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1 Introduction

In this paper, we present a new view of household epidemic models. Moti-
vated by its simplicity, we present it in the particular case of the SIS model,
but the same approach can be developed for other types of epidemic models,
like the SIR, SIRS, SIR model with demography, and others. We recall that
S stands for susceptible, I for infected and R for removed.

Household models, which have been mainly presented in the framework
of the SIR model so far, is a key example of two—level mixing models. A very
natural step in changing homogeneous epidemics models into more realistic
models is to include households, which are small groups of individuals who
interact more frequently within their group than with other individuals in
the population. This describes both the situation of human populations,
but also of many domestic animal populations, where cages/sheds in poultry
farms of pens/fields in sheep/cattle farms play the role of households.

Household models can be roughly described as follows. The total popu-
lation is the union of households of relatively small (and varying) size. Each
infectious individual infects any other individuals in the same household at
a “local rate” Ap, and any other individual in the total population at a
“global rate” Ag divided by the total population size. In the last sentence,
“any other” means “chosen uniformly at random”. The infectious periods
are 1.i.d., in our case exponential with a given parameter v (since we want to
have a Markov model).

The first papers on epidemics models with two level of mixing go back to
the 1950’s, with Rushton and Mautner [9] who study deterministic models,
Bartlet [3] and Daley [4] who study stochastic models. We refer to Ball, Mol-
lison and Scalia-Tomba [1] who give a deep study of stochastic SIR epidemic
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models with two levels of mixing, as well as to Ball and Sirl [2] for an up—
to—date presentation of stochastic SIR epidemics in structured populations,
and for more references.

Our viewpoint in this paper is to study asymptotic results as the num-
ber of households (and hence also the total population size) tends to infinity,
while the household sizes remain unchanged. It is easy to see that the interac-
tion between the various households in of mean field type. This is reminiscent
of the situation of particle systems which was studied by Sznitman [10]. We
establish a result of propagation of chaos, and prove that in the limit of an
infinite number of households, the typical epidemic in a household is a so—
called nonlinear Markov process, whose transition depends not only upon the
situation of the epidemic in the household, but also upon its probability law
(through its mean, which is the limiting effect of the infections coming from
the other households). Similar non-linear Markov processes have a long his-
tory, with in particular the work of McKean [7]. The SDE of those nonlinear
Markov processes are called McKean—Vlasov SDEs. Most of the literature on
that topic treats Brownian driven SDEs. However, Léonard [6] considers an
epidemic model where the infection is the effect of a mean field interaction,
and he obtains a McKean—Vlasov type SDE of Poissonian type as a law of
large numbers limit.

Should we assume that the household sizes were bounded, then the exis-
tence and uniqueness of the nonlinear Markov process would be very elemen-
tary. Indeed, the Fokker—Planck equation for the evolution of its law would
be a finite dimensional system of ODEs with locally Lipschitz coefficients,
whose solution cannot explode since it is a probability distribution. Once all
the marginal laws of the process are specified, then the SDE for the nonlinear
Markov process becomes a classical easy to solve Poisson driven SDE. How-
ever, we only assume that the household size is a square integrable random
variable. We prove existence and uniqueness of a solution of the nonlinear
Fokker—Planck equation by a fixed point argument and approximation by
both a decreasing sequence of supersolutions, and an increasing sequence of
subsolutions.

We next study the large time behavior of our limiting SDE. We define
the basic reproduction number Ry, which is the mean number of households
infected as a result of a local infection in a typical infected household, started
with one infectious. We give an explicit formula for Ry. If Ry < 1, then the
number of infectious individuals in a typical household tends to 0 as t — oo,
whereas if Ry > 1, the law of that number converges to an invariant measure



which is not the Dirac measure at zero. Our results extend well-known
classical results concerning the case where all households have size 1 (the
homogeneous model). Note that we shall study the fluctuations around the
law of large numbers obtained in the present paper in another publication.

The paper is organised as follows. The model is defined precisely in sec-
tion 2. Section 3 states the three main results of the paper, namely Theorem
3.1 which gives the existence and uniqueness of the nonlinear Markov process,
Theorem 3.2 which states the propagation of chaos result (which might be
considered as a law of large numbers), and finally Theorem 3.3 which gives
the large time behavior of the nonlinear Markov process. Section 4 studies
what we call the “forced process”, which is our nonlinear Markov process,
where we replace the unknown quantity IE[X ()] by a given function m(t).
In particular, we establish the monotonicity property of the forced process
as a function of m. That property is exploited in an essential way in section
5 for the proof of Theorem 3.1. Section 6 is devoted to the proof of Theorem
3.2 and finally section 7 to the definition and computation of Ry, and the
proof of Theorem 3.3. In this last section, we use in particular a comparison
with a non-Markov continuous time branching process.

2 Definition of the model

We consider an SIS household epidemic model. In our model, the population
consists of N households, with sizes vy, s, ..., vy, where the v;’s are i.i.d.
IN-valued random variables. Let X () denote the number of infectious
individuals in the —th household at time .

We suppose that each infected individual can infect another individual
within the same household at rate Ap, for some Ay > 0 (the infected indi-
vidual is chosen uniformly from those in the household, and if it is already
infected, nothing happens). Moreover, each infected individual can infect
another individual chosen uniformly from the whole population at rate Ag,
for some Ag (again, if it is already infected nothing happens). Finally, each
infected individual becomes suceptible at rate v, for v > 0. The parameters
A and Ag are the rates of local (respectively global) infections. We note
that, for each global infection, choosing an individual uniformly from the
population is equivalent to first choosing a household from the size-biased
distribution and then choosing an individual uniformly in this household.



Below is a more formal definition of this process. Let
X={(nk)eINxZ;:n>10<k<n}.

Definition 2.1 (SIS household epidemic model). Fiz A\, > 0, A\g > 0 and
v > 0. Let {(v;, X;(0)),i > 1} be i.i.d. X-valued random variables such
that IB[vf] < 400 and let (Pyypi(t),t > 0, > 1) and (Preci(t),t > 0,4 > 0)
be mutually independent standard Poisson processes, which are also indepen-
dent of {(vi, X;(0)),i > 1}. We define vV = %Zf\il v;. For N > 1, let
(XN (@),..., X (t),t >0) be the solution of the following SDE:

(1)
X,L-N(t):Xi<0)+Pinf7i(/{)\t<1_¥58)) [ALXN + g NNZXN ] )

Prec,i <7 /0 XN (S)ds> .

We call this process the SIS household model with N households.

The fact that there exists a unique solution to (1) follows from a standard
arguement which exploits the fact that the jumps are isolated, and the process
remains constant between its jumps. The distribution of the v;’s will be fixed
throughout the paper, and we set

m(n) =Py =n), 7 = [E[1n].

We shall also use the size-biased distribution of the v;’s and its first moment,
which we define as

rt(n) = 22, 7= St () = )

n>1 IE[V]

We note that the different households only interact through the mean
number of infected individuals in the N households, i.e. it is a mean-field
interaction. We thus expect that, as the number of households N becomes
very large, any finite subset of households are asymptotically mutually inde-
pendent and each one evolves according to the following SDE:

(2) X(t) = X(0) + Py (/;( X(s)

) [ALX<S) + /\G%IE[X(s)]] ds)

e (5[ X0,



where (v, X(0)) has the same law as (v, X{¥(0)) and P,; and P, are
two independent standard Poisson processes which are also independent of
(v, X(0)). This is what is called propagation of chaos [10], and will be made
more precise in Theorem 3.2 below.

This equation is a McKean-Vlasov Poisson driven SDE, because the tran-
sition rates of (X(¢),t > 0) depend on the law of X (¢) (specifically on its
expectation). We refer to McKean [7] for the study of similar Brownian
driven SDEs. As we will see later, this equation defines a semigroup acting
on probability distributions on IN x Z, but, contrary to ordinary Markov
processes, this semigroup is non-linear (because of the term IE[X (s)] appear-
ing on the right hand side of (2)). For this reason we will call (X (¢),t > 0)
the non-linear Markov process.

3 Main results

Existence and uniqueness of the non-linear process. It is not clear
a priori that there exists a process solving (2), much less that it is unique.
Suppose for a moment that it exists and set

pni(t) =P(X(t) = k,v=n).

Then, pu(t) = {pni(t), (n, k) € X} is the law of (v, X(¢)) and

n

(3) Vn > 1, Zﬂn,k(t) = m(n).

k=0

Equation (2) then implies that {,, x(t),t > 0, (n, k) € X'} solves the following
non-linear Fokker-Planck equation:

(4) dﬂrzl,lz(t) _ ,Un,k—l(t) (1 _ k ; 1) [)\L(k — 1) + )\G% Z Zjlui,j(t)]

i=1 j=1
k R
“Hng() 4 (1= ) [ ALk + Aa— DD i)

i=1 j=1

with the convention that p, —1(t) = pnni1(t) = 0. Note that (4) defines an
infinite system of coupled ordinary differential equations. We then have the
following theorem.

+ ’Yk}+ﬂn,k+1(t)7<k+1)a



Theorem 3.1. Assume that the second moment of the probability distribution
7 is finite. Then, given a probability measure pu(0) = {pnx(0), (n, k) € X}
satisfying (3), there exists a unique time dependent probability measure
(u(t), t >0) on X which solves the system of ODEs (4). Moreover, given a
random variable (v, Xg) which is such that P(Xo = k,v = n) = u,x(0) for
(n,k) € X, the SDE (2) has a unique solution (X (t), t > 0) which is such
that for each t > 0, IP(X(t) = k,v = n) = p,x(t) for each (n, k) € X.

We prove this theorem in Section 5.

Propagation of chaos. We now deal with the limiting behaviour of the
household model of Defintion 2.1 as the number of households N tends to
infinity. For 7" > 0, let P(D([0,7], X)) denote the space of probability mea-
sures on the sample paths space D([0,T], X). Also let u € P(D([0,T], X))
denote the law of the non-linear Markov process ((v, X(t)),t € [0,T]), given
by Theorem 3.1.

Theorem 3.2 (Propagation of chaos in the SIS household model). Assume
that {(v;, X;(0)),i > 1} are independent and identically distributed X -valued
random variables such that IE[V?] < +o00. For all N > 1, let (XM (t),t >
0,1 < i < N) be the solution of equation (1). Define ux € P(D([0,T], X))
by

1 N
N =N ; Owe X ()

Then the random measure iy converges weakly to p as N — oo in probability.
Moreover, for any k > 1,

L, X))o (i, XY () = p®F as N = o0
in P (D([0,T], X*)).

We prove Theorem 3.2 in Section 6. Note that by Proposition 2.2 in
[10], the second part of the theorem follows from the convergence of the
empirical measures py. Theorem 3.2 says two things: as N becomes large,
any finite subset of households behaves asymptotically as independent copies
of the non-linear Markov process (2), and the global epidemic, as measured
through the empirical measure uy, becomes asymptotically deterministic and
equal to the law of the non-linear Markov process. It is then natural to ask
whether the epidemic has an endemic equilibrium and if it is stable in the
non-linear Markov process.



Large time behaviour of the non-linear Markov process. As is usual
in SIS epidemic models, there is in our model a basic reproduction number
Ry such that if Ry > 1, there exists a unique stable endemic equilibrium (i.e.
the epidemic survives forever) and if Ry < 1, the disease free equilibrium
is globally asymptotically stable (the epidemic eventually dies out). This
number is usually defined as the number of secondary infections produced
by a single infected individual. Here, however, this number will be defined
as the mean number of households which are infected by a single household,
in which there is initially one infected individual and whose size is chosen
according to the size-biased distribution 7.
To do this, let (I(t),t > 0) be the solution to the following SDE:

) 10 =10+ P ( [ Y (1= ") rspas) - e t (s)is)

where v is distributed according to the probability distribution 7 and P, ¢
and P,.. are two independent standard Poisson processes, which are inde-
pendent of (v,1(0)). Then (I(¢),t > 0) is the number of infected individuals
in an isolated household.
We then define
(6) Ry — 2 [V / I(t)dt’ 1(0) = 1] |
0

™

The large time behaviour of the non-linear process (X(t),t > 0) of Theo-
rem 3.1 is then given by the following result.

Theorem 3.3 (Large time behaviour of the non-linear Markov process).
Let (X (t),t > 0) be the unique solution to equation (2), and assume that
E[?] < +o0.

i) If Ry > 1, then there exists a unique probability distribution ps, on X
such that, if P(X(0) > 1) > 0, (v, X(t)) converges in distribution to fin
as t — 00. Moreover i, is non-trivial in the sense that pis # ™ & dy.

i) If Ry <1, then X (t) — 0 in probability as t — oo.

We prove Theorem 3.3 in Section 7. This result should be seen as an
analogue of the fact that the solution of the ODE

(7) it _ i <1 - @) —it)

dt



converges as t — 0o ton (1 — %) if A > 7 and to 0 otherwise.
In the proof of Theorem 3.3, we shall also prove the following formula for
Ry, which is of independent interest:

®) =23 ) (1+Z(AL) 11(: —%))

7=1
(see in particular the proof of Lemma 7.4 in Subsection 7.3).

Remark 3.4. a) If m = &1, every household is of size 1, and (1) reduces to
the homogeneous SIS epidemic model, with parameters A and v (see [2]).
We can then check that IE[X (t)] solves the ODE (7) with A = g, and

that (6) reduces to Ry = Ag /7y, as expected.

b) The same is true if we take A\, = 0 and keep w very general, the only
infections in the system are global infections and the model reduces to the
standard SIS epidemic model.

c) Another interesting case is when the size of all the households is very large.
In that case, if we approximate (1(t),t > 0) by a branching process, we
see that Ry should be approximated by +o00 if A\, > v and by Aa/(y — )
if AL <7y, and we see that Ry > 1 is equivalent to \g + A\, > 7.

4 The forced process

It is worth noting that if we replace IE[X(s)] in (2) by any determinis-
tic measurable function s +— m(s), then (X(t),t > 0) becomes a time-
inhomogeneous Markov process.

Definition 4.1 (The forced process). Let m : IRy — [0, 7] be a measurable
function, (v, Xo) an X-valued random variable and Pi,; and Pe. two inde-
pendent standard Poisson processes which are also independent of (v, Xy).
Then the forced process (Xi(m),t > 0) is defined as the solution to

(9) Xu(m) = Xo + Py (/Ot [)\LXS(m) + AG%m(s)] (1 . M) ds)

v

— Prec (/Ot va(m)d8> :



We call this process the forced process because we fix the intensity of
global infections to be A\gvm(t)/7. The fact that there exists a unique strong
solution to (9) follows from standard arguments similar to that used in (1).

Comparing (2) and (9), we see that solving (2) is equivalent to finding a
measurable function m such that m(t) = IE[X(m)] for all £ > 0.

4.1 Graphical construction of the forced process

We are going to show that we can construct this process with the following
procedure. Let ¢(dk) denote the counting measure on IN. Conditionally on
(v, Xo), let I, II; and Il be three mutually independent Poisson point
processes such that

e II,.. is a Poisson point process on IR x [1, v] with intensity ydt®c(dk),

e II; is a Poisson point process on Ry x [1,v] x [1,r] with intensity

ALdt @ c(dk) ® c(dk),

e Il is a Poisson point process on Ry X [1,v] x [0,7] with intensity
24t ® c(dk) ® du.

Let us describe the effect of these different processes before formally con-
structing the forced process. A point (¢,4) in II,.. means that if the individ-
ual ¢ was infected at time ¢~, it becomes suceptible at time ¢ (it undergoes a
remission). A point (¢,4,7) in II;, means that individual 7 can infect individ-
ual j at time ¢. This occurs if ¢ is infected while j is suceptible at time ™.
Finally a point (¢,4,u) in [Ig means that individual i can be infected from a
global infection. We allow this infection to take place only if ¢ is suceptible
at time ¢~ and if u < m(t).

In fact, we can view the total set of infected individuals at any time as
the union of several local infections, each resulting from a previous global
infection or from the individuals infected at time 0. To do this, note that Il4
is almost surely locally finite, so we can order its points according to their
time coordinate. Thus let

Il = {(tk,ik,uk),k >1L,0<t; <ty < .. }
Let us then define a random set I*(t) C [1,v] for all ¢ > 0 as follows.

o Fort <t I*(t) = 0.



o At t =ty weset I*(ty) = {ir}.
e For each (t,i,7) € Iy, if i € I*(t7), then I*(t) = I*(¢t7) U {j}.
e For each (t,4) € I, I*(t) = I*(t7) N {i}e.

We define in the same way the local infection resulting from the initially
infected individuals (I°(¢),¢ > 0), i.e. 1°0) = {i : 1 < i < X,} and I°
evolves according to the same rules as I* for k¥ > 1. We note that, for all
k>0, (I*(t),t > 0) is right-continuous with left limits.

Proposition 4.2. For allt > 0, let

(10) Xi(m) = |1°(t) U [ {IM (1) - wn < i)},

k>1

where | - | denotes the cardinal of a set. Then the process (Xi(m),t > 0) is a
solution to the SDE (9).

Proof. Clearly Xo(m) = |I°(t)] = X,. It remains to check that the waiting
times between upward and downward jumps of X;(m) are distributed as
exponential variables with the correct rates.

If the current value of X;(m) is x, then the next remission takes place at
the next point (¢,4) € I, with i € I*(¢7) for some k > 0 with u, < m(t)
(we can set ug = T and ¢ty = 0). This happens at instantaneous rate vyx, as
in (9).

Likewise, the next time an individual currently infected infects a sucep-
tible individual is given by the next point (¢,i,5) € Iy, such that i € I*(t")
for some k > 0 with u, < m(ty) and j ¢ I*(¢7) for all such k. This happens
at rate Lz (v — ), as in (9).

Finally, the next time a suceptible individual becomes infected due to a
global infection is the next (¢,4,u) € Ilg such that i ¢ I*(¢7) for all K > 0
such that uy < m(t;) and v < m(t). This happens at instantaneous rate
2e (y — 2)m(t), as in (9). O

™

4.2 Monotonicity of the forced process

With this construction, the next lemma is straightforward.
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Lemma 4.3 (Monotonicity of the forced process). Suppose that X(()l) and
X[()z) are two random variables such that X(()l) < X((]Q) almost surely. Also let
my and my be two measurable functions from IRy to [0,7] such that my(t) <
ma(t) for almost every t > 0. Then there exists a process (Xi(my),t > 0)

solving (9) with m = my and X, = X((]l), and a process (X¢(mz),t > 0)
solving (9) with m = my and X, = Xéz), defined on the same probability
space, such that, almost surely,

Xi(m1) < Xo(ma), ¥t > 0.

Proof. We use Proposition 4.2 to construct both processes with the same
Poisson point processes Il,.., II;, and Ig. We define (I%(t),t > 0) for
i € {1,2} as above with

1%00) = {k: 1<k < X"},

so that, almost surely, I%'(0) C I%?(0). Then, from the evolution of
(I%(t),t > 0), we deduce that I%'(t) C 1%2(t) for all ¢ > 0. Furthermore,
since my < mao,

{kw, <ma(te)} CH{E:w <molte)}

It then follows from equation (10) that X;(m;) < Xi(ma2). O

The following lemma will also be useful in the proof of existence and
uniqueness of the non-linear process. For ¢ > 0, m : IRy — [0, 7] measurable
and po a probability measure on X whose first marginal is 7, let

(11) fi(m, puo) = IE[X, (m)],
where (v, Xy) is distributed according to po.

Lemma 4.4. Suppose that pg is as above. If my and msy are two measurable
functions from Ry to [0,7] satisfying mq(t) < ma(t) for almost every t > 0,
then

0 < ry(ma po) — Fu(ma, o) < T Aa / (mals) — ma(s))ds.
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Proof. The fact that fz,(msa) —,(my) > 0 follows from Lemma 4.3. To prove
the second inequality, we construct (X;(m;),t > 0) and (X;(ms),t > 0) as
in Proposition 4.2. Then

0 < Xi(mg) — Xiy(my) < ‘Ukzl{lk(t) s (tr) <ug < m2(tk>}‘ )

Moreover, we can restrict the union to the values of k for which ¢, <t. Since
[I%(t)| < v for all t > 0, we can write

(12) 0< Xt(mQ) — Xt(ml) <v ’{k >1: ml(tk) <up < mg(tk),tk < t}’ .

Now, by the definition of Ilg, the right hand side is, conditionally on v, v
times a Poisson random variable with parameter

)\0%/0 (ma(s) —mq(s))ds.

As a result, taking expectations in (12) (first conditionally on v and then
over the law of v), we obtain

0 < Jry(ma pi0) — (i, o) < A / (ma(s) — ma(s))ds,

and the lemma is proved. O

We shall come back to the forced process in the proof of Theorem 3.3,
as it will be used to characterize the possible stationary distributions of the
non-linear process.

5 Existence and uniqueness of the non-linear
Markov process

We now set out to prove Theorem 3.1. We note that finding a solution to
(4) is equivalent to finding a fixed point of

(13) m(-) = Ti.(m, o).

Indeed, if m, is a fixed point of this function, then (X;(m.),t > 0) is a
solution to (2). We thus need to prove that, given py, there exists a unique
fixed point of (13).
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Proof of Theorem 3.1. Fix pg and assume that (v, X;) is distributed accord-
ing to po. Let (m** k> 0) and (m™—F, k > 0) be two sequences of functions
defined by

m™t) =7, m T = m(mT o),
m=t) =0,  m7F(t) =T(m, o),
where i, (m, o) was defined in (11). Clearly, since 0 < IE[X;(m)] < T,
mbt(t) < mTO(t), m=Ht) > mO(t).
Then by induction, using Lemma 4.3, we obtain that, for all £ > 0,
MR () < moFL(E) < mPRL () < mR(R).

Hence m™** and m™* both converge pointwise. Let m™*™> and m™> be their
respective limits. Then, using Lemma 4.4 with m; = m™™> and my = m™",

m* ) == (0] < [t 0 =m0+ a7 [ () <))

The integral on the right hand side vanishes as k — oo by dominated conver-
gence and the first term vanishes because m** converges pointwise to m™>.
As a result, m™> (and also m ™ by the same argument) is a fixed point of
(13). This shows existence of solutions to (4) (and thus to (2)).

To prove uniqueness, first note that, by induction and using Lemma 4.3,
any fixed point m, satisfies

m = (t) < ma(t) < mtH ),
for all £ > 0 and ¢t > 0. Hence we also have
m = (t) < m.(t) <mT>(t).

To prove uniqueness, it is thus enough to prove that m™*>°(t) = m=(t) for
all t > 0. Using Lemma 4.4 with m; = m~° and my = m™°, we obtain

0<m™(t) —m ™' (t) <77 \t,

and by induction, we deduce that, for k£ > 1,

At k

0 < (1) — m (1) < 772
Leting k — oo, it follows that m™>(t) = m™>(t) for all ¢ > 0 and the
theorem is proved. O
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6 Propogation of chaos for the SIS household
model

The aim of this section is to prove Theorem 3.2. As we have said before,
using Proposition 2.2 in [10], the second part of the statement follows from the
convergence of the empirical measures jiy to the law of the non-linear process
w. We establish this convergence by showing that the sequence {ux, N > 1}
is tight in P(D([0, 7], X)), and identifying its possible limit points.

Lemma 6.1. The sequence {uy, N > 1} is tight in P(D([0,T], X)).

Proof. By Proposition 2.2(ii) in [10], the sequence {uy, N > 1} is tight if
and only if the laws of (v, X{V(-)) are tight, but this is straightforward from
(1) where we see that the rate of increase is bounded by (A; + Ag)v;, while
the rate of decrease is bounded by ~v;. O]

Next we note that equation (1) can be reformulated as follows. Let
{Mingii > 1} and {M,eci,@ > 1} be mutually independent random Pois-
son measures on IRi with intensity measure the Lebesgue measure, which
are also independent of {(v;, X;(0)),7 > 1}. Then, with the notation

1
—N N
T __E X
t Ni_l

N . .
o / / S XN (o)A e (Mingalds du)
N / / 1’U«§7XZ.N(S_)Mrec,i(dS du).
o Jo
Clearly, for any ¢ : X — IR,

¢(W;X¢N(t>) = ¢(W;X¢N(O))

+/0 [¢(V2'7X¢N(5)+1)—¢(1/17X1'N<3))]/0 1u§(1—xgvy<j>)[/\LX§V(s)+A v N]Minf,i(dsadu)

,N,Uf

[ 1001457 = 1) = 005 XN [ Loy Mo (s ),
0 0
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Let M;, ¢ and /Vrew- denote the compensated measures

Mingi(ds, du) = Mipgi(ds, du) — dsdu,
M'rec,i(d& du) = M,«ec,i(ds, du) — dsdu.

Then setting
t o0 J—
Mf(t) = / [@(lthZN(S_)—l)—QS(V“XZN(S_))]/ 1u§'yXiN(s*) Tec,i(d87du)
0 0

n / (6(vs, XV (574 1) — (s, XV (57)] / 1  Mg(ds. )

1 XN Cha
u< (1—%) [ALXiN(S*)-ﬁ-AG UiNM.s*:I

o(vi, X' (1)) = d(vi, X[¥(0))
XN(s)

+/0 [p(vi, XN (5)+1) =0 (v, XN (5))] (1 X

Vi _
) [)\LXiN () + Aol | ds

TS / (v, X (s) — 1) — plus, XN (s)IXN (s)ds + M(1).

We rewrite this identity in the form

(14) 3, XN (1)) = o XN (0) + / L), XN (), 7 T )ds + MP(2)

where forn > 1, z € {0,1,...,n}, y >0 and 0 < m < y,

Lo(n,z,y,m) = [p(n,z+1) — ¢(n, )] (1 - f) [)\Lx + /\Ggm} + [p(n,x — 1) — ¢(n, z)]yz.

n

Proof of Theorem 3.2. Let o be a limit point of the sequence p¥. First note
that, by the classical law of large numbers, for any bounded and measurable

o: X = IR,

Ey[o(v, X(0)] = E[¢(v1, X1 (0))].
In order to identify the possible limit points of uY, we define, for u €
P(D([0,T],X)) and 0 < s <t < T,
i) = I | (000 (0) — 00 X(6) - [ £004 X (017,75 ) (X
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where
iy = I8, [X ()], v=IE.[],

and ¢ is any bounded function from X to IR and vy is of the form
bs(v, X (1) = ¢1(v, X(s1)) - .- dx (v, X (s1))

with 0 < s < ... < s, <sand ¢q,..., ¢, are bounded functions from X" to
IR. By Theorem 3.1, the result will be proved if we show that

(I)s,t(,uoo) = 07
almost surely for any such function @, .
Using (14),
| N
Poa(p”) = % D (M2 (1) = M (5))s(vi, XV ().
i=1

From the definition of M?,

(M, M) =0, Vi#j,

and
()= [ Golon X2 (5). 5% s,
0
where
Go(n, . pvm) = o+ 1) = ol (1= 2) [ xa ]+ [oto = 1) = o)
Note that, for m <y
Go(n,x,y,m) < 4sup 6> (AL + Ag + 7) n.

As a result,
B [0.(5)?] = 0 S [(MF): — (M) XN ()]

i=1
C
< NIE[Vl],
for some C' > 0. It follows that
q)s,t<MN) — 07

in L? as N — 0o, hence fi, is equal to yu, the distribution of the non-linear
process of (2). This proves Theorem 3.2. O
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7 Large time behaviour of the non-linear
Markov process

Let us start this section by noting that if the non-linear process of (2) with
initial distribution gy is stationary, then the forced process with initial dis-
tribution py and with m(t) = g, = IE,,[X(0)] is also stationary. Thus to
study the possible stationary distributions of the non-linear process, we first
study the large-time behaviour of the forced process.

7.1 The large-time behaviour of the forced process

Suppose that we take m(t) = m for all ¢ > 0 for some m € [0,7]. Then
(X¢(m),t > 0) becomes a homogeneous continuous-time Markov process.
On the event {v = n}, it takes values in [1,n]. If m > 0, then it is positive
recurrent on this set, while if m = 0, 0 is the only absorbing state for X;(m).
As aresult, conditionally on v = n, (X;(m),t > 0) admits a unique stationary
distribution. It follows that ((v, X;(m)),t > 0) admits a unique stationary
distribution pie,(m).

This distribution can be obtained as in Proposition 4.2 in the following
way. Let ﬁr@m ﬁ 1, and ﬁg be independent Poisson point processes as above,
but on IR_ instead of IR, for the first coordinate. We can then order the

points in ﬁg in decreasing order:
ﬁG = {(tk,lk,Uk),k’ Z 1,0 > tl > tQ > .. }

The points in ﬁg represent global infection which took place in the past.
We then perform the same construction of I*(¢), this time for ¢+ < 0, and we
set

Xoo(m) = ‘Ukzl{lk(O) tup < m}! :

Proposition 7.1. For each m € [0,7], Xo(m) is distributed according to
fhoo ().
Proof. For t > 0, let

X(m) = U1 {7%(0) : wx < m, ty, > —t}].

In other words, we only consider the local epidemics which started after
time —¢. Then from Proposition 4.2, we see that for each t > 0, X;(m) is
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distributed as X;(m), where X;(m) is the solution of (9) with m(¢) = m and
Xo = 0. By the ergodic theorem for homogeneous Markov processes, X;(m),
and hence X;(m), converge in distribution as t — 00 to jise(m). At the same
time, we see from the definition of X;(m) and X, (m) that

Xi(m) = Z 1{31@21:1’611“(0),uk§m,tk2—t}’ Xoo(m) = Z 1{3k21:ie]’“(0),uk§m}'
i=1 i=1

Hence by monotone convergence,
X, (m) = Xoo(m) as t — oo,
almost surely, and the lemma is proved. O

The next lemma says that m(t) — mq, as t — oo is sufficient for X;(m)
to converge in distribution to fioo(Mao)-

Lemma 7.2 (Large time behaviour of the forced process). Suppose that
m : Ry — [0,7] is measurable and that

Moo = tliglo m(t)

exists. Then Xy(m) converges in distribution to s (moo) ast tends to infin-
1ty.

Proof. Suppose for now that 0 < my < 7. Then for all € > 0, there exists
t. such that, for all ¢t > t.,

We choose € small enough that 0 < m,, —e and m,, +¢ < 7. We then define
two functions m™ and m™~ by

m+(t) = ﬁl{t<t5} + (moo + 6)]—{t2t5}7 m- (t) = (moo — €>1{t2t5}'

Then m~ < m < m™, so by Lemma 4.3, we can construct jointly the three
processes (X;(m™),t > 0), (X;(m),t > 0) and (Xy(m™),¢t > 0) such that,
almost surely,

Xi(m™) < Xy(m) < Xy(m™), Vt>0.
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It follows that, for each ¢ > 0 and each k£ € IN,
P (Xy(m*) <k) <P (Xy(m) < k) <IP(X,(m™) <k).

Since m* and m~ are both constant after time ¢. (which is deterministic),
as t — oo, Xy(m™') and X;(m~) respectively converge in distribution to
oo (Moo 4+ €) and pieo(Meo — €). Thus, letting ¢ — oo above,

foo(Meo +€) ({0,...,k}) <liminf IP (X, (m) < k)

t—o00

<limsupIP (X;(m) < k) < pioo(Mmeo —€) ({0,...,k}).

t—o00

But, as € | 0, the measure fio (Mmoo £ €) converges weakly to fioo(Mmoo) (in
fact the construction in Proposition 7.1 gives a construction of X, (m + ¢)
and X (m) such that Xo(m £ ¢) — X (m) almost surely as € | 0, using
monotone convergence as in the proof of Proposition 7.1). Hence letting ¢ | 0
above, we obtain, for any k£ > 0,

P (Xi(m) < k) = poo(Mmao) ({0,...,k}) ast — oo,

and the lemma is proved. If m,, = 0, then we can take instead m~(t) = 0,
and if m. = T, then we take m*(t) = 7, and the rest of the proof is
essentially identical. O]

7.2 The stationary distribution of the forced process

We now study in more detail the family of distributions pis(+). For m € [0, 7],
we set

floo(m) = IE [Xoo(m)] .

Lemma 7.3. The function m +— T (m) is continuous, non-decreasing and
strictly concave on [0, 7.

Proof. Fix m; < mo. Then, using the construction in Proposition 7.1, we
have, almost surely,

Taking expectations, we obtain

Foo(m1) < Hog(mo).
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Hence m +— i (m) is non-decreasing.

The continuity follows from Proposition 7.1 and the monotone conver-
gence theorem.

To show that it is concave, we will construct two random variables
X% (my) and X2 (my) distributed according to fie(m1 + 6) and pis (mg + 9)
such that

Xgo(ml) — Xoo(ma) > Xgo(m2) — Xoo(ma),

almost surely. To do this, we will add the same set of global infections (with
rate A\qdv/T) to both processes.

Fix 6 > 0 and let 1%, be an independent Poisson point process on IR_ x
[1,v] with intensity 62 dt ® c(dk). We then order the points in I1Z, as above,

0, = {(#2,8) : k>1,0>1 >t > ..},

and we define I¥9(t) for t < 0 as above, using the same Poisson point pro-

cesses of local infections and remission as before, 7.e. ﬁ,«ec and ﬁ . We then
define

X8 (m) = ‘Ukzl{lk(o) cup < m} Ui {1590) b > 1}‘ .

From Proposition 7.1, X2 (m) is distributed according to fie(m + §). Fur-
thermore,

X2,(m) = Xaom) = |Uen {1°9(0), b 2 1} () (U {14(0) : e < m})*

Then, since m; < msy, we have
U1 {75(0) : ug < my} C Ups 1 {I7(0) = uge < my},
and we deduce that, almost surely,
X2 (m1) = Xeo(m1) > X3, (ma) — Xoo(ms).
Taking expectations, we obtain, for m; < mo,
Froo (1 + 0) = oo (M) 2 Tioo (M2 + ) — Tige (m2).

This shows that m +— T, (m) is concave. To show that it is strictly concave,
it is sufficient to show that the above inequality is strict with positive proba-
bility for any § > 0, which is obvious from our construction. This concludes
the proof of the lemma. O
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7.3 The basic reproduction number R

Since the non-linear process solves (9) with m(t) = IE[X;(m)], if it admits a
stationary distribution, we expect that it should be of the form pi(m) with
m satisfying

(15) T (m) = m.

We note that m = 0 is always a solution to (15), but, given Lemma 7.3,
another solution may exist if

g
oo 1.
- (0) >

Lemma 7.4. Recall the definition of Ry in (6), then

i,

Corollary 7.5. If Ry < 1, then m = 0 is the unique solution to (15). If
Ry > 1, then there exists a unique m, € (0,7 satisfying (15).

Proof. This is straightforward from Lemma 7.4 and Lemma 7.3 and the in-
equality X (m) < v. O

Let us now prove Lemma 7.4.

Proof of Lemma 7.4. We prove this result by showing that both terms are
equal to the expression given in (8). If we set

Wk (m) = P(v = n, Xoo(m) = k),

then the measure pi.(m) is characterized by

n

Z Lo(n, k, 7, m)u™(m) = 0.
k=0

Choosing ¢(n, k) = 1< for 0 < £ <n —1 yields

14 n nt o nd+1
Q_ﬁ)pw+&§mb%om—vw+n%o<m>
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This, together with the obvious condition Y ,_, pu%F(m) = w(n) (see (3))
leads to the following expression

/—1 k
1 1 n
n,t — ,n0 n — <t/ <
pe(m) = phy(m) I_lo{ ()\Lk + )\G%m> } , 1</l <mn,

n /—1 k -1
1 1-2 n
n,0 _ n
pu’(m) = m(n) <1+Z—U{k+1 ()\Lk—i‘)\G%m)}) :
From this we deduce easily that
dﬂ_w(o):)‘_Gifr(n) 1+nz_1 AL eﬁ 1_1
dm v = v n)|’

We now turn to the quantity Ry defined in (6). Note that, by the defini-
tion of the process (I(t),t > 0) in (5),

(16) cb(VJ(t))—cb(VJ(O))—/O Lo(v, I(s),,0)ds

is a martingale with respect to the natural filtration of {(v, I(t)),t > 0}.
Thus if we find a function ¢ such that Lo(n,x,7,0) = z, we will have

(17) E [V/OTI(S)CZS

where T = inf{t > 0 : I(t) = 0} (to obtain this, take the expectation
of (16) at time ¢t AT and let ¢ — oo, using monotone convergence in the
integral and dominated convergence in the other term). Setting ¢(n,x) =
Y(o(n,x —1) — p(n,z)), Lo(n, z,7,0) = x translates into

)\L X
— i - = <z<n-—
Y(n,x) =1+ S (1 n> v(n,x+1), 1<x<n-—1,

Y(n,n) = 1.
We deduce from this that

V1) = 3(6(n, 0) — o, 1)) = 1+ (L)H (1-1).

10) = 1} — B {o(v.0) - 6, D],

Together with (17), this proves the lemma. O
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Let us quickly mention another avenue for proving Lemma 7.4, which
makes use of Proposition 7.1. For € > 0, let us write

{E>1:u, <e}={1<ki(e) <kole) <...}.
Then we write
Xoo(e) = [TME(0)| + |Ujn2I®(0) N T (0)7] .

Then, noting that —#, () is distributed as an exponential variable with pa-
rameter \gve/T, it is possible to see that

E [|Ik1(€)(0)H1/:n] za/\Gg/OOO]E [|7'(ts + t)|| v = n] dt + o(e),

and that

E [|Uj»2I%®(0) N IME(0)|| v = n] = o(e).
We then finish by noting that I'(¢; + t) is distributed as I(¢) conditionally
on I1(0) =1 and that

A .1
5 (0) = fim EIE[XOO(‘S)]‘

7.4 Large-time behaviour of the non-linear Markov
process

We now prove Theorem 3.3. We split the proof in two parts, first dealing
with the case Ry < 1 and then with Ry > 1.

Proof of Theorem 3.3, Ry < 1. Let mg (t) = 7 and set, for k > 0,
ml—c:-l(t) = T (my s o).

Clearly IE[X (t)] < mg (t) for all t > 0. Since (IE[X (¢)],t > 0) is a fixed point
of m(-) = .(m, o) and using Lemma 4.3, for every k > 0,

(18) 0 <E[X®)] <mf(t).

Furthermore, by Lemma 7.2, for all £ > 0,

. + o —ok /—
tligé my (t) = P (7T>7
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where 712%(+) = Jio (Tio(...)) is the k-th iterate of m — 7 (m). Letting
t — oo in (18),

0 < lim inf IB[X (+)] < limsup B[X (1)] < (7).
—00

t—o0
But, by Lemma 7.3 and Lemma 7.4, since Ry < 1,
k(@) — 0 as k — oo.
As a result,

lim E[X (£)] = 0,

t—o00

and the result follows. O]

Before proving the result when Ry > 1, we state the following lemma,
whose proof we delay until Subsection 7.5.

Lemma 7.6. Suppose that Ry > 1 and that IE[X (0)] > 0, then

liminf IE[X (¢)] > 0.

t—o00

Let us now finish the proof of Theorem 3.3.

Proof of Theorem 3.3, Ry > 1. The strategy of the proof is similar to the
case Ry < 1, but we now define two functions

mg () =T, mg (t) = inf IE[X (s)].

s>0
Note that by Lemma 7.6, lim;_,o, mo(t) > 0. As before, we set, for k > 0,
mli_—&-l (t) = ﬁt(mz_v ,UO)a ml;—&—l (t) = ﬁt(m,;, Mo)

By the same argument as before, since m; (t) < IE[X(t)] < mg (t), we have,
for every k£ > 0,

my (1) < E[X(1)] < myl(t).
Using Lemma 7.2 and letting t — oo, we obtain

(19) ﬁg’g(gglE[X(t)]) < liminf IE[X ()] < limsup IE[X (¢)] < m*(7).

t—o0 t—00
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But, by Lemma 7.3 and the fact that Ry > 1, we have

lim 7 (inf ELX (D)) = lim 725(7) = m..

k—o0 t>0 k—o0

where m, € (0,7] is defined by Corollary 7.5 (also using Lemma 7.6 and the
fact that IE[X (0)] > 0). Hence, letting k& — oo in (19),

EX(#)] = m.,

as t — oo. Finally by Lemma 7.2, since the non-linear process is the forced
process with m(t) = [E[X (¢)],

(v, X(£)) = proo(mu),
in distribution as t — oo, and the theorem is proved. O

Note that, without Lemma 7.6, we would not have been able to bound
IE[X (t)] from below by anything useful, since ., (0) = 0.

7.5 Branching process minoration

Proof of Lemma 7.6. Since Ry > 1, we can choose p,q € Q such that 0 <
qg<p<1and

(1 —p)RQ > 1.

Without loss of generality, we can assume that there exist Ny, N7 in IN such
that p = 1/Npy and ¢ = 1/N;. For the rest of this proof, we restrict N to
multiples of both Ny and Nj.

Let ZN denote the process of infections between households:

N
N _
7Y =D Lxyar
i=1

where {XN(t), t > 0; 1 <i < N} is the solution of the model (1).

We now define a continuous-time non-Markovian branching process of
infections as follows. Start with Yy¥ = Ngq infected households, each with a
single infected individual, and whose sizes are chosen according to the size-
biased distribution 7. If there are currently k infected households with
x1,...,x infected individuals, at rate (1 — p)Ag Zle x;, a new household,
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whose size is chosen according to the size-biased distribution 7+, is added to
the process with a single infected individual. Apart from this, each household
undergoes a local epidemic with rates A; and <, independently from the
others. Then YtN denotes the number of infected households at time ¢ > 0.
The corresponding discrete time branching process is supercritical, since
the expected number of “offspring” of each household is (1 —p)Rg > 1. Then
from Lemma 2.1 in Doney [5], if » > 0 denotes the real number such that

A:u —p) / h e B [VI(t))dt = 1,

where (I(t),t > 0) is the process defined in (5) and IE; means that we take
the expectation under the initial condition /(0) = 1, then

(20) E[YN] ~ Nae™ as t — oo,
where a is given by the formula

Ji et
(1)) [Fte B pI(t)dt’

a =

with L(t) = IP(Z > t) and T denotes the duration of the infection of a
local household epidemic starting with one infectious, where the size of the
household is chosen according to the size-biased distribution 7.

Suppose that Ng < Z¥ and define

N
A N
TN,p:in{t201m>Z)}-

i=1Yi

Then we claim that, on the interval [0, Ty,), Z} stochastically dominates
VY (i.e. we can defined (Y,V,¢ > 0) such that YN < ZN for t € [0,Ty,)).
To see this, note that Yj¥ < Z¥ and that, since each household in YV
starts with a single infected individual, the number of infected individuals
in each household is larger in Z than in Y. This stays true until the
first time at which a new household is infected in either process, since the
local infection parameters are the same in both processes, and in ZV, there
are additional infections due to global infections between already infected
households. Furthermore, in the process (Z,t > 0), a new household is
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infected at rate

RS N - Vi ZfV1V11XN Ny
AGNJZIXJ (t) 3 v Lxr—o = Aa [ 1- S, ZX

and for ¢ € [0,T,), this rate is larger than the rate at which a new household
is infected in the process (Y/¥,t > 0). We can thus couple the two processes
in such a way that

YN <ZN, vtel0,Tn,),

almost surely for all N > 1.
Now, by Theorem 3.2, as N — oo, for any T > 0,

(21) 2o () = P(X, 2 1),

and

ZiN: Vil xngy>1 1
1 X UECIEN —IE[v1 x>,

D ic1 Vi

uniformly on [0, 7], in probability. Furthermore, there exists a deterministic
function f : Ry — IR, such that

(22)

3

T (),

uniformly on [0,7] as N — oo, in probability. Furthermore, by (20),
(23) f(t) ~ae™ ast — oco.

For any p' < p, let
. 1 /
Ty =inf<t>0: %]E[le(t)zﬂ >p .

By (22), choosing T' > T,,, for any t < T}y, t < liminfy_,o T, and conse-
quently for N large enough,



Letting N — oo, we obtain
p(t) > f(t), Vt <Tp.
Now define
T/ =inf{t > 0: f(t) > b}.

Then, if T/ < Ty, p(T}) > b. If however T,, < T}/, then, by the Cauchy-
Schwarz inequality,

IE[V]-X(t)Zl] S \V IE[]/Q] p<t)7
and thus,

T

p(Ty) > (p)?

Jr

T
As a consequence, if for some ¢t > 0, p(t) = g, then p(t + s) reaches b A

(¢p')?7 /7" for some s < T;. Moreover, by (23), f is uniformly bounded away
from 0. This proves the Lemma. n
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