> < w.

0 0
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We now explain the minor changes which need to be made in Sect. 3. The difference
is that the lower bound for (¢, x) which is derived in the proof of Proposition
3.2.3 is no longer valid. Following Lemma 6.1 in [2] we have that

a2(t, x) = c2(t, x)/t — to

and there exists a constant ¢ > 0 such that

> i =
ct,x)=c Sgly_ft0 P.(t> slﬁBs

L
isysi

where under P, the process {B,:s = 0} is a standard Brownian motion starting

from x and 7 is the first exit time from (0, 1) for the process {\ﬁBS:S 2 to}. For
x close to 0 the above quantity is bounded from below, up to a multiplicative
constant by

PO( sup Bs<x>=PO(|Bt—toi§x)-

s=t—1o

Hence there exist three constants a, b, e such that 0 <a <b < 1, &> 0 and
az(t,x)gsx"\/t_—_t; f0<x=<a,
az(t,x)gaﬂ fa<x<bh,

o, x)2e(l —x2Jt—tq ifb<xg1.

Consequently,

o(t,x) 2 Cpx(l — x)/t —ty forxe[0,1], 0=t St=T

where Cy > 0is a constant depending on 7. Thus it follows from the computations
in the proof of Proposition 3.2.3 that
)
T

éCj((fM fm@meO

for every g > 1 and Borel function 4 : [0, T] x [0, 1] x R —» R where C is a constant
depending on g and 7. Hence

E( fTh(s, x, u(s, x)}ds

to

E( fT flh(s, x, u(s, x))dxds fm)gCClCz( fT||h(t)||Z,ydt>z

by Hélder’s inequality for every g > 1, y > and o> , where

4q

1A lg, := (()f(flh(t X, r)lqdr> >
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and

1 b
Ci:= [(x(1 —x)a@=Ndx < o
0
T @
J1HEG-adt < .
0

i

Cz:

Next (3.2.1) in Proposition 3.2.5 should be replaced by

E<exp T T b, % uts x))dxds> < A(llhfl0)
0O 0

and the proof of that follows exactly the same argument as the one there. The
changes in the rest of the proofs are obvious and are left to the reader.
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