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1 Introduction

Consider a model of infectious disease dynamics where the total number of individuals is
constant over time, equal to N, and we denote by Z™(t) the vector of proportions of this
population in each compartment (susceptible, infectious, removed, etc.). Our probabilistic
model takes into account each event of infection, removal, etc. It takes the form

ZNE(t) = ZN(t) == + % i thj(/Ot Nﬁj(ZN(s))ds>. (1.1)

Here, (P;j)1<;<k are i.i.d. standard Poisson processes. The h; € Z? denote the k respective
jump directions with jump rates 8;(x) and x € A (where A is the “domain” of the process).
The d components of the process denote the “proportions” of individuals in the various
compartments. Usually A is a compact or at least a bounded set. For example, in the
models we have in mind the compartment sizes are non-negative, hence A C Ri.

As we shall prove below, ZtN " = Y* as N — oo, where Y}* is the solution of the ODE

Yo(t) =Y (t) ==z +/0 b(Y*(s))ds, (1.2)
with

b(z) = Z B;(2)h;.

This Law of Large Numbers result goes back to Kurtz [1978| (see the version in Theo-
rem 3.1 below, where a rate of convergence is given).

Most of the literature on mathematical models of disease dynamics treats deterministic
models of the type of (1.2). When an epidemics is established, and each compartment of
the model contains a significant proportion of the total population, if N is large enough,
the ODE (1.2) is a good model for the epidemics. The original stochastic model (1.1),
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which we believe to be more realistic than the (1.2), can be considered as a stochastic
perturbation of (1.2). However, we know from the work of Freidlin and Wentzell [2012],
that small Brownian perturbations of an ODE will eventually produce a large deviation
from its law of large numbers limit. For instance, if the ODE starts in the basin of
attraction of an locally stable equilibrium, the solution of the ODE converges to that
equilibrium, and stays for ever close to that equilibrium. The theory of Freidlin and
Wentzell, based upon the theory of Large Deviations, predicts that soon or later the
solution of a random perturbation of that ODE will exit the basin of attraction of the
equilibrium. The aim of this paper is to show that the Poissonian perturbation (1.1) of
(1.2) behaves similarly. This should allow us to predicts the time taken by an endemic
equilibrium to cease, and a disease—free equilibrium to replace it.
We shall apply at the end of this paper our results to the following example.

Example 1.1. We consider a so-called SIRS model without demography (S(t) being the
number of susceptible individuals, I(t) the number of infectious individuals and R(t) the
number of removed/immune individuals at time t). We let 5 > 0 and assume that the
average number of new infections per unit time is BS(t)I(t)/N.} For~,v > 0, we assume
that the average number of recoveries per unit time is vI(t) and the average number of
individuals who lose immunity is vR(t). As population size is constant, we can reduce the
dimension of the model by solely considering the proportion of infectious and removed at
time t. Using the notation of equations (1.1) and (1.2), we have

A={zeRI0< 2 +22<1}, h = (1,007, ho= (=117, h3=(0,-1)7,
Bi(z) = Ba(l — 21 — 22), Palz) =721, Bs(2) = vz

It is easy to see that in this example the ODE (1.2) has a disease free equilibrium T =
(0,0)T. This equilibrium is asymptotically stable if Ry = B/v < 1. Ry is the so-called
basic reproduction number. It denotes the average number of secondary cases infected by
one primary case during its infectious period at the start of the epidemic (while essen-
tially everybody is susceptible). If Ry > 1, T is unstable and there exists a second, endemic
equilibrium x* = (%, %) which is asymptotically stable. While in the determinis-
tic model the proportion of infectious and removed individuals converges to the endemic

equilibrium x*, the disease will go extinct soon or later in the stochastic model.

Our results also apply to other models like the STV model (V' like vaccinated) and
the SpI.S; (with two levels of susceptibility), see Kratz et al. [2015] and the references
therein. These two models have the property that for certain values of their parameters,
both the disease—free equilibrium and one of the endemic equilibria are locally stable. Our
results predict the time taken by the solution of the stochastic equation to leave the basin
of attraction of the endemic equilibrium. We shall discuss those and other applications
elsewhere in the future.

There is already a vast literature on the theory of large deviations for systems with
Poissonian inputs, see Dupuis and Ellis [1997], Dupuis et al. [1991], Feng and Kurtz [2006],
Shwartz and Weiss [1995], among others.

!The reasoning behind this is the following. Assume that an infectious individuals meets on average
«a > 0 other individuals in unit time. If each contact of a susceptible and an infectious individual yields a
new infection with probability p, the average number of new infections per unit time is 8S(¢)I(t)/N, where
B = pa since all individuals are contacted with the same probability (hence S(t)/N is the probability
that a contacted individual is susceptible).
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Figure 1: Transmission diagram of the STRS model without demography.

However, the assumptions in those works are not satisfied in our case. The difficulty
is the following. For obvious reasons, the solution of our SDE (1.1) must remain in R¢.
This implies that some rates vanish when one of the components of Z¥2(t) vanishes.
However, the expression of the large deviation fucntional (as well as the ratio of the
probabilities in the Girsanov theorem) involves the logarithm of those rates, which hence
explodes as the rate vanishes. The same happens with the computer network models
which was the motivation of the work of Shwartz and Weiss [1995], and this led them to
consider situations with vanishing rates in Shwartz and Weiss [2005]. However, even the
assumptions in that paper are not fully satisfied in our models (see our discussion below
in section 2.2). For that reason, in order to avoid the ackward situation where we would
have to cite both Shwartz and Weiss [1995] and Shwartz and Weiss [2005], and add some
arguments to cope with our specific situation, we prefered to rewrite the whole theory, so
as to cover the situation of the epidemiological models in a self-consistent way. We must
however recognize that the work of Shwartz and Weiss has been an importance source of
inspiration for this work.

Let us now discuss one subtlety of our models. In the models without demography,
i.e. the models where the total population remains constant, then we choose N as this
total population, so that the various components of the vector ZtN " are the proportions of
the total population in the various compartments of the model, that is each component of
7" at any time is of the form k/N, where k € Z,, and also Y0, ZN*(t) = 1, if ZV"(t)
denotes the i—th component of the vector ZV:*(¢), 1 < i < d. In this case, provided we
start our SDE from a point of the type (ki/N, ..., kq/N), where kq,...,ky € Z, then
the solution visits only such points, and cannot escape the set R% without hitting first
its boundary, where the rates for exiting vanish. Consequently ZtN ** remains in Ri for all
time a.s. However, if we start our process outside the above grid, or if the total population
size does not remain constant, the components of the vector ZtN “* multiplied by N need
not be integers. Then some of the components of va * might become negative, and one
can still continue to define ZtN * provided for any 1 < i < d and 1 < j < k, the rule
z; = 0= f;(z) =0 is extended to z; <0 = §;(x) = 0. However, in order to make things
simpler, we restrict ourselves in this paper to the situation where all coordinates of the
vector N Zév “ are integers, and the same is true with N ZtN * for all t > 0. In particular,
we shall consider equation (1.1) only with a starting point = such that all coordinates of
Nz are integers. This will be explicitly recalled in the main statements, and implicitly



assumed everywhere. We shall consider more general situations in a further publication.

The paper is organized as follows Our set—up is made precise and the general assump-
tions are formulated in section 2. Section 3 is devoted to the law of large numbers. In
section 4 we study the rate function. The Large Deviations lower bound is established in
section 5 and the Large Deviations upper bound in section 6. Section 7 treats the exit time
from a domain, including the case of a characteristic boundary. Finally in section 8 we
show how our results apply to the SIRS model (which requires an additional argument),
and a Girsanov theorem is formulated in the Appendix.

2 Set-up
We consider a set A C R¢ (whose properties we specify below) and define the grids
75N .= {r € R¥x; = j/N for some j € Z}, AN :=Anz*".

We rewrite the process defined by Equation (1.1) as
1 & !
AUESACES IS hjpj(/o Nﬁj(ZN(s))ds> (2.1)
j=1

=z + /Otb(ZN(s))ds + % Zthj(/Ot Nﬁj(ZN(g))ds>,

where the M;(t) = P;(t) —t are the compensated Poisson processes corresponding to the
P (j=1,... k).

Let us shortly comment on this definition. In the models we have in mind, the compo-
nents of ZV usually denote the proportions of individuals in the respective compartments.
It is hence plausible to demand that the starting point is in Z*". However, it is not suf-
ficient to simply restrict our analysis to those starting points with € A" as this does
obviously not imply z € AM for all M > N. Note that UY(t) = NZ"(t) would solve the

SDE . t
) = N+ 3o ([ o)),

where NB;(z) = B;x(Nx). Here the coefficients of the vector UM (¢) are the numbers of
individuals from the population in each compartment. The equation for U (¢) is really the
original model, where all events of infection, recovery, loss of immunity, etc. are modeled.
Dividing by N leads to a process which has a law of large number limits as N — oo. The
crucial assumption for this procedure to make sense is that N~!3; x(Nz) does not depend
upon N, which is typically the case in the epidemics models, see in particular Example
1.1.
We first introduce the following notations. For z € A and y € RY, let

Ve = {u € R% |u; > 0 only if B;(z) > 0},
Veyi={neVily =3 mh .
J
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As V,, is sometimes independent of x or V., = ), we also define for y € R,
{u e Ry = Z pih }
We define the cone spanned by a (finite) set of vectors (v;); (v; € R? by
C((vy);) : {v = Zajv]]aj > O}
Similarly, we define the cone generated by the jump directions (h;); at © € A by
Co := C((R)):8;(2)>0) = {U = > byl > 0}‘
3:85(x)>0
Note that i
Co=C={v=">_ puhslu; >0} (2.2)
j=1
whenever z € A, since Bi(z) >0foralll < j<kifzre A. Also, in part of this paper,
we shall assume that the log 3;’s are bounded, which then means that (2.2) is true for all

x € A
We define the following upper and lower bounds of the rates. Let p > 0.

B:= sup B;(x) € Ry,
€A, j=1,...k
= xeA,ljnzfl ..... k Bi(x) € Ry,
Bp) :=inf{B;(z)|j =1,...,k o € Aand |z — z| > pVz € A with 3;(z) =0} € R,

]
I
0
[t
o]
=
=
m
5
+

2.1 The Legendre-Fenchel transform and the rate function

We define the following transforms. For x € A, y € R?, let
) :Z{BJ( :u]_’_ﬂjlog( (x))}
J
with the convention 0log(0/a) = 0 for all « € R, and

Liz,y) = {inf“% R, (23)

+00 otherwise.

Now let, for =,y as above and 6 € R¢,
g(‘ray70) - <07y> - Z/Bj(x)(ew’hj) _1)7
J

and define

L(z,y) := sup {(z,y,0), (2.4)
9eRd



Remark 2.1. For y € V,\ V,,, we have {(x, 1) = oo and hence
L(z,y) = inf ((z, p).

neVy
We first show
Lemma 2.2. Letx € A,y €C,, 0 € R? and p € V.. Then
U(z,y,0) < Uz, ),

m particular B
L(z,y) < L(z,y).

Proof. The result is obvious if V.., = (). If not, for p € V, ,, with

fi(2) = pjz = Bj(x)(e* — 1),
{(x,y,0 Zu] (0, hj) — Bj(x)(exp((0, h;)) — 1)
= Z 13 ({0, hy))
< ifj(log pi/B;(x))

= Uz, ),
since f; achieves its maximum at z = log[u;/5;(z)]. O

We will show below that under appropriate assumptions, L(z,y) = L(z,y), and we
shall write L(x,y) for the common value of those two quantities.
For any T' > 0, we define

C([0,T]; A) :=={¢:[0,T] — Al|¢ continuous},
D([0,T); A) == {¢: [0, T] — Al¢ cadlag}.

On C([0,T]; A) (or D([0,T7]; A)), de denotes the metric corresponding to the supremum-

norm, denoted by || - ||. Whenever the context is clear, we write d := d¢. On D([0,77]; A)

we denote by dp the metric given, e.g., in Billingsley [1999], Sections 12.1 and 12.2 which

defines the Skorohod topology in such a way that the resulting space is Polish. The re-

sulting metric spaces are denoted by C([0,T; A;d¢), D([0,T]; A;de) and D([0,T7]; A;dp),

respectively (where the metrics are omitted, whenever they are clear from the context).
We now introduce a candidate I for the rate function. For ¢ : [0,T] — A, let

In(6) = fOTL(gb(t), @'(t))dt if ¢ is absolutely continuous
e otherwise.

For x € Aand ¢ : [0,7] — A, let
Ir(¢) if ¢(0) =

00 otherwise.

[T,x(¢) = {



2.2 Assumptions on the process ZV

We do not assume that the rates are bounded away form zero (as in Shwartz and Weiss
[1995]) and allow for them to vanish near the boundary (cf. the discussion in the in-
troduction). Shwartz and Weiss [2005] allow for vanishing rates. We generalize these
assumptions as we outline below. The difference is essentially Assumption 2.3 (C) below.

Assumption 2.3. (A) Assumptions on the set A.

(A1) The set A is compact and A = A. Furthermore, there exists a constant Ao > 0
such that for all N € N, z € AN and j =1,...,k with B;(z) > 0,

z+ % c AN and |Z—z|> % for all Z with B;(Z) = 0.2

(A2) There exist open balls B; = B(xs,r)%, i =1,...,11,....,1 (0 < I, < I) such
that .
x; €0A fori<I; and z; € A fori> 1

and

i<I i<y

(A8) There exist (universal) constants Ay, Ao > 0 and vectors v; (i < Iy, w.l.o.g., we

assume 0 < |v;| < 1; for notational reasons, we set v; = 0 for i > I ) such that
forallx € B;NA,

B(x +tv;, \it) C A for allt € (0, \y).

and dist(x + tv;, 0A) is increasing for t € (0, Ag).

(A4) There exists a Lipschitz continuous mapping 14 : R? — A such that ¥4(z) =
whenever x € A.

(B) Assumptions on the rates f3;.

(B1) The rates B; : A — Ry are Lipschitz continuous.
(B2) Forze A, j=1,...,k, B;(x) >0 and C((h;);) = R%.
(B3) For all x € OA there exists a constant A3 = A3(x) > 0 such that

yeloly <Xs=a+yeA

(B4) There exists a (universal) constant Ay > 0 such that for alli < I, x € B;N A
and

A
b= v +w forwe R, Jw| < =2 },
3—N

Bi(x) < Ay = Bz + -v) is increasing in (0, Aa).

v
V€ Cl,i = {m

2This implies that for z € AN with 38;(z) > 0, we have 3;(z) > B(Ao/N).
3Here (and later) B(x,r) denotes the open ball around = with radius r.

7



(C) There exists an ny > 0 such that for all N € N, € > 0 there exists a constant
d(N,€) > 0 (decreasing in N and in €) such that for alli < I, x € B; there exists
a ' = u'(z) €V, and

P| sup |Z%(t) - ¢7(t)] > ] <(N,e), (2.5)

t€[07n0]

where ZN* denotes the solution of (2.1) if the rates B; are replaced by the rates [L;
for

J

it(z) == i if z+ehj € A for all € small enough
)0 else

and ¢* = x + tv; as before.*

Furthermore, there exists a constant o € (0,1/2) and a sequence ey such that

1 N

N o — 0 as N — oo. (2.6)

and
p*log B(p) =0 asp— 0. (2.7)

Let us comment on Assumption 2.3. Assumption (A) is essentially Assumption 2.1
of Shwartz and Weiss [2005]. We want to remark that Assumption 2.1 (iv) of Shwartz
and Weiss [2005] is not included here as it is redundant (see Lemma 3.5 of Shwartz and
Weiss [2005]; cf. also the discussion preceding Lemma 5.5). In the epidemiological models
we want to consider, A is a compact, convex d-polytope, i.e., 0A is composed by d — 1-
dimensional hyperplanes. For example for the SIRS model in Example 1.1,

A={r e R0 <z + 1y < 1}.

In line with the Assumption (A1), let us note that we always want to choose the starting
point z of equation (1.1) to belong to AN. If that would not be the case, then in our
simplest models the solution Z™* might exit the domain A. Choosing the starting point
arbitrarily in A would force us to let the rates 5; depend upon N (and vanish) near the
boundary. Note that the coordinates of the vector ZtN ** are proportions of the population
in various compartments. The coordinates of the vector N va * are integers, while those
of the vectors h; belong to the set {—1,0,1}.

Note that in all situations we have in mind, both the set A itself and its boundary
can be covered by a finite number of balls. These balls can furthermore be chosen in such
a way that those centered in the interior do not intersect with the boundary. For the
SIRS model, we can for instance define the balls covering the boundary by B(z,3/(4m))
for large m € N and = (i/m,j/m)" for i =0,....,m, j =0o0ri=20,5=0,...,m
or ¢ +j = m. The vectors v; can be defined to be the inside normal vectors for those
balls with = & {(0,0)",(1,0)",(0,1)"}. For the remaining three balls, we define v; by the
normalizations of

(1/2,1/2)",  (=1/2,1/4)7 respectively (1/2,—1/2)".

4We do not necessarily have u’ € Vo, for all z € B;; this might not be the case if z € JA. In such a
case V., = 0 is possible, cf. the discussion about x = (1,0)" for the SIRS model below.
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In general, the constant \; can be interpreted to be given via the “angle” of the vector v;
to the boundary. We have A\; < 1. It is straightforward that Assumption (A) is satisfied
for the SIRS model. We also note that Assumption (A) is not very restrictive, see Shwartz
and Weiss [2005] Lemma 2.1. In particular, every convex, compact set with non-empty
interior satisfies the assumption.

Most of Assumption (B) is taken from Assumption 2.2 of Shwartz and Weiss [2005].
We outline the difference below. Assumption (B1) is quite standard and ensures in partic-
ular that the ODE (1.2) admits a unique solution. For the compartmental epidemiological
models we consider, the rates are usually polynomials and hence this assumption is sat-
isfied. Assumption (B2) implies that within A it is possible to move into all directions.
Only by approaching the boundary the rates are allowed to vanish. (B3) implies that at
least locally the convex cone x 4 C, is included in A. In particular, it is not possible to
exit the set A from its boundary. Assumption (B4) differs slightly from the corresponding
assumption in Shwartz and Weiss [2005]. While in Shwartz and Weiss [2005], it is implied
that close to the boundary, “small” rates are increasing while following the vector v;, we
assume this for a set of vector in a “cone” around v;. We note that for i < I, x € B;,
v € Cy14, we have (cf. Assumption (A3))

A1

- Al

2—/\1).

dist(x + tv, 0A) > dist(x + tv;, 0A) — t
3 3—M\

=
It is easily seen that this assumption is satisfied for the SIRS model. In addition to this,
Shwartz and Weiss [2005] also require that (cf. the meaning of A4 in Assumption (B4))

In order to apply the theory to epidemiological models, we have to remove this assumption.
To see this, consider the SIRS model and the point = (1,0)" with corresponding ball
B containing it. We readily observe that a vector v pointing “inside” A (as required
by Assumption (A3)) which is generated by only those h; whose corresponding rates
are bounded away from zero in B does not exist. We hence replace this assumption
by Assumption (C), which follows from (2.8). Indeed, if Assumption (2.8) holds, the
p' representing v; can be chosen in such a way that the directions corresponding to
components uj- > 0 do not point outside A in B;. Hence, i’ = u' (as long as the process
is in B;) and the LLN Theorem 3.1 can be applied. In general, Theorem 3.1 cannot be
applied as the rates ji* can be discontinuous. Note that the assumption can only fail if
x € OA. Else, the process is equal to the process with constant rates u’ on the set

{ sup |2%(t) = o7(t)] < ¢}

tE[O,T]()}

for all small enough ¢ > 0 and Theorem 3.1 is applicable. We note that Assumption (C)
implies that
d(N,e) > 0as N — oo for all € > 0.

Moreover, as 6(N, ) is decreasing, we can choose €y in such a way that

1
N = 1a for some « € (0, 1). (2.9)



We remark here (and further discuss this important issue below) that Assumption 2.3 (C)
may well fail to be satisfied. To this end, we consider the SIRS model an =z € A with
z1 = 0. We hence have 5(z) = 0 and hence the process Z¥® cannot enter the interior of
A. Therefore, we have
P| sup 2%(t) - 7(t)] > €| = 1
t€[0,no]

for € small enough. Assumption (C) can hence be considered as a means to ensure that
the process can enter the interior of A from every point on the boundary. (2.7) implies
that

n
/ |log B(p)|dp — 0 asn — 0, (2.10)
0

since p®/2|log B(p)| < C for appropriate C' and hence |log B(p)| < C/p*/? is integrable,
and hence in particular that the rate I(¢) of linear functions ¢ is finite, as it is shown in
Lemma 5.7 below.

It remains to show that Assumption 2.3 (C) is satisfied for the SIRS model. This is
accomplished in section 8.

Exploiting (2.7), it is easy to prove

Lemma 2.4. Under the Assumption 2.3 (C), for alli < I, x € ANB;, let ¢*(t) := x+tv;.
For all € > 0, there exists an n > 0 (independent of i, x) such that for all i < I and all
WS AN Bi;

I:(9"%) <e.
Note that for i > I;, we have ¢*(t) = x for all ¢t.

3 Law of large numbers

We first prove the law of large numbers by Kurtz [1978] with the rate of convergence given
as in Shwartz and Weiss [1995] Theorem 5.3.

Theorem 3.1. Let ZN* and Y® be given as in Equation (2.1) and (1.2) respectively, and
assume that the rates [3; are bounded and Lipschitz continuous. Then there exist constants
Cy = C(T) > 0 (independent of €) and Cy(€) = Cy(T, €) > 0 with Cy(e) = O(®) as e — 0
such that

P[ sup |ZN(1) — Yo (1) > e] < Crexp (= NCy(e)).

t€[0,T]

C1 and Cy can be chosen independently of x.

Before we prove Theorem 3.1, we require some auxiliary results. We first have

Lemma 3.2. Let T' > 0. Suppose that f: D([0,T];A) x R - R and G : D([0,T]; A) x
R x R — R are such that for all p > 0,

M(t) := exp (pf(Z™",t) = G(Z™7,t, p))

1s a right-continuous martingale with mean one. Suppose furthermore that R : RxR — R
is increasing in the first argument and

G(¢,t,p) < R(t,p)
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for all ¢ € D([0,T); A) and p > 0. Then for all e > 0
IP’[ sup f(ZN" 1) > €i| < inf exp (R(T, p) — pe).
t€[0,T] p>0

Proof. Fix p > 0. Then by the assumptions of the lemma,

P| sup f(ZN’”,t) > e} = ]P’[ sup exp (pf(ZN’”‘”,t)) > exp (pe)]
te[0,T] te[0,7]

< IP’[ sup exp (pf(ZN",t) — G(Z™" 1, p)) > exp (pe — R(T, p))]
t€[0,T]

< exp (R(T7 p) o pE)

where the last inequality is Doob’s martingale inequality, see, e.g. Theorem I1.1.7 in Revuz
and Yor [2005]. O

The next result is an easy exercise which we leave to the reader.

Lemma 3.3. Let Y be a d—dimensional random vector. Suppose that there exist numbers
a >0 and § > 0 such that for all € R? with |0] =1

P[(0,Y) >a] <.

Then
P[|Y| > aVd] < 2ds.

The main step towards the proof of Theorem 3.1 is the following Lemma

Lemma 3.4. Assume that B (j = 1,...,k) is bounded and that Y™ is a solution of (1.2).
Then for all @ € R® with |0] = 1 and all T > 0, there is a function C' : R, — R,
(independent of x) such that

k

P sw {(2Y()-v"(1).0)- / t (B5(2°(5)=B(Y*(5))) s B)ds | > ¢] < exp (~NC(e)),

t€[0,T]

7j=1
and moreover ) )
0< lirr(l)C'(e)/e2 < oo, and lim C(e)/e = occ.
e—

€—00

Proof. Let
N =290 =y (0).0) = [ 3 (527 (9) = B () 0.

_ %;mj, 0) M, (N /Ot Bj(ZéV’”)ds) .

We want to use Lemma 3.2, with f(Z¥* t) = N?. It is not hard to check that if we
define

k t
G(ZN’z,t,p) _ NZ (eﬁ(h]‘@ R %(hﬁ@)) / ﬁj(ZN,m(s))dS,
j=1 ‘
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we have that
M (t) = exp (,of(ZN"‘,t) — G(ZN* ¢, p))

is a martingale. Hence from Lemma 3.2, with a = p/N,

i {e*®rf) —1 — a(hy,0)} — ae]) .

0<t<T a>0 -

P ( sup N > e) < min exp (NBT

The main inequality of the Lemma is established, with

k
Cle) = BTmiiOX [ae — Z {e“<hj’9> —1—a(h;j, 0>}] :
j=1

It is not hard to show that as e — 0,

o, Br
€ 22?:1<hj’0>2‘

Consider now the case where € is large. If (hj,0) < 0for 1 < j < k, then for ¢ >
—>_;(hy,0), C(e) = 400, which means that a certain event has probability zero. Now
consider the more interesting case where (h;,0) > 0 for at least one 1 < j < k. If we

choose a, such that
k

Z {eae(hjﬁ) —1—ac(h;,0)} =e,

Jj=1

then a. — oo as € — oo, while C'(€) > €(a. — 1), which completes the proof of the
Lemma. O

Proof of Theorem 3.1. We deduce from Lemma 3.4 and a variant of Lemma 3.3 that

k t
1
P — h:M: | N (ZN™)q
(&ggTN E'l J J< /Om : )s)

]:
where C'(e) = C(e/v/d). In view of the Lipschitz property of b, we have

> e) < 2de NC'©), (3.1)

' 1 k t
2 v = [tz v ds 5 Sonty (N [ zeas),
0 Jj=1 0
. k s
Zthj (N/ B](Zr]*vw)dr) :
i=1 0

1
sup |ZM* —YP| <K [ sup |ZM* —Y7|ds+ sup —
0<s<t 0 0<r<s o<s<t IV
The result now follows from (3.1) and Gronwall’s Lemma. O

We can deduce from Theorem 3.1.

12



Corollary 3.5. Let M be a compensated standard Poisson process. Then there exist
constants C, = C1(T) > 0 (independent of ) and Cy(e) = Co(T,€) > 0 with Cy(e) = O(e?)
as € — 0 such that

M(tN
P| sup M > 6] < Ciexp ( — NC’g((—:)).
te[0,7) N
C1 and Cy can be chosen independently of x.
Proof. We apply Theorem 3.1 to d =k =1, f1(x) =1 and hy = 1. Hence,

[M(N)|
N

The result follows directly. m

1ZV() - Y ()] =

We shall need below the

Lemma 3.6. Let 3; (j = 1,...,k) be bounded. Then there exist positive constants c,
and Cy independent of x such that for all 0 < s <t < T and for all e > 0,

]P’[ sup |2V (r) — ZN*(s)| > e] < exp ( — NeCl log (teég >>

re(s,t] — S

Proof. Let fs{vt denote the number of jumps of the process Z%¥ on the time interval [s, t].
It is plain that
{sup |2 (r) = Z"*(s)| = €} C {€ = ONe},

r€(s,t]

for some universal constant C' > 0. Now Sgt is stochastically dominated by a Poisson
random variable with parameter C'N(t — s), for some other constant C’ > 0. Now let ©
be a Poisson r.v. with parameter \. For any a,b > 0,

P(© > b) =P (e"© > )
< exp (A(e" = 1) —ab),

which, with the optimal choice a = log(b/\), reads

b

P(© > b) < exp (b— A — blog(b/)\)) < exp (—blog (5)) .

The result follows by applying this inequality with A = C"N(t — s), and b = C'Ne. O

4 Properties of the rate function

4.1 Properties of the Legendre Fenchel transform

In this subsection we assume that the B;’s are bounded and continuous. We recall that ¢,
L, ¢ and L have been defined in section 2.1, and start with

Lemma 4.1. 1. Forallz € A, L(z,-) : C, — Ry is convex and lower semicontinuous.

13



2. For all y € RY,
Lizy) > L2, 3 B(e)) =0

J
with strict inequality if y # 3, B;(x)h;

Proof. 1. We readily observe that Z(:c, -,0) is linear and hence convex. As the supre-
mum of these functions, the function L(z,-) is convex.

Lower semicontinuity follows as L(x, ) is the supremum of a family of continuous
functions.

2. Let first y = >, B;(x)h;. We have
Liay) = sup { 32(0)t.0) = 3 0,) exlh. 0) = 1)
:sgp{Zﬁj(I)(mj, —exp(hj,ﬁ) —1—1)}

=0
as Bj(x) > 0 and e* > z + 1 for all z € R with equality for z = 0.
Let now y be such that L(z,y) = 0. This implies

Zﬁj (exp(hj,0) —1) <0 for all @ € RY,

in particular for § = ee; (where e; is the i*" unit-vector and € > 0; in the following
h% is the i*" component of h;),

ey; < ZBJ exp ehl) — 1)

Dividing by € and letting e — 0, we deduce that
Yi < Z Bj(x)h
J

For 6 = —ee; the converse inequality follows accordingly.

Remark 4.2. The function L(x,-) is even strictly convex, see Corollary 4.10 below.

Lemma 4.3. Assume that 5; (j = 1,...,k) is bounded. Then, there exist constants Cy
and By such that for all |y| > By, v € RY,

L(z,y) > Cily|log(ly|).
Proof. Let

log |y|
0 =y—"+,
hly|
hence provided |y| > 1,
yllog |y 2
L) > By

which grows like |y|log |y| as |y| — oo. O

14



We now have

Lemma 4.4. There exists a constant Cy such that for all x € A, y € C,, there exists a
p € Vyy with
1| < Colyl.

Proof. We first note that there are only finitely many convex cones C, and we can hence
restrict our attention to a fixed = € A.
We proceed by contradiction. Assume that for all n there exists a y™ € C, such that
for all pp € V yn,
|l > nly"|.

We note that for any y € C,, there exists a minimal representation y € V., (in the sense
that it € V,, = max; fi; > max; ;). Indeed, let {y",: n > 1} C V,, be such that, as
n — oo,
max p” | inf | maxp; | .
St %evz,y( J u;)
There exists a subsequence along which " — p € Ri as n — oo. If p; > 0, we have
wj > 0 for n large enough and hence B;(z) > 0. Hence u € V,, since moreover

Z,Ujhj = h}LnZM?hj =y.
i j

Given y", we denote this minimal representation by i". We now define

n
~n .

= Zi_n’ hence |7"| <
||

S

Furthermore, it is easy to see that minimal representations for the §" are given by

o= 'If—, hence |g"| =1.
||

Boundedness implies (after possibly the extraction of a subsequence) g™ — i with || = 1.
We let n large enough such that for all 5

7}

> 0= p;> 5

(note that for at least one j, fi; > 0). We have
0=1limg" =lm > @'h; = jih;
J J

and therefore

~n ~n ~n ﬂ ~n

Y :E :Njhj: § <Mj_é>hj+ E iy hy,
j j;ﬂj>0%/_/ j;ﬁj:O _'VAn
=:47>0 =:Hj

a contradiction to the minimality of the /7. 0

We require the following result

15



Lemma 4.5. Let x € A.

1. Uz, pu) >0 for p € Vy and €(x,-) : V, — Ry is strictly convex and has compact
level sets {p € Vy|l(xz,u) < a}.

2. Lety € C,. Then there exists a unique p* = p*(y) such that

((x,p") = inf l(z,p).

HEVE y

3. There ezist constants Cs, Cy, Cs, Bo > 0 (which depend only upon sup,. , max;<;<x 3;(x)),

such that
1w (y)| < Cslyl if ly| > Ba, (4.1)
1 (y)] < Cy if ly| < By, .
W ()| = Csly| - for all y. (4.3)

4. L(z,-), u* : Co — Ry are continuous.
Proof. 1. We define the function f(z) = 1 — z 4 zlogz for z > 0 and note that for

pe Vy,
U p) = > /Bj(x)f<ﬁf(1%)>'

3,85 (x)>0

We readily observe (by differentiation) that f > 0 and that f is strictly convex.
Thus the first two assertions follow.

As V, is closed and {(z,-) is continuous, the level sets are closed. Compactness
follows form the fact that lim, ., f(z) = oo.

2. Existence of a minimizer follows from the fact that V,, , is closed. Uniqueness follows
from the strict convexity of ¢(z, -).

3. By the definition of ¢, there exists a By = Ba(f(x)) > 0 and C' = C(5(z)) > 0 such
that for y € C, with |y| > B, (and appropriate p € V,.,, according to Lemma 4.4),

U, 1" (y)) < Lz, 1) < Cly|loglyl.

On the other hand, assume that for all n there exists an y" € C, with |y"| > B
such that

[ (y")] = nly"|.
This implies for an appropriate constant C' and n large enough

Oz, 1 (y™)) > nCly|log |yl

a contradiction. Hence Inequality (4.1) follows.

Assume now that for all n there exists an y™ € C, with |y"| < B,

WM = n, hence Tim €z, i (y™) = oc.

n—oo

16



However, Lemma 4.4 implies that there exists an p" € V, » and a constant C' =

C(5(z), By) independent of n with
Uz, p*) < C,

a contradiction. Hence Inequality (4.2) follows.

Finally, Inequality (4.3) follows from the definition of V.

4. Let y,y™ € C, with y* — y. By 3., the sequence (p*(y™)), is bounded and hence
there exists a convergent subsequence, say (by abuse of notation)

w(y") — p* with g3 >0 for all j.

In particular, we have

Y whi=vy. (4.4)
J
We have
yt=> " hy
J
= (=€) Y umshi+ ) (5") = 5+ €p5) by
J J
= (L= i h;+ > fithy, (4.5)
J J
where we have used (4.4), p*(y) = argmax, ((z, p), fij = p;(y") — pj + " p}, and

2max; |pf (y"™)—pj|

3 *
n ;>0 My

, if N0 fy > 0;
1/n, otherwise.

In particular, we have 0 < i} — 0 as n — oo. By Equation (4.5), 2. and the
continuity of ¢, we have

Uz, 1™ (y"))) < £z, (1 —€")u(y) + f")
<

((x
(1™ (y)) +0(n) (4.6)
with d(n) — oo as n — oo. This implies (again by the continuity of ¢)

Uz, 1) < Uz, 1™ (y))
and hence p* = p*(y) by 2. As this holds true for all convergent subsequences of
(1*(y™))n, this establishes the continuity of p*(-).
The continuity of L(x,-) follows directly from this and the continuity of £.
O

Remark 4.6. Assume that for v € A, C, = C; for all T in some neighborhood U of x.
Then the function ¢ : UxV,, — Ry is continuous and hence we have that ji*(y) = p*(z, y)
as given in Lemma 4.5 is also continuous in x (as the argmin of a continuous function).

17



We have moreover

Lemma 4.7. 1. Letx € A. For all B > 0, there exists a_constant Cs = Cg(x, B) > 0
such that for all y € C, with |y| < B and 6 € R* with ((x,y,0) > —1,°

(0,h;) < Cq  for all j with B;(z) > 0.
Iflog 5;(-) ( =1...,k) is bounded, Cs can be chosen independently of x.

2. Letx € A and y € Cy. If (0,), is a mazimizing sequence of {(x,y,-) and for some
=1,k

hgr_l)gf(en, h;) = —o0,

then
i =0 forall eV,

Conversely, there exists a constant Cs = Cg(B) > 0 such that if |y| < B and ji; > 0

for some €V, then )
liminf(6,, h;) > —Cs.
n—oo

Proof. 1. Let |y| < B, Cy and p € V., be according to Lemma 4.4. Define the
functions from R into itself

[i(2) == p;z — Bj(x)(e* —1).

Note that f;(z) = 0if §;(z) = 0, and argmax, f;(z) = log it;/5;(x) if Bj(x) > 0. Let

= Hj
C(z,B)= sup sup f; (log ) )
Js B @)>0 ul<CsB Bi(x)

If z, y and 6 are as in the statement, and 1 < j < k is such that 5;(z) > 0 and
(6, h;) > 0, then
> fr({8.hy)) = Uy, 0) = ({8, hy)),

J'#3

hence in view of the assumption,
fi({0.h;)) = =1 = (k = 1)C(z, B),
As f;(z) = —oo as z — 00, the assertion follows.

2. If liminf, ,o(0,,hj) = —oo and p € V., with p; > 0, then 1. implies that

l(z,y,0,) — —o0, a contradiction.

The second assertion follows accordingly.

We now prove

5The constant —1 can be replaced by any other constant —C (C' > 0). Note that Cg then depends on
C with Cg increasing in C.
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Lemma 4.8. 1. Letx € A andy € C,. Then there exists a mazimizing sequence (0, ),
of U(z,y,-) and constants §; (for all j = 1,...,k for which there exists a p € V,,
with pi; > 0) such that

lim (6,,,h;) = 5; € R.

n—0o0

The constants §; are bounded uniformly over bounded sets of y € Cy.

In particular, there exists a mazximizing sequence (6,), such that for all j =1,... k
with B;(x) > 0,
lim exp((fn, h;)) = s; € R.

n—oo

2. Letx € Aandy ¢ C,. Then L(z,y) = oco.

Proof. 1. By Lemma 4.7,
—Cs = —Cs(|yl) < (B, hj) < Cs = Cy(Jy])

for all n and for all j with p; > 0 for some p € V. The first assertion follows by
taking appropriate subsequences.

For the second assertion, we have to consider those j with p; = 0 for all p € V,,
although S;(x) > 0. If liminf, (0, h;) = —o0, we take further subsequences and
obtain (with a slight abuse of notation)

lim exp((@,,h;)) = 0.

n—oo

2. Let y ¢ C, and v be the projection of y on C,. Hence, 0 = (y —v,v) > (y — v, ) for
all v € C,. For z =y —wv (#0asy ¢&C,), we have (z,y) = (z,2) + (z,v) > 0 and
(z,hj) <0 for all j with 8;(x) > 0. If we set 6,, = nz, we obtain {(z,y,6,) — .

0

4.2 Equality of L and L
We can now finally establish
Theorem 4.9. For allz € A, y € R?,
L(z,y) = L(z,y).

Proof. In view of Lemma 2.2, it suffices to prove that L(z,y < L(x,y). We first note that

we have L(z,y) < oo if and only if y € C, by Lemma 4.8 2. and Lemma 4.11. As the

same is true for f(m, y) by definition, we can restrict our attention to the case y € C,.
We choose a maximizing sequence (6,,), according to Lemma 4.7 and obtain

®Note that here, we also include those j with 3;(z) > 0 and p; = 0 for all p € V.
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here we set s; = 0 if 5;(z) = 0. We now differentiate with respect to # and obtain for all

n
Vol(z,y.0,) =y — > Bi(x)hjexp((6n, hy));
358 (x)>0

hence (by the fact that (6,), is a maximizing sequence and the limit of Vyl(x,y,6,)

exists),
hmvgﬁ(x Y, 0,) =y — Z Bi(z
78 (2)>0
We set,
My = Bi(x)s;,

in particular

Therefore,

where we have used (4.7) and (4.8) for the last identity. The assertion follows.

From now on, we shall write L(x,y) for the quantity L(x,y) = L(z,y).
We now prove the strict convexity of L(z, ).

Corollary 4.10. For allz € A, L(x,-) : C, — R is strictly convex.

(4.8)

Proof. For strict convexity, we exclude the case that §;(z) = 0 for all j (as then L(z,y) =

oo for all y # 0 and the assertion is trivial).

Convexity was proven in Lemma 4.1. Assume now that for y, g € C, and A € (0, 1),

Lz, Ay + (1 = N)g) = A\L(x,y) + (1 — A\)L(z, 7).

In other words,

su — -
9p{<€ Ay + (1 Zﬁj e 1)}
= sup {A[{0 ZBJ (M D] + (1= N[0.9) = 3 B (x) (e

:)\sgp{ 0,y) —Zﬁj ) (el0hs) —1)}+(1—/\)sgp{<8,gj)—Zﬁj(x)(e“)

20
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Hence, if (0,,), is a maximizing sequence for 0z, \y + (1—=XN)g,), it is also a maximizing
sequence for ¢(x,y,-) and ¢(x,7,-). As in the proof of Theorem 4.9, this implies

1 0 — — i . (On>hy) _ —
Jim Voll(w,y,62) =y = lim > Bj(x)(e 1) =0,
J
i V(1.7 — -1 : Onhi) 1) —
lim Vyl(z,5,0,) = § — lim Y f;(x)(e 1) =0.
Hence y = y as required. 0

4.3 Further properties of the Legendre Fenchel transform

In this subjection, we assume that the log 3;’s are bounded. In this case C, = C = R? for
all x.
We have

Lemma 4.11. Assume that log; (j =1,...,k) is bounded.

1. For all B > 0 exists a constant C; = C7(B) > 0 such that for all x € A, y € C with
lyl < B,
L([E,y) S C(7‘

2. Forallxz € A, L(x,-) : C = Ry is continuous.

Proof. 1. Let z € A, y € C. By Lemma 4.4 and Theorem 4.9 below’, we obtain

L(z,y) < Y Bi(w) =y + pjlog p; — prjlog B ()
3,85 (x)>0

< k(B + Clyllog C + Cly|log |y| + Cly||log f]).
The assertion follows.

2. The assertion follows directly from 1., Lemma 4.1 1.

We have moreover

Lemma 4.12. Assume thatlogf; (j =1,...,k) is bounded. For allp >0, € >0, Cg > 0,
there exists a constant By = B(Cs, €) such that for all x € A, y € C with |y| < Cs,

sup {(x,y,0) > sup {(z,y,0) — e = L(z,y) — €.
|6|<B feRd

Proof. We first fix x € A and define the compact set
C:={yeCllyl < Cs}.
We fix 6 > 0 and define for y € C,

2y, 0) ==y + > ohy,
J

“note that this result is not used for the proof of Theorem 4.9.
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Ny’6 = {y+ Zajhj|aj S <—5, 6)}
J

For all y € C, N¥? is relatively open (with respect to C) and y € N¥?. Hence there
exists a finite cover Ny, ..., N, of C, where N; := N¥ for appropriate y; € C: we define
2 = 2(Yi, 0).

We use the continuity of L(z,-) : C — Ry (cf. Lemma 4.11 2.) and the fact that C is
compact, we obtain for § small enough that for all y € C, v € N¥?,

|L(z,v) — L(z, 2(y,8))| < i (4.9)

We let #; be almost optimal for z; in the sense that

Uz, 2, 0;) > L(z, %) — i (4.10)
We now set B* := max; |6;] and let y € C, say y € N;. Then, making use successively of
(4.9) and (4.10), we obtain

= {(z,y,0;) + % + (0i, 2 — y)- (4.11)
We have z;—y = ) j1;h; for appropriate y; = a;+6 € (0,26) and by Lemma 4.7 (cf. also
Inequality (4.9)), (6;, hj) < Cs. Hence

€

i (4.12)

(2 —y.00) = Y pi(hy, 0;) < 2kC6 <
J

provided we choose ¢ such that 8kCsd < e. Therefore by Inequalities (4.11) and (4.12)
for all y € C, )
L(z,y) < l(z,y,0;) + € (recall that |6;| < B®). (4.13)

Let now for all x € A, B* be the bound obtained above belonging to i.g Let further-

more z,T € A with |#(z) — B(7)| < d for some § > 0, y € C, |yl < Cs and 0 € R? such
that ¢(z,y,0) > —1 (which implies (0, h;) < Cs by Lemma 4.7). This implies

(4.14)

6 y,0) = U(@,9,0)] < 3 18(w) = B(2)] e < ]

for § small enough (and independent of x,Z,y,6). Let now be 6 be almost optimal for
Z,y. Using twice (4.14) and once (4.13), we obtain

Miwéﬂi%®+i

Sﬁ%%®+§

8Note that B® depends on x only through 3(x).
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< sup Uz, y,0) +

0|<B* 4
< sup U(%,y,0) + e
o|<B®

We can cover the compact interval [3, 3] by finitely many 4-neighborhoods of #*. The

assertion follows by taking the maximum of the corresponding B* (cf. Footnote 8). [

Lemma 4.13. Assume that logfs; (j = 1,...,k) is bounded. There exist constants By
and Cy such that for all, x € A and y € C,

Cy if lyl < By

L(z,y) < .
{Cg|y|10g ly| if ly| > Bu.

Proof. From the formula for L(x,y) and Lemma 4.4, we have

L(z,y) <Y B+ Clyllogly| + Clyl|log |

J

< k- (B+Cly|logy| + Cly||log 8]).

We also obtain the continuity of L in x

Lemma 4.14. Assume that log; (7 = 1,...,k) is bounded and continuous. For all
yeC,
L(vy) P A= R-l—

18 continuous. The continuity is uniform over bounded y.

Proof. We let y € C with |y| < B,0<e< 1. and z,7 € A. Let 0 such that
Liz,y) < {(w,9.0) + 5.

We have by the continuity of the 3; and Lemma 4.7,

U(,9.6) = £(E,0)] < 3 16;(2) = B(#)]e < %

if |x — Z| < ¢ for appropriate 6 > 0 (independent of z,Z € A and y with |y| < B). Thus,
L(z,y) < U(%,y,0) + € < L(Z,y) + €.
Reversing the roles of x and Z proves the assertion. O]

Combinig Lemma 4.14 and Lemma 4.11, we deduce the

Corollary 4.15. Assume that log5; (j = 1,...,k) is bounded and continuous. Then
L:AxR— Ry is continuous.
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4.4 The rate function
Recall that for ¢ : [0,7] — A, we let

otherwise.

Ir(6) {fOT L(o(t),d'(t))dt if ¢ is absolutely continuous
(9) ==

For x € Aand ¢ : [0,T] — A, let
L IT(¢) if ¢(O> =
Ir2(0) = {oo otherwise.

We first have the following statement, which follows readily from point 2 in Lemma
4.1.

Lemma 4.16. Assume that v € A. If ¢ solves the ODE (1.2), then Ir,(¢) = 0. Con-
versely, if the ODE (1.2) admits a unique solution Y'* and Ir,.(¢) = 0, then ¢(t) = Y*(t)
for all t €10,T).

In the next statement, B; refers to the constant appearing in Lemma 4.3.
Lemma 4.17. Assume that 8; (j =1,...,k) is bounded.
1. Let K,e > 0. There exits 6 > 0 such that for all ¢ with I7.(¢) < K and for all

finite collections of non-overlapping subintervals of [0,T), [s1,t1],...,[ss,ts], with
Zi(ti - Si) =0,
§jw B(s:)| < e

2. Let K > 0. Then, for all constants B > By and for all ¢ with Ir,.(¢) < K,

r K
1oy dt < ———.
/0 {l¢’(t)|>B} C.B log B

Proof. 1. Note first that

fla) = 1xnyf{L<|Z’|y) ‘|y\ > a} — 00

as a — oo by Lemma 4.3. For g(t) := 1y}, and o = 1/4/6, we obtain by the fact
that ¢ is absolutely continuous

§jw sjr<A 16(1)]g(r)dt

S/O O‘]l{¢’(t)éa}9(t)dt+/0 ﬂ{|¢'(t>|>a}L<¢ft<f$,>( ));,22,(),9“)%
IT,I(¢)
§“5+(ﬂw
\/_
<V

as 0 — 0.

24



2. For B > 0, we define the function

L(x,y)
Yl

By Lemma 4.3, f(B) > Cilog B for B > B;.

f(B) = inf{

x?y

1yl > B},

T 1 T
/0 1{¢/<t>23}dt§—/ !¢’(t)|]l{|¢'<t>|23}dt
)¢ (t)]
= —/ S)  Ldewzedl

<
_Bf( ) ClBlogB

O

Theorem 4.18. Assume that log5; (j = 1,...,k) is bounded and continuous. Let ¢ €
D([0,T; A) with Ir,(¢) < co. For all € > 0, there exists a § > 0 such that for

G:[0,T] = A with sup |@(t) — ¢(t)| <6,

0<t<T

[ w010 - 1o, 0w < o

Proof. We choose B > BV By large enough such that for x € A, y € C, = C (independent
of x) with |y| > B (cf. Lemmas 4.3 and 4.13),

Cily|log |y| < L(z,y) < Coly|log |y|.

As It . (¢) < oo, the set {t|¢/(t) ¢ C} is a Lebesgue null-set and we assume w.l.o.g. that
for all ¢, ¢/(t) € C. We hence obtain that

T T
/0L(¢(t)7¢,(t))]l{¢’(t)ZB}dtS/ Cold' ()| log |¢' (t) L1401y > Byt

< G

- C’l/ L(¢(t)>¢/(t))]l{\¢’(t)|23}dt.

From this and Lemma 4.17, we can choose B large enough such that

sup (/o L(Q;(t),¢’(t))ﬂ{|¢’(t)|>3}dt,/0 L(p(t), ¢ () e |>B}dt)

»blm

By Lemma 4.14, there exists an 6 > 0 such that for all z,# € A with |x — Z| < § and
y € C with |y| < B,

| Lz, y) — L, y)| < o
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We obtain for supy<,<r |6(t) — ¢(t)] < 4,
/ (L. 1) — LEo(e). o (0)
‘ / () Lo |>B}dt’ - ‘ / £), &' ()L (12
/0 L), 6(1) ~ L), & )Ly openi

4.5 [ is a good rate function
We first have
Lemma 4.19. For § >0, x € A and y € R?, we define

L(S(xvy) ‘= Ssup gé(x7y70)a
OcRd

where

ls(x,y,0) == (0,y) — sup Zﬁj(z)(e<9’hﬂ'> -1).

z€A;|z—x|<d F

Since the B; are bounded and continuous, then

L(;(ZC,Z/) T Lo(ﬂf, y) = L('ra y)
and Ls(x,y) is lower semicontinuous in (0, x,y).

Proof. Tt is easy to see that lz;(x, y,0) is continuous is (z,y,d), hence the first assertion
follows. The second assertion follows from the fact that the supremum of a family of lower
semicontinuous functions is lower semicontinuous. 0

We next establish (recall the metric dp introduced in subsection 2.1)

Lemma 4.20. Let the 3; be bounded and continuous. Then, It is lower semicontinuous
with respect to the metric dp on D([0,T]; A).

Proof. As I7(¢) = oo if ¢ is not absolutely continuous, we can restrict our attention
to sequences of absolutely continuous functions. As the Skorohod topology relativized
to C([0,T]; A) coincides with the uniform topology (see, e.g., Billingsley [1999], Section
12, p.124), we can consider a sequence of functions ¢, € C([0,T]; A) converging to a
function ¢ under the uniform topology. We can furthermore assume that Ir(¢,) < K for
some K and all n > 1. By Lemma 4.17, the functions ¢,, are hence uniformly absolutely
continuous and therefore the limit ¢ is absolutely continuous.
Therefore, for any given § > 0, there exists a A > 0 such that

|s —t] <A = |dn(s) — ¢n(t)] <0 for all n.
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We choose A smaller if necessary such that 7/A =: J € IN and divide [0, 7] into subin-
tervals [t;,t;11], j = 1,...,J of length < A. We note that for |2’ — x| < §, we have
Ls(2',y) < L(z,y). Furthermore, we observe that Ls(x,-) is convex as a supremum of
linear functions and hence by Jensen’s Inequality

JRECEURACIED B AR RAOIT:

0

> AL <¢n(tj), Dnltiv1) = ¢"(tj)). (4.15)

We now further divide the interval [0, T into subintervals of length Ay := A27% k € N,
[t5,t%5,1], 5 =1,...,Jp == 2*J and define the functions

OF(1) == o(th) it t e [t th, ), B() = ¢ (t + Ax).
Note that there exits a sequence 0 | 0 such that
ls —t| < Ap = |pn(s) — dn(t)| < Oy for all n.
Hence by Inequality (4.15) and Lemma 4.19 for all k£ € IN,

T Ji E oy "
lim inf / L(6a(t), &), (D)dt = > Aglim inf L, (6(t5), On(tis1) qbn(t]))
0 n—00

n—00 ' Ak

j=1

-4, o (1) — k(¢

> / Ls, (¢’f(z), M)dt. (4.16)
0 - Ay
As ¢ is absolutely continuous, we have that for almost all ¢ € [0, T,
—k

¢ (1) — ¢"(1)

= > ¢'(t) ask — oo.

We conclude by using Inequality (4.16), Fatou’s Lemma and Lemma 4.19 again:

lim inf /OT L(gn(t), ¢, (t))dt > liminf /OTAk Ls, <<Z5k(t)7 M)dt

n—o0 k=yoo B B
> /OT lim inf (11[0,T—Ak}(t)L5k <?k(t)= M))dt

k—o0

T
> [ Lo, o)
0
as required. O
We define for K > 0, z € A,

O(K) = {¢ € D(0,T]; A)|Ir(¢) < K},
@, (K) = {¢ € D(0.T]: A)|Ir.(¢) < K}.

We have moreover
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Proposition 4.21. Assume that 3; (j = 1,...,k) are bounded and continuous. Let
furthermore K >0 and A C A be compact. Then, the sets

U @.(K)

z€A
are compact in C([0,T]; A).

Proof. By Lemma 4.17, the functions in {J, . ; ®.(K) are equicontinuous. As Ais compact,
the Theorem of Arzela-Ascoli hence implies that | J,. ; ® (K ) has compact closure. Now,
the semicontinuity of I (cf. Lemma 4.20) implies that | J, ; ®,(K) is closed which finishes
the proof. n

We define for S C D([0,T]; A),

Lemma 4.22. Assume that B; (j = 1,...,k) are bounded and continuous. Let F' C
C([0,T]; A) be closed. Then I.(F) is lower semicontinuous in x.

Proof. We let x, — z with liminf, . I, (F) =: K < co. For simplicity, we assume that
I, (F) < K + € for some fixed € > 0 and for all n. By Proposition 4.21, we have that for
all €,6 > 0,
FNo, (K+¢e and FN U (K +¢)
lz—y|<é
are compact. By the semicontinuity of Ir(-) (cf. Lemma 4.20) and the fact that a Ls.c.
function attains its minimum on a compact set, there exist ¢, € F such that I, (F) =
It ., (¢n) (for n large enough). As the ¢, are in a compact set, there exists a convergent
subsequence with limit ¢, in particular ¢(0) = x. As F' is closed, we have ¢ € F. We use
Lemma 4.20 again and obtain
I.(F) < Ip(¢) <liminf Ir(¢,) = liminf I, (F) = K

n—oo n—oo
as required. O
The following result is a direct consequence of Lemma 4.22.

Lemma 4.23. Assume that 3; (j = 1,...,k) is bounded and continuous. For F C
D([0,T]; A) closed and x € A, we have

li inf I,(F)=I1,(F
im _Jof () = L(F)

We can now establish the main result of this subsection.

Proposition 4.24. Let the 3; be bounded and continuous. For all x, I, is a good rate

function on C([0,T1]; A) N {p|p(0) = x}.

Proof. 1t is clear that I is non-negative as L is non-negative. Furthermore, it is lower
semicontinuous by Lemma 4.20. By Proposition 4.21 its level sets are compact. O]
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We have moreover

Corollary 4.25. Let the B; be bounded and continuous. For allx € A, I, is a good rate
function on D([0,T]; A) N {¢|p(0) = z} under both metrics de and dp.

Proof. Since I, is finite only for absolutely continuous functions, it suffices to consider
sequences in C([0,T]; A) N {¢|4(0) = x}. Limits of such sequences (under either metric)
are continuous and convergence is equivalent for both metrics (see, e.g., Billingsley [1999]).
Lower semicontinuity follows. Compactness of the level sets follows by Proposition 4.24
and the fact that the identity maps from (C([0,7]; A),d¢) into (D([0,T]; A),dc) and
(D([0,T1; A),dp) are continuous . O

4.6 A property of non—exponential equivalence

It is worth wondering whether or not {ZN*V, 0 <t < T} and {Z", 0 <t < T} are
exponentially equivalent, whenever xy — x as N — oo. Indeed, Dembo and Zeitouni
[2009] prove that property for diffusions with small noise and Lipschitz coefficients, and
use it to establish certain results, of which we shall prove analogs below, but without that
exponential equivalence, which fails to hold in our Poissonian case.

Let z,y € A, and consider the processes

k t
h.
2" =t ) P (N/ Bj(ZéV””)ds> ,
j=1 0

k ¢
h.
ZM =y 4> b <N/ @(ng’y)ds) .
j=1 0

For any 6 > 0, as |z — y| — 0, we ask what is the limit, as |z — y| — 0, of

1
lim sup NlogIP’ ( sup |Z" — zMY) > 5) ? (4.17)

N—o00 0<t<T

If that limit is —oo, then we would have the above exponential equivalence. We now show
on a particularly simple example that this is not the case. It is easy to infer that it in fact
fails in the above generality, assuming that the 3;’s are Lipschitz continuous and bounded.
We consider the case d =1, A=R,, k=1, f(x) =z, h = 1. We could truncate (x) to
make it bounded, in order to comply with our standing assumptions. The modifications
below would be minor, but we prefer to keep the simplest possible notations. Assume
0 < x < y and consider the two processes

. 1 b N
zN :x+NP(N/O zN: ds),

1 t
ZNY =y 4 ~7 <N/ Z;V’yds) .
0

It is plain that 0 < ZN* < Z¥Y for all N > 1 and t > 0. Let AM™Y = ZNMY — ZV* The
law of {Aiv’x’y, 0 <t < T} is the same as that of the solution of

1 t
AN =y —a+ P (N/ Af»%%) .
0
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We deduce from Theorem 5.10 below (which is established in case of a bounded coefficient
f(x), but it makes no difference here) that

1 N
liminf — log P[A;""Y > 1] > — inf Liy»
Niss N8 (2 I= ¢(0):y12, s>1 Y (9)
Z _Il,yfx(w)v

with ¢(t) =y — x + t, hence
1
Liy—(¥) = / L(y —z +t,1)dt
0

1
:/ ly—xz+t—1—log(y —x+1t)ldt
0

=y—x+1/2—(y—ao+1)logly—z+ 1)+ (y — z)log(y — x)
—1/2,

as y — x — 0. This clearly contradicts the exponential equivalence.
We note that the above process Z;"* can be shown to be “close” (in a sense which is
made very precise in Kurtz [1978]) to its diffusion approximation

t 1 t
XN’w_x+/ va””der—/ VXN,
t 0 vIN Jo

where {B;, t > 0} is standard Brownian motion. One can study large deviations of this
diffusion process from its Law of Large Numbers limit (which is the same as that of Z;'*).
The rate function on the time interval [0, 1] is now

o= [ €000,

Let again ¥(t) =y — o +t, now with 0 =z < y. I(¢) = log(l +y) — log(y) —3/2+y —
400, as y — 0. We see here that the large deviations behaviour of the solution of the
Poissonian SDE and of its diffusion approximation differ dramatically, as was already
noted by Pakdaman et al. [2010] (see also the references in this paper).

5 Lower bound

We first establish the LDP lower bound under the assumption that the rates are bounded
away from zero, or in other words the log 3;’s are bounded. From this, we will derive later
the general result.

5.1 LDP lower bound if the rates are bounded away from zero

We first note that if the 5; are bounded away from zero, then the convex cone C, is
dependent of z, C, = C for all x. Note that this implies that the “domain” A of the
process cannot be bounded.

We require a LDP for linear functions. This follows from the LLN (Theorem 3.1).
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Proposition 5.1. Assume thatlog 8; (j =1,...,k) is bounded and continuous. For any

€ >0, 0 >0 there exists an € > 0 such that forx €¢ A,y € C and pecV,, =V,

T
liminf%log( inf B[ sup |2%+(1) — 0 (1)] < ] ) > —/0 0 (t), )t — 6,

N—oo z€A;|z—x|<€ te[0,7]

where
Pt)=x+ty=x —|—tZujhj.

j
Proof. We define
€
FY = { sup [27() — 67 ()] < 5 }

t€[0,T] 2

and let € < €, = ¢/2. Let now &p = &7 = Z—E\;T be given as in Theorem A.1 for initial
value z and constant rates 3; = p;. Then, with the notation Epn.:[X] := E[X|FN?] and
(recall that &r # 0 P-almost surely)

T
Xp% = Xp=log&r' = [log Bim (2N (1)) —log Mjm} —NZ/O (8;(Z™2(1))—py)dt,

T<T

| : P z
hmlnfﬁlog( inf  P[ sup [ZV7(t) — ¢*(t)| < e})

N—oo z€A, |z—z|<€ te[0,7]

1
> liminf —log  inf  P[FY7]

N—oo N 2€A, |lz—z|<€

1
=liminf —  inf  logP[F"7]

N—oo N z€A,|z—z|<é

1 .
> liminf —  inf logE[fr;l]lFN,z}

N—oo N z€A,|z—z|<é

1 . -
=liminf — inf log (P[F"*|Epv. [exp(X7)])

N—oo N z€A, |z—z|<é

1 _ 1 .
> liminf —  inf logIF’[FN’Z]Jrli]\rfninf— inf  log Epn.: [exp(X7)]

N—oo N zeA,|z—z|<e —00 2€A, |z—z|<E
o . ~ Xr

> liminf  inf Epn: [ } : (5.1)
N—oo zeA,|r—z|<é N

where we have used Corollary A.2 for the second inequality, Theorem 3.1 and Jensen’s
inequality on the last line. Note the independence of the constants C, C5 of z in Theo-
rem 3.1 and hence

P[F¥*] -1 as N — oo independently of z.

We have

1 -
e E[1pn.-T ; u) =T ; 1. (5.2)
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By the fact that the (3;’s are bounded and continuous and by Theorem 3.1, we have
forj=1,...k,
sup |8;(ZV3 () — Bi(¢°(1)] = 0 P—as.

te[0,T]

as N — oo uniformly in z. This implies

1

st [ T;&-(zw»dt} -% [ awoa 6y

as N — oo uniformly in z.
Let us now define the following processes. For z € A, j = Jkand 0 <ty <ty <T
let

1
N,z,t1,ta . . 2 . . .
Y= N #jumps of Z™* in direction h; in [ty, ).

Let furthermore 7; € [0, 7] denote the jump times of Z¥ in direction h;; we obtain

1 1

_ E[—n ST }

P[FN=] Z N Z ves
Jiki >0 Tj

1
]P)[FN z

Z log p; {E[YNZ 0, T}P[FN,Z] + 6:)-\/7<]].FN,z, YjN,z,o,T)}

Jiug>0

=T pjlog py, (5.4)

J
since, for a given set F,

E[Y}N’Z’tl’tz] = (t2 — t1) 1,
Var[Y, V202 = (t, — 1)

Cov(Le, Y;572)] < 4/ Var[L gy Var[y}"=2] = \/BIF) = BIF]2, (k2 — 1)y

We now define the set

FNe = { sup |ZN3(t) — ¢*(t)| < GN} for ey =€ A

te[0,7) N1/3’

we have (for N large enough)
P[FN?] > 1 — Cyexp (- NéQ(GN)) — 1

as N — oo uniformly in z by Theorem 3.1. We furthermore let A C A be compact such
that for all 2, |z — z| < € and all t € [0,T], ¢*(t) € A and ZV*(t) € A on FN*. As the
log 3; are bounded and uniformly continuous, there exit constants oy > 0 with oy | 0
such that

) 2 L
e A |T—17| < Nl/3$|10gﬁ]() log 8;(Z)] < On.

We define i = max; p;, _
M = M(N) := |TN"khji + 1]
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and divide the interval [0, 7] into M subintervals [t,,t,.1] (r=0,...,M — 1, t, = t,.(N))
of length A = A(N), i.e. for N > Ny independent of z large enough,

1

A< — .
N3k ik

Forj,r=0,...,M—1and7;,t € [t,, t,4+1], since for [t—s| < Nl/+m, 0 (t)—¢*(s)| < 173,

we have on FV:*

2
N1/3°

285 (r=) = " (O] < 1275 (7—) — ¢* ()] + 67(73) — &7(1)] <

and hence

inf log 5;(¢°(t)) — on <log f;(Z*(1;=)) < sup log B;(¢°(t)) + dn

teltr tri1] t€[tr tri1]
We compute
B[ 3 log B (27 ()]
—E| =1~ og Bi(r (1=

I
Ez
j —

g
g
=h
2|~
=
T
3
g
R
=
N

2

PR
L

j7 /’1’]>0 r=0 Tje[tratr+1)
1 M-1 1
Famm 2 D E[Flevame Y B2V (50)
[ ] Jy k>0 r=0 i€t trin)
1 M-1
< = N ( sup 10g /BJ (¢ ( )) + 5]\[) |: FN,z}/}N’Z’tT’tT-H]
P[] >0 r=0  t€ltritri1)
1 M—-1 ~
P IPILCEER A
]P)[FN Z] 7, 15>0 r=0
1 M-1 B
=7 S > sup log Bi(o* () B[1pma B[] 4 Cov(l g, ¥,V
L] g i >0 r=0 tE€ltritri1)
1 M—-1 o i -
i Nz Z Z logﬁ{E[]IFN’Z\FN’Z}E[Y;’Nyz’thtrﬂ] + COV(]lFN,z\FN,z> Y;'N’Z’tmrﬂ)}
PLEY: ]j,uj>0 =0
SN
BN N

?N: S 3 sup o B (1)

] ;>0 r=0 tE[trtry1)

_|_

J,p; >0 r=0

+ SnkaT + P[FN=\ FN4kaT log B} (5.5)
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—. gN,z + UN,Z7

where 5 and U are the first respectively the second term in Inequality (5.5). In a
similar fashion we obtain

! E[%]IFN,ZZlogﬁj(T)(ZN’Z(T—))}

PIFN =]
) S YA nt (o)

FNZ G >0 =0 trotri1)
1 = ] - Z
g gl X Z (1COV(L o, YY) | 4 [Cov (1 e v, 1V 57741 )
PLEN] =
7, 15>0 r=0
— dnkaT + P[FN*\ FN2kaT logé}
::§N,z +QN,z;

we first note that UN’Z,QN’Z — 0 as N — oo uniformly in z, since oy — 0 and P[FN*\
FN#] — 0 as N — 0 uniformly in z. Furthermore, as (up to a factor which converges to

1 uniformly in z) SV and SN* are upper respectively lower Riemann sums, we obtain

T
—N,z . o
57,5 Sy [ log oo (5.6)
4 0
J
as N — oo; since
N,z
5™~ gN2| < 2P[F . fiby — 0
P[FN-2

uniformly in z, the convergence in (5.6) is likewise uniform in z.
The uniform convergence implies (cf. (5.1) - (5.4) and the preceding discussion) that

lim inf ! 1 inf P 7z * > Tf ? d
imin N og< in [ sup | (t) — 9" (t)| < e]) > —  sup / (@*(t), p)dt

N—o0 2€A, |z—z|<E te[0,T] zEA, |lz—z|<E JO

In combination with the uniform continuity of £(-, 1) (recall the boundedness of the log ;)
this proves the assertion. O

The main building block for the lower bound is the following result.
Theorem 5.2. Assume that log5; (j = 1,...,k) is bounded and continuous. Let ¢ €
D([0,T]; A) with $(0) = x and € > 0. Then,

hmmf%log]lD sup |ZN(t) — o(t)| < e] > —Ir.(9).

N—oo te[0,T]

The convergence is uniform in x € A.
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Proof. We can w.l.o.g. assume that I7,(¢) < oo (and hence ¢ is absolutely continuous)
as else the assertion is trivial. We approximate the function ¢ by a continuous piecewise
linear function and then apply the LDP for linear functions to each of these linear func-
tions. To this end, we let 6 > 0 and divide the interval [0, 7] into J subintervals of length
A=T/J, [t,—1, ] (r=1,...,J) such that the resulting piecewise linear approximation

B(t) = 6tr) + = (0(tr) — 6(t, 1)

satisfies

sup [6(t) = o(t)| < 5

te[0,7

(recall that ¢ is continuous).
We now apply Theorem 4.18 twice (in Inequalities (5.7) and (5.9)) and choose J large
enough in order to assure

T J tr
| wew.oma =3 [ wow. o
z}j/Tuwmﬂﬁﬁmﬁ—g (5.7

ZZ/i MWFQ (5.9)

where

Ag(ty) = o(tr) = d(tr-1)-
Note that for Inequality (5.8), we have applied Jensen’s inequality and the fact that L is
convex in its second argument (cf. Corollary 4.10). As I, (¢) < oo, this implies

Ag(t,) € C for all r.

We note that by the continuity of L(-,y), p*(z,y) (the minimizing p € V,, = f/y for
{(x,-)) is “almost optimal” for all Z sufficiently close to x (in the sense that ¢(Z, u*(z,y))
is close to L(Z,y)). By dividing each interval [t,_;,t,] into further subintervals [s;_q, s;]
if necessary, we can hence represent the directions A¢(t;)/A by

W€ Vi .aoia = Vast)/a

in such a way that

L(gz;(t), AQST(tr)) > U(p(t), 1) — % for all t € [s;_1, sj].

For simplicity of exposition, we assume that this further subdivision of the intervals
[t,_1,t.] is not required and denote the “almost optimal” u’s by u” (r =1,...,J). Hence

T J tr _
JRCCRIOITES SY ANTCUNGEES (5.10)
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Choose now € = €;_; according to Proposition 5.1 corresponding to €/2, §/(4.J), initial
value ¢(t;_1) and time-horizon A. Using the Markov property of Z%, we compute

P[ sup [Z%(t) = o(0) < ] 2P| sup |ZV(t) - o(1)] < ]
te[0,7] te[0,tr-1]

inf IP’[ sup |ZN’Z(t)—¢~)(t)|<§};

2€A;|z—d(ty_1)|<éE telty—1,T]

here, we denote (by a slight abuse of notation) the process starting at z at time t;_; by
ZN-# Proposition 5.1 implies

hmlnf—log]P’[ sup |ZN(t) — ¢(t)] < e]
N t€[0,T]

>hm1nfﬁlog]P’[ sup |2V (t) — o(1)] <gH]

N—o0

te[0,ty-1]
+ lim mf —log ( inf IP’[ sup  |ZNE(t) — o(t)| < E])
N—o0 N ZEA; |Z (tJ 1)|<6 tE[tJ_l,T] 2
1 g )
> liminf log B sup [2°(1) — 3(1)] < & - / 0, iyt — 2.
- N—oo N tE[O,tJ,ﬂ tJ,1 4:<]

Iterating this procedure, we obtain

)
N,x
hmmfﬁlogﬂ”[sup | Z75(t) — o \<e > g/ e "dt — —

N—oo te[0,T] 4

and the assertion follows from Inequality (5.10) if we let 6 — 0.
We note that the convergence is uniform in x by the uniformity in Proposition 5.1. [

Theorem 5.3. Assume that log3; (j = 1,...,k) is bounded and continuous. Let G C
D(]0,T]; A) be open and x € A. Then,

_ N,z > _
lﬂlgf N log P[Z™ € G] qslgcf: It (9).

The convergence is uniform in x € A.

Proof. Let infgeq It.(¢) =: I* < oo; hence, for § > 0, there exists a ¢° € G (¢(0) = x)
with I, (¢°) < I* + §. For small enough ¢ = ¢(¢°) > 0, we have

{0 € DO.TEA sup i) 6] < e} < 6

and therefore
IP[ sup |2V (1) — ¢°(1)] < e} < P[ZV" € q).

te[0,7

This implies by Theorem 5.2 that for all 6 > 0,

1
N:): > N,z 4 ]
lim inf —N log P[Z%" € G] hj\rfn inf N logIP’[ sup |Z7VF(t) — ¢°(t)| < €

N—o0 te[0,T]
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_[T,x(¢6)
—I"—4.

(VAR

This implies
N | N
_ s > _ *
th_SOI;f N logP[ZV" € G] > -1
as desired. O

We obtain the following result.

Corollary 5.4. Assume that logB; (j = 1,...,k) is bounded and continuous. Then for
all g € D([0,T]; A) with ¢(0) = = and €,6 > 0, there exists an € > 0 such that

lim inf%log ( inf P[ sup |2V — 6(t)] < eD > Ir. () — 6.

N—o0 z€A;|x—z|<€ te[0,7]

Proof. We assume w.l.o.g. that Ir,(¢) < co. By Theorem 5.3, there exists an Ny and €
such that for N > Ny and z with |z — x| < €,

1
—logP[ sup |2V — o(t)| < e} > i Ipa(@) — 8> —Ipa(e) — 0.
N t€(0,7) [l p—dll<e

The assertion follows. O

5.2 LDP lower bound with vanishing rates

In the following, we drop the assumption that the log-rates are bounded. Instead, we
rather consider situations, where Assumption 2.3 is satisfied.

We start by some preliminary considerations and assume that Assumption 2.3 (Al)
and (A2) are satisfied. We note that there exists a constant o > 0 such that for all z € A
there exists a i < [ such that B(z,a) C B;. Indeed, assume that this is incorrect and
consider a sequence of points z,, € A such that B(x,,1/n) is not contained in any B;.
W.l.o.g., we can assume that z,, — « € A (recall that A is compact). As z € B;, for some
ig, we have B(z,,1/n) C B, for n large enough, a contradiction.

Lemma 5.5. Assume that 5; (j =1,...,k) is bounded and that Assumption 2.3 (A1) and
(A2) are satisfied. Then, for T >0, K > 0, there ezists a J = J(T, K) € N such that for
all p € D([0,T]; A) with Ir(¢) < K, there exist

O=to<ti <---<t; =T andil,...,iJ such that qb(t) € Bir fOT’t < [t'r‘—lvtr]'
Furthermore, forr=1,...,J,
dist(¢(t,—1),0B;,) > o and dist(¢(t),0B;,) > a2 fort € [t,_1,t,]

for o as before.
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Proof. By the considerations above, we have B(z,«) C B;, for an appropriate i;. We
define
t :=inf{t > 0|B(¢(t),/2) & B;,} NT > 0.

Now, there exists an iy such that B(¢(t,),a) C By,. If t; < T, we define
ty :==1inf{t > t;|B(é(t),/2) & Bi,} AT > 1.

In the same way, we proceed. By the uniform absolute continuity (Lemma 4.17) of all ¢
with I7(¢) < K, we have

t, —t,_1 >4 for a constant § > 0 independent of ¢.
The assertion hence follows for J := L%J +landt,:=rd (r=1,...,J=1),t;:=T. O

We now define a function ¢" which is close to a given function ¢ with I7(¢) < co. We
assume that Assumption 2.3 (A) holds. Hence, for x € B;N A and t € (0, \2),

d(l’ + tv,, 8A) > A\t
Note that \; < 1. Let n > 0 be small. We define for r = 1,...,J, with the notation

S =0,

N (3
= (Al) :
j=1

e Forr=1,...,J,t¢ [tr—l + Nr—1, tr—1 —F?]T},
r—1 3 \j-1
¢W(t) = ¢(t7«_1) + 77; <)\_1> Uij + (t — tr—l — 77r_1)’UiT.

e Forr=1,...,J,t¢ [tr,1+77r,tr+77r},
j—1

P"(t) =t —n,) + ni (%) vy,

We make the following assumptions on #:

=1,..,

J
ny = nrzl (%)Tl < % /\T_HllinJ [t — 1] A Aa.
Therefore, we have the following properties for ¢":
e Forr=1,...,J,t¢€ [tr,l + 1, b1 —i—m},
6(t) — ¢"(t)] < |o(t) — o(tr—)| + M1 + (0 — Mp—1) = Vimr, 1 (@) + 1 — 0 (5.11)

as 7 — 0, where V.(¢) is the modulus of continuity of ¢. Similarly, for r =1,...,J,
te [tr—l + U tr + 777"]7

6(8) — 8(1)] < 10(t) — Ot — )| + 10 = Vi (6) + 7 = 0

asn — 0.
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o Forr=1,...,J,t € [t,—1 + N1 tror + 1],

«

dist(¢" (1), OB, ) = dist(6(t,1),0B,,) —m = a— 7.

Similarly, for r=1,...,J, t € [tr—1 + Nyt + nr}, hence t —n, € [t,—1,1,],

dist(¢"(t),0B; ) > dist(¢(t —n,), 0By,) — n, > % - %
Hence, forr=1,...,J,t € [tr_l + N1, tr + 77,,],
dist("(1), OB;,) = .
e For ¢t € [0,7],
dist(¢"(t), 0A) > tA;. (5.12)
For t € [n,T—l—nJ],
dist(¢"(t),0A) > A\in. (5.13)
This can be seen by induction on r = 1,...,J (the induction hypothesis is clear,

cf. Inequality (5.12)). For r = 1,...,J, we have (by induction hypothesis and the
assumptions on 7)

Q" (tr_l + 777“—1) B;,, and for r > 2, dist <gb’7< o1+ nr_1>,8A) > N1

From Assumption 2.3 (A3) the distance of ¢"(¢ ) to the boundary is increasing for
te [tr,l + T]Z;: (/\3—1) o1 + 772] 1 ( )]_ } and is at least

(= (s n S () ) v

In particular,

r—1

dist <¢" <t,_1 + ni <%)j_1),aA> >\ (;’)
j=1
For t € [t,_1 + N i (/\%)j_l,tr /D (%)j_l], we have
0=t (3) ) #n(2) " ()
j= =
B r—1 3 i1
= o(t) + 77; ()\—1>] Vi,

and therefore (by elementary calculus and the fact that |v;] < 1)

dist(¢"(t), DA) > dist(6(t), DA) — ]n ( 3 )j_luij

1
r—1
1
(2 ()

Z 7])\1
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We now have

Lemma 5.6. Assume that Assumption 2.3 holds. Let K > 0 and ¢ > 0. Then there
exists an ny = no(T, K, €) > 0 such that for all ¢ € D([0,T]; A) with Ir(¢) < K and all
1 < Mo,

IT(¢T]) < IT(¢) T+ €

where ¢"(t) is defined as above.

Proof. We first use Lemma 2.2 and chose 1 < n; small enough (independent of i, ¢) such

that
J

tr—1+nr
S [T Lo @ - Z -

r=1 r—1+0r—1

We now denote by u*(t) the optimal p corresponding to (4(t), ¢'(
We let r =1,...,J and t € [t,_1 + ., t, + n,] and note that (¢")’
Theorem 4.9, we have

S
)) (cf. Lemma 4.5).
t)=¢'(t —m). By

t
(

L(¢"(t), ¢'(t — mr)) < L(S"(2), 1" (t — mr))- (5.14)
By the Lipschitz continuity of the ;, we have
18;(¢"(t)) — B (¢t — )| < 6k (n) (5.15)

where dk(n) is independent of ¢ and dx(n) — 0 as n — 0. We deduce from (5.14) and
(5.15)

L(@(t). ¢/t — 0)) — LISt — 1), &/ (t — ) < ki +Z“a — k’g%‘
(5.16)

Let

r—1 . ~
R 3\ 71 3\J1 N (%
=) () e i = e

Zr|

By Assumption 2.3 (B4), there exists a constant Ay > 0 such that for z € B; and
n < ne < m small enough (note that 7 depends on A; and Ay but not directly on ¢,
except through K),

Bi(2) < A= Bi(z +nvi,) = Bi(2),
hence
Bio(t — ur))
Bi(¢(t))

If 5;(¢(t —mr)) > A4 (recall the definition of dx(n) and choose n < 13 < 775 small enough
such that dx(n) < \y/2)

log <0 if Bi(p(t — ) < A4 (5.17)

Bj(¢(t - 777‘)) < 10g B](¢(t - 771”))
Bilen(t)) = 7 Bt —mr)) — dxe(n)




1
1 — 0 (n)/ M
< 25}((77)7
=7
since log(1/(1 —z)) < 2z for 0 < x < 1/2.

From Lemma 4.3 and Lemma 4.5, there exist (universal, i.e., independent of x) con-
stants B > By V By, B > 1, C}, C3 such that for |y| > B, and = € A,

L(z,y) > Cily|log lyl, (5.19)
W = | (2, 9)| < Calyl. (5.20)

Hence if |¢'(t — n,)| > B, using (5.16), (5.17), (5.18) and (5.20) for the first inequality
and (5.19) for the second, we get

= log

(5.18)

L("(0), @'t =) = L(O(t = 0,), &'t = 1,)) < kg (n) + KCsl) (2 = 1) 26§fn)

< de(ﬁ) + /{303 251((77)[/(@5(75 B 777’)7 ¢/(t B 7]7’)) )

CiAglog|¢/(t — 1)
(5.21)

If however |¢'(t—n,)| < B, Lemma 4.5 implies similarly as before that |u*(t —n,)| < C3B
From (5.16), we deduce

20k (n)
PV

L(¢"(t), ¢ (t —mp)) — L(op(t — m), &' (t — my)) < Kbk (n) + kCsB
Inequalities (5.21) and (5.22) imply
L(@"(t), ¢'(t =) — L(@(t —1,), &' (t = 1)) < S1.6(n) + So,x (M) L(D(E — 1), &' (t — 1))

with constants d; x(n) — 0 as 7 — 0. We can hence choose n < 1y < 13 small enough
such that
J

(5.22)

ety J ety .
Z/ L(¢"(t), ¢'(t —mp))dt — Z/ L(@(t =), &' (t =)}t < 5.
r=1 7 tr—1F0r r=1 Ytr—1+0r
This yields the result. O]

The following lemma is the main difference to the corresponding result of Shwartz and
Weiss [2005]. We transform the LLN from Assumption 2.3 (C) to a LDP lower bound for
linear functions following the vector v; near the boundary.

In the next statement, « is the exponent which appears in the Assumption 2.3 (C).

Lemma 5.7. Assume that Assumption 2.3 holds. Leti < I, x € ANB; and ¥ € ANNB;
such that
limsup |2V — z|N* < 1.

N—oo

Let furthermore € > 0 and define ', ¢* and ny as in Assumption 2.3 (C). Then for all
small enough, all e,

h]\rfnmleogIP’[ sup |2V (¢) ()] < e > / 140

te[0,n]

and the above convergence is uniform in x € A.
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Proof. The proof follows the same line of reasoning as the proof of Proposition 5.1 but is
technically more involved.

For simplicity, let N be large enough and n < 1y (for 79 as in Assumption 2.3 (C)) be
small enough such that gzﬁxN (t) € B; for all t < 7. We furthermore let

E<e€r:=€eANND

Define the set
FN;:{ mm|zN@Nay—¢%wy<g}

te[0,m]

Let &, = 5717\/ = Z—Eﬂ;ﬁ be given as in Theorem A.1 for the rates Bj = ﬂ;.We note that due
to Assumption 2.3 (C),

P[F¥] >1—6(N,&) -1 as N — oc. (5.23)
From Corollary A.2, (5.23) and Jensen’s inequality, we deduce that
hmlnf—logIP’[ sup |2V (1) — ¢ (t)] < 6]
N te[O )

>l1m1nf—log [ ]

N—o0

>11m1nf—lo IE[ 1]].FNj|

N—o0

—hmmf—log{ FN EFN exp(X )}}

> 11m1an10gP[F ]+ hmmfﬁlogEFN [exp(X,)]

N—o0 N—oo

X
> lim inf B [ ]\ﬂ (5.24)

N—o0

where Epv[X] := E[X|FV] and

— v ~1 N
Xév =X, =logg, t= Z [bgﬁj(f)(ZN’ (T—) - logﬂj(T)(ZN’ (T—)}

We have dist(¢*" (), 0A4) > Mt (cf. Assumption 2.3 (A3)) and therefore on FV,
dist(ZN’“”N(t),ﬁA) > Mt—€ forte [)\i,n].
1

Consequently

N

ﬂ;.(ZNv“? () = ,ué- for all j and for all ¢t € [)\il,n}.

We obtain
n

sl | S ]

- e (Bl [, T 0 o [ S g 0]

j=1
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(5.25)

k N
S e XY@,

since ;JJ;(ZN””N(t)) = 5 on FN. We note that for all N,
<X (5.26)

A
By the fact that the (3;’s are bounded and continuous and by Theorem 3.1, we have

X3 (@) <

-----

for y=1,...k,
sup |5;(ZV" (1)) — B;(¢*°(1))| = 0 as. as N — oc.

t€[0,m]

Combined with (5.23), this implies

B[ [ Y s ma] =Y [serome e

as N — oo.
Let us now define the following processes. For z € A, 7 =1,...;kand 0 < s <t <n

let ZV# solves Equation (2.1) with constant rates ,u] under P, and

y st — % - #jumps of ZV* in direction h; in [s, 1],
YjN’Z’S’t = % - #jumps of Z* in direction h; in [s, ],
We have for any event F', noting that P[F] — P[F]? = P[F¢] — P[F°]?,
E[Y;Y* < (¢t — )l = B[V}, 5.28)
Var[Y;*] < (t — s)pt = Var[¥]"5*], (5.29)
Cov(1e, YY), |Cov(L, 17554 < /Var{L gy Var[7;¥=]
< \JPIF] = P[F)2/(t — s)pc. (5.30)

We define the sets
N (2 2\| ¢
Y= {’ZN <A1> —¢ </\1)’ }EB%
and for z € A with |z — ¢*(2¢/\1)| < €/2,

Fe =l 2% - 60 < S}

te[0,n—26/ 1]

Note that 5
dist(¢7(1), 9A) > 26 for t € [A—En}
1
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and whenever |z — ¢*(2€/\1)| < €/2,

2€ € 2¢
() — o (== S fort |: 7 __}
P*(t) ¢<+>\1>’<2 orte |0,n N
Hence .
dist(ZV*(t),0A) > ¢ fort € [0, _ A_E]
1
and therefore ZV#(t) = ZN*(t) on F}"*. This implies
B ={ s (20 - o) < 5 (5.31)
te[0,n—2¢/A1] 2

We now let

2€< <t<
- S
)\1_ =1

and compute (by using the Markov property of Z and the fact that Y}N’z’sf%/ Ant=2¢/ M

N, 2,526/ A1 t—2E/ A N,
Yo A2 o the event F)

E[yN,xN,s,t]

n N,z s, - N,z s,
j B ¥ 4+ B[l ¥

FN : lnf IE YN7Z’S_2E//\1’t_2€/>‘1 + ]E 1 cY-]VJN7S7t
vl z|2— " (€/A1)]<€/2 [J ] [ (FNye X ; ]

PIFNT. inf B ,ZY‘]V,Z,572€/)\1,1€72€//\1
[ 1] Z;\z—sz%g)\l)\«m [ 2t ]

EDFN . inf ]E]]. . .Y.N,Z,S—Qé'/)\l,t—Qg/)\l
+PLFY = (&) <82 L ey )
+ E[]l (FIN)CY}N,xN,s,t]
= ui(t — s)P[EN] . inf P[FN*
H]( ) [ 1] zi|z— % (E/A1)|<€/2 [ 2 ]
+]1~3>FN . . f 6‘/ ]]. ’Z’YN,z,s—2€/A1,t—2€/A1
Ll Cov ey Y )
+ P[FY]- inf E[1
zi|z— % (E/A1)]|<€/2
+E[L ) Y (5.32)
> i (t — s)P[EFNT . inf P[EN?
= (= R Zil2— 67 (€/A1)| <E/2 £l

Vv
a=T

v

N,z,5—2€/A1,t—2¢/ M1
CARRE ]

I N ~ N,z,s—2€/ X1 ,t—2E/ M1
—RET e [Cov(Lpy.; 1 )| (6:33)

as the third and the fourth term in (5.32) are non-negative. As furthermore
P[F]] - inf P[F,"] — 1
SRR S
and - y y
P[F] - inf  Cov(l ., Y, o2y g
] l2—07(¢/ M)|<é/2 (L] )
as N — oo by Assumption 2.3 (C), Theorem 3.1 and (5.30). Combinig the resulting
inequality with (5.28) for all € < €; and 2é/\ < s < t, we deduce that

lim B[V = pi(t — ).

N—o0
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Note that for 0 < s <t <n, and all € < ¢

NN st NN s, (sV2E/ M)At NN (sV2E/ 1)Lt
vy, +Y;

NN 5,28/ A1 At

and hence also for 0 < s <t <5, since when s < 2€/\, Y, is of the order of €,

lim E[YNQE S = 1(t — s). (5.34)

N—o0

Let now 7; € [0,7] denote the jump times of ZV*" in direction k. Since ﬂ;(ZNﬁ‘”N (1;—)) =

log ué P as.,
1 ~r1 i 2N

S_— E[NnFN S log jit (2 (Tj—))]

]P)[F ]j;u§>0 <N
J u >0

BN B[V 4 Cov(ten, 1,V 0 )
J F T
J I ‘>0
o Z i’ log i = Z/ 115 log pidt (5.35)
Jiu5>0

as N — oo by (5.23), (5.30) and (5.34).

For the last and most extensive step of the proof, we define for € < €; and (cf. As-
sumption 2.3 (C) and (2.9))

1
EN — W
and the set ) N
FN = { sup |2 (1) — ¢"(t)] < EN}.
t[0,n]
We assume w.l.o.g. that from now on N is large enough (cf. Assumption 2.3 (C)) such
that
P[FN] > ﬂ»[ sup |2V (1) — ¢ (1)] < EN} >1—§(N, ey),
t€[0,n]

where 0(N,exy) — 0 as N — oo. We note that we have for all € < ¢, j = 1,...,k with
pi >0, N € Nandt e [26/\,7],

log B;(¢° (1)), log B3;(ZN" (t)) > log B(¢) > 0 on F¥ and FV.

We compute

1 ~r71 N
- ]E[—]l log B (ZN*" (71— }
T TE<77 8 Bjn (7=))
= ! g E[lﬂ~ E lo ﬂ(ZN’mN(T—))
Js 15>0 T €[2€/A1,1]
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1 1l NN
tppw 2 Byl > 102 (n-)]

o1 >0 75€00,2/A1]
1 1 W
+ 5] 3 E[NnFN\FN 3" logBy(2 (Tj—))] (5.36)
jvl";‘>0 Tje[ﬂﬂﬂ

Let us first consider the first term in Equation (5.36). As for all j,
log B;(-) : A(€) := {2 € Adist(z,04) > & - R

is uniformly continuous, there exit constants oy > 0 with oy J 0 such that

2 € A(), |2 — 2| < 3ey = |log B;(2) — log B;(2)| < dn. (5.37)

We define
M = M(N) = [(n - 2/A)es + 1]

and divide the interval [2¢/Aq, 7] into M equidistant subintervals [t,,¢,.1] (r =0,..., M —
1, t, =t.(N)) of length A = A(N), i.e. (for N large enough),

G—N < A< EN.
2
Forj=1,...,k,r=0,....M —1and 7, € [t,, t,41] we have,
12N (7;=) — ¢°(t)] < 2ey  on BN,
since | (7;) — ¢"(t)| < |r; —t| as |v;| < 1, and hence (cf. (5.37))

inf log B;(¢"(t)) — o < log B;(Z™V"" (1;-)).

tEtr tri1]

From this inequality, we deduce

1.7l .
. E[—]ll;w > log B (27 (7))
P[FN] N T€[2€/)\1 17] ’
S Yk (Sle 3 0w (2% ()
] 15 i>0 r=0 Tge[tr,tr-ﬂ)
> 5] 2 > (it logi(6%(0) = b )E[Lpuy; " 0000
Juj >0 r=0
1 M—-1 ~
. T N N,x JArytrg1
> B Z Zte[tintfﬂ)logﬁ](cb (&) PIFNIE]Y; ]
Js ui>0 =0
1
REER D i [T Gl et A
BIFY 42,
1 - . N gz
— =4 E[1pn Y Nw 280, 5.38
— NZ (1w | (5.38)
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The second term in Inequality (5.38) satisfies (cf. Inequality (5.30) and Assumption 2.3 (C);
we assume that N is sufficiently large such that M < 2ey'n),

’Cov N YNx oty t’“+1)|
F 9

] pi>0 =0
< IFD[FN ()|en' VI en V(N en)
=0 (5.39)

as N — oo. The third term in Equation (5.38) satisfies

1
P[FN]

N Z E YN,:BN,2€/)\1,77] <

JM>0

onkin — 0 (5.40)

as N — oo. Finally, let us consider the first term in Equation (5.38). Recall that by
(5.28) and (5.33), we have

Hiltess = t) > B[y, o)
>yt

tr1 — t, PIFNT. inf PN
Lt — ) PLFYY] T S [F57]
- ]TD[FlN] ' inf |COV NZ’Y;NZU—ZE/AI 41— 26/)\1)|
z;|z—pT (€/A1)]<E/2
We define
P[FN]
(0% = — ,
L B[EN]
N P[FN : o[ N,z
a =PF - inf PIFN] < 1,
> [F7'] . S [F577]
aij’)v = ED[FlN] : inf ‘COV NZ’}/’}N727t’r*2€//\1,tr+1*26/)\1) ’

zjlz2—¢* (E/A1)|<E/2

¢; = inf log;(¢"(t)),

t€[tr tri1)

SN .— Z /L] Z r+1 —t e inf logﬂ](¢x( ))

tr tr+1
Jrui>0 =0

We compute (for N large enough as before)

log 8 (¢" (£))E[v;"" 11+

te tT tr+1

JM>0TO

= ozf[ Z Z tE[tr

Js ui>0 r=0

+ Ligrsop (02" (trpn — ) — Oéév)}

log 3;(¢" (1)) - {]l{¢§<0}:uj(tr+1 —tr)

t'r+1)
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>af 3 m Z 1T inf 10g53(¢()){1{¢;<0}+04§V]1{¢;>0}}

te t'r tr+1)
jyui>0  r=0

— 277041 k|log ﬁ|eN

> ay S — 2107 k[ log Bley'a5” — a7 k| log B|in(1 — ). (5.41)
We readily observe that
ol ol =1 as N — oo (5.42)

by Theorem 3.1 and Assumption 2.3 (C). We furthermore note that by Assumption 2.3 (C)
and Theorem 3.1 (cf. also the comment corresponding to (2.8) and again the fact that the
rate of convergence in Theorem 3.1 is independent of initial values),

inf, /B[P — BIFYT? _ inf. \/BI(F")]
Ven -V

Therefore (for N sufficiently large as before),

—0 as N — .

2nay k|log fe < 2nalk|log B|P[FY inf P[F;*] — P[F2V7)2
ol kllog Blexted < 2nalkllog BIPIF VA= it /B B
50 (5.43)

as N — 0. Finally, SV is a Riemann sum and we have

N Z% / log B;(¢%(t))dt as N — oo. (5.44)

2€/M\1

We observe that (5.38) - (5.44) yield

lim inf = ! Z E[%ﬂpw Z logﬂj(ZN’ZN(Tj_))

J, 15 >0 75 €[26/A1,7]

>3 u [ tos(en o) (5.45)

We now consider the second term in the right ahnd side of (5.36). We define

M = M(N) := |25 + 1]

and divide the interval [0, 2¢/)] into M subintervals [t,,f,4q] (r = 0,...,M — 1, {, =
t.(N)) of length A = A(N), i.e., for N large enough,

For r=0,...,M — 1 and 7; € [t,,%,41], we obtain on FN,
dist (2" (1,—), 0A) > dist(¢"(r;—), DA) — 2ep
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> dist(¢”(£,), 0A) — 2en
Z )\11} - 26]\]

4
> —en. (5.46)

Hence, dist(ZN*" (7;,—),0A) > ey for r > 6. We compute for j with u; > 0,

1 ~71 N,z
Bl ey > w2 (o)

7;€[0,2€/ A 1]

1 ~r1 N,zN
L S

Tj (S [Er 7£r+1]

B[PV Elyle 2 logB(2% ()

T;€ [Erstry1]

1 gl NN
~FN];E[N]1FN > tog (2N ()] (5.47)

i €ltr try1]
We note that for all j, 5;(ZV¥*" (r,—)) > B(\/N) P-a.s. by Assumption 2.3 (Al).
The second term in the right hand side of (5.47) can be bounded from below (w.l.o.g.
B(Xo/N) < 1):

NlN]ng[%nﬁN > log (27 (7-))]

Tje[ghgr-!—l]

4 )\0 5 S N Nfo t~ —_— sz f
> —_ P) F E e sbrylr41 ~ Nz b trs1
= P[FN] 10g_ﬁ<N>Z{ (7] [Y] ]-I—COV(]IFN,Y] )}

r=

>6P[FN]logﬂ(>\O) Sl 4 logﬁ(&) P en d(N,en)

- +
= BN CE\NIN T BN PEAN Y N

—0 (5.48)

as N — oo by Assumption 2.3 (C) (cf. also (2.7)). For the first term in Equation (5.47),
we compute for j with p; > 0 (similarly as before, we assume w.l.o.g. that 5(€) < 1 and

note that 8;(ZN*" (r;,—)) > Bty —en) = B((r — HMA/2))

1 ~r1 N,zN
]fD[FN] E[N]]-FN Z log BJ(Z (Tj_))

Tje[frvfr-&-l]

log ﬁ(r)‘lA/Q)IE[]IFN YN’xN7£T7£T+1]

PIEN AM 5 M—5
[ ]u; Alog (T)\lA/Q

T)\IA/Q COV( FN> YN’xNi?"vErJrl)‘

(5.49)



For the first term in Equation (5.49), we have by Assumption 2.3 (C) (in particular by
the fact that the integral below converges, cf. (2.10))

]f»[ ~N] M-5 2¢/A1

i Z Alog B(raA/2) = 4 / log B(A\up/2)dp (5.50)

as N — oo. Similarly, we obtain for the second term in Equation (5.49),

M-5

r)\ A/2 COV( FN7 YviN7£'r'7£r+1)

%z

r=2

1 N EN M
> BT e ; B(rymA/2)

0 (5.51)

as N — 0 by Assumption 2.3 (C) (cf. (2.6) and (2.10)).
Finally, we consider the third term in Equation (5.36). We obtain by Assump-
tion (2.3) (C),

s 2 e 2 lons (2 (0))

Js 15>0 i €[0m]
A >/ - > z ~ P2

> = 1ogg(ﬁo) ST {PIEY IR0 + Cov(L e, Y7707 )

] 35 15 >0

1 1 Ao
S Ao —
= B ]logﬁ< >k’;u]5(N en) + BIFY] log§<N>k and(N,en)
-0 (5.52)

as N — oo similarly as before (cf. (2.6) and (2.7)).
We obtain by Equation (5.36) and (5.45), (5.47) - (5.52),

1 ~r1 N
lim inf ]E[—]l log B (2" (7— ]
it Bl FN; 0g B ( (7=))

n

L 26/ M\
> ;u} /2 " | log B;(¢"(t))|dt — kfi /0 | log B(\ip/2)|dp. (5.53)

We conclude by letting § > 0 and choosing é < €; small enough such that (cf. Equa-
tions (5.25), (5.26) and Inequality (5.53); note that we require the convergence of the
integral in (2.10) of Assumption 2.3 (C) here)

z 2/ 28/ M1 5
ki [ Nlog o)t ka [ g 50np/2)ldp < 5.
0 0

The assertion now follows from Inequality (5.24) and (5.25), (5.26), (5.27), (5.35) and (5.53):

lim inf Epn [);\Pﬂ > — /’7 (" (t), p)dt — 6.
0

N—oo

The uniformity of the convergence follows from the fact that we have used only Assump-
tion 2.3 (C) and Theorem 3.1, where the convergences are uniform in z. O
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Again in the following result, the exponent « is the one from Assumption 2.3 (C).

Theorem 5.8. Assume that Assumption 2.3 holds. Let x € A and 2V € AN such that

limsup |2V — z|N® < 1.
N—o0

Then, for ¢ € D([0,T]; A) and € > 0,

1
liminf—logIP[ sup |2V (1) — ¢(t)] < €| > —Ir.a(9).
N—oo N te[0,7]

Moreover the above convergence is uniform in x € A

Proof. We can w.l.o.g. assume that I7,(¢) < K < co. Let § > 0 and divide the interval
[0,7] into J subintervals as before. We define the function ¢” as before and choose 7,
small enough such that for all n < n; (cf. Lemma 5.6),

/ L(@"(0), (67 (1))t < / Lo(t). o (1))di + (5.54)

We furthermore assume that n < 7, is such that

sup |(t) = "(1)] < 7.

t€[0,T]

Hence,

1 N 1 y i )
lim inf — logP[ sup |ZN7 (1) —o(t)| < 6] > lim inf—log[[”[ sup |ZVV (1) —d"(1)| < _].
N—o00 N tE[O,T} | ( ) ( )| N-osoo N te[()’T] | ( ) ( >| 2

From (5.13), for t > n, dist(¢"(t),0A) > nA;. We define

A1

N\ ——
47

DN ™

e =e(n) =

A
B i=inf {B(2)| 1S5 <k, 2 € Adist(,04) = T2} > 0

and
~ Bi(z)vpT ifze A
Bl = {2
Bi(alz))  else,
where the function 14 has been specified in Assumption (A4). We denote by ZN=0 the

process starting at z at time 1 with rates 5J. As the log @7 are bounded, we have by
Theorem 5.2 that there exists an

€2 = €2(n) < ex(n)
such that for all € < €9,

hminf%log( inf IP’[ sup | ZN=0 (1) — @ (1)] <61]> > /ﬂ Tﬂ"(qﬁ”(t),(d)")’(t))dt—g,

N—oo lz—¢"(n)|<€  Liem,T]
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where L7 denotes the Legendre transform corresponding to the rates 3;7 We readily
observe that for all t € [n, T,

L(@"(1), ¢"(t)) = L(&"(1). (¢")'(1))

and that for |2 — ¢"(n)| < €, denoting by an abuse of notation Z"** the process starting
from z at time n,

sup |ZV5(8) — 91(0)] < @1 & sup |Z¥0() — (1)) < o,
te[n,T] te[n,T]

and hence

IP’[ sup |2V (t) — (1)) < f} > ]P’[ sup |2V (1) — (1)) < el}
t€n,T) 2 te[n,T]

consequently for € < ey

hminf%log( inf IP’[ sup |2V (t) — (1)) < 61}) > /77 ' L(6"(t), (6" (1))dt — 2

N—oo \Z—¢"(77)|<€ tE[?],T] 3
20

> [ L. 00 -3,

where we have used (5.54) for the second inequality. We use the Markov property of Z¥
and obtain for € < e,

P| sup 27" (t) = o(t)] < | > P| sup 27" (1) — ()] < ¢
t€[0,7) te[0,n]

inf IP’[ sup |ZNVF(t) — ¢1(t)| < el].

lz—¢n(m)|<é Ly,

Combining the last two inequalities with Lemma 5.7, we deduce that (7 being the index
of the ball B; to which the starting point x belongs)

liNH;iogf%IOgP[ sup |2 (1) = o(t)] < ] = - / e (0), it / L), & (1)dt — 2

te[0,T) 3
T
— L ! dt — &
> / (6(t), &' (1)t

thanks to Lemma 5.9 below, provided 7 is small enough. The result follows since § > 0 is
arbitrary. O]

Lemma 5.9. Let x € B;, where i < I}, and suppose ¢*(t) = x + tv;. Let moreover u' be
such that Zle ,uéhj = ;. Then, uniformly in x, ast — 0,

/0 06 (5), 1) — 0.
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Proof. Since according to Assumption (A3) d(¢®(t),0A) > Ait, the result follows from
(2.7) from Assumption (C). O

Theorem 5.10. Assume that Assumption 2.3 as well as the assumptions from Theorem
5.8 hold. Then for any open set G C D(]0,T]; A),

. 1 N.zN .
thJOIéfﬁlogp[Z €G] > —(;1522 Ir ().

Moreover the convergence is uniform in x.
Proof. The proof follows the same line of reasoning as the proof of Theorem 5.3. [

We will need the following stronger version. Recall the definition of AV at the start
of section 2.

Theorem 5.11. Assume that Assumption 2.3 holds. Then for any open set G C D([0,T]; A)
and any compact subset K C A,

| . N :
— T > — .
lininf log _inf, P[277 €G] 2 = sup inf Ira(0)

Proof. This follows readily from the uniformity in x of the convergence in Theorem 5.10.
O

6 LDP upper bound

We now prove the LDP upper bound. For reasons of readability, we split up the proof
into four parts. In the first three parts, we prove the main auxiliary results required
(Sections 6.1 - 6.3). Finally, we prove the main results of the section in Section 6.4.

In this section, whenever we consider the process ZV*, we will mean that the process
ZN is started from the nearest point to z on the grid AV (see the beginning of section 2
for the definition of A").

6.1 Piecewise linear approximation

The goal of this section is to prove that ZV:* is exponentially close to its piecewise linear
approximation. For ZV* we define the piecewise linear interpolation YN2 To this end,
we divide [0,7] into N subintervals [t;_;,¢;] with ¢; = L. j = 1,...,N. We define

t € [tj1,t] L
it

YN = 2N () + ——
tj — tj—l

(2% (ty) = 27 (1)) (6.1)

We prove that YV* is exponentially close to ZV:*.

Lemma 6.1. Assume that B; (j =1,...,k) is bounded. Let § > 0. Then

1
limsupﬁlogP[d(YN’x, ZN) > 8] = —o0

N—o0

uniformly in x € A.
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Proof. For any 1 < j < [N/T], we have the inclusion

{ sup V" =226y c{ swp |27 275> 6/2).

tE[tj—1,t;] tEltj—1,t5]
It then follows from Lemma 3.6 that for some positive constant C' and for each 7,

P( sup Y,V — 21| = 6) < exp (~CNS log(CNG))).

tEftj—1,t;]
Consequently
P(sup [y, -z >5 sup |Y;N’x—ZtN’x|2(5}
t€[0,7] te[tj 1]
< Nexp (—CNélog(CNd))).
The result clearly follows. n

6.2 The modified rate function I°

In this section, we define a modified rate function I° and analyse how it relates to I. The
main result is Corollary 6.6 below.

We define the following functional (Lemma 4.19 above). For d > 0, z € A, y,0 € R,
let

g6($7ya0) = <0>y> - Z sup ﬂj(Z)(eXp«@, h]>) - ]-)a

=1 2=zl €A;|z—x|<§

L5(x,y) ‘= Sup g5<x’y70)'
0eRd

Obviously, we have
Lg(ﬂ?,y) < L(‘T’ y)

and for the respectively defined functional, I°,
I'<1I.

We obtain

k

Ls(z,y) = sup {(9,y) — Z sup 5j(2j)(eXp(<97 hj)) — 1)}

fcRd =1 2I€A;|2T —x|<§

9cRd 215, 2P €A;| 27 —x| <6

= sup inf { iﬂj exp ((0 hj)) - 1)}

zh,.., 2P € As|z—x] <0 geRd

= inf sup { iﬁj (exp((0, hy)) — )} (6.2)

= inf inf (B;(27) — pj + pjlog p; — pjlog B;(27)) (6.3)

2L, 2k IZJ x|<6MEVzJ Y =1
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=0(z*, u"), (6.4)

where we use the slight abuse of notation: for z = (2%,...,2%),

i) = DB = log(m )>

Note that ¢(x, ;1) depends on x only through the rates 3(z).

Here, Equation (6.2) follows from Sion’s min-max theorem, see e.g. Komiya [1988|,
and Equation (6.3) follows by Theorem 4.9. Equation (6.4) follows from Lemma 4.5 and
the continuity of £ and p* (as a function in the state). We remark that |25 — 2| = 0 is
possible.

In a similar fashion as before (cf. Proposition 4.21), we define the sets

¥ (K) := {6 € D(0,T}: A)|I°(9) < K},
3(K) = {6 € D(0,T): A)|1(6) < K}.

xT

In particular, we have ®(K) C ®°(K) and ®,(K) C ®)(K) and ®(K), ®°(K) are
increasing in §.
For technical reasons, we define for m > 0, z € A the rates

B7"(2) := max{B;(z),1/m}

and the corresponding functionals L™ and I™ by replacing the rates 3; by the rates 5"
in the respective definitions.

We will need the following slightly stronger version of Lemma 5.6, where again ¢" is
defined from ¢ as in the lines before Lemma 5.6.

Lemma 6.2. Assume that Assumption 2.3 holds. Let K > 0 and ¢ > 0. Then there
exists an ng = no(T, K, €) > 0 such that for all n < ny there exists an mg > 0 such that
for all m > mgy and for all p € D([0,T]; A) with I7'(¢) < K,

]T(gbn) < K+ €,
where ¢" is defined before Lemma 5.6 and satisfies ||¢" — ¢|| < e.

Proof. We follows the first steps of the proof of Lemma Lemmab.1, where we replace p*(t)
by pu™*(t) the optimal y1 corresponding to (¢(t), ¢'(t)) and jump rates 37*. Now (5.14) is
replaced by

L(¢"(t), ¢'(t —ny)) < €("(L), n™" (¢ — ). (6.5)

We now choose m > 1/n and deduce

18;(0"(t)) — B (ot —m))| < % +18;(9"(t)) — B(o(t — ne))| < 0 (), (6.6)

where 0% (n) =n+0x(n) — 0 as n — 0 by the (uniform) continuity of the 8;. We deduce
from (6.5) the following modified version of (5.16)

L6060~ ) = L7000~ )10 ) Koo + 32 ) log AP~

Bi(¢n(t))

(6.7)
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since (37" (4(t)) > 0 and 3;(¢"(t)) > 0 for ¢ # 0.

We recall that A\; and the v;’s have been defined in Assumption 2.3 (A3), and that the
0;’s, v;’s and v;’s have been defined in the proof of Lemma 5.6.

By Assumption 2.3 (B4), there exists a constant Ay > 0 such that for z € B; (and
n < ne < m small enough, depending upon A\; and Ay but not on ¢, except through K),

Bi(2) < X = B(z +10;,) = B;(2)- (6.8)

We now want to bound from above the second term in the right hand side of (6.7). If

Bi(d(t —n,)) = A4, then B;(¢(t —n,)) = 1/m and therefore B (o (t —n,)) = B;(p(t —n»)),
so that the bound (5.18) holds.
Now consider the case 3;(¢(t—n,)) < As. We define the function s(§) := inf{5;(z)| d(z,0A) >
d}; hence (recall the continuity of the 8; and the compactness of A) s(6) > 0 for 6 > 0,
and for z € A, p;(z) > s(d(z, 0A)).

We furthermore let

mo = mo(n, As) > max{1/As, 1/s(Ain)};

and recall that d(¢"(t),0A) > A\ for t > n (cf. the discussion preceding Lemma 5.6).
We let m > myg. Since 3;(¢(t — 1)) < A4, by (6.8),

Bi(9"(t)) = Bi(o(t —n,)).

By the definition of s, we have furthermore

Bi(¢"(1))) = s(Ain) = 1/m.

Combining these observations, we obtain

Bj(¢"(t)) > max{B;(¢(t — ), 1/m} = B]"(¢(t — n,))
and therefore (ot )
e IS LA} (6.9)
Bi(¢(t))
From Lemma 4.3 and Lemma 4.5, there exist (universal, i.e., independent of x and m)
constants B > By V By, B > 1, (1, (3 such that

log

ly| > B=Vx e Aym, L(z,y), L™ (z,y) > Cily|log |y, (6.10)
lyl > B = Vo e Aym, |p™| = |u*(z,y,m)| < Cslyl. (6.11)
Hence if |¢/(t — n,)| > B, we get, instead of (5.22),
L(¢"(t), ¢'(t = ne)) — L™ (ot — ), ¢'(t — 1))
< W8 n) + K3l (¢ — ) )

2(5K(77)Lm(¢(t B 777“)7 ¢,(t - 777‘))
CiAslog|¢/(t —ny)| '

o6

< kol (1) + kCs (6.12)




If |¢/(t — n,)| < B, Lemma 4.5 implies that |™*(t —n,)| < C'B for a universal constant
C > 0. Using Equations (6.6) and (6.7), we obtain

L(¢"(t), &' (t = m)) = L™((t = n:), &' (¢ = mp)) < kdje(m) + kéB%;f”). (6.13)
Inequalities (6.12) and (6.13) imply
L(¢"(t), &' (t = mr)) — L™ (&t = mr), ¢'(t — 1)) /
SMU+%@M+%OB%ﬁm+k@zkmg§ﬁi@%&i$_m»
=:01(n) + d2(n) L™ (Pt — m), &' (t — 1))
where 6;(n) — 0 as 5 — 0, i = 1,2. We now choose 77 > 0 such that
5o () K < i and T8, (y) < i
and choose m > my(); this yields
Ir(¢") < K + .
]

In the following, we show a relation between L™ and Ls.

Remark 6.3. It can easily be seen that Lemma 4.3 holds for Ls (with ezxactly the same
proof). The same holds true for Lemma 4.12 and Lemma 4.17.

Lemma 6.4. Let 5; (j =1,...,k) be bounded and € > 0. Then there exists an mg > 0
such that for all m > my, there exists an 6 > 0 such that for all 6 < dg and all x € A
y € RY,

L™(5,y) < e+ (1+€)Ls(z,y)

Proof. Let mg > 0, m > mg and § > 0. We let u* = p*(2*, y) be the optimal p associated
to the optimal z* according to Equation (6.4). Then

L™(z,y) — Ls(x,y) < 0™ (x, pu*) — (2%, 1u*). (6.14)
Furthermore, we have by the uniform continuity of the ; (cf. the proof of Lemma 6.2),
1
57() = By ()] < = + K(8) = Ky(m. ). (6.15)

Moreover, we note that if 3;(z) < L+ — K(0), then

Bi(z")
On the other hand, if 8;(z) > = — K (), then
(2 B (z* L+ K(0
log gjﬂg?xg < log % < log T() <mK(6) =: Ky(m, ) (6.17)
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By Lemma 4.3 and Lemma 4.4, there exist constants B, C;, C3 and Cj such that for all
x € Aandy € C,,

L(z,y), Ls(x,y) > Ci|y|log B if |y| > B, (6.18)
1 (y)| < Csly| if ly| > B, (6.19)
I (y)| < Cy if ly| < B (6.20)

(note that the constants in Inequality (6.18) are independent of 9).
For |y| > B, we have by Inequalities (6.14), (6.15), (6.16), (6.17), (6.18) and (6.19),

Lm(xv y) - L(;(ZE, y) S kKl(m7 5) + kC3|y|K2<m7 5)

RCsRa(m.0) oy, (6.21)

< kK 1)
< ky(m,0) + Cilog B

For |y| < B, we have by Inequalities (6.14), (6.15), (6.16), (6.17) and (6.20),

The assertion now follows from Inequalities (6.21) and (6.22) by choosing m large enough,
m > mg and 0y = dp(m) small enough such that

kC3Ky(m, o €
kK1(m, 0y), kC1Ka(m, &), W < 5
1

We directly deduce the following result

Corollary 6.5. Let 5; (j = 1,...,k) be bounded and continuous. For all ¢, K,T > 0,
there exists an mqg > 0 such that for all m > myg, there exists a 69 > 0 such that for all
§ < 6o and all functions ¢ with I5(p) < K — e,

I7'(9) < K.

We now deduce from Lemma 6.2 and Corollary 6.5 the analog of Corollary 4.2 from Shwartz
and Weiss [2005].

Corollary 6.6. Assume that Assumption 2.3 holds. Then for all e, K > 0, there exists a
0o > 0 such that for all § < dy,

WK —¢) € {¢ € D(0,T]; A)| d(, ®,(K)) < ¢}

Proof. Let ¢ > 0 and choose mg, m, dy, § according to Corollary 6.5 for ¢/2. Let ¢ €
®) (K — €). Then by Corollary 6.5, ¢ € ®™(K — ¢/2). By Lemma 6.2, there exists a ¢
such that . 3

|0 — ol <e and Ir,(¢) < K.
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6.3 Distance of YV to ®°

In this section, we derive a result about the distance of YV, defined by (6.1), to ®°
(Lemma 6.14 below).

We state the following elementary result (see, e.g., Roydon [1968|, Chapter 3, Propo-
sition 22).

Lemma 6.7. Let f : [a,b] — R? be measurable with f # oo almost everywhere. For all
e > 0, there exists a step function g such that |g — f| < € except on a set with measure
less than €. Moreover the range of g is a subset of the convex hull of the range of f.

We define for § > 0, ¢ : [0,7] — A and Borel-measurable 6 : [0, 7] — R¢,

T
56.0) = [ Es(o(0), /@), 000)de.
0
Lemma 6.8. Let logf; (j = 1,...,k) be bounded. For all absolutely continuous ¢ :
[0, T] — A with I3(¢) < oo and all € > 0 there exists a step function 0 : [0,T] — R® such
that

17(6,0) > I7(¢) — e

Proof. As I°(¢) < oo, there exists a large enough positive number B such that

| tasorsm st ®.ot0)it < (6.23)

Wl ™

(cf. Lemma 4.17 and Remark 6.3). We set
0,(t) :==0 1if |¢'(t)| > B.

By Lemma 4.12 (which holds true with L replaced by Ls, see Remark 6.3 — this is
where we need the assumption that the log §; are bounded), there exists a constant B
such that for all z € A and y € C with |y| < B,

~ €
sup {5(z,y,0) > Ls(x,y) — o
|0|<B
We set )
D :={(z,y,0)| v € A,yeC lyl < B,|0| < B}.
The function fs is uniformly continuous on D. Hence there exists an > 0 such that for
~ = €
|€5(x7 Y, 0) - 55(1'7 Y, 0)' < 6_T
By a compactness argument, we obtain a finite cover {6, ;, z;,y;} of D such that

. €
Us(xi,y5,0;5) > Ls(x,y) — T for |z — i, |y — y;| <. (6.24)

We set
61(t) :=6,,; if |o(t) — x4, ¢'(t) — Yl <n
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(with some kind of tie-breaking rule). Hence 6 only takes finitely many values. However,
it is not clear whether 6, is piecewise constant. ~
We now choose 7 small enough such that Leb[E] < 2 implies that

Ls(6(t), &' (1))d sup (—ls5(o(t), #'(1),0)) dt < <. 6.25
[, e ewuy [ s (o, 0w 0)a <5 029

(0,TINE |9|<B

and

min |0i,j — 0l,m| > 77], min |0i,j| > 77]
By Lemma 6.7, there exists a step function 0y with |6; — 05| < g except on a set E with
Lebesgue measure < 7.

Hence there exists a step function 6 which agrees with 6; except on E (modify 6, if
necessary such that |6, —6;| < Z = 6, = 6, on £°). Note that [0(t)| < B, for all t € [0, 7.
We conclude by collecting the approximations above:

mwzﬁﬂmwmwmw

<

mwmwww+/ Ls(o(t), &/ () dt

[0,T]NE

Ls(¢(t), ¢'(t))dt

/[(J,T]ﬁ{|¢’(t)|>3}

+ [ ~

(0. T]N({|¢' ()| <B}UE®)
2¢ ~

= RCORIORION
0,TIn({l¢’'(})<BIUE®)

:%+AﬁﬂWWMWWWﬁ—A%MW¢Wﬂ@M%%; Ts((), (1), 6(1)) e

TINE TIN{|¢’ (t)|>B}NE*

fg+A%demﬂmw

7T]

Indeed 6(t) = 0 on the set {|¢/(t)| > B}N E*, while (6.25) implies that the second integral
in the next to last line is bounded by €/3. [

We next prove.

Lemma 6.9. Let u : [0,7] — R be nonnegative and absolutely continuous and 6 > 0.
Then there exists an n > 0, a Borel set E C [0,T] with Leb(FE) < 6 and two finite
collections (J;)icz, and (H;)jez, of subintervals of [0,T] such that

o0.7=EU ] Ul H
i€y j€Zo

and for allv € I, 5 € I,

tian u(t) > n, u(t) =0 on H; N E°.
€Ji

Proof. Given t € [0,T] such that u(t) > 0, let O; be the largest open interval containing
t such that u(s) > 0 for all s € O;. Let m; = max{u(t), t € O;}. Since u is absolutely
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continuous, there is a finite number of intervals O, such that m; > 1/m, for each m > 1.
Hence there are at most countably many open intervals {O;, i > 1} where u is positive.
Choose M large enough such that

)
For 1 <i< M, let J; C O; be a closed interval such that
)

Let

E = (U2),0:) U (UXL,0:\ J;) .

Clearly Leb(FE) < 4. Let M be the number of connected components of [0, T]\U, .J;. For
1 <j < M, let H; denote the closure of the j—th connected component of [0, T\ UM, J;.
Hj is an interval. Moreover

1§1?§fM tlélJfZ u(t)=n>0, and

u(t) =0, ifte H;nE"
0

We require this result for the proof of Lemma 4.6 of Shwartz and Weiss [2005]. This is
a (more general) variant of Lemma 5.43 of Shwartz and Weiss [1995] (cf. also Lemma 6.8).

Lemma 6.10. Assume that B; (7 =1,...,k) is bounded and Lipschitz continuous. Then
for all ¢ with Ir(¢) < oo and € > 0, there exists a step function 0 such that

12(6,0) > I7(¢) — €.

Proof. 1f none of the 3;(¢(t)) vanishes on the interval [0, 7], then the proof of Lemma 6.8
applies. If that is not the case, we note that since ¢ is absolutely continuous and f; is
Lipschitz continuous, ¢t — (3;(¢(t)) is absolutely continuous. Hence we can apply Lemma
6.9 to the function u(t) := B;(¢(t)), and associate to each 1 < j < k intervals (J)icz,

and (H;);ez,. It is not hard to see that to each 7 > 0 one can associate a real > 0, an
integer M, a collection (I;)1<;<n of subintervals of [0, 7], with the following properties

0.T]=EU |J I

1<i<M

with Leb(F) < 9, and moreover to each 1 < ¢ < N we can associate a subset A C
{1,2,...,k} such that

Bi(op(t) >n, ifje Atel, and B;(¢(t) =0, if j & Atel;NE.

Each interval I; is an intersection of J/’s for j € A and of H}’s for j ¢ A.
On each subinterval I;, by considering the process with rates and jump directions
{Bj, hj,j € A} only, we can deduce from Lemma 6.8 that there exists a step function ¢

such that
€

/I Ts(o(1), (1), 6(1)) > / La(6(0), &/ ()t — 5

i
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In fact there exists a unique stepfunction 6 defined on [0, 7], such that each of the above
inequality holds and moreover, by the same argument as in the proof of Lemma 6.8,
provided 7 is small enough,

€

[ Tatoto). 60,00 = -5,
E
The result follows. O

We now define for M € IN

K(M) = () {6 € C(0,T]; A)|Vam(d) < o}

m>M

where Vj is the modulus of continuity:

Vs(g) = sup  |o(s) — o(t)].

5,t€[0,T7], |s—t|<d

We readily observe (Arzela-Ascoli) that K (M) is compact in C([0, T]; R?).
We next obtain exponential tightness for the sequence YV defined in (6.1).

Lemma 6.11. Assume that 5; (j =1,...,k) is bounded. There exists a positive constant
a such that for all M large enough and for all xz € A,

1
li —logP[YN® & K(M)] < — .
msup - log [ ¢ K(M)] < Yog I

Proof. Suppose that

Vom (YY) <

(6.26)

, form=M,... ,M(N), where M(N) = [M—‘

logm log 2

It is plain that m > M(N) implies that 27™ < T/N, hence Vo-imin (YY) = 3Vo-m (YY),
Then, provided N > 4T, M(N) > 2, hence for any m > M(N), m + 1 < m?, and also
(2logm)~t < (log(m + 1))}, and it follows that (6.26) implies that YV € K(M).

Now if M <m < M(N),

N-1
1 1
Vo (YN > C zhe — 7N > :
{ > (V) logm} U {t‘jSSSS;jEle| 5 b | 2logm

J=0

Consequently, with the help of Lemma 3.6, for some C' > 0 and provided M is large
enough,

M(N)

PyYe g (M) < S P <v2_m(yN) > 1 )

logm

M(N)
N 2m
SNZeXp(—C log(c ))
— logm logm
CN c2M
< M(N)N ——1
< M(N) eXp( log M Og(logM)>’
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where the last inequality follows from the fact that for x > 0 large enough, the mapping
r — (logx) 'log <%> is increasing. Consequently

1 log M(N) logN c c2M
—logP [YN* & K(M)] < —
y log P YR g K] < ==+ =% log M 2 \log M
It remains to take the limsup as N — oo. O

We now establish the main local estimate for Y.

Lemma 6.12. Assume that 5; (j =1,...,k) is bounded. For all§ > 0, we have uniformly
max € A and 0 in a bounded set,

k
limsup log E [ exp (N (L) — YN (0 Z B; (1) (el0hi) —1).

N—o0 ZIEA, |z3 x\<6

Proof. It is not hard to verify that for any 6 € R?, the process
k t
MY? = exp (N(ZtN”“" —z,0) = N> (M) — 1)/ ﬂj(ZN’x(s))ds>
=1 0
is a martingale with M{ = 1, hence E[M!] = 1. Let

Sns:=1{ sup ]ZtNx —z] <0}

0<t<T/N
Since M{ >0, E[M] \1s,,] < 1. But on the event Sy,
k
Mgy > exp <N<ZN’9”(T/N) —x,0) =T  sup  B() (M) — 1)) :

j=1 2I€A, |27 —z|<§

hence

k
E [exp (N(Z"V*(T/N) — z,0)) 1, ,] < exp (TZ sup  3;(27) (e — 1)) :

=1 ZIE€A, |zl —x|<8
On the other hand, from Lemma 3.6, for some C' > 0, whenever |6 < B,

E [exp (N(ZN(T/N) - z,0)) 13&6} < i NP (05 < | ZN(T/N) — 2| < (£ + 1)5)

< f: exp (NS [(£ + 1)B — Cllog(CN5)))



provided N is large enough, such that
a(N,d) :=exp (N0 [2B — C'log(CNJ)]) < 1/2.

Finally
E [exp (N(ZN*(T/N) — ,0))] < exp (TZ sup  Bi(29) (e — 1)) + 2a(N, 6).

j=1 21 €A,|z0 —x|<8

The result follows from the fact that a(N,d) — 0 as N — oo, for any § > 0. O
We next establish

Lemma 6.13. Let 3; (j =1,...,k) be bounded and continuous. Let 0 : [0,T] — R? be a
step function, § > 0 and KK C K(M) be a compact set, such that the subset K consisting
of those elements of IC which are absolutely continuous is dense in K. Then

1
limsup — logP[YM* e K] < — inf  I°(¢,0

Nooo® N 08 | ] $eK, ¢(0)=x (9:9)
uniformly in x.

Proof. Let 6 be a fixed step function from [0,7] into R¢, which we assume w.l.o.g. to
be right continuous, and let K be a given compact subset of C([0,T]; R?), which has the
property that % is dense in . We define for each § > 0 the mapping g5 : R** — R by

k

g5(z,0) =Y sup Bz —1).

j=1 lzi—xl<d

We let t, := ¢T/N, and define for z € K%, the two quantities

N

Sn(z,0) = Z(Z(te) — 2(te—1),0(te—1) Z 2(te—1),0(ti—1)),

5(:0) = [ (0. 000)at - %ngz@“), Olte1)).

Choose any n > 0. We can assume that Ny has been chosen large enough, such that

sup ’gN<Zve> o 5(276)‘ <.

zekace

Indeed, this difference is bounded by twice the number of jumps of 6 times the sup of
|6(t)], times the maximal oscillation of z on intervals of length 1/N in [0, 7.

It follows from Lemma 6.12 and the Markov property that, provided Ny has been
chosen large enough, for any N > Ny,

E [exp <N§N(YN’9”, 0))} < exp(Nn).
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Clearly, on the event YN € IC,

exp [N (SN(YN,O) — inf SN(Z,Q)):| > 1,

zekac

and combining this fact with the previous inequalities, we deduce that

zekac

P(YN* € K) < Eexp [N (SN(YW, 0) — inf Sn(z, 9))]

< exp(Nn) exp (—N inf S'N(Z,H))

zekace
< exp(2Nn) exp (—N i%f SN(Z,9)>
zekae

Now, uniformly in z € K%, Sy(z,0) — I°(z,0), where

15(2,9):/0 (z’(t),@(t)>dt—/0 gs(=(t),0(t))dt.

The result follows from the last two facts, since > 0 can be chosen arbitrarily small,
and % is dense in K. O

We now have

Lemma 6.14. Assume that B; (j =1,...,k) is bounded and Lipschitz continuous. Then
forall K >0, >0 and e > 0,

1
limsupﬁlog]P’[d(YN’x,q)i(K)) >e] < —K+e

N—o0

uniformly in x € A.

Proof. We fix €¢,0, K > 0 and choose M € IN such that a% > K — ¢, where a is the

lo
constant appearing in Lemma 6.12.
For absolute continuous ¢ : [0,7] — A with I°(¢) < oo, there exists a step function
6% such that

I'(6,0%) > I'(¢) - 5
(cf. Lemma 6.8). It can easily be verified by elementary calculus that the function I°(-, §?)

is continuous for the sup norm topology on the set of absolutely continuous functions.
Hence there exists a number 0 < n® < 5 such that for all absolutely continuous ¢ with

lo = oIl < n*, i
I°(6,0°) > I°(¢) — e. (6.27)
We consider the compact set

K*(M) :=A{¢ € K(M)|p(0) = x}

(cf. the definition preceding Lemma 6.11). By a compactness argument, there exist finitely
many absolutely continuous functions {¢;, 1 < i < m} C K¥(M) with I°(¢;) < co (and
corresponding ; := 6% and n; := n®) such that

m

1) < | B (60).

=1
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For each 1 < i < m, we define the compact set

I3 (M) := By, (¢;) N K=(M).
We now let
I:={1<i<m|d(¢;, LK) > mi}.
Then d(Y*V,®°(K)) > € and Y*V € K#(M) imply i € Z, since n; < ¢/2. Hence
1
lim sup N log PlA(Y®N, ®°(K)) > €]

N—o0

< lim sup % log {P[y= ¢ K*(M)] + 3 Py € K2(M)]}.

N—oo ieT

Applying first Lemma 6.13 and then (6.27), we obtain

1
limsup — log P[Y*" € KF(M)] < — inf I°(¢,0;
msup - log P (0] <~ inf (6.6

—I°(¢;) + €

<
< —-K+e€

as I°(¢;) > K (recall that i € Z). The result now follows from the two last inequalities,

Lemma 6.11 and the fact that alogiM > K —e. O

6.4 Main results

Theorem 6.15. Assume that Assumption 2.3 is satisfied. For F C D([0,T]; A) closed
and x € A, we have

1
lim sup v log P[ZV¥N € F) < —I(F).

yNEAN yn—x, N—>00

Proof. We first let I,(F) =: K < oo and € > 0. By Lemma 4.23, there exits a 6° > 0 such
that for all § < ¢¢,

yeAlx—yl <d=>1,(F)>I,(F)—e=K —e. (6.28)
For o < ¢¢, we define

F°:={¢ € F||¢(0) — «| < 4},
S0 = U O, (K — 2e).

yEA,lx—y|§6

F? is closed in D([0,T); A;dp) and S? is compact in D([0,7T]; A;dp) by Proposition 4.21.
Furthermore, the two sets have no common elements. Hence, by the Hahn-Banach The-
orem,

d(F°, 8% =:n° > 0. (6.29)
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Note that 7’ is increasing as d is decreasing, since the sets F° and S° are decreasing.
We now let |y — 2| < 6 and n < n°. Let YV be defined as in the paragraph preceding
Lemma 6.1. We have

P[ZNY € F] = P[ZVY € FY)
< PA(YMY, FO) < 2]+ P|YNY — ZNv)| > 1]. (6.30)

Let now ¢(0) =y with d(¢, F°) < %, hence from (6.29)

d(¢, (K — 2€)) > g (6.31)

Let & be such that Corollary 6.6 with K replaced by K — 2¢ and € by 1 holds with ¢
replaced by 20. Hence (6.31) implies

(¢, PP (K —2¢ — 1) > (6.32)

>3

Indeed, if that is not the case, there exists a ¢ € @gS(K —2¢— 1) with ||¢ — 0| < 2. Then

Corollary 6.6 implies that there exists ¢ € ®,(K — 2¢) with ||¢ — ¢|| < 2, consequently

¢ — @] < 2, which contradicts (6.32). We hence obtain by Lemma 6.14,

1 1 A
limsup — log P[d(Y™Y, F°) < 2] < limsup — log P[A(Y™Y, @22 (K — 26 — 1) > Q]
N—o0 N N—oo N Y 4
<—(K-2-1) (6.33)
uniformly in y € A with |y — x| < 6.
Furthermore, Lemma 6.1 implies
1
lim sup — log Py — ZVY|| > 1] = —c0 (6.34)
N—o00

uniformly in y € A.
Combining Inequalities (6.30), (6.33) and (6.34), we obtain
: 1 N Ui
limsup —logP[ZVY € F| < —(K —2e— <)
N—o0 2
uniformly in y € A, |[t—y| < §. The result now follows as € and 7 can be chosen arbitrarily
small.
The result in case I.(F) = oo follows, since this implies that I,(F) > K for all
K > 0. [

We will need the following stronger version. Recall the definition of AV at the start
of section 2.

Theorem 6.16. Assume that Assumption 2.3 is satisfied. For F C D([0,T]; A) closed
and any compact subset K C A, we have

1
limsup —log sup P[ZV* € F] < — inf I(F).

N—ro0 zeKNAN zeK
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Proof. We use the same argument as in the proof of Corollary 5.6.15 in Dembo and
Zeitouni [2009]. From Theorem 6.15, for any x € A, any 0 > 0, there exists €, 5 > 0 and
N, s > 1 such that whenever N > N, 5, y € Ay with |y — x| < €,4,

1
~log P2V € F] < ~I3(F),

where I2(F) = min[[,(F) — §,0~!]. Consider now a compact set K C A. There exists a
finite set {z;, 1 <@ < I} such that K C U;—1 B(x;,€,,), where B(z,€) = {y; |y — x| < €}.
Consequently, for N > sup;.;<; Ny, 5, any y € Ay N K,

1
7 log P[ZNY € F] < — min I° (F) < — inf I3(F).

1<i<] T z€K

It remains to take the sup over y € K N Ay on the left, take the limsup as N — oo, and
finally let ¢ tend to 0 to deduce the result. O

7 Time of exit from domain

In this section we establish the results for the time of exit of the process from a domain;
to this end, we follow the line of reasoning of Dembo and Zeitouni [2009] Section 5.7 and

modify the arguments when necessary. . )
We let O C A be relatively open in A (with O = ON A for O C R¢ open) and z* € O
be a stable equilibrium of (1.2). By a slight abuse of notation, we say that

00 = 00N A

is the boundary of O. For y,z € A, we define the following functionals.

Vix,2,T) .= inf Ir.,
( )= oA Hoyapy—s TP
V(z,z) = :lrgfov(x’ 2)
V= inf V(2*,2).
2€00

In other words, V is the minimal energy required to leave the domain O when starting
from x*.

Assumption 7.1. (D1) z* is the only stable equilibrium point of (1.2) in O and the
solution Y* of (1.2) with x = Y*(0) € O satisfies

Y*(t) € O for allt >0 and tlim Ye(t) =z
—00

(D2) For a solution Y® of (1.2) with z = Y(0) € 00, we have

lim Y?(t) = 2*,

t—o00
(D3) V < cc.
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(D4) For all p > 0 there exist constants T(p), e(p) > 0 with T(p),€(p) L 0 as p | 0 such
that for all z € 00 U {x*} and all z,y € B(z,p) N A there exists an

¢ =o(p,z,y) - [0,T(p)] = A with $(0) =z, ¢(T(p)) = y and Ir,)(¢) < €(p).

(D5) For all z € 5VQ there exists an ng > 0 such that for all n < ny there exists a
z=2(n) € A\ O with |z — Z| > n.

Let us shortly comment on Assumption 7.1. By (D1), O is a subset of the domain of
attraction of z*. (D2) is violated by the applications we have in mind: we are interested
in situations where 9O is the characteristic boundary of O, i.e., the boundary separating
two regions of attraction of equilibria of (1.2). In order to relax this assumption, we
shall add an approximation argument in section 7.3. By (D3), it is possible to reach the
boundary with finite energy. This assumption is always satisfied for the epidemiological
models we consider. For z = z*, (D4) is also always satisfied in our models as the rates
B; are bounded from above and away from zero in small neighborhoods of x*; hence, the
function ¢(z,y,p) can, e.g., be chosen to be linear with speed one (see, e.g., Shwartz
and Weiss [1995] Lemma 5.22). (D5) allows us to consider a trajectory which crosses
the boundary 5@, in such a way that all paths in a sufficiently small tube around that
trajectory do exit O.

We are interested in the following quantity:

N =N = inf{t > 0|ZV*(t) ¢ O},

i.e., the first time that Z™* exits O.

7.1 Auxiliary results

Assumption 7.1 (A4) gives the following analogue of Lemma 5.7.8 of Dembo and Zeitouni
[2009].

Lemma 7.2. Assume that Assumption 7.1 holds. Then for any 6 > 0, there exists an
po > 0 such that for all p < py,

sup inf V(x,y,T) <o.

2€00Uz* ,z,yEB(z,p) Te[0,1]

We can recover the analogue of Lemma 5.7.18 of Dembo and Zeitouni [2009] by using
Lemma 7.2.

Lemma 7.3. Assume that Assumptions 2.3 and 7.1 hold. Then, for any n > 0 there
exists a po such that for all p < pg there exists a Ty < oo such that

1
liminf —log inf IP’[TN"” < T >—(V+n).
N0 z€B(z*,p)

Proof. We follow the same line of reasoning as in the proof of Lemma 5.7.18 in Dembo and

Zeitouni [2009]. Let = € B(z*, p). We use Lemma 7.2 for § = n/4 (and we let p be small
enough for Lemma 7.2 to hold). We construct a continuous path ¢* with *(0) = =,
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P*(ty) = a* (t, < 1) and I, .(¢") < n/4. We then use Assumption 7.1 (D3). For
Ty < oo, we can construct a path ¢ € C[0, T3] such that ¢(0) = z*, ¢(T}) = z € JO and
Ir,0(¢) <V +n/4. Subsequently, we use Lemma 7.2 and obtain a path ¢ with ¢(0) =
U(s,) € O (s < 1), I,.(1)) < n/4 and dist(z,0) = A > 0.1 We finally let 6% be the
solution of the ODE (1.2) with #%(0) = Z on [0,2 —t, — s], consequently Ir_;, _ :(6%) = 0,
see Lemma 4.1.

We concatenate the paths ¥%, ¢, 1 and 67 and obtain the path ¢* € C0,To) (To =
T) + 2 independent of x) with Iz, .(¢%) <V +1n/2.

Finally, we define

vi= |J (v eD0.T: A - ¢ < A/2):
z€B(z*,p)

hence W C D([0,Tp]; A) is open, (¢*)

now use Theorem 5.11.

By C ¥ and {ZV € U} C {7M" < Tp}. We

1
lim inf — log inf IP’[ZN’I c \Ij] > — sup inf [To,m<¢)
N—oo x€B(x*,p) xE€B(z*,p) v

Z - Sup -[To,r(gbx)
xE€B(z*,p)

—(V +1n).

]

We also require the following result (analogue of Lemma 5.7.19 of Dembo and Zeitouni

[2009)).
Lemma 7.4. Assume that Assumption 7.1 holds. Let p > 0 such that B(z*,p) C O and

oMo = inf{t > 012" € B(a*, p) or ZN" ¢ O}.

p

Then

1
lim lim sup — log sup P[c2"* > t] = —oo0.

=0 N z€0O

Proof. We adapt the proof of Dembo and Zeitouni [2009] Lemma 5.7.19 to our case.
Note first that for z € B(z*, p), o'* = 0; we hence assume from now on that z ¢

B(z*, p). For t > 0, we define the closed set U, C D([0,¢]; A),

p

Uy :=A{¢ € D([0,t]; A)|¢(s) € O\ B(x*, p) for all s € [0,]};
hence for all z, N,
{ol" >t} c{ZM" € Uy}
By Theorem 6.16, this implies for all ¢ > 0,

1 1
limsup — log  sup P[aév’x > t] <limsup —log sup P[Z°" € U]

N—o00 zcO\B(z*,p) N—o00 zcO\B(z*,p)

0Note that the Assumption (D5) is required here.
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< — ] .
< ;&i L 40) ()

It hence suffices to show that

lim inf I, 4(0)(¢) = oco. (7.1)

t—00 peW;

To this end, consider x € O\ B(z*,p) and recall that Y* is the solution of (1.2)
(on [0,¢] for all ¢ > 0). By Assumption 7.1 (D2), there exists a 7, < oo such that
Y*(T,) € B(z*,3p). We have (here B denotes the Lipschitz constant of b),

|0%(t) = 0" ()] < |z — 9] +/O [b(¢"(s)) = b(¢*(s))]ds < +[z —y] +/0 B[¢*(s) — ¢¥(s)|ds

and therefore by Gronwall’s inequality |Y*(T,) — Y¥(T,)| < |z — yle™=B; consequently,
there exists a neighborhood W, of x such that for all y € W, Y¥(T,,) € B(x*,3p). By the
compactness of O\ B(z*, p), there exists a finite open subcover U*_,W,. > O\ B(x*, p);
for T := max;—__ Ty, and y € O\ B(z*, p) this implies that Y¥(s) € B(x*,2/3p) for
some s < 7.

Assume now that (7.1) is false. Then there exits an M < oo such that for all n € IN
there exists an ¢, € W7 with I,,7(¢,) < M. The function ¢, is concatenated by functions
On € U and we obtain

.....

.....

Hence there exists a sequence () C Y with limy_o I7(¢x) = 0. Note now that the
set

o(t) :={d € Cl0,T]|Ir40)(¢) < 1,0(s) € O\ B(z*,p) for all s € [0,T]} C ¥p

is compact (as a subset of (C[0,T7],] - ||)); hence there exists a subsequence (ty,); of
(¢k)r such that limy_,o ¢y, =: ¥* € ¢(t) in (C[0,T],] - ||«). By the lower semi-continuity
of I (cf. Lemma 4.20) this implies

0= liminf Ir(vn,) > Ir(4"),
—00

which in turn implies that ¢* solves (1.2) for x = ¢*(0). But then, ¥*(s) € B(z*,2/3p)
for some s < T', a contradiction to ¢* € Urp. O

The following lemma is the analogue of Dembo and Zeitouni [2009] Lemma 5.7.21.

Lemma 7.5. Assume that Assumptions 2.3 and 7.1 hold. Let C C A\ O be closed. Then

1
lim lim sup — log sup IP’[Z(],\Z@ € (] < —inf V(z*, 2).
P30 Novoo +€B@* 3p\B(a* 2p) €0

71



Proof. We adapt the proof of Dembo and Zeitouni [2009] Lemma 5.7.21 to our situation.
We can assume without loss of generality that inf,cc V(z*, 2) > 0 (else the assertion is
trivial). For inf,cc V(2*,2) > 6 > 0, we define

V= (ingV(x*,z) —0)A1/0>0.
FAS]
By Lemma 7.2, there exists a pg = po(d) > 0 such that for all 0 < p < py,

sup V(z*,y) < 6;
y€B(z*,3p)\B(z*,2p)

hence

inf V(y,z) > inf V(z*, 2) — sup Vit y) > V5. (7.2
yeB(@* 3p)\B(a" 2p), 2€C e yeB(a* 3p)\B(a* 27)

For T > 0, we define the closed set ®* C D([0,T7]; A) by
d' .= ® := {¢ € D([0,T); A)|#(t) € C for some t € [0,7T]}.
We then have for y € B(x*,3p) \ B(z*,2p),
P[ZYY € O] < Plo)™ > T+ P[Z™Y € &T]. (7.3)

In the following, we bound the two parts in Inequality (7.3) from above.
For the second part, we note first that (cf. Inequality (7.2))

inf I, (¢) > inf V(y,2) > Vg
yeB(z*,3p)\B(z*,2p), p€®T yeB(z*,3p)\B(z*,2p), zeC

hence, we obtain by Theorem 6.16

1
lim sup — log sup P[ZMY € T < — inf It ()
N—oo yeB(z* 3p)\B(z*,2p) yeB(z*,3p)\B(z*,2p), p€®T (7.4)

< V3.

For the first part in Inequality (7.3), we use Lemma 7.4: There exists a 0 < Ty < oo
such that for all T > Tj

1
lim sup — log sup Plo™¥ > T] < =V (7.5)
N—oo y€B(z*,3p)\B(z*,2p)
We let T' > Ty and p < py and combine Inequalities (7.3), (7.4) and (7.5). Hence there
exists an Ny > 0 such that for all N > Nj,

1
Nlog sup P[Z(],\;’y € (]
y€B(z*,3p)\B(z*,2p)

1
< Nlog ( sup Plo)Y > T] + sup P[ZNY € @T]>
y€B(z*,3p)\B(z*,2p) yE€B(z*,3p)\B(z*,2p)
1

1
_ é
< Nlog (26 NVC) = NlogQ—Vg;

and

1
lim sup — log sup IP)[Z;\Z"” cC) < -V5.
N—oo yeB(z*,3p)\B(z* 2p)

Taking the limit 6 — 0 finishes the proof. m
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The next lemma is the analogue of Lemma 5.7.22 of Dembo and Zeitouni [2009].

Lemma 7.6. Assume that Assumption 7.1 holds. Then, for all p > 0 such that B(z*, p) C
O and for all x € O,
lim IED[ZNJU € B(z*,p)] = 1.

N—o0

Proof. Let x € O\ B(z*, p) (the case = € B(z*, p) is clear). Let furthermore T := inf{t >
0|o(t) € B(x*, p/2)}. Smce Y® is continuous and never reaches 0O (Assumption 7.1 (D1)),
we have inf;>( dist(Y?(¢),00) =: A > 0. Hence we have the following implication:

A -
sup |2 —Y*(t)] < 5 = 25" € Ba*.p).
te[0,T]

In other words,

A]. (7.6)

P[22 ¢ Ba',p) <P| swp |2 = V(1) > 5

t€[0,7] 2

The right hand side of Inequality (7.6) converges to zero as N — oo by Theorem 3.1. [
The next lemma is the analogue of Dembo and Zeitouni [2009] Lemma 5.7.23.

Lemma 7.7. Assume that Assumption 7.1 holds. Then, for all p,c > 0, there ezists a
constant T'=T(c, p) < oo such that

1
lim sup — logsup P[ sup |ZN" — 2| > p] < —
N—oo z€O  t€[0,7)

Proof. Let p,c > 0 be fixed. For T, N > 0 and = € O we have

t
P[t:[%% |12 — x| > p] = LE%I;] —~ Zh P /0 ﬁj(Z,fV””)dS)l > p}
< IP’[Z P,(NBT) > Nph—l}
J
< kP [P(NBT) > Nph—lk;—l] (7.7)

for a standard Poisson process P. We now let, with ¢;(T) = ST and ¢, = ph™ 'k},

e ey e ¢le2lg, log 2k
T'<Ty:=——=-AN = d N>Ny:=1/ca A . 7.8
T o o =Ver L e
We then obtain (note that Nc; > 1 and Zei(T) < 1/2 by (7.8))
_ N™ey (T)™
_ Nei(T) 1
kP|P(Ney(T)) > Neo| = ke V™ Y~ —
m>N02
et ar (7.9)
5 i
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< (—a(T)" (7.10)

here we applied Stirling’s formula, m! > v/27mm(m/e)™, in Inequality (7.9). Finally, we
have

(Cam)™ = ((Sa@)™) " < (@)= (7.11)

Co Co

by (7.8). The assertion now follows by combining the Inequalities (7.7), (7.10) and (7.11).
[l

7.2 Main results

We can now deduce the analogue of Dembo and Zeitouni [2009] Theorem 5.7.11 (a). the
proof of Dembo and Zeitouni [2009] carries over.

Theorem 7.8. Assume that Assumption 7.1 holds. Then, for allz € ONAN and § > 0,

lim P[e(‘?_‘s)N < Ve < e(V+5)N] =1.
N—oo

Moreover, for all x € O, as N — o0,
L E(rN7) — V
— log E(7™" :
N g

Proof. Upper bound of exit time:

We fix § > 0 and apply Lemma 7.3 with n := §/4. Hence, for p < po there exists a
Ty < oo and an Ny > 0 such that for N > Nj,

inf PV < Ty > e NV,
z€B(z*,p)

Furthermore, by Lemma 7.4 there exists a T} < oo and N; > 0 such that for all N > Ny,

iggp[aév’m <T]>1—e 2V

For T:=Ty,+ T, and N > Ny V N; V 1/n, we hence obtain

¢" = q:= inf P[rV* < T

€0
> inf Plo)"* <Ti] inf PF™Y < T
ze0 yEB(z*,p)

> (1 — e 2N~ NV+0)

> e NV+20) (7.12)
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This yields for k € IN

Pl > (k+ 1)T)

(1 =P[rY* < (k+ 1)T|7™" > kT))P[r™* > kT
< (1-q)P[r™* > kT

and hence inductively
sup P[7* > kT) < (1 — q)".

€0
This implies, exploiting (7.12) for the last inequality

[e.9]

sup E[rV*] < T(1 + sup P Nm>kT 1—q)F
z€0 [ ] ( ;9360 [ kX:

< TeNVH(7.13)

Ql'ﬂ

by Chebychev’s Inequality we obtain
]P)[TN,:B > eN(V+5)] < efN(Vﬂs)E[TN,x] < Te—0N/2
which approaches zero as N — oo as required.

Lower bound of exit time:
For p > 0 such that B(z*,3p) C O, we define recursively 6y := 0 and for m € INy,

TE = 7, = inf{t > 02| 2" € B(x*,p) or Z'" & O},

m

0% 1 = Oy = inf{t > 722" € B(x*,3p) \ B(z*,2p)},

with the convention 6,1 := oo if Zﬁl ¢ O. Note that we have ™% = 7% for some
m € IN().

For fixed Ty > 0 and k£ € IN we have the following implication: If for all m =0,...,k,
T # 7Y and for all m =1...,k, 7, — T—1 > Tp, then

k
N> = Z(Tm — Tm—1) > kT.

m=1

In particular, we have for k := |7 'eNV=9 | £ 1 (note that 6, — 71 < T — Ti-1),

]P)[TN,x S eN(V—(s)] S [ N,x < k,TO]
k k
<) Pl I+ Ps, -7 < T
m=0 m=1
k k
=PV =]+ ) PPNt =]+ Y PloL, — 7 < Tpl. (7.14)
m=1 m=1

In the following, we bound the three parts in (7.14) from above. To this end, we assume
V > 0 for now. The simpler case V = 0 is treated below.
For the first part, we have

P = 15 = P[Z)* ¢ O] (7.15)
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For the second part, we use the fact that ZV:* is a strong Markov process and that the
Tm's are stopping times. We obtain for m > 1 and = € O,

PV = 17] < sup [ZNy ¢ O]. (7.16)

yEB(z*.3p)\B(z*,2p)
Similarly, we obtain for the third part for m > 1 and = € O,

Pz, — 72

m m—1

< Tp) <supP[ sup |2 —y| > pl. (7.17)
yeO te[0,To]

The upper bounds in (7.16) and (7.17) can now be bounded by using the Lemma 7.5
and 7.7, respectively. We fix 6 > 0. By Lemma 7.5 (for C' = A\ O), there exists a
p=p(d) >0and an N; = Ni(p,d) > 0 such that for all N > Ny,

sup P[Zé\;’y ¢ O] <exp(—N(V—-14/2)). (7.18)

veB(z*3p)\B(x" 2p)

By Lemma 7.7 (for p = p(d) as above and ¢ = V), there exists a constant Ty = T'(p, V) <
oo and an Ny = Ny(p,d) > 0 such that for all N > Ny,

supP[ sup |ZVY —y| > p] <exp(—N(V —-4/2)). (7.19)
yeO  te€[0,To]

We now let N > NV N, (and large enough for T; " exp (N(V —§)) > 1 for the specific
Ty above). Then by Inequality (7.14),

. (7.15),(7.16),(7.17)
PV < eN(V_‘S)] < [ZNQC ¢ O] + sup [ZNy ¢ O]
yGB(w*Bﬂ)\B(ﬂc*,?p)
+ksupP[ sup 2" —y| > p]
yeO  t€l0,To)

(7.18),(7.19)
< P[Z)" ¢ O]+ 4T exp (— N6 /2). (7.20)

The right-hand side of Inequality (7.20) tends to zero as € — 0 by Lemma 7.6, finishing
the proof for V > 0.

Finally, let us assume that V' = 0 and that the assertion is false for a given z € O.
Then there exists a yy € (0,1/2) and a d; > 0 such that for all N > 0 there exists an
N > N with

o < P[rNe < e N0,
We fix p > 0 such that B(z*,2p) C O. Using the strong Markov property of Z and the
fact that o, is a stopping time again, we have that for all N > 0 there exists an N > N
with

,uO < IP)[ N,I < e*N(So}
<PIZ)" ¢ B(a*,p)l +supP[ sup |2 —y| > p]. (7.21)

y€O0  te[0,e~No0]

By Lemma 7.6, there exists an Ny such that for all N > Nj,

B[Z)" ¢ Bla,p)] < T (7.22)
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We now set ¢ := —2¢log . Then by Lemma 7.7, there exists a T' = T'(c, p) > 0 and an
N1 > Ny such that for all N > Ny,

e N < (7.23)

and
supP[ sup |Z)Y —y| > p] < e N2 < to, (7.24)
ye€O  te[0,T] 2
Combining Inequalities (7.22), (7.23) and (7.24) yields a contradiction to Inequality (7.21),
finishing the proof.
Expected exit time:

We have shown in particular that P(7V* > e(V-ON ) = 1 as N — oo. Consequently,

from Chebycheff,

’

]E(TN,SC) > e(V—é)N]P)(TN,x = e(V—é)N)
| N >
_ Y > _
11]{[Illanlog]E(T ) >V =9

for all 0 > 0. This together with (7.13) implies the second statement of the Theorem. [J

7.3 The case of a characteristic boundary

Since we are mainly interested in studying the time of exit form the basin of attraction
of one local equilibrium to that of another, we need to consider situations which do not
satisfy the above assumptions. More precisely, we want to suppress the Assumptions

(D2), and keep Assumptions (D1), (D3), (D4) and (D5). We assume that there exists a
collection of open sets {O,, p > 0} which is such that

e O, C O for any p > 0.

e d(0,,00) = 0, as p — 0.

e O, satisfies Assumptions (D1), (D2), (D3), (D4) and (D5) for any p > 0.
We can now establish

Corollary 7.9. Let then O be a domain satisfying Assumptions (D1), (D3), (D4) and
(D5), such that there exists a sequence {O,, p > 0} satisfying the three above conditions.
Then the conclusion of Theorem 7.8 is still true.

Proof. It we define Vp as V, but with O replaced by O,, it follows from Lemma 7.2 that
V, =+ V as p — 0. By an obvious monotonicity property and the continuity of the
quasi—potential, the lower bound

lim IED[TN’x > e(V*‘S)N] =1
N—o0

follows immediately from Theorem 7.8. The proof of the upper bound is done as in the
proof of Theorem 7.8, once (7.12) is established. Let us now explain how this is done. Let
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TPN ' denote the time of exit from O,. The same argument used to establish (7.12) above

leads to the statement that for any p,n > 0, there exists N,, such that for all N > N, .,

inf P[r"" < T] > e~ NV+n),

€0
Now utilizing (D4), (D5) and the compactness of O\O,, it is not hard to deduce from
Theorem 5.11 that for p > 0 small enough,

liminflo inf P, (7™M < 1) > —n.
N—o0 gxe(O\Op)mAN ( o ) g

The wished result follows now from the last two lower bounds and the strong Markov
property.

Finally the result for E(7™¥:*) now follows from the first part of the result, exactly as
in the proof of Theorem 7.8. O

8 Example: the SIRS model

We finally show that Theorem 7.8 applies to the SIRS model from Example 1.1. Assump-
tions (A) and (B) have already been verified in Section 2. For (C), we note that major
problems only occur for the balls centered at the “corner points” of the set A. Only for
a corner point x (with corresponding vector v) do we have v & C, (recall that we define
C, corresponding to the modified rates 3°). For simplicity of exposition, we concentrate
on the ball B centered at x = (1,0)". The same argument applies to the balls centered
at the other corners and in a simpler form to all other balls. For the balls B; not cen-
tered at the corners, the vectors v; can be represented by u'’s for which u§ > 0 implies
that Bj‘?(z) > X\ > 0 (for an appropriate constant A which can be chosen independently
of i) for all z € B;. This simplifies the discussion below significantly. In particular, As-
sumption (C) is satisfied due to Theorem 3.1. We first note that for all z € A, y € R,

L(z,y) = L(x,y), cf. Theorem 4.9 below. As before, we define the vector

1 1
U:(_1/271/4)T and H1 :07 M2:§7 M3:Z7

in particular & € V,, (but Vew = 0!). In order to simplify the notation, we do not normalize
v. We let < o := 1/2 and note that for ¢ € [0, 7],

s ) =7(1-2) 227 Galer(t) = 1

Let us prove that Assumption (C) is satisfied. Let X be a Poisson random variable
with mean p/N. We note that by Theorem 3.1 for £ > 1,

PXN > ¢Np) < Crexp (— NCy(€)), PIXYN <& 'Nu] < Crexp(— NCo(€))  (8.1)

for appropriate constants Cy, Cy, Cy, Cy with Co(&) = O((€ —1)?) as & | 1 and Cy(€) =
O((1 —¢71)?) as € | 1. The first bound is obtained by applying Theorem 3.1 to d = k =
hi =1, = pand z =0. We get

PIXV > Ny = P[%XN > &ul
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ZP%XN—/D (6—1)u]
sF ‘NXN_“‘ 1)“]
=P[|2V°(1) = il > (£ = 1)y

<P| sup [Z2V00) - put] > (€ 1)),
-t€]0,1]

Let us define the process ZV* as the solution of (2.1) with constant rates p,;. For
e > 0 small enough, we define

Xév’e := #jumps of type hy of ZN* in [0, €, Xév’e = #jumps of type hg of ZN in [0, €]

and
15 17 7 9
Ve { ONe< XN < LN } e { L Ne< XN < 2N }
: P2 S g s S e
hence 17 15 3 5
AL B::{ A‘l—— 1— ¢ —}
(€) € z € 32€<21< 3¢ 16€<22<166
and

sup |ZV0(t) = 6" (1)] < e
te(0,€]

on F,"° N F, . Furthermore, for z € B and t € [0, — €],
: 3
dist(¢*(t),0A) > —e
16
and

250~ (0] < e = 1250 — 7 (0)] < e,

where & = ¢*(¢) = (1 — €/2,¢/4)T. We compute by using the Markov property of ZV,

P| sup [ZV0(t) — ¢°(t)] < €]

t€[0,m]
[ ~N,z T N,e N,e
> P[ sup |2V () — ¢7(t)] < & B0 B
- t€[0,n]
: _ 3
> PN N FM : mfp[ sup  |ZNA(1) — ¢ ()] < —e]
L zeB te[0,n—¢] 16
- . 3
> PN ﬂF?fV’E} : mm[ sup  |ZN4(t) — ¢ ()] < —e]
- te

[0,1—¢] 16

z€EB

>1—C)exp ( — Né’g(e))

for appropriate constants Cy, Cy with C’g(e) = O(€?) as € | 0 by Theorem 3.1 and Inequal-
ities (8.1) as required. As the rates are vanishing like polynomials, (2.7) is satisfied.

Our model has a disease—free equilibrium (0,0), and if S > « it has a stable endemic
equilibrium (and then the disease—free equilibrium is unstable). We assume from now
on that f > v, and we seek to estimate the time it takes for the random perturbations
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to drive our system form the stable endemic equilibrium to the disease—free equilibrium.
The characteristic boundary which we want to hit is the set {x = 0,0 <y < 1}. We note,
however, that not only the Assumption 7.1 (D2) but also the Assumption 7.1 (D5) fail to
be satisfied here. Consequently we cannot apply Corollary 7.9. We will now show that
if we denote by 7% = inf{t > 0, ZN(t) € O} where O = {z; = 0}, then Theorem 7.8
applies. All we have to show is that for any 6 > 0, V being defined as in section 7,

lim P[G(V_J)N < Ve < e(V+5)N] =1.
N—oo

For any 1 > 0, let O, = {(21,22) € [0,1]*,21 > n, 21 + 20 < 1}, O, = {21 =1,0< 2 <
1 —n}, and 7" = inf{t > 0, Z¥(t) € O,}. We note that all the above assumptions,
including 7.1 (D1), (D2),..., (D5) are satisfied for this new exit problem, so that

lim ]P’[e(‘_/"_‘s/z)N < Tév’x < e(V"M/z)N} =1

’
N—oo

where V, = inf, .5, V(x*,z). Now for iy > 0 such that whenever n < 1y, V — §/2 <
‘_/,7 < V. Moreover clearly TéV @ < N2 From these follows clearly the fact that IP’(TN o>

e(‘_/_‘S)N) — 1 as N — oo. It remains to establish the upper bound.
The crucial result which allows us to overcome the new difficulty is the

Lemma 8.1. For anyn >0,t >0,

oo : N p
J— &g > — .

Proof. The first component of the process ZV*(t) is dominated by the process

1 ¢ 1 t
T+ =P (Nﬁ/ va””(s)ds) ——P (Nv/ Zf””(s)ds) ,
N 0 N 0

which is a continuous time binary branching process with birth rate g and death rate ~.
This process goes extinct before time ¢ with probability (see the formula in the middle of
page 108 in Athreya and Ney [1972])

fyeN(ﬁ_'Y)t _ N_l N
( PeNB=1t — > '

The result follows readily, since € Oj implies that x; < 7. O]

In order to adapt the proof of the upper bound in Theorem 7.8, all we have to do is
to extend the proof of Lemma 7.3 to the time of extinction in the SIRS model, which we
now do. Indeed, from Lemma 7.3, for any n,d, p > 0, there exists Ty such that

1 _
liminf —log inf P(r)"* <Ty—1)> —(V +6/2).

N—o00 z€B(z*,p)

)

On the other hand, from Lemma 8.1, provided n < TToa (/)

1
liminf —log inf P(rV* < 1) > —§/2.

N—ooo N z€ANNOg

The statement of Lemma 7.3 now follows from the strong Markov property and the last
two estimates.
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A Change of measure

We assume that ZV = ZV has rates {NB;[j = 1,...,k} under P and rates {Nf;|j =
1,...,k} under P. We furthermore assume that for x € A,

Bj(x) > 0 only if B;(x) > 0.

Hence, P|z, is absolutely continuous with respect to P|# but not necessarily vice versa.
We require Theorem B.6 of Shwartz and Weiss [1995] which gives us an important
change of measure formula.

Theorem A.1. For all T > 0 and non-negative, Fp-measurable random variables X, we
have

where E denotes the expectation with respect to P and

&pi=exp (Z [log (Bj(T)(ZN(T_))) — log (ﬁj(T)(ZN<T_))]
-V [ Gz o) - sz o)) (A1)

here, we sum over the jump times 7 € [0,T] of ZV; j(7) denotes the corresponding type
of the jump direction. In other words, we have

dP

ST:d_IP’fT'

We observe that (under P) {7 = 0 if and only if there exists a jump time 7 € [0, 7]
(with jump type j(7)) and S, (ZY(7—)) = 0. i
~ We deduce the following result. Note that since P[{7 = 0] = 0, &1 is well-defined
P-almost surely.

Corollary A.2. For every non-negative measurable function X > 0,
E[X] > E[¢; ' X].
Proof. As X > 0, we have
E[X] > E[XLigrr0] = E[X Ler 2067 '] = E[X &)

]
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