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1 Introduction
In this paper, we consider the parabolic quasilinear stochastic partial differential
equation
ou
ot
with the initial condition
u(0, x) = uo(x); uo € Co([0, 11) ;

and Neumann boundary conditions

2

o? W
(x,t)=g;(x, t) +f(u)(t,x)+%;(t,x);t20, xe(0,1).

ou ou
- = — o= >
2

prem denotes the space-time white noise, f(u)(t, x) £ f(t, x; u(t, x)), where

Here

. x, 1) = ft, x, 1)

satisfies some measurability and growth condition which will be specified below.
Note that we won’t make any continuity assumption on f.
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414 1. Gyongy and E. Pardoux

We shall also consider the same equation with Dirichlet boundary conditions.

A rigorous formulation of the above equation will be given in the next section.

The aim of this paper is to prove existence and uniqueness of a strong solution
to our equation. Similar results are known to hold for a more general equation with
a variable diffusion coefficient under Lipschitz continuity assumptions, see e.g.
Walsh [11], Manthey [8], and under monotonicity type conditions, see Buckdahn
and Pardoux [1].

Note that, as in the finite dimensional case, weak existence and uniqueness is
easy to establish using Girsanov’s theorem, and that strong existence and unique-
ness depends essentially, via Yamada-Watanabe’s argument (see e.g. Ikeda and
Watanabe [4]), on pathwise uniqueness. Our argument for pathwise uniqueness
will use in an essential way a comparison theorem, which depends heavily on the
fact that the solution u takes values in R (i.e. we are dealing with an equation,
not a system of equations). On the other hand, we shall not exploit the Yamada—
Watanabe theorem, since our uniqueness proof will use the construction of a strong
solution by an approximation procedure which is similar to that in Krylov [6]. The
proof of the convergence of the approximating sequence uses an a priori estimate
based on the fact that the law of u(t, x) has a density whose LP(R) norm depends
only on the sup of f, and plays the same role as deep estimates of Krylov [7] for
finite dimensional It processes.

Our results generalize in a sense part of the results of Zvonkin [12] and
Veretennikov [10] to SPDEs. Note that our results are restricted to scalar valued
solutions (for which much more is known in the finite dimensional case — see e.g.
Rogers and Williams [9]).

One open problem in our framework is the strong existence and uniqueness
with measurable drift and nondegenerate Lipschitz diffusion coefficient, ie. the
equivalent of Veretennikov’s full finite dimensional result.

The paper is organised as follows. In Sect. 2, we shall state rigorously the
equation and our assumptions, and prove some preliminary results in Sect. 3. The
main results will be proved in Sects. 4 and 5. We shall consider the case of Dirichlet
boundary conditions in Sect. 6.

2 Statement of the problem

Let (&, #,(F:)z0, P) be a stochastic basis and # denote the g-algebra of pro-
gressively measurable subsets of 2 x R ... We are given a space-time white noise on
R, %[0, 1] defined on (Q, &, (%), P), i.e. an application W:Z(R , x [0, 1]) » H,
where H is a Gaussian space, H = L*(Q, &, P), s.t.

(i) VA, Be (R, x[0, 1]) with A n B = §, W(A4) and W(B) are independent,

(ii) VC e #4([0,17), {W([0,t]xC);t =0} is an & ,Brownian motion with
covariance tA(C), where 4 denotes Lebesgue measure.

Moreover,

R, x[0,1]xR->R

is supposed to be #(R.)® #([0,1]) ® #; measurable, where (IR )(resp.
A([0, 1]), #,) denotes the Borel s-algebra over R . (resp. [0, 1], R), bounded on
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[0, T]x[0,1]x[ — R, R] for each T, R > 0, and has one-sided linear growth in
the sense that there exists ¢ s.t.

rft,x,n<cl+r?); t=20,0<x=<1,reR.
We are finally given
uo € C([0,1]) .

We shall refer to our SPDE with the drift coefficient fas Eq(f). More precisely,
we say that a 2 ® #([0,1]) measurable and continuous random field
{u(t,x);t 20,0 < x < 1} solves equation Eq(f) if for any ¢ e C*([0,1]) s.t.
¢'(0)=¢'(1) =0,

1

¢ 2
[ u(t, x)p(x)dx = fluo(x)(p(x)dx—l— f f1 I:u(s X) g (f(x) + f(u)(s, x)qo(x)]dxds
0 0 0

0
t 1
+ [ [ o(x)W(ds, dx), t=0,ps.
o 0

where the last integral is a Wiener integral and

Jw)(s, x) £ f(s, x; uls, x)) .

It is shown in Walsh [11] that the continuous and adapted process u solves
Eq(f) iff u satisfies:

1
ut,x) = [ Gi(x, y)uo(y)dy
0

t 1 t 1
+ Of Of G —s(x, Y)f(W)(s, y)dyds + Of J Gi—s(x, y) Wids, dy);
0

t=20, 0x=<1, as

where

_L s (=x=2P\ o ( x=2f
Gt(x: y) - \/%'Fz_w {exp< - 4t > + CXp( 4t )} (1)

is the fundamental solution of the heat equation on R, x (0, 1) with Neumann
boundary conditions.

3 Preliminary results

In this section, we assume that f is bounded.

In this case, it is easily seen, using Girsanov’s theorem exactly as for finite
dimensional It6 equations, that Eq(f) has a unique weak solution. The details can
be found in the companion paper [3].

We now establish an estimate which will play an essential role below.
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Proposition 3.1 Let u denote the solution of Eq(f). For any T > 0 and p > 5/4, there
exists a constant K(T, p) (which depends also on the uniform bound for f) such that for
any x € [0, 1] and any Borel measurable function g: R, xR - IR,

T T 0 1/p
E flg(t,u(t,X))ldtéK(T,p)( I lg(t,r)l"drdt) .
0

0 —w
Proof. Define P by
dP = ZdP

f flfz(u)(s, x)dxds) X
6 0

I\)IP—

Z= exp( f ff(u)(s, x) W(ds, dx) —

Then P is a probability measure and under P
W(dt, dx):= fu)(t, x)dtdx + W(dt, dx)

is a space-time white noise. Thus u solves Eq(0) driven by W in place of W, and

1

u(t, x) = f G(x, yyuo(y)dy + f f G, (x, y) W(ds, dy) .

Hence we see that under P the solution u is a Gaussian random field with
expectation

1
m(t, x) = [ G,(x, yuo(y)dy ,
0
and variance
t 1
a*(t,x) = [ [ GI_y(x, y)dyds .
0 0

By (1) we have

O'Z(t x) = i j' /’{exp(_.(l:_);_s__zn_)z>

— 21)2
+ exp( - wfs—n)—>}dyds

lt ~x—2n+1 22
(s T (-1

—x—2n

—x=2n+1 ZZ
+> f exp( ~ Z)dz) ds

—x—~2n
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By Holder’s inequality

E fT lg(t, u(t, x))ldtéKT(F?Z‘“)”“<E fT lg(t, ut, x))l”dt)l/ﬂ
0 0

T o 1/8y T o 1/
sk f T wenraa)”( [ [ ipaotaa)
0 —w 0 -~
©)
for every «, B, y, 0 €(1, o) such that
1 1 1 1
—+-=1, —+=-=1
o * By + 8 ’

where p, ,(r) is the density function of the distribution of u(z, x), E is the expectation
with respect to P, and Ky, Kt , are constants.
By (2) we get

T _ 8(m(t, %) — rY?

1 I 1
f _,c{; Ipt,x(r)lédrdt = (275)5/2 Of ‘O’(t, x)la fexp< W)drdt

0

R
‘(Zn)m%of o (e, )"

which is finite if 6 < 5, i.e., when y > 3. Therefore, taking f close to 1 and y > 3 we
get our estimate from (3). O

r 1
dtéKéf‘W_jl—/zdt

We now exploit the above estimate and establish a technical result which will be
crucial for the convergence proof of our approximation procedure.

Let {f,(t, x, 1t 20,0<x <L, reR}and {h(t,r);t20,reR},n=1,2...
be ZR,)®AB([0,1]® A, (resp. #(R+)® #([0,1])) measurable functions
satisfying

(A) £, is bounded uniformly in #.
(B) Suppose there exists an #;-adapted solution u, to Eq( f;) such that for every
every (t, x)

Hm u,(z, x) = u(t, x)
for almost every w € Q, where u is some random field with values in R.
(C) h, is bounded, uniformly in n, and the set {h,; n € N} is relatively compact
in L2([0, T]1x[ — R, R]) for any T,R > 0.
We first prove:

Proposition 3.2 Assume (A) and (B). Then the result of Proposition 3.1 applies to
u = lim,u,.

Proof. From Proposition 3.1 and (A), there exists a constant K(7, p), which is
independent of #n, such that:

T T +owo 1/p
E[ |g(t,un(t,x))|dt§K(T,p)(f / lg(t,r)l”drdt> :
0 -

0
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Let g be continuous, bounded and non negative. We can then take the limit in
the above, yielding:

E ng(t, u(t, x))dt < K(T, p)(fT f lg(t, r)I"drdt>1/p-
0 0

-~

By the monotone class theorem the last inequality holds for any non negative and
Borel measurable g. The result follows. [

Proposition 3.3 Assume (A)~(C). Then

lim sup E fT [y (2, u,(2, X)) — he(t, u(t, x))|dt =0
0

n~wo k

for every x€[0,1] and T = 0.

Proof. Let k:R - 1R be a smooth function such that 0 < x(z) £1 for every
z,k(z) =0for |z| = 1 and x(0) = 1. Let us fix xe R and T'> 0. For a given & > 0,
let R > 0 be such that

E lel — x(u(t, x)/R)|dt < & .
0

We can find finitely many bounded smooth functions H,, ..., Hy, such that for
every k

T R 1/2
(f S/ |hk(t,r)—Hi(t,r)|2drdt> <e

0

for some H;. Obviously
T
I k)= E [ |h(us) — h(w)lde < I1(n, k) + I(m) + I5(k) ,
0
where

T
ILin, k)= E [ |h(un) — Hi(w)|dt
0
N T
L= Y E [ |Hju,)— H;wldt,
=1 0

T
I3(k):=E [ |h(u) — Hy(u)|dt .
0

(For simplicity of writing we omit the variables t, x of the integrands). It is clear
that lim, ;. I,(n) = 0. By Proposition 3.1

Ii(n, k) =E _/7: K(un/R)lhk(un) - Hi(un)ldt
0

+E [ |1 — we(u,/R)| [ i) — Hiun)|dt

!
j

R 1/2 T
K ( [ Im(t,r)y— Hys, r)IZdrdt> + KE [ |1 — «(u,/R)|dt ,
0 -R 6

A
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where K is a constant. Hence

T
lim sup I, (n, k) £ Ke + KE f [1 —x(u/R)|dt < 2Ke .
n—2>w k 0

Similarly, using Proposition 3.2 instead of Proposition 3.1

sup Is(k) < 2Le,
k

where L is a constant. Consequently,

lim sup I(n, k) £ 2(K + L)e,

n—ro k

and the proof is complete, since ¢ > 0 can be chosen arbitrarily small.

Corollary 3.4 Assume (A) and (B) and suppose that for n — oo
h,—hin Ly([0, T]x[ — R, R])
Jor every T = 0, R 2 0, and h, is bounded uniformly in n. Then
T

lim E [ |h,(t, u,(t, x)) — h(t, u(t, x))|dt = 0
n—+ o 0

for every xe[0,1] and T = 0.

Proof. Obviously

Jm)=E fT the(uy) — h(w)|dt < J1(n) + J1(n) ,
1]
where

T
Ji(n) = SupEof | () — hye(w) | dt
k

Jo(m):=E [ |h,(w) — h(u)|dt.
0

By Proposition 3.3 we have lim,, ,, J;(r) = 0. By Proposition 3.2

J2(n)=E fTK(u/R)lhn(u) — h(u)|dt + E lel — Kk(u/R)| | hy(w) — h(w)|dt
] 0

T R 1/2 T
< K( [ [ e, — ke, r)|2drdt> +KE [ |1 — x(u/R)|dt ,
~R 0

0

419

where K is a constant. Letting here first n—> o0 then R— oo we get

lim,_, ,, J,(n) = 0, and the proof is complete. [

Corollary 3.5 Let f, = f,(t, x,7) be Z(R ;) ® B([0, 1]) ® B, measurable functions
which are bounded uniformly in n and converge to a measurable function f for almost
all t,x, r. Assume that Eq(f,) admits a ? ® #([0, 1]) measurable solution u, such

that for every t, x

u,(t, x) — u(t, x)
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for almost every w € Q, where u is some random field. Then u is a solution of Eq(f).
Proof. If suffices to show that for ¢ € C*[0, 1]

t 1 t 1
Of 0f S, x)o()dxds — [ [ flu)s, xyo(x)dxds
0 0

in probability as n — oo for every ¢ = 0. Clearly

t 1
E Of Of (fo(un) ~ F()(s, %)) @(x)dxds

1 t
éoflw(x)lEof | ()5, X) — f()(s, x)|dsdx — O

by Corollary 3.4. O

We will construct converging sequences of solutions by using the following
known result on comparison of solutions (see Buckdahn and Pardoux [1]). For
more general comparison results for SPDEs with non constant diffusion co-
efficients, see ¢.g. Kotelenez [5] and Donati-Martin and Pardoux [2].

Proposition 3.6 Let f=(f(t,x,r))and F = (F(t, x,r)) be B(R.)® ([0, 1]) ® &,
measurable and bounded functions. Assume that one of them is Lipschitz in r,
uniformly in (¢, x). Let u and v be solutions to Eq(f) and Eq(F) respectively. Assume
that for every r

f xS Ft x,1)
Sor dt x dx almost every t, x. Then almost surely

Jor al u(t, x) < v(t, x)
or all t, x.

4 Existence and uniqueness with bounded drift

In this section, we assume that
f=Rix[0,1]xR - R
is Z(R ) ® #[0, 1] ® #, measurable and bounded.

Theorem 4.1 There exists a continuous and # @ %([0, 1]) measurable solution u of

Eq(f).

Proof. Let p be a smooth non negative function with compact support in R s.t.
Jrp(z)dz = 1. For je N, we define:

filt, x, 1y =j [r f(&, x, Dp(jlr — 2))dz .

Moreover, let
- k
f;l,k é /\ f;’: n é k

j=n
F,2 N\
j=n
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Clearly, f, . is Lipschitz in , uniformly with respect to (z, x), and:
f,,,k | F,, ask—-ow
F,1f, asn—ow

dr a.e., for any (z, x).
Eq(f.) has a unique solution (see e.g. Walsh [11]) #,,. From Proposition 3.6,
the sequence {ii;} decreases with k, hence it has a limit

u, £ lim ﬁnk .
k=0
Note that again by Proposition 3.6 #,, — and hence u, — is bounded from above
(resp. from below) by the solution of the equation with f replaced by || f || (resp.
— || fllw)- From Corollary 3.4, u, solves Eq(F,). Moreover, u, increases as » in-
creases, since

o Z U, NSM=k.
So again u, converges, and

v lim u,
nt oo

solves Eq(f) by Corollary 3.5. O

Theorem 4.2 Eq(f) has at most one continuous and # @ %B([0, 1]) measurable
solution.

Proof. Let u denote the solution constructed in Theorem 4.1, and v denote another
solution.

@_—Q.ZE_‘_f(v)_*_azW
at ox? otox
Let @ 2 f(v). Then ¢ is a bounded # ® # ([0, 1])-measurable random field.

F, being defined as in the proof of Theorem 4.1, F, (v) < f(v), hence v solves also (n is
fixed below):

v 0% b 4
‘a—t 62+F(0)V(p+ata

Also F,(+) v ¢ is random, from [a v ¢ — b v @| = |a — b] it is easily seen that
the arguments used in the proof of Theorem 4.1 and Proposition 3.6 permit to
construct a solution # to this last equation, s.t. v < ii. From Girsanov’s theorem,
v and # have the same law. Hence v = # a.s. Hence v, — v, where v, is the unique
solution of:

2

o0tox

% 5vk
ot ox?

+fnk(Uk) v o+

Again by Proposition 3.6,

vk(t, x) g an,k(t9 X) a.s.
Hence
v(t,x) = u,t,x) as.VneN
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and
v(t, x) = u(t, x) as.

Finally from Girsanov’s theorem the laws u and v coincide, and consequently
v(t,x) =u(t,x);t =0, xe[0,1], as. [

From the above results and the procedure used in the existence theorem, we deduce
the following extension of Proposition 3.6:

Theorem 4.3 Let fand g be two (R ) ® %([0, 1]) ® #-measurable coefficients
which are bounded on [0, T]1x [0, 11x[ — R, R], for any T, R > 0, and satisfy:
fle,x,r) < gt x,7),

dt x dx xdr a.e.
Let u(resp. v) denote a continuous and P ® %([0, 1])-measurable solution of
Eq(f) [resp. Eq(g)]. Then:

u(t, x) 2 v(t,x); t 2 0,xe [0, 1]; as.
Proof. In the case fand g are bounded, the result follows from Proposition 3.6 and
the way the solutions of Eq(f) and Eq(g) are constructed in Theorem 4.1.
In the general case, let T, R > 0, and fy p(resp. gr,z) be Z(R ) ® ([0, 1])
® %, measurable and bounded, and coincide with f (resp. with g) on [0, T]

x[0,1]x[ — R, R]. The unique solution up (resp. vg) of Eq(fr r) (resp. of
Eq(gr, r)) coincides with u (resp. v) on

[0,7g A TIx[0,1]

where T = inf {¢; sup, |u(t, x)| v |v(t, x)| = R}. Hence from the result in the case of
bounded coefficients,

usvon[0,7g A T]x[0,1].

Buttz A T as,as Rand T—»o0. [

5 Existence and uniqueness in the general case

In this section, we finally assume that fis Z(R ) ® %([0, 1]) ® #; measurable,
locally bounded and satisfies a one sided linear growth condition, i.e.

(i) For any R >0, 3cgps.t. | f(t, x,7)| Lcg;t=20,0=5x<1, —R=r<R

(i) /(6% < el +r?)
for a constant ¢ independent of (¢, x, 7).

We first prove uniqueness:

Theorem 5.1 There is at most one continuous and # @ H([0, 1]) measurable solution

of Eq(f).

Proof. Let u and v be two such solutions,

R>0,1734 = inf{t; sup |u(t, x}| v |v(t, x)| = R} R

0sx=1
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frl(t,x,¥) =f(t,x,(r A R) v (— R)). The restrictions of  and v to [0, z] x [0, 1]
are restrictions of the unique solution of Eq(fg), so they coincide. The result
follows, since g > + o0 as.as R—~+o0. [

We finally prove existence:

Theorem 5.2 There exists a continuous and P @ ([0, 1]) measurable solution u of

Eq(f).

Proof. First step. We suppose that f has linear growth in r, ie. Jc st
|£(@ %, 1) = el + |r])

For any R, let f; be defined as in the previous proof, and let ug be the unique
solution of Eq( fr). We define tx = inf {t; sup,|ux(t, x)| = R}. Then up solves Eq(f)
on the random interval [0, 7z], and it is easily seen that by this procedure we
construct a solution u of Eq(f) on the random interval [0, t[, with 7 = limg 4 o .
It remains to show that T = + 0o . This follows from the fact that ii = u — v (v being
the solution of Eq(0)) is continuous on ([0, 7] n R) x [0, 1]. Indeed,

ou ua . _
5=@+f(u+v) on [0, [

and satisfies the Neumann boundary condition. For almost w, (¢, x) - v(t, x, ) is
continuous, and hence standard estimates on the equation for @ show that é(-, -, w)
is continuous on ([0, 1(w)] » [0, T])x [0, 1]. Hence 7> T as. for any 7> 0,
which establishes our result.

Second step. Suppose fis bounded from below by a function with linear growth, i.e.
dc s.t.

fex,r)z —cl +1rl).
It follows from the assumption of the theorem that
ft,x, 1) < F(r)

where F is continuous has at most linear growth as r — + 00, and arbitrary growth
asr——oo0. For any N > 0, let Cy = sup_y<,<o(F 7 (r)),

_JF@ v Cyr20
FN(r)—{F(r) A Cy,r<O

and fy(t, x,r) = Fy(r) A f(t, x, r). Clearly, fy has at most linear growth, fy increases
with N, and

fn=fon xR, x[0,1]Jx[ =N, +oo[.

From the previous step, Eq( fy) has a unique solution uy. From Proposition 3.6
uy increases, hence uy solves Eq(f) on 2% x [0, T] x [0, 1], where

QF = {uot, )2z ~N;0< < T,0<x <1},

But U,,Q{J = Q a.s. Hence we have constructed a solution up to time 7, for any
T>0.

Third step. The general case.

We construct an approximating decreasing sequence of functions which are
bounded from below by linear functions of r, in a way which is very similar to what
we have done in the second step, and apply the result of that step. [
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6 The case of Dirichlet boundary conditions

We have proved a strong existence and uniqueness result of solutions of SPDEs
driven by addive white noise in the case of a measurable drift satisfying some
boundedness assumption, We have treated the case of Neumann boundary condi-
tions only. However, the result extends to other types of boundary conditions. The
only place in the paper where we have used explicitly the precise form of the kernel
G.(x, y) associated with the Neumann boundary conditions is the derivation of the
estimate (2). Clearly, the same estimate holds if we choose periodic boundary
conditions (i.e. we identify 0 and 1, and replace [0, 1] by the circle $'). In the case of
Dirichlet boundary conditions, the estimate (2) cannot possibly hold at the bound-
ary (x = 0 or 1). However, the following is still true:

Lemma 6.1 Let {G(x, y); t = 0; x, y € [0, 1]} denote the fundamental solution of the

heat equation with Dirichlet boundary conditions. For any x € (0, 1), T > 0, there
exists ¢(T, x) > 0 s.t.

t 1
*tx)= [ [ Gix)dydsZ e(T,x)/t, 0<t<T.
0 0

1 2
Proof. Let p(x,y) = exp[ - (x—J) :| denote the transition probability of

ant 4t

the one-dimensional Brownian motion (multiplied by \/5) and t denote the first
exit time from (0, 1) of Brownian motion {\/EB,}. Then

Gs(x, y) = P(t > 5//2B, = )ps(x, ).

Let 0 < a < x < b < 1. Clearly,

T,x) 2 inf P.c>s/\/2B,=3)>0.

O0=ssT
asy=sb

Hence, for 0 <t <7,

t

/ f1 Gi(x, y)dsdy z &(T, x)
0

0

pi(x, y)dyds

tq h y2
o Ofgof exp(2—s)dyds
&T,x) ¢ 1 h//2T

4r ofﬁ Of
=c(T,x)\/;. |

This allows us to prove Proposition 3.1 up to Corollary 3.4 at any point
x € (0, 1), and that is enough in order to deduce Corollary 3.5. Hence the results of
the paper are still true in the case of Dirichlet boundary conditions (in that case we
of course use an initial condition {uy(x)} which vanishes at 0 and 1).

O
e o

v

> exp( — z%)dzds
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