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ABSTRACT. We consider a deterministic system with two conserved quantities
and infinity many invariant measures. However the systems possess a unique
invariant measure when enough stochastic forcing and balancing dissipation
are added. We then show that as the forcing and dissipation are removed a
unique limit of the deterministic system is selected. The exact structure of the
limiting measure depends on the specifics of the stochastic forcing.

Dedicated to the memory of José Real

1. Introduction. There is much interest in the regularizing effects of noise on the
longtime dynamics. One often speaks informally of adding a balancing noise and
dissipation to a dynamical system with many invariant measures and then study-
ing the zero noise/dissipation limit as a way of selecting the “physically relevant”
invariant measure.

There are a number of settings where such a procedure is fairly well understood.
In the case of a Hamiltonian or gradient system with sufficiently non-degenerate
noise, Wentzell-Freidlin theory gives a rather complete description of the effective
limiting dynamics [3] in terms of a limiting “slow” system derived through a quasi-
potential and deterministic averaging. In the gradient case the stochastic invariant
measures concentrate on the attracting structures of the dynamics. In the Hamilton-
ian setting, Wentzell-Freidlin theory considers the slow dynamics of the conserved
quantity (the Hamiltonian) when the system is subject to noise. It is the zero noise
limit of these dynamics which decides which mixture of the Hamiltonian invariant
measures is selected in the zero noise limit.

In the case of system with an underlying hyperbolic structure, such as Axiom
A, it is known that the zero noise limit of random perturbations selects a canonical
SRB/”physical measure”[17, 18, 16, 7]. This relies fundamentally on the expan-
sion/contraction properties of the underlying deterministic dynamical system. See
[23] for a nice discussion of these issues. The Axiom A assumption ensures that the
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deterministic dynamics has a rich attractor which attracts a set of positive Lebesgue
measure.

One area where the idea of the relevant invariant measure being selected through
a zero noise limit is prevalent is in the study of stochastically forced and damped
PDEs. Two important examples are the stochastic Navier-Stokes equations and the
stochastic KdV equation. Both of these equations have been studied in a sequence
of works by Kuksin and his co-authors [9, 10, 11, 8, 12]. In all these works, tightness
is established by balancing the noise and dissipation as the zero noise limit is taken.
Any limiting invariant measure is shown to satisfy an appropriate limiting equa-
tion. Typically a number of properties are inherited from the pre-limiting invariant
measure.

The hope is that the study of these limiting measures will give some insight
into important questions for the original, unperturbed equations. In the case of
the Navier-Stokes equations one would be interested in understanding questions
such as the existence of energy cascades and turbulence. Setting aside the question
of whether the regularity of the solutions in [9] is appropriate for turbulence, it
is interesting to understand if the noise selects a unique limit and what are the
obstructions to such uniqueness as they give information about the structure of
the deterministic phase space. In all of the works [9, 10, 11, 8, 12] the question of
uniqueness of the limit is not addressed and seems out of reach.

The equation for the evolution a 2D incompressible fluid’s vorticity ¢(z,t) (a
scalar) on the 2-torus subject to stochastic excitation can be written as

d(x,t) = vAq(z,t) + B(q(z, ), q(x,0) + Vv > ope W,
keZ?2

where v > 0 is the viscosity, A is the Laplacian, o are constants to be chosen,
{Wt(k) : k € Z?} are a collection of standard one-dimensional Wiener processes and
B(q,q) is a quadratic non-linearity such that (B(q,q),q)rz = 0. The scaling of v
is chosen to keep the spatial L? norm of order one in the v — 0 limit and is the
only scaling on a fixed torus which will result in a non-trivial sequence of tight
processes. On a fixed interval, the formal v = 0 limit of this is equation is the
Euler equation which conserves its Hamiltonian (the energy or L? norm) but also
has an infinite collection of other conserved quantities since the vorticity is simply
transported about space. This means that a priori there will be many conserved
quantities whose slow evolution must be analyzed.

Inspired by models in [13, 14] and the Euler equation itself, we construct a model
problem in the form of an ODE in R? such that the non-linearity is quadratic and
conserves the norm of the solution as in analogy with the Euler non-linearity. We
will also see that our model system in fact possesses two conserved quantities (the
most it could have without becoming trivial). In many ways our analysis follows
the familiar pattern of [3] in that we change time to consider the evolution of the
conserved quantities from the unforced system on a long time interval which grows
as the noise is taken to zero. This produces a limiting system which captures the
effect of the noise. However multiple conserved quantities are not usually treated
in Wentzell-Freidlin theory and the complications of having more then one are
non-trivial in our case. In particular, the limiting system does not have a unique
solution. Nonetheless, we are able to show that a particular solution is selected by
the limiting procedure which in turn leads to a unique invariant measure for the
limiting system being selected.
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Since the limiting system does not have unique solutions there are many possible
invariant measures depending on which of the solutions are chosen. It is interesting
to note that identifying the limiting “averaged” solution is not sufficient to identify
the likely limit of the invariant measure. Analysis of the limiting solution in isolation
revel domain walls which separate different regions of phase space and along which
the diffusion degenerates giving rise to the possibility of solutions which could spend
arbitrary mounts of time on the domain boundaries. Only through the analysis of
pre-limiting systems do we discover that the systems selects the solutions which
spend zero time on the domain walls.

These domain walls are the planes {z = y} in R? and correspond to hetero-
clinic cycles from the original deterministic system made up of homoclinic orbits
connecting the fix points. Hence it is not surprising that the limiting system sup-
ports solutions which could spend arbitrarily long times on these orbits. However,
it is interesting that the limiting procedure selects solutions which do not become
trapped near the heteroclinic orbits.

2. Model System. As an exercise in studying the zero noise/dissipation limit
of conservative systems, we have chosen to study the following three-dimensional
system:

& =B(&, &) (1)

with & = (Xo, Yo, Zo) € R?® where if £ = (z,y,2) € R? and € = (&,7, 2) then B is
the symmetric bi-linear form defined by

ot Yz + gz
B(£,6)= = T2+ 3z . (2)
—2xy — 22y

We will write ¢, for the flow map induced by (1), i.e. & = ¢¢(&). We will constantly
write (X3, Y:, Z;) for & when we wish to speak of the components of &;.
Since

B(§,€)-€=0 (3)

we see that |&|? = X? + Y2 + Z? is constant along trajectories of (1). Similarly
one sees that X? — Y;? is also conserved by the dynamics of (1). Since any linear
combination is also conserved, we are free to consider 2X7+ Z7 and 2Y,2+ Z}, which
are more symmetric. Since we will typically use the second pair, we introduce the
map

: (2,y,2) — (u,v) = (222 + 2%, 20% + 2%). (4)

A moments reflection shows that the existence of these two conserved quantities
implies that all of the orbits of (1) are bounded and most are closed orbits, topolog-
ically equivalent to a circle. All orbits live on the surface of a sphere whose radius is
dictated by the values of the conserved quantities. More precisely, given the initial
condition & € R? the orbit {& : ¢ > 0} is contained in the set

r={c: 29 = o) } 5)
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To any initial point § = (Xo, Yo, Zo) contained in a closed orbit, we can associate
a measure defined by the following limit

e 1
pgo(dx,dy,dz)d:f lim 7/ de, (dz, dy,dz)ds . (6)
t—oo t Jg

We will show in Section 7.4 that this invariant measure depends only upon ®(&),
and a choice of a sign. Any such measure is an invariant measure for the dynamics
given by (1). Hence we see that (1) has infinitely many invariant measures. It
is reasonable to expect that the addition of sufficient driving noise and balancing
dissipation, will result in a system with a unique invariant measure. Our goal is to
study its limit as the noise/dissipation are scaled to zero. We are specifically inter-
ested in understanding whether this procedure selects a unique convex combination
of the measures for the underlying deterministic system (1).

More concretely for € > 0, we will explore the following stochastic differential
system

& = B, &) — & + Veo W, @
with & = (Xo, Yo, Zo) € R3,
o1 0 0
co=10 o2 0] and W; = (Wt(l)a Wt(Q))»
0 0 0

where the two components Wt(l) and Wt(Q) are mutually independent standard Brow-
nian motions. In all this paper, we assume that o1 > 0 and g5 > 0.

As above, we will write (X¢,Y;®, Zf) when we wish to discuss the coordinates of
.

For each € > 0, the three-dimensional hypoelliptic diffusion process is positive
recurrent and ergodic, its unique invariant probability measure p. is absolutely
continuous with respect to Lebesgue measure, with a density which charges all
open sets.

Our aim is to study the limit of u., as ¢ — 0. We first note that as ¢ — 0, the
process (X§,YE, ZF) converges to the solution of (1) on any finite time interval.

The main result of this article is that there exists a probability measure p which
is absolutely continuous with respect to Lebesgue measure and so that p converges
weakly to u as e — 0. Of course, u is a mixture of the ergodic invariant measures
appearing in (6), which we shall describe.

It is natural to ask what is the effect of adding noise also in the z-direction.
Unfortunately this leads to unexpected complications which at present we are not
able to handle.

3. Main Results. For ¢ > 0, we define the Markov semigroup Py associated with
(7) by
(Ff0)(€) = Eco(&7)
for bounded ¢: R?> — R.
The dynamics obtained by formally setting ¢ = 0 are deterministic. We will
write P; rather than PP for the corresponding Markov semigroup which is defined

by (Pt¢)(f) = ¢(ft)~

Theorem 3.1. For each € > 0, Py has a unique invariant probability measure pu°
which has a C* density which is everywhere positive.
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Theorem 3.2. There exists a probability measure p such that u* = p as e — 0
and furthermore such that p is invariant for the dynamics generated by (1) in that
Py = p for all t > 0. In addition, pu is absolutely continuous with respect to
Lebesgue measure on R3, with a density which is positive on the complement of

{r =y U{r=—y}.

The paper is organized as follows. Section 4 studies finite time convergence of
&° as € — 0. Section 5 studies existence and uniqueness of the invariant measure
for €°. Namely, this section proves Theorem 3.1. Section 6 studies the deter-
ministic system on a faster time scale, more precisely it introduces the process
(Ug,VE) = @(Xf/s, Yf/s, Zf/s). Assuming some results from Section 8, we uniquely
characterize the limit (U;, V;) of the process (Uf, V) as ¢ — 0, and show that
that limit has a unique invariant probability measure. Section 7 studies very pre-
cisely the deterministic dynamics behind the ODE (1) obtained by formally setting
e = 01in (7). Section 8 establishes crucial results which were assumed to hold in
the discussion in Section 6, the main important and most delicate one being the
convergence of the quadratic variation of (U¢, V¢), which builds upon the analysis
in Section 7. Finally Section 9 is devoted to the proof of Theorem 3.2.

4. Finite Time Convergence on original timescale. In this section we show
that the dynamics of stochastic dynamics given by (7) converge to the deterministic
dynamics given by (1). Hence the limit as ¢ — 0 on this time scale does not help
in understanding the selection of any limiting invariant measure as ¢ — 0.

Lemma 4.1. There exists a positive constant ¢ so that if & = &5 € R? then for all
e>0
|o|? + ¢l

cléol

Corollary 1. For anyt > 0, Pf converges weakly to P; as € — 0. In other words,
for any bounded and continuous ¢ : R®* — R, Pf¢(&) — Pip(€) for all € € R3.

El6 - &)? <e ecleolt,

Proof of Lemma 4.1. Defining p; = & — & we have that
dp; = —ep; — & + Blpi, &) + B(& p}) + B(pf, p}) + VeadWy .

We will make use of the following estimate which is straightforward to prove : there
exists a ¢ > 0 so that

2IB(&, p) - pl +2IB(p,€) - pl + 2el€ - p| < €[] + clé] o]

Applying Itd’s formula to p +— |p|? and this estimate produces
d
S EIPF1” < d&GIBIp[ + e(|of® + el )

Recalling that |&:| = |€] and applying Gronwall’s lemma produces the stated result.
O

5. Existence and Uniqueness of Invariant Measures

with Noise. Similarly if we consider the evolution of the norm, we have the fol-
lowing result which is useful in establishing the existence of the invariant measure
u° and the tightness of various objects.
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Proposition 1. For any integer p > 1 there exists C(p) > 0 so that for all t > 0,
e >0,

Bl < O+ e 203 6]
k=1
Proof of Proposition 1. Defining |o|? =, 07, It6’s formula implies that
d|&F1? = —2¢l&5 [Pdt + |o|*dt + dM;
for a martingale M; with quadratic variation satisfying
d(M®); = (07 (X7)* + 03 (V7)) )dt < 07,0, |7 |dt
where 02, = 02 V 03. The proof then follows from Lemma 5.1 below. O

Remark 1. One can actually easily prove uniform in time bounds on E exp(xX;)
for £ > 0 but sufficiently small. See [4] for a proof using the exponential martingale
estimate.

The following Lemma provides the key estimate to Proposition 1.
Lemma 5.1. Let X; be a semimartingle so that Xy > 0,
dX; = (a — bXy)dt + dM,
where a > 0, b > 0 and M; is a continuous local martingale satisfying
d{M); < eXydt

for some ¢ > 0. Then for any integer p > 1 there exist a constant C(p) (depending
besides p only on a, b and ¢) so that for any Xo >0 andt >0

E[X!] <Cp)[1+ Zp: e M Xk
k=1

Proof of Lemma 5.1. Fixing an N > 0 and defining the stopping time 7 = inf{¢ :
X; > N} observe that

EXt S EXt/\T S at +X0 .

where the first inequality follows from Fatou’s lemma applied to the limit N — oo.
Using the assumption on the quadratic variation of M; we now see that M; is a
L?-martingale. Hence

EX, = e "X + %(1 — et (1)

Now applying 1t6’s formula to X7 produces

(p—1)
2

dXP = pXP (a — bXp)dt + P2 xp=2q 0y, + dM

where th(p ) = pX? “rdM,. Using the same stopping time 7 and the same argument
as before, we have

t
BX! <EX[, < X[+ (a+cplp— 1)) [ BXTds
0
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Hence inductively we have a bound on EX? for all integer p > 1 which implies that
Mt(p) is an L2-martingale for all p > 1. Hence we have

¢
EX! < e "XE + (pa+ gp(p — 1))/ e P=IEXP s
0

Proceeding inductively using this estimate and (1) as the base case produces the
stated result. O

Corollary 2. For each € > 0, the Feller diffusion {& : t > 0} possesses at least one
invariant probability measure u®. Furthermore, any invariant probability measure
e satisfies

[ Jelurtae) < e
RC}

for any integer p > 1 where C(p) is the constant from Lemma 1 (which is indepen-
dent of €). Hence the collection of probability measures which are invariant under
the dynamics for any given € > 0 is tight.

Proof of Corollary 2. Since & is a time-homogeneous Feller diffusion process and
from Proposition 1 for fixed € > 0, the collection of random vectors {&£, ¢t > 0} is
tight, the existence of an invariant probability measure p° follows by the Krylov—
Bogolyubov theorem.

Defining ¢n (&) = |£]?P¢(|€]|/N) where ¢ is a smooth function such that ¢(z) = 1
for z <1, ¢(x) = 0 for & > 2, and ¢ decreases monotonically on (1,2), we see that

[ onstond) = [ Bo om0

<C@[1 +e*2€t/¢>zv,p(£)ﬂe(d€)]
< C(p)[1+ e (N 4 1)%]

Taking t — oo, followed by N — oo, the result follows from Fatou’s Lemma. Since
these bounds are uniform in &, tightness follows immediately. O

The next result follows by hypoellipticity and the Stroock and Varadhan support
theorem.

Proposition 2. For any € > 0, there exists a transition density p5(&,n) which is
jointly smooth in (t,&,n) so that for all ¢ € R® and Borel A C R? one has

P&, A) = /Apf(é,n) dn.

Additionally, [5pi(&,n)dn >0 for everye > 0,t >0, { € R?, and any ball B C R3.

Proof of Proposition 2 . Hypoellipticity follows from the fact that taking Lie brack-
ets of the drift with d, and then 0, (the two noise directions) produces the third and
missing direction 0,. This ensures the existence of a smooth density with respect to
Lebesgue mesure [19, 5, 6]. Positivity will then follow by showing that the support
of the transition density is all of R3.
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We will invoke the support theorem of Stroock and Varadhan [20]. Indeed,
consider the controlled system associated to the SDE for (X7, Y, Z5), which reads

D0 = (0" 0) 270+ VEo ()
U 1) — 2501250 47 (0) + VEma ) ®
T2 ) = —ar (e (1) — <200,

where {(f1(t), f2(t)), t > 0} is the control at our disposal. Now by choosing appro-
priately the control, we can drive the two components (z°(t),y*(t)) in time as short
as we like to any desired position, which permits us to drive the last component
z%(t) to any prescribed position in any prescribed time. The result follows. O

We are now in a position to give the proof of Theorem 3.1.

Proof of Theorem 3.1. Since by Proposition 2, Pf has a smooth transition density,
any invariant probability measure must have a smooth density which charges any
ball B C R3. Recall the fact that in our setting any two distinct ergodic invari-
ant probability measures must have disjoint supports which is impossible since the
measures have densities and charge any open set. Uniqueness of the invariant prob-
ability measure follows immediately from the fact that any invariant measure can
be decomposed into ergodic components [2]. O

6. The fast dynamics. Since by the results in Section 4 & = (X7, Y}, Z5) con-
verges to & = (X4, Y:, Z;), in order to study the limiting invariant probability mea-
sure one needs to consider the system on ever increasing time intervals as ¢ — 0.
One must pick a time scale, depending on €, so that the amount of randomness
injected into the system is sufficient to keep the system from settling onto a deter-
ministic trajectory as € — 0.

With this in mind consider the process & on the fast scale ¢/e. In other words,
consider the process éf = ff/e which solves the SDE

~ 1 ~ ~ ~ .
& = BE.&) - & + ol (1)
Here we have used a slight abuse of notations, replacing the e-dependent standard
Brownian motion W§ = \/eW,,. by W;. In coordinates we will write (X7,Y;, Z7) =
( f/s’ At'a/s’ f/s)
Let Pf be the Markov semigroup associated to (1) and defined for ¢ : R® — R
by

(Pr)(€) = Ecv(&7) - (2)
Associated with this right-action on functions we have a dual action on measures.

We will denote this by left action rather then the often used (]Bf )* notation. Hence
if 1 is a measure on R? and 1 a real-valued function on R? then

pPiv = [ (Pro)e) ude).

Of course, this time change does not change the set of invariant measures for the
dynamics since the time change was not state dependent. Hence P; has the same
unique invariant probability measure p° as Py .
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6.1. Fast evolution of conserved quantities. One indication that this is the
right time scale is that the conserved quantities (u,v) = ®(z,y,z) now continue
to evolve randomly as ¢ — 0. More precisely, defining the processes (Ug V) by
(Ug,VE) = ®(X5,YE, ZF) and applying It6’s formula shows that

dUf = [20% — 2UF)dt + 40, Xed W, .
AVE = [202 — 2VF]dt + dos Y dW >,

We will show below in Section 8 that {(Uf, V) }eso is tight, and that any accumu-
lation point (Uy, V) solves the SDE

dU, = [20% — 2U,]dt + oy \/8(Ut — DU, Vi) dw

(4)
AV, = [203 — 2Vildt + 02\/8(V; — T (U1, Vi) )dW,?,

where

I(u,v) = (uAv)A (U/\U> .

u Voo

(5)

The function A will be defined in Section 7.3.2. However for our present discussion,
it will be sufficient to state a few important facts whose proofs will be given later
in Section 7.3.2.

Proposition 3. A(r) is a continuous and strictly increasing function on [0, 1] with
A(0) = § and A(1) = 1. Furthermore as e — 0%,

1 1 1
Ae) = 3 + 16° + 3—252 +o(?),

2 1
A=) = 1= e+ o)

In addition, on any closed interval in [0,1), A is uniformly Lipschitz.

6.2. Finite time behavior (U, V;). Before stating and proving the main theorem
of this section, let us establish three Lemmata.

Lemma 6.1. Let {Xy, t > 0} be a continuous Ry —valued Fy—adapted process which
satisfies

dXt = (a — bXt)dt + CXtth,
XO =,

where b,c > 0, {Wy, t > 0} is a standard Brownian adapted to F;. motion and
x>0. If a > ¢/2, then with probability one X; > 0 for all t > 0.

Proof of Lemma 6.1. We consider the SDE

dY; = ¢! (aY, — bYY) dt + Y,dWy,
Y() =X,

whose solution satisfies clearly

1 b [*
}/t_$eXp<|:Z2:|tc/YgdS+Wt>,
0
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and define 4; = %fot Ysds, n, = inf{s > 0, A; >t} and X; =Y,,. It is not hard to
see that there exists a standard Brownian motion, which by an abuse of notation
we denote again by W, which is such that

dXt = (a - bXt)dt —+ v/ CXtth,
Xo = .

Since X4, = Y; and Y¥; > 0 for all ¢ < oo, for X; to hit zero in finite time, it is
necessary that A, < 0o and Y., = 0. But from the above formula for Y;, we deduce
that if @ > ¢/2, on the event {4, < oo}, limsup,_,. ¥; = +00, which implies that
Ao = +oo0. O

We will need a slightly better result which generalizes the preceding Lemma.

Lemma 6.2. Let {X;, t > 0} and {Y:, t > 0} be continuous R —valued Fi—adapted
processes which satisfy 0 <Y, < Xy for allt > 0, with Yy > 0,

dXt = (a — bXt)dt + C}/tth,
XO =,

where b,c > 0, {Wy, t > 0} is a standard Fy—Brownian motion and © > 0. If
a>c/2, then a. s. Xy >0 for allt > 0.

Proof of Lemma 6.2. We define
t
Y .
B, = / fds, oy =inf{s >0, By > t}, and Z;=X,,.
0 s
There exists a standard Brownian motion, still denoted by W, such that

Z
dZ; = (a — bZt)Yt dt +/cZ,dWy,

Ot

XO =x.
Define two sequences of stopping times as follows. Sy = 0, and for k£ > 1,
Ty = inf{t > Sp_1, Zy < %} and Sj, = inf{t > Ty, Z; > %}

On each interval [Ty, Si], since Z;/Y,, > 1, by a standard comparison theorem for
SDEs we can bound from below Z; by the solution of the equation of the previous
Lemma, starting from a/2b. Hence Z; never hits zero. O

Using Lemma 6.2, we are now in a position to prove the following result.

Theorem 6.3. Assume that the initial condition (Uy, Vp) satisfies Uy > 0, Vo > 0.
Any solution of equation (4) lives in the set (0, +00) x (0, +00) for all positive times.

Proof. We first prove that any solution (U, V;) never hits the two axis, except
possibly at (0,0). The fact that (U, V;) cannot hit (0,v) with v > 0 follows clearly
from the equation for U; and Lemma 6.2, once we have noted that whenever U; < V;,
Ui — T(U, V;) < U /2, as follows from Proposition 3.

The same proof shows that (Uy, V;) cannot hit (u,0) with w > 0. It remains to
show that (Uy, V) cannot hit (0,0). Let a = o7 2, b = 05, %, K; = aU; + bV;. There
exists a standard Brownian motion W; such that

dK; = (4 — 2K;)dt + \/8[K; — (a + b)T(Uy, V;)]dW,.

The result again follows from Lemma 6.2, since I'(U;, V;) > 0. O
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We next establish a crucial property shared by all the possible accumulation
points of the collection {(U¢,V?)}eso.

Theorem 6.4. If (U, V) = lim,_, (U, V"), for some sequence e, — 0, then
¢
/ 1y,—vds =0 for all t > 0 almost surely.
0

Proof. For any M,§ > 0, let

Yus(r) = [log <|i> A M} 11_54)(z), ¥s5(x) = log (;) 11_5.6(x).

We define ¢ars and ps € CH(R) N W2 (R) by

©m,s(0) =0, 909\4,5(0) =0, sﬁlzlw,a = VM5,
©5(0) = 0, ¥5(0) = 0,5 = 5.

Let J; = U7 — V. It follows from It6’s formula, which can be applied here although
oums € C*(R), that for each M >0, n > 1,

t
SB [ [H(X)? 4 o370 wans (U2 ds
0
t
< B (wslU) — paal5r) =2 [ (0 = 0F = TNy U5 s )
0

We now let M — oo. Since 07(X)2 +03(YEm)? > 0 (ds x dP)-almost everywhere,
we deduce that

t
SE [ [ 4+ o372 (g5 ds
0

t
<E (%(Jf") st 2 [ (ot = o3 - Jsmagu;")ds) .
0

We now take the limit in the last inequality as n — oo, and deduce from Fatou’s
Lemma that

E /0 [02(Us — T(Us, Vi) + 02(Va — D(Us, Va)] (s

<E <%(Jt) — ¢s(Jo) — Q/Ot(Uf — 05— Js)@fs(efs)ds> :

It follows from Proposition 3 that to any ¢ > 0, we can associate § > 0 and a > 0
such that whenever u,v > ¢>0,and -6 <k=u—v <9,

4 [of(u—T(u,v)) + o3(v —T'(u,v))] log (|2’|> >a>0.

Consequently the above establishes that
t
GE/ 1u.>e,v.>cl(-68) (Js)ds
0

<E (mm ~ gl -2 [ (o2 —oi- Js>sog<Js>ds> |
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and letting finally 6 — 0, we deduce that

t
E/ 1u,>c,v. 10 (Js)ds = 0.
0

Since we know that both U; and V; never reaches 0, and ¢ > 0 is arbitrary, this
shows that J; = U; — V; spends a.s. zero time at 0, i.e. that the process (U, V;)
spends a.s. zero time on the diagonal. O

Now that we know that (U, V') spends no time on the diagonal, we can introduce
the following time change. Let for u,v > 0,

_ uNv uNv
F(U,U){l A(qu)’ quv Z

1
2
1-A(3), if%r<i

(6)

uVv

Let us define the time change

t

A = / F(Us, Vy)ds, n: = inf{s > 0, A, > t},
0

Ht = U

Mt

(7)
and K; = V.

There exists a two-dimensional Wiener process, which we still denote by (Wt(l), Wt@)),
such that

Ht Ht—Ht/\Kt (1)
dH; = 27dt 2v/2 _— H,NK H, K;)d
F(H;, Ky) " \[01\/ F(H;, Ky) - (H G(H, o) AW, ()
K, — H; NK; (2)
dK; = 2—=——"—dt +2V2 _ H, N Ky)G(Hy, Ky) dW,
(Ht,Ka v M R, Iy e KGR v
where
o K)_l—A(§:©§:)
DY F(H Ky

It is easily verified that the diffusion matrix of this system is locally uniformly elliptic

n (0,+00) x (0,+00) and continuous. However, the drift is unbounded near the
diagonal. We will now prove uniqueness of the weak solution of (8), using methods
and results from Portenko [15]. [15] constructs a weak solution to an equation like
(8) from the solution without drift, using Girsanov’s theorem, provided the drift is
in LP(R?), with p > 4. His uniqueness theorem is proved under conditions which are
difficult to verify. The condition is tailored to make sure that Girsanov’s theorem
can be used to show that the law of the equation with drift is absolutely continuous
with respect to that of the equation without drift. We will do that by verifying the
condition of Lemma 1.1 from [15], which we now state

Lemma 6.5. Assume that {Z;, t > 0} is a non—negative progressively measurable
process, adapted to the o—algebra {Fz, t > 0}. Suppose that there exists a mapping
p from the set of subintervals of [0,T)] into Ry, such that

(i) E [f; Zrdr‘}"s} < p(s,t), forall 0 < s<t<T;
(11) p(ti,ta) < p(ts,ts), whenever (t1,t3) C (t3,t4);
(iii)

lim sup p(s,t) =k

hl0 O<s<t<T
—s<h
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T
Eexp <)\/ tht> < 00
0

We intend to apply Proposition 6.5 for a Z; which will give us sufficient control
over the drift in (8) that we can use Novikov’s criterion and Girsanov’s Theorem
to transform the SDE (8) into the same equation without drift, and hence prove
uniqueness of the solution using an argument in the vein of Theorem 1.2 from [15].

To better understand how to use Lemma 6.5 to remove the drift from (8) en
route to prove uniqueness of the solution, we take a close look at the drift term.
Our uniqueness argument exploits the fact that, since uniqueness is a local property,
we can modify the coefficients of the (H, K) equation outside the set {(h, k), M~! <
h,k < M} for some arbitrary M > 0, so that tr resulting equation takes the form

J1(Hy) o)
dH; = ———=—dt (H¢, Ky)d
t F(Ht,Kt) + o1V g(Hy, Ky )dW,

dK; = Fa(K 222Ut + oon/g(Ky, Hy)dW .
(HtaKt)

where for some C' > 0, C~1 < g(h, k) < C and | f1(h)|+]|f2(k)] < C, for all h, k € R.
Hence the only possible difficulty will arises if when F' is small. From the definition
of F'in (6) and the asymptotics in Lemma 3 we note that F(h, k) is small when
‘Zv:‘ is small.

Hence if we wish to use Girsanov’s theorem to remove the drift from (9), the
danger comes from |h— k| small if we restrict our attention to the set {(h, k), M~! <

h,k < M?}. The following simple observation is useful to control the drift.

Then for any \ < k™1,

(9)

Lemma 6.6. If a,b > 0 then
b 1
log <a> <b+log (a> 1{a§1} =b+ |log (a) |1{a§1}.

Proof. The inequality follow from the fact that if b > 0 then b > log(b) and if a €
(0,1] then log(1/a) > 0. The equality follows from log (1) 11,<1} = [log (%) |14<1) =
O

|log (a) [1{a<1}-

Combining Lemma 6.6 and the asymptotics in Lemma 3 we note that

<|hVEk log(|h — k|)| 15— .
BTy S 11V kI s — KDLy
Hence on the set M~ < hV k < M, controlling F~1(h, k) amounts to estimating
|log(|h — k)| for |h — k| < a, where 0 < a <1 is arbitrary.

Hence, defining N; := H; — K, if we desire to apply Lemma 6.5 to Z; =
1/F?(Hy, K;) it will be sufficient to estimate

Sk

t
EU 1{Nr|<1/2}10g2|Nrdr’Hs,Ks], (10)

for 0 < Hy, K < M for some M > 0. Notice that as we will eventually prove
that Lemma 6.5 holds with & = 0 the conclusion of Lemma 6.5 will be more than
sufficient to invoke Novikov’s criterion.

t
E U L, <1/2) log® [N, | dr




14 JONATHAN MATTINGLY AND ETIENNE PARDOUX

Recall that N; satisfies

~ fi(Hy) = f2(Ky)
dN; = F(H;, K,) dt+ VI(Hy, K )dWy

with fi, f2, g bounded and § bounded away from zero. As a prologue to the needed
estimate on (10), we prove the following result.

Lemma 6.7. Let 0 < a <b<2a<1. For any M > 0, there exists a constant Cyy
such that for any 0 < s <t witht —s <1, |Hg|,|Ks| < M,

t
E [/ 1{a<|Nr<b}‘HS7KS} < [(t—S)/\CM(b—a)‘*/ﬂ-

PROOF: It clearly suffices to prove that

t
E [/ l{afNer}‘Hs,Ks:| < Cpr(b—a)*/o.

We prove this result with {a < |N,| < b} replaced by {a < N, < b}. The same
proof would estimate similarly {—b < N, < —a}. Let ¢, € C1(R) N W32 (R) be

defined by ¢4 (0) = <p:l7b(0) =0, gog,b(a?) =1 (2). Also @ap & C?, we can apply
1t6’s formula to obtain

1 t
7/ 52(HT7 Kr)l{agNrgb}dT = QOa,b(Nt) - @a,b(Ns)

2
/ S v ar
b o )

t
+C(b- a)/ [1+log(IN:| ") Lacn,<1y] dr
< C[1+ |N¢| + |Ns| + log(1/a)](b— a).

Since there exists Cy such that E[|N;| + |Ng| | Hs, K] < Cy for |Hg| < M,
|Ks] < M and t — s < 1, and supy.,<; log(1/a)(b — a)'/® < oo (we recall that
b—a < a), the result is proved. a O

With this result in hand, we now return to the needed estimate on (10) which is
contained in the following Lemma.

Lemma 6.8. For any M > 0, there exists a constant Cp; such that, for any
0<s<twitht—s<1, on the event |Hyl|,|Ks| < M,

t
E |:/ 1{|N7~|S1/2} 10g2 |Nr|d7’ HS,KS:| < C]\/[(t - 8)1/4.
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PROOF: In this proof, C' stands for a constant which may vary on each line.

t
E [/ (N, |<1/2) log” [N | dr

HS7K8:|
00 t

= ZE [/ L{(kt1)-1<|N, |<k-1} Jog” [N, | dT‘Hvas:|
k=2 s

o0 t
< ZIOgQ(k + ]_)E |:/ 1{(k+1)1<|N,.<k1}d7"Hvas:|
k=2 S

<3 log?(k+1) <k81/5 = s))

k=2
N(s,t)

> 1
<C(t—s) Y log?k+1)+C > logz(k—kl)m,
k=2 k=N {(s,t)

= [(t — 5)~5/8], and we have used for the second inequality Lemma
(k+ 1)~ < k~2. For some constant C, for all k > 2,

log?(k + 1) < CkY/®,
hence the second term in the last right—hand side is bounded by
c > kTP <or-s)t
k=N(s,t)
Now the first term is bounded by
Ot — 5)*Flog?((t — s)™%/®) < CO(t — s)/4.

The claimed result is proved. O
We are now in a position to establish the desired uniqueness result.

where N (s,t)
6.7 and k=1 —

Theorem 6.9. Equation (4) has a unique solution which spends zero time on the
diagonal. Furthermore the whole sequence (U, V<) converges weakly to this solution
ase — 0.

Proof. Consider any solution of (4) which spends zero time on the diagonal. The
time—change defined by (7) transforms this process into a solution (Hy, K;) of (8).

Lemma 6.8 combined with Lemma 6.5 shows that, locally in the open positive
quadrant, the law of that solution to (8) is absolutely continuous with respect to that
of the same SDE, but without drift. That last equation has a unique weak solution,
according to Theorem 7.2.1 in [21]. Now any solution to (8) coincides with the
one constructed via Girsanov’s theorem in Theorem 1.1 of [15] whose assumptions
clearly hold in our case (alternatively, Girsanov’s theorem could also be used thanks
to a simplified version of Lemma 6.8 together with Lemma 6.5 again).

Now that we have a unique weak solution (Hy, K;) to (8), we can time—change it
back to the original (Hy, K;), i.e. defining A} = fot ﬁ, n, = inf{s >0, As >
t}, Uy = H,, Vi = K,;. Indeed a weaker version (without the power 2 of the
logarithm) of Lemma 6.9 shows that A} < oo, for all t < oo. Clearly A} — oo,
as t — oo. So this defines (U, V) for all ¢ > 0, and this process coincides with
the arbitrary solution which spends zero time on the diagonal. But the law of
that process is uniquely characterized as being the time—change of the unique weak
solution of (8).
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Finally, it follows from this conclusion and Theorem 6.4 that all accumulation
points of the collection {(U¢,V*¢), ¢ > 0} have the same law, hence the whole
sequence converges. This proves the stated result. O

From now on (U, V) will always refer to the process whose law has just been
uniquely characterized.

Since the martingale problem associated to (8) is well posed, (H;, K;) is a Markov
process, and from Theorem 6.3 in [22] (this theorem is stated in dimension 1, but
exactly the same argument works in our case), so is its time—change (U, V;). We call
@: the Markov semigroup associated to that process, which is defined for ¢: Ri —
R by

(Qe¢)(u,v) = Eqy p) [0(Us, V2)]. (11)
Remark 2. We note that in both cases 01 = 09 and 01 # 03, the law of the
uniquely characterized solution of (4) and that of a non-degenerate SDE in the
quadrant R, x R, are equivalent.

This is in sharp contrast with the result one would get if the diffusion coefficient
would degenerate in a more regular way on the diagonal (e.g. it would be Lipschitz).
In the latter case, in the case 01 = 04, the solution would stay on the diagonal once
it has hit it. In the case o1 # o9, the solution would stay in the set v > v or v > u,
depending upon the sign of 02 — o3, after having hit once the diagonal.

Often the period around an orbit diverges like 1/log(p) while approaching a
heteroclinic cycle or a homoclinic orbit. Here p is the distance from the limiting
orbit. This often leads to coefficients which vanish very slowly. This is the situation
in our setting. Hence while it may seem esoteric at first, in fact it is likely to be
generic in many settings.

6.3. Longtime behavior of (U,V). Unlike the pair (Uf,V{), the pair (U, V1)
constructed from (Hy, K;) in the previous section form a Markov process. Hence,
we can speak of an invariant probability measure for the Markov semigroup ;.
Observe that
AUy + Vi) = [a —2(U; + V3)]dt + dM,
where a > 0. M, is a continuous local Martingale satisfying
d(M); < c(Up + Vy)dt

for some positive ¢ (recall that I'(u,v) < u A v). Hence the following result follows
from Lemma 5.1.

Proposition 4. For any p > 1, there exists a constant C(p) so that
supE[UF + VP < C(p)[1 + UY + VY.
>0

We shall also need the an analogous result for the (H, K) process. We could
prove stronger results but the following will be sufficient for our purposes.

Lemma 6.10.
supE (|Ht|2 + |Kt|2) < 00.
>0

Proof. Tt suffices to treat H,. Defining G; = [(H; — 07)4]?, we note that

4 B(@) < a - 1BIC],

for some positive constants a and b. The result follows readily. O
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Lemma 6.11. The process (H, K) possesses a unique invariant probability measure
v. Additionally, v has a denisty which is everywhere positive in the interior of
(0,00) x (0, x) and

c L' (v).

where F' was defined in (6) and was used in the time change between (U, V) and
(H,K).

Proof of Lemma 6.11. Lemma 6.10 gives the needed tightness of the averaged tran-
sition densities of (H, K) to employ the Krylov—Bogolyubov theorem to show the
existence of an invariant measure (just as we did in the proof of Corollary 2). Since
(H, K) was obtained by a Girsanov transformation from a non degenerate diffusion
with zero drift, its transition probabilities have a density which is positive in the
open positive quadrant. This immediately implies that any invariant measure must
have a density which respect to Lebesgue which is positive in the open positive
quadrant. This in turn implies that there can only be one invariant probability
measure which we will henceforth denote by v.

The Birkoff ergodic theorem and the fact that v and any transition probability
have densities which are positive in the open positive quadrant imply that for any
initial distribution and any ¢ € L*(v)

t
%/ ¢(HS,Ks)ds—>/¢d1/ a.s as t— oo. (12)
0

It is not hard to see that whether [(1/F)dv < co or = oo, in both cases, as

t — oo,
1/t ds _)/1d .
— —_————— — av .S.
t ), F(H,, K, F °

The case [(1/F)dv = oo follows as follows. For any M > 0,

1 1 (" ds
— A M ) dv <liminf — —_—
/(F ) YRR FHL K
which implies by monotone convergence that
to0 < liminf ~ / L ds
0o < liminf — —_—
~toe t )y F(Hs, Ks)'

hence the result.

Consequently, in order to prove that 1/F € L'(v), as a consequence of Fatou’s
Lemma, all we have to show is that there exists C' > 0 and T" > 0 such that for all
t>T,

¢ ds
E|] —% 1
/0 P k) = (13)

It follows from Lemma 6.10 and Lemma 6.6 that all (13) will follow from the fact
that for some constant C' and all ¢ > 1,

t
/ E H log |Ns|’1{\N5\§1}] ds < Ct.
0
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Consider the function ¢ € C*(R) N W?°°(R) defined as

% x, ife <—1;
p(z) = { 2(3 - 2log(|z]), if —1<z<T1;
T — i, if x> 1.
We then have
1, if v < —1;
o'(x) =< (1 —log(|z]), if -1<2<1;
1, if 2 > 1;

and
¢"(x) = (—log(|z])+-
‘We now deduce from Itd’s formula

t
E/ “Og |Ng||1{|NS|§1}§(HS,KS)dS =
0

2Blp(:) — oo — 28 | LA (1,) - fal s

The result now follows easily from Lemma 6.10 and the fact that the process
F~1(H,, K )¢'(Ns) is bounded. O

Theorem 6.12. The semigroup Q; defined in the previous section possesses a
unique invariant probability measure A. Furthermore, A(du,dv) = p(u,v)dudv
where p is continuous away from the diagonal and positive in the positive open
quadrant. Lastly p(u,v) — 00, as |u —v| = 0 in the positive quadrant.

Proof of Theorem 6.12. Let p(u,v) be the density of the unique invariant measure
v as guaranteed by Lemma 6.11 . The same lemma also states that p is positive in
the open positive quadrant.

Now, using the notations from the proof of Theorem 6.9, for any measurable and
locally bounded f : (0,00) x (0,00) — R one has

/Otfws,vs)ds:/tf(H;K

" f(H,, K,)
0 <H K,)
1 /t mo L[ fH K,
= | fU, Vy)ds =1t ESh e A8
tJo ( ) t 77t 0 F(HT,KT)

If one assumes that f is bounded then Lemma 6.11 ensures that f/F € L'(v) and
that for any initial distribution

lim — /fUS,V ds— hm— /fdl/ a.s

t—oo t

————~dr

where the convergence of 1 fo F((g f( ydr to / % dv is ensured by (12). The same

computation with f =1 permlts one to conclude that
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In summary, we have that for any f measurable and bounded, for any initial prob-
ability measure,

1 [t Ly
lim f/ f(U,, Vy)ds = ff . (14)
t—o00 0 f N dV
This is enough to show that our process (U, V;) has the unique invariant probability
measure

F*I(u v)p(u v)dudv
fR2 v)p(u, v)dudv

Indeed, to see uniqueness, let \' be any ergodlc invariant probability measure for
(Ut, Vi). Then for any bounded f, the Birkoff ergodic theorem implies that

lim — / f(Us, Vs ds-/fd)\’ a.s

t—oo t

for X'-almost every initial (Up, V5). Combining this with (14) implies that [ fd\ =
J faX for all bounded f which in turn implies A = \’. Since any invariant measure
can be decomposed into ergodic invariant measures the uniqueness of A is proved.

O

Adu, dv) =

7. The Deterministic Dynamics. We now investigate more fully the determin-
istic dynamics given in (1) and obtained by formally setting € = 0 in (7). As already
mentioned, (1) has two conserved quantities (u,v) = ®(§y) which are constant on
any given orbit. If & = (Xo, Yo, Zo) then u = 222 + 22 and v = 2y* + 22 give two
independent equations. Since we are working in three dimensions, the locus of the
solutions, which contains the points in the orbits, is a one-dimensional curve. We
undertake this study since the %B term in (1) implies that on the fast timescale the
solution will make increasingly many turns very near a deterministic orbit of (1),
before the stochastic or dissipative terms cause appreciable diffusion or drift from
the current deterministic orbit.

7.1. Structure of orbits. If u # v then the orbit is a simple periodic orbit which
is topologically equivalent to a circle. In this case, there are two disjoint orbits
which are solutions. If u > v, one such orbit is given by

rh= {0257 125 2 s e iVl
Mo, = {5 1/ € -V, val}.

Similarly if v > u then the corresponding orbits are given by
_{\/ ) ¢*J@
v ={ By Jgi € [-va Vi)

Whether u > v or v > w is enough information to localize a given orbit to one
of two orbits on sphere of radius /(v + v)/2. The remaining piece of information
is contained in the sign of the function defined by

and another by

sn(z,y, z) = sign (L)z)> (4T + Liy/>|2|¥) (1)



20 JONATHAN MATTINGLY AND ETIENNE PARDOUX

The value of sn corresponds to the sign decorating the Fu »- Hence if one starts
from the initial condition (z,y, 2) such that the (u,v) computed from these orbits
satisfies u # v then the deterministic dynamics will trace the set I'j",.

The exception to being topologically equivalent to a circle are the lines of fixed
points given by {(0,0,2): z € R}, {(¢,0,0): z € R}, and {(0,y,0): y € R} and the
heteroclinic orbits which connect them which are contained in the locus of points
where v = v. For a given such choice there are four heteroclinic orbits given by

%&”:{FF & [V, vl }

u2 = {(\ /15, - ) fﬂ}
= {557, F & [V, v}
HD = {2515 ) fﬂ}

These heteroclinic orbits split each sphere into four regions which contain closed
orbits of finite period. The following set limits hold

lim Fjvz hm r+ —’HUUH

u,v

v—=uT ’ u—vt

lim I} = lim I} = HO UHD
v—ut u—v— ’

lim Ty, = lim Iy, =HP UuHY
v—uT u—vt ’

lim Iy, = lim Iy, =HP UuH®
vout 0 u—v= ’

In contrast to the case when u # v, the orbits starting from a given point (x,y, z) do
not converge to one of these unions of heteroclinic trajectories since any given orbit
is restricted to a single heteroclinic trajectory. This could be a point of concern,
but we will see in the next section that it does not pose a problem, which is an
interesting and important feature of this model.

7.2. Symmetries and their implications. Defining s.: R® — R? by s.(z,y, 2) =
(y,z,2) and s4+: R® — R? by s4(z,y,2) = (—x,—y, 2), observe that if & is a so-
lution to (1) then so are s.(&) and s+ (). This implies that I';, = 54 (I} ,) and
It =sc(l'},), and that if y is an invariant probability measure for P; then nec-
essarily us. ! and ,us;l are also invariant probability measures for P;.

The situation for the stochastic dynamics given in (7) is the same for s but
depends on the choice of o1 and oy for s.. In all cases 51 (&) is a solution (for a
different Brownian motion) if £f is a solution. However s.(£5) is again a solution if
&7 is one only when o; = 02. In any case, we have the following observation which
we formulate as a proposition for future reference.

Proposition 5. Lets: R® — R3 be a map such that s(£5) is a solution (for possibly
a different Brownian motion) whenever £ is a solution, then u¢ = pfs—! where uf
is the unique invariant probability measure of Pf guaranteed by Theorem 3.1.

Proof of Proposition 5. As before it is clear that us~! is again an invariant proba-

bility measure, however we know that u° is the unique invariant probability measure
given the assumptions on the ¢’s. Hence we conclude that pfs—' = p. O
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7.3. Averaging along the deterministic trajectories. Since the separation of
time scale between the fast and slow dynamics leads to the averaging of the coeffi-
cients of (U¢, V¢) equation around the deterministic orbits we now discuss averaging
along the deterministic orbits in general. After this we will define the function A
whose asymptotics was described in Proposition 3.
Given a function 9 : R® — R, we define
t

(AG)(E) = Tim ~ [ (0 pu)(€)ds. (2)

t—oo t 0

Notice that A is again a function from R3 — R and that it is constant on the
connected components of the level sets of (u,v).

7.3.1. Averaging when u # v. Let (u,v) = ®(£). If u # v then £ lies on a periodic
orbit of finite period. Letting 7 denote the period, one has

A0 =1 [[wopeads

To obtain a more explicit representation for the averaging operation we will
switch to an angular variable . Given any positive u and v, for 6 € [0,2x] we
parametrize z by z(0) = vu A vsin(6). To define the other coordinates we introduce
the following auxiliary angles

qj)l(e):{arcsin(\/fsinﬁ) u>v’ ¢2(9):{0 u>v

0 u<uwv arcsin(\/%sinﬁ) u<v

and set z(0) = /% cos(¢1(0)), and y(0) = /3 cos(¢2(0)). Putting everything
together we have that the trace of the trajectory starting at ( \/g v/ 35,0) is given
by

Fj;,v = {Vuﬂ;(@): 0 € [0,27T]}

where 7, ., () & (z(0),y(0),2(F)). As already discussed depending on weather u > v

or v > u this represents a closed orbit on the sphere of radius /(v + v)/2 which
rotates around respectively either the z-axis in the positive = half space or the y-
axis in the positive y half space. The orbits in the negative half space are given by
F;v =54+ (FIU)

To define the occupation measure on these orbits we define a third auxiliary angle

$1(0) u>w
Pu,v(0) = arcsin (y/ L2 sinf) = < 0 u=uv
$2(0) u<w
For u # v, we define a probability measure on R3 by
vl (drdydz) = /27r %5 (0y(dx dy dz)do (3)
e o |cos(¢uu(0))] T

_1 _ 2w 1
where Ku,v — Jo Tcos(¢u,.(0))]

define v, (dx dy dz) = 8(0,0,4vm)(dr dy dz). Each of these probability measures is
supported on the corresponding set I'}  or I'; . It is straightforward to see that

for any v : R® — R and (z,y, z) € R3 such that |z| # |y| one has

A0 = [ vlmws. ) (W

df. We let v, ,(dzdydz) = v} s3'. For u =0, we

u7



22 JONATHAN MATTINGLY AND ETIENNE PARDOUX
where &€ = (2,y, 2), (u,v) = ®(§) and s = sn(&) where sn was defined in (1).
7.3.2. Definitions of I' and A. The central quantities which need to be averaged

in the (Ug,Vy) dynamics, given in equation (3), are the infinitesimal quadratic
variations. They are given respectively by 16072% and 1602y2. From (4), we have

that 22 = J(u — 2?) and y? = (v — 2?). Since u and v are constant along the
deterministic trajectories, thls in turn implies that
u— A(2? v— A(2?
A(2?) = 72( ) and  A(y?) = 72( ) .

Since 2? does not depend on the chose of sign in the definition v, (dx dydz) by
defining the single function

2T (4 V v) sin?(0)
I(u,v) = Kuv/ o056 (0 ))|d0 (5)

we have access to all of the averaged quantities we will require.
Clearly the function I'(u, v) is symmetric in (u, v) and can be written as a function
of u Vv and u A v only. In fact one see that if one defines

2 sin?(6)
K, do h
/ | cos( arcmn(r sim(@)

K, :A |cos(arcsm(rsm(9)))|

for r € [0,1] then (5) holds. The properties of A given in Proposition 3 follow
directly from this definition, Proposition 6 in the next subsection, and its proof.

do

7.3.3. Averaging near the diagonal.

Proposition 6. Let 1 : R® — R be a continuous function. If § = 1—(uAv)/(vVu)
then as |u —v| — 0 (and hence & — 0) while (u,v) remains in a compact set, one
has

(v)(u,v,0) = %W(Q 0,vVuVv)+1(0,0,—vu Vo)) +o(l) (6)
If in addition for all u
2% (/i cos(6), /i cos(8), vusin(6))

Cu(¥) = df < oo,
W=, o)
then as w — v one has
- Cu(’ll)) o —1
() 0,0) = gy o (1 =)l ),
where r = ZOZ

Remark 3. The asymptotic expansion given in Proposition 3 follows from the fact
that C, (1 — 22) = 4u. The continuity properties follow from the formulas and the
fact that the values at the ends of the intervals are finite.

Proof. We will begin by exploring the asymptotics of the constant K, which equals

K, , when r = ZCZ Making the change of variables o = sin@ followed by 82 =
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V/ra?, one has

1

ri
K=

! 4 4 1
' /0 \/(17’0‘2)(1042)da:7”1‘/0 \/(l—réﬁg)(l—r’%ﬁ%

g

A

1 1

4 /’"
= — dﬂ
I — n2 ’
reJo 1 B 1 _’7(70) (1,5;2)2

where v(r) = 7% +r~2 — 2. Now since for all 3,7 € (0,1] with 8 <r

32 r? 1
<% <
0 ()(1_62)2—7()(1_7«2)2716
we have
4 1 1
1ac‘cahZ<K g— arctanh(r? 7
rzrn() \/»7141“ nh(r1), (7)
again for all r € (0, 1]. Furthermore it is clear that
lim K, |In(1 —r)| = 1 (8)
r—1 2
Now
2m
Y(x(6), y(8), 2(0))
(VW(% v, 0) = Ku,v / de . (9
o Teos(6(6))] )

As |u —v| — 0 and hence r — 1, this integral concentrates around the two points
0 equal w/2 and 37 /2 since around these points |cos(¢(f))] — 0 as r — 1. At
these points (2(6),y(0), z(6)) converges to (0,0, /v V v) and (0,0, —/u V v) respec-
tively. Around these points we have one behavior and away from the another.
Consider the following representative portion of the integral which will converge to
%w(0,0, Vu V). Fixing any sufficiency small ¢ > 0, we define a = a(e) so that
sin(n/2 —a) = Sin(7r/2 + a) =1—¢. Then

Y(z () ,y(0), 2(0))
KM/ |COS¢ ) D o — KM/ do

w,v ‘COS ¢uv( NI
40 h(a(0), y(0), 2(60)) T (a(0),5(0), 2(0))
*K%K mwmun“+m”%amw%mmda

The remaining half of the integral in (9) will converge to £¢/(0,0,—vu V) in a
completely analogous fashion. The first and third integral behave the same. We
consider the first. If, as before, we have r = :f\A/Z and then make the change of

variables a = sin @ followed by 3% = y/ra? to obtain

1

%701 (8)(8)(0)) x ] (1—e)ra 1 1
$((0).5(9),2(0)) 39| < #/ i
/0 [ cos(pu,v(0))] r4 0 7 \/177(”%

K'lL’L)

)

< CK,||¢||soarctanh((1 — €)r).

By the asymptotics on K, given in (7), this goes to zero since ¢ > 0 as |u —v| = 0
and hence r — 1.
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Now as r — 1 one has

4 ((0), y(0), 2(0)) -
Ko [ 0.0,V
%Ew(O,O,\/u\/v).

2
The last conclusion follows directly from the assumed finiteness of Cy () and the
asymptotics of K, as r — 1 as |u — v| — 0. in (8). O

L

1
d
% »Ale)r‘ll 1-p* B

7.4. The Ergodic Invariant Measures. The set of ergodic invariant probabil-
ity measures is the set of extremal invariant probability measures. The extremal
measures are those which can not be decomposed. Clearly this corresponds to the
collection of the occupancy measures of each periodic orbit along with the delta
measures sitting on each of the fixed points (0,0, +/u) and (0,0, —y/u). These are
precisely the measures Vi defined in Section 7.3.1. Since the union of these orbits
and fixed points covers all the space except for the heteroclinic connections which
cannot support an invariant probability measure. Hence we have identified all the
ergodic probability measures.
We summarize this discussion in the following result.

Proposition 7. The set of ergodic invariant probability measure of (1) consists
precisely of

{V’L-,"L_’U7 uv U /U>0}

Given (u,v) € Ri, we define the probability measure v, on R? by

Vuw(d€) = 5 uv(df) 3 uv(dE) (10)

where v, (d€) we defined in (3) and the text below it.
The following corollary of Proposition 7 will be central to the proof of the con-
vergence of u° to a unique limiting measure.

Corollary 3. Any invariant probability measure m for (1) which satisfies msjtl =
m can be represented as

m(dxdydz) = / Uy v (dz dy dz) y(du dv)
[0,00)2

for some probability measure v on (0,00)%. Furthermore the measure v is unique.
Conversely, a probability measure which is invariant for (1) and satisfies m5;1 =m
is uniquely specified by the measure v = m® 1.

Proof of Corollary 3. The ergodic decomposition theorem [2] implies that there ex-
ists a unique pair of measures (y7,v7) so that the total mass of v+ + v~ is one
and

m(dx dydz) = / v (da dy dz) 4" (du dv)

[0,00)2

+ / Voo (drdydz)y~ (dudv).
[0,00)2
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Now since msy' =m, v, , = v, 53" and v}, = v 55", we have that

m(dx dydz) = / Vo (d dy dz) 4 (du dv)
[0,00)2

+/ v (dzdydz) v~ (dudv) .
[0,00)2

Since v, ,, and l/;:b are mutually singular for all choices of positive u, v, a, and b,

we see that y© = 4~ and the total mass of both is % Setting v = 2y = 29~ we
see that ~ is a probability measure and that

m(dxdydz) = / [%VIU(CZJ) dydz) + sv, ,(dxdydz)] y(dudv)
(0,00)2

= / Vuw(dz dy dz) v(du dv)
[0,00)2

This proves that any invariant m satisfying the symmetry assumption can be repre-
sented as claimed. All that remains is to show is that «y is unique. Let 7 be another
probability measure so that

m(dxdydz) = / Uy v (dz dy dz) 7 (du dv)
[0,00)2
which implies that

m(dxdydz) = / svi (dady dz) + Sv, ,(de dy dz)] 5 (dudv)
[0,00)2

—
N

which in turn implies that %ﬁ = ~7T since the ergodic decomposition is unique.
However, this implies ¥ = y as desired. O

7.5. The Limiting Fast Semigroup. We begin with a small detour to think
about the limiting dynamics. Its action on a test function can be understood to
instantly assign to each point on an orbit the average of the function around the
orbit and to each point on the heteroclinic connection the value of the function at
the limiting fixed point on the z-axis.

Recall the definition of v, , from (10), for ¢: R* — R we define v¢ by

() (u,v) = / (v (dE)

Recalling the definition of ® which maps £ to (u,v) from (4), we note that for any
p: Rf_ — R,

v(p o ®)(u,v) = plu,v). (11)

Lastly recalling the definition of P from (2), Q; from (11) and let A be the unique
invariant probability measure of @Q; guarantied by Theorem 6.12. For ¢: R> = R
we define

(Pi9)(€) = (Quvo) o B(€) (12)

Remark 4. If ¢ is a test function such that ¢posy = ¢ or m is an initial measure on
R? such that m = msL' then is not hard to convince oneself that mPF¢ — mP¢
as € — 0. If one neither starts with initial data which has this symmetry nor
uses a symmetric test function, then things are more complicated. The orbit may
average with respect to only one of the two measure: u{f’ v Or v, ,,. For definiteness



26 JONATHAN MATTINGLY AND ETIENNE PARDOUX

assume that we are on the v,f,, orbit. We believe that when the (U, V)-dynamics
hits the line U = V then it is essentially spending all of its time at (0,0, /u) and
(0,0, —/u). (See Proposition 6.) With probability 1 it returns to a vy, orbit and
with probability % it enters on to a v, , orbit. Hence to describe the ﬁt semigroup
in the non-symmetric setting, it seems we need to add a sequence of independent
Bernoulli random variables to make decision of whether one should average with
respect to the + or the — orbit. Since we are primarily interested in the structure of

the invariant probability measure we have not tried to make this picture rigorous.

Let A be the unique invariant probability measure of (); and define p = Av.
Observe that p is invariant under P; because for any bounded ¢: R® — R one has

pPig = AW(Qivp o @) = AQvd = AN(vo) = ug.
Here the first equality is by definition, the second follows from (11), the third from
the invariance of A under @ and the last from the definition of u.

8. Convergence of (U; V) towards (U, V). We now prove the results which were
taken for granted in Section 6, namely that {(U;,V)}s.o is tight, and that any
accumulation point (U, V) solves the SDE (4).

8.1. Tightness. Let us rewrite (3) in the form

{ dUt = (C, — 2Uf)dt + dM;

1
dVf = (C, — 2VF)dt + dN§, )

where {MF, t > 0} and {Nf, t > 0} are continuous local martingales such that
d d
Ty <ovy, Live<ov, 2

where C,,, C, and C are three positive constants.
We want to show

Proposition 8. Suppose that

SI;I(;E [(U§)2 + (VOE)Q] < 00.

Then the collection of processes {(Ug, Vi), t > 0}e=g is tight in C([0,4+00); R?).
In light of (1) and (2), the following needed first step follows from Lemma 5.1.

Lemma 8.1. Under the condition of Proposition §,

supsup E [(U7)? + (VF)?] < oo.
e>0 t>0

We can now proceed with the proof of tightness.

Proof of Proposition 8. We prove tightness of U¢ only, V¢ being treated completely
similarly. We have

¢
Uy = Cu + (US — Cu) e 2 4 e_Qt/ e*dM:.
2 2 o
Clearly the first two terms on the right are tight in C([0, 00)), since the collection
of R—valued r.v.’s U§ is tight. We only need check tightness in C([0,00)) of the
process Wf := fg’ e?*dM¢:. Since W§ = 0, we need only verify condition (ii) from
Theorem 7.3 in Billingsley [1], which follows from the condition of the Corollary of
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Theorem 7.4 again in [1]. In other words it suffices to check that for any 7', n and
1’ > 0, there exists § € (0,1) such that for alle > 0,0 <t <T — 4,

1
P ( sup |WE—W7|> 17) <n. (3)
0 \i<s<tts

Combining Chebycheff and Burkholder-Davis—Gundy inequalities, we deduce that
(we use below the result from Lemma 8.1)

P sup WE- Wi 2 0) < B ({07 )s - 0N P)
t<s<t+§

<10 /t+6 E[(U: 4 VE)?|ds
<1082, t
from which (3) follows if we choose § = e~4Tn%\/n//C. O
8.2. Tighness of A°. Since (Ug,V{¥) is not a Markov process it does not have
an invariant probability measure. However the projection A\* = pf®~! of uf, the

unique invariant probability measure of the Markov process &7, is well defined. We
now establish the following tightness result:

Lemma 8.2. The sequence of measure {\° : € > 0} is tight on the space (0,00) X
(0,00).

Remark 5. We emphasis that Lemma 8.2 is tightness in the open set (0, 00) x (0, 00)
which implies the measure does not accumulate neither at the boundary at “infinity”
nor at the boundary at zero. In other words, for any § > 0 there exists a r > 0 so
that

i e([L 1 —
;I;f(; X ([5,r] x [5,r]) > 1—6.

The following result which implies the tightness at infinity follows immediately
from the definition of A®, the definition of ® and Corollary 2.

Lemma 8.3. For any p > 1, there exists a C(p) > 0 so that
sup/(up + vP)A*(du, dv) < C(p)
e>0
We now handle the boundary at zero.
Lemma 8.4. Let (; be a Markov process and f and g two real-valued functions on

the state space of (¢ satisfying 0 < g((;) < f(¢) for allt > 0 almost surely and such
that f((t) is a continuous semimartingale satisfying

df (Ge) = (a = f(C))dt + e/ g(G)dWy

where a and c are positive constants and Wy a standard Wiener process. If p is
any invariant probability measure of ¢ with [ f2] = [ f2(¢)d¢ < oo, then for any
5 e (0,1).

w[f2]+0

< <
mf=o}< a|logd|

; (4)

with b =1+ c%/2.



28 JONATHAN MATTINGLY AND ETIENNE PARDOUX

Proof of Lemma §./. Defining

1 <1 1—logz, <1
= w7 = I(z) = o=
o(a) {1, S @) {x L

2¢ —xlogx, x<1
H@) =91 2 3 :

Observe that H'(z) = I(z) and I'(x) = ¢(x) and that ¢, I and H are well defined
on the intervals (0,00), (0,00) and [0,00) respectively. H and I are everywhere
positive, while ¢ is positive on [1,400) and negative on (0,1). It is plain that the
discontinuity of H” at x = 1 will not prevent us from using It6’s formula. Taking
(o distributed according to yu, noticing that since H(z) < 2 + 22 for > 0, and
setting Xy = f((;) for notational convenience, we have that

H[EqH(X,)] = u[B¢,(Ho £)(G)] = p[Ho f] < oc. (5)

Now from It6’s formula
1
dH(X;) = (a — X¢)I(X;)dt + 5029(@)¢(Xt)dt + dM;

where M; is the Martingale defined by dM; = ¢1/g((:)I(X:)dW;. We conclude that

a / "B [1(X.) ds < B, H(X,) — H(Xo) + / "B, XI(X.)ds
0 0

C2 ¢
+5 [ Boatchom(x ds.

Now integrating over the initial conditions {, (which were distributed according to
1), we see that H terms are equal by the stationarity embodied in (5) (and hence
they cancel) and that

2

apllo f] < plf (Lo )]+ Sulg(é™ o f)]

and since g(¢~ o f) <1,

62
ap[llog fI{f <] <ap[lof]< u[f(Tef)]l+ 5

Finally, for any ¢ € (0,1)
ap{f <8} =apu[{|log f| > [logé|} N {f < 1}]

_ap[llogf11{f <] _p[fUoN]+G
B | log | - | log 3|

The result follows, since x1(x) <1+ z2. O

The following Corollary is a direct consequence of the two last Lemmata

Corollary 4. There exists a constant C > 0 so that for any ¢ € (0,1)

sup AN {(u,v) :u+v <o} <
sup A{(w,0) V= Tlogs

Proof of Lemma 8.2. The result follows immediately by combining
Lemma 8.3 and Corollary 4. O
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8.3. Convergence of Quadratic variation. Now that we know that the collec-
tion {(U7,VF), t > 0}eso is tight, in view of Theorem 6.3, the weak uniqueness
result for (4), and comparing (3) and (4), the weak convergence (U, V¢) = (U, V)
will follow from the convergence of the quadratic variations of U¢ and V¢ to those
of U and V', which will be proved in the next Lemma.

For each M > 0, let

ke, = inf{t >0, U VVF > M}.

Considering the three different cases of the behavior of (U, V), it is not hard
to see that in all cases ks, defined exactly as x5, but with (U, V¢) replaced by
(U, V), is a.s. a continuous function of the (U, V') trajectory, hence

Ky = km ase—0

will follow from (U¢,V*®) = (U, V).
In particular
liminf P(k3; > t) > P(kup > t).
e—0
Clearly for all £ > 0,
P(ky >t) > 1, as M — oc.

It will then follow that for any ¢ > 0, the lim inf as ¢ — 0 of P(x§; > t) can be
made arbitrarily close to 1, by choosing M large enough.

Lemma 8.5. Let v. be any sequence of tight probability measures on R3 and let
(X£,YE, Z5) be the solution to (1) with (X§,Ys, Z5) distributed as v.. Then for
anyt >0, ase =0,

t~€23 t x? s an t~€28 t 2 S
/0<X5> a ;»/0 A@®)(Us, V)d d/o(Ys) d ;»/0 AW?)(U, Vo) ds.

Proof. Since 2(X2)? = Uz — (Z%)2 and 2(Y£)? = VE — (Z5)?2, we only need to show
that fot(Zg)st = fot A(2%)(Us, Vi)ds. Tt suffices in fact to show that

12NV tAKM
/ (Z5)%ds = / A(2?)(Us, Va)ds
0 0

for all M > 0.
The vlaues of ¢t > 0 and M will be fixed throughout this proof. For any § > 0,
we define Ny = [t/d], t, = nd A k5, for 0 < n < Ns and tn, =t A k§;. Let now

Zé") be the z component of the solution to the deterministic dynamics (1) at time
s which started at time ¢,, from the point (Xf ,Y , Zf ). Then clearly

tARS, Ns—1  it,41/e
/ (Z)ds =y / (22)2ds = D, 5 + Ee s (6)
0 —

where
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To control the error term observe that

tn«#l/E ( ) N‘S 1 tn+1/5 ( ) 2
RN / Z"] / ZS"} ds.
tn/e tn/e

The first term in the product on the righthand side is bounded due to the stopping
time x5,. Using Lemma 4.1, we see that E|Z ;| is bounded by a constant times the
square root of

Ns—1 nt1/€ 2 t )
€ E|Z5— Z™M| ds < Cpe®[~] ex {0 ]
> [ Bl e ontigeon|on

Hence if we choose
§ = Oy elog(1/e), (7)

then 2. 5 — 0 in L' (2) as ¢ — 0. Having made this choice of §, we now suppress it
from notation designating dependence on parameters.

We now further divide ®. (§ having been suppressed) depending on whether in
phase space the starting point (Xt( }E, Y("/)E, Z("} ) lies the region where |Uf — V¢ |
is small or not. To accomplish this, for any p > 0, let x, € C'(R; [0, 1]) be such that

(2) 0 ,if |z| > p,

€Tr) =

Xe 1 it o] < p/2

and define Y, = 1 — x,. Consider the decomposition ®. = A, , + B, , where

Ns—1 tn+1/€

€
Aep=5 Y S0, ~Ve) [ (@ pas,
n=0 tn/e
Ns—1 tht1/e
€ = g € n
B, =0 Z gXp(Utn th)// (Z{")%ds.
n=0 tn/e

The reason for this decomposition is that why the time average of (Z™)? over the
time interval [t,11,%,] is close to the function A(22)(Uy,, V4, ) is different in the two
regions. The terms which have |u — v| > p have periods uniformly bounded from
above and hence as (t,4+1 — t,)/e = §/e — oo the number of periods contained in
the interval over which we are averaging also goes to infinity. On the other hand,
as the points approach the diagonal © = v the period grows to infinity. So for
|u — v| small enough the period might be much greater than the length of the time
interval (t,4+1 — tn)/e = 0/¢ over which we are averaging. Hence the reason for
convergence for the A, , to the appropriate average values occurs by a different
mechanism. Proposition 6 shows that A(2%)(u,v) — v = v as |u —v| — 0. To
understand why % ft fnt1/e Z("))st — Uy, A\ V4, one needs to recall the discussion
from Section 7. The determmistic orbits when u = v consist of heteroclinic orbits
connecting the fixed points at (0, 0, v/u) and (0,0, —y/u). Since the time to reach the
fixed points on these orbits in infinite, it is not surprising that for |u — v| small the
periodic orbit spends most of its time near (0,0, ++/u) ~ (0,0, =4/v). This can also
be seen in the fact that the occupation measures given in (3) concentrates around
0 ~ 7/2,3m/2, which corresponds to the fixed points, if |u — v| ~ 0. Importantly,
even when the time is not long enough to traverse the orbit completely, any average
will be concentrated near the fixed points since the time to reach the neighborhood
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of the fixed point is small relative to the time it will take to leave that neighborhood
once it has arrived there. This idea will be made quantitative below.
Hence we define
Ns—1

Acp =03 Xo(Uf, = VE)(UF, AVE) and ©.,=A.,— A,
n=0
Ns—1

Bs,p == (5 Z XP(UZ; - ‘/ti)’YE(UE,” ‘/;L)A(ZQ)(UI;,‘/;L) and Ta,p = Be,p — B€7p
n=0

Ve (u,v) = LT(Z,U)J ET(?U) ;

and 7(u,v) was the period of the deterministic orbit.
For all 8 > 0 and a > p, we define

%ﬁ7p=min{r(u v) :u— v §p,6§u/\v§u\/v§M},
Uy, =4VM 7d
o’ / |1 — a?|
The utility of ¥ is the following which can be deduced from Section 7.3

sup Leb ({s >0, 25| € [(1 — a)Vurv,VuAv]}) < Ty ,.

u,v<M

Now
v,

v, e
|®&p|§t{M(5/ﬂ+ )+2ﬂ}df €,p,0p -
On the other hand, since

Ns—1 fntl

Yo=Y XU —thl)/tn;{ n (Zmyear,

we have the inequality
Ns—1

S = £ £ £ £
|T,5p‘ < Mg d Z Xp(Utn - th)"'(Utantn)
n=0
€ - def
EM( ) = Ls,p 5

where M (p) := sup, ,<ns Xp(u,v)7(u,v) < 00 if p > 0. Hence L., — 0 as e — 0,
for any p > 0.
Now applying Lemma 8.6 below, we see that for all p > 0, as € — 0 one has

tAK M

A.p+B.,— A,+B,~¥ Xp(Us = Vo) (Us A Vi)ds

0

tARM
[ U - V) AW Vs
0
Notice that as p — 0, Ap + Bp converges to

tAK M tAKM
[ e Wonvas+ [ s A0 Vs
0 0



32 JONATHAN MATTINGLY AND ETIENNE PARDOUX

By Proposition 6, we see that 1y, —y, (UsAVy) = 1y, v, A(2?)(Us, Vi) since (z,y, 2) —
2?2 evaluated at (0,0,/u Av) is u Av. (Of course u A v = u = v since we are con-
sidering the case v = v.) In light of this, we conclude that A, + B, converges
to

tAKM
/ A(2?)(Us, Vi) ds
0

as p — 0.
Now let F € C(RT,R") be any increasing, bounded function. Then

F(Acp+ Bep = Keppap — Les) < F(Acp + Be,p) <
F(A.,+ Bep+ Ko pos+ Les).
Observe that A. , + B. , = ®. and hence is independent of the choice of p. Since
F' is bounded and as already noted L. , — 0 as ¢ — 0 for any p > 0, we have that
EF(A, + B, — Kjap) < lim EF(.)

e—0

<TmEF(®.) <EF(A,+ B, + K,.05),

e—0

where

v
Ky = lim Ko p00 = t[M( =22) + 28] .
Now since K, o8 — 0 if p — 0, followed by o — 0, followed by 5 — 0 we obtain
that lim_, o EF(®.) exists and equals lim,_,q EF(A, + Bp)
It remains to exploit Lemma 8.7 below to deduce that

tAKM
o, = / A(2*) (U, V) ds
0

as ¢ — 0. O

Lemma 8.6. Let X,, be a sequence of X -valued r. v.’s, and X be such that X,, =
X, where X is a separable Banach space. Let {F,, n > 1} be a sequence in C(X),
which is such that as n — oo, F,, — F uniformly on each compact subset of X.
Then F,(X,) = F(X), as n — oo.

Proof of Lemma 8.6. Choose € > 0 arbitrary, and let K be a compact subset of X
such that P(X,, ¢ K) < ¢, for all n > 1. Now choose n large enough such that
|Fn(z) — F(z)] < ¢, for all z € K. Choose an arbitrary G € Cy(R), such that
sup, |G(z)| < 1. We have
|E[G o F,,(X,)] —E[Go F(X)| < |E[Go F,(X,,) — Go F(X,); X, € K||
+2+ |E[Go F(X,) — Go F(X)]]
The first term of the righthand side can be made arbitrarily small by choosing ¢

small, uniformly in n, since G is uniformly continuous on the union of the images
of K by the F,,’s. The last term clearly goes to zero as n — co. O

Lemma 8.7. Let {X,, n > 1} and X denote real-valued random variables, defined
on a given probability space (, F,P). A sufficient condition for X, = X is that

E[F(Xy)] = E[F(X)],

for any continuous, bounded and increasing function F.
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Proof of Lemma 8.7. Tt is plain that the condition of the Lemma implies that
E[F(X,)] — E[F(X)] for any F continuous, bounded with bounded variations.
Associating to each M > 0 a continuous function Fjs from R into [0, 1], which is de-
creasing on R_ and increasing on R, equal to zero on the interval [-M +1, M —1],
and to one outside the interval [—M, M], we note that the condition of the Lemma
implies that

limsup P(|X,| > M) < lim B[Fa(X,,)]

n—oo

— B[Py (X))

Since the last right—-hand side can be made arbitrarily small by choosing M large
enough, the last statement implies tightness of the sequence {X,,, n > 1}. Conse-
quently X,, = X will follow if E[F(X,,)] = E[F(X)] for any F' in a class of contin-
uous and bounded functions which separates probability measures, which clearly is
the case under the condition of the theorem. O

9. Proof of Theorem 3.2. Recall that for each e > 0 ;* denotes the unique invari-
ant probability measure of &%, and that A denotes the unique invariant probability
measure of the diffusion process (U, V;) or equivalently of its semigroup Q.

The fact that any accumulation point of the collection {uc, e > 0} satisfies
uw= ,us;l follows from Proposition 5. Corollary 3 states that at most one invariant
probability measure of (1) satisfies both y = sz and pu®=! = A,

From Corollary 2 we know the collection {u®, & > 0} is tight. Consequently,
there exists a sequence ¢,, — 0 and a measure [i, such that u*~ = f.

We now show that this f is invariant for the &, dynamics. Fix an arbitrary ¢t > 0.
If we initialize £ with its invariant probability measure p®", then both marginal
laws of the pair (£5",&;") equal . Since (§5",&;") = (§0,&), we deduce that if
&o =~ fi, then & ~ [i, and this is true for all ¢ > 0, hence f is invariant for £.

Next recall that for each € > 0, we defined \° := p®~!. Since both marginal
laws of the pair (§5", §t€/"8) equal p*", we conclude that both marginal laws of the pair

(Us™, VE™), (U™, Vi™)) equal A, We now show that A = id~' is an invariant
measure for @J;. Combining the fact that

(UG, V5), (U, Vi) = ((Uo, Vo), (U, V1)),

® is continuous and that from Lemma 8.2 we know that X is supported on (0, 4+00) x
(0, +00), we conclude that \°» = . Since the marginals are equal for all ¢ > 0, we
conclude that X is an invariant probability measure for @;. Since from Theorem 6.12,
Q¢ has the unique invariant probability measure A\, we conclude that A=A\

Hence fi = p, and p° = p, as € = 0.

Because A = u®~! does no charge the diagonal, y1 does not charge the set {z =
y}U{x = —y}. Pick a point (z,y, z) € R?, with |z| # |y| and let (u,v) = ®(x,y, 2).
Assume that (z,y,z) € I}, (the other case is treated exactly in the same way).
To (z,y, z) corresponds a value 6 of the parameter on F;f)v defined in Section 7.3.1.
There exists a smooth bijection ¥ with a smooth inverse from an open neighborhood
O of (z,y, z) onto an open neighborhood U of (u, v, ). The restriction of u to O is
the image by W~ of the restriction to I of the measure

Ku,v

——————p(u,v)dfdudv,
Teos(@ua O] ")
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where p denotes the density of A\ with respect to Lebesgue measure and we have
used formula (3). Hence the restriction of p to O is absolutely continuous with
respect to Lebesgue measure on R3, with a density which is positive at (z,v, 2)
since p(u,v) > 0.
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