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How to specify a Markov model
An E-valued process is Markov wrt {F; } if

E[f(X({t+9))|F] = E[f(X( +5))|[X(#)], [fe B(E)
Ordinary differential equations: X = F(X)

X(t+ At) = X(t) + F(X(t))At

Stochastic differential equations:

X(t+ At) ~ X (t) + F(X(1)At + G(X (£) AW
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Infinitesimal specification

Deterministic (ode) case:

fX(t+ At) = f(X(1) + F(X(1)) - VF(X(2))At

~ ZF( (ti) - Vf( (Z))(tz—i-l ti)

which suggests

FX (4 7)) — FX(8) - / CF(X(s)) - V(X (s))ds = 0
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Martingale properties
“Infinitesimal changes of distribution”
E[f(X(t + AD)|F] = f(X(1) + Af(X(8) Al

or

B[f(X(t+ At) — F(X(8) — AF(X (1) AtF] ~ 0
which suggests

E[f(X(t+ 1)) — F(X(1)) - / CAF(X(s))ds|F] = 0

f(X(t) — f(X(0)) —/ Af(X(s))ds amartingale

0
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Examples of generators: Jump processes

Poisson process (E = {0,1,2...}, D(A) = B(E))
Af(k) = Mf(k+1) = f(k))

Markov chain (E discrete, D(A) = {f € B(E) : f has finite support})
Af(k) = Equk,mf(l) — f(k))

Pure jump process (£ arbitrary)
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Examples of generators: Continuous processes
Standard Brownian motion (E = RY)

Af = SAf, D(A) = CHE)
Diffusion process (E = R¢, D(A) = CZ(R7))

Af(@zéz )5, axj Zb

]

Reflecting diffusion (F C RY)

D(A) ={f € CJ(B) :n(x) - Vf(x) =0,z € O}

Af(a) = 5 Y 0o g )+ 3 b))
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The martingale problem for A

X is a solution for the martingale problem for (A, ), vy € P(E), if
PX(0)™! =1y and

FEX(0) = FXO) = [ AfCX(s))as
is an {F;* }-martingale for all f € D(A).

Theorem 1 If any two solutions of the martingale problem for A satisfying
PX1(0)"! = PX,(0)" ! also satisfy PX,(t)™' = PXy(t)"! forall t > 0,
then the f.d.d. of a solution X are uniquely determined by PX (0)~!

If X is a solution of the MGP for A and Y,(t) = X(a +t), then Y, is a
solution of the MGP for A.

Theorem 2 If the conclusion of the above theorem holds, then any solution
of the martingale problem for A is a Markov process.
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Sums of generators are generators

Suppose A and B are generators Let X,, be a stochastic process such
that for £ = 0,2,4,... X,, evolves as if it has generator A on the
time interval [£, £t1) and as if it has generator B on the time inter-

val [EHL kt2) Fllllr?\e; for f €D = D(A) N D(B),
t _1)[ns]
f(Xn(lﬁ))—J“‘(Xn(o))_/O (ﬁ

n

_ (_1)\Ins]

BI(X.()
is a martingale. Letting n — oo, at least along a subsequence X,
should converge to a process such that
t
1
FEX®) = FXO) = [ 54+ B)F(X(3))ds

is a martingale for f € D. (True, for example, if E is compact, A, B C
C(F) x C(F),and D is dense in C'(FE).)
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Hidden variables
A model X corresponding to a generator A.

“Hidden variables” U influence X but are not observable.

B IR = EFU@)] =af = [ fwal
(X,U) corresponds to A

FX(2),U(t) — f(X(0),U(0)) —/O Af(X(s),U(s))ds

is a {F;"}-martingale, so
E[f(X (1), U@t)IF'] = ELf(X(0),UO)IF5] ~ /0 E[Af(X(s),U(s))|F: ]ds

= af(X() = af(X(0) = [ aAf(X(s)ds
should be a {F/*}-martingale, that is, Aaf = aAf.
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Primary goal: High density limits

We want an infinite population limit in which we can identify in-
dividuals and their relationships to other individuals, for example,
their genealogies.

General principle: Keep U and « as simple as possible.
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Population models

Modeling finite or infinite populations in which each individual has
a location and/or type in E.

Individuals may move and/or mutate (change type).

Must specify how individuals die and how they give birth, and change
type.

Assign each individual to a “level” so that observations of X up to
time ¢ give no information about the levels at time ¢.

Assign levels so that in the pre-limiting model, the levels are iid uni-
form on [0, AJ.
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Elements in the domain

State of the process 1 = ) d(,,4,), @ counting measure on £ x [0, ],
and 77 = ) 0,,.

SO
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High density limits
A high-density limit corresponds to A — oo while A™'7}(C) — Z(¢, C).

If g(z,u) = 1 for u > u, and, perhaps, = ¢ K,, then assuming ;' = 7,
in the vague, or perhaps weak, topology, then

H g(x,u) — H g(x,u).
(w,u)€n; (2,u)Ent

Since the original levels were iid uniform [0, A, the limiting 7, must
be conditionally Poisson with Cox measure =(¢). In particular

H g €, U E = e_fEfooo(l_g(x,u))dug(t,daﬂ).

In practice, we want to condition on F7.
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Modeling deaths

For each (z,u) € n, multiply the u by p > 1 and kill off all particles
with pu > A

If the u are independent and uniformly distributed on [0, A\] and in-
dependent of the z, and pu < A, then v’ = pu is uniformly distributed
on [0, \] and independent of the =.

Plpu>2y=Plu> '} =1-p' = %1
Let0 < g(z,u) < land g(z,u) = 1foru > \. Setg(z) = A7} fo/\g(a:,u)du.
Then
A PA
A*/ g(z, pu)du = Ylp”/ g(z,v)dv = p~'g(x) +p~H(p—1)
0 0
_ N GO
E glx, p(r)u | = glx +
I st = TT @075+ 2555
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Thinning
f(n) - H(gc,u)En g(ﬂ?, U)

Ans(m) =6) [ (T sl up(z.) - F)ncr.dz).

Y (zwen

for some p(x,z) > 1. Let p(z, 2) = %. Then

adn @) = 8) [ (T]01 = pla2)a(e) + pla. ) = o @)l d2),

When a thinning event of type z occurs individuals are indepen-
dently eliminated with (type-dependent) probability p(z, z).
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High density limit
For the high density limit, assume

A1 — Z implies B,(7) — B(Z).
Then

Anf(n) / IT ot 0t ) = S ),

and the projected operator becomes
adnf(E) = H(E) /U (¢ I mEE o f(@)u(E, de),

where h(x fo g(z,u))duand af (Z) = e JeM®)=(d2),
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Pure death generators
For dy(z) > 0,
Apaf () Z FOp)do(yu 2 )

which says the levels sat1sfy U = do(x)u

@At @) = af @)Y =N [ dowyuduglo. .

vern g9(x) 0

Since

A A
)\_1/0 uOug(x, u)du = X tu(g(z,u) — 1) 3—)\_1/0 (9(z,u)—1)du = 1—g(x),

aApaf(M) = af@) > do(x) ——1) (1)

TEN
which is the generator of a pure death process.
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Modeling births

— rxz ’ r,v)—1)dv Auaug(x’U)
Aafn) = f(m(g:m ( )[A/u (g(z, ) = Ddv+Giw)= 7= ]
— f) Y [Qr(x)(f_u)xiu/ (glz,0) = Dy
(z,u)en !

For each x € 7j, write 75, for 77\x. Then

A A
aduf(n) = S @i @[5 [ s [ (o6 - Divda

ren

—i—% /OA G (w)0ug(z, u)du}
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Calculations

2

= OAg<x,u> / " g v)dudu - <§ / Ag(w)du) .

%/OA (G?(u)ﬁug(x,u) - 2()\; u)g(%u)> du. @)

Take
Giw) =2 T A=u)? = A—u) =21 —u

Then integrating by parts, (2) reduces to —5 fo z,u)du and

@A f(@) = af@) ) r(x)G(x) - 1).

ren
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A branching process (011)

Af) = 1) Y @[5 / (9(0,0) = i + G ) 202

g(r,u)

and
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Critical levels

Suppose r and dj are constants. Then

= \"tru 4 (doy — r)u

If dy < r, then u, = 20=d)

If the lowest initial level is below ., then the population lives for-
ever. If the lowest initial level is above u,, then the population dies
out.
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Discrete birth events

The event is determined by

e The number of new particles k.
e The choice of parent with relative chance r(z).

e The placement of the offspring determined by a transition func-
tion ¢(z, dy) from E to E*.
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Mechanism for lookdown construction
The race to become parent

k points are chosen independently and uniformly on [0, \]. These
will be the levels of the offspring of the event. v* denotes the lowest
of the chosen levels.

For (z,u) € n with u > v* and r(z) > 0, let 7, be defined by

e_r(m)Tx — )\ —u
A — v
AA__;”Z is uniform [0, 1], so 7, is exponential with parameter r(z).

For (x,u) € n satisfying u < v* and r(z) > 0, let 7, be defined by

6—7"(.%')71 fe— E

,U*

Again, 7, is exponentially distributed with parameter r(z).
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Probability of being the parent

The 7, are independent. Let (2*, v*) be the point in  with
Tyx = min(xvu)@] Ty Then

P R
M @y T

The new configuration

Assign types (y1, . . ., yi) with joint distribution ¢(z*, dy) uniformly at
random to the k new levels and transforming the old levels so that
Vewg = {(@, A = (A —w)e" ™) 1 (2,u) € 9,7y > Tye,u > 0}
U{ (2, ue" ) - (z,u) € 1 > T u < v*)
U{(yi, Ui),i = 1, ceey ]{I}

Notice that the parent has been removed from the population and
that if (z) = 0, the point (z, u) is unchanged.
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Uniformity of levels

For (z,u) € n, (z,u) # (z*,u*), let h)(x, u,n, v*) denote the new level,
that is,
hi\(l‘, u, 1, U*> - 1{u>v*}()‘ - ()‘ - u)er(x)@*) + 1{u<v*}uer(m)%*
= 1{u>v*}(u6T(z)Tw* _ /\(er(:r)rw* _ 1)) + ]_{u<v*}uer(x)n*7

and

f(’Yk,nqﬁ) - H (CE h>\ x u,n,v Hg yuvz

(z,u)enubu*

Lemma 3 Conditional on {(y;, v;)} andm, {h}(z,u,n,v*) : (x,u) € n,u #
u*} are independent and uniformly distributed on [0, \].
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Limit as )\ goes to oo

Suppose A — oo, A7 — Z, and A 'k — (. Then, in the limit:

The new levels in a birth event form a Poisson process with intensity
C.

v* will be exponentially distributed with parameter (.

u* > v*and 7. — 0.

r(z)

r(z*)*

For u > u*, h)(z,u,n,v*) = u — (u* — v¥)
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Event based models of. (2009)
( ) ( ) ( )

A discrete event birth generator will be of the form

Aaf(n) = / (H.(g,m) — f(n)n(d=),

where

H.(g.n) = A"7(2)/ I 9@ @ uno)

[0A1F (z,u)€nuu* (n,v*)

X H/ g(yH Uz)Q(fE*(ﬁa U*)7 2 dyz)dvl <o dvk(z)
i=1/F

pmay be o-finite and has the interpretation that there exists a Poisson
random measure £ with mean measure u x ¢ on U x [0,00), and if
(z,t) € £, then at time ¢,

Elf(me)ne-] = H.(g9, ).
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Birth event followed by thinning
Aanf(n) = /(Hz(97 n) — f(m))u(dz),
U

where

Hg) = x40 T ol ple W (o uno?))

[0, )‘]k(z) (z,u)Enutu*(n,v*)

/H/ 9(i, p(yi, 2)vi)q(z*(n,v"), 2z, dy;)dvy . .. dog

Note that (z*, u*) is a function of  and v*, and if and event z occurs
at time ¢, then

77t - Z 1{p(x’z)h7>‘\(,z) (w,u,nt,,v*)<)\}5(x,p(x Z)hf«\( )(xvuantfvv*))
(xvu)ent—au#lﬁ
k(2)
T Z 1{P(yz"z)vi<>\}5(yi,p(yi,2)vi)
1=1
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Projected model

wanf@ = [ 3  rosapa(a ) — o ()

where, setting p(z, z) = % and 77,. =7 — 0.,

(gt = 270 [ L (0 =t )ate) + ol 2)

TEN

XH/ P(yi: 2))9(i) + pyi 2))a(e”, 2, dys)-
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High density limit

p(dz) governs the appearance of events of the form

(k(2),r(x, 2), q(x, 2, dy), p(x, 2))

Assume

[0 Dt — [ [ ncmtac etintan),

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 30



HZ(Q,T]) = )‘_k(Z)/ k(z) H g('rap(xvz)h;\(.,z)(xauanav*))
O () emurtur (n,0)
k(2)

% /H/Eg(yi,p(yi,z)vi)q(m*,z,dyi)dvl...dvk(z)
- /OOO /ooo [CG_CU* ( I 9@ o 2)(u— 1y (@ —v) 1))

r(x*)
$7U)€ﬂau7éu* (W)*)

></Eg(y,p(y,Z)v*)Q(:E*,z,dy)

cexp{=¢ [ [0 gluptn.2h0)a(e" 2 dg)de)}] ol 2
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Projected generator

Therefore, af(Z) = e~ /e "@)=(4) and setting

r(z*, z)

= = [pr(z, 2)Z(dx)

m03) = [ [ [ew(= [ —shtw(an)

L h(y)a(a®, 2, dy)do)YE(de") | e (dC, 2)

x | pla”, E) exp{—¢

where h(z) = [;7(1 — g(z,u))du,
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Abstract

Do it yourself lookdown constructions: It is safe to build them at
home

“Lookdown” constructions provide representations of population mod-
els in terms of countable systems of particles in which each particle
has a “type” which may record both spatial location and genetic type
and a “level” which incorporates the lookdown structure. At first
glance, the constructions may appear very mysterious and difficult
to apply. The goal of the talk will be to show how to break the popu-
lation model of interest into pieces, to show how a lookdown process
can be defined for each piece, and then to see that the pieces come to-
gether to give a lookdown construction for the full model. The talk

is based on a forthcoming paper with Alison Etheridge
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